THE SURFACE DIFFUSION FLOW WITH ELASTICITY IN THREE
DIMENSIONS

NICOLA FUSCO, VESA JULIN, AND MASSIMILIANO MORINI

ABSTRACT. We establish short-time existence of a smooth solution to the surface diffusion
equation with an elastic term and without an additional curvature regularization in three
space dimensions. We also prove the asymptotic stability of strictly stable stationary sets.
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1. INTRODUCTION

Morphological evolution of strained elastic solids, driven by stress and surface mass trans-
port occurs in many physical systems. One instance is the hetero-epitaxial growth of elastic
films when a lattice mismatch between film and substrate is present. Another example is
given by the phase separation in several small connected phases within a common elastic
body, which takes place in certain alloys under specific temperature conditions. A third situ-
ation is represented by the nucleation and evolution of material voids inside a stressed elastic
solid. From the mathematical point of view, such phenomena are related to a free energy
functional, which is typically given by the sum of the stored elastic energy and the surface
energy accounting for the surface tension along the interface between the phases. In this con-
text the equilibria are identified with the local or global minimizers under a volume constraint
of the aforementioned energy.

All these variational problems can be regarded as non-local isoperimetric problems, where
the non-locality is given by the elastic term. They are very well studied in the physical and
numerical literature, see for instance [26, 29, 40, 41, 42]. Concerning rigorous mathematical
analysis, we refer to [6, 8, 10, 17, 21, 25, 28] for some existence, regularity and stability results
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2 NICOLA FUSCO, VESA JULIN, AND MASSIMILIANO MORINI

related to a variational model describing the equilibrium configurations of two-dimensional
epitaxially strained elastic films, and to [9, 16] for results in three-dimensions. A hierarchy of
variational principles to describe equilibrium shapes in the aforementioned contexts has been
introduced in [30].

In what follows we consider the following prototypical energy

(1.1) TE) = [ CBup) : B(ur) de + H2(OF).
2 Jo\rF

The associated minimum problem under a volume constraint can be used to describe the
equilibrium shapes of voids in elastically stressed solids (see for instance [41]). Here, the set
F cC Q represents the shape of the void that has formed within the elastic body Q (an
open subset of R?), up stands for the equilibrium elastic displacement in €\ F subject to a
prescribed boundary conditions up = wg on 92 (see (2.12) below), C is the elasticity tensor
of the (linearly) elastic material, E(ur) := (Dup + DTup)/2 denotes the elastic strain of
up, and H? stands for the surface measure. The presence of a nontrivial Dirichlet boundary
condition up = wp on JN) is what causes the solid Q \ F' to be elastically stressed. We refer
to [15, 20] for related existence, regularity and stability results in two dimensions. See also
[11] for a relaxation result valid in all dimensions for a variant of (1.1).

In this paper we study the morphological evolution of shapes towards equilibria of the func-
tional (1.1), driven by stress and surface diffusion. Assuming that relaxation to equilibrium in
the bulk occurs at a much faster time scale, see [38], we have, according to the Einstein-Nernst
equation, that the evolution is governed by the following volume preserving law

(12) ‘/t == AaFtMt on 8Ft

where V; denotes the outer normal velocity of the evolving surface 0F; at time t and Agp, i
stands for the Laplace-Beltrami operator acting on the chemical potential u; along dF;. In
turn, since y; is given by the first variation of the free-energy functional J evaluated at Fj
and taking into account (2.14) below, (1.2) reads as

(1.3) Vi = Aor, (Hr, — Q(E(ur,))) ,

where HF, is the sum of the principal curvatures of 0F;, with the orientation given by the outer
normal, up, is the elastic equilibrium in Q \ F; subject to up, = wy on 9Q and Q(E(up,)) :=
$CE(up,) : E(up,). Note that the last quantitity involves the traces of the gradient of the
elastic equilibrium on the evolving boundary.

From the mathematical point of view, (1.3) is a fourth order geometric parabolic equation
coupled with the elliptic Lamé system, which is solved time by time in the (evolving) bulk.
Note also that when wy = 0 the elastic term vanishes and thus (1.3) reduces to the pure
surface diffusion flow

(1.4) Vi = Apr, HF,

for evolving surfaces, studied in [19] (in the general n-dimensional case). Thus, we may
also regard (1.3) as a sort of canonical nonlocal perturbation of (1.4) by an additive elastic
contribution.

As observed already by Cahn and Taylor [14] for (1.4), the equation (1.3) can be seen
formally as the gradient flow of the energy functional 7 with respect to a suitable Riemannian
metric of H~1-type, see for instance [24, Remark 3.1].

Let us mention that in the physical literature a variant of the energy (1.1) with a curvature
reqularization term has also been considered, see [3, 12, 18, 31, 40, 41]. This in turn leads to
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a variant of (1.3) with a sixth order regularization term. In particular, in [23] the following
regularized energy
1

Je(F) =5 CE(ur) : E(UF)d$+/ <1 + E\HFP") dH>
2 Javr oF P

and the associated evolution equation
(1:5) Vi = Ao [ Hp ~QUE(ur )~ (Bor (|HR P2 H) ~ | Hr P~ Hr, (25 HE ~2Kor, ) )|

are considered in the context of periodic graphs modeling the evolutions of epitaxially strained
elastic films (see also [22] for the two-dimensional version of the same equation). Here Kyp,
stands for the Gaussian curvature of 0F}, € > 0 is a small parameter, and p > 2. The local-in-
time existence and the asymptotic stability results proven in [23] (see also [22, 39]) rely heavily
on the presence of the curvature regularization, which makes the elastic contribution a lower
order term easily controlled by the sixth order leading terms of the equation. In fact, all the
estimates provided there are e-dependent and degenerate as ¢ — 0%. This is not surprising
as the nonlocal elastic term in (1.1) cannot be treated simply as a lower order perturbation
of the perimeter, as shown by the fact that its presence may lead to formation of singularities
in the static case (see [25] and references therein). Thus the case € = 0 requires completely
different methods.

A first breakthrough in this direction has been obtained in [24], where short time existence
result for (1.3) was proved in the two-dimensional case. In [24] we also proved the asymptotic
stability of strickly stable stationary sets. However, the techniques developed there cannot
be applied to higher dimensions, as some of the crucial estimates rely on the fact that an
L?-bound of the curvature of the evolving curves provides uniform C*-bounds. This is of
course no longer true in higher dimensions. Moreover, the higher dimensional case is of course
much more involved from the geometric point of view.

In this paper we are able to address equation (1.3) in the physical three-dimensional case
and we establish short time existence and uniqueness of a solution starting from sufficiently
regular initial sets, see Theorem 4.4. We highlight that Theorem 4.4 provides also quantitative
estimates of the k-th order derivatives of the solution depending only on the H3-norm of
the initial datum, somewhat in the spirit of those proved in [32]. We also remark that in
general one cannot expect global-in-time existence. Indeed, even when no elasticity is present,
singularities such as pinching may develop in finite time, see for instance [27].

In the second main result of the paper we establish global-in-time existence and study the
long-time behavior for a class of initial data: we show that strictly stable stationary sets, that
is, sets GG that are stationary for the energy functional 7 and with positive second variation
02T (G) are exponentially stable for the flow (1.3). More precisely, if the initial set Fp is
sufficiently close in H? to the strictly stable set G and has the same volume, then the flow
(1.3) starting from Fy exists for all times and converges to G exponentially fast in C* for
every k as t — +oo, see Theorem 5.1 for the precise statement.

A few comments on the proofs are in order. Concerning short-time existence, as in [24]
our strategy is based on the natural idea of thinking of the elastic contribution () as a forcing
term. More precisely, we set up a fixed point argument on the map f — Q(E (uth)), where

th is the solution to the forced flow
(1.6) Vi = Dor (Hp, — f) -
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Major technical difficulties originate from the already mentioned fact that the nonlocal elastic
term is not in general lower order with respect to the perimeter. One of the main technical
breakthroughs obtained in the present paper is a new delicate elliptic estimate on the higher
order derivatives of Q(F(ur,)) in terms of the higher order norms of the evolving boundaries
OF}, see Theorem 4.1. The crucial and somewhat surprising point of this result is the lin-
ear structure of the estimate, which allows us to show that the map f — Q(E(uth)) is a

contraction.

Concerning the asymptotic stability analysis, we adapt to the present situation the methods
developed in [1] for the surface diffusion flow without elasticity (see also [24]). The rough idea
is to look at the asymptotic behavior of the map

ti—>/ }VaFt(HFt —Q(E(U,Ft))‘QdHQ,
OFy

where Vyp, stands for the tangential gradient on 0F;, and to show that it is decreasing and
that in fact it vanishes with exponential rate as t — +o00. A crucial role in this analysis
is played by the energy identity proven in Proposition 5.3 and by the estimates on the flow
provided by Theorem 4.4. Let us remark that such estimates allow us also to considerably
simplify the arguments of [1] and to obtain stronger asymptotic convergence results.

This paper is organized as follows. In Section 2 we set up the problem, introduce the
main notation and present some differential geometry preliminaries that will be useful in the
subsequent analysis. We also collect several auxiliary results concerning the energy functional
J in (1.1). In particular, we describe some properties of strictly stable stationary sets that are
crucial for the asymptotic stability analysis carried out in Section 5. Section 3 is devoted to the
study of (1.6), while the short-time existence theory for the flow (1.3) is addressed in Section 4.
In Section 6 we briefly illustrate how to apply our main existence and asymptotic stability
results in the case of evolving periodic graphs, that is in the geometric setting considered
in [23]. In particular, in Theorem 6.1 we address the exponential asymptotic stability of
flat configurations, thus extending to the evolutionary setting the results of [9]. In the final
Appendix we collect the proofs of two technical lemmas and provide the derivation of the
energy identity stated in Proposition 5.3.

We conclude this introduction by mentioning that it would be interesting to investigate
whether the flow (1.5) studied in [23] converge to (1.3) as € — 0. This issue could be
probably addressed by adapting the methods developed in [7].

2. PRELIMINARIES

2.1. Geometric preliminaries. In this section we introduce notation related to Riemannian
geometry. As an introduction to the topic we refer to [4, 34]. Let ¥ C R™ be a smooth (n—1)-
dimensional compact hypersurface without boundary. Since ¥ is embedded in R” it has a
natural metric, denoted by g, induced by the Euclidean metric. We thus have a Riemannian
manifold (X, g) and we denote the inner product for vector fields X,Y as (X,Y),

(X,Y) =g(X,Y) = g;; X'V,

where the last expression is in local coordinates. Throughout the paper we adopt the Einstein
summation convention. Similarly we define the inner product of covector fields w, n, which in
local coordinates can be written as

(w,n) = g9win;,
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where ¢% is the inverse matrix of gij- The inner product extends to (g)—tensor fields T' = T;, .4,
and S = Sj,...j, as

(T,S) =g"" - Zk]an i g1
The norm of a tensor T is then |T| = /(T,T) and we have the inequality (T',S) < |T||5].
Given a ( ) tensor field T we raise the first index by T.!

Q9 lg
a (k 1) -tensor field. We may thus write the above inner product as

(T,S) = T8, .

The trace of a (g)—tensor field T', with £ > 2, on the first two indeces is tr’ 1" = gﬂlei?)...ik.
We denote the Riemannian connection on (¥, g) by V and V*T = V,;, --- V; T means the
k-th covariant derivative of a tensor field T. There is a slight danger of confusion, since V¥ f
also denotes the k-th component of the gradient of a function f defined by raising the index
of Vf as V¥ f = ¢*¥V, f. However, the meaning of V*f will be clear from the context. We
also recall that V is compatible with the metric ¢ which means that Vg = 0. ‘
In local coordinates the components of the covariant derivative of a vector field X = X*
and of a covector field w = wy, are
V]Xz a J + FlkX and VJLL)k = W
where I’fj are the Christoffel symbols given in local coordinates by
1 09,1 0gy  09ij
o = Lgu (O0n O Ogi)
2 ozt  Oxl  Ox
The covariant derivative of a ( ) tensor field T' = Tfll ijl is thus a (kﬂ) tensor field which in
local coordinates can be written as
aTJI Ji
v le 1 _ 7,1 lk + Zle...p...Jlrjs ZTJI “Ji p

Mgy iy i1k i1pei mzs

= ¢"''T};,...;, and thus we obtain

l
F kUJl,

The divergence of a vector field X? is divX = V, X’ = %f; + Iy X k and the Laplace-
Beltrami of a function f is '
Af=divVf =V, V'f.
This can be written as the trace of the covariant Hessian V2f as
Af =trV2f = g¥V,V,f.
We recall the divergence theorem for compact manifolds (without boundary), which states
that for a vector field X on ¥ it holds

/ divX dH" ' =0
by
This yields the integration by parts formula for a function f and a vector field X

/Xivifd”;'-[”l = —/ fdivXdHm L.

The integration by parts formula generalizes to any ( ) tensor field T' and (kﬂ) -tensor field
S as

(2.1) /E (VT,S)dH™* = — /E (T, tr VS) dH" 1,
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where the trace is on the first two indeces of V.S.
The Riemann curvature endomorhpism is a (:1)’) -tensor field Rﬁ ik defined such that for vector
fields X, Y, Z we have

R(X,Y)Z =VxVyZ—-VyVxZ —VixyZ,

where Vx is the covariant derivative in direction of X. We adopt the convention to define

the Riemann curvature tensor by lowering the index to the end, i.e., Ry = glmRZ”k. The
commutation formula of the covariant derivatives for a vector field X* thus becomes
(2.2) ViV, X* Vv,V XF = "™ R,y X

and for a covector field wy,
VNjwk - Vjviwk = —gmle‘jkmwl‘

Similar formulas hold for the commutation of higher order covariant derivatives. In partic-
ular, throughout the paper we will make repeated use of the fact that for any integer k > 3
there exists a constant C' > 0 such that

k—2
(2.3) Vi Vi = Vi Vi [l < CY V]
=1

for any choice of the indices i1, ..., and for any permutation o of {1,...,k}. We recall also
that V;V;f = V,;V,f for any i, j.
Given a positive integer k and p € [1, c0] we denote by WP (%) the Sobolev space endowed

with the norm
k

1
flhwiocsy = 3 ([ omspane)”
m=0 x

when p € [1,00) and the obvious one when p = co. Here V™ f stands for the m-th covariant
derivative of f. As customary, when p = 2 we shall always write H* instead of W*?2. We
further define the norms || f{|cr.a(x), [ fllgr+1/2¢sy and || f|| -1/2(x) with k € N and a € (0, 1),
in a standard way using the partition of unity. Then the standard embedding theorems for
smooth domains hold also in these spaces. Moreover, we recall the following well known
interpolation inequalities, see [35, Proposition 6.5] and [5, Theorem 3.70].

Lemma 2.1. Let ¥ C R™ be a smooth (n—1)-dimensional compact manifold without boundary.
Let I, m, k be integers such that 0 <l <m, k> 0,1 < q,r < oo. There exists a constant C
with the following property: for every smooth covariant tensor T of order k, one has

(2.4) IV T o) < CIT Iyonr sy I TNty

where

1 l +19(1 m

p n-—1 r n-—1

1

+(1-9)-

) +a-9)
for all 9 € [l/m,1) for which p is nonnegative. Moreover, if f is a smooth function then

IV flle(zy < CUV™ FllTr sy 1F | oy

for all 9 € [I/m,1) for which p is nonnegative, provided [ > 1.
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Remark 2.2. Note that (2.4) implies also that
IV Ty < CIV™ Ty 1Ty + CIT ety sy

To see this it is enough to observe that ||T||yym.r(sy = [T lwm-1.-(x) + IV"T| -5y and that,
in turn, for every [ = 1,...,m — 1 using (2.4) and Young’s Inequality one gets

!
VT e sy < ellTlwmrs) + Cell Tl Lr (s
We also recall that the Morrey’s inequality implies

[ fllcres) < Cllfllwze )

forp>n—landa=1—-(n—1)/p.
We will also need the following result, (see the proof of [5, Theorem 4.19]).

Lemma 2.3. Let f be a smooth function on ¥ and let k be a positive integer. There is a
constant C, which depends on k and X, such that

(2.5) IV Ry < [ (A5PR AR 4 Ol By
and
(2.6) IV sy < [ [V AEDP a7 4Ol

Proof. We only proof (2.5) in the cases k = 1,2, since the higher order cases and (2.6) are
analogous. Recall that Ricci tensor is given by Rj,, = ngRijmk. Thus from (2.2), with X
equal to the covariant gradient of f and taking k = i, we get

ViV, Vif —V,;Af = RjV'f.

We multiply the above equality by V/f and use the integration by parts formula (2.1) to
obtain

—/ VIV AR+ / (Af)2dH" ! = / RNV f NI fdH" L.
b by b
This yields the claim since (recall that for a function V;V,;f = V,;V,f)

VIV Vi = VIVIFVV,f = |V2F2

The argument in the case k = 2 is similar but more technical. We have by the previous
statement

[1a2rant = [V ArP = Cl )

Hence, we need to prove that

(2.7 [ arpaet = [ Rt = Ol
b b

First, by the integration by parts formula (2.1) we have

/|V2Af]2d7{”‘1 :/(vivjvkka) (ViV,; V'V, f)dH™ !
% >

_ / (ViVVIVL VR £) (V, VIV, f) dH
b
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Then, using (2.3), we obtain

[T AR @t = = [ (905000 (9,90 b Ol
>

—— [TV (V) = Cl

where the last equality follows by integration by parts. We proceed using formula (2.3) again
and integration by parts to deduce

/E IV2Af2dH" > — /E (V'VIVEF) (VIVV VRV ) dH T = O fll s sy
. /E (VVIVIIVE ) (V9590 0) dH ™ = O f s
> - /E (VVIVITEVL ) (V9,90 0) dH ™ O f s
- /Z(vivjv’fvlf) (ViViViNVif) dH™ = O fIlsx)-

Thus we have (2.7), since (VIVIVFV!f) (V,V;V V. f) = |VA |2 O

Remark 2.4. In the case k = 1 we have a more precise version of Lemma 2.3 for hypersur-
faces. It is clear that the proof of Lemma 2.3 implies that

[vrpant < [@aprante (a1 [BRSIE e,
P P P

where B denotes the (scalar) second fundamental form (see [34] for definition). This follows
from the fact that we may estimate the Ricci curvature by |Ric| < (v/n — 1+ 1)|BJ?.

Remark 2.5. Using Lemma 2.1 we may write the statement of Lemma 2.3 in the following
way. For every ¢ > 0 there exists C, > 0 such that

sy < (10 (A7 aH 4 Ol g

and
||f 2 < (1 v Ak Qden—l C 2
21y < (1+¢) E| (A%f)] + Cel[ fll22(s)-
Indeed, this follows by the interpolation inequality together with standard Young’s inequality
-0
IV fll 22y < CIUV" Fll G2y 1112 (s
<e|V*fllrzs) + CEf 2

for every 1 <1 < h—1and 6 = 6(h,l) is given by Lemma 2.1.

For clarity we denote the standard inner product between two vectors x,y in R™ as x -y
and the differential of the map F : R” — R™ by DF to distinguish them from the inner
product on manifold and from the covariant derivative. There is, however, a possibility of
confusion when we denote the divergence of a vector field X : R® — R™ by div X, since “div”
also denotes the divergence of a vector field on manifold. We will denote the divergence of

a vector field on the manifold (3, g) by divy and in R™ by divgn if this is not clear from the
context.
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When the manifold ¥ is given by a boundary of a smooth bounded set ' C R" it has a
natural orientation and we denote by vg the unit outer normal. In this case we may extend
the definition of divergence on ¥ to vector fields which have values in R™. Let X : U — R”
be a smooth vector field, where U is an open neighborhood of 3. We define the tangential
divergence of X on OF by

div; X :=divX — (DXvp,vp).

The divergence theorem states

/ div, XdH" ' = [ Hp (X -vp)dH" 1,

oF oF

where Hp denotes the sum of the principal curvatures of JF. We denote the second fun-
damental form of OF by Bp, which in our case is a symmetric (3)—tensor (or equivalently a

symmetric matrix). Finally we may project a vector field X : U — R" to the tangent space
of OF by

(28) XT =X — (X . VF)I/F.

Then X, canonically defines a vector field on (0F, g) and we denote by div, X its divergence.
For a given function u : U — R we define the tangential gradient on > = OF as the projection
of its gradient Du

(2.9) D u:= (Du),.

The tangential gradient and the covariant gradient are canonically isomorphic. In particular,
it holds

(2.10) Vu(z)|y = |Dru(x)] for x € 3,

where |- |, denotes the norm given by the metric tensor g, and |- | is the length of a vector in
R™.

2.2. The energy functional. In this section we introduce the energy functional that under-
lies the flow. We also introduce the proper notions of stationary points and stability that will
be needed in the study of the long-time behavior of the flow. As explained in the introduction,
the free energy functional is the sum of the perimeter and of a bulk elastic term. Throughout
the paper Q will denote a fixed bounded open set of R? with Lipschitz boundary.
Concerning the elastic part, for F' CC €2 and for an elastic displacement v : Q \ F — R?

we denote by F(u) the symmetric part of Du, that is, E(u) := %W. In what follows, C
stands for the elasticity tensor acting on 3 x 3-matrices, such that CA = %(C(A—i— AT) and CA
is symmetric for all 3 x 3-matrices A. Moreover, CA : A > 0 if A is symmetric and A # 0.
Finally we shall denote by Q(A) := %CA : A the elastic energy density.

We are now ready to write the energy functional. For a fixed boundary displacement

wo € H%(BQ), we set
(2.11) J(F) := Q(E(ur)) dz + H*(OF),
O\F

where up is the elastic equilibrium satisfying the Dirichlet boundary condition wg on a fixed
relatively open subset pQ C 9. More precisely, ur is the unique solution in H*(2\ F;RR?)
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of the following elliptic system

divCE(up) =0 in Q\F,
(2.12) CE(up)[lvr] =0 on 0F U (0Q2\ 0pQ),
Up = Wy on 9pfl.

Note that by the second condition for every x € OF the vector CE(ur)(x)[e] belongs to the
tangent space of OF at x for every vector e.

Next, we provide the first and the second variation formulas for (2.11). To this aim, for
any vector field X € C}H(R3* R?), let (®¢);e(—1,1) be the associated flow, that is the solution of

(2.13) ot

The first and the second variation of the functional (2.11) are stated in the following theorem.
Recall that Hgr denotes the sum of the principal curvatures and By the second fundamental
form of OF. Sometimes, with a slight abuse of terminology, we will refer to Hp as the mean
curvature of OF.

Theorem 2.6. Let F CC Q be a smooth set, X € CHQ;R?) and let (®4)1e(—11) be the
associated flow as in (2.13). Set ¢ := X -vp on OF and let X, be as in (2.8). Then,

d
(2.14) GI@E) = [ (e - Q)
dt t=0 oF
If in addition divgr X = 0 in a neighborhood of OF we have
Cﬁ _ 2 2.2 12,2
Qj(q)t(F))‘ = [ |VY|" = |Bp|*™y*dH" —2 Q(E(uy)) dx
dt =0 Jor O\F
(2.15) -/, Oy (Q(E(ur)))? dM? — /a (Hr — Q(E(ur))) divy(y X, ) dH?,
OF F
where the function uy is the unique solution in H'(Q\ F;R?), with uy, = 0 on OpS, of
(2.16) CE(uy) : E(p)dx = —/ divy (¢ CE(ur)) - p dH?
Q\F OF

for all o € HY(Q\ F;R?) such that o = 0 on dpS).

Formulas (2.14) and (2.15) have been derived in [9] when F is the subgraph of a periodic
function. The very same calculations apply to the more general situation considered here.

Throughout the paper we fix a smooth reference set G CC €2 and define the reference
manifold as (3, g), where ¥ = OG and g is the metric induced by the Euclidean metric in R3.
We denote the outer normal of G simply by v. For every n > 0 we denote

Ny(®) == {z € R? : |dg(a)| < n},

where dg denotes the signed distance function of G. Denote also 7 the orthogonal projection
on the boundary of G. Since G is smooth,

(2.17) there exists 79 > 0 such that dg and 7 are smooth in Mo, (X).
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We denote by h’fw(Z) the following class of sets, whose boundary is a suitable normal graph
over Y. Precisely, for any integer £ > 1 and M > 0 we say

(2.18) F e bk, (X) if OF = {x+ hp(z)v(z): x € £} C Npp(X) with  ||hp grs) < M.

In particular, by Morrey embedding any set in h3,(2) is Ch@-diffeomorphic to the reference
set G for every a € (0,1). The space hlf\f(E), a € (0,1), is defined similarly in terms of the
C*k2_norm of the function hp.

Let G, ..., Gp, be the bounded open sets enclosed by the connected components I'g 1, . . .,
I'c,m of the boundary 0G. Note that the G;’s are not in general the connected components of
G and it may happen that G; C G for some ¢ # j. If I € h3,(X), then F is C'-diffeomorphic

to G and thus OF has the same number m of connected components I'r1, ..., I'ry,, which
can be numbered in such a way that
(2.19) I'pi={z+hp@)v(z): zeTq,},

for a suitable hp € H 3(2). The boundaries I'r; then enclose the sets F;, which in turn are
diffeomorpic to Gj.
We are interested in area preserving variations, in the following sense.

Definition 2.7. Let F CC 2 be a smooth set. Given a vector field X € C°(Q;R?), we say
that the associated flow (®)yc(—1,1) is admissible for F if there exists o € (0, 1) such that

|®:(F;)| = |Fi| fort e (—ep,e0) and i =1,...,m.

Remark 2.8. Note that if the flow associated with X is admissible in the sense of the previous
definition, then for ¢ = 1,...,m we have

X vpdH' =0.

Tr;

In view of this remark it is convenient to introduce the space H'(OF) consisting of all functions
¢ € HY(OF) with zero average on each component of OF), i.e.,

/ YdH =0 for every i =1,...,m.
g

Any admissible vector field X thus defines a function ¢ € H L(OF). Conversely, given ¢ €
HY(OF) N C*®(dF) it is possible to construct a sequence of vector fields X,, € C°(Q;R?),
with divgs X,, = 0 in a neighborhood of F, such that X,, - vp — ¢ in C1(OF), see [2, Proof
of Corollary 3.4] for the details. Note that in particular the flows associated with X, are
admissible.

Definition 2.9. Let F CC €2 be a set of class C2. We say that F is stationary if

d

—J(Dy(F =

/) =0
for all admissible flows in the sense of Definition 2.7.

Remark 2.10. By Remark 2.8 and in view of (2.14) it follows that a set F' CC Q of class C?
is stationary if and only if there exist constants Ay, ..., A, such that

HF—Q(E(UF)) :)\2 on FF,i
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for every i = 1,...,m. Note that if F' is a sufficiently regular (local) minimizer of (2.11)
under the constraint |F'| = const., then there exists a constant A such that

HF—Q(E(UF)) =\ on OF.
Thus, our notion of stationarity differs from the usual notion of criticality just recalled. Note
that by a bootstrap argument it can be proved that a stationary set is smooth. In fact, it
can be shown that it is even analytic, see [33]. Note that if F' is stationary, then the second
variation formula (2.15) reduces to

2
dJ((IJt(F))‘ —/BF\VW— |Bp|*¢? dH?

dt?

t=0

(2.20) 2 Q) [ 0, QU)K
Q\F oF

where we recall that ¢ = X - vp and uy, is the function satisfying (2.16).

In view of (2.20), for any set ' CC €2 of class C? it is convenient to introduce the quadratic
form 927 (F) defined on H'(OF) as

T (F)y] = / VI — | B dH2

(2.21) oF

o[ QUE(uy))de — / By (QE(up)))? dH?,
oF

Q\F
where uy, is the unique solution of (2.16) under the Dirichlet condition u, = 0 on dp§2. We
may finally give the definition of stability for a stationary point.

Definition 2.11. Let F' CC €2 be a stationary set in the sense of Definition 2.9. We say that
F' is strictly stable if

(2.22) PIT(F)p] >0  for all p € HY(OF)\ {0}.

It is not difficult to see that (2.22) is equivalent to the coercivity of 927 (F) on H'(JF).
More precisely, (2.22) holds if and only if there exists ¢y > 0 such that

(2.23) PT(F)W] > collYl|f oy for all v € H'(OF),

see [9]. In turn the latter coercivity property is stable with respect to small H3-perturbations.
More precisely, we have:

Lemma 2.12. Assume that the reference set G CC §) is a (smooth) strictly stable stationary
set in the sense of Definition 2.11. Then, there exists o9 > 0 such that for all F' € hgo (%),
defined in (2.18), we have
Co ~
P TFN] > D0l oy for all v € YO,
where ¢y is the constant in (2.23).

Proof. The proof follows the argument in [9, Proof of Theorem 5.2 and Lemma 5.3], where
the case of F being the subgraph of a periodic function is considered. Although the geometric
framework here is more general, we may follow exactly the same line of argument up to the
obvious changes due to the different setting. We note that in our case we may even simplify
the aforementioned proof by taking advantage of the fact that F € b3 (¥) (while in [9] only
W2P-bounds were assumed). Indeed, under this assumption we have that up is of class H? in
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a neighborhood of ¥, with the norm estimated by a constant depending on o (see the proof
of Theorem 4.1). In turn, 0,,(Q(E(ur))) € H%((?F) with a bound depending on ¢, which
is a much stronger information than the boundedness in H —3 (OF) proven in [9]. O

We conclude this section by showing that in a sufficiently small H3-neighborhood of G’ the
stationary sets are isolated, once we fix the areas enclosed by the connected components of
the boundary.

Proposition 2.13. Assume that the reference set G CC ) is a smooth strictly stable station-
ary set in the sense of Definition 2.11 and let oy be the constant provided by Lemma 2.12.
There exists o1 € (0,00) with the following property: Let Fy, Fy € b3 (%), defined in (2.18),
be stationary sets in the sense of Definition 2.9 and (with the same notation as in (2.19))
assume that |Fy ;| = |Fa;| for i =1,...,m. Then Fy = F5.

Proof. Let Fy and F, be in b3 (%), with o1 € (0,00) to be chosen, and denote the compo-
nents defined in (2.19) by Fj1,..., F;, for i = 1,2. We begin by constructing a vector field
X : Ny () — R3 such that the associated flow (®t)te(o,1]) is admissible is sense of Defini-
tion 2.8 and takes the set F} to Fy. More precisely, it holds ®o(Fy) = Fi, ®1(F1) = F» and
|®¢(F1 ;)| = |F14| for every t € [0,1] and ¢ = 1,...,m. The construction can be done as in
[37, Proposition 3.4] (see also [24, Lemma 2.8]) in such a way that | X (z)| < 2|X(x) - vg,(z)]
for x € OF; and for all t € [0, 1], and that

OF, ={x+ hp,(x)v(z) : x € X} with  [|hg, || gss) < Co1 < oo,

where the last inequality holds provided that op is small enough. Recalling (2.15), (2.21),
using the Lemma 2.12 and by integrating by parts we get

2
ST @F) = PTEX ve) = [ (Hr = QUE(wr)) divy(X - v X,) K
OF

C
> QUK - vrilnony + | (V05 = QUBur)). (X - vr) X,) 42

t

We denote R; := Hp, — Q(E(ur,)) and estimate the last term by (5.3), which we will show
later in the proof of Theorem 5.1, to get

1/2 1/2
/(VRt,(X-VFt)XT>dH2§</ |VRt\2d7-L2> </ |(X-uFt)XT|2dH2>
8Ft 6Ft aFt

02 1/2
< Clhalifi ([ 1x-vnltae)

0/2
< Col”?|x - Vi Tagom)-

Therefore we have by the Sobolev embedding
d? Co 0/2
apd (2lF)) = SlIX - vrlinor) — Col?|x - vr I 7som)

o 0/2 €0
> ZIX - villi o) — CotIX vl ory) = FIX - velinen),

provided that o; is small enough.
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On the other hand by the stationarity of F; and F» we have
d

d
(@) =5

j(q)t<F1))‘ =0.

t=1

This means that (;%j (®¢(F1)) = 0 and therefore X -vp, = 0 on OF; for all t € (0,1). Therefore
t — ®4(F) is constant and F} = F.

O

3. SHORT TIME EXISTENCE FOR THE SURFACE DIFFUSION WITH A FORCING TERM

In the following we shall assume n = 3. Given a smooth function f : 3 x [0,400) — R we
shall consider the following forced surface diffusion equation

(3.1) Vi= Do, (Hp, + f(,t) om)

where V; denotes the outer normal velocity of 0F; and Ay, is the Laplace-Beltrami operator
on JF; endowed with the metric induced by the Euclidean metric. The goal in this section is
to prove short time existence of a unique smooth solution of (3.1) starting from Fyy which is
close to the reference set G. This will be done in Theorem 3.1.

3.1. The flow in coordinates. Given a sufficiently smooth function A : ¥ — (—ng, no),
where 7 is introduced in (2.17), we denote by F}, the bounded open set whose boundary is
given by
OF, ={z+ h(z)v(z):x € ¥},

where v is the outer unit normal to OG. Note that the projection 7|gp, : 0F}, — X is invertible
and we denote by W;hl its inverse. In this case we have W;hl (x) =+ h(x)v(z).

We denote by v the normal and by ki, ko the principle curvatures of 3, while 71, 79 denote
the corresponding eigenvectors on the tangent plane. The exterior normal to Fj, is

1
(3.2) VF, © 7'(‘;: = j((l + hk‘l)(l + hk‘g)l/ — (1 + hk‘z)anth — (1 + hkl)a-,—thQ),
where J2 = (1 + hk;)?(1 + hk2)? + (1 + hk1)2(0r,h)? + (1 + hko)?(0r,h)%. We recall (see [36,
p. 21]) that the mean curvature Hp, of OF}, can be written as

Hp, oy = —(vp, omg! - v)Ah+ Pz, h,Vh),

h

where P is a smooth function such that P(-,0,0) = H¢, the mean curvature of the boundary
of GG. We rewrite the above formula as

(3.3) Hp, omy! = —Ah+ (A(z,h, Vh),V?h) + Hg + a(x, h, Vh),

where the tensor A and the function a are smooth and vanish when both h and Vh are 0.

Let us denote by g the pull-back metric on ¥ induced by the diffeomorphism ﬂ;’} HDIES
OF},. Since the manifold (0F}, g) endowed with the Euclidean metric g is isometric to (X, gp,)
then for every smooth function f defined on ¥ we have

(Qop,(fom)) omp, = Ag, f
where Ay, is the Laplace-Beltrami operator on ¥ with respect to the metric g;. One can also
check that (see [36, p. 21])
(9n)ij = 9ij + ai; (-, h, Vh),



SURFACE ELASTIC FLOW IN 3D 15
where the functions a;; are smooth and vanish when both h and VA vanish, and that we have
the following expansion of the Christoffel symbols

0%h
0x10z,,

(Tg)ix = (Tg)hp + aly(a, b, V) + b (x, h, Vh)

Above b;l,g” is a smooth function and aék is a smooth function which vanish when A and Vh
vanish. We recall that the we may write the Laplace-Beltrami operator Ag, as

Ag, f = (gh)ijﬁiﬁjfa

where %z%] stands for the second order covariant derivatives with respect to g,. Hence we
get by the above formulas and after some straightforward calculations that

(3.4) Ay, f=AF+ (A1(z,h, VR),V2f) + (As(x,h, Vh),V ) + (B(x, h, Vh), (V*h @ V).

Concerning the equation of interest, assume that a smooth flow (F})ic(o,r) is a solution of
(3.1) and that JF; can be written as

OF; = {x + h(z,t)v(z) : z € L}.
Then the normal velocity is given by V; = 0:h(vp, - v). Therefore, combining (3.3) and (3.4)
and after long but straightforward calculations, we may rewrite the equation (3.1) as

O _ A2 4+ (Ax, b, Vh), Vh)

(3.5) ot
+ Ji(z, hy, Vh, V20, NV3h) + Jo(x, h, Vh, V2h, V£, V2 f),

where as usual A is a smooth 4th-order tensor depending on (x, h, Vh) vanishing when both
h and Vh vanish, J; is given by

J1 = (B1,(V3h ® V?h)) + (B, V3h) + (B3, (V*h @ V*h ® V2h))

(3.6) + (By, (V2h @ V2h)) + (Bs, V2h) + be

and Js is of the form
(3.7) Jy = Af + (A1, V2 ) + (A2, Vf) + (B, (V?h @ V f)).

Here and throughout the paper we denote by A (possibly with a subscript) a smooth tensor-
valued function depending on (z, h, Vh) and vanishing at (x,0,0), while B (possibly with a
subscript) stands for a smooth tensor-valued function depending on (z,h, Vh). We replace
capital letters A and B with a and b, respectively, in case of scalar valued functions.

3.2. Short time existence and uniqueness. Let us fix an initial set Fy € [)%O(Z) which
is close to G. Finding a solution of (3.1) for a short time with intial set Fy is equivalent to
finding a solution h of (3.5) with initial datum h(-,0) = hg, =: ho. This is the goal of this
section and the result is stated in the following theorem.

Theorem 3.1. Let f : ¥ x [0,+00) — R be a smooth function. Given §9 > 0 and Ko > 1,
there exist g9, Ty € (0,1) with the following property: if Fy € 6%0(2), defined in (2.18),

To
(3.5) sup [ CaOlleqsy + [ 17D e < Ko,
0<t<Typ 0
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and ||hol|z2(s) < €0, where ho := hpg,, then the equation (3.5) has a unique smooth solution
(Fy) in C°°(0 To; C(%)) VH' (0, To; H' (%)) and

(3.9) sup Hh(‘,t)HLg(Z) < dp.
0<t<Tp

Moreover, for every integer k > 0 there exist constants Cy, qi > 0, independent of 09 and K,
such that

T
s IOl + | IAC Ol
0<t<T 0

(3.10) T
< <||hou%13@> [ I + Zt%nf D2 mesisy) dt)
for every T < Ty.

The proof of Theorem 3.1 is based on a fixed point argument in a carefully chosen function
space and to this aim we need two lemmas. In the first one we estimate the derivatives of the

nonlinear terms in (3.5).

Proposition 3.2. Let h and f be of class C*°(X). For every integer k > 1 there exist Cr>0
and py > 2 such that given My > 0 there is o9 > 0 with the property that if

1Pl sy < Mo and — |[B]lL2(m) < 00

then
1
/\Vk((A,V4h>)|2+]VkJ1!2+\Vsz\dez < 4/ VR d?
D) by
+ ék <1 + ||f||i’f>o(2) —I—/ ’Vk-l—Zf’Q d’H2>’
%

where A, Ji, and Jy are as in (3.5), (3.6), and (3.7).

Proof. Recall that A(z, h, Vh) vanishes at (z,0,0) and thus given € > 0 there exists 6 € (0,1)
such that if ||h|c1(s) < 6, then by Leibniz formula

k
IVE((A, VAR < e[ VEHRP + O T [V (A(x, b, VR) PV 0],
i=1

On the other hand, the assumptions on h together with standard interpolation imply that
Ih|lcr < d and ||h|ly2.4 < 1 when g is chosen small (depending on Mjy). It turns out to be
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convenient to set w := Vh. Since ||w||cc < 0 < 1, one may check that
k k
D VA2, h, V)P VEHTRRE < 0 T [ VR ?
i=1 i=1
+Cy > [VItw[? - [WImtq 2| VA3 2
=1 1<) <o m1 <

Jittim—1<t
m>2

k
<oy VTP ro > Viw]? - [V,
i=1 1<51 < <Gm <k+2
Jiteetim <k+3
m>2

Then by Hoélder’s inequality we obtain

k
/|vk(<A, VAR)) 2 dH? g/ (e[ VFBwl? + O T [VEH T w|?) dH?
b by

=1
+C Z V7w s - V7w G -
1<G1 < Sgm <h+2 g "
Fitotjm <k+3
m>2

Observe that for every [ = 1,...,m — 1, it holds by the interpolation Lemma 2.1
1-0,

o0 ?

j 0
V' wl|20e+5) < Cllwll s wl]
N

where 6; = kj—_ﬁg To treat the last derivative we use a different interpolation:

IV9m W] 2sn) < Cllaw| s I Va0l
Jm
2jm (k+2)

= ([2k+3)(k+3)
[wlloo, [[Vwll4 <1, we get

where 6,

— 2k1+3 < ]g—% (recall that 3 < j,, < k+ 3). Therefore, recalling that

k
/]Vk(<A,V4h))2dH2 g/ (e[ VFHRP + O IVFHR)?) di?
¥ )

i=1

m
+C > [T w2

1<) <L <h42 1=1
it im <k+3
m>2

Observe that for every choice of ji, ..., j, the sum of the corresponding 6; satisfies
0 < L o<1,
2 0<Y S
=1 =1

Therefore by Young’s inequality, by Remark 2.2, and recalling that ||w||s < 1, we conclude
from the above inequality that

(3.11) /|V’“(<A,V4h>)\2d7{2 < 210/ IVFHR12dH? + Cy.
P X
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Using again |[w[[oc <1, we have that

k
VEL| < CY |V 4 C > V7w ... |[VImw|.

i=1 1< < <gm <2+k
Jittim<3+k
m>2

Therefore, arguing exactly as above, we have
1 -
(3.12) / IVEI 2 dH? < / IVAH4R|2 dH? + Cy.
s 20 Jx

In order to control the derivatives of Jo we need a slightly different argument, because we
need to separate the terms involving f and h from each other. We recall (3.7) and begin by
estimating

IVE(Af + (A1, V1)) <CZ|V1+2f|+CZ Z Vit |Wim || VR ],
i=1 1<j1 < <jm <i

Jit+tim <t
m>1

Therefore, using interpolation as above

[ IvH A s R < C(Hfuio VR R)

+CZ > HHWwH22<z+k>||V’“+2 Zflb(m)

=1 1< < <gm <t =1

Ji++im<i
m>1

< c(nfuio + 7521 13)

k+2—1)
26( o(
+CZ > H\IwHHki’usll“ G HVMsz e HfH’”Q

i=1 1<j1 < <gm < 1=1
j1+"'+jm§i
m>1

where 0(j;) = J&Zﬁ;)lg. Observe that since ji; + -+ jm < 1

e , 24 k—1i 202+ k)2 —i
;(29(”)”( Z+2 )>5 [((2++3€)2 <2

Therefore, using Young’s inequality, we may conclude that

313) [ IVHAL + (AL TP @ < IV + (1 1712 + 95 1B).

— 20
A similar argument, whose details are left to the reader, shows that

1 -
[V 2,9 5) + (B (Ve V) HE < o IV + G (14 712 + 94 1B).
)

The conclusion then follows by combining this inequality with (3.11), (3.12), and (3.13). O

In the second lemma we “linearize” the terms J; and Js in the equation (3.5). The argument
is similar to the previous one and therefore we postpone its proof until the Appendix.
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Lemma 3.3. Let T € (0,1) and let hy, ho, f : X x (0,T) — R be smooth functions such that

sup 1R (- D)1 s / /|v5h 2 dH2dt < Mo,
0<t<
and
T
sup [17(+8) (s + / / VP2 dndt < Ko,
0<t<T 0 »

Then, there exists 8 € (0,1) with the following property: for any € > 0 there exist C =
C(e, Ko, Mp) > 0 and 6 = 6(g, Mo) > 0 such that if supo<i<p [[hi(-t)|l2(x) < 6, 7 = 1,2,
then

T T
[ [lmspara<e [ (9=t aaeeet® s -0l
0 b 0 >

0<t<T

where Jy, is defined as in (3.16).

Proof of Theorem 3.1. Given Ky, let us define the set S of functions in C*°(0, Tp; C*°(X))N
H'(0,Tp; H'(X)), which satisfy

To
G140 sup (b Ol < o0 and s [5G0y + [ I5C O Bn dt < Mo,
0<t<Tp 0<t<Tp 0
where the constants My and oo will be chosen later. We also define a subclass S’ C S of
functions which satisfy the additional requirement (3.10), where the constants Cj and g will
again be chosen later. The goal is to obtain a solution of (3.5) in &’ which is unique in S.
We begin by assuming that hg is smooth with ||ho| 35y < Ko and 2[|hol| 25y < 0. We

now define a map £ : § — C*°(0,Tp; C*°(X)) by setting .i”(h) := h, where h : ¥ x [0, o) — R
is the solution of

oh -

— = —A?h + Jp(x,t
(3.15) ot + Jnl@, 1)

h(-,0) = ho

and where we have set
(3.16) Jy(x,t) := (A(zx, h, Vh),VIh) + Ji (2, h, Vh,V>h,V3h) 4+ Jo(z, h, Vh,V*h,V f, V*f)

with A, Jl, J2 as in (35)
We note that the set S’ is nonempty when the constants Cy are chosen properly. To see
this consider the solution h of

O _ _ a2,
(3.17) ot
h(-,0) = hg.

By classical regularity estimates h is smooth and satisfies supg<;<; ||A(:, Oz < lhollr2 )
and

1
sup tk||h(-,t)||§{2k+3(2) ‘|‘/ tth('at)H%]?kJrS(z) dt < Cl,c ||h0”§{3(2)
0<t<1 0
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for all integers k > 0, and therefore h € S’ provided that we choose M sufficiently large. We

remark that in Steps 1 and 2 below we give an argument which can be applied to prove the
above estimate.

Step 1: In this step we prove that if 4 € S then h = Z(h) € S for a suitable choice of
Mo, o)y and To. B
To prove this we multiply (3.15) by A3h. Integrating by parts both sides we get
/ |V(AQ)[2dH? = / @A?’ﬁd?{? = /(A%— Jn)A3h dH?
ot 2 5 Ot >

- / (= IV(A2R)2 + (V] V(AZR))) dH2.
by
By Proposition 3.2 it follows that if og is sufficiently small then

/ IV(AR)|? dH? < —/ IV(A%R)|? dH? + / IV Jp|? dH?
ot 2 b))

< —/ ]V(AQh)\QdHQJr/ IVoh|? dH?
2)s 8 /s
3 -
+201<1+Hf\l%“oo(E)JrL!V?’f\ZdH?),

where o = p1 and C) are from the Proposition 3.2. Integrate this over (0,t) with ¢ < T,
where Ty will be chosen later, and get

(3.18)
/\V (AR(- 1) [> dH? - /|v (Aho)|? dH? + //yv (A%R)|? dH?ds

TO TO
< 4/ /]V5 ,2dH2dt+3C1/O (1+||f LOO(E)Jr/ |V3f(- |2d7-t2>dt

From this estimate, from the fact that h satisfies (3.14), f satisfies (3.8), ||ho|| g3(x) < Ko and
using Remark 2.5 (with a sufficiently small €) we obtain

(3.19)  sup ||h('>t)”H3+/0 1h( )% dt

0<t<Typ

- 4 -
<C sup ||h(-t)|| 2 + K§ + 5MO +4C1 ((To + ToK) + Ko).
0<t<Ty
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In order to estimate the L2-norm of h, we multiply the equation (3.15) by h. Recalling (3.16)
and using the H3-bound on h and the interpolation Lemma 2.1 we get

oh - . B
hdHQZ—/AthdH2+/thdH2
y Ot ) ¥

g/z(|AB[2+CnE2)d%2+n/EJ,3dH2
(3.20) < /E h? dH?
+ Cn/Z (L4 1+ [V2RP)|VER2 + V2R + (1 + V2R (VP + V2 £%)) aH?
< Cn/zﬁ2d7{2+017<1+ (Kl +/Z(|V5h|2+|V3f|2)dH2>,

for some C' > 0 depending on My and Kj. Integrating this over (0,¢) and using the fact that
h satisfies (3.14) and f satisfies (3.8) yield

1 [ - 1 j
/h(.,tﬁd%?_/h%d?-lzg()ﬂo sup |2 (-, 8)[|72(x)
2 /s 2 /s 0<t<Tp

+ C'?](To +TOKg + My + Ko).

Hence, recalling that ||ho| z2(x) < % we have

2
~ O‘ ~ ~
sup ||A(-,t)[|72 < -2 +2C,Ty sup ||h(-t)||32 +2Cn (TO + ToK2 + My + K0>.
0<t<T 4 0<t<Tp

From this inequality, choosing 1 and T sufficiently small (depending on My and Kj) we
conclude that
sup [|A(-,1)[|L2(s) < 00.
0<t<Tp

In turn, since op < 1, we may choose My sufficiently large (depending on Kj) and T smaller
if needed to deduce that from (3.19) that

- To
sup ROy + [ I de < Mo
0<t<Ty 0

This concludes the proof of the fact that h = .Z(h) satisfies (3.14) and thus belongs to S.

Step 2: Let us now prove that if h € &’ then h = Z(h) € S, i.e., it satisfies (3.10) with
h replaced by h. We begin by observing that the case & = 0 can be proven by a similar
argument as the one used in Step 1, by combining (3.18), (3.20) and replacing Ty by T < Tj.
We proceed by induction and assume that (3.10) holds for & — 1 and prove it for k. We
argue similarly as in the previous step and multiply the equation (3.15) by A2k+3], and after
integrating by parts the left-hand side (2k + 3)-times and the right-hand side (2k + 1)-times
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and using Proposition 3.2 with k replaced by 2k + 1 we get

8152\/ ‘v Ak+1h)’2 dHZ < _/ ‘v Ak+2h ’2 d/]_[? / |v2k+1J ‘2 dH2
< _/ |V(AF2h))2 dH? + /|v2’f+5h|2d%2

+ 2C~er+1< + ||f( )|p2k+1 /2 !V2k+3f|2 dH2>
From this estimate we obtain
gt(tk / V(AR])2 d’H2> < ktkl/ V(ARR)2 dH? — tk/ IV (AR27)[2 dH?
+ tk/ [V2F50|? dH? + 3Cop 41 t" (1 +FC O + / V2R p 2 d?-[2>
Integrating this inequality over (0,t) for t < T yields

~ T ~
sup tk/ yV(Ak+1h)12dH2+/ tk/ V(AR 2 a2t
b 0 b

0<t<T

T
Sk/ tkl/ ]V2k+3h\2d?{2dt

w (3 [ e s 1o I+ 9 Y
0 %
By using the fact that h satisfies (3.10) with k — 1, and h satisfies (3.10) we deduce

T ~
sup (VA Dy + [0 [ VAR i
0<t<T )

3 . To
< (kCr—1 + ZCk + 3Czk+1)</ (Hh0||H5 +3+3[f(, LOO(Z)) + E o) Fzins) dt)
0

when we choose g, > max{qr_1, part1}. Using the fact that supy<;<, Hh(-,t)HLz < 0¢ and
by Remark 2.5, we obtain the estimate (3.10) for h by choosing C}, large enough.

Step 3: In this step we prove that the map .Z introduced in the previous step is a
contraction with respect to a suitable norm, provided that oy and Tj are chosen sufficiently
small. o

To this aim, let hy,he € S and let hy,he € S be the corresponding solutions of (3.15).
Multiplying the equation satisfied by hi by AQ(}NZQ — }~11), subtracting and integrating by parts
we get

o3 [ 18Gat0) = () e
- /Z (A2 (s — ) (- 0)? M + / A2(y — ) () (i (- £) — Ty (1)) 2

1 ~ ~
s—2/|A2(h2—h1>< D dH? + /IJh2 ) = Ty () dHE,
%
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Fix € > 0 small. By choosing o smaller in (3.14) if needed, we may integrate the above
inequality over (0,t), with ¢ < Tp, and use Remark 2.5 and Lemma 3.3 to obtain

- - To - -
s ) = a (Ol + [ [ 19 = )P i
0 ¥

T T 2 7o 7 712 2

SCth(-,t)—hl(-,t)HLz(E)—FC/ /\hg—hl\ dH2dt
0 P
To
(3.21) +s/ /]V4(h2—h1)2d7-[2dt+CTg sup [|ha (-, t) — (- 8) |3
0 Y

0<t<Tp

< C sup |ho(-,t) — ﬁl('at)H%Q(E)
0<t<Tp

To
e / / V4 (s — )P dH2dt + CTY sup [ha(-,2) — b, 8)|agsy -
0 > 0<t<Typ

Next we have to estimate the first term on the right-hand side. To this aim we multiply
the equations satisfied by hy and ho by hs — hy, subtract and get

573 | Valet) = Fa P = [ (alect) = Fa(e ) G = ) ) a2
- /E (ha(es) — b () A2(hy — By ) (-, ) dH?
[ (Falect) = a0 o () = o (. 0)
/|A (hg — h1)(-, )2 dH? + /\hg 1) 2 dH?

/|Jh2 ) = T (1) dH2.

Integrating over (0,t), with ¢t < Ty, and using again Lemma 3.3 we get

/ [ha (e )= (-, 0)P dH? < Ty sup [[ha(-,t) = ha(,1)l|72
> 0<t<Tp

To
+s/ /|V4h1—V4h2|2dH2dt+CTg sup [[h1 (1) = ha (-, )| 325y
0 ) 0<t<Toy

from which it follows that

- - To
(3:22)  sup [[ha(-t) — ha( )12y <25/ /\V4h1—V4h2]2d’H2dt
0<t<To %

+2CTY sup |ha(t) = ha(, )| 72
0<t<Ty
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provided that Ty < 3. Combining (3.21) and (3.22), and taking ¢ small and Tj smaller if
needed, we deduce that

(323)  sup [[ha(t) = Bl t) 2 + / / V4 (hy — ) dH2adt
0<t<Typ 0 b

1 To
§2<SW>Ww@ﬂ—hNJW§@Vﬁ/ /wvﬂb—hﬂ2ﬂﬂﬁ>
0 ¥

0<t<Top

Step 4. (Conclusion) We may proceed with a standard argument, by recursively setting
hi = h, with h defined as in (3.17), and h,, := L(h,_1) and for every n > 2. From (3.23) we
have that there exists h such that h, — h in L>(0,Ty; H*(X)) N L?(0, Tp; H4(X)). Moreover,
from Step 1 and Step 2 we have also that h,, — h weakly in H. _(0,T; H*(X)) and that h
satisfies (3.9) and (3.10). Using these convergences one can easily pass to the limit in the
equations satisfied by the hy’s to conclude that h is a solution of (3.1). We remark that
the smoothness of A in time follows from the equation and from the regularity in space of h.
Note that the smoothness assumption on hg can be removed by a standard approximation
argument. Finally, the uniqueness follows from the same argument used to prove (3.23). O

4. SHORT TIME EXISTENCE FOR THE SURFACE DIFFUSION FLOW WITH ELASTICITY

Here we will prove the existence of the flow
(4.1) Vi = Aor,(Hp, — Q(E(ur,)))

where u, is the minimizer of the elastic energy, that is the solution to (2.12), with F replaced
bu Ft.

The most crucial point for the proof of the short time existence of (4.1), is to prove sharp
regularity estimates for ur up to the boundary OF in terms of regularity of dF. We prove
this in the theorem below.

Theorem 4.1. Let K > 0, a € (0,1), and let k > 3 be an integer. There exists Cy =
Ci(K) > 0 such that if h € H*(X) and F}, € b}f(E), defined as in (2.18), then

(4.2) IQ(E(ur,)) o 73,

h

ety < Cellllmecs) + D).

Moreover if hi, hy € H3(X) and Fy, € b3-(X) for i = 1,2, then there exists C = C(K) > 0
such that

(4.3) lurp,, TFE,}Z —UR, © WEhll Igsr2(sy < Clihe = hall sy

Proof. We begin by proving (4.2). By standard approximation argument we may assume that
h is smooth, which implies that ug, is smooth up to the boundary JFj,.
We consider a diffeomorphism ®;, : Q\ G — Q \ F}, such that
Pp(x) =z + h(m(x))v(r(z))

in NVt (G), where for any o > 0 VF(G) = {x € Q\G : dg < 0} is the one-sided neighborhood
of 3 . Note that we may construct @ such that ||®y — Il g\ + @, — Hgro\a) <
Cll| r(s)-



SURFACE ELASTIC FLOW IN 3D 25

Let us fix ¢ € ¥. There exists a smooth diffeomorphism ® from a neighborhood U of zg to
a ball Byg which straightens the boundary such that ®(UN(2\G)) = B = Bapn{zs > 0}.
Setting v = up, o @, 0® !t and h:=homo® ! v is a solution of a system of the form

(4.4) / A(x,h, Dh)Dv : Dpdz =0

Bin
for all ¢ € C™°(Bp;R?) vanishing on dBag N {z3 > 0}, where the tensor A is smooth.
In particular, by using the explicit definition of h and Lemma 7.1 it holds | Al| HA B S

C(k)(1 + [[hll g#(x)) for every k € N. Moreover, by using Korn’s inequality, one may check
that A is elliptic in the sense that

(4.5) /B

for all ¢ € C*(B,p;R?) vanishing on dBap N {z3 > 0}.
Let us fix k£ > 3 and a multi-index 8 = (f1, 82,0), with 81 + S2 = k — 1. By differentiating
the equation (4.4) in the S-directions we have

D2
+|s0|dx,

2R

A(z,h, Dh)Dy : Dpdx > C(]/

+
2R B

DP(A(z, h, Dh)Dv) : Do dz = 0.
B3n
Let n € C§°(Bar) be a standard cut-off function such that n =1 in B and 0 <7 < 1. By

<
choosing ¢ = DPvn? as a test function in (4.4) and by expanding the term D?((A(z, h, Dh)Dv)
by Leibniz formula we deduce

J

(A(z, h, Dh)DDPv) : DDPvn?dx < 2/ |A(z, h, Dh)||DD"v||Dn|n|D"v| dz
+

+
2R B2R

k—1
+OY [ DA DRJID* (DDAl + D%l Dr)
i=1 7 Bar

By the ellipticity condition (4.5) we have

62—0 |D(DPv)|?n? dx < co/ |D(DPvn)|? dz + Co/ |DPv|?|Dn)? dz
+ + +

BQR BQR B2R
< / (A(z, h, DR)D(DPvn)) : D(DPvn) dx + co/ |DPv|?| Dn|? dx
Bjg By
< / (A(z, h, Dh)DDPv) : DDPun? dz
B

+
2R
+c/ |DDPv||Dyn|DPv| + |Dv|*| Dn? da,
B3n
where in the last inequality we have used fact that ||h||c1.« < C, which in turn implies that

A(z, h, Dh) is bounded. Combining the previous estimates and using Young’s inequality we
obtain

k—1
(4.6) / |D(DPv) | de < C/ |Dk1v|2dx+CZ/ |D!A(z, h, DR)[*|D*~|? d.
A B;—R =1 B;—R

Br
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We denote w = Dh and estimate by Leibniz formula
k-1 k-1 k—1
> DAz, b, DR)PIDF P < CY T IDMP+CD> 0 > [Diwf - [ DI w]P D)
i=1 i=1 i=1 1<j1 <+ <jm <i
Jittim<i

m>1

Then by Holder’s inequality we get

k—1
i 7 7\12 k—i, |2 2
Z/ _ |D"A(, b, DR)PID* o2 da < Cllo[ 3 s s

+CZ Z D7 w3y - D7 w3y 1D 0] 31y O
J1

i=1 1<j1<-<jm<i gm h=is

J1+-- +]m<1
m

where all the norms in the last line are evaluated in B; - Note that if i = k — 1 then in the
last term it is understood that || D*~ Z’UH 1 = = |[Dv||p. Note that by standard Schauder

estimates the assumption ||k c1.a(x) < K 1mphes that || Dvl| o B S C. We use Lemma 2.1

to estimate

. 0 0
1D9 ] sy < Cllew] %2, [l 529 < O] 22,
Il

for 0(j;) := % By the same lemma we also have

D% 0] sy < Cllol I DU < Clloly
for 0 = . Since 0(j1) + -+ 0(jm) < 75,
have by Young s inequality

from (4.6) and from the previous estimate we

2(k—i—1)

[ D0 R e < ol +cz ol s, + Dol
R

k 2
<el DMl fapy ) + CIIUHHk 1ty T OAH Al

In order to control the remaining derivatives we use the equation (4.4) in the strong form

div(A(z, h, Dh)Dv) = 0.
Indeed, observe that we have estimated all the derivatives of the type D?(Dv), where § =
(81, B2,0), with 51 + B2 = k — 1. Using these estimates and differentiating the equation k — 2
times with respect to the horizontal directions and once in the vertical direction, we may
estimate D?(D,q,v) for all B = (B, B2,0), with 81 + B2 = k — 2, by using an interpolation
argument as before to control the lower order derivatives. Then we proceed by induction by
differentiating the equation k — 3 times with respect to the horizontal directions and twice in

the vertical direction, and so on, until we differentiate the equation k£ — 1 times only in the
vertical direction. As a result we obtain

/ DR di < DM ) + Cllolpcs g ) + OO+ [y
R

The previous estimate holds at every point on 9F},. Thus we may cover N, ;q (Fp), with oy < B,
by a finite union of balls and use the previous estimate in every ball of the covering. Precisely,
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we go back to the original map, set u = ug, o ®}, for simplicity, use Lemma 7.1 and conclude
that there are 0 < 01 < 03 such that

/m \Druf? do < og/N D udo + Cllulcs s+ OO+ [l s))

< 205/ |D*u)? da + C||uH 2N +C(1+ HhHHk(z )s
N,

2

where the last inequality follows from standard interpolation inequality. Choosing € small we
obtain

DUl de < 2/ IDRu de + Cllull2a s« + CL+ 7] 0 05n).
/N;l NE\W L2NG,) HH ()

By standard interior regularity it holds

/N;; Wi

Again by standard interpolation we have that

|D*ul* de < Cllup, | 7200, )

HUHHk(N;l) <C@+ HU||L2(N;1) + Al e (sy)-

By the minimality and by Poincaré inequality we have that [|ug, ||z2(0\r,) is bounded by the

boundary value wg. Using again Lemma 7.1 and the C! estimates on u r,» we have from the
above inequality that

|QUE(uE,)) 0 ®ill iy < COU+ [l zesy)-

From this inequality the first claim follows by the trace theorem.

As for the second part of the lemma, let ®; be a diffeomorphism constructed as above from
Q\ G to Q\ Fp,. Note that, since hy and hy are bounded in C1®, we may construct the ®;’s
in such a way that

[®2 — P1llg1a\g) < Cllhe — hllg(s)-

As before we fix xg € X and denote as before by ® the diffeomorphism that straightens .
Setting v; = up,, © ®, 0 d~! and h; = h; o m o &, we have that

/ A(z, hi, Dh;)Dv; : Dpdx =0
B+

for all ¢ € C°°(By;R?) vanishing on Bk M {x3 > 0}, where A is the same tensor as before.
Differentiating the equations in the xj-direction, j = 1,2, and subtracting the two resulting
equations we obtain

/+ A(z, hg, Dhy)D(Dj(vy — v1)) :Dpdx = /+ D;(A(z, ha, Dh2))D(va — v1) : Dpdx
B R B2
— /+ [A(.%, BQ,DBQ) — A(l‘,?Ll,DiLl)]DDj’Ul . Dgpdw
B

— N Dj [A(x, BQ’ DBQ) — A((I}, ?Ll, Dﬁl)]Dvl . Dtp dx.
Bir
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We choose ¢ = D;(va — v1)n? as a testfunction and get by arguing as before

I,

R

|D(Dj(va —v1))|? da < C/+ (14 [Dhg|?* + [D*hy[*)| Dvz — Doy |* do
BQR
+ c/+ (| = T | + |Dhs — DR |2 + |D%hs — D?hu[2)| Doy 2 da
B2R
+c/+ (ks — B2 + | Dha — Dha|?)| D20y 2 dar.
BQR

Recall first that as before || Dvy|[L < C. Moreover, we assume that ||h;|| gs(s;) < K and there-
fore by the proof of the first stament we conclude that |lv;|| ;s (B < C'. Using interpolation
we get ’

- - - 3 1
/+ |D?h1|?| Dvy — Do |* dz < | D*ha |74 || Dva — Dur[7a < Cllha[Fps o2 —vi ]| Fa lo2 — w15 -
B2R
Estimating the other terms similarly and using the equation to estimate Ds3(ve —v1), we get
for any € € (0,1)
3 1

200 _ V|2 T a2 o 72

/B; D% (v2 = v1)[" < Cllv = vill fo vz = 01l f ey + Clibz = hallga gy

Se/ |D2(v2—v1)|2+0/ |’02—U1‘2+0Hh2—h1”§{2(2).
Byp, Bjy

Using a simple covering argument as before, going back to the original functions and arguing
as above we get

2
1D (u,, © Phy = ur,, © Pry)ll2ny ) < Cllur, © Py —ur,, 0 Py llp2(ns ) + Cllhz = Il m2(m)-
Observe now that writing down the equations satisfied by « Fp, © ®j, in Q\ G and using as an
admissible test function ¢ = up, ©®p, — up,, © Pp,, one may check that
|D(up,, © ®hy — ur,, ©Pn,)l2@00) < Cll®1 — L2llm@\a) < Clih — hellgs).
The conclusion follows from this estimate and from the previous one by the Poincaré inequal-
ity. ]

Remark 4.2. Let hr, and up, for i = 1,2 be as in Theorem 4.1. The inequality at the end
of the proof of the lemma implies that

-1 -1
Hth2 CTME,, — Wy ©Th, HH1/2(E) < Cllhe — thHl(z)'

Moreover, if in addition to the assumptions of the second part of Theorem 4.1 we know also
that ||h;]|c1(x) is sufficiently small for ¢ = 1, 2, then the proof of the inequality (4.3) also gives
the estimate

I(Dur,,) 0w, — (Dup, ) o g, llz2s) < Cllhe = bl ags.-

Let us consider the smooth flow (F}),c (o) With initial set Fp, which is a solution of (3.1)
with smooth forcing term f : 3 x [0,7p) — R. Here Tj is the existence time provided by
Theorem 3.1. For every given time ¢t € (0,7p) we consider the elastic equilibrium w; in
Q\ F; defined in (2.12) and we use the regularity estimates from Theorem 4.1 to establish the
following lemma.
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Lemma 4.3. Let Ko > 1 be such that [|Q(E(ug))||r~rx) < Ko/4. There exist T > 0
and € > 0 with the following property: if ||holg3sy < Ko, and [|hollr2(xy < €, and f is a
smooth function satisfying (3.8) then the solution of (3.1), with initial datum hg, provided by
Theorem 3.1 exists for the time interval (0,T") and it holds

T
(4.7) s [ QE(w) o 7 (s + /0 1Q(E () o 15 sy dt < K.

Moreover, for every k € N there exists C;.(Ko) > 0 such that

kT kT
) B 1 .
(4.8) E /0 t|Q(E(w)) o 7TFt1”§{2i+3(z) dt < 5 <C]/€(KO) + E /0 t ”f(.7t)H2H2i+3(E) dt)-
=0 i=0

Proof. We begin by proving (4.7). Let us fix a € (0,1). Given dp > 0 to be chosen later and
taking € equal to the corresponding eg, let h(-,t) be the solution defined on (0, 7}), provided
by Theorem 3.1. Note that from (3.9) and (3.10) we have supy<;<, ||2(-,t)||gs < C(Ko) and
supg<i<y, |(- )|z < 0. In turn, by interpolation supg<;<g, [|A(,t)||cra < C8§ < 1 for
some 6 € (0,1). Recall also that by choosing € small we can make &y as small as we wish. By
standard elliptic estimates we have that

sup ||uto7rF —ugllgra(zy < w(do),
0<t<Top

and w(dg) — 0 as dgp — 0. In turn, we conclude that for every t € (0,7p) it holds

Ky

IQ(E(ur)) o 77} Iz < Q(E(ur) = Q(BE(ug)) o w2 + |Q(E(ug)) o 1y [z < 3

provided € (and thus &) is small enough.
Concerning the second term on the left-hand side of (4.7), we have by a well-known inter-
polation result and by (4.2) for k = 5 from Theorem 4.1

/ QU)o s
<cf Q) - T2 o QB ) o 7 3
<0 [+ Il K3
/0 0Oy e + Cy KT

T
< (K3 + [ 0 GOy + 1Ol ) + Gl T
<nC (K +T+TKP + Ko) + C, K T

where the second last inequality follows from (3.10). The inequality (4.7) follows by choosing
n and T' < Ty sufficiently small.
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The inequality (4.8) follows by a similar argument. For all i = 1,...,k we have again by
interpolation and by (4.2) that

T
/0 B QUE(ue) oz, gaivas dt
T
i — -1 0)

S C/Q t HQ(E(Ut)) OT‘-Ft ’HQLJF?(E ”Q( ( )) OT‘-F ”Loo Z) dt
T

< / E 1+ A, )| 2ars) K2
0

T
< / E A ) 2ss dt + Coy K3 T
0

The conclusion then follows by estimating the last integral by means of (3.10) and choosing
n sufficiently small and Cj (Kj) sufficiently large. O

Theorem 4.4. Let Ko > 1 be such that ||Q(E(ug))|[z~x) < Ko/4 and fix 6o > 0. There
exist T € (0,1) and &1 € (0,1) with the following property: if Fy € b (), defined in (2.18),
with [|ho|lr2(sy < €1 then there exists a unique solution h to (4.1) in HY 0, T; HY(Z)) N
L*°(0,T; H3(X)). Moreover, the solution belongs to HL (0,T; H¥(X)) for every k > 1 and it
holds

(4.9) sup ||A(-,?)|z2(x) < do
0<t<T
and
k r k
(4.10) sup ¢ ||h('at)‘|?'—]2k+3(2)+/ t Hh('at)”%(%%(z) dt < C(k, Ko).
0<t<T 0

Proof. We divide the proof into three steps.

Step 1. Let Koy, T be as in Lemma 4.3. Let S be the set of functions in C*°(0,T; C* (X))
that satisfy

T
sup 17 Ollecsy + [ IO dt < Ko
0<t<T 0

and

k T
S [ @I ) i < Clo)
1=0

for every k € N, where C} (Ky) are the constants from (4.8). We define a map £ : S — S as
L)1) == —Q(E(up)) o W;tl for all t € (0,T"), where F; is the solution of (3.1) with initial
datum hg and forcing term f, and where u; stands for up,, that is for the elastic equilibrium
in Q\ F;. Lemma 4.3 implies that the map .2 : § — S is well defined, provided that ¢; < &.
Note also that § is clearly nonempty as the zero function belongs to S.

We will show that .Z : S — S is a contraction with respect to a suitable norm.

Step 2. Fix p € (0,1). Let f; and f2 be two smooth functions in S and let h; and hgy be the
corresponding solutions of (3.5) with intial datum hg. The goal in this step is to show that it
holds

(4.11) / /h2 d?-[zdt<u/ /f2 L 0)2dHdt,
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by possibly decreasing the time T'. We recall that by Theorem 3.1 we have that

sup [[h(-,t)|z2s) <do  and sup |[h(-, )| m3(z) < C(Ko),
0<t<T 0<t<T

provided that e; < 9. By interpolation these imply that supg<,<yp [|h(,?)[c1.em) < Csf <
1 for some 6 € (0,1). In turn, by standard Schauder estimates the corresponding elastic
equilibria in Fj,(. ;) are uniformly bounded in CH® up to the boundary, i.e., SUPg<¢<T |lug o
ﬂ}tchl,a(z) < C. We will use these facts repeatedly in the proof.

We denote by Fy; the set related to h;(-,t) with 0F;; = {z + hi(z,t)v(z) : ¢ € ¥}. We
multiply (3.1) for i = 1,2 by ((he —h1) om)((Jiom)vg,, - (vo ﬂ'))il, where J; stands for the
tangential Jacobian on ¥ of the map « — x + h;(x)v(x) and 7 for the projection on 3. We
then get

, (i —hg)om . o
/6Ft,i(athl( ,t)om) Ton dH

= - Aapm [Hapt,i + fi(,t) o F)]((hg —hy)o 7r) ((JZ o 7T)I/Fw. “(vo 71'))71 dH?.

Recall that, denoting by 0 h; and 0., h; the tangential derivatives of h; in the directions of
the principal curvatures, we have

Ji = /(1 + hik1)2(1 + hika)2 + (1 + hik1)2(0r, hi)? + (1 + hike)?(0rhi)2,

where k1, ko are the principal curvatures of X. Therefore we have by the formula for the outer
normal (3.2) that
_ 1

1
(o, - (vom) " = iy T kg © 7 = RO R e

By integrating by parts we get

/ (Othi(-, 1) OW)M dH?
OF,.; Jiom

N /8 (HaFt,i + fl(’ t) © W)AﬁFm‘[(hl - h2) o WR(" hl) © 7T] dHZ
Fy s

Rewriting the integrals above on ¥ and subtracting, we have

10 2 1,2

= / (JgHaFL2 ow}tlz —JJ1HyF, , ow;tll +Jafa— Jlfl)AaFt,Q [(ha —h1)omR(-, ha) o] 0771;32 dH?
. : , ,

+ / J1(Harp,, © W}tll + fl)(Aapm[(hg — hi)omR(-,hg) o] o 77;32
- : ,

— Nop, 1 [(ha — 1) o TR(-, hy) o] oy ) dH>.

,1

We recall (3.3) and (3.4), where the coefficients A, A; and As vanish as (h, Vh) = 0. We
recall also that ||h;(-,t)||c1.e is small uniformly in time and that f; are uniformly bounded
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with respect to time. After straighforward calculations we have

19

20t

+c/<1+ V2] + [92ha|)([hs — ha| + [V (ha — ha)])-
>

1
(hy — hy)? dH + 2/ |A(hg — hy)|? dH? < 5/ IV2(hg — h1)|* dH?
% % %

“(Jha — ha| + |V (ha = h)| + |V?(ha — ha)|) dH?

+ C/ 1fo = fil (L + [V2ha| + [V2ha|)(Jha — ha| + |V (ha — h1)]) + [VP(ha — h1)|) dH?
D
+ C/ (14 |V2h1|? + |V2ho|?)(|hg — h1|* 4 |V (he — hy)|?) dH? =: RHS.
by
Using Young’s Inequality we obtain

RHS < 5/ |V2(hg — hy)|? dH?
b

+ c/ (14 |V2h1|? + |V2ho|*)(|he — h1|* 4 |V (ho — hy)|?) dH? + C/ |fo — f1? dH2.
> >

Observe now that by interpolation, by controlling the second derivatives of h; with the
H3-norms, and using the fact that ||h(-,t)|| s is bounded uniformly with respect to time we
have

/(1 + [V2hi|? + |V2ho|?)(|he — hi|* + |V (kg — h1)|?) dH?
>

3 1
< C(L+[[V2half7a + 1V2hal[7) |he = halffia < Cllhe = hal 7 llh2 — Ml
From the previous inequalities we get

18/(h2—h1)2d7-£2 < —1/ ]A(hg—h1)|2d7-£2+€/ |V2(hy — h)|* dH>

e /E (9 (hs = ha)? + (hs — ha)? + (fa — f1)2) dH2.

Using now Remark 2.5 we in turn obtain

10

1
551 / (hy — h1)? dH?* + 4/ (V2(hg — h1)|? dH? < C/ (lha — hi|> + (f2 — f1)?) dH>.
Y b

Integrating this with respect to time over (0,t), with ¢t € (0,7), we have
(4.12) /(hg(-,t) —h1(- 1) dH? + / / IV2(ha(-,s) — hi(-,s))|* dH?ds
)
t
<C [ [ haless) = haCs) P+ (leos) = fules)?) b,
0Js

Integrating the above inequality with respect to time over (0,7") we obtain (4.11) when T is
sufficiently small.

Step 3. Here we finally prove that the map .Z : § — § is a contraction with respect to the
L?(0,T; L?(X))-norm. To be more precise, let f; and fa be two functions in S and hy and hs
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the corresponding solutions of (3.1). For simplicity we denote the elastic equilibrium for Fj,
as ui(,t) == up,,;, for i = 1,2. Then Z(f;) = —Q(E(u;)) o w;tli and our goal is to show
(4.13)

T

[ 1QE a0 077, ~ QU0 o7 eyt < 5 [ 10,00 = 5Dyt

Let us fix t € (0,7"). We begin by proving

(4.14)
1Q(E(ua(- 1)) o 75, — QUE(ur (1)) o 5 12
< OV (ua(-,t) 0 m5) = Vi () o 75 2
+ el V2 (ha( 1) = ha (- 0) 3y + Cllha(8) = i 8) i)

To shorten the notation we denote U; := Du; o 77}1 , Vi = VF,,; O w}l and h; = h;(-,t) for
i = 1,2. Recall that Q(E(u;(-,t))) o 7TF = 1CU; : U;. We may thus write

_ _ 1
IQ(E(uz(- 1) o 75}, = QUE(ur (1)) o 1) [l 2(s) = SICW2 +U1) = (U2 = Un)l 22 (9)-
We estimate this simply as

IC(Uz + Uh) : (Ua = Ur)|l2(sy SIC(U2 4 Uh) : (U2 = U1)(T = v @0)) |l r2(x)

(4.15)
+[|C(U2 + Uy) : (U2 = Uh) (v @) |l12(s)

Note that by the second condition in (2.12) it holds CU;[v;] = CE(u;) o W;tli [vi] = 0 on X.
We use this equality to estimate the last term in (4.15) by

IC@2+Th) : (U2 = Un) (v @)l 2(x)

<|CU2+U1): (U2 =TUh) (v (v — V2)))HL2(2) +[ICU : (U2 = Uh) (v @ 19)) [l L2 (s

= |C(Us + Uy) : (U = U1) (v @ (v = v2))) [l 12¢s5) + ICUL = (U2 = U1) (v @ (v — 1))l 125
Using the expression (3. 2) for the normal v and the uniform C1*bound for h; we deduce
that || — vel[feo(s) < C6§ and vy — vilr2izy < Cllhe — hil|g1(s). Moreover, by the Cchoe

bound for u; we have that ||U;||z < C and by the second 1nequahty in Remark 4.2 it holds
Uz = Uil r2(s) < Cllh2 — hi| g2(x)- Therefore we may estimate the above inequality as

IC(U2 4 Uh) : (Ua = U1)(v @) 125y < €llha — hallgzesy + Cllhe — hall (s
Thus we deduce by (4.15) that

IC(Uz 4+ U1) : (Ua = Ur)|l12s) S IC(U2 + Uh) = (U2 = Un)( — v @v)) [l 12(s)
+éellh2 = b1l g2(sy + Cllha — hall g1 (s
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The inequality (4.14) then follows from (2.10) as
IC(Uz+ Un) : (U2 = U)(I —v @)z
H (U +Uh) : ((DU2( ) o, = Dui(t) omp! J(I = v @ 1))l 2(x)
C|ll[(Dua(-,t) o 7TF — Duy(-,t) 0 WE:J) ”L2(E)
Cl [(Du2('7 t)o WFt’Q)DW}_«},g — (Dui(+t) o WF )DWFt 1] HL2(E)
Ol (Dual.) o 5D, = Dzl s
+C|l [(Dug(-,t) o W;}J — Duy(-,t) o 7TF (I — Dwgzll)] lz2(s)
< ClIV(ua(t) omg),) = V(wr (1) o w2y + Cllhe = halla sy + ellhe — bl m2es)

where in the last inequality we used the second estimate in Remark 4.2 and the fact that the
C'-norm of hj is small.
We proceed by using (4.14) and interpolation to deduce

IQ(E(us(-,1))) o 75, — Q(E(ui(-,1))) 0 Wﬁtll z2(x)
< OV (ua(-,t)omg,) = V(ur(-,t)omp, 1)”2 )HV(UQ('J)OWE:,Z) - V(ul(wt)o”ﬁl,l)H%
+ellhe — hallg2(z) + Cllha(-t) — ha(:, )HHl(E)

By the estimate (4.3) in Theorem 4.1 we have
19 us(,8) 0 75) = Vit (- 8) o i)

| aim)
< Jlua,8) o ), — w1 (- t) o i sy < Clliat) — b8l
Moreover by using the well-known inequality HVgHHi 1o < gHH2 = and Remark 4.2 we

have

IV (e t) o mg,) = Vw8 o gt g g
< Cllus( ) ompl, = w5t o ! g o < Cllha () = B 8) L.

Collecting the previous three inequalities, using standard interpolation

Iho( ) = ma (o)l sy < Cllha(,t) = b (5 )l 3 e (1) = ()| s

and by Young’s inequality we obtain

IQ(E(ua(-, 1)) o 7!, = QE(ur (1)) 0wy} [I72
< 26|V (ha(-5) = ha( )17 + Cellha(,t) = ha (1) 2.
Integrating the previous inequality over (0,7") and using (4.11) and (4.12), we obtain

T
| 1@ ) 0w, = QU 1)) o
< ((C.+ 0 + =€) /0 1f2(r5) = Fa(-, )25 dAds

1 T
< 2/0 [ f2(,8) = fi(-,8) |32 dH'ds,
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provided that € and then p are chosen sufficiently small. This proves (4.13) and we conclude
that .2 : & — S is a contraction with respect to the L?(0, T; L?(%))-norm.

Step 4. (Conclusion) We may proceed with a standard argument, by recursively setting
f1 =0, fn:= L(fn-1) and for every n > 1 letting h,, be the solution to (3.1) with f replaced
by fn. From Step 2 and Step 3 we have that there exist f and h such that f, — f and h, — h
in L?(0,T; L?(X)). Moreover, using (4.8) and (3.10), we conclude easily that for every n > 1
the functions h, satisfy (4.9) and (4.10) for every k € N, with constants depending only
on k and Ky. Thus, we have that h, — h weakly in H'(0,T; H(X)) N L>=(0,T; H3(X)).
Moreover using the equation satisfied by h, and (3.10) we also have that d;h,, is bounded in
L? (0,T; H*(X)) for every k € N. Therefore we have that h,, — h weakly in H} (0,T; H*(X))

loc loc
and thus strongly in L2 (0,7; H*(X)) and that h satisfies (4.9) and (4.10). Using these
convergences one can easily pass to the limit in the equations satisfied by the h,,’s to conclude
that h is a solution of (4.1). The uniqueness follows from the same argument used in Step 2
and Step 3.

O

5. ASYMPTOTIC STABILITY

In this section we study the flow when the initial set is close to a smooth strictly stable
stationary set GG, which will be our reference set, i.e., we set 3 = 9G. Throughout this section
we denote

Ry = Hp, — Q(E(ur,)).

Moreover, in what follows we shall drop the subscript OF; (and similar) in all the covariant
differential operators, when no danger of confusion arises. Here is the main result.

Theorem 5.1. Let G CC QQ be a regular strictly stable stationary set in the sense of Defini-
tion 2.11. There exists § > 0 such that if Fy € h3(3), then the unique solution (Fy)i>o of the
flow (4.1) with intial datum Fy is defined for all times t > 0.

Moreover Fy — Fo, exponentially fast, where Fy, is the unique stationary set near G such
that |Faoi| = |Fos| for i = 1,...,m. In particular, if |Fo;| = |G;| fori = 1,...,m, then
Fy, — G exponentially fast. Here G; denote the open bounded sets enclosed by the components
Ici,....Tam of 0G, F; and Fy; are diffeomorphic to G;, and 0Fy; and OF; are the
components of OFy and 0Fy respectively.

Remark 5.2. By exponential convergence of Fy to Fix we mean precisely the following:
writing 0F; := {z + h(z,t)vp (x) : © € OFx}, we have that for every k € N there exists
¢ > 0 and Cy > 1 such that

I1A(, D)l or(or.) < Cre™ ™"
for t > 1.

The proof of stability is based on the following energy identity.

Proposition 5.3. Let (Fy)cjo,) be the solution of (4.1) provided by Theorem 4.4. Then the
function

ts |V Ry|? dH?
OF
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is absolutely continuous and for almost every t € (0,T) we have the following energy identity
d

(5.1) — (/ \VRth#) = 20T (F,)[ARy]
dt \ Jor,

-2 / Br,[VR:, VRy] (AR;) dH? + Hp,|VRy|? (ARy) dH?,
8Ft aFt

where 0> (Fy) is defined as in (2.21).

The proof of the proposition is similar to [24, Proposition 4.3] (see also [1, Lemma 4.4])
and therefore we shift it to the appendix.

In order to control the two last terms in (5.1) we need the following interpolation result
on the evolving boundaries. The proof of the next lemma is precisely the same as [1, Lemma
4.7] and therefore we omit it.

Lemma 5.4. If F' C U is such that OF = {x + hp(z)v(z) : © € X} with [|hr|lcrex) < M,
then for every smooth function f € C*(OF) it holds

/8F |Br||Vf*|Af|dH? < C (1 + HHFH%/G(BFO IVAfIZ20m) IV fll 220 -
The constant C depends only on M and 3.
We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. For any set F € h3(2) consider

D(F) := / dist (z, X)) dx
FAG
and note that
1

(5.2) 5HhF||%2(aG) < D(F) < Ollhel2200
for a constant depending only on G. Moreover, we define

Rp = Hp — Q(E(ur))
which is defined on OF.

Step 1.(Preliminary estimates) In this step we show that if F € h3(X) and lhrllcisy <6
for § sufficiently small, then it holds

(5. & el fly < D)+ [ [VRRE 0 < C e,

for 6 € (0,1) and for constant C' > 1.
We begin by proving the first inequality. We use interpolation, (4.2) and the second in-
equality in Remark 4.2 to deduce that

I9(QUEwr)) o 7t — QUE(ue))) |2y

< ClQ(E@E)) o 7' = QUEE)) o 77 |y L Q(E(ur)) o 75" — QB3
(5.4) < (C+IQUEE)) o T [passcs >||<DuF>o7rF ~ (Duc)| 12l

< (C + s ) 1r el

< Cllh i,
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for 0" € (0,1). Since G is a stationary set it holds VRg = 0 on X. Therefore we conclude by
the above inequality that

|V (Hponp'—He) ||%2(8F)
gzéjvuuwﬂpwﬁdﬂf+mv«mEum»owF*—Quuwﬁ»ﬁam

<2C [ |VRp?dH? + Cllhe 250
oF

We use (2.6), (3.3) and the fact that ||hp||c1(s) < 6 to deduce with straightforward calculations
1he sy < CIV(HE o 15t — He)[ 725y + Cllbrll7zs)-

Therefore, from the two previous inequalities and by interpolation we obtain that
eIy < C [ 19RRR a2+ Clbelfe + Clhrly
<C [ [VReP a2+ el + Cle
oF

for a suitable #” € (0,1). The first inequality in (5.3) then follows from the previous
the previous estimate and from (5.2), recalling that since ||hr|gszy < 1 we have also
IVRE| r20r) < C.

To prove the second inequality in (5.3) we argue similarly as above and use (3.3) to conclude
that

IV(Hpomp' — Ha)l 72y < Cllhrlfss)
Moreover by (5.4) we have that
IV(QE(ur)) o 7' = Q(E(ue)))llzas) < C llhrll sy,

for 0" € (0,1). Therefore since G is a critical set we obtain
/ |VRp|?dH? < 0/ IV(Rp ot — Rg)|> dH?
oF by

< c/ V(Hp oyt — HG)PdH? +c/ V(Q(E(ur)) o 15! — Q(E(uc))) P dH?2
<CHhF”H3 +CHhF||H2 <C||hF||H3

Hence, we have (5.3).

Step 2.(Global existence) Let us assume that the initial set Fy is in b3 () with § < &1, where
g1 € (0,1) is the constant provided by Theorem 4.4 corresponding to the choice §p = 1,
Ko = max{2,5||Q(E(uc))l|Le(xy}. Then the flow (Fy)icpor) starting from Fy which is a
solution of (4.1) exists for a time interval (0,7"), with 7" bounded from below by a positive
constant which depends only G. Let ¢ > 0 be a small number which will be chosen later.
Note that by (5.3) and by continuity we have

(5.5) D(F;) + /BF IVR? dH? < C||h(- )| fs () < O < o
t
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for some time interval (0,7"), where the last inequality holds provided that § is small enough.
Note that by (5.3) it follows that

(5.6) 1A( O a3 sy < Co? < min{e;, 01} for every t € (0,7")

when ¢ is small enough, where o7 is the constant provided by Proposition 2.13. In particular,
we conclude from Theorem 4.4 that as long as the flow (F}).c(o 1) satisfies (5.5) it is well
defined. In other words, if (0,7*) is the maximal time of existence and if it satisfies (5.5) for
every t € (0,7*), then T* = o0, i.e., the flow exists for all times.

Let us denote by [0,7”) the maximal time interval where the flow satisfies (5.5). We claim
that if ||ho|| s () < & for 6 small enough, then the flow satisfies (5.5) for every t € (0,7™) and
thus 7% =T" = 00 .

We start by recalling that by Lemma 2.12 and (5.6), since 01 < 0, we have

92T (F)[AR,] > %\\AR,:\\%l(aFt) for every ¢ € (0,T).

Thus, from the energy identity (5.1), using also Lemma 5.4 and again (5.5), we may estimate

(5.7)

d
VR aH? < —202 T (F)[AR] + C / |Bp ||V Ril? |AR,| 2
dt Jor, OF,

IN

—co| AR om) + C L+ 1HE 7005, IV AR 205 IV Rell 208
< —col| ARG (o5, + CVO VAR 205,

co
5 IAR 31 o)

IN

where the last inequality holds by taking o smaller if needed.
Next we show that

(5.8) IV Rl 120, < CIAR| 1208,

for some constant which depends on Y. Let us fix a component of 0F; and denote it by I';.
Since F; is diffeomorphic to G we denote the component of ¥ diffeomorphic to I'y by I'. Since
I" is smooth, compact and connected Riemannian manifold we conclude by [5, Theorem 3.67]
that the Poincaré inequality holds on T, i.e., for every ¢ € C*°(I') with [, ¢ dH? = 0 it holds

lellzz@y < ClIVel L2
Therefore since I'y = ®(T") with &,(z) = = + h(x,t)v(z) and ||h(-,t)||c1.« < C the Poincaré
inequality holds also on I';. In particular, we have

IR: — Rillr2r,) < ClIVR:| 121y,

where R; denotes the average of R; on I'; and the constant depends on ¥. Then by integration
by parts we get

IVR:|? dH?* = —/ (R; — Ry)AR; dH?
Iy

<Rt — Rell 2y IAR: | r2(ry) < CIIV R 20y |AR | 22(r,)-

Iy

We obtain (5.8) by repeating the above argument for every component of OF;.
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By (5.7) and (5.8) we conclude that
d

/ |VR|? dH? < —c/ IV R |? dH>
dt Jor, OF;

for every t € (0,7"). Integrating this over (0,t), using (5.3) and [|ho||g3(x) < 0 yield
(5.9) / IVR|? dH? < Ce 6.
OF;

On the other hand by differentiating D(F}) with respect to time and using the same calcula-
tions as in [24, Lemma 3.3] we get
d

—D(F;) = / dg ARy dH? = — / (Vdg, VRy) dH?
dt OF, OF,

1/2
< H2(OF,)'/? (/ \VRt|2d”H2) < Cem 5153,
oF;

Integrating this over (0,1), using (5.2) and [|ho||g3(x) < ¢ yield

(5.10) D(Fy) < D(Fy) + Ce™ 5155 < 062 + Ce™ 5153 < o
when § is chosen small enough. Hence, we have that (5.5) holds for the whole life span of the

flow (0,7*) and by the previous discussion this implies that 7% = co.

Step 3.(Convergence) Combining (5.3) and (5.5) we have that sup;~ [|h(-, )|/ g3(x) < Co?.
Therefore there exists a subsequence such that
h(-tm) = hoo(:)  in H*(X).

We denote the target set by Fi, i.e., 0Fs = {x + hoo(z)v(z) : x € £}. By (5.9) we deduce
that VRp_ =0, i.e., F is a stationary set. We will show that F; — F exponentially fast.
To this aim we define

D (F) := / dist (z, Fio) dx.
FAF

Repeating the calculations leading to (5.10) we get

d 1/2 .
‘%Dw(ﬂ)‘ :‘ dr. AR, d?—ﬂ’ < H2(OF,)/? </ |VRt|2dH2) < Ce 5153,

8Ft aFt

where the last inequality follows from (5.9). This implies that lim;_, Do (F}) exists and the
choice of F, implies that Do (F;) — 0. Therefore integrating the above inequality over (¢, c0)
we get

Doo(Fy) < Ce 5165
for every t > 0. We change the reference set from ¥ = 9G to 0F, and write 0F; =
{x 4 h(z,t)vp,_(z) : © € DFy}. Then by inequality (5.2), with G replaced by dF,, and by
the above inequality we have

2 _cp b
(-, )l L2(or,) < Ce™ 144,

Moreover, since || (-, )|/ g3(x) < Co? for all t > 0 then also ||iL(-,t)HH3(3FOO) < Cforallt > 0.

By Theorem 4.4 we conclude that ||ﬁ(~,t)]\H2k+3(3Fm) < C(k,o) for all ¢ > 1 and for every
k € N. Thus we deduce by interpolation that

Hil(';t)HCk(aFw) < Cpe™ ! for all t > 1
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for some constants ¢ > 0 and C} > 1 depending on k and K.

To conclude the proof, for every t € [0,4o00| denote by (I'r, ;)i=1,..m the connected com-
ponents of 0F;, numbered according to (2.19). Denote also by F;; the bounded open set
enclosed by I'r, ; and recall that the flow preserves the volume of each F};. Indeed,

d
7’Ft+5,i||5:0 = / %d?‘[z = ARt dH2 - 0
ds Tr, i Try i

Thus, recalling (5.6) and Proposition 2.13, we may conclude that Fi, is the unique stationary
set in h3 (G) such that [Fi ;| = |Fo,| for i =1,...,m.
O

6. EVOLUTION OF EPITAXIALLY STRAINED ELASTIC FILMS

In this section we briefly describe how our main results read in the context of evolving
periodic graphs.

In this framework, given a (sufficiently regular) non-negative function h : R? — [0, +00),
1-periodic with respect to both variables x1, x2, the free energy associated with it reads

(6.1) J(h) := ; Q(E(un)) dz +H*(Th),

where © = (21,79, 73) € R?, '), ), denote the graph and the subgraph of h, respectively,
over the periodic cell, i.e.,
Q= {(x1,29,23) € (0,1)2 xR : 0 < 3 < h(z,22)},
T, := {(z1,22,23) € (0,1)* x R : x3 = h(zy,22)},
and wuy, is the elastic equilibrium in €2, namely the solution of the elliptic system
div CE(up) =0 in Qp,
(6.2) CE(up)[va,] =0 on T},
Dup(-,z3) is 1-periodic,
u(x1,x2,0) = eg(x1,22,0),

for a suitable fixed constant ey # 0. The above energy relates to a variational model for
epitaxial growth, see the introduction. Precisely, the graph I'j, describes the (free) profile
of the elastic film, which occupies the region €25 and is grown on a (rigid) and much thicker
substrate, while the mismatch strain constant eg appearing in the Dirichlet condition for uj, at
the interface {z1 = 0} between film and substrate measures the mismatch between the char-
acteristic atomic distances in the lattices of the two materials. In this framework, the (local)
minimizers of (6.1) under an area constraint on 2, describe the equilibrium configurations of
epitaxially strained elastic films, see [21, 22, 23, 25] and the references therein.

In the context of periodic graphs, given an initial 1-periodic profile hg € H, 130 C(Rz) (in short
ho € H3..((0,1)?)), we look for a local-in-time solution h(-,t) of the following problem:

J%ath =Ar, (Hi+ Q(E(u))) onTyand for all ¢ € (0,T),
(6.3) h(-,t) is 1-periodic for all t € (0,7),
h('a 0) = ho 3

where J; := \/1+ |Dh(-,t)|?, us stands for the solution of (6.2), with Qj, in place of Qp,
we wrote I'; instead of I'y,, and H; denotes the mean curvature of I';. Note that in the first
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equation of (6.3) we have +Q(E(u¢)) instead of —Q(FE(u¢)). This is due to the fact that in
(6.1) the vector vg, now points outwards with respect to the elastic body.

Although the setting is a bit different from that of the previous sections, the short-time
existence theory of Section 4 clearly extends also to the present situation, with the same
arguments. In this way we improve upon the results of [23] at least in the case of isotropic
surface energy density.

Also the stability analysis of Section 5 applies without any essential changes, thus showing
that strictly stable stationary 1-periodic configurations are exponentially stable in the sense
of Theorem 5.1.

A particular class of critical configurations to which our stability theorem applies are the
flat configurations, that is, in the case of constants profiles h = d, provided that d > 0 is
sufficiently small. Indeed in [9, Proposition 7.3] it is shown that if d is sufficiently small then
the flat configuration h = d is strictly stable for the functional J. Therefore, we may state
the following theorem.

Theorem 6.1. There exists dy > 0 with the following property: Let d € (0,dy). Then, there
exists & > 0 such that if

||h0 - d||H3((0,1)2) < 6 and / h() dx = d,
(0,1)2

then the unique solution h(-,t) of (6.3) exists for all t > 0 and for every integer k > 1 we
have

|h(-,t) — d”C’“([OJP) < Cpe~ vt forallt >1

and for suitable positive constants Cl, ci.

7. APPENDIX: TECHNICAL LEMMAS

In this appendix we collect a few technical results and we give the proof of Lemma 3.3 and
of Proposition 5.3.

Lemma 7.1. Let ¥ be an m-dimensional smooth compact manifold in R™ and let k > 1.
If f. g € HNZ) N LX), then fg € H*(E) and ||fgllprsy < Cflarwllgllies) +
19l x syl fllzoesy) . Moreover, if A € C®(R) then A(f) € H*(X) and [|A(f)||grs) <
C(1+ [|fllgr(x)) where the constant depends on A and on | f|| Lo (x)-

Finally, if U C R™ is an open set ® : U — ®(U) C X is a diffeomorphism of class H*NC?,
\]T ﬁ 1,)and f e HN@(U) N CHD(T)), then ||f o @] gk < CUIDflloos IDPlloo) (Il v +
S| gx).

Proof. The first two statements of the lemma are classical, see for instance [43, Proposi-
tions 3.7 and 3.9]. The third one can be proven by an induction argument from the first
one. .

We now prove Lemma 3.3.

Proof of Lemma 3.3. First, recall (3.16) and observe that from the assumption on h; we have
supg<i<r [[Ri (-, 1) [[cram) < C6? for a suitable C' > 0 and ¢’ € (0,1). We begin by estimating
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fore >0
T
/ /|<A($ah2,Vh2)7V4h2> — (A(x, b1, Vi), V) [? dH?dt
0 b
T
< 2/ / |A(x, ho, Vho)|?|Vihe — VAR |2 dH2dt
0 ¥
T
(7.1) +2/ / \V4hi|?|A(z, ha, Vhg) — A(x, hy, Vhy)|?> dH?dt
0 Y

T
< 5/ / |VAhy — VAh | dHdt
0 P

T
+ C/ / (V41| (Jha — hi|* + |Vhg — Vhy|?) dH?dt.
0 Y

To estimate the last term, we use the Sobolev inequality and the interpolation Lemma 2.1,
and have

T
/ / |V4ha|?(Jha — hi|* + |Vhg — Vhy|?) dH?dt
0 b
T
<c / V(s 8) — oy (o 8) B a1V B, )2
0

T 5 1
(72) < C sup |lha(t) — b 0)]1%e / 1o, )15 [ VAo ) o
0<t<T 0

! T %
< C55 sup [|ha(t) — (-, D|%aT5 ( / Iha (DI dt)
0<t<T 0
< C(MO)Té sup |lha(-,t) — hl('at)H%{Z"
0<t<T

Concerning the estimate of

T
/ /|J1(a:,h2,Vh2,V2h2,V3h2)—Jl(x,hl,Vhl,Vth,V3h1)|2d7-[2dt
0 b))
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we observe that
T
/ / |(Bi(x, ha, Vhy), V3hy @ V2hy) — (By(z, h1, Vhy), V3hy ® V2hy)|? dH2dt
0 Y
T
< c/ / |By(x, ho, Vhy) — By (z, h1, V) |*|V3hy @ V2ho|? dH2dt
0 b
T
+ 0/ / |By(z, h1, Vh1)]?|V3ho — V3hi|*|V2hy|? dH2dt
0 ¥
T
+c/ / |By(z, hy, Vhi)|?|V2hy — V2hy |*|V3hy |2 dH?dt
0 ¥
T
< C/ /(\h2 — h1|? + |Vhy — VA |})|V3ho|?|V2ho|* dHdt
0 P
T
+ 0/ / (V2hy — V2h|?|V3hy|? dH3dt
0 Y
T
+ 0/ / (V3hy — V3h1|?|V2ho|? dH?dt =: I) + I + I3.
0 b

By a simple interpolation argument, we have

T T 3 1
I3 < / IV2he = Vohi (|24 V2ha |74 dt < CMO/ 1h1 = hal|74[[V2he — V2ha| 7
0 0

T
< 5/ [V*he — VA |32 dt + C(Mo)T sup |ha(-,t) — hi(-,1)]32.
0

0<t<T

Similarly
T
I, < / [V2hy — V2ha||34]| V3R |34 dt
0
T 1 3 1 5, .3
< C/ [he = Pl Fallhe — Ball fpa [Pl 75 [V Ra ] £ dt
0

T T )
< [ U9ty = Ve e+ CoMo) sup o)~ (Ol [ 1 [l
0 0

0<t<T

T
= e/ IV ha = Vha |32 dt + Co(Mo)T5 sup [|ha(:, ) = ha(,1)[32-
0 0<t<T

Finally, arguing similarly as above,
T
B < [ = Bl ol Thal 3ol 9ol
0

T 2 4
<CMy sup [halet) = aCot)le [ ol ol V0ol
0<t<T 0

2
< C(Mp)T3 sup ||ha(-,t) — hi(- )52 -
0<t<T

43
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Since the difference of the remaining terms in .J; can be treated in a similar (in fact easier)
way, we conclude that

T
(7.3) / / |J1 (2, ha, Vha, V2hy, V3hy — Ji (2, hy, Vhi, V2hy, V3h1)) |2 dH>dt
0 b

T
< 5/ |V2ha(-,t) — VAR (-, t)||3 dt + C’g(MO)Te sup ||ha(-,t) — hl(-,t)H%p.
0 0<t<T

We are left to show that

T
(7.4) //]Jg(x,hg,th,Vth,Vf,sz—Jg(x,hl,Vhl,Vzhl,Vf,VQf))\Qd’H2dt
0 Y

T
< 5/ IV4hi (- 1) — VAho (-, 1) ||3 dt + Co(My, Ko)T? sup ||ha(-,t) — hl(',t)||%{2.
0

0<t<T

As before we only prove the estimate for

T
u::/ /uAmummmg—Axahhvmmv%W%H%u
0 >

the other terms being similar (or easier). Using once again Lemma 2.1 we have

T
us/um—mmmwmmﬁ
0

T 3 1
SC?sup\Maht)—hﬂwﬂH%{A S

0<t<T

1 T 3
SCKSSM>Wm@ﬂ—hduﬂﬁp/mHVWM;ﬁ
0<t<T 0

5 9
< CK{T7 sup |[ha(-t) — hi(,t)]| %0
0<t<T

The conclusion then follows by collecting (7.1)-(7.4). O
Finally we give the proof of Proposition 5.3.

Proof of Proposition 5.3. The proof is similar to the proof of [24, Lemma 3.3]. For this reason
we adopt the same notation as there and extend every function on 9F; using the signed
distance function dp,. In particular, the normal v4 = vp,, the second fundamental form
By = Bp, and the mean curvature H; = Hp, are extended to a tubular neighborhood of 0F;.
Recall that D, denotes the tangential gradient defined in (2.9) and div, denotes the tangential
divergence, which is defined as div; X = div X — (DXv;) - 4. The Laplace-Beltrami operator
on F} can be written as Av = div,(D,v), the second fundamental form as B; = D;v; and the
mean curvature as H; = div, v4.

The regularity properties of h stated in Theorem 4.4 imply that for every integer k£ > 1
Vkh € HL (0,T; L?(X)). Therefore, in what follows all the time derivatives are well defined
almost everywhere. In turn, this allows us to differentiate u; := up, with respect to time.
More precisely, setting u; := &gf
1 solves

(7.5) CE(in) : E(g)dz = — / div, (AR, CE(wy)) - o dH?
O\ Fy OF;

«—o» We can argue as in [9, Theorem 4.1] to conclude that
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for all o € HY(Q\ F;; R3) such that ¢ = 0 on dpQ. Note also that @; = 0 on IpS2.

Let us fix time ¢ > 0. To continue we observe that, by redefining the velocity field X
assosiated with the flow (4.1) if needed (in a time interval centered at t), we may assume that
X; has only a normal component on OFy; that is,

Xt = (Xt . I/t)I/t = (ARt)l/t on aFt

Since we extended all the geometric quantities by means of the gradient of the signed distance
from F; we have the following equality (see [13])

ﬂt = _DT(Xt . Vt) == —DT(ARt) on aFt7.

This implies (see the proof of [1, eq. (5.15)])

: 0
(7.6) H; = %HHSL:O: ~A%R;  ondF;.
Moreover we have (see [13])
(7.7) O, Hy = —|Bi|*  ondF,.

Denoting by D, the tangential gradient on 0F;, and by J,®, the tangential Jacobian of
®,, we have

d (1
— (= DRyt s|? dMH?
ds (2/8Ft+5‘ ol H)

d (1
=515 D 52 O T(I)sd 2
(5], (DB 0w g et

1 0
= = / |D7-Rt|2 diVT(ARt I/t) dHQ + D R; - — (D7t+ Riis0 (I)s)
2 Jor, oF, s ’

_ Y mprpPar e+ [ Dir- (D, Ripsod)
OF, OF, ds

s=0

(7.8) 5=0

dH?

s=0

dH?

s=0

We write the last term as
DTt+th+S ©) @S = [I — V45 © (I)s & Vit4s © @s] DRt+s e} @s
and get (recall ® = X; = (AR;)1;)

0

- =[I —v@w] (DR, + D*RiX;) + (—in @ vy — 1 @ 14) DR,

(DTt+5Rt+S [0} q)s) .
= DTRt + ARt ((I 2 Vt)DQRt) [Vt] + (DRt . l/t) DTARt — (DRt . Dt)Vt.

Note that D (DR; - v) = ByD;R; + ((I - ® I/t)DQRt) [¢]. Thus we have

%) :
D;R; - s (Dryy Riys o @) (D;R; - D;R;) — ARy(B[D+R, D Ry))

+ ARt (DTR . DT(DRt . Vt)) + (DTRt : DTARt) (DRt . Vt).

5:0_
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Therefore by integrating by parts the first and the third terms we obtain

0
oF, DTRt . % (DTt+th+S 0] (ps)

- / (D7 Ry - D-12) = ARy (Bi[D-R, D7 Ri]) d?
OFy

dH?

s=0

+ /BF AR, (D;R-D;(DR; - v)) + (D+Ry - D;ARy) (DR - 1) dH?
A
— /[j . —~ARy Ry — ARy(B[D; R, D. R]) dH?
" /8F —(DR; - vy) dive(AR.D:R;) 4+ (D-R; - D-ARy) (DR; - vy) dH*
- /6 AR Ry~ (DR, -w) (AR)? = AR(BID-R, DeRi]) i,
}
Let us denote u; = up, and u; = %ut. By (7.6) it holds

. .0 .
Ry =H; + aQ(E(ut)) = —A’R; + CE(t) : E(uy)
and by (7.7) we have

(DR, vy) = 0y, Hy + 0,Q(E(uy)) = *|Bt|2 + 0, Q(E(ur)).
Therefore we get

0
DTRt . : (DTt+th+S o ¢S)

5 dH? = AR, AR, — CE(i) : E(uy) AR dH?
OF

5=0 dFy

+/ |Bi*(ARy)? — 0,,Q(E(w)) (AR,)* — ARy (B[D;R, D, Ry]) dH?>.
OF;

Observe now that using the second equation in (2.12) and (7.5) we have

CE(t) : E(u)) ARy dH? = CE(uy) : D(t)) ARy dH?
6Ft 8Ft
8Ft 8Ft Q\Ft

Collecting the previous three identities we then get

0
o D.R; - s (Dry Riqs 0 D)

= — / VAR + 2Q(E (i) AR, dH?
oF;

s=0

+/ |BI>(AR;)? — 0,,Q(E(uy)) (AR;)? — B{[VRy, VR AR, dH>.
OF;

We notice that the first four terms coincide with —9%J(F;)[AR] (see (2.21)). Thus, combining
the last identity with (7.8), we obtain (5.1). O
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