THE MULTIPHASE MUMFORD-SHAH PROBLEM

DORIN BUCUR, ILARIA FRAGALA, ALESSANDRO GIACOMINI

ABSTRACT. We perform a rigorous analysis of the multiphase version of the Mumford-
Shah functional. A characteristic property of the formulation is the presence of a true
partition of the image (so in two dimensions of closed contours), each cell of the partition
possibly containing inner jumps. The nontrivial partitioning naturally occurs as a conse-
quence of the presence in the energy functional of statistical terms or of phase depending
weights. In particular, we prove a multiphase version of De Giorgi-Carriero-Leaci result.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The Mumford-Shah functional is the prototype of a free discontinuity problem. It has been
introduced by Mumford and Shah in [I5] in order to reconstruct an image, essentially by
enhancing the presence of contours corresponding to discontinuity sets of a grey-level
image. Roughly speaking, given a rectangular box D C R? and a function f : D — [0,1],
one searches for a closed set K C D and a new image u € C*(D \ K) which are obtained
by minimizing

MS(K,u) = /

|Vu|?dz + / (u— f)*dz +H'(K N D).
D\K D\K

The first existence and qualitative results have been obtained by Ambrosio [I] and De
Giorgi, Carriero, Leaci [10] passing through the relaxation of the functional in the space of
special functions of bounded variation, and proving that the jump set of so-called “quasi-
minimizers” is closed and Ahlfors regular. A second approach, of different nature, was
proposed by Dal Maso, Morel and Solimini [9]. We refer the reader to the papers [12], 1]
for an overview of the topic.

The purpose of this paper is to analyze the Mumford-Shah functional in a multiphase
context. In the literature, a huge number of papers (mainly of numerical nature) refer
to this problem, sometimes speaking about multi-region or multi-label Mumford-Shah
functional. Even in the original paper by Mumford and Shah, the question was set as
a partition problem of an original image, the contours where discontinuity occur being
the boundaries of those sets. Nevertheless, a precise mathematical formulation of the
multiphase problem in a good generality, as well as an existence result and the analysis
of solutions in the same spirit of the one phase case, seems to be lacking. Our target is
precisely to fill this gap. Before writing the model, and in order to put it into context, let
us give a short account of the different formulations we have found in the literature.

The simplest, and maybe the most common, multi-phase model is the piecewise constant
one. It was introduced by Mumford-Shah in [15], later on analyzed by Vese and Chan in
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[18] and numerically implemented and used by many authors. It reads

) min ) zk: </Q.(f —¢;)?dx + H (0°% N D)),

where Py (D) is the family of partitions of D into k measurable sets with finite perimeter, ¢;
are the averages of f on ; and 9°€); denotes the essential boundary. A more sophisticated
version of this model was introduced in [17] and further analyzed in [14]. Roughly speaking,
the sum of the length terms is replaced by

- . HY(6° N D)
1/9e ?
(Z’H (8 Qmp)) (Z o )
=1 =1

The main advantage of this formulation is that the number k of cells in the partition
does not need to be a priori specified: in fact, very small sets are not competitive in the
functional, having a large ratio perimeter/area, so that the number of phases turns out to
be limited from above.

The situation in which the approximating function is not constant on each phase was
discussed by Vese and Chan in [I§] in the context of the approximation by a level-set
method and separation in two regions. Instead of a true partition, there is a phase field
function localizing the two regions: this formulation is called soft, in contrast to a true
partition, which is called hard. This problem has been numerically studied in several
papers, as for instance [13] and [§]. The multiphase Mumford-Shah problem for which
numerical computations are performed is loosely written as

k
: 2 2 1
(1) )i, ke%?(fD),uieHl(Qi) ; </ﬂz |V |“dx + /Qi(u@ f)edz +H (09 N D)> )
The sets €2; are the different phases, which are supposed to be open. They are usually
approached by phase functions, and those functions are also used in the computation of
their perimeters, via a Modica-Mortola approximation. In particular, cracks are excluded
to occur inside €2;, as the phase function has a constant sign on such set. Implicitly, the
topological boundary of €2; is assumed to coincide with the measure theoretical one.

The existence of a solution to problem is a topic which is not discussed in the literature.
However we wish to emphasize that a global minimizer for problem does not have any
particular interest, as it is of one-phase type. In fact, denoting by (K,u) a minimizer
of the Mumford-Shah functional, a solution to problem is given by (D \ K,0,...,0),
associated with the functions (u,0,...,0). In spite, local minimizers (which are the ones
usually detected by numerical computations) do not correspond in general to restrictions
of one-phase solutions, and as such they are definitely of interest.

In order that global minimizers become of interest, the cost functional must be suitably
revised, through the addition of some extra-coefficient and/or extra-term.

In this perspective, the multiphase Mumford-Shah energy we are going to consider in this
paper will be of the following form: for any € € P;(D) and U € H(Q2) where

Pr(D) = {Q = (Q,..., ) : Q C D is open, 09 is HY '-countably rectifiable

k
with H?1(9Q) < +00, N Q= for i # j and |D\ | J Q| = 0}

i=1



and
H(Q) = {U = (up,. .., up) € H'() x ...Hl(Qk)},
we set
k k
(2) MMS(Q,U) := Z </ | Vug? 4+ BHTH(0Q; N D)) n Z&(Quuz)
i=1 i i=1

(We recall that a set £ C RY is H? -countably rectifiable if it can be written as E =
Eyul,, En, where HY"1(Ep) = 0 and E, is a subset of a hypersurface of class C*).
Notice firstly that, with the aim of separating the phases, we tune their contrast parameters
through the extra-coefficients a; and f; (not necessarily different from each other) which
appear respectively in front of the volume and the surface energy terms.

Moreover, we attach to each phase an extra-energy & (a priori nonzero). Part of these
energies &; is the classical fidelity term, while some other part will be typically issued
from a statistical model, and serves to encode all the information that one would like to
reconstruct in the segmentation procedure. As a prototype choice, & can be taken as the
sum of a fidelity term plus a term of research for specific patterns: the former measures
the distance from the wu;’s to a given image f, the latter measures the distance between
the normalized cumulative distributions of the hystograms of the u;’s and of a k-tuple of
target objects g;’s (see the papers to [106, [7, 4] for a more detailed description in statistical
terms). In practice, this amounts to take for every u; € H'(€2;)

1
) () = [ s = 12 do+ 6094 [ 1Gau— wldt
where f: D — [0,1] and ¢1,...,gx : [0,1] — [0, 1] are given measurable functions, and
95 i <t
GQMM(O = [0 {S§L| J

As well, v; > 0 are given, and §; : [0,|D|] — [0,4+00) are smooth functions satisfying
0;(0) = 0. The signification of this behaviour at 0 is that, if the measure of the phase i is
small, then the histogram part of & becomes negligible, in accord with the eye vision.

We are now ready to state our existence result for the multiphase Mumford-Shah problem

(P) inf{MMS(n,U) . (Q,U) € Pu(D) x H(Q)}.

Theorem 1. Assume that the coefficients B; appearing in the multiphase Mumford-Shah
functional satisfy the compatibility conditions

(4) Vigm : (k—1)8— Y B;>0,
j#im
and that the extra-energies & are given by , with the functions §; such that for every
i=1,...,k
0

sup
t€(0,| D]

(t)‘ < 400 and sup ‘(L@)/ < 4o00.

t t€(0,| D]

Then problem (P) admits a solution.

Our proof of Theorem [1] moves in the direction traced by De Giorgi, Carriero, Leaci in
the pioneering paper [I0]: similarly as in the one phase case, our strategy consists in
minimizing a relaxed version of the energy M M .S among a wider class of competitors, and
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then recovering the existence of a solution to the initial problem via a regularity result
for minimizers to the relaxed one. More precisely, we consider the relazed multiphase
Mumford-Shah problem

(P) mf{MMS(Q,U) . (R,U) € Ax(D) x f(n)},
where the enlarged class of competitors is given by
Ai(D) = {Q = (.., Q%) ¢ (Q1,...,9) is a Caccioppoli partition of D }

F(Q) = {U = (ug,...,u) € (SBV(RH)* : u; =0 ae. on QS for every i = 1,...,k },

and the relaxed energy has the form

k k

MMS(Q,U) =Y (/ i Vg2 + BAHE (999 U Ju,) D)> £ ).

=1 g i=1

Here 0°€); and J,, denote respectively the essential boundary of €; and the jump set
of u;, while the energies &; are still given by definition , now extended to functions
u; € SBV(R?) with u; = 0 a.e. on Q¢. Moreover, by a Caccioppoli partition of D we
mean that each €2; has finite perimeter, [Q; N ;| = 01if i # j and |D \ |J, | = 0.

Some comments are in order about the choice of how to define the relaxed energy MM S. In
particular, we wish to draw attention on the fact that a point of 9°€2; may be, or not, a jump
point of u;. Actually, a natural question is whether in the length term one has to consider
only the jump points of u; or the jump points together with the full essential boundary
of the phase €);. Both from the mathematical point of view and from the modeling one,
these two choices lead to definitely different problems. From the point of view of image
segmentation the two issues are meaningful. Keeping only the jump part in the length
penalization means that, if u; is close to the value zero on some region, the separation of
the phase from its complement relies only on the Dirichlet part of the energy, and not on
the jump terms. This may sound reasonable for instance when the value of the background
is zero and one has to extract objects which confound with the background itself. This
situation in which only the jump points are considered in the length penalization was
discussed by the authors in [5] in the context of a thermal insulation problem and applies
as well to this kind of background enhanced image segmentation problems. In general, if
the background does not play any particular role, there is no reason to focus on the zero
level, the same treatment being applied to all levels. Consequently, a general formulation
has to include the essential boundary of the phase in the penalty term. It is precisely this
last issue that we shall discuss in the paper.

Our proof of Theorem [1| via the use of the relaxed problem (P) can be outlined as follows:

e We prove the existence of a relaxed solution (£2, U) to problem (P) (Proposition
. This is a straightforward consequence of the compactness theorem in the space
SBV, and of the good convergence properties of the energies &;’s.

e We show that, if (€2, U) is a solution to problem (P),

then each 2; is (equivalent to) an open set with 9°Q; N D = 99Q; N D and
moreover

HE (T \ ) N %) = 0.
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This is proved by using as a crucial tool a uniform density estimate from below
for the phases of a relaxed solution (Proposition @ In view of the previous prop-

erties, by setting Q; := Q; \ J,, and since (ul)@ € H'(Q;), we obtain that (£2, U)
solves problem (P) (in particular, the infima of (P) and (P) are the same).

Once established the existence of solutions, we turn our attention to their fine regularity
properties, and we prove two different kinds of results.

The first one states that, under the same assumptions of Theorem [I| each of the sets
0°Q); U J,, enjoys Ahlfors regularity:

Theorem 2. Under the same assumptions of Theorem let (2,U) be a solution to
problem (P). Then, for everyi=1,...,k, the set 9°Q; U J,,, is Ahlfors reqular in D, that
is there exist a constant k; > 0 and a radius r; > 0 such that, for every x € 0°C; U J,, and
every p € (0,7;] such that B,(x) C D, there holds

— 1
(5) kip?™t < HEH((8°Q4 U Jy,) N By(x)) < 5 —ptt.
Let us notice that, as it can be checked by inspection of the proof, Theorem [2| (as well
as Theorem (1)) continues to hold for other multiphase Mumford-Shah models, in which
the energies & are not given necessarily by , but may be replaced by any family of
functionals satisfying the conditions (C1), (C2) and (C3) stated in Lemma [7] below.

Our second regularity result is of different fashion and applies to a general form of local
almost quasi-minimizers for the multiphase Mumford-Shah functional (including solutions
to problem (P)), intended according to the following definition. For simplicity of notation,
for every @ = (Q1,...,Qk),A = (A1,...,Ar) € Ax(D), we denote

k k
0= o,  QAA:= (AN
i=1 =1

where AAB stands for the symmetric difference of the sets A, B. Moreover for every
U= (u1,...,ux) € F(R),V = (v1,...,0,) € F(A), we set

k k
Jui=JJu,  {U#VE:=[{w # v}
=1

=1

Definition 3 (Multiphase local almost quasi-minimizers). Let c1, c2, c3, @ > 0 with
c1 < ca. We say that (2,U) € Ai(D) x F(2) is a local almost quasi-minimizer of the
multiphase Mumford-Shah functional at point xo € D if there exists pg > 0, such that for
every 0 < p < po, for every ball B,(z¢) C D and for every (A, V) € Ax(D) x F(A) such
that

QAAC Bp(xo), {U#V}C Bp(xo)
there holds

Z/ |Vu,~]2dx + Cl/Hdil ((869 UJu)n Ep(x0)>
B,(z0)

<Z/

B,(z0)

|VUZ'|2dx + CQ/Hdil ((38A UdJv)n Ep(a:())> + CgpdilJra .
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In the single phase setting when k = 1, the above definition reduces precisely to that of
local almost quasi-minimizer of the Mumford-Shah functional given in [6, Definition 2.1],
and, if additionally ¢; = co, it gives back the classical notion of quasi minimizer according
to [3, Definition 7.17].

In the multiphase setting, thanks in particular to the presence of possibly different con-
stants ¢; < co, the class of local almost quasi-minimizers of the multiphase Mumford-Shah
functional contains as typical examples solutions to problem (P) (suitably rescaled to get
rid of the weights in front of the gradient terms). At the same time, it is clearly much
larger, as it includes also minimizers of more general energies, possibly containing terms
depending on the normal field at the jump sets, the values of traces on the jump sets,
and so on. For instance, one can consider minimizers (2, U) in Ag(D) x F(€2) to the
multiphase energy

k k

(6) Z/ Vi + 1T ((0°QU Ju) N D) + > &, ui) .

i=1 7% i=1
Notice that, in @, no distinction is made between the perimeter of each phase and the
jumps of u; “inside” the phase. This is in contrast to what happens in the formulation of
problem (P), where the common boundary between Q; and (1; is somehow counted twice,
while the inner jumps only once.
Though Definition 3]is very weak, from any pair (2, U) € A;(D)xF(£2) which fits it, there
is a way to build a local minimizer u of the classical one phase Mumford-Shah functional
such that J, = JyUd°Q. This construction is possible under the additional condition that
all the phase functions are in L*. As a consequence, under such (natural) assumption, we
obtain the Ahlfors regularity for the union of the jumps and the essential boundaries of the
phases for any local almost quasi-minimizer of the multiphase Mumford-Shah functional.
More precisely, we prove:

Theorem 4. Let (2,U) € Ai(D) x F(Q) be a local almost quasi-minimizer of the
multiphase Mumford-Shah functional with constants (c1,ca,c3, ) at point xg, such that,
u; € L*(D) for every i = 1,...,k. Then, there exist constants ai,...,ay such that the

function
k

u(a) =Y (ui(z) + ai)lg,
i=1
is a local almost quasi-minimizer of the (classical) Mumford-Shah functional at xo, with
constants (c1, ca, 3, ), where ¢3 depends only on (ca,c3) and the dimension of the space.

Corollary 5. Let (2,U) € Ax(D) x F(£2) be a local almost quasi-minimizer of the multi-
phase Mumford-Shah functional at every point x € D. Assume that u; € L (D) for every
i=1,...,k. Then the set Jy U0 is closed and Ahlfors regular.

We stress that Theorem [4] is obtained under much weaker assumptions with respect to
Theorem [2] but, contrarily to this latter, the resulting Corollary [5]is only global, namely it
does not provide any kind of information about the regularity of each phase individually.
Finally let us point out that, in the particular case ¢; = ¢z, Theorem [ allows to recover
the regularity result proved by Ambrosio, Fusco and Pallara in [2].

Corollary 6. Under the same hypotheses as Corollary [3, assume moreover that ¢y =
ca. Then there exists a closed set T' C JyUd°Q such that H¥1(T') = 0, and (JyUO*Q)\T
is locally a CY° manifold for every § € (0,1) (and CY' in two dimensions).
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The proofs of Theorem [I} Theorem [2| and Theorem [4| (with related corollaries) are given
respectively in Sections and [] below.

Notation. If £ C R?, E° will denote its complement, 15 will stand for its characteristic
function, while |E| and H4"!(FE) will denote its Lebesgue and its (d — 1)-dimensional
Hausdorff measure respectively. B,(z) will denote the open ball of center z € R? and
radius p > 0: we set wq := |B1(z)].

Concerning functional spaces, if A C R? is open, H'(A) will stand for the usual space
Sobolev functions which are square integrable together with their weak partial derivatives,
while SBV(A) will denote the space of special functions of bounded variation on A. In
our analysis we will employ also sets with finite perimeter: if E C R? has finite perimeter,
0°E will denote its essential boundary. We refer the reader to the monograph [3] for an
exhaustive treatment of the space SBV and of the family of sets with finite perimeter.

2. PROOF OF THEOREM [I]

Our route to the proof of Theorem [l has been outlined in the Introduction. The interme-
diate steps are precisely the following:
e we show the existence of a solution to problem (P) (Proposition
e we prove a uniform lower bound for the density of the phases of a relaxed solution
(Proposition [9);
e we obtain some regularity properties for the phases and the jump sets (Proposition

10).

Lemma 7. Let f: D — [0,1] and g : [0,1] — [0, 1] be given measurable functions, and let
d:10,|D|] = [0,400) be a smooth function such that
ot S(t)\’
sup ‘Q’ <400 and  sup ‘(Q)
t€(0, D] te(0,1D]]

The functional defined, for any set A C D of finite perimeter and any v € SBV (R?) with
v=0 a.e. on A°, by

1
E(A,v) ::/ v—f2d33+(5(|A|)/ |Gap—gldt, with Ga,(t):
A 0

satisfies the following properties:

e we establish some useful properties of the functionals &; (Lemma;
8)

?

< +00

CAn{v <t}
Al

(C1) Truncation: setting v’ = min{max{v,0}, 1}, it holds
E(AWT) < E(A,v);
(C2) Continuity: if (A", v™) — (A, v) strongly in L'(D)x L'(D), with sup,, ||v"|| s (py <

400, then
E(A™ V™) — E(A,v);

(C3) Controllability: there exist positive constants C,C" such that the following items
hold true.

(i) Ifv=0 a.e. on A° and ANB =1
[E(AU B,v) — E(A,v)| < C|BJ.



(i) If 0 <wv,w <1 with v,w =0 a.e. on A€
E(4,v) — E(4 w)] < C'|AN (v £ w)].

Proof. Concerning property (C1), the inequality [, [v! — f|*dz < [, |v — f|? dz follows
immediately from the fact that f takes values into [0, 1], while it holds fol |G g pr —gldt =
fol |G aw — gldt because G (t) = G 4,7 (t) for a.e. t € [0,1].
Let us pass to property (C2). Let (A" v") — (A,v) strongly in L'(D) x L'(D), with
sup,, [[v" || (py < +00. Then up to a subsequence we have

0" — fI*1an — v — f]*1a a.e. in D,

and by dominated convergence we obtain

/ |v"—f]2dx—>/A|v—f|2d:z.

Also the continuity of the second term in £ follows by dominated convergence, provided
we show that for A # ()

(7) GAn,vn — GA;U for a.e. t € [0, 1] .

+oo
/ ”Un — 1}’ dr = / |:/ ll{vngt} — 1{v§t}‘ dx] dt,
D —o0 D

we infer that for a.e. t € R we have

Since

Lgneyy — Lgp<yy  strongly in L'(D)

from which easily follows.
Let us come finally to property (C3), item (i). If v =0 on A° and AN B = (), we have

|E(AU B, v) — E(A,v)]

’6(\AUB\)

1
LRl [laus)n <ol - golav s a

(1)
“A” / |AN{v <t} - |A|\dt‘+/|f|2dx

]M/ 140 {o < 8} + 1B 0 {v < £} - g(0)| 4] - g(1)| B dt

||;14” / AN {v <t} - \Ay\dt'+/\f|2dx

(|A[+[B])  4(JA])
<‘ ey Ry '/ AN {v < t}] - g(t)]A]] dt

oAl + |B)
Al +[B]

< 2ot o [(%)

te(0,| D]

/ 1B o<t} - g(t)Bl|dt + B

+2 ﬂ‘ﬂ} 1B| = C|B|.

te(0,| D] ‘



Let us come to item (ii). If v,w =0 on A¢ and 0 < v,w < 1, we have
|E(Av) — E(A, w)|

< ”2“‘ ’/ AN {v <t} - |AH—\\Aﬁ{wﬁt}!—g(tﬂf‘m)dt’

+/A!(—2f+v+w)(v—w)!dw

s(lAp !
S!A\/o (1140 (v <831~ 140 {w < 1}]]) di + 4140 o # w)

JEE
|A|/0 (HAO{U#w}ﬁ{vStH*|Aﬂ{v7éw}ﬂ{wgt}|‘)dt+4|Am{v7gw}|

<2 sup ‘5(;)“140{11 #wh| +4]AN{v £ w}| = C”|Aﬂ{v;éw}’.
t€(0,| D]

Proposition 8. The relaxed problem (P) admits a solution.

Proof. Let (2", U"™) be a minimizing sequence, with 2" in A(D) and U" € F(Q"). Since
the data f and g; are in L°>°(D;[0,1]), by truncation (in particular since the functionals &;
satisfy condition (C1) in Lemma , we can assume that the functions u]' belong as well
to L>°(D;[0,1]) for every i = 1,...,k and every n € N.

Then, by Ambrosio’s compactness and semicontinuity theorem [3, Thms. 4.7 and 4.8], up to
(not relabeled) subsequences, we have (2", U") — (£2, U) strongly in (L!(D))*x (L*(D))¥,
with (2,U) € Ax(D) x F(2), and

/]Vui\Zgliminf/ Var 2.
Q n Qn

To see that also the second term in the energy is lower semicontinuous we take a positive

parameter ¢, and for every i = 1,...,k, we consider the sequence v}' := u}' + elan. Since
u;? are non-negative, with «' = 0 a.e. on (2')¢, we have 9°Q2}' C Jy» , so that
(8) Jyn = 0°Q U Jyn .

Moreover, we have
9) v = v = u; +elg, strongly in L'(D).
Since (Q7, u?) — (Q4, u;) strongly in L'(D) x L*(D), we have that u; is non-negative with

1 Z
u; = 0 a.e. on ), so that condition continues to hold for the limit functions v;’s,

namely
(10) Jy; = 0°Q U Jy, .

Thanks to , @ and (|10), we can apply again Ambrosio’s semicontinuity theorem to
obtain

HI((0°0; U Jy,) N D) = HY (T, N D) < liminf H!(Jyn N D)
= lim inf H* 1 ((0°Q) U Jun) N D).
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Finally, since the functionals &; satisfy the continuity condition (C2) in Lemmal|7, we have
E(Q ul) — &(Q,u;). We conclude that (€2, U) is a solution to (P). O

[AREat}

Proposition 9 (Density lower bound for the phases). Let (Q,U) € Ai(D) x F(€2)
be a solution to problem (P). For every i = 1,...,k there erist a constant ¢; > 0 and
a radius p; > 0 such that the following property holds true: for every x € D such that
1% N By(x)| > 0 for every p > 0, we have

€2 0 By ()]

(11) — >c¢;  for every p € (0, pi).

In particular the set
O NB
o ={eep : Im M:o}
p—0F P

18 open.

Proof. Let (Q,U) € Ai(D) x F(€2) be a solution to problem (P). Thanks to property
(C1) in Lemma it is not restrictive to assume 0 < u; < 1 a.e. foreveryi=1,... k. Let
i€ {l,...,k} be fixed, and let € D be such that [Q; N B,(x)| > 0 for every p > 0. We
fix an index j # i, and we consider the competitor (A, V) € Ai(D) x F(A) defined by

A=\ By(z), Aj:=Q;U(uNBy(x)), Ap=Q,forevery h#i,j

and
v = uile\R}(m) , vp, = uy, for every h # 1.
In order to compare the energies of (2, U) and (A, V), let us set for every [,m € {1,...,k}
G=(Jy, \O°Y)NB,(x)N D
v =N BBp(.T)
Vim = (0°U N O°Qyy,) N By(x) N D, 1 #m.
The optimality of (2, U) gives

> /Q o | Vur|* dz + BHTHG) + Y BHT (im) + E1(Q, w)
1NBy(x

1e{1...,k} m#£l

< BHTH () + £\ By(x),vi)

+/ aj]VujIde—i-ﬂde_l(Juj N B,(z) N D)
QjﬂBp(SC

+ 3 BHT () + BHT ) + Y BT (i)

m#i,j m#i,j

+E(Q U (4 N By())), uy)

+> / |V |* do + BHTHG) + Y BHY (im) + E(U, w)

i |7 B (@) me#l



11
Simplifying we obtain

/ @i Vil do + BHTHG) + D BHT (im) + Ei(Q, ws)
QiﬂBP(LE) m#i

+B;HITNEG) + BiHT (vig) + E;(, uj)
(12) < BHT () + E(Qi \ Bp(a), v;)

+BHY (T, N By(w) N D) + BHT (i) + D BH (i)
m#£i,j
+&;(€5 U (i N By(2))), uy).
Notice that o
BiHTHG) + BiH T (i) = B7HT (Ju, N By(z) N D).
Moreover thanks to property (C3) in Lemma [7| we have
51(92 \Ep(.%'), Ui) < Sz(Qu Ui) + CZ‘QZ N Bp(.%')‘
< &(Qi, uz)\ + C{|QZ N {vi % u,}\ + CZ|QZ N Bp(x)|
< E(Q,wi)| + (Cf + C3) | N By()]
and
Ei(€ U (2 N By())), uj) < E(Q2y,u5) + Cj182% N By()]
so that we infer from
(13) > BH T (im) = Y BHT (i) < (Bi+ B)HT () + €51 N By(x))|
m#i m#£i,j

for some C’j > 0. The above inequality holds for an arbitrary index j # i. Therefore, we
can sum over j # ¢ and obtain, for some constant C' > 0,

(k=1 BH T (yim) = D Y BiHT (i)
m£i JF£i mF£i,j
< [(k=1)Bi + Y BIIH (3) + C|% N By(x)|
J#i

or equivalently

D[k =18i = Y BT (im) < [(k = DB+ Y BiIH () + Cl% 0 By ()]

m£i JjFi,m VE
Thanks to the assumed compatibility conditions , this implies, for some constant § > 0:

6% HT (im) < [(k = 1)Bi+ Y BiIHI () + CI2 N By(x)]
mai i
We now add to both sides §H?~1(;) and we divide by §. We obtain, for some constants
', C" > 0:
H ) + Y HT (i) < CHT () + €194 N By ().
m#i

We observe that the left hand side of the above inequality is precisely the perimeter of the
set €; N By(x) in D. Hence, invoking the isoperimetric inequality, we obtain that, for p
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sufficiently small (independent of ), the function 6;(p) := [2; N B,(z)| satisfies for some
constant C" > 0 the differential inequality
. d
6:(p) T < C"HIT () = O 0i(p).
0
Dividing by Qi(p)%l (which is strictly positive by assumption) and integrating we obtain
(11).

The openness of 0

7

follows immediately arguing by contradiction: indeed, if z € ng)
can be approximated by a sequence of points x,, € D \ QEO), by applying , we get for
p sufficiently small

901 By(a)|

p? =
and passing to the limit as n — 400
QN B,(x
2B,
0
against the assumption x € QEO). ]

Proposition 10 (Regularity). Let (2,U) € Ax(D) x F(€2) be a solution to problem
(P). For everyi=1,...,k the following items hold true.

(a) The phase §; is equivalent to an open set with
o ND=09°ND.

(b) The restriction of u; to Q; is a quasi-minimizer of the Mumford-Shah energy in
Q;. In particular the jump set J,, is essentiallly closed in );, that is

(14) H (T, \ Ju;) N ) = 0.

Proof. By Proposition |§| the sets C; := D\ QEO) are relatively closed in D. Since we can
write
o°uNnD = JnonD)=[J(CinCy),
J#i J#
we conclude that 0°Q; N D is closed in D.
To prove item (a), notice that ; is equivalent to the union of a family of connected
components of the open set D \ (0°€2; N D), so that it is itself open with

o, N D C o0 N D.

Since the opposite inclusion is always true, the conclusion follows.

Let us come to item (b). Thanks to property (C1) in Lemma [7} it is not restrictive to
assume 0 < u; <1 a.e. for every i = 1,...,k. We claim that u; is a local quasi-minimizer
for the (weighted) Mumford-Shah energy in the open set €2;, namely there exists a constant
C; > 0 such that, for every y € Q; and every v; € SBV (Q;) with {v; # u;} C B,(y) C i,

(15) / i Va2 + BH (Ju, N Bo(y))
Bp(l/)

< / ai|Voi|* + BiHY (T, N By(y)) + Cip™.
By(y)
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To check this fact, it is enough to consider the competitor (A, V) defined by A = Q and

) {W if j i

vj = e
uilgayg, () + [vil Allwilloc]ls, @) 7 =1.

By the optimality of (€2, U), we have
/ ;| Vui* + BH (Ju, N By(y)) + Ei(ui, )
Bﬂ(y)
< [Vl BT N Byl) + 00,
Bﬂ(y)

which implies thanks to the controllability condition (C3) (ii) in Lemma [7} since
{ui # 0} € By(y). Relation is now a consequence of the local quasi-minimality
property in view of the De Giorgi-Carriero-Leaci result [10] (see also |6, Theorem
3.1)). O

We are now in a position to give:

Proof of Theorem |1} Since (2, U) € Pr(D) x H(S2) is also an element of A (D) x F(€2)
with

MIMS(Q,U) < MMS(Q,U)
being (0°Q; U J,,,) N D C 9Q; N D for every ¢ = 1,...,k, it is clear that

inf(P) < inf(P).

Let now (€2, U) be a solution to problem (P) whose existence is guaranteed by Proposition
In view of Proposition [10| we can consider the open sets

Qi =\ Ju,-
Notice that since
o N D = (8° U J,,) N D,

we deduce that the topological boundary of (NZZ is H?1-countably rectifiable (see [3, The-
orem 3.59 and Theorem 3.78]), so that © := (Qy,...,Q) € Pp(D). Since the restriction
of u; to €; belongs to H(€);), we get that (€2, U) is an admissible competitor for problem
(P). Since clearly

MMS(Q,U) = MMS(,U)
we get
inf(P) < MMS(Q,U) = MMS(Q2,U) = inf(P).

We conclude that the above inequalities hold as equalities, which shows in particular that
(€2, U) solves problem (P) and achieves the proof. O
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3. PROOF OF THEOREM

Let (£2,U) be a solution to problem (P), let i € {1,...,k} be fixed, and let z € (9°Q; U
Ju;) N D. Let us divide the proof in two steps.

Step 1: Upper bound inequality. We follow the proof of Proposition [9 considering
the competitor (A, V) defined by

A=\ By(z), Aj:=Q;U(QNBy(x)), An=Q, forevery h #i,j
with
v; = uile\Ep(a:) , vp, = uy, for every h # 1.
Setting again for every | € {1,...,k}
G = (Ju \ ) N B,() N D
Y =S NOB,(x)
Yim = (0°U N O°Qyy,) N By(x) N D, 1 #m,
we proceed as in the proof of Proposition |§| until we arrive at inequality . Such

inequality implies a fortiori that (using the same arguments leading to , but keeping
the term Z;HI1((;))

BHTHG) + Y BHT (i) — Y BHYT (Yim)
m#i m#£i,j
< (Bi+ B))H () + Cj|% N By ()|

for some C; > 0. Summing over j # 4, we arrive at

(k= DBHTHG + D [(k=18i— > B H"™ (im)
m£i JjFi,m
< [(k=1Bi+ > BiIH" (1) + C|% N By(x).
J#t

Thanks to the assumed compatibility conditions this implies, for some constants
9,C,C" > 0 (independent of x):

S(HING) + DT (i) ) < [k = DB+ D BIHS (30) + €10 1 By (@)
mti i
Since
(0°Q4 U Ju,) N By(x) = G U | Yim »
this implies, for p sufficiently small (independent of x), the validity of the upper bound
inequality in (5)).

Step 2: Lower bound inequality. Let us fix x € D, and let us distinguish the two
cases

x € 0°Q and x € Jy, \ 0°C
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o Let x € 0°Q);. By the relative isoperimetric inequality we have, for a dimensional
constant cg > 0,

da—1

(16) (min {|Bp(x) N, |By() \ Q|}) T <M (070 N By()) -
We choose an index j so that x € 9°Q; N 9°Q);. In view of the inclusion
B,(x) N Q; C By(x) \

and of the density lower bound for ©; and ); at the point x, the inequality
implies that that there exist p, > 0 and k; > 0 (independent of x) such that for every
p < p;

HTL((0°% U Jy,) N By(w)) > HEH0°Q N B,y(x)) > kpt.

o Let x € Jy, \ 0°0;. Then thanks to Proposition we have z € J,, N Q;. Since u;
is a local quasi-minimizer for the (weighted) Mumford-Shah functional in the open set
;, this entails the Ahlfors regularity of its jump set (see [6, Section 3.2]). Thus, setting
di(x) := dist(z, 0€;), there exist a radius p/ > 0 and a constant k! > 0 (independent of
x) such that for every p < p A d;(z)

(17) HEL((0°Q4 U Jy,) N By(a)) > HY (T, N By(a)) > K p* L.

We have to prove that the same kind of lower bound continues to hold for balls contained
in D (and not necessarily in D N ;).
To that aim we first remark that, up to changing k into k/m?=!, the validity of
can be extended to radii p € (0,m(p] A d;(x))) for any m € N. Indeed by applying
with £ in place of p we get:

k!

HE((0°9: U Jy,) N By(x)) > HE (T, N By(x)) > H Ty, N B () > mdglpd—l

for every p € (0,m(p] A d;(x))). Since we can choose m large enough (independent of x)
so that

m(pl! A 6i(x)) > 26i(x)
we are reduced to show the lower bound inequality in for radii p > 26;(x) such that

B,(z) C D. For such a radius we observe that, denoting by z; € 9°Q; a point such that
|z; — x| = 6;(x), thanks to the density lower bound for ; at x;, we have

.
(18) |Bo() \ Qil > |92 0 By()| > 195 N Bys,() ()] 2 ¢5(p — 8i(2))? > ;fipd-

Then, by using the isoperimetric inequality , inequality , and the density lower
bound for ©; at x, we obtain that, for any p > 26;(x), the quantity ’del(ﬁefli N
B,(z)), and hence H41((8°Q; U Jy,) N B,(x)), is bounded from below by a constant
(independent of z) times p9~1!. O

4. PrROOFS OF THEOREM [4, COROLLARY [5, AND COROLLARY [6]

Proof of Theorem @ Since all functions u; are assumed to belong to L>°(D), and since
possible vertical shifts of u;|o, on §; do not affect the set J,, U 0°Q);, we may assume
without loss of generality that

(a+1)i <wlo, < (a+1)i+a and u; =0 on D\
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for some a > 0. We build the function

k
u= Zuilﬁi € SBV(D),
i=1

and claim that u is a local almost quasi-minimizer of the (scalar) Mumford-Shah functional,
with constants to be determined.

We note first that J, = JyUJ°Q. In order to prove the local almost quasi-minimality of u,
let v € SBV(D) be a perturbation of  in the ball B,(z¢) C D (we simply write B, below,
as o is fixed). Without restricting generality, we can assume that a+1 < v < k(a+1)+a,
a.e. in D. The function v is a perturbation of the function u only, and does not take into
account the presence of the partition. In order to gather information for v from the quasi-
minimality of (€2, U), we have to produce a perturbation (A, V) for (€2, U), in relationship
with v. In other words, we have to identify k functions v; and k corresponding phases,
associated to v, which build a local perturbation of (2, U). The construction of the k
phases from the unique function v is the main difficulty, since forcing the presence of
different phases is based on cutting the support of the function v which may naturally
introduce new boundaries outside the set J,. This procedure leads to possible new terms
of dimension (d — 1) at the right-hand side of the inequality in Definition

For any ¢ € (0, 1), we consider the perturbation (A, V) defined by

(19) v(z) = {mir‘l{max{(a +1)i, v}, (a+1)i + a} - 1aq1)i—1+t<v<(at1)i+atss D By
u; in B;

and
(20) Aii={la+1)yi—-1+t<v<(a+1l)i+a+t}NB,) U (Q\ B,

Note that outside B, the function v coincides with u, so that v; coincides with u; on
; \ B,. In particular we have

(a+1l)i<v<(a+1l)i+a a.e. on A; \ B,
which yields
k k
UJoainB, c|Jo{v < (a+1)i+a+t}NB,
i=1

i=1

Moreover by construction the function v; is piecewise constant on the set
(AN By) \{(a+1)i<v < (a+1)i+ a},

where its gradient vanishes almost everywhere.
By testing the local almost quasi minimality of (€2, U) with (A, V), we get

k
Z/ IV, |dz + ¢ HA? ((am UJu) N Ep)
i=17Bp

k
<y /B Vv 2dz + eaHe ! ((GEA UJv) N E,,) + ezpdlte
1=1 4
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or, in terms of u, v,

(21) / \Vul?de + ey HE? (Ju N Ep)
By

g/ ]Vv|2dx+62Hd_1(Jvﬂ§p) —/ IVo[2dz
B, Bo\UE_ {(a+1)i<v<(a+1)ita}

k—1
+ e (U O{v < (a+1)i+a+t}n Bp> + egptT e
i=1
There are two possibilities.
Case 1. There exists some t' € (0,1) such that

k-1
cyH (U O{v<(a+1l)i+a+t'}NB, |Vo|2dz.

<
1 ) N /B,,\uf1{(a+1)¢<v<(a+1)i+a}

In this case, we consider the perturbation (A, V) defined in — precisely for t = t'.
From the inequality , written for ¢ = ¢/, we see the local almost quasi-minimality of
(©2,U) with (A, V) as test implies the local almost-quasi minimality of u with v as test
(with the same constants).

Case 2. For almost every t € (0,1) we have

k—1
(Vo|?dz < coHI? (U fv<(a+1)i+a+t} OBP> .

/Bp\Ule{(a+1)i<v<(a+1)i+a} i—1

We integrate over ¢t € (0,1) and use the co-area formula to get

|Vo|2dx < 02/ |Voldz.

/BP\Ui-“_l{(a+1)i<v<(a+1)i+a} Bo\Ui_ {(a+1)i<v<(a+1)i+a}

Using Cauchy-Schwarz inequality at the right hand side, we get
1
/ |Vo|?de < 02</ |Vv\2da;> ? ]Bp|%,
Bo\UF_ {(a+1)i<v<(a+1)ita} By (2)\UE_, {(a+1)i<v<(a+1)i+a}
or equivalently, since |B,| = wqp?,
/ \Vo2dz < Bwap?.
Bo\UF_, {(a+1)i<v<(a+1)it+a}
Using again Cauchy-Schwarz inequality, this time at the left-hand side, we get
/ \Voldz < cawqp?.
Bo\UF_, {(a+1)i<v<(a+1)it+a}

As a consequence of the co-area formula and of the mean value theorem, we deduce that
there exists some value t” € (0, 1) such that

k—1

HI1 (U fv<(a+1)it+a+t"} ﬂB,,) < cowgp?.
i=1

Then, we consider the perturbation (A, V) defined in (19)-(20) precisely for ¢ = ¢”. From

the inequality , written for t = t”, we see that the local almost quasi-minimality of

(©2,U) with (A, V) as test implies the local almost quasi minimality of u with v as test,

provided the quantity cowgp? is added at the right hand side.



18

Taking into account cases 1 and 2, by choosing py = min{pg, 1} we conclude that u is
a local almost quasi-minimizer for the Mumford-Shah functional at the point xy with
constants (cq, ¢, c3 + cowg, ). O

Proof of Corollaries [5|and [6} The conclusions follow immediately by applying Theorem
combined respectively with the regularity results proved in [6] and [2]. O
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