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Abstract
We study local bifurcation from an eigenvalue with multiplicity greater than one
for a class of semilinear elliptic equations. In particular, we obtain the exact number
of bifurcation branches of non trivial solutions at every eigenvalue of a square and at
the second eigenvalue of a cube. We also compute the Morse index of the solutions in
those branches.
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1 Introduction and main results

Let us consider the problem

—Au=uP"lu+Iu inQ
{ Jul Q)

u=20 on 012,

where (2 is a bounded open domain in RN, N>2 p>1land A€ R

IThe research of the first author is supported by the M.I.U.R. National Project “Metodi variazionali ed
equazioni differenziali nonlineari”. The research of the second author is supported by the M.I.U.R. National
Project “Metodi variazionali e topologici nello studio di fenomeni non lineari”.
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It has the trivial family of solutions {(A, 0) | A € R}. A point (A\*,0) is called a bifurcation
point for (1) if every neighborhood of (\*,0) contains nontrivial solutions of (1). It is easily
seen that a necessary condition for (A*, 0) to be a bifurcation point is that A* is an eigenvalue
of the problem

—Au=Au in Q,
{ (2)

u=20 on 0.

We denote by A1 < Ap <--- < \; <... the sequence of the eigenvalues of the problem (2).

Since problem (1) has a variational structure, the fact that A* is an eigenvalue of the
problem (2) is not only necessary, but is also a sufficient condition for bifurcation to occur.
More precisely in [5] and [13], it was proved that for any eigenvalue A; of (2) there exists
ro > 0 such that for any r € (0,7¢) there are at least two distinct solutions (A;(r),u;(r)),
i = 1,2 of (1) having |lu;(r)|| = r and in addition (A;(r),u;(r)) — (A;,0) as r — 0.

As far as it concerns the structure of the bifurcation set at any eigenvalue A;, namely the
set of nontrivial solutions (A, ) of (1) in a neighborhood of A;, in [8] the authors provide an
accurate description in the case of a simple eigenvalue, by showing that the bifurcation set
is a C! curve crossing (\;,0). If the eigenvalue A; has higher multiplicity, in [16] (see also
[2]) the author describes the possible behavior of the bifurcating set by showing that the
following alternative occurs: either (\;,0) is not an isolated solution of (1) in {\;} x H}(€2),
or there is a one-sided neighborhood U of A; such that for all A € U\ {\;} problem (1) has
at least two distinct nontrivial solutions, or there is a neighborhood I of A; such that for all
A€ I\ {)\;} problem (1) has at least one nontrivial solution.

A natural question concerns the exact number of nontrivial solutions of (1) bifurcating
from an eigenvalue A; which is not simple.

At this aim, we would like to quote the paper [9] of Dancer, where the author develops a
method to study the small solutions of (1) in more detail. More precisely, he gives sufficient
conditions in order to prove bifurcation from the right or from the left and he also describes
the growth of the solutions in terms of the distance of A — \;. He also obtains a complete
count of the number of small solutions provided an abstract nondegeneracy condition is
satisfied.

In this paper, we use the variational structure of the problem in order to count the
number of solution branches bifurcating from a multiple eigenvalue in some special cases.
Indeed, in what follows we focus on the following prototype problem

~Au=u®+Xu inQ 3)
u=0 on 01,

for some special bounded domain 2. We have the following results.

Theorem 1.1 Let Q be a rectangle in R?. Let A; be an eigenvalue of (2) with multiplicity

k. Then there exists 6 > 0 such that for any A € (A\; — 9§, \;) problem (3) has exactly ?’kz—_l
pairs of solutions (ux, —uy) bifurcating from X;. In particular, if k = 2 problem (3) has
two pairs of solutions with Morse index j + 1 and two pairs of solutions with Morse index
J and if k = 3 problem (4) has three pairs of solutions with Morse index j + 2, siz pairs of
solutions with Morse index j + 1 and four pairs of solutions with Morse index j.
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Theorem 1.2 Let Q be a cube in R®. Let A2 be the second eigenvalue of (2) whose multi-
plicity is three. Then there exists 6 > 0 such that for any A € (A2 — J, A2) problem (3) has
exactly 13 pairs of solutions (uy, —uy) bifurcating from Ao. Moreover three pairs of solutions
have Morse index 3, siz pairs of solutions have Morse index 2 and four pairs of solutions
have Morse index 1.

The first theorem extends a result obtained in [10], where the authors study the bifurca-

tion from the second eigenvalue Ay when €2 is a square in R* Tn particular, they proved that
the bifurcation set is constituted exactly by the union of four C! curves crossing (As,0) from
the left. We also remark that some exactness results in bifurcation theory for a different
class of problems were obtained in [18].

It seems that most of the results obtained in this paper could follow from some old
abstract result developed by Dancer in [9]. Nevertheless, we think that our approach, which
strongly relies on the variational structure of the problem, allows to link the existence of
small solutions to problem (1) with the existence of critical points to a very simple function
(see (26)) defined on a finite dimensional space.

The proof of our results is based upon a well known Ljapunov-Schmidt reduction method
(see, for example, [2], [3], [14], [16]).

The paper is organized as follows: in Section 2 we introduce some notation, in Section
3 we reduce problem (1) to a finite dimensional one, in Section 4 we examine the energy
reduced to the eigenspace in a neighborhood of the bifurcation point and in Section 5 we
deduce some information about Morse index of solutions. Finally, in Section 6 we prove
Theorem 1.1 and Theorem 1.2.

In order to make the reading more fluent, in many calculations we have used the symbol
¢ to denote different absolute constants which may vary from line to line.

Acknowledgement. The authors would like to thank Professor E.N. Dancer for many
helpful comments and remarks.

2 Setting of the problem

First of all we rewrite problem (1) in a different way. We introduce a positive parameter .
An easy computation shows that, if u(x) solves problem (1), then for any € > 0 the function

v(x) = €_ﬁu(x) solves

(4)

—Av =¢lv|P"lv+ X v inQ
v=20 on 0f).

The parameter € will be chosen in Lemma 4.2 as € = A\; — A > 0.

Let H}(€2) be the Hilbert space equipped with the usual inner product (u,v) = [ VuVu,

Q
which induces the standard norm ||ul| = ( [ |Vu|2)1/2.

Q
If r € [1, +00) and u € L7(Q), we will set Jul, = ([ |ul")"".
Q
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Definition 2.1 Let us consider the embeddings i : H}(Q2) — ( Yif N >3 andi:

L~
H)(Q) — 0 L4Q) if N =2. Let i* - L% (Q) — HA(Q) if N > 3 and i* : y L9(Q) —
q q
HY(Q) if N = 2 be the adjoint operators defined by i*(u) = v if and only if (v,¢) =
[ u(@z)p(x)dz for any ¢ € Hi(S).
Q
It holds
()]l < ellull g, for any u € L=(Q), if N >3, (5)
li* (w)|| < elg)||ullq for any w e LI(Q), ¢ > 1, ift N =2. (6)

Here the positive constants ¢ and ¢(q) depend only on © and N and Q, N and ¢, respectively.
Let us recall the following regularity result proved in [1], which plays a crucial role when
p> % and N > 3.

Lemma 2.1 Let N >3 and s > 3. Ifu € LN+2<( ), then i*(u) € L(Q) and ||i*(u)||s <
cljul] K where the positive constant ¢ depends only on Q, N and s.

Now, we introduce the space

X = H(Q) if either N =2 or N >3 and 1 < p < {+2 (7)
or N .
X = Hp(Q) N L*(9), SZ%, if N >3 andp> J+2. (8)
We remark that the choice of s is such that 1\1;«]:25 = s, a fact that will be used in the
following.
X is a Banach space equipped with the norm |lu|[x = ||u|| in the first case and |lu||x =

||| + [Jul|s in the second case.
By means of the definition of the operator *, problem (4) turns out to be equivalent to

{u i*[ef(u) + Au] 9)
u € X,
where f(s) = |s[P~!s.

Now, let us fix an eigenvalue A; with multiplicity k, i.e. Aj_1 < Aj = -+ = Ajpp_1 <
Aj+k < .... We denote by ey,..., e, k orthogonal eigenfunctions associated to the eigen-
value A; such that ||e;|s =1 for ¢ = 1,..., k. We will look for solutions to (4), or to (9),
having the form

ZaAeZ )+ oa(z) = axe + éx, (10)

where aﬁ\ € R, the function ¢y is a lower order term and we have set a := (a',.. .,a’“)7

e:=(e1,...,ex) and ae := Y. d’e;.
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We consider the subspace of X given by K; = span{e; | i =1,...,k} and its comple-
mentary space K- = {¢p € X | (¢,e;) =0, i =1,...,k}.

Moreover let us introduce the operators II; : X — K; and HjL X - K JL defined by
II(u) = Zfﬂ(u, e;)e; and Hj-(u) = u — II;(u). We remark that there exists a positive
constant ¢ such that

I (w)[1x < ellullx, TG (w)lx < cllullx VueX. (11)
Our approach to solve problem (9) will be to find, for A close enough to A; and ¢ small
enough, real numbers a', ..., a* and a function ¢ € K ]J- such that
11 {ae + ¢ — i [ef (ac + ¢) + Mae + ¢)]} =0 (12)
and
I {ae + ¢ — i" [ef (ae + ¢) + A(ae + ¢)]} = 0. (13)

3 Finite dimensional reduction

In this section we will solve equation (12). More precisely, we will prove that for any a € Rk,

for A close enough to A; and e small enough, there exists a unique ¢ € K JL such that (12)

is fulfilled. Actually, this part of Theorem 4.4 was already proved in [9], so that we don’t

go into details. However, we sketch the proof in order to settle down some notations and

because we get some uniform estimates we need for the proofs of Theorems 5.3 and 5.5.
Let us introduce the linear operator L) : K ]L — K ]l defined by

La(¢) = ¢ —IIj {i" [\g]}.
Lemma 3.1 There exists 6 > 0 and a constant ¢ > 0 such that for any A € (A; — 6, \; +9),
the operator Ly is invertible and it holds

ILA(@)llx > cllolx Vo€ Kj (14)

Proof: First of all, we remark that L, is surjective.

Concerning the estimate, we prove our claim when N > 3 and p > %, and we argue
in a similar way in the other cases.

Assume by contradiction that there are sequences 6,, — 0, A\, — A; and ¢, € K Jl such
that

1
|Lx, (én)]lx < E”(anHX-

Without loss of generality we can assume
[nllx =1 for any n € N. (15)

If hy, := Ly, (¢n) € ij then
|hnllx — 0 (16)

and
¢n - Z*()‘n(bn) = hn - H]{Z*[)‘n(bn]} = hn + Wn,, (17)
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where w, € Kj.
First of all we point out that w,, = 0 for any n € N. Indeed, multiply equation (17) by
e, i =1,...,k, so that (w,,e;) = —)\nfqbnei =0, so that w,, € Kj‘, and then w, = 0.
Q

By (15), we can assume that, up to a subsequence, ¢,, — ¢ weakly in X and strongly in

L9(§2) for any ¢ € [17 %) Multiplying (17) by a test function v, we get

<¢n;v> - )\n/d)nv dx = <hn,’U>,
Q
and passing to the limit, by (16) we deduce that ¢ € K. Since ¢ € Kjl, we conclude that

b =0.
On the other hand, multiplying (17) by ¢,, we get

<¢n7 ¢n> - A (bi = <hn7 ¢n>7
/

which implies ||¢,| — 0. Moreover by (17), Lemma 2.1 and by interpolation (since 1 <

Nﬁzs < s), we deduce that for some o € (0,1)

6als < ¢ (Ialls + l6nll o5 ) < e lhalls + o7

(El'recall that NIES = 2) and so [|¢,[ls — 0. Finally a contradiction arises, since [|¢n[lx = 1.

Now we can solve Equation (12).

Proposition 3.2 For any compact set W in R” there exist €0 >0, >0 and R > 0 such
that, for any a € W, for any € € (0,e¢9) and for any X € (A\; —9, \;j +0), there exists a unique
oa(a) € KJ—l such that

I {ae + ¢x(a) —i* [ef (ae + ¢a(a)) + A(ae + ¢x(a))]} = 0. (18)
Moreover
[pa(a)llx < Re. (19)

Finally, the map a — ¢x(a) is an odd C'—function from R* 1o KJJ‘

Proof: We prove our claim when N > 3 and p > N—JFQ We argue in a similar way in the

N—
other cases.
Let us introduce the operator T : K JL — K Jl defined by

T(¢) := (Ly' oI} 04*) [ef(ae + ¢)].

We point out that ¢ solves equation (18) if and only if ¢ is a fixed point of T', i.e. T(¢) = ¢.
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Then, we will prove that there exist eg > 0, § > 0 and R > 0 such that, for any a € W,
for anysE(O go) and for any A € (A\j; — 0, \; + )

T:{¢ € Kj ||¢llx < Re} — {¢ € Kj | [[¢llx < Re}

is a contraction mapping.
First of all, let us point out that by Lemma 3.1, (11), (5) and Lemma 2.1, we get that
there exists ¢ = ¢(V, s,Q, W) > 0 such that for any ¢ € Kj‘, aeW

+ [ f(ae + d)|

I7(6)1x < e [|If (ae + 6) |

(Holder inequality) < cel|f(ae + @)l xs < ce Hae||pNép + ||¢Hpmp )
< ce(1+l¢l%)-

Finally, provided ¢ is small enough and R is suitable chosen, T maps {¢ € K ]J- s lollx <
Re} into itself.

Now, let us show that T is a contraction, provided ¢ is even smaller. As before, by
Lemma 3.1, (11), (5) and Lemma 2.1, we get that there exists ¢ > 0 such that for any
¢1, g2 € K, a e K

IT(61) = T(d2)lIx < c= [If(ae + ¢1) — fae + 62)]] 2,
+[|f(ae + ¢1) — f(ae + ¢2)

< cel| flae + ¢1) — flae + ¢2)||

Ns
N+2s
N+2

< ez (1161 - 0all g, + lnl7ih 11 = dall g, + 11 = GalPsy ).
+2s N+2s

Indeed, by the mean value theorem, it follows that there exists ¢ € (0,1) such that f(ae +

¢1) — flae + ¢2) = [’ (ae + ¢1 +I(d2 — ¢1)) (61 — d2).

Flnally HT(d)l) - T(d)g)”x S C€||¢1 — ¢2||X if ||¢1HX7 ||¢2||X S Re and our claim immedi-
ately follows.

The oddness of the mapping a +— ¢y(a) i.e. ¢r(a) = —dr(—a), is a straightforward
consequence of the uniqueness of solutions of problem (18).

The regularity of the mapping can be proved using standard arguments. O

4 The reduced problem

In this section we will solve equation (13). More precisely, we will prove that if A is close

enough to \;, there exists ay € R* such that equation (13) is fulfilled.
Let I, : H{(Q) — R be defined by

1
= 5/|Vu|2 dx — %/u2 dm—]ﬁ/\uw‘l dx. (20)
Q Q Q
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It is well known that critical points of I, are solutions of problem (4). Let us consider the
reduced functional J) : R* — R defined by

Ia(a) := Iy (ae + ¢x(a)), (21)
where ¢ (a) is the unique solution of (18).

Lemma 4.1 A function uy := ae + ¢x(a) is a solution to (4) if and only if a is a critical
point of Jy.

Proof: We point out that

oJ 0
2(a) = 4 (e + 6x()) (€ + 22 () ) = J} (ae + ¢a(0)) (e1).
da; Oa;
since ¢y (a) solves equation (18) and %%(a) € K;-. Then the claim easily follows. O
From now on we set
ei=A —A>0. (22)
Lemma 4.2 It holds
Ia(a) = (A = A) [, (a) + @r(a)], (23)

where Jy; is defined in (26) and @ : R" — R is an even C'—function such that ®y goes

to zero C'—uniformly on compact sets of R* as A — Aj.

Proof: Set ¢ := ¢x(a). By (22) we get

1 A
Jr(a) :§/|V(ae—|—¢)|2dx—ﬁ/he—i—qﬂp“ dx—a/(ae+¢)2dx
Q Q Q

1
:§(Aj—)\)(af—&—--~+az)—jﬁ/|a161+~--+akek|p+lda:
Q
1 2 A 2 £ p+1 p+1
+2/|V¢| dx—Q/qb dm—p+1 [\ae+¢| — |ae| }dx
Q Q Q

= (A = A) [y, (a) + @a(a)]

where Jy, is defined in (26) and

1 1 A
P = — 2de — = 2
R v S A K
Q o)
“or1 [|ae + Pt — \ae|p+1] dx.
Q

Here we used the fact that ¢y, (a) = 0 for any a, as it is clear from (19).
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Of course ®, is even and of class C'. It remains to prove that it goes to zero C'-
uniformly on every compact subset W of R* as A — Aj, that is, as ¢ — 0.
Let us fix a compact set W in R*. Tt is easy to check that

c
[@x(a)] < g||¢||2 +cl[gllx < ce, for any a € W.

Indeed, by the mean value theorem we deduce that there exists ¢ € (0, 1) such that

1

P} [\ae + o/t — |ae|p+1] dr = /f (ae + 99) ¢ dz.
Q )

Therefore @, goes to zero uniformly on W as A — A, since ||¢||x < Re by (19).
Now, let us prove that also V®) goes to zero as A — A; uniformly on W. Indeed, fix

1 =1,...,k and evaluate
OPx(a) _ 1 ¢ / ¢
94, —/\j)\[/V(]ﬁ idm A ¢8aidx
Q Q

~ [ Jlae+ P ae+ o) e+
Q

oV
da

(24)

) — |ae|p1aeel} dz.

By (18), for every z € KJl we have

/V¢~Vzdm—)\/¢zdx—a/|ae+¢|p_1(ae+¢)zdag:0.
Q Q Q

Then, taking z = g—i € K]-L, by (24) we deduce

o
atz(ia) - / [f(ae +¢) — f(ae)] e; dz
Q
and so
‘aqél(.a) <a>\ < cll¢llx < ce, for any a € W.

Indeed, again by the mean value theorem we deduce that there exists J € (0,1) such
that

/ [f(ae + ¢) — f(ae)]e; dx = /f' (ae + V) pe; dx.
) )

Therefore, also V@, goes to zero uniformly on W as A — A;. O

Proposition 4.3 There exists § > 0 such that for any A € (A\; — 6, \;) the function Jx has
at least k pairs (ax, —ay) of distinct critical points. Moreover ax — a as X goes to \; and
a is a critical point of Jy, (see (26)).
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Proof: First of all, we note that J5(0) = 0 and also that Jy is an even function. Moreover
(see (26)), it is clear that there exist R > r > 0 such that

inf Jy;(a) > Jx,(0) = 0> sup Jy,(a).

|a|=r ’ la]=R
Therefore, by Lemma 4.2 we deduce that, if X is close enough to A;, it holds

|ilnf Jx(a) > Jx(0) =0 > sup Jx(a).

al=r la|=R

Then Jy, has at least k pairs of distinct critical points (ax,—ax) in B(0,R). We can
assume that ax — a € B(0,R) as A — X;. By (23) we get VJy,(ax) = 1V.J\(ar) —
V®,(ay) = —V®,(ay), and since @ goes to zero C'— uniformly on B(0, R) as A — \;, we
get V.Jy,(a) = 0. That proves our claim. O

Finally, we state the main result of this section, which covers [9, Theorem 4] and
other previous results in the asymptotic description of bifurcation solutions, but which

also strongly relates such solutions with critical points of a function defined on R,

Theorem 4.4 There exists 6 = 6(\;) > 0 such that for any X\ € (X\j =0, \;) problem (1) has
at least k pairs of solutions (ux, —uy) bifurcating from X\;. Moreover, associated to each uy
there exist real numbers a, ..., a5 and a function ¢ € X (see (7) and (8)), with (¢x,e;) =0
fori=1,...,k such that

uy = (Aj — )T [Z asei + ol , AILH}\J- loallx =0 and AILH}\J- ay =a', (25)

where a := (a',...,a*) is a critical point of the function Iy, R* — R, defined by

l\.’)M—l

1
Iy (@) =5 (af +-- +af) - p+1 / larer + - + aper """ da. (26)
O

Proof: The claim follows by Lemma 4.1 and Proposition 4.3. m|

We point out that the existence of at least 2k nontrivial solutions bifurcating from the
eigenvalue \; was already known (see [5], [13], [16] and [6], [7], [11] and the references therein
for different multiplicity results in the critical case), as well as the asymptotic behaviour of
the solutions as A goes to A; (see [9]).

5 Some uniqueness results

In Theorem 4.4 we find out a relation between solutions to problem (1) bifurcating from
the eigenvalue \; and critical points of the function Jy,: the solution uy which satisfies (25)
is “generated” by the critical point a. This suggests that the solution uy “generated” by a
can inherit some properties of a. At this aim, first of all we prove that any non degenerate
critical point a of Jy, generates a unique solution w, bifurcating from the eigenvalue \;
which satisfies (25).
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Proposition 5.1 Suppose that a is a non degenerate nontrivial critical point of the function
J,; defined in (26). Then there exists 6 = 0(\;) > 0 such that for any X € (X\;—0, \;) problem

(4) with e = A\; — X has a unique solution uy such that uy = axe+ ¢, where ay — a in Rk,
(Pr,€) =0 foranyi=1,....k and ||[¢r]|lx — 0 as A — ;.

Proof: As far as it concerns the existence result, we remark that, since a is a non degenerate
critical point of Jy;, by Lemma 4.2 we deduce that there exists § > 0 such that for any
A € (A\j — 4, A;) the function Jy has a critical point ay such that ay goes to a as A goes to
Aj. Then by Lemma 4.1 we deduce that the function uy = axe + ¢a(ay) is a solution to
problem (4), with (¢x,e;) =0 for any i =1,...,k and [|¢x][x — 0 as A — ;.

Let us show the uniqueness result. Let uy and vy be two solutions of (4) such that
uy = axe + ¢ and vy = bye + 5, where ¢y, P, € Kjl, ax, by go to a and ||oa]lx, [[¥allx go
to zero as A goes to Aj.

Assume by contradiction that uy # vy and consider the function
U\ — Ux
Zy = ——l
lux — vall

It is clear that z) satisfies the problem

—AZ)\ = )\Z)\ + ()\J — )\)w in Q (27)

zx =10 on 0f2.
We point out that by the Mean Value Theorem there exists ¥ € (0,1) such that

flwy) = F(vr)

Tl f (ux +9(ux —vr)) 2a. (28)

We also remark that f’ (uy + 9(ux — vy)) converges to f'(ae) strongly in LN/2(Q) as X goes

to )‘j~
Up to a subsequence, we can assume that zy — z weakly in H}(Q2) and strongly in L9(£2)
for any 1 < ¢ < % Moreover, by (27) we deduce that there exists a = (aq,...,ax) € R”

such that z = ae = Zle ;€.
Now, multiplying (27) by e;, ¢ = 1,..., k, and using (28), we deduce

/eri dx = /f/ (ux + I(uy — vy)) 2ae; dx
Q Q
and passing to the limit, as A goes to A;, we get a; = [ f'(ae)ze; dx for any i = 1,..., k.

Q
Therefore « is a solution of the linear system H.Jy,(a)a = 0, where H.Jy,(a) denotes the

Hessian matrix of J at a. Since a is a non degenerate critical point of Jy;, we deduce that
a = 0, namely z = 0.
On the other hand, multiplying (27) by z,, and using (28), we deduce

/|Vz>\\2dx:/\/z§dm+()\j —/\)/f’ (ux +I(uy —vy)) 25 dx
Q Q Q
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and passing to the limit, as A goes to A;, we get ||z\|| — 0. Finally, a contradiction arises
since ||zy|| = 1. O

Secondly, we compute the Morse index of the solution u) generated by a critical point a
of Jy; (see (26)) in terms of the Morse index of a.

We recall that the Morse index of a solution u of problem (1) is the number of negative
eigenvalues p of the linear problem

v—i* M+ f(u)v] = w, v € HY(Q)

or equivalently
—(1—pAv= v+ f'(u)v inQ,
v=20 on 0f).

We point out that the function u, which solves problem (1), and the function v = 67ﬁu,
which solves problem (4), have the same Morse index.

k

Proposition 5.2 Let uy = Y ale; + ¢x be a solution to (4) such that /\lirr)} loallx = 0,
i=1 =X
)\ILIIAI al =a' and (a*,...,a%) is a non trivial critical point of Jx, (see (26)). If the Morse

J
index of a is m, then the Morse index of uy is at least m + j — 1. Moreover if a is also non

degenerate, then the solution uy is non degenerate and its Morse index is exactly m+j — 1.

Proof: We denote by p} < p3 < --- < pl < ... the sequence of the eigenvalues, counted
with their multiplicities, of the linear problem

(29)

—1—pwAv = v+ (A; = A)f'(ur)v in Q,
v=20 on 0f.

We also denote by v§ € H}(Q), with |[vi|2 = 1, the eigenfunction associated to the
eigenvalue yj.

It is clear that, as A goes to JA;, eigenvalues and eigenfunctions of (29) converge to
eigenvalues and eigenfunctions of the linear problem

—(1—-pAv=XAv inQQ,
v=20 on 0,

whose set of eigenvalues is

Aj Aj Aj
- 1—-=0,...,001 — ...
A1 Ajo1 —— Ajrk
k
Therefore, if A is close enough to A;, we can claim that iy, ug\_l are negative and
they are close to 1 — i—i, R )\Afl, respectively, and that u§\+k is positive and close to
i

Aj
Atk

1—
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Therefore, it remains to understand what happens to the k eigenvalues /Lg\, . ,/L&Jrk 1,
which go to zero as A goes to A;.
We claim that
JHi—1
lim #2 —Aj =A!, where A'< ... <AF I=1,....k, and
A= (30)
A" are the eigenvalues of the Hessian matrix H.Jj, (a).
For any [ = 1,...,k we denote by v} an eigenfunction associated to uﬁl ! with [|vh 2 =
1, i.e.
—(1 =AY = Ak + () = N ()l in 9, 51)
vk =0 on 0f).
Then we can write
vh = Zb“emu%, b’ e R,
=
<¢>\,€z>—0 i=1,....k (W}, v5) =0if [ # s, (32)
k 2
1i
> (557) + Il =1.
Now, up to a subsequence, we can assume that for any I = 1,...,kand ¢ = 1,...,k,

. , koo
Py — ! and bl):’ — b as X goes to A;. Then v} — vl := Zlbl’zei + ¢! as X goes to ;. We
z:
point out that the convergence in H}(Q2) is strong, since v} solves equation (31) and 3
does not go to 1 as A goes to A;.
First of all we claim that 1! = 0 for any [ = 1,..., k. In fact by (31) we deduce that for
any [ = 1,...,k and for all v € H}(€2) it holds

JHl—1

(1—pi /VU,\Vvd:E— /vévdﬁ(% —A)/f’(w)vﬁvd%
Q Q

and passing to the limit as A goes to A;

/Vlevdm =} /vf\vdx Y v e Hy(Q),
Q

that is v! is an eigenfunction associated to the eigenvalue Aj, so that ' = 0. Therefore by
(32) we deduce that

k

> B =0if I # s and zk: () =1 Vi=1,.. .k (33)

i=1 i=1
Now, if we multiply (31) by e;, we get for any ¢ = 1,...,k and for any [ =1, ...k,

(1= A5 = AL 4 (A = \) / Fun)vkes d,
Q
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that is

j+1—1 k

1,i Mf\ o ’ 1,i l

b (1 T )\Aj> = /f (uy) (Z; by'e; +%> e; da. (34)
Q =

Now, since as A goes to A;

k k
/f’ (Z ase; + ¢>\> (Z bl):iei + wf\> e; dx
Q i=1 i=1

k k
- /f/ (Z aiei> (Zbl’it%) e; da,
A i=1

i=1
-1
by (34) and by (33) we deduce that for any | = 1,...,k, when A goes to A;, “/\*j_/\ Aj

converges to an eigenvalue A! of the matrix H.J(a) and also that bl/\e converges to the
associated eigenfunction b'e, since

k k
plo (1 fAl) = /f' <Zai@i> (Zbl,%z) e;de Vi=1,...k,
Q i=1 i=1

i.e. HJ(a)(ble) = Al(ble).

Since a has Morse index m, there are m eigenvalues A! which are negative, so that at
least m eigenvalues ,ul/\ are negative as well, provided X is close to A;.

Finally, if a is non degenerate, all the A'’s are different from 0, so that, if \ is near Aj,
there are exactly m negative eigenvalues p, as claimed. m|

Now, we can prove the first main result of this section.

Theorem 5.3 Assume a is a non degenerate critical point of the function Jx, with Morse
index m. Then there exists 6 = 5(\;) > 0 such that for any X € (\; —0, \;) problem (1) has a
unique solution uy bifurcating from A; which satisfies (25). Moreover uy is non degenerate
and its Morse index is m + j — 1.

Proof: The claim follows by Proposition 5.1 and Proposition 5.2. O

The previous result suggests that the number of nontrivial solutions to (1) bifurcating
from the eigenvalue A; coincides with the number of nontrivial critical points of Jy,. In fact,
we can describe the asymptotic behaviour of the solution uy of problem (1) bifurcating from
the eigenvalue \; as A goes to A;.

Proposition 5.4 Let uy € X be a solution to problem (1) such that ||ux||x goes to zero as A
goes to \j. Then for any X sufficiently close to \; there exist a,...,a5 € R and ¢, € K]L

such that i
uy = (N = A7 T (Z asei + du) :
i=1
1

where ¢y — 0 in X and ai — a', i =1,...,k, as X goes to Aj. Moreover a = (a yooyab) s
a critical point of Jy, .
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Proof: We prove our claim when N > 3 and p > % We argue in a similar way in the

other cases.
The function vy = ”u“ﬁ solves the problem
—Av =+ |url% P o in Q
(35)
v=20 on 0f).

Up to a subsequence, we can assume that, as A goes to A;, vy — v weakly in X and strongly
in L4(Q) for any ¢ € [1, 225). By (35) we deduce that v solves —Av = A\;v in Q, v =0 on
0f and, so, v € Kj.

We claim that v # 0. Indeed, if v = 0 by (35) we get

/|Vv>\|2dx:)\/v/2\dx+ ||u)\||1;<_1/|v>\|p+1 dx
Q Q Q

and passing to the limit as A goes to A; we deduce that ||vy|| goes to zero, since ||vx||p+1 is
bounded. Moreover by (35) and Lemma 2.1 we get

-1
Josll < e (Moal g, + Il Toa P ).
and by interpolation (since 1 < N]i‘;s < s) lualls — 0 as A goes to A;.
Finally a contradiction arises since ||vy||x = 1.
Now it is easy to check that there exist b}\, .. .,b’/{ € R and ¥ € Kf‘ such that vy =

ko , .
> bie; + 9y and, as A goes to Aj, ||[¥a]|x — O (using Lemma 2.1) and b} — b*, i =1,...,k
i=1
(see also [15] for analogous properties in presence of more general nonlinearities).
We want to prove that there exists A such that
—1
luall%

ﬁHA>OaS)\goes to Aj. (36)

Multiplying (35) by e;, we deduce that

bi(N\j —\) = ||u)\|\§(_1/\v,\|p_lweidx, i=1,..., k. (37)
Q

We recall that, as A goes to Aj, bé\ — b and b® # 0 for some i, since v # 0. We also point
out that, as A goes to Aj, [|vA[P"tore; — [ |v[P~lve; (since vy — v strongly in X), and
Q Q

[ |v|P~ve; # 0 for some i (since [ |v[P*! # 0). Then by (37) we deduce that, as A goes to
) o)

p—1
A, Tl goes to A € R, A # 0 and also that

(A V=Y
b =A/|v|p_1vei dmzA/

Q Q

p—1 k
(Z bheh> e; dx. (38)
h=1

k
>
h=1
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By (38) we easily deduce that A > 0 and (36) is proved.
k 1 .
Finally, we write uy = (A\; — )\)ﬁ (Z ase; + (Zﬁ,\) , where af = [Jux||x(\; — \) "7 1b%
i=1

and ¢y = |Juxr||x(A; — /\)_ﬁwx- Moreover, as A goes to Aj, ax goes to a = A7Tb and by
(38) we deduce that a is a critical point of Jy,. That proves our claim. o

Finally, we can prove the second main result of this section.
Theorem 5.5 Assume the function Jy; defined in (26) has evactly 2h non trivial critical
points which are non degenerate. Then there exists 6 = 6()\;) > 0 such that for any \ €

(Aj — 6, A5) problem (1) has exactly h pairs of solutions (ux, —uy) bifurcating from X\; and
all of them are non degenerate.

Proof: The claim follows by Proposition 5.4 and Theorem 5.3. O

6 Applications

Firstly, we study solutions bifurcating from any multiple eigenvalues when € is a rectangle

in R”.

Proof of Theorem 1.1: Without loss of generality, we can assume that Q = (0, L) x (0, M).
2 2

We know that \; = 72 (%—l—%), i =1,...,k where n;,,m; € N with n; # n; and

m; # my if i # [. The eigenspace associated to A; is spanned by the functions

4 . T oy .
ei(x,y) = msmesmﬁy,z:l,...,k.

It is easy to check that

~—/4dd—9772 ndﬁ._/QQdd_Wzif'?gl
ai= [ efdrdy =750 a = [ elei dedy = ;o i AL
Q Q

Moreover, we have that

/e?ehel dedy =0 if h #£ 1.
Q



On the exact number of bifurcation branches in a square and in a cube 17
Indeed,

/e?ehel dxdy
Q

16 L o MT . MpT W M o M . MmpT . TYT
= — sin® —x sin —x sin —x dx sin y sin ysin ydy
0 L 0 L L

(LM)? L L L
= e /L 1 —cos 2nﬂx cos (n, = m)me — cos (0 + )7z dx
(LM)? J, L L L

./M 1 —cos 2mim cos (mn = mimy cos (ma + my)my d
o MY M M 4

4 /L 2n;mw { (np, —ny)me (np + ny)mx
= Ta0E | s wycos —cos ———— b dx
0

(LM)? L L
M 2mym (mp, —my)my (mp, +my)my
. cos Ty cos i — cos i dy,
0

because ny # n; and my # my. Finally, the claim follow, since we can prove that 2n; #
np —ng and 2n; % ny + ng or 2m; # my —my and 2m; # my, + my. For example, assume,
by contradiction, that 2n; = ny + n; and 2m; = myp + m;. The other cases can be treated
in a similar way. We have

2 2
o nj m;
5 n}% + ”12 + 2npny mi + ml2 + 2mpmy
=7 12 + M?2
— 9\ 2 thnl 2mhml
T T M2
2 2 2 2
o (Mt  mytmy
<2\ 4T 7z + e >
< 4N\

and a contradiction arises.

Therefore the function Jy; : R” — R introduced in (26) with p = 3 reduces to

Lk & 5 &
_ 2 4 2 2
Iy (a) = 5;% - Za;ai - Zﬂ ”2;1 a;aj.
i1
We can compute
9y, k
aai’(a):aifaaf’f?)ﬁaiZalQ, i=1,...,k (39)

=1
1#i
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and also the Hessian matrix H.Jy, (a)

k
1—3aai —38 Y af —68ayas e —6Baiay
=1
k
—68aias 1—3aad3 —38 > a? ... —68aqay,
22 (40)
k
—68ayay, —6Baqay, s 1=3aai -335 a}
=1
I#k

Let us consider the case k = 2. It is clear that (39) reduces to

OJy.
3 a (a1,a2) = a1 — aa’} — 3Baya3
ai
OJy.
A (a1,a2) = as — aag - 3ﬂa2a%
8a2

and also that (40) reduces to

(1= 3ad? — 383a3 —68ajas
HJ)\j (0/1, 0/2) - ( 76ﬂa1a2 1-— 30&&% - 360’% -

Set v1 := a~ /% and v := (a+33) /2. Therefore Jy, has exactly the following (non trivial)
critical points: (0, £71), (£71,0), which have Morse index 2, and (y2, £72) and (—v2, £72),
which have Morse index 1. Therefore the claim follows by Theorem 5.3.

Let us consider the case k = 3. It is easy to check that (39) reduces to

0Jy. )

Gar (01,2, 03) = a1 — aa} — 3601 (65 + )
0Jy.

8a; (a1,az,a3) = as — aa3 — 3Baz(ai + a3)
0Jy,

das (a1,a2,a3) = a3 — aa3 — 3Baz(af + a3)

and also that the Hessian matrix H.Jy, (a1, a2, as) (40) reduces to

1 — 3aa? — 38(a3 + a3) —68ayaz —60ayas
—65a;as 1 —3aa3 — 38(a? + a3) —60azas3
—60a;a;3 —60aqas 1 — 3aa3 — 38(a? + a3)

Set 1 := a2, 45 := (a + 38)"'/? and 73 := (a + 63) /2. Therefore J,; has exactly the
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following (non trivial) pairs of critical points:

A; :=(0,0,71), Az :=(0,71,0), Az :=(71,0,0)

Ay = (0,72,72), A5 := (0,72, —72), 4 = (72,0,7%2),

A7 = (72,0, —72), As = (72,72,0), Ag := (72, —72,0),

Avo = (73,73,73), A1 = (73,73, —73)s

Arz = (3, —73,73)s A1z == (—73,73:73)
and —A; for i =1,...,13. A simple computation shows that A; and —A; have Morse index
3ifi =1,2,3, that they have Morse index 2 if i = 4,...,9 and that they have Morse index

11if 4 = 10,...,13. Therefore the claim follows by Theorem 5.3.
In the general case, the function Jy, has 3% —1 non degenerate critical points of the form

(0,...,0,£%,...,+v,0,...,0), where ; := [a + 3(i — 1)5]71/2 foranyi=1,...,k. Let us
~
compute the Hessian matrix H.Jy; (a) (40) at the point a = (0,...,0,£7;,...,4v;,0,...,0).
—_——

1 (Ai 0>
a+3E-1)p\0 B;)’

where the ¢ X ¢ matrix A; is given by

%

We have

9 _3 _3
o 2 AR
. — (LM)’ 8 32 8
: . . . 13 13 . 29
and the (k — i) x (k — i) matrix B; is given by
a—30 0 0 -2 0 ... 0
. 0 a—368 ... 0 B 0 -2 ... 0
0 0 .. a—303 0 0o ... -

O
Secondly, we study solutions bifurcating from the second eigenvalue when € is a cube in
R?
Proof of Theorem 1.2: Without loss of generality, we can assume that Q = (0,7) x (0,7) x
(0, 7). The eigenspace associated to Az is spanned by the functions

/8 . .
e1(x,y,z) = ﬁsmxsmysm%,

8 . .
es(x,y,2) = ﬁsmxsm2ysmz,

es(x,y,z) =4/ — sin 2z sin y sin z.

By
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Taking in account that

/e:fegdxdydz = /6%6263d$dyd25 =0
Q Q

and also that

27 3
= 4 — - 2.2
«a: /eldxdydz =33 and g := /eleQd:rdydz = 5.3
Q Q

the function Jy; with p = 3 reduces to

1 1 3
I (a1, a2,a5) = (0] + a3+ a3) — Ja(ay + a3 + a3) — S (et + afag + aja3).

Therefore the claim follows by Theorem 5.3, arguing exactly as in the previous example

in the case k = 3. O
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