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Abstract

We prove a semicontinuity theorem for an integral functional made up by a polyconvex
energy and a surface term. Our result extends to the BV framework a well known result by
John Ball.

1 Introduction

In this paper we study the lower semicontinuity of the integral functional

F (u) =
∫

Ω

f(x, u,∇u) dx+
∫

Ju

ϕ(u+, u−, νu) dHn−1(1.1)

in SBV (Ω, IRm), the space of special functions of bounded variation (see [2, 3, 4, 7]), with respect
to the L1(Ω, IRm) topology. Here Ω ⊂ IRn is an open set, f is a Carathéodory function, Ju is the
jump set of u, νu is the measure theoretic normal to Ju, and u+, u− are the one-sided traces of u
on both sides of Ju (see Section 2).

We assume that the integrand f : Ω× IRm × IRnm → [0,∞) is polyconvex in the last variable,
and that satisfies the growth condition

f(x, u,A) ≥
n∧m∑
k=1

βk|adjkA|pk for every A ∈ IRnm ,(1.2)

where βk > 0 for all k and

p1 ≥ 2, pk ≥
p1

p1 − 1
if k = 2, . . . , n ∧m− 1, pn∧m > 1 ,

where adjkA denotes the vector whose components are the minors of the matrix A of order k.
Then, if the function ϕ fulfils the conditions of Theorem 3.1, we prove in Theorem 3.5 that the

functional F in (1.1) is L1(Ω, IRm) lower semicontinuous in SBV (Ω, IRm).
Theorem 3.5 extends a result by Ambrosio in [4] where, for polyconvex functions f , the lower

semicontinuity of the functional F is proved under the growth assumption

f(x, u,A) ≥ β1|A|p1 , β1 > 0 , p1 > n ∧m(1.3)

for every A ∈ IRnm (see [4], Corollary 4.9).
The study of this problem was motivated by the analysis of variational models for fracture

mechanics. In particular, in the framework of Griffith’s theory of fractures in brittle materials,
the energy required to produce a crack is proportional to the crack surface. Moreover, the elastic
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deformation of the material outside the crack is modeled by an elastic energy independent of the
crack [17]. A weak formulation for the energy has been introduced in [6] in the framework of the
theory of SBV functions. The simplest energy functional in the isotropic case takes the form

F (u) =
∫

Ω

f(∇u) dx+ ηH2(Ju) ,(1.4)

where n = m = 3, Ω now denotes the reference configuration of an elastic body, and f denotes the
stored energy function of the elastic material. The fracture toughness η > 0 is a constant given by
Griffith’s criterion for fracture initiation (see references in [6]). If u ∈ SBV (Ω, IRm), the gradient
∇u and the jump set Ju are defined in the sense of approximate limits (see Section 2). Hence, in
the context of fracture mechanics, ∇u and Ju provide weak notions of the deformation gradient
and of the fracture surface, respectively.

A relevant case is when f is the stored energy function of an hyperelastic material. If the
material is isotropic, there exists [11] a symmetric function Φ : IR3 → IR satisfying f(∇u) =
Φ(v1, v2, v3), where vi denote the eigenvalues of the matrix [(∇u)(∇u)T ]1/2, where (∇u)T is the
transpose of ∇u.

A large class of hyperelastic materials are the Ogden materials [11, 19] which are expressed as

Φ(v1, v2, v3) =
M∑
i=1

ai(vαi
1 + vαi

2 + vαi
3 )

+
N∑

j=1

bj((v1v2)δj + (v1v3)δj + (v2v3)δj ) + ψ(v1v2v3) ,

where ai > 0, αi > 1 for i ∈ {1, . . . ,M}, bj > 0, δj > 1 for j ∈ {1, . . . , N}, and ψ : (0,+∞) → IR is
convex and satisfies

lim
s→0+

ψ(s) = lim
s→+∞

ψ(s) = +∞.

A variational model of brittle fracture based on the Ogden materials has been considered in [15].
In [11] it has been proved that the stored energy function of Ogden materials is polyconvex and
satisfies the inequality

f(A) ≥ β1|A|p1 + β2|adj2A|p2 + ψ(detA) for every A ∈M3×3 ,

where
β1, β2 > 0 , p1 = max

i=1,...,M
αi , p2 = max

j=1,...,N
δj .(1.5)

In particular, if αi ≥ 2 and δi ≥ αi/(αi − 1), then the stored energy function of Ogden materials
satisfies the growth condition (1.2) (see also Remark 3.6).

By using our lower semicontinuity result and the compactness theorem in SBV due to Ambrosio
[2, 5], an existence result follows for boundary value problems in fracture mechanics. For instance,
in [6] the Dirichlet boundary conditions have been formulated penalizing the possible fracture at
the boundary. The weak formulation of the minimum problem for the functional (1.4) takes the
form

(P) min
{∫

Ω

f(∇u) dx+ ηH2(Ju) + ηH2(Ju∪u0) : u ∈ SBV (Ω, IR3)
}
,

where Ω is a bounded Lipschitz set, u0 is the boundary datum which is assumed to be the outer
trace on ∂Ω of a function belonging to SBV (Ω′, IR3) with Ω ⊂⊂ Ω′, and Ju∪u0 = {x ∈ ∂Ω :
u+(x) 6= u0(x)}, u+(x) being the inner trace of u at x ∈ ∂Ω [6].
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Using the growth condition (1.3) required by the semicontinuity theorem of [4], an existence
result for problem (P) is given in [6] under the assumption p1 > 3, which means maxi αi > 3 in
the framework of Ogden materials. However, it is desirable that the exponents αi can be lowered
in such a way that maxi αi = 2 in order to cover the important subclass of Ogden materials given
by the Mooney-Rivlin compressible materials, characterized by M = N = 1, α1 = δ1 = 2 [11, 12].

Using (1.2) and (1.5) our semicontinuity theorem permits us to use maxi αi = 2, so that it
improves the results obtained in [4, 6]. It should also be noted that the resulting application in
fracture mechanics represents the counterpart in the SBV framework of the results of Ball [8] in
nonlinear elasticity.

Finally the semicontinuity theorem has some implications for numerical computations. The
numerical solution of variational problems involving the functional (1.1) is a difficult task due
to the presence of the jump part of the energy. The variational approximation by means of Γ-
convergence [10, 14] has been used to design numerical methods for problems in fracture mechanics
when the bulk energy is modeled by linear elasticity [9]. A Γ-convergence theorem has been proved
in [16] for the approximation of the functional F by means of a family of elliptic functionals
which admit a discretization by means of finite elements. The proof of the lim inf inequality of
Γ-convergence in [16] is based on the lower semicontinuity theorem of [4] and then makes use of the
same growth condition. By using our semicontinuity theorem the validity of the lim inf inequality
is consequently extended to the condition (1.2). Numerical experiments on brittle fracture in a
class of Ogden materials has been performed in [15], by using the elliptic approximation of [16].

2 Definitions and preliminaries

In this section we recall some basic definitions and preliminary results on BV and SBV functions.
We refer to [7] for all the properties of BV and SBV functions used in the sequel.

For any x ∈ IRn and any ρ > 0, Bρ(x) denotes the ball of radius ρ centered in x. However, we
write simply Bρ when the ball is centered at the origin. The unit sphere ∂B1 is denoted by Sn−1.
In the following Ω will always denote an open subset of IRn. We denote by B(Ω) the σ-algebra of
the Borel subsets of Ω; for any E ∈ B(Ω), Ln(E) stands for the Lebesgue measure of E. We set
ωn = Ln(B1).
As usual, the space Mn×m of n×m matrices is identified with the euclidean space IRnm.

Let u be a function in L1
loc(Ω, IR

m). We say that u is approximately continuous at the point
x ∈ Ω if there exists ũ(x) ∈ IRm such that

lim
r→0

−
∫

Br(x)

|u(y)− ũ(x)| dy = 0 .

The set Cu of all points where u is approximately continuous is a Borel set. Let Su := Ω \Cu. We
say that a point x ∈ Su is an approximate jump point for u if there exist u+(x), u−(x) ∈ IRm and
νu(x) ∈ Sn−1 such that u−(x) 6= u+(x) and

lim
r→0

−
∫

B+
r (x;νu(x))

|u(y)− u+(x)| dy = 0, lim
r→0

−
∫

B−r (x;νu(x))

|u(y)− u−(x)| dy = 0 ,

where B+
r (x; νu(x)) = {y ∈ Br(x) : 〈y − x, νu(x)〉 > 0} and B−r (x; νu(x)) is defined similarly. Also

the set Ju ⊂ Su of all the approximate jump points is a Borel set. Moreover, νu(x) can be oriented
in such a way that the function (u+, u−, νu) : Ju → IRm × IRm × Sn−1 is a Borel function.

3



Given a point x ∈ Cu, we say that u is approximately differentiable at x if there exists∇u(x) ∈ IRnm

such that
lim
ρ→0

1
ρn+1

∫
Bρ(x)

|u(y)− ũ(x)−∇u(x)(y − x)| dy = 0 .

The vector ∇u(x) is called the approximate differential of u at x. The set of points in Cu where
the approximate differential of u exists is a Borel set denoted by Du.

A function u ∈ L1(Ω, IRm) is said to be of bounded variation if its distributional gradient Du is
an IRnm-vector valued measure and the total variation |Du| of Du is finite in Ω. The space of all
functions of bounded variation in Ω is denoted by BV (Ω, IRm). If u ∈ BV (Ω, IRm), Dau denotes
the absolutely continuous part of Du with respect to the Lebesgue measure Ln. The singular part
Dsu can be split in two more parts, the jump part Dju and the Cantor part Dcu, defined by

Dju = Dsu Ju, Dcu = Dsu−Dju .

Furthermore, it can be proved that

Dau = ∇uLn Du, Dcu = Du (Cu \ Du), Dju = (u+ − u−)⊗ νuHn−1 Ju ,

where Hn−1 denotes the (n−1)-dimensional Hausdorff measure in IRn (see [7, Proposition 3.92]).
In the sequel we are going to use the notion of weak* convergence in BV . Let uh, u ∈

BV (Ω, IRm). We say that {uh} converges weakly* in BV (Ω, IRm) to u if uh → u in L1(Ω, IRm)
and the derivatives Duh converge weakly* in the sense of measure to Du, i.e.

lim
h→∞

∫
Ω

φdDuh =
∫

Ω

φdDu for all φ ∈ C0(Ω) .

Finally, we say that u ∈ BV (Ω, IRm) is a special function of bounded variation, if the Cantor
part Dcu of its derivative is null. The space of special functions of bounded variation is denoted
by SBV (Ω, IRm). We recall the following compactness result in SBV due to Ambrosio (see [7,
Theorem 4.8]).

Theorem 2.1 Let Ω be bounded and {uh} a sequence in SBV (Ω, IRm) such that

sup
h∈IN

{
‖uh‖L∞(Ω,IRm) +

∫
Ω

ψ(|∇uh|) dx+Hn−1(Juh
)
}
<∞ ,

where ψ : [0,+∞) → [0,+∞) is a continuous, increasing function such that lim
t→∞

ψ(t)/t = ∞.

Then, there exists a subsequence {uhj
} weakly* converging in BV (Ω, IRm) to a function u ∈

SBV (Ω, IRm). Moreover, the approximate gradients ∇uhj converge weakly in L1(Ω, IRnm) to ∇u.

Let µ be a nonnegative, finite Radon measure in B1. The local maximal function M(µ) is
defined by

M(µ)(x) = sup
{ µ(Bρ(x))
Ln(Bρ(x))

: 0 < ρ < 1− |x|
}
.

If µ is absolutely continuous with respect to Ln and φ is its density, we write simply M(φ) in place
of M(φLn). Moreover, if φ belongs to Lp(B1) for some p > 1, then (see [20])∫

B1

Mp(φ) dx ≤ c

∫
B1

φp dx ,(2.1)

for a suitable constant c depending only on n and p.
Using maximal functions, one can get a Lusin-type approximation of BV functions by means of
Lipschitz functions. Next theorem, due to Ambrosio (see [4, Theorem 2.3]), is the BV counterpart
of a similar result proved for W 1,p functions in [1].
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Theorem 2.2 Let u be a function from BV (B1, IRm) ∩ L∞(B1, IRm) and λ > 0. Set

E := {x ∈ B1 : M(|Du|)(x) ≤ λ} .

Then, for any ρ ∈ (0, 1), there exists a Lipschitz function v : Bρ → IRm such that u(x) = v(x) for
Ln-a.e. x ∈ E ∩Bρ and

Lip(v,Bρ) ≤ c(n)mλ+
2m‖u‖∞

1− ρ
,

for some constant c(n), depending only on n. Moreover, if u ∈ SBV (B1) and |∇u| ∈ Lp(B1) for
some p > 1, then, for any C ∈ B(B1),

Ln({x ∈ C : M(|Du|)(x) > 2λ}) ≤ λ−p

∫
C∩{M(|∇u|)>λ}

Mp(|∇u|) dx+
2c(n)‖u‖L∞(B1)

λ
Hn−1(Ju) .

Next result, also known as Chacon’s biting lemma, allows to recover some equi-integrability from
a sequence which is only bounded in L1 (see e.g. [7, Lemma 5.32]).

Lemma 2.3 Let Ω be bounded and let {φh} be a bounded sequence in L1(Ω, IRm). Then, there
exists a subsequence {φhj

} and a decreasing sequence Er ⊂ B(Ω), such that Ln(Er) → 0 as r →∞
and the sequence {φhj} is equi-integrable in Ω \ Er for any r ∈ IN.

Let us state also the following simple lemma (see Theorem 1.2 of [2]).

Lemma 2.4 Let {φh} ⊂ L1(Ω, IRm) be an equi-integrable sequence, φ ∈ L1(Ω, IRm), and let us
assume that

lim inf
h→+∞

∫
Ω

|φh − w| dx ≥
∫

Ω

|φ− w| dx,

for every w ∈ L1(Ω, IRm). Then φh weakly converges to φ in L1(Ω, IRm).

We recall that a function f : Ω × IRk → IR is said to be a Carathéodory function if x 7−→ f(x, p)
is measurable for any p ∈ IRk and p 7−→ f(x, p) is continuous for Ln-a.e. x ∈ Ω. In this paper
we deal with Carathéodory functions f : Ω × IRm × IRnm → IR, n,m > 1, so that k = m + nm.
Namely, we consider polyconvex functions in the third variable.

We say that a function f : IRnm → IR is polyconvex if there exists a convex function g : IRτ → IR
such that

f(A) = g(M(A)) for all A ∈ IRnm ,

where M(A) is the vector whose components are all the minors of the matrix A and τ = τ(n,m) is
the dimension of M(A). For k = 1, . . . , n ∧m, we denote by adjkA the vector whose components
are the minors of the matrix A of order k. We denote the dimension of adjkA by τk. Notice that
τk =

(
n
k

)(
m
k

)
.

We recall that a polyconvex function f : IRnm → IR is also quasiconvex, i.e.

−
∫

B1

f(A+∇ϕ) dx ≥ f(A) for any A ∈ IRnm and any ϕ ∈ C1
0 (B1, IRm) .

The following lower semicontinuity result is well known. A proof can be found, e.g. in [18] (see
Theorem 4.5).

Theorem 2.5 Let g(x, v, z) be a nonnegative Carathéodory function from Ω× IRm × IRk, convex
in z for Ln-a.e. x ∈ Ω and for every v ∈ IRm. Let vh, v ∈ L1(Ω, IRm), zh, z ∈ L1(Ω, IRk). If vh

converges to v strongly in L1(Ω, IRm) and zh converges to z weakly in L1(Ω, IRk), then∫
Ω

g(x, v(x), z(x)) dx ≤ lim inf
h→∞

∫
Ω

g(x, vh(x), zh(x)) dx .
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3 The main result

We study the lower semicontinuity with respect to the L1(Ω, IRm) topology of the integral functional
defined in SBV (Ω, IRm) by

F (u) =
∫

Ω

f(x, u,∇u) dx+
∫

Ju

ϕ(u+, u−, νu) dHn−1 .(3.1)

We assume that the integrand f : Ω × IRm × IRnm → [0,∞) is polyconvex in the last variable,
namely that

f(x, u,A) = g(x, u,M(A)) for every A ∈ IRnm ,(3.2)

where g(x, u, z) : Ω× IRm× IRτ → [0,∞) is a Carathéodory function, convex in z for Ln-a.e. x ∈ Ω
and for every u ∈ IRm. Moreover, we assume that

f(x, u,A) ≥
n∧m∑
k=1

βk|adjkA|pk for every A ∈ IRnm ,(3.3)

where βk > 0 for all k and the exponents pk satisfy the following inequalities

p1 ≥ 2, pk ≥
p1

p1 − 1
if k = 2, . . . , n ∧m− 1, pn∧m > 1 .(3.4)

Concerning the surface integral in (3.1), we assume that ϕ : IRm × IRm × Sn−1 → [0,∞) is jointly
convex, i.e. there exists a sequence of continuous functions gh : IRm → IRn such that

ϕ(u, v, ν) = sup
h∈IN

〈gh(u)−gh(v), ν〉 for all (u, v, ν) ∈ IRm × IRm × Sn−1 .(3.5)

Examples of jointly convex functions are easily constructed (see [7, Example 5.23]) by taking func-
tions of the the form ϕ(u, v, ν) = θ(|u−v|)ψ(ν), where θ : IR → [0,+∞) is a lower semicontinuous,
increasing and subadditive function and ψ : IRn → [0,+∞) is an even, positively 1-homogeneous
convex function.

Theorem 3.1 Let ϕ : IRm × IRm × Sn−1 → [0,∞) be a jointly convex function with the property
that there exist M > 0 and γ > 0 such that

ϕ(u, v, ν) ≥ γ for all u, v ∈ BM , u 6= v, and every ν ∈ Sn−1 .(3.6)

Let {uh} be a a sequence in SBV (Ω, IRm) converging in L1(Ω, IRm) to u ∈ SBV (Ω, IRm), such
that {|∇uh|} is equi-integrable and, for any h ∈ IN, |uh(x)| < M for Ln-a.e. x ∈ Ω. Then∫

Ju

ϕ(u+, u−, νu) dHn−1 ≤ lim inf
h→∞

∫
Juh

ϕ(u+
h , u

−
h , νuh

) dHn−1 .

For the proof of Theorem 3.6 see [7, Theorem 5.22]. The next result can be found in [13] (see
Theorem 2.10 in Chapter 4).

Theorem 3.2 Let Ω be bounded and uh, u functions from W 1,2(Ω, IRm) such that uh ⇀ u weakly
in W 1,2(Ω, IRm). Assume that

sup
h∈IN

n∧m∑
k=1

∫
Ω

|adjk∇uh|pk dx <∞

and that the exponents pk satisfy (3.4). Then, for all k = 1, . . . , n∧m, adjk∇uh ⇀ adjk∇u weakly
in Lpk(Ω, IRτk).
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Remark 3.3 Notice that there are cases when the conclusion of Theorem 3.2 holds if pn∧m = 1.
This is certainly true if p1 > n ∧m, since in this case the sequence {adjn∧m∇uh} is bounded in
L

p1
n∧m (Ω, IRτn∧m) and p1/n ∧m > 1.

Assume now p1 < n ∧m. From the estimate

|adjkA| ≤ Ck|adjk−1A|
k

k−1 ,(3.7)

which holds for any A ∈ IRnm and any k = 2, . . . , n ∧m, with a suitable constant Ck depending
only on k, n,m, we get that the sequence {adjn∧m∇uh} is bounded in Lq(Ω, IRτn∧m), where q =
n∧m−1

n∧m pn∧m−1 is strictly bigger than 1. Hence the conclusion of Theorem 3.2 still holds in this
case. In the limit case p1 = n∧m, using (3.7) again, we get the same conclusion by assuming that
pn∧m−1 > n ∧m/(n ∧m− 1).
It can be shown by easy counterexamples that these assumptions are essentially sharp, though
they can be replaced by completely different ones, based on other algebraic properties of minors.

Our main result is stated in the next theorem which is the SBV counterpart of Theorem 3.2.

Theorem 3.4 Let Ω be bounded and uh, u functions from SBV (Ω, IRm) such that uh → u in
L1(Ω, IRm). Assume that

sup
h∈IN

{
‖uh‖L∞(Ω,IRm) +

n∧m∑
k=1

∫
Ω

|adjk∇uh|pk dx+Hn−1(Juh
)
}
<∞ ,(3.8)

where the exponents pk satisfy (3.4). Then, for all k = 1, . . . , n ∧m, adjk∇uh ⇀ adjk∇u weakly
in Lpk(Ω, IRτk).

Notice that when u is a Sobolev map, all minors of ∇u can be written in divergence form and thus
the weak convergence of adjk∇uh to adjk∇u in D′(Ω) is obtained via an integration by parts. This
argument clearly fails when the functions uh, u are assumed to be in SBV and this is indeed the
main difficulty one has to face in order to prove Theorem 3.4.
Thus, the idea of the proof is to show that, for any function w in L1, the functional

u 7→
∫

Ω

|adjk∇u(x)− w(x)| dx(3.9)

is L1-lower semicontinuous in SBV (Ω, IRm) and then to apply Lemma 2.4 to deduce the weak
convergence of the minors adjk∇uh to adjk∇u. To this aim, we start with the observation that if
all uh and u were Sobolev functions then the lower semicontinuity of functional (3.9) would follow
from Theorems 3.2 and 2.5 and then we deduce the general case with an induction argument based
on the number of components of the functions uh which are in SBV .

¿From the weak convergence result stated in Theorem 3.4, making use of Theorems 2.5 and 3.1
one gets at once the lower semicontinuity of polyconvex integrals of the type (1.1).

Theorem 3.5 Let f : Ω × IRm × IRnm → [0,+∞) be a Carathéodory function, satisfying the
assumptions (3.2), (3.3) and (3.4), and let ϕ as in Theorem 3.1. If uh, u ∈ SBV (Ω, IRm), uh → u
in L1 and suph ‖uh‖L∞(Ω,IRm) < M , then

F (u) ≤ lim inf
h→+∞

F (uh) .

Remark 3.6 The observations made in Remark 3.3 yield that Theorem 3.5 still holds if pn∧m = 1,
provided that either p1 6= n ∧m or p1 = n ∧m and pn∧m−1 > n ∧m/(n ∧m− 1).
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4 Proof of the semicontinuity theorem

This section is devoted to the proof of Theorem 3.4. As we already observed in the previous section,
Theorem 3.5 is a straightforward consequence of Theorems 2.5, 3.1 and 3.4. We leave the details
to the reader.

First, we deal with a simpler situation in which the limit function u is affine and the jump sets
of the approximating functions uh vanish as h → ∞. The general case will be then recovered by
means of a blow-up argument.

Lemma 4.1 Let uh and u satisfy the same assumptions of Theorem 3.4 and let Ω = B1. Moreover,
assume that u is an affine function, i.e. u(x) = Ax + b, for some A ∈ IRnm, b ∈ IRm, and that
Hn−1(Juh

) → 0 as h→∞. Then, for every k = 1, . . . , n∧m, any nonnegative function a ∈ L∞(B1)
and any function w ∈ L1(B1, IRτk),∫

B1

a(x)|adjk∇u− w(x)| dx ≤ lim inf
h→∞

∫
B1

a(x)|adjk∇uh − w(x)| dx .(4.1)

Though differently stated, conclusion (4.1) of Lemma 4.1 is equivalent to saying that for all k =
1, . . . , n ∧m

adjk∇uh ⇀ adjk∇u weakly in Lpk(B1, IRτk) .(4.2)

In fact, (4.2) immediately implies (4.1) by semicontinuity (apply for instance Theorem 2.5 with
g(x, z) = a(x)|z − w(x)|, zh = adjk∇uh and z = adjk∇u). Viceversa, since for all k the sequence
{adjk∇uh} is bounded in Lpk(B1, IRτk), hence it is equi-integrable, the validity of (4.1) for all
functions w yields, via Lemma 2.4, that adjk∇uh ⇀ adjk∇u weakly in L1(B1, IRτk). Then, a
simple compactness argument shows that this weak convergence holds indeed in Lpk(B1, IRτk).
However, since the proof of Lemma 4.1 uses an induction argument, having the induction assump-
tion stated in the form (4.1) makes the argument of the proof somewhat cleaner.

Proof of Lemma 4.1. From the assumption (3.8), using Theorem 2.1 and a standard compactness
argument, we get easily that ∇uh ⇀ ∇u weakly in Lp1(B1, IRnm). Hence, (4.1) follows, for k = 1,
by the same semicontinuity argument used above to show that (4.2) implies (4.1).
Let us fix k ≥ 2. To prove (4.1), we use an induction argument on the number of components of
uh belonging to W 1,p1(B1). In fact, if all components of each function uh belong to W 1,p1(B1),
Theorem 3.2 yields that adjk∇uh ⇀ adjk∇u in Lpk(B1, IRτk). Hence, (4.1) follows again by
semicontinuity.
Assume now that (4.1) holds true whenever the last m − j components of each uh belong to
W 1,p1(B1), for some j = 0, . . . ,m− 1. We are now going to prove that (4.1) still holds if only the
last m − j − 1 components are in W 1,p1(B1), i.e. u1

h, . . . , u
j+1
h ∈ SBV (B1), while uj+2

h , . . . , um
h ∈

W 1,p1(B1). To this aim, let us fix w and let us assume, without loss of generality, that the lim inf
on the right-hand side of (4.1) is indeed a limit and that uh(x) → u(x) for Ln-a.e. x ∈ B1.
From the assumption (3.8) and from the estimate (2.1) it follows that {Mp1(|∇uj+1

h |)} is bounded
in L1(B1), hence Lemma 2.3 applies. Therefore, passing to a (not relabelled) subsequence, we may
assume that for any ε > 0 there exist a Borel set Cε ⊂ B1 and a positive number δ < ωn such that
for any Borel set C ⊂ B1 \ Cε, with Ln(C) < δ, we have for all h∫

C

Mp1(|∇uj+1
h |) dx < ε .(4.3)
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Let us fix ε > 0 and ρ ∈ (0, 1) such that Ln(Bρ) > δ. For any h and any λ > 0, let us denote by uj+1
h,λ

the Lipschitz approximation of uj+1
h in Bρ provided by Theorem 2.2. Hence uj+1

h,λ (x) = uj+1
h (x)

Ln-a.e in Bρ \ Eh,λ, where

Eh,λ = {x ∈ B1 : M(|Duj+1
h |) > λ} .

Moreover,

Lip(uj+1
h,λ , Bρ) ≤ c1

(
λ+

1
1− ρ

)
(4.4)

and, for every C ∈ B(B1),

Ln(Eh,λ ∩ C) ≤
(

2
λ

)p1 ∫
C∩{M(|∇uj+1

h
|)>λ/2}

Mp1(|∇uj+1
h |) dx+

c1
λ
Hn−1(Juj+1

h
) ,(4.5)

where c1 is a constant depending only on n and suph ‖uh‖L∞(B1,IRm). Notice that from (4.5) and
(2.1) it follows that there exists λε such that Ln(Eh,λ) < δ, for all λ > λε and every h. Therefore,
from (4.3) we get in particular that

∫
Eh,λ\Cε

Mp1(|∇uj+1
h |) dx < ε for all λ > λε and every h ∈ IN .(4.6)

Let us fix also λ > max{λε, 1}. From (4.4) and from the fact that |uj+1
h,λ (x)| ≤ M in Bρ \ Eh,λ

(which is not empty, since Ln(Bρ) > δ > Ln(Eh,λ)), it follows that {uj+1
h,λ } is bounded in L∞(Bρ).

Therefore, passing possibly to another (and again not relabelled) subsequence, we may assume
that {uj+1

h,λ } converges weakly* in W 1,∞(Bρ) to a Lipschitz function uj+1
λ . Moreover, since for any

h ∈ IN
Ln({x ∈ Bρ : uj+1

h,λ 6= uj+1
h }) ≤ Ln(Eh,λ) ,

by the lower semicontinuity of the functional v → Ln({x ∈ Bρ : v(x) 6= 0}) with respect to the
Ln-a.e. convergence, the a.e. convergence of uh to u and (4.5), we get that

Ln({x ∈ Bρ : uj+1
λ 6= uj+1}) ≤ c2

λ
,(4.7)

where c2 is a positive constant independent of h, λ and ε.
We can now estimate, for any h ∈ IN,∫

B1

a(x)|adjk∇uh − w(x)|dx ≥
∫

(Bρ\Eh,λ)\Cε

a(x)|adjk(∇u1
h, . . . ,∇u

j
h,∇u

j+1
h,λ , . . . ,∇u

m
h )− w(x)|dx

=
∫

Bρ

a(x)χBρ\Cε
(x)|adjk(∇u1

h, . . . ,∇u
j
h,∇u

j+1
h,λ , . . . ,∇u

m
h )− w(x)| dx

−
∫

Eh,λ\Cε

a(x)|adjk(∇u1
h, . . . ,∇u

j
h,∇u

j+1
h,λ , . . . ,∇u

m
h )− w(x)| dx .

Letting h → ∞ on both sides of this inequality and using the fact that (4.1) (with a(x) replaced
by χBρ\Cε

(x)) holds true if the last m− j components of each uh are in W 1,p1(Bρ), we get that

lim inf
h→+∞

∫
B1

a(x)|adjk∇uh − w(x)| dx(4.8)

≥
∫

Bρ\Cε

a(x)|adjk(∇u1, . . . ,∇uj ,∇uj+1
λ , . . . ,∇um)− w(x)| dx− lim sup

h→+∞
Iε
h,λ ,
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where
Iε
h,λ =

∫
Eh,λ\Cε

a(x)|adjk(∇u1
h, . . . ,∇u

j
h,∇u

j+1
h,λ , . . . ,∇u

m
h )− w(x)| dx .

In order to estimate Iε
h,λ, we recall (4.4), (4.5), and (4.6), thus getting

Iε
h,λ ≤ c1

(
λ+

1
1− ρ

) ∫
Eh,λ\Cε

|adjk−1(∇u1
h, . . . ,∇u

j
h,∇u

j+2
h , . . .∇um

h )| dx+
∫

Eh,λ

|w| dx

≤c1
(
λ+

1
1−ρ

)[(∫
B1

|adjk−1(∇u1
h, . . . ,∇u

j
h,∇u

j+2
h , . . .∇um

h )|pk−1dx

) 1
pk−1

(
Ln(Eh,λ\Cε)

)1− 1
pk−1

]
+ω(λ)

≤c3
(
λ+

1
1−ρ

)(
1
λp1

∫
(Eh,λ\Cε)∩{M(|∇uj+1

h
|)>λ/2}

Mp1(|∇uj+1
h |)dx+

1
λ
Hn−1(Juj+1

h
)
)1− 1

pk−1

+ ω(λ)

≤c3
(
λ+

1
1−ρ

)( ε

λp1
+

1
λ
Hn−1(Juj+1

h
)
)1− 1

pk−1 + ω(λ) ,

where ω(λ) is a quantity, indipendent of ε and h, converging to 0 as λ goes to infinity, and c3 is
a constant depending only on n and suph ‖uh‖L∞(B1,IRm). Letting h go to infinity in the previous
estimate, and denoting by σ(ε) a quantity converging to zero as ε tends to zero, we get

lim sup
h→∞

Iε
h,λ ≤ c3λ

1−p1+
p1

pk−1 σ(ε) +
c3

λ
p1−

p1
pk−1

σ(ε)
1− ρ

+ ω(λ) ≤ c3

(
σ(ε) +

σ(ε)
1− ρ

)
+ ω(λ),

where the first inequality is due to the fact thatHn−1(Juh
) → 0 as h→∞ and the second inequality

is due to the fact that λ ≥ 1 and 1− p1 + p1
pk−1

≤ 0, according to the fact that pk−1 ≥ p1
p1−1 .

In conclusion, recalling (4.8), we have that if λ ≥ max{λε, 1}, then

lim inf
h→∞

∫
B1

a(x)|adjk∇uh − w(x)|dx ≥
∫

Bρ\Cε

a(x)|adjk(∇u1, . . . ,∇uj ,∇uj+1
λ , . . . ,∇um)− w(x)|dx

−2c3σ(ε)
1− ρ

− ω(λ) .

Therefore, we have in particular that

lim inf
h→∞

∫
B1

a(x)|adjk∇uh−w(x)|dx ≥
∫

(Bρ\Cε)∩{uj+1
λ

=uj+1}
a(x)|adjk∇u−w(x)|dx− 2c3σ(ε)

1− ρ
−ω(λ) .

Recalling (4.7), we let first λ go to ∞, then ε to zero, and ρ → 1, thus obtaining (4.1) when the
last m − j − 1 components of uh belong to W 1,p1(B1). The statement of the lemma then follows
by induction.

We are now in position to accomplish the proof of Theorem 3.4, which, in view of what we have
proved in Lemma 4.1, is obtained by a blow-up argument.

Proof of Theorem 3.4. As in the proof of Lemma 4.1 we may assume, without loss of generality,
that k ≥ 2, since the assertion for the case k = 1 follows at once from Theorem 2.1.
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Thus, let us fix k ≥ 2. From the assumption (3.8) and from Lemma 2.4 it follows that in order to
prove the weak convergence in Lpk(Ω, IRτk) of adjk∇uh to adjk∇u it is enough to show that for
any w ∈ L1(Ω, IRτk) ∫

Ω

|adjk∇u− w| dx ≤ lim inf
h→∞

∫
Ω

|adjk∇uh − w| dx .(4.9)

Let us fix w and assume, without loss of generality, that the lim inf on the right-hand side of (4.9)
is a limit. Passing possibly to a (not relabelled) subsequence and observing that the sequence
|adjk∇uh−w| is equi-integrable, we may assume that there exist a nonnegative Radon measure in
Ω, say µ, and a function gk,w ∈ L1(Ω) such that

Hn−1 Juh
⇀ µ weakly*, |adjk∇uh − w|⇀ gk,w weakly in L1(Ω) .(4.10)

Moreover, from the assumption (3.8) we may also assume that there exists a nonnegative Radon
measure ν such that

n∧m∑
k=1

|adjk∇uh|pk Ln ⇀ ν weakly* in Ω .(4.11)

Clearly, (4.9) is proved if we show that

gk,w(x) ≥ |adjk∇u(x)− w(x)| for Ln-a.e. x ∈ Ω .(4.12)

To this aim, let us consider the points x ∈ Ω such that

lim
ρ→0

µ(Bρ(x))
ρn−1

= 0 ,(4.13)

lim
ρ→0

ν(Bρ(x))
ρn

< ∞ ,(4.14)

and set

G = {x ∈ Ω : x is a Lebesgue point for u, w and gk,w, ∇u(x) exists and (4.13) holds} .

Notice that since the set of points in Ω where (4.13) does not hold is a Borel set of σ-finite Hn−1-
measure (see e.g. [7, Theorem 2.56]) and the set where (4.14) does not hold has Ln measure zero,
we have that Ln(Ω \G) = 0.
Let us fix x0 ∈ G and choose an infinitesimal sequence ρj such that µ(∂Bρj

(x0)) = 0 for all j. From
the strong convergence of uh to u and from (4.10), (4.11), it follows that there exists a strictly
increasing sequence of integers hj , such that

1
ρn+1

j

∫
Bρj

(x0)

|uhj (x)− u(x)| dx < 1
j
,

1
ρn

j

∣∣∣∣∫
Bρj

(x0)

|adjk∇uhj
(x)− w(x)| dx−

∫
Bρj

(x0)

gk,w(x) dx
∣∣∣∣ < 1

j
,

sup
j∈IN

1
ρn

j

n∧m∑
k=1

∫
Bρj

(x0)

|adjk∇uhj
|pk dx <∞ ,

1
ρn−1

j

∣∣∣Hn−1(Juhj
∩Bρj (x0))− µ(Bρj (x0))

∣∣∣ < 1
j
,

(4.15)
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where the last inequality follows from the fact that since µ(∂Bρj (x0)) = 0 for all j, then we have
that Hn−1(Juh

∩Bρj
(x0)) → µ(Bρj

(x0) as h→∞. Let us set

vj(y) =
uhj (x0 + ρjy)− u(x0)

ρj
for all j ∈ IN and y ∈ B1 .

Notice that from (4.15)1 we have∫
B1

|vj(y)−∇u(x0)y|dy ≤
∫

B1

|uhj
(x0+ρjy)−u(x0+ρjy)|

ρj
dy +

∫
B1

∣∣∣u(x0+ρjy)−u(x0)
ρj

−∇u(x0)y
∣∣∣dy

≤ 1
ρn+1

j

∫
Bρj

(x0)

|uhj
(x)− u(x)| dx+

1
ρn+1

j

∫
Bρj

(x0)

|u(x)− u(x0)−∇u(x0)(x− x0)| dx

≤ 1
j

+
1

ρn+1
j

∫
Bρj

(x0)

|u(x)− u(x0)−∇u(x0)(x− x0)| dx ,

hence vj → ∇u(x0)y in L1(B1, IRm). Moreover, (4.15)4 yields that

Hn−1(Jvj
∩B1) =

1
ρn−1

j

[
Hn−1(Juhj

∩Bρj
(x0))− µ(Bρj

(x0))
]

+
µ(Bρj (x0))

%n−1
j

<
1
j

+
µ(Bρj (x0))

%n−1
j

and thus we have also that Hn−1(Jvj
∩B1) → 0 as j →∞. Therefore, since from (4.15)3 we have

in particular

sup
j∈IN

n∧m∑
k=1

∫
B1

|adjk∇vj |pk dy <∞ ,

the conclusion of Lemma 4.1 holds. Thus, recalling (4.15)2, we have

|adjk∇u(x0)−w(x0)| ≤ lim inf
j→∞

−
∫

B1

|adjk∇vj(y)−w(x0)|dy = lim inf
j→∞

−
∫

Bρj
(x0)

|adjk∇uhj (x)−w(x0)|dx

≤ lim inf
j→∞

−
∫

Bρj
(x0)

|adjk∇uhj
(x)−w(x)|dx+ lim

j→∞
−
∫

Bρj
(x0)

|w(x)−w(x0)|dx

= lim
j→∞

−
∫

Bρj
(x0)

gk,w(x) dx = gk,w(x0) .

Hence (4.12) is proved and the proof is complete.
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