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Abstract

By considering the kernels of the first two traces, four different second order Sobolev spaces may
be constructed. For these spaces, embeddings into Lebesgue spaces, the best embedding constant
and the possible existence of minimizers are studied. The Euler equation corresponding to some
of these minimization problems is a semilinear biharmonic equation with boundary conditions
involving third order derivatives: it is shown that the complementing condition is satisfied.

AMS MSC: 46E35, 31B30, 35J40

Keywords: Sobolev embeddings, biharmonic operator, complementing condition.

1 Introduction and main results

We are interested in best constants and existence of minimizers for embeddings of second order Hilber-
tian Sobolev spaces. For a smooth open domain © C R™ (n > 5), not necessarily bounded, we consider
the space

H*(Q) = {u € L*(Q); D*u € L*(Q)}

where D?u denotes the (generalized) Hessian matrix of u. It is well-known [A] that if Q # R”, then
any function u € H?(Q2) admits some traces on the boundary 9. In particular, there exist two linear
continuous operators

vo: HX(Q) — H3?(0Q)  and  ~,: HX(Q) — HY?(090)

such that you = ulpn and y,u = %L’)Q for all u € C1(Q); here and in the sequel v denotes the unit

outward normal to 9. The kernels of these traces give rise to proper subspaces of H?({2) which we
denote by:

HZ(Q) = keryg Nkerry, , H?*N H}(Q) = ker o , H2(Q) = kerry, .

If Q = R" the traces are undefined and H3(R") = H? N H(R") = H2(R") = H?(R"). For general
domains €, we consider embeddings of these spaces into LP(Q) for 2 < p < 2* = 22 (the critical
Sobolev exponent). More precisely, we seek some properties of the best embedding constants and we
investigate the existence or non-existence of minimizers for the corresponding ratio.

Due to a lack of compactness, this problem becomes much more difficult when p = 2*. In this
case we only have partial answers and several problems are left open. When 2 = R”, we denote by
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D?2 the closure of the space of smooth compactly supported functions in R™ with respect to the norm
|[D? - ||2; here and in the sequel, || - ||, represents the usual L%norm. Two integration by parts show
that ||D?ul|3 = ||Au||3 for all u € D?2. Then, the best constant for the embedding D?>? ¢ L* (R™)
may be characterized by

S = inf{[|D*ull3; u € D*?, [lulla = 1} = inf{[|Au3; u € D*?, |full2- = 1}. (1)
Up to translations and nontrivial real multiples, the infimum in (1) is achieved only by the functions

[(n — 4)(n — 2)n(n + 2)](*=/8e(n—4)/2
(€2 + |z[2) =D/ ’ (2)

us () =

for any € > 0, see [EFJ, Theorem 2.1] and also [S, Theorem 4], [L, Theorem 1.3], [GGS, Lemma 2].
In fact, for any domain Q C R", the spaces H3(Q2) and H% N H} () are Banach spaces (Hilbert
spaces) when endowed with the norm

u— [|[Aullz . (3)

It is shown in [vdV] that for any smooth domain Q C R™ we have
inf{]| Aull3; u € H(Q), [ullzs = 1} = inf{[|Aul3; uw € H* 0 Hy(Q), [|ull- =1} = S

although the infimum is not achieved if Q # R"™. Hence, not only the best embedding constant is
independent of the domain €2, but it is also independent of ker -y, .

On the other hand, due to the invariance up to the addition of constants (resp. affine functions),
if we consider the space H2(f2) (resp. the whole space H?(f2)) then (3) is no longer a norm. In these
cases, one has also to take into account the L?(Q2)-norm of the function and of all its second order
derivatives, while first order derivatives can still be neglected thanks to interpolation theory, see e.g.
[A, Theorem 4.14]. In other words, for any a > 0 both H?(Q2) and H2(Q2) become Banach spaces when
endowed with the norm

1/2
wis (|| D2l +allull3) " (4)
We are so led to introduce the embedding constants
3(Q,a) = inf{[|D?ull} + allul3; w € H*(Q), [ull2- =1}
27(Q,a) = nf{|| D*u3 + allull3; v € H(€Q), [[ull2» =1}

a>0). (5)

In Section 2 we prove

Theorem 1. Assume that n > 5 and let S be as in (1). Then, for any a > 0 we have:
(1) 2(R™,a) = S and it is not achieved.
(i) if Q@ C R™ is a smooth bounded domain, then X(,a) < S/2%/™.

In order to prove Theorem 1 (i) we strongly use the smoothness of 92 and the positivity of the

mean curvature in some boundary point . For this reason, and because a similar result holds in the
first order case, it is reasonable to conjecture that for the half space R} we have

E(RY,a) = 245/171 and it is not achieved. (6)

However, a proof of (6) seems rather difficult. This difficulty was already emphasized by van der Vorst
[vdV, Remark p.267] where the simpler case of the space H? N H{ (instead of H?) is considered. The



impossibility of using a reflection argument already present in the H? N H{ setting, is here further
complicated because we cannot make use of the maximum and the comparison principles.

We can prove a much weaker version of (6); we state this result for “flat” and “nonsmooth”
domains. More precisely, we consider the domains

I (0, 00)% x R*™* | k=1,...n
and we prove

Theorem 2. Assume that n > 5. For any a >0 and any k=1, ...,n we have

14 n S
3( k+7a):W

and the infimum is not achieved. In particular, 3¥ (R, a) = S/24/™.
Next, for any bounded domain €2 and any 2 < p < 2*, we consider the following numbers

D2 2 2 DQ 2 2
Ep(Q,(I) — inf || U||2 +2CL||’LL||2 7 ZZ(Q,CL) — inf || uH2 +2CLHU||2 . (7)
ue H2(2)\{0} [faf ue H2(Q)\{0} ull2

Then, we prove

Theorem 3. Assume that 2 is a smooth bounded domain of R™ (n > 5), that a > 0 and that
2 < p < 2*. Then, then the infima in (7) are achieved. Moreover, there exists a(p) > 0 such that if
a > a(p), then the minimizers of (7) are nonconstant.

In Section 5 we show that, up to a Lagrange multiplier, minimizers u of ¥,(€2, a) (vesp. X (€2, a))
as defined in (7), satisfy

/ (D*uD?v + auv — [u[P"*uv) = 0 for all v € H*(Q2) (resp. for all v € H2(Q)) , (8)
Q

where D?uD?v denotes the “scalar product” between Hessian matrices, namely

D?*uD%y = z”: Ou_ 0% for all u,v € H*(Q)
- ij=1 8.%'28.%] a.’BZal’j ’ ’

For all j, let v; = aaT”j = cos(v, z;) denote the j-th component of v, the normal vector to the
boundary 0. Let {t; = tx(x); k =1,...,n—1; x € 00} denote a system of local tangential coordinates
to 092 so that {t1,...,t,—1,v} is a complete orthonormal system diffeomorphic to {zi,...,x,}. As
pointed out by P.L. Lions [Li, p.76], the boundary conditions associated to (8) do not depend on the
choice of the system {¢1,...,¢,—1}. Then, we have

Theorem 4. Assume that Q0 is a smooth bounded domain of R™ (n > 5), that a > 0 and that
2 < p < 2*. Assume that u € H*(Q) (or u € H(Q)) satisfies (8). Then, u € C**(Q) and u is a
classical solution of

A%y + au = |uP~%u in Q 9)



satisfying the boundary conditions (if u € H*(Q))

Pu  _dAu LI oty .
W_2 ov 8u3 Zzaxz(‘)x] Oty <8x ) 0 on o7, (10)

or the boundary conditions (if u € H2())

ou _0Au nod Oty
5 =25 ay?» Zkz &’Ujatk(@x > 0 ondQ. (11)

In particular, Theorem 4 tells us that minimizers of (7) (if they exist!) are smooth functions.
Moreover, since a solution of (9) may be sign-changing, further regularity seems to be false in general,
at least for non integer values of p.

Remark 1. In some cases the boundary conditions may be significantly simplified.

First, assume that 02 is “somewhere flat”, namely that there exists I' C 9 of positive (n — 1)-
dimensional Hausdorff measure such that I' C {z,, = 0}. Then, the second boundary condition in (10)
becomes

u 28Au
o3 Oy,

Second, assume that € is the unit ball and that u is radially symmetric, u = wu(|z|); note that
we have no condition which ensures u to be radially symmetric! However, in this case, (10) become
u’(1) =4 (1) — (n — 1)u/(1) = 0, while (11) become /(1) = v’ (1) + (n — 1)u” (1) = 0.

=0 on I'.

As far as we are aware, biharmonic semilinear elliptic equations as (9) have so far been tackled
only in the spaces HZ(Q2) or H? N HE(Q) (where (3) is a norm). In the first case, Dirichlet boundary
conditions (u = g“ = 0) arise, whereas in the second case Navier boundary conditions (u = Au = 0)
appear. Hence, the present paper is also a first contribution to biharmonic semilinear problems with

boundary conditions (10) and (11).

Note that (8) admits the two constant solutions
up =0, uy = a'/P72) (12)

It is therefore of some interest to find out whether (8) also admits nonconstant solutions. As a
consequence of Theorems 3 and 4 we obtain

Corollary 1. Assume that §) is a smooth bounded domain of R™ (n >5) and that 2 < p < 2*. There
exists a(p) > 0 such that if a > a(p), then (8) admits a C+*(Q2) nonconstant solution.

Corollary 1 nothing says about small values of a. In the second order subcritical case, it is known
[LNT] that for sufficiently small a, the corresponding equation only admits constant solutions. In
the critical case, counterexamples in [AY] show that a similar result is false in general; nevertheless,
it is proved in [AY2] that the mountain-pass solution (or minimal energy solution) is constant for
sufficiently small a. These results are obtained by showing that for small a any solution u satisfies
u = u, where @ is the mean value of w. In turn, this is obtained by using Wirtinger’s inequality which
enables to estimate ||[u — @l|2 in terms of ||Vul|2. In the fourth order equation, one would need an a

P 2 3 P 3
1 2u . n 9%u . 0°u . __ n 0°u 1
Here, Zz:= ;01 dw;0a; ViVi and  Frm = 920w, 0wy, ViViVk-
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priori estimate of ||u — ||z in terms of | D?ul|2, which does not hold in general. Hence, the following
question naturally arises: is it true that for sufficiently small a, (8) only admits constant solutions or
that the mountain-pass solution is constant? We have no answer to this question but we have some
reasons to believe that it might be negative.

Another question which arises in connection with Corollary 1 is the sign of the solutions of (8).
For the corresponding first order minimization problem, it is clear that u is a minimizer if and only
if |u| is a minimizer; this shows that a minimizer may be chosen nonnegative (in fact positive by the
maximum principle). For the second order minimization problems considered in the present paper,
this simple trick fails since |u| may not be in H%(2). On the other hand, a simple application of the
divergence Theorem enables us to prove

Theorem 5. Assume that Q is a smooth bounded domain of R" (n >5), that 2 < p < 2* and that
a=0. Let u> 0 be a solution of (8); then u = 0.

In view of the above discussion, it is clear that Theorem 5 is not satisfactory. One should also
exclude the existence of sign-changing solutions.

2 Proof of Theorem 1

2.1 Proof of (i)
Let B = {u € D*?; ||u

9« = 1}. For any a > 0, we have

S = inf |[D?ulj3 <  inf D*ull3 < inf D?ul[3 5) =Z(R" 13
mp Dl < it D<ot (D%l alulE) = SR a),(13)

where the first inequality follows from the (proper) inclusion H?(R") C D?2.
In order to show the converse inequality, we construct a suitable minimizing sequence. For all

€ > 0 consider the radial function
Ve (1) = u (1) — ue(1)

where u.(|x|) = us(z) is defined in (2). Let now

ve(r) if r €0, 3]
ze(r) = ¢ we(r) ifre [%, 1] (14)
0 if r e [1,00)
where w.(r) = a-(r — 1)3 + b.(r — 1)? and a., b are chosen in such a way that w.(3) = v-(3) and
wl(3) = v(3). Hence, z. € H*(R") for all ¢ > 0; note that if n > 8, then u. € H*(R") and instead
of {z.} one can directly take {u.}.
A simple computation shows that lim a. = lim b, = 0 so that, if we let € — 0, we obtain

e—0 e—0
/ D% (Ja])|? = /B D?uc([2])2 + o(1) = S™* + o(1)
" 1/2

zZe (| T 2*—_ Ue(|T 2*—|-O = n/4+0 Ze (| T 2—_0 .



Finally, set Z. := 2z./||z:||2~ so that Z. € BN H?(R™). Therefore, by definition of ¥(R",a) and by
(15) we have

S(R",a) < |D*Z.|3 +al| Z:||3 for alle >0, lim (| D*Zc|3 +all Ze[3) =S . (16)

The first part of statement (i) in Theorem 1 follows at once from (13) and (16). The second part
is readily obtained by contradiction: if the infimum is achieved, then the minimizer would violate the
Sobolev inequality || D?ul|3 > S which holds for all u € B.

2.2  Proof of (ii)

Here, we take into account the effect of the curvature of the boundary 0%, following an idea from
[AM, W]. Since €2 is smooth and bounded, there exists T € 02 such that in a neighborhood of z, € lies
on one side of the tangent hyperplane at T and the mean curvature with respect to the unit outward
normal at T is positive. With a change of coordinates, we may assume that T = 0 (the origin), that the
tangent hyperplane coincides with x,, = 0 and that § lies locally in R} = {z = (2/,z,,); z,, > 0}. More
precisely, there exists R > 0 and a smooth function p : w — Ry (where w = {2’ € R*7!; |2/| < R})
such that
(', 2,) € QN Br <z, > p(a') (', 2,) € 00N B & x, = p(a’).

Furthermore, since the curvature is positive at 0, there exist A; (i = 1,...,n — 1) such that
n—1 n—1
Z Ai >0 and p(z") = Z Nz? 4+ O(|2')?) as 2’ — 0. (17)
i=1 i=1

Let A :={z € Bg; 0 <z, < p(z’)}. Fix o > 0 sufficiently small so that
L= (—O',O')n C BR/4

and define
A= (—o,0)" L.

Let ¢ be a radial C* function such that 0 < ¢ <1 and

1 ifr<R/4
¢(r) = _
0 if r > R/2
n—1
and define the function U.(z) := ¢(|x|)us(z). For our convenience, we set p, = wp_1 Z/\i and
i=1
Cp:=I[n—4)(n—2)n(n+ 2)](”’4)/8. We claim that, as e — 0:
1
/ gy S/ 2105 pus Elogg ifn=>5
|ID°Ue|” = B —4)? D (ntl)p(nss) + o(e)
Q 2 g (n—4)" 3 2 — Op — 2 ) >
"8(n—1)2(n +2n° =90 —2) pn T(n—2) e ifn>6.
(18)
LS O DY)
2 n Hn 2 2
= —_— . 1
/QUa > T3m-1) Tm - T (19)
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Postponing the proofs of (18) and (19) we conclude the proof of statement (i7). Note first that as
e — 0 we have

O(e%) ifn>38

/ U2 = / U2 < / uz =14 O logl) ifn=38 (20)
Q QNBgr/2 Bry2 .
O(e" %) ifn=25,6,7.

By using (18) (19) and (20), we obtain for all a > 0:

ID?U|13 + al| Ue|I3
2(Q,a) <
1Ue 13-

(n—4)%(n* —n - 4) T("5)0("3>)
) (n—1)2 ['(n—2)

:W—
15 43/° {V%élog% + Oe) ifn=5.

Clearly, this last term becomes strictly less than S/2%" for sufficiently small € so (ii) follows.

[, C221 4/ g1/ e + ole) ifn>6

Proof of (18). We split the integral as

/]D2U5|2:1/ +/ —/ —/ . (21)
Q 2/Br Jo\Br Janr Jawr

In view of the estimates in [EFJ, (3.23)], we have

1

1
5 [ DR =gstoEe [ Dt oot [ ot = o).
2 JBg 2 O\Br A\L

Therefore, (18) will follow if we show that

1

2105 pus elog—  ifn=>5

| v~ : (22)
ANL n — 4)2

By computing |D?u.|? we obtain

dx dx
D2U2:C72Ln—42€n_4 |:n2—5n+8/ —+ n—22€4/ —_—
/Am D™ = Culn = 4) ( ) o @F 2 TV | @ Py



We now estimate the three integrals in (23). With the change of variables z,, = /&2 + |2/|? - y,, and
using [ (14 ¢2)Pdt = s + O(s®) for all b < 0, we obtain

/ dx B / /P@f’) da,, da’
anp E 4P Jade (@4 P )

p(z) ,
_ VT dyn dx (24)
- (L4 ya)n=2 (2 + [2/[2)n=5/2

-/, %dm 9 (/A & 57§f|'3>n—1 d‘”’”) |

We are so led to estimate
p(a') 7 / Edi '
e i —d 0] ——d
INcErt Z Lm0 ([ e
SN 5 / ly|? 6— / ly|?
=== s dy + O [T 5 dy
n—1 aze (14 yl?)n—2 aze (L+[y[*)n—2

where we used (17), the change of variables 2’ = ey and the following identity:

/fv?dx/: 1 / 2
A @R 2T T a1 A @2

We now distinguish two cases.
Case n > 6. In this case

. ly|? / ly|? /°° ™ r(2r(252)
1 — _dy = — 0 dy = wp— ———dr = w1 —=——-=- .
i%/A/ A+ 2 Y™ o O+ P2 = g 22T T o — 2

Case n = 5. In this case B, C A C By, C R Moreover,

|y‘2 20/8 7,5 25/5 r
dy—w4/ dr§w4/ — =wylog?2.
/320/6\30/8 (L+ly*)? oe (L+72)3 oje T

Hence, if n =5, as ¢ — 0 we get

ase (L4 1yl?) yl<a/e (L4 [Y?) o (1472 €

Furthermore, the same arguments enable us to show that

(25)

O(e57m) ifn>7
e / S dy=14¢ O(logl) ifn=26
ase (1+[y[?)n—2 e

0(1) ifn=>5.



Recalling the definition of p,, and inserting all the above estimates into (25) we obtain

/p(rc’)dxlxun W—ﬁ_ (26)
N

g2 + |2/|2)n—2 n—1

Once more, one can use the same arguments as above to show that

O(e™™™) ifn>38
3 (!
p°(z') ,
Jy @ a7 = § 0ol itn =7
0(1) ifn =56,

which, together with (24) and (26), yields

— 2 71 2 75 if n >
dzx _ oM(n—2) hn =0
2 2\n—2 (27)
AnL (82 + |z]?) n—1 1
logg ifn=>5.

4/ de pa T(EHIL(F) 5,
A

2
~ €
e2+ 1z n-1 21 (n) (28)
[ TCETCR
anp (E2+ [z n—1 20(n-—1)

Taking into account the properties of the Gamma function, and inserting (27) and (28) into (23) gives
(22) so that the proof of (18) is complete.

Proof of (19). We also split [, U2" according to (21) and we use the estimates in [EFJ, (3.25)], so
that

1/ U2 = Loy o@ny / U2 = 0@ U2 = 0@ .
2 /By 2 O\Bg AL

Therefore, (19) will follow if we show that

2+ ntl\p(n=1
/AmL U = 2(617?_#71) I 21“25)( 2 )5 + o(e) . (29)

By arguing as for the Hessian norm, we obtain

. . C’Q*,u > r’
U? :/ ut = ns-/ ————dr+ o(e)
/AmL ANL (n—1) o (1+ 7'2)n

and (29) follows at once.




3 Proof of Theorem 2

Consider first the case k = 1 so that R, = R’. Consider the functions z. introduced in (14). By
symmetry and (15) we deduce that 2. € HZ(R'}) and

2

+ + +

n/4 . n/4
L 0%el? =5 vy, [ e = T oy, [ fellel? = o)

as € — 0. Therefore

i 1022203 ol _ S
L a3 21/
which proves that
S

For contradiction, assume that there exists v € HZ(R") such that

ID?0]l3 + allvll; _ S
V3. — 2

(31)

and set

(' 2,) v(z!, xy) if ,, >0 (32)
w(x', z,) =
v(a!, —xy) if x,, <0

Then, w € H?(R") and by doubling the integrals we obtain

ID*wl3 + allwl3
[wlf3-

<S8

which contradicts Theorem 1 (i). Therefore, there exists no v € H2(R") such that (31) holds. This
means that 5 1o )
[D0[f5 + allvlly S

2
T Si/n for all v € HJ(R")

which, together with (30), shows that ¥*(R"}, a) = 24% and that the infimum is not achieved.
The cases k = 2, ...,n are similar; one should proceed with k iterated reflections as (32). O

4 Proof of Theorem 3

We only prove the result for ¥,(Q, a), the case %7(€2,a) being completely similar. Let {um }m>0 C
H?(Q) be a minimizing sequence for 3,(, a) in (7) such that |[um|l, = 1. Then, {tm, }m>o is bounded
in H?(Q) and there exists @ € H?(Q) such that u,, — @ in H?(Q), up to a subsequence. By the
compact embedding H?(Q2) C LP(Q), we deduce u,, — u in LP(Q) so that ||ul|, = 1. Moreover, by
lower semicontinuity of the norm with respect to weak convergence we infer that

ID*all3 + alfall3 < ¥p(€2, a)

and we conclude.
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In order to show that the minimizer for ¥,(12, a) is nonconstant for sufficiently large a, we have to
rule out uy, see (12). To this end, for every u € H?(Q) we define

_ [ID%ull3 + aljull3
lull3

flu):

)

so that f(uy) = a|Q|P=2)/P. The proof of Theorem 3 will be complete once we find @(p) > 0 such that

QD7 > nf () forall a2 () (33)

Without loss of generality, we assume that 0 € §2; then, we define the function

(1—alz|*)? for |z < -
Pa(T) = \{E
0 for |z| > s

whose support is contained in €2 provided a is sufficiently large, say a > a. For such a, we have
o € H?(Q2) and we may compute f(y,); by straightforward computations in radial coordinates one
sees that

lpally = a 'K, and D)5 = a""1Cy

where

n+48 2(n+20) n+38
n+ 12 n+8 n+4

1
K,= wn/o (1—pH?Ppntdp and Cp, = 64w,

Summarizing, for every 2 < p < 2* and every a > a, we have
g Yy y

Therefore, if a > @ (to ensure ¢, € H?(2)) and

4p/n(p—2
( C i+ K )p/(p)

— 34
K2/P|Q|@0-2)/p 349

then f(u1) > f(gaq) so that (33) holds and u; is not a minimizer for (7).

Remark 2. Let p = 2* and suppose that we have proved that the minimum in (7) is achieved. From
Theorem 1 (i), we know that

ueglzf(mf(u) =3(Q,a) < Sim

Hence, (33) would follow if

Q> —

—@epyn
On the other hand, if the minimum in (7) is achieved, then the lower bound (34) also holds for p = 2*.
Combining these facts, would show that

a(2") < min{ S Cn + K } .

2|QNYn" 22 o
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5 Proof of Theorem 4

Ifu € H?(Q) (resp. u € H2(f)) is a minimizer of (7), then there exists a Lagrange multiplier A € R\ {0}
such that u is a critical point of F(u) := || D?u||3 + al|ul|3 + A(|Jul[b — 1), namely

F'(u)[v] = /Q(QD2UD2U + 2auv + ApluP2uv) = 0 for all v € H*(Q) (resp. v € H2(Q)) ,

1
Then, @ := (%)ﬁu satisfies (8).
Next, let us recall the following integration by parts formula:

aAu 0%u 81}
D2D2:/A2— . Vue HY(Q) Yve HYQ), (35
/Q u D%v ; U o O Z agaxﬁxjaml ue H () Yve H(Q), (35)
where v; = (%’j = cos(v,x;) denotes the j-th component of the normal v. In order to highlight

the boundary conditions, we first transform the last boundary integral according to [Li, p.75-76]; we
introduce a system of local tangential coordinates to 92, namely t = tg(z1,....,2,) (k=1,...,n — 1)
so that (t1,...,t,—1,v) is a complete orthonormal system diffeomorphic to (z1,...,z,). Then, we write

z”: Pu_ Z”:"Zl Fu_ v o, N 0w o
8371695] 836 « 00 oty 6:1: O0x;0x; '

7]_ 7] 1 ’]_

and integrations by parts with respect to tangential coordinates yield

n n—1 n n—1
0% 61}6tk / (8u Oty >
v
121; o0 07,02 atk ax 121; 8tk Ox;0x; 830,
so that (35) becomes
n n—1
aAu 0%u Ot 0%u Ov
D2y D2 :/AQ _ / Lk, z -z
/Q A Y 21; 9ty \moz; 02,1 ) 't g oz a0 B9

which is precisely (5.19) in [Li] with @ = 1 and b = 0. By computing the derivative of the product, we
obtain
pOD O R (LS T
ii=1 k=1 o0 atk a.’EZaCE] aﬂfz J
n n—1 n n—1
0“u 8tk 0 (0ot
=2 Z/ Ity (833 ax3> I 20 axzaxj Ity <axi ”9> v (37)

i,0=1k=1 i,0=1k=1

Next, we remark that

Pu 9 RO ((PuNow 0 PuN
0x20x; Oz, 81'@6%] — Oty \Ow;dx;) dw; v \Owidxj) "

and therefore

n n—1 n
0 0%u Oty 3u 0 0%u OAu  d3u
Z Z; Ity <axiaxj> dz; Z [axgaxj T o <axiaxj> ”75] Y=y "o 38

1,j=1

HM
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Plugging (38) into (37) gives

n n—1 n n—1
0%u Oty OAu  DPu Oty
]Zlkzl/g oty <axiazj axi”ﬂ> v /m v o Z Z a:czaxj Ity <8xi ”J) v
Finally, inserting this into (36) yields
9Pu nontd Oty 9%u v
D2u D% — / A2 / ou Pk, oo
/Q R e W e A Z Z axlaxj 8tk 00 ) | U a0t aw
(39)
According to formula (39), if u € H*(Q) we may rewrite (8) as
Pu n ol Oty 9%u Ov
Aurau=lup oo+ [ |25 I, Tudv_y
/Q( utau—fu™ uos || 505~ Z Zax,axj ot (8@ ”J) vt 92 on
(40)
for all v € H?(2) (resp. v € H2(Q2)). By taking v € C2°(Q) in (40) we see that
A%y + au — [uP"2u =0 a.e. in (. (41)

Consider first the case of test functions in H?(£). For any ¢ € C®(99) let v € C*(Q) be the
unique solution of

A2y =0 in €
%:(ﬁ on 02
v=2>0 on 0f) .

Then, plugging v into (40) and recalling (41) entails

/89 52 o= for all ¢ € C*°(09) ;
this clearly implies that
0%u
Inserting (41) and (42) into (40) immediately yields
n n—1
93 u oty
—v;| =0 o0q. 43
o3 Z Z 833 ﬁxj oty (8.1}7; VJ) o (43)

7]7
We now consider the case of test functions in H2(Q). Since also u € H2(2), we have

ou

W 0 on 01}, (44)

so that the last term in (40) vanishes. Hence, by (41), we obtain again (43).

We now need to justify the original assumption u € H*(2) made in order to obtain (35) and (41).
The first step consists in verifying that the boundary conditions satisfy the complementing condition:
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Lemma 1. The boundary conditions (42)-(43) (resp. (44)-(43)) satisfy the complementing condition.

Proof. We follow the notations of [ADN, pp.625-633]. Alternatively, one may also refer to [RR, def.
8.28] for an equivalent formulation of the complementing condition.

Firstly, we have L'(§) = |¢[* for all £ € R™. Therefore, if v denotes the outward normal to 5
and ¢ any vector parallel to 9€, the polynomial 7 — L'(£ + 7v) admits 7 = i|¢| as double root with
positive imaginary part. Hence,

M*(E,m) = (r—il¢)? .

Next, we notice that for the boundary conditions (42)-(43) we have respectively Bj({ + 7v) =7

and By(& + 7v) = 2/|¢|*7 + 73. Therefore,

Bi(€ +1v) = [€](2i7 + [¢]) mod[MT(g,7)],  By(€+7v) =[P~ +2il¢]) mod[MT(ET)];

since 7 +— |€[(2iT 4 [€]) and T — [£|?(—7 + 2i|¢]) are linearly independent (as polynomials of the
variable 7), the boundary conditions (42)-(43) satisfy the complementing condition.
For the boundary conditions (44)-(43) only B changes and becomes B} (§ + 7v) = 7. Therefore,

2

Bi(¢+mv)=7 mod[M*(£ 1),  By(&+rv)=[¢(~7 +2il¢]) mod[MT(ET)];
since 7 +— 7 and 7 + [€]2(—7 +2i[¢|) are linearly independent, also the boundary conditions (44)-(43)
satisfy the complementing condition. O

Arguing as in [vdV] we may now prove:
Lemma 2. Assume that v € H*(Q) (resp. u € HZ2(Q)) satisfies (8). Then, u € L4(Y) for all
1 <qg < oo

Proof. Since the proofs are similar, we prove the Lemma only in the case where u € H?(Q2). Note first
that by Lax-Milgram Theorem, for any w € L/ ("+4)(Q) there exists a unique v € H2(Q) such that

/(D2uD2v + auv) = / wo for all v € H*(Q) .
Q Q

This defines a Green function G : L>»"+49(Q) — H?(Q) such that G(w) = u where v is the unique
solution of the above variational problem; by what we have proved above, u formally satisfies (42)-(43).
Next, let a(z) := |u(x)[P~2 (recall 2 < p < 2*). Then, by assumption, a € L™/*(Q) and u satisfies

A?u+ au = afz)u in D'(Q), (45)

see (35) and (41). By [vdV, Lemma B2], for any € > 0 there exist g. € L/*(Q) and f. € L>(Q) such
that ||gel,/a < & and (45) reads A%u + au = g.(z)u + f-(x) or, equivalently,

u — Ge(u) = he, (46)
where h. = G(f:), G:(u) = G(g-u) and G denotes the above defined Green function for the operator
(A% + @) with the boundary conditions (42)-(43). Fix any ¢ € [1,00); using the Hardy-Littlewood-
Sobolev inequality and repeating the arguments of Step 2 p.272 in [vdV], one obtains that G. :

L4(Q) — L) and that if ¢ is sufficiently small, then ||Ge||ra—rs < 1. Finally, Step 3 p.273 in [vdV]
may be repeated with no modifications. This proves the lemma. O

Proof of Theorem 4. We use Schauder estimates and we argue as in the proof of [vdV, Lemma B3].
More precisely, Lemmas 1 and 2 imply that v € W4P(Q) for all 1 < p < co; embedding theorems and
smoothness of Q then show that u € C3%(Q). Hence, |u[P~2u € C%%(Q) so that Schauder theory
finally yields u € C**(Q2). Therefore, u is a classical solution of (9) which satisfies the boundary
conditions (42)-(43) or (44)-(43). This completes the proof. O
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6 Proof of Theorem 5

Let a = 0 and let u > 0 be a solution of (8). By taking v =1 in (8), we infer

/up_1 =0
Q
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which implies at once that u = 0.
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