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Abstract. This paper is motivated by the study of the existence of optimal domains max-
imizing the k-th Robin Laplacian eigenvalue among sets of prescribed measure, in the case
of a negative boundary parameter. We answer positively to this question and prove an ex-
istence result in the class of measurable sets and for quite general spectral functionals. The
key tools of our analysis rely on tight isodiametric and isoperimetric geometric controls of
the eigenvalues. In two dimensions of the space, under simply connectedness assumptions,
further qualitative properties are obtained on the optimal sets.

1. Introduction

Let Ω ⊂ Rd be a bounded Lipschitz domain and β > 0 be a fixed positive real number. A
number λ ∈ R is an eigenvalue of the Robin problem for the Laplace operator with boundary
parameter −β if there exists a non-zero function u ∈ H1(Ω) solving, in the weak sense, the
problem

(1)

−∆u = λu in Ω
∂u

∂n
= βu on ∂Ω

(here n is the outer normal on ∂Ω), i.e.

u ∈ H1(Ω), u 6= 0, ∀ v ∈ H1(Ω)

∫
Ω
∇u · ∇v dx− β

∫
∂Ω
uv dHd−1 = λ

∫
Ω
uv dx.

The eigenvalues, counted with their multiplicity are ordered and denoted

λ1,β(Ω) ≤ λ2,β(Ω) ≤ . . .→ +∞.
In general, λ1,β(Ω) < 0 and, if Ω is connected, λ1,β(Ω) is simple. Starting with some index,
all eigenvalues become positive.

Precisely, for every k ∈ N, the k-th eigenvalue, is given by the Rayleigh min-max formula

(2) λk,β(Ω) = min
S∈Sk

max
u∈S\{0}

∫
Ω
|∇u|2 dx− β

∫
∂Ω
u2 dHd−1∫

Ω
u2 dx

,

where Sk denotes the family of all k-dimensional subspaces of H1(Ω).
We are motivated by the following shape optimization problem

(3) sup{λk,β(Ω) : Ω ⊂ Rd, |Ω| = m}.
It has been conjectured by Bareket in 1977 that for k = 1 the solution to the problem above
is the ball. In 2015, Freitas and Krejcirik proved in [13] that even in R2 the solution is, in
general, not the disc. Precisely, if the boundary parameter β is larger than a fixed threshold
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β1 (depending on the area m), then the first eigenvalue of a suitably chosen annulus is strictly
greater than the same eigenvalue computed for the disk of the same measure. On the opposite
sense, if β is smaller than another threshold β2, then the ball is the only maximizer. A natural
conjecture, still unsolved, is that the solution is the disc in the class of simply connected two
dimensional sets. For higher order eigenvalues, several aspects of the problem have been
investigated by Antunes, Freitas and Krejcirik in 2017 in [3].

The existence of an optimal solution to problem (3) (independent of the precise knowl-
edge of its shape), or to the two dimensional problem in the class of simply connected sets,
remained open questions. The purpose of this paper is to bring positive answers to both
questions. Precisely, we will prove an existence result for (3) in a relaxed sense, obtaining
also some information about the structure of the optimal sets. For this purpose, we extend
the variational definition of λk,β(Ω) to measurable sets with finite perimeter in the sense of
De Giorgi and to arbitrary simply connected sets in R2 having a topological boundary of
finite length. We are not able to prove any regularity of those optimal sets, but we prove
they are bounded with a controlled diameter, they have a controlled perimeter and not more
than a number of ”connected” components depending on m, k, d. Surprisingly, one could
expect that this number is not larger than k, but we are not able to prove it, since a strange
phenomenon due to the uncontrolled behaviour of the eigenvalues to rescaling occurs. In
two dimensions of the space, we prove also existence of a solution in the class of unions of
pairwise disjoint open, simply connected sets. As expected for Robin boundary conditions,
the geometry of optimal sets will depend on the mass m.

The existence result is a consequence of a tight geometric control of the specturm, which
may be of independent interest. For the Steklov spectrum, such results have been proved by
Colbois, Girouard and El Soufi [14] where they get upper bounds for the eigenvalues by a
quantity involving the isoperimetric ratio of the set and by Bogosel, Bucur and Giacomini [6]
where such bounds are obtained in terms of diameter. The case of Robin boundary conditions
is more tricky. Contrary to the Steklov problem, we have simultaneously both negative and
positive eigenvalues and they do not obey any homogeneity law. Consequently, the control
of the spectrum by homogeneous geometric quantities is more involved and less explicit.
Nevertheless, roughly speaking, both results state that larger is either the isoperimetric ratio
or the diameter of a connected set, then lower is its k-th Robin eigenvalue. We point out
that for positive boundary parameter, the isoperimetric ratio and the diameter do not play
any role on the control of the spectrum.

Here we summarize, in a simplified way, the main results of the paper.

Theorem 1 (Isoperimetric control of the spectrum). Let Ω ⊂ Rd be a bounded Lipschitz set.
There exist two positive constants C1, C2 depending only on the dimension of the space, such
that

λk,β(Ω) ≤ −C2

|Ω|

(
k

2
d |Ω|

d−2
d − β

C1
Hd−1(∂Ω)

)−
+

C1k

2|Ω|
2
d

(
k

2
d |Ω|

d−2
d − β

C1
Hd−1(∂Ω)

)+

Above x+, x− denote the positive and negative parts of the real number x.

Theorem 2 (Isodiametric control of the spectrum). Given A > 0 there exists m∗ = m∗(A, β, d),
L = L(A, β, d) such that for every Ω ⊂ Rd open, bounded, connected Lipschitz set

if diam(Ω) > 2

(
k +

⌊
|Ω|
m∗

⌋
+ 1

)
L,

(4) then λk,β(Ω) ≤ −A.
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Theorem 3 (Existence of optimal shapes). The shape optimization problem (3) has a solution
in any of the following settings:

1. In the class of measurable sets with finite perimeter of Rd, for d ≥ 2.
2. In the class of finite unions of pairwise disjoint open, simply connected sets with

boundary of finite length in R2.

The structure of the paper is the following. In Section 2 we recall some known facts about
sets of finite perimeter, convergences of sets and properties of the Robin eigenvalues. In
Sections 3 and 4 we prove Theorem 1 and Theorem 2, respectively, for general domains,
not necessarily smooth. The existence result, Theorem 3, is proved in Section 5 for general
spectral functionals depending on a finite number of low eigenvalues, which are increasing
and upper semicontinuous in each variable.

An important distinction is made between the general setting of measurable sets in Rd
and the two dimensional setting of open, simply connected sets. The two dimensional setting
requires some technicalities related to the pointwise behaviour of SBV functions, so that we
isolate this topic it in a specific subsection at the end of the paper, for the interested reader.
We point out that this section contains a generalization of [6, Proposition 2.6], which is a
sort of Golab like lower semicontinuity result involving the L2 norms of the double traces of
Sobolev functions on moving, connected, not necessarily smooth, cracks of uniformly bounded
Hausdorff measure.

2. Notation and preliminaries

In this section we fix the notation and recall some definitions and tools. For x ∈ Rd and
and r > 0, Br(x) denotes the ball of radius r centered in x. We use the term annulus to
denote a spherical shell of Rd for any dimension d. We denote the annulus of radii r < R and
centered in x with the symbol Ar,R(x). By ωd we denote the Lebesgue measure of the unit

ball in Rd.
For every measurable set E ⊆ Rd, |E| and Hd−1(E) stand respectively for the Lebesgue

measure and the Hausdorff (d− 1)-dimensional measure of E and we use the symbols χE for
its characteristic function, Ec for its complement, tE (t ∈ R) for the rescaled set {tx : x ∈ E}.
If µ is a Radon measure on Rd and A ⊆ Rd is a µ-measurable set, we denote by µbA the
restriction of µ to A.

Throughout the paper, the following convention is used: if u : Ω→ R is a function defined
on Ω ⊆ Rd, we still denote by u the function u : Rd → R equal to u on Ω and extended by 0 on
Rd\Ω. This convention allows us to handle easily situations of varying domains carrying their
own eigenfunctions and gradients of eigenfunctions. Whenever we discuss about a pointwise
behaviour of a Sobolev H1-function, we implicitly consider its quasi-continuous representative
and if the function belongs to SBV we consider its approximate limits (if they are different,
we denote them u+ and u−).

Sets of finite perimeter. We refer to [1, Chapter 3] for details about sets of finite perimeter.
Below we only recall the main definition and some important properties.

Definition 4 (Sets of finite perimeter). Let E ⊆ Rd be measurable with finite measure and
let Ω ⊆ Rd be open. The perimeter of E in Ω is

P (E,Ω) := sup

{∫
E

div(ϕ) dx : ϕ ∈ C1
c (Ω;Rd), ‖ϕ‖∞ ≤ 1

}
.
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It is said that E is of finite perimeter in Ω if P (E,Ω) < +∞. If Ω = Rd we simply say that
E is of finite perimeter and denote its perimeter by P (E).

If E has finite perimeter, its reduced boundary is denoted ∂∗E and consists Hd−1-a.e. on
points of density 1

2 . Then P (E,Ω) = Hd−1(∂∗E ∩ Ω) for every open set Ω. Moreover, the

reduced boundary is countably Hd−1-rectifiable, i.e. there exists a sequence (Mn)n of C1

manifolds in Rd such that Hd−1(∂∗E \
⋃
nMn) = 0.

The following properties hold.

Proposition 5. Let Ω ⊆ Rd be open and bounded and let (En)n be a sequence of measurable
subsets of Ω such that supn P (En,Ω) < +∞. Then, there exists a set of finite perimeter
E ⊆ Ω such that, up to subsequences,

χEn → χE strongly in L1(Ω)

and
P (E,Ω) ≤ lim inf

n→+∞
P (En,Ω).

The following two results have been proved in [6, Proposition 2.3, Lemma 2.2].

Proposition 6. Let (En)n∈N be a sequence of sets of finite perimeter of Rd and let E ⊂ Rd
such that

lim sup
n→∞

Hd−1(∂∗En) < +∞ and χEn

L1(Rd)−→ χE .

Let (un)n∈N ⊂ H1(Rd) and u ∈ H1(Rd) such that un ⇀ u weakly in H1(Rd). Then E has
finite perimeter and ∫

∂∗E
u2 dHd−1 ≤ lim inf

n→∞

∫
∂∗En

u2
n dHd−1.

Lemma 7 (Uniform relative isoperimetric inequality in annuli). Let m > 0 be given. Then
there exist two positive constants c = c(d) and w = w(m, d) such that, for every r ≥ 0, l ≥ w
and every measurable set E ⊆ Ar,r+l(0) with |E| ≤ m, we have

|E|
d−1
d ≤ cP (E,Ar,r+l(0)).

The argument of Colbois, Girouard and El Soufi to obtain isoperimetric control of the
Steklov spectrum [14] used a crucial tool due to Grigor’yan, Netrusov and Yau, [16, Corollary
3.12]. We recall it below, using the following notation: if A is the annulus Ar,R(x), we will
denote with 2·A the annulus A r

2
,2R(x).

Lemma 8. Let ν be a finite, non negative, non atomic Radon measure on Rd. Then, for
every k ∈ N, there exist a family A of k annuli in Rd such that

(a) there exists a positive dimensional constant γd for which

ν(A) ≥ γd
ν(Rd)
k

;

(b) the annuli {2·A}A∈A are disjoint.

Hausdorff convergence. The Hausdorff distance on the family of nonempty compact
subsets of Rd is defined by

(5) dH(K1,K2) := max

{
sup
x∈K1

dist(x,K2), sup
y∈K2

dist(y,K1)

}
.
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The following compactness property holds: if F is a compact set of Rd and (Kn)n∈N be a
sequence of compact sets contained in F , there exists a compact set K ⊆ F such that up to
a subsequence

Kn → K in the Hausdorff metric.

Moreover, if Kn are connected then K is also connected.

Eigenvalues of the Robin Laplacian. For a recent survey on Robin eigenvalues, we refer
to [8] (see also [15]). Assume Ω ⊂ Rd open, bounded and Lipschitz. Then

λ1,β(Ω) ≤ −βH
d−1(∂Ω)

|Ω|
is negative while λk,β(Ω) for k ≥ 2 may be positive or negative. Of course, for a fixed Ω,
starting from some index, all eigenvalues will be positive. If Ω is the union of two connected
components, Ω1,Ω2 the eigenvalues of Ω is the union of the eigenvalues of Ω1,Ω2, multiplicity
being counted. Assume that Ω is the union of p connected components. Then, λp,β(Ω) < 0.
Taking, for instance, Ω to be the union of n disjoint balls of measure m

n , we notice that for
every k ≤ n

λk,β(Ω) ≤ −βCd
(m
n

)-1/d
,

where Cd is a dimensional constant. Making n → +∞, the infimum of λk,β(Ω) in the class
of sets with prescribed measure is −∞.

The function β 7→ λk,β(Ω) is decreasing on ]0,+∞[ and for every t > 0, we have

(6) λk,β(tΩ) =
1

t2
λk,tβ(Ω).

The Robin eigenvalues do not behave monotonically under dilations, unlike the Robin problem
with positive boundary parameter (see [8] for details). As well, there is no monotonicity under
inclusions in general.

In the spirit of [6] we define the relaxed eigenvalues associated to a set with finite perimeter.

Definition 9. Let Ω ⊂ Rd be a measurable set of finite perimeter. We denote

λ̃k,β(Ω) := inf
S∈Sk

max
u∈S\{0}

∫
Ω
|∇u|2 dx− β

∫
∂∗Ω

u2 dHd−1∫
Ω
u2 dx

,

where Sk denotes the family of all k-dimensional subspaces of H1(Rd)|Ω ⊆ L2(Ω) and call it
the k-th relaxed eigenvalue associated to Ω.

We have the following.

Proposition 10 (properties of the relaxed eigenvalues). Let Ω ⊂ Rd be a set of finite perime-
ter and β > 0 be fixed.

(a) If Ω is open, bounded and Lipschitz, then for every k ∈ N it holds

λ̃k,β(Ω) = λk,β(Ω)

(classical setting).
(b) For every k ∈ N and for every t > 0 one has

λ̃k,β(tΩ) =
1

t2
λ̃k,tβ(Ω)

(scaling property).
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(c) For every Ω of finite perimeter and for every β > 0 one has

λ̃1,β(Ω) ≤ −βH
d−1(∂∗Ω)

|Ω|
< 0

(strict negativity of the first relaxed eigenvalue).
(d) For every Ω of finite perimeter given by a union of N ≥ k sets, pairwise at positive

distance, (i.e. well separated sets, see Definition 12) with positive Lebesgue measure
and for every β > 0 one has

λ̃k,β(Ω) < − β

ωd

(
N − k
|Ω|

)1/d

≤ 0.

Proof. Item (a) is a consequence of the choice of the admissible subspaces for the computation

of λ̃k,β(Ω); items (b) and (c) follow by the same computations made in the classical setting in
(6), replacing the topological boundary with the reduced one. To prove item (d), we choose k
well separated sets each one with measure not larger than |Ω|/(N −k) (if N = k we just take
the k sets) and consider the test space for λk,β spanned by their k characteristic functions. �

3. Isoperimetric control of the spectrum: proof of Theorem 1

In this section we prove Theorem 1 in a more general setting, namely for measurable
sets. We follow the strategy employed by Girouard, Colbois end El Soufi, the new difficulties
coming from the presence of the L2 norms, which do not play any role in the Steklov spectrum.
We rephrase Theorem 1 as follows.

Proposition 11. Let Ω ⊂ Rd be a measurable set of finite perimeter. Then, there exist two
positive constants C1, C2 depending only on the dimension of the space, such that

λ̃k,β(Ω) ≤ −C2

|Ω|

(
k

2
d |Ω|

d−2
d − β

C1
Hd−1(∂∗Ω)

)−
+

C1k

2|Ω|
2
d

(
k

2
d |Ω|

d−2
d − β

C1
Hd−1(∂∗Ω)

)+

This inequality can be interpreted in the following way: there exists two positive constants
C1 and C2, depending only on d, such that if

Hd−1(∂∗Ω) >
C1

β
k

2
d |Ω|

d−2
d ,

then

λ̃k,β(Ω) ≤
C2k

2
d |Ω|

d−2
d − C2

C1
βHd−1(∂∗Ω)

|Ω|
,

otherwise, if

Hd−1(∂∗Ω) ≤ C1

β
k

2
d |Ω|

d−2
d ,

then

λ̃k,β(Ω) ≤ C1k

2|Ω|
2
d

.

In other words, if Hd−1(∂∗Ω) is very large, then λ̃k,β(Ω) becomes negative and very small.
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Proof of Proposition 11. We apply Lemma 8 to the finite non atomic measure ν := Hd−1b∂∗Ω:
there exist 2k annuli A1, . . . , A2k in Rd and a positive constant γd depending only on the d
such that, for every i = 1, . . . , 2k

(7) Hd−1(∂∗Ω ∩Ai) ≥ γd
Hd−1(∂∗Ω)

2k

and, if i 6= j,

(8) 2·Ai ∩ 2·Aj = ∅.

In particular, we can order the 2k annuli in such a way that

(9) |Ω ∩ 2·Ai| ≤
|Ω|
k
.

Now let us write each annulus as

A1 = {r1,i < |x− xi| < r2,i}

and consider the functions hi defined as follows

(10) hi(x) :=


1

r2,i
dist(x,Rd \ 2·Ai) if x /∈ Br2,i(xi),

1 if x ∈ Ai,
1

r1,i
dist(x,Rd \ 2·Ai) if x ∈ Br1,i(xi).

Observe that hi ∈ H1(Rd), hi = 0 on Rd \ 2·Ai and

|∇hi| =


1

r2,i
in B2r2,i(xi) \Br2,i(xi),

0 in Ai ∪ (2·Ai)c,
1

r1,i
in Br1,i(xi) \B r1,i

2

(xi).

Denoting by R(u) the Rayleigh coefficient for any admissible function u, we estimate for
every i = 1, . . . , k the quantity R(hi) as follows:

R(hi) =

∫
Ω
|∇hi|2 dx− β

∫
∂∗Ω

h2
i dHd−1∫

Ω
h2
i dx

≤

(∫
2·Ai

|∇hi|d dx
) 2

d

|Ω ∩ 2·Ai|
d−2
d − βHd−1(∂∗Ω ∩Ai)∫

Ω
h2
i dx

,

(11)

where we used the Hölder inequality. Observe that the quantity(∫
2·Ai

|∇hi|d dx
) 2

d
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is a positive constant depending only on d. So, using estimates (7) and (8), we obtain by
(11)

R(hi) ≤

(∫
2Ai

|∇hi|d dx
) 2

d
(
|Ω|
k

) d−2
d

− βγd
Hd−1(∂∗Ω)

2k∫
Ω
h2
i dx

.(12)

Let us consider now the positive constants

C2 :=

(∫
2·Ai

|∇hi|d dx
) 2

d

, C1 :=
2C2

γd
,

which depend only on the dimension d. Observe that, if

Hd−1(∂∗Ω) >
C1

β
k

2
d |Ω|

d−2
d ,

then the numerator of the right hand side of (12) is negative, then we can continue the
estimate using again (9):

R(hi) ≤
C2

(
|Ω|
k

) d−2
d

− C2

C1
β
Hd−1(∂∗Ω)

k

|Ω ∩ 2·Ai|

≤
C2

(
|Ω|
k

) d−2
d

− C2

C1
β
Hd−1(∂∗Ω)

k

|Ω|
k

≤
C2k

2
d |Ω|

d−2
d − C2

C1
βHd−1(∂∗Ω)

|Ω|
.

(13)

Since h1, . . . , hk have disjoint supports in view of (8), we achieve the thesis in the first case
by considering the space Sk := span {h1, . . . , hk}.

Now, let Hd−1(∂∗Ω) ≤ C1
β k

2
d |Ω|

d−2
d . In view of Lemma 8 applied to the finite non atomic

measure LdbΩ, there exists a family of k annuli Ã1, . . . , Ãk such that

(14) |Ω ∩ Ãi| ≥ γd
|Ω|
k

and, if i 6= j,

(15) 2·Ãi ∩ 2·Ãj = ∅.

Consider the test functions l1, . . . , lk for the annuli Ã1, . . . , Ãk, constructed in the same way
as the hi in (10), and observe that their supports are disjoint, thanks to (15). Now, let us
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estimate R(li):

R(li) =

∫
Ω
|∇li|2 dx− β

∫
∂∗Ω

l2i dHd−1∫
Ω
l2i dx

≤ C2|Ω|
d−2
d − βHd−1(∂∗Ω ∩ Ãi)∫

Ω
l2i dx

.(16)

If the numerator of the last fraction is negative, then R(li) < 0. Otherwise we can estimate
R(li) using (14):

R(li) ≤
C2|Ω|

d−2
d − βHd−1(∂∗Ω ∩ Ãi)
|Ω ∩ Ãi|

≤ C2|Ω|
d−2
d − βHd−1(∂∗Ω ∩ Ãi)

γd
|Ω|
k

≤ C2k

γd|Ω|
2
d

=
C1k

2|Ω|
2
d

.

In both cases R(li) ≤ C1k

2|Ω|
2
d

; reasoning as above on span {l1, . . . , lk}, we complete the proof.

�

We conclude this section with the following.

Proof of Theorem 1. This is a consequence of Proposition 11. �

4. Isodiametric control of the spectrum: proof of Theorem 2

We shall prove Theorem 2 in the context of measurable sets. For that reason, we start
with the following.

Definition 12 (Well separated sets). Let A,B ⊆ Rd. We say that A and B are well separated
if there exist two open sets EA, EB such that, up to negligible sets, A ⊆ EA, B ⊆ EB and
dist(EA, EB) > 0.

Let A > 0. Below, we denote c = c(d), w = w(m∗, d) the constants from Lemma 7, for

m∗ =
(
β
Ac

)d
21−2d. As well, by Ar,r+l we denote the annulus Ar,r+l(0) centered at the origin.

Lemma 13. Then, there exists L = L(d, β,A) > w such that, for every r ≥ 0, l ≥ L and for
every measurable set E ⊆ Ar,r+l(0) with finite perimeter and with |E| ≤ m∗, at least one of
the following possibilities occurs.

(a) There exists ϕ ∈ H1
0 (Ar,r+l) such that∫

∂∗E
ϕ2 dHd−1 > 0,

∫
E
ϕ2 dx > 0

and ∫
E
|∇ϕ|2 dx− β

∫
∂∗E

ϕ2 dHd−1∫
E
ϕ2 dx

≤ −A.

(b) We have ∣∣∣E ∩Ar+ l−w
2
,r+ l+w

2

∣∣∣ = 0,

i.e., up to negligible sets, E lies outside an annulus of width w.
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Proof. Let L > 0 such that

(17)
L− w

2
>

√
2c

β
(m∗)

1
2d

∞∑
j=1

1(
2

1
2d

)k .
Let r ≥ 0, l ≥ L and E ⊆ Ar,r+l measurable, with finite perimeter and such that |E| ≤ m∗.
Moreover, let us assume that |E| > 0, otherwise situation (b) would occur trivially.

Let us suppose that assertion (a) does not hold and let us show that situation (b) occurs.
Let us consider the functions m1 and p1 defined, for every t ∈

[
0, l−w2

]
, by

m1(t) := |E ∩ (Ar,r+t ∪Ar+l−t,r+l)|
and

p1(t) := P (E,Ar+t,r+l−t) .

If p1(t) = 0 for some t ∈
[
0, l−w2

]
, situation (b) takes place trivially. Then, we can assume

p1(t) > 0 and consider, for every l−w
2 ≥ t > 0, the function ϕ1,t ∈ H1

0 (Ar,r+l) defined by

ϕ1,t(x) :=

[
1

t
dist

(
x,Acr,r+l

)]
∧ 1.

Notice that
∫
E ϕ

2
1,t dx > 0 (|E| > 0 and ϕ1,t is not the zero function) and that∫

∂∗E
ϕ2

1,t dHd−1 ≥ p1(t) > 0

for any t. Then, since situation (a) cannot occur, we have that

−A <

∫
E
|∇ϕ1,t|2 dx− β

∫
∂∗E

ϕ2
1,t dHd−1∫

E
ϕ2

1,t dx

≤

1

t2
m1(t)− βp1(t)∫

E
ϕ2

1,t dx

.

Observe that there exists t1 ∈
]
0, l−w2

]
such that 0 < m(t1) = |E|

2 . We claim that t1 <
l−w

2 .
To prove this fact, consider ϕ1 := ϕ1,t1 ; we obtain

−A <

1

t21

|E|
2
− βp1(t1)∫

E
ϕ2

1 dx

.

If the numerator is nonnegative we have

1

t21

|E|
2
≥ βp1(t1) ≥ β

c

(
|E|
2

) d−1
d

,

where we used the uniform relative isoperimetric inequality in annuli and the fact that both

E ∩ (Ar,r+t1 ∪Ar+l−t1,r+l) and E ∩Ar+t1,r+l−t1 have measure |E|2 . Last inequality yields the
estimate

t1 ≤
√
c

β
|E|

1
2d

1

2
1
2d

<

√
2c

β
(m∗)

1
2d

1

2
1
2d

<
l − w

2
.

On the other hand, if 1
t21

|E|
2 − βp1(t1) < 0, it holds

−A <

1
t21

|E|
2 − βp1(t1)

m∗
≤

1
t21

m∗

2 −
β
c

(
m∗

2

) d−1
d

m∗
.
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By an easy computation we have

1

t21

m∗

2
− β

2c

(
m∗

2

) d−1
d

>
β

2c

(
m∗

2

) d−1
d

−Am∗ ≥ 0,

since m∗ ≤
(
β
Ac

)d
21−2d. Thus we obtain the estimate

t1 <

√
2c

β
(m∗)

1
2d

1

2
1
2d

<
l − w

2

and this completely proves the claim on t1.
We now proceed as above, reasoning on the annulusAr+t1,r+l−t1 and the set E∩Ar+t1,r+l−t1 ,

whose measure is |E|2 . For every t ∈
[
0, l−w2 − t1

]
we define the quantities

m2(t) := |E ∩ (Ar+t1,r+t1+t(0) ∪Ar+l−t1−t,r+l−t1)|

and

p2(t) := P (E,Ar+t1+t,r+l−t1−t) .

As a test function, we consider

ϕ2,t(x) :=

[
1

t
dist

(
x,Acr+t1,r+l−t1

)]
∧ 1.

Using the same arguments as above, we can find t2 ∈
]
0, l−w2 − t1

[
such that

|E ∩ (Ar+t1,r+t1+t2 ∪Ar+l−t1−t2,r+l−t1)| = |E ∩Ar+t1,r+l−t1 | =
|E|
4

and such that the following estimate is satisied:

t2 <

√
2c

β
(m∗)

1
2d

1(
2

1
2d

)2 <
l − w

2
− t1.

Thanks to the choice of L, we can carry out the argument infinitely many times, obtaining a
sequence (tn)n such that

∑
n tn ≤

l−w
2 and

|E ∩Ar+t1+···+tn,r+l−t1−...−tn | =
|E|
2n
.

Consequently

|E ∩Ar+ l−w
2
,r+ l+w

2
| = |E|,

which implies that situation (b) occurs, completing the proof. �

Proposition 14. Let m,A > 0. There exists a constant D = D(m,β, d, k, A) such that if

Ω ⊂ Rd is a set of finite perimeter, |Ω| = m with λ̃k,β(Ω) > −A then Ω can be decomposed
as a union of N well separated and bounded sets of finite perimeter

Ω = Ω1 ∪ . . . ∪ ΩN ,

where N < mAdωd

βd + k and diam(Ωj) ≤ D(m,β, d, k, A).
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Proof. Without loss of generality, we can consider the origin as a point of density one for
Ω. Let c = c(d) > 0 be the dimensional constant in the relative isoperimetric inequality

for annuli and set m∗ :=
(
β
Ac

)d
21−2d. Let us consider the constants w = w(m∗, d) and

L = L(d, β,A) of Lemma 13 define the annuli centered at the origin

Aj := AjL,(j+1)L(0) :=
{
x ∈ Rd : jL < |x| < (j + 1)L

}
for j = 0, . . . ,

⌊
m
m∗

⌋
+ k. By construction, there exist k of this annuli, say An1 , . . . , Ank

, such
that |Ω ∩ Anh

| ≤ m∗. For each h = 1, . . . , k, let us apply Lemma 13 to each set Ω ∩ Anh
:

either there exist ϕh ∈ H1
0 (Anh

) such that∫
∂∗(Ω∩Anh

)
ϕ2
h dHd−1 > 0,

∫
Ω∩Anh

ϕ2
h dx > 0

and ∫
Ω∩Anh

|∇ϕh|2 dx− β
∫
∂∗(Ω∩Anh

)
ϕ2
h dHd−1

∫
Ω∩Anh

ϕ2
h dx

≤ −A

or ∣∣∣Ω ∩Anh
∩A

nhL+
nhL−w

2
,nhL+

nhL+w

2

∣∣∣ = 0.

Observe that there exists one of the sets Ω ∩ Anh
in which the first case is not satisfied

otherwise, building k test functions with mutually disjoint support, we trivially get λ̃k,β(Ω) ≤
−A, in contradiction with the hypoteses.

Let now be p ∈ {1, . . . , k} such that Anp does not satisfy the first alternative and let us set

Ω1 := Ω ∩BnpL+L
2
(0).

Observe that Ω1 is bounded, with finite perimeter and well separated from Ω \ Ω1, with
dist(Ω1,Ω \ Ω1) ≥ w. Moreover

diam(Ω1) ≤ 2
(⌊ m
m∗

⌋
+ k + 1

)
L.

Now consider the set Ω \Ω1, whose measure is less than m, translate the set in such a way
that the origin is a point of density one for Ω \ Ω1 and repeat the same arguments as above
to build Ω2; moreover, we find the same bound on the diameter. The argument could be
carried on to build the following well separated parts of Ω, whose diameters are still uniformly
bounded by 2

(⌊
m
m∗

⌋
+ k + 1

)
L. Notice that we cannot repeat the argument too many times.

In fact, for each set Ωn, the first eigenvalue is less than − β
ωd
|Ωn|−

1
d so as soon as the measure

of Ωn becomes lower than a threshold for k sets, we get that λ̃k,β(Ω) ≤ −A.
Assume indeed that Ω = Ω1 ∪ . . . ∪ ΩN with N > k. Then, there exists k among them

having the volume not larger than m
N−k . Consequently, by Proposition 10, item (d),

−A < λ̃k,β(Ω) ≤ − β

ωd

(
m

N − k

)− 1
d

and this yields

N <
mAdωd

βd
+ k,

completing the proof. �
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Observe that as A decreases to 0, the bound on the number of well separated components
decreases to k: this fact suggests that, if λ̃k,β(Ω) is nonnegative, then Ω is union of at most
k well separated parts (up to negligible sets).

We give below a slightly more general version than Theorem 2. Given m,A > 0, below we
denote C1 = C1(d), C2 = C2(d) > 0 the dimensional constants in Lemma 11, c = c(d) from

Lemma 7, m∗ =
(
β
Ac

)d
21−2d, and L = L(d, β,A) from Lemma 13.

Proposition 15. Let Ω ⊂ Rd an open, bounded, Lipschitz and connected set of measure m.
If

diam(Ω) > 2
(
k +

⌊ m
m∗

⌋
+ 1
)
L,

then

(18) λk,β(Ω) ≤ −A.
Otherwise,

λk,β(Ω)diam(Ω) ≤ ω
(

2C2

(ωm)1/d
k2/d − 2C2βd

C1

)
χ]0,+∞[

(
Hd−1(∂Ω)− C1

β
m

d−2
d k2/d

)
+
C1L

m2/d

[
2k2 +

(
22dcdm+ 2βd

βd

)
k

] [
1− χ]0,+∞[

(
Hd−1(∂Ω)− C1

β
m

d−2
d k2/d

)]
.

(19)

Proof. Without loss of generality, let us consider the origin as a point of density 1 for Ω. Let
us suppose that

diam(Ω) > 2
(
k +

⌊ m
m∗

⌋
+ 1
)
L

and define the k +
⌊
m
m∗

⌋
+ 1 concentric annuli of width L

Aj := AjL,(j+1)L(0) =
{
x ∈ Rd : jL < |x| < (j + 1)L

}
, j = 0, . . . ,

⌊ m
m∗

⌋
+ k.

By construction, there exist k of this annuli, say An1 , . . . , Ank
, such that |Ω ∩ Anh

| ≤ m∗.
For each h = 1, . . . , k, let us apply Lemma 13 to each set Ω ∩ Anh

and observe that, as Ω is
connected, in each annulus the first alternative takes place. Then,

λk,β(Ω) ≤ −A.
Let now be

diam(Ω) ≤ 2
(
k +

⌊ m
m∗

⌋
+ 1
)
L

and suppose, in view Lemma 11, that

Hd−1(∂Ω) <
C1

β
m

d−2
d k2/d.

Then,

λk,β(Ω) ≤
C2k

2
d |Ω|

d−2
d − C2

C1
βHd−1(∂Ω)

|Ω|
< 0,

i.e. λk,β(Ω) is necessarily strictly negative. Using the isoperimetric inequality and the isodi-
ametric inequality

|Ω| ≤ ωd
(

diam(Ω)

2

)d
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we obtain

λk,β(Ω)diam(Ω) ≤
C2k

2
d |Ω|

d−2
d − C2

C1
βHd−1(∂Ω)

|Ω|
2|Ω|1/d

ω1/d

≤
C2k

2
d |Ω|

d−2
d − C2

C1
βdω1/d|Ω|

d−1
d

|Ω|
d−1
d

2

ω1/d
=

2C2

(ωm)1/d
k2/d − 2C2βd

C1
.

Let us suppose now, again in view of Lemma 11 that,

Hd−1(∂Ω) ≥ C1

β
m

d−2
d k2/d.

In that case, if λk,β(Ω) < 0, we trivially have λk,β(Ω)diam(Ω) < 0; otherwise, if λk,β(Ω) ≥ 0,
using the upper bound on diam(Ω) we have

λk,β(Ω)diam(Ω) ≤ C1L

m2/d

[
2k2 +

(
22dcdm+ 2βd

βd

)
k

]
,

getting (19) and completing the proof of the proposition. �

We can now conclude.

Proof of Theorem 2. This is a consequence of Proposition 15. �

5. Proof of Theorem 3

5.1. Existence of optimal shapes in the class of measurable sets. In this section we
prove the first assertion of Theorem 3, in a more general form, in the spirit of the existence
result for spectral problems with Dirichlet boundary conditions by Buttazzo and Dal Maso
[11]. Precisely, given F : Rk → R, non decreasing in each variable and upper semicontinuous,
we consider the problem

(20) max
{
F (λ̃1,β(Ω), . . . , λ̃k,β(Ω)) : Ω ⊂ Rd measurable with finite perimeter, |Ω| = m

}
.

To avoid trivial situations, we assume some coercivity on F , namely that

lim
A→+∞

F (−A, . . . ,−A) = −∞.

We prove the following.

Proposition 16 (Existence of optimal domains). Problem (20) has at least a solution. More-
over, each optimal set is bounded and can be written as the union of a finite number of well
separated sets of finite perimeter. The number of connected components does not exceed
m(A∗)dωd

βd +k, where A∗ is such that F (−A∗, . . . ,−A∗) < F (λ1,β(B∗), . . . , λk,β(B∗)), B∗ being

a ball of measure m.

Proof. Let (Ωn)n be a maximizing sequence for (20). In view of the coercivity of F , we

observe that any admissible domain E such that λ̃j,β(E) ≤ −A∗ for every j = 1, . . . , k can
not be optimal, for some value A∗ large enough. Then, it is not restrictive to assume that
λ̃k,β(Ωn) > −A∗. Moreover, from Proposition 11 we have that either the perimeter of Ωn is
less than a constant (depending on m, d, β, k) or

−A∗ ≤ λ̃k,β(Ωn) ≤
C2k

2
dm

d−2
d − C2

C1
βHd−1(∂∗Ωn)

m
.



GEOMETRIC CONTROL OF THE EIGENVALUES 15

Via a straightforward computation, we obtain that also in this second case it holdsHd−1(∂∗Ωn) ≤
C = C(m, d, β, k,A∗). Hence, we deduce that

(21) sup
n∈N
Hd−1(∂∗Ωn) < +∞.

Thanks to Proposition 14, we can write

Ωn = Ω1
n ∪ . . . ∪ ΩNn

n , Nn ≤
m(A∗)dωd

βd
+ k,

with Ω1
n, . . . ,Ω

Nn
n equibounded and well separated. Up to translations, we can assume that

the Ωn are contained in a fixed ball of Rd; so, by (21) and Proposition 5, we deduce that there
exists Ω ⊂ Rd of finite perimeter such that, up to subsequences, that χΩn → χΩ strongly in
L1, |Ω| = m and P (Ω) ≤ lim infn P (Ωn).

Let us show that such admissible set Ω is a solution of the problem (20). We claim that

(22) lim sup
n→∞

λ̃h,β(Ωn) ≤ λ̃h,β(Ω).

To prove it, let us fix ε > 0 and let Vh := span {u1, . . . , uh} ⊂ H1(Rd) be an admissible

subspace for the computation of λ̃h,β(Ω) such that

λ̃h,β(Ω) ≤ max
u∈Vh\{0}

R(u)− ε.

For each n ∈ N, let

un :=
h∑
j=1

αnj uj with
h∑
j=1

(αnj )2 = 1

attaining the maximum

max
v∈Vh\{0}

∫
Ωn

|∇v|2 dx− β
∫
∂∗Ωn

v2 dHd−1∫
Ωn

v2 dx

.

So, up to subsequences, there exist α1, . . . , αh such that αnj converges to αj as n goes to

infinity, with
∑h

j=1 α
2
j = 1. Hence, set

u :=

h∑
j=1

αjuj ,

we have that un → u strongly in H1(Rd). By the covergence of χΩn to χΩ and Proposition
6 we obtain that

lim
n→∞

∫
Ωn

|∇un|2 dx =

∫
Ω
|∇u|2 dx

lim
n→∞

∫
Ωn

u2
n dx =

∫
Ω
u2 dx

lim inf
n→∞

∫
∂∗Ωn

u2
n dHd−1 ≥

∫
∂∗Ω

u2 dHd−1.

(23)
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We finally have

lim sup
n→∞

λ̃h,β(Ωn) ≤ lim sup
n→∞

∫
Ωn

|∇un|2 dx− β
∫
∂∗Ωn

u2
n dHd−1∫

Ωn

u2
n dx

≤

∫
Ω
|∇u|2 dx− β

∫
∂∗Ω

u2 dHd−1∫
Ω
u2 dx

≤ λ̃h,β(Ω) + ε.

Letting ε→ 0 we get the required upper semicontinuity (22).
Thanks to the monotonicity and upper semicontinuity assumptions on F we deduce that

F (λ̃1,β(Ω), . . . , λ̃k,β(Ω)) ≥ lim sup
n→∞

F (λ̃1,β(Ωn), . . . , λ̃k,β(Ωn))

= sup
|E|=m

Hd−1(∂∗E)<+∞

F (λ̃1,β(E), . . . , λ̃k,β(E)),

concluding the proof. �

Proof of Theorem 3, assertion 1. Proposition 16 applies to F (λ̃1,β(Ω), . . . , λ̃k,β(Ω)) = λ̃k,β(Ω).
�

5.2. The two dimensional case: open simply connected sets. A natural setting in the
case of the Robin eigenvalues with negative boundary parameter, is to perform the optimiza-
tion problem the class of open sets which are simply connected in R2. In fact, as we deal with
higher order eigenvalues, the natural framework is to work in the class of unions of mutually
disjoint, open simply connected sets. Precisely, let us denote

O(R2) := {Ω ⊆ R2 : Ω open,Ωc connected,H1(∂Ω) < +∞}.

A set Ω ∈ O(R2) can be decomposed on an at most countable union of mutually disjoint,
open simply connected sets. Each such a set has a connected boundary with finite length, so
that ∂Ω is rectifiable. We introduce below the associated relaxed eigenvalues.

Definition 17 (Relaxed eigenvalues). Let Ω ∈ O(R2). For every k ∈ N we set

(24) λ̄k,β(Ω) := inf
S∈Sk

sup
u∈S\{0}

∫
Ω
|∇u|2 dx− β

∫
∂Ω

[
(u+)2 + (u−)2

]
dH1∫

Ω
u2 dx

,

where Sk denotes the set of all k-dimensional subspaces of H1(Ω) ∩ L∞(Ω).

Note that we use above the Sobolev space H1(Ω) and not H1(R2)|Ω. This allows to deal
with domains having inner cracks.

The definition above is correct. Indeed, as ∂Ω is H1-rectifiable and u ∈ H1(Ω) ∩ L∞(Ω),
if we consider the extension by zero on R2 \ Ω (still denoted by u), we obtain a function in
SBV (R2) ∩ L∞(R2) which has the jumps on ∂Ω. In other words, we can speak about u+

and u−, the upper and lower approximate limits of u pointwisely H1-a.e on ∂Ω. In general
u+(x), u−(x) are not necessarily different, the set ∂Ω being possibly larger than the jump
set Ju of u. If Ω has a smooth boundary, then {u+(x), u−(x)} = {u(x), 0} where u(x) is the
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value of the trace of u from the inside at the point x of the boundary and 0 is the trace of
the zero function from outside Ω. In this case we recover the classical setting∫

∂Ω

[
(u+)2 + (u−)2

]
dH1 =

∫
∂Ω
u2 dH1.

We refer the reader to [10] for details.
The problem we are going to study is the following:

max
{
F (λ̄1,β(Ω), . . . , λ̄k,β(Ω)) : Ω ∈ O(R2), |Ω| = m

}
,(25)

where F : Rk → R satisfies the hypotheses of Proposition 16.

Proposition 18. Problem (25) admits at least a solution.

Proof. The streamline of the proof is similar to the case of measurable sets, but there is a
quite technical point concerning the behaviour of the boundary integral on moving sets, that
we isolate at the end of the section, as a technical Lemma. This is due to the fact that
the space of work, which is H1(Ω), is moving with the geometric domain and the Sobolev
functions, we deal with, may have two different traces on the same portion of the boundary
of Ω, for instance when this is a crack. In such a case, there is no extension operator from
H1(Ω) to H1(R2).

Let (Ωn)n be a maximizing sequence in O(R2). Similarly to the previous setting, the
number of connected components is at most N(A, k, β,m) and lim supH1(∂Ωn) < +∞. In
particular, the number of connected components of ∂Ωn is uniformly bounded. The isoperi-
metric control follows in the same way as for measurable sets. Possibly translating some of
the connected components of Ωn, we can assume that all Ωn are contained in a ball BR. By
compactness of the Hausdorff topology, there exists Ω ⊂ BR such that, up to subsequences,
BR\Ωn → BR\Ω in the Hausdorff metric. Moreover, BR\Ω is connected, so that Ω ∈ O(R2)
and ∂Ω is a subset of any Hausdorff limit of the sequence {∂Ωn}. Consequently, by Golab’s
theorem we have that H1(∂Ω) ≤ lim infH1(∂Ωn) and |Ω| = m. We have to prove that for
every 1 ≤ h ≤ k it holds

(26) λ̄h,β(Ω) ≥ lim sup
n∈N

λ̄h,β(Ωn).

Following [7, Theorem 7.2.1], we have that H1(Ωn) → H1(Ω) in the sense of Mosco, in
particular, for every function v ∈ H1(Ω) there exists a sequence vn ∈ H1(Ωn) such that
vn → v in L2(R2) and ∇vn → ∇v in L2(R2;R2) (here the convention of extension by 0 of
functions outside their natural domain is in force).

Let now ε > 0 and let S an admissible vector space in the min-max formula for λ̄h,β(Ω)
such that

(27) λ̄h,β(Ω) ≥ max
u∈S\{0}

∫
Ω
|∇u|2 dx− β

∫
∂Ω

[
(u+)2 + (u−)2

]
dH1∫

Ω
u2 dx

− ε.

Let {uj : j = 1, . . . , h} an L2(Ω)-orthonormal basis for S. Then, for every j = 1, . . . , h, there
exists vnj ∈ H1(Ωn) such that vnj → uj in L2(R2) and ∇vnj → ∇uj in L2(R2;R2). Now,

since {u1, . . . , uh} is L2(Ω)-orthonormal and Ωn → Ω in L1(R2), we deduce that {vn1 , . . . , vnh}
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can be choosen linearly independent in L2(Ωn), for n ∈ N sufficiently large. Let Sn :=
span {vn1 , . . . , vnh}; it is an admissible subspace for the computation of λ̄h,β(Ω). Let

vn =
h∑
j=1

αnj v
n
j ∈ Sn with

h∑
j=1

(αnj )2 = 1

such that the associated Rayleigh quotient is maximal

max
w∈Sn

R(w) = R(vn).

Then, up to subsequences, αnj → αj in R, with
∑h

j=1(αj)
2 = 1. Setting

v =

h∑
j=1

αjuj ,

we have that v ∈ S \ {0}, vn → v in L2(R2) and ∇vn → ∇v in L2(R2;R2).
The following chain of inequalities

lim sup
n→+∞

λ̄h,β(Ωn) ≤ lim sup
n→+∞

sup
w∈Sn

R(w) ≤ lim sup
n→+∞

R(vn) + ε

≤ R(v) + ε ≤ max
u∈S\{0}

R(u) ≤ λ̄h,β(Ω) + ε.

holds true, as a consequence of the continuity of the volume integrals (from the choice of vjn
via the Mosco convergence) and of the lower semicontinuity of the boundary integral :

(28)

∫
∂Ω

[
(v+)2 + (v−)2

]
dH1 ≤ lim inf

∫
∂Ωn

[
((vn)+)2 + ((vn)−)2

]
dH1.

This last point is neither a consequence of Proposition 6 nor of [6, Proposition 2.6], but is
much related to the last one. As it is quite technical, we prove it separately, in Lemma 19
below.

Letting ε→ 0+ we obtain that λ̄h,β(·) is upper semicontinuous for maximizing sequences,
which are also compact; then reasoning as in Proposition 16, we conclude that (25) admits a
solution. �

Proof of Theorem 3, assertion 2. This is a consequence of Proposition 18. �

We prove now the lower semicontinuity result (28), which is a more general version of [6,
Proposition 2.6]. We only detail the differences with respect to [6, Proposition 2.6], many
steps being identical.

Lemma 19. Let k ∈ N. Let Ω ⊆ R2 be an open set and (Kn)n,K ⊆ Ω be compact sets
with at most k connected components, such that Kn → K in the Hausdorff metric and
lim supH1(Kn) < +∞. Let un ∈ H1(Ω \Kn) be such that

(29) lim sup ‖un‖H1(Ω\Kn) +

∫
Kn

[
(u+
n )2 + (u−n )2

]
dH1 < +∞.

Then, there exists u ∈ H1(Ω \ K) such that for a subsequence (still denoted with the same
index) we have

un → u strongly in L2
loc(Ω),

∇un → ∇u weakly in L2(Ω,R2),
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(30)

∫
K

[
(u+)2 + (u−)2

]
dH1 ≤ lim inf

n→+∞

∫
Kn

[
(u+
n )2 + (u−n )2

]
dH1.

Proof. We can assume without restricting generality that un ≥ 0 and k = 1. By weak
compactness in L2(Ω) and from the geometric properties of the Hausdorff convergence, we
can build a function u ∈ H1(R2 \K) such that

un → u weakly in L2(Ω),

∇un → ∇u weakly in L2(Ω,R2).

As a consequence of (29) and of lim supH1(Kn) < +∞ we get that u2
n ∈ SBV (Ω) are

bounded so can use [9, Theorem 3.3] to get that un → u strongly in L2
loc(Ω). We point out,

that Theorem 3.3 in [9] does not give (30), since the sets of integration K,Kn are in general
larger than the jump sets of u2, u2

n, respectively.
It remains to prove (30). By truncation, we can also simplify and assume that there exists

M > 0 such that for all n ∈ N, un ≤ M a.e. Moreover, we can assume that Ω is bounded
and smooth (i.e. restrict our discussion to a smooth neighborhood of K) and, by standard
cut off, that un are vanishing outside Ω.

We follow the ideas of the proof of [10, Proposition 2.6] where the result was proved for
functions un which belong to H1(R2), without jumps on Kn. The proof is generally the same,
with some adaptation of the slicing argument to the SBV context. Let us divide it in several
steps.

Step 1. In view of the hypotheses on un, u, we deduce that un, u, u
2
n, u

2 ∈ SBV (Ω)

Ju2n = Jun ⊆ Kn, Ju2 = Ju ⊆ K

and that the SBV -traces u±n , u
± are well defined, as the functions are in L∞ and Kn,K are

H1-countably rectifiable. Let us define the sequence of positive Radon measures (µn)n ⊂
Mb(Ω) by setting, for any Borel set A ⊆ Ω

µn(A) :=

∫
A∩Kn

[
(u+
n )2 + (u−n )2

]
dH1.

The sequence (|µn|(Ω))n is equibounded, so we can assume that there exists µ ∈Mb(Ω) such

that µn
∗
⇀ µ. Let now be ν := H1bK. Since K is H1-countably rectifiable and u ∈ SBV (Ω),

for H1-a.e. point x ∈ K, the following facts hold true:

(a) K admits an approximate tangent line lx at x;
(b) x is either an approximate jump point or a an approximate continuity point for u;
(c) the Radon-Nikodym derivative dµ/dν is given by

dµ

dν
(x) = lim

ρ→0+

µ
(
Q2ρ(x)

)
ν
(
Q2ρ(x)

) .
Let us prove that

(31) for H1-a.e. x ∈ K, dµ

dν
(x) ≥ u+(x)2 + u−(x)2.
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Indeed, if (31) holds, denoting by µa and µs respectively the absolutely continuous and the
singular part of µ with respect to ν we have∫

K

[
(u+)2 + (u−)2

]
dH1 ≤

∫
K

dµ

dν
dH1 = µa(Ω) ≤ µa(Ω) + µs(Ω)

= µ(Ω) ≤ lim inf
n→+∞

µn(Ω) = lim inf
n→+∞

∫
Kn

[
(u+
n )2 + (u−n )2

]
dH1

i.e. the required lower semicontinuity in (30).

Step 2. Let x ∈ K satisfying the previous properties (a), (b), (c). Without loss of generality,

we can suppose x = 0 (we will prove (31) in the form dµ
dν (0) ≥ u+(0)2 + u−(0)2) and that

the approximate tangent line to K at the point 0, say l, is horizontal (i.e. l ⊂ {x2 = 0}).
Moreover, after a possible rotation by π, we can assume that the approximate limit associated
to the upper half plane is u+. For every ε > 0, let us set

Kε :=
1

ε
K;

by the definition of approximate tangent line, we obtain that

(32) H1bKε
∗
⇀ H1bl

weakly* in Mb(Ω) as ε goes to 0. Then, for every r > 0

(33) Kε ∩Q2r(0)→ l ∩Q2r(0)

in the Hausdorff topology as ε goes to 0. This blow up argument is proved in [6, Proposition
2.6, Step 2].

Let us observe that

lim
ε→0+

H1(Q2ε(0) ∩K)

2ε
= lim

ε→0+

H1(Q2ε(0) ∩K)

H1(Q2ε(0) ∩ l)
· H

1(Q2ε(0) ∩ l)
2ε

= 1.

Then, for every positive, decreasing, infinitesimal sequence (εm)m, it holds

dµ

dν
(0) = lim

m→+∞

µ
(
Q2εm(0)

)
ν
(
Q2εm(0)

) = lim
m→+∞

µ
(
Q2εm(0)

)
H1
(
Q2εm(0) ∩K

)
= lim

m→+∞

µ
(
Q2εm(0)

)
2εm

.

Moreover, by the weak* convergence µn
∗
⇀ µ we have

µ
(
Q2εm(0)

)
≥ lim sup

m→+∞
µn

(
Q2εm(0)

)
.

Hence, there exists a sequence of index (nm)m such that

ε2
m + µ

(
Q2εm(0)

)
≥ µnm

(
Q2εm(0)

)
and that, setting

K̂m :=
1

εm
Knm ∩Q2(0),

we have the convergence

K̂m → l ∩Q2(0)



GEOMETRIC CONTROL OF THE EIGENVALUES 21

in the Hausdorff metric.
Let us define the function vm by

vm(y) := unm(εmy) (y ∈ Q2(0)),

where nm is possibly adjusted such that vm has a uniformy boundedH1(Q2(0)\K̂m)-norm and
converges strongly in L2(Q2(0)). To perform this extraction we follow the same arguments
as in [6, Proposition 2.6, Step 3].

It turns out that the L2-limit of vm equals u±, where u± is the piecewise constant function
given by

u±(x1, x2) :=

{
u+(0) if x2 > 0,

u−(0) if x2 < 0.

In view of the choice of (nm)m, we obtain

dµ

dν
(0) = lim

m→+∞

µ
(
Q2εm(0)

)
2εm

≥ lim inf
m→+∞

µnm

(
Q2εm(0)

)
2εm

= lim inf
m→+∞

1

2εm

∫
Knm∩Q2εm (0)

[
(u+
nm

)2 + (u−nm
)2
]
dH1

=
1

2
lim inf
m→+∞

∫
K̂m

[
(v+
m)2 + (v−m)2

]
dH1.

Hence, if we prove that

(34)
1

2
lim inf
m→+∞

∫
K̂m

[
(v+
m)2 + (v−m)2

]
dH1 ≥ u+(0)2 + u−(0)2,

we will get estimate (31), concluding the proof of the theorem.

We can assume

(35) lim sup

∫
K̂m

[
(v+
m)2 + (v−m)2

]
dH1 < +∞.

Step 3. To prove (34), we consider the one-dimensional sections of the functions vm and u.

In view of the countably H1-rectifiability of K̂m, we can apply the area formula, obtaining
the inequality

lim inf
m→+∞

∫ 1

−1

∫
(K̂m)x1

[
v+
m(x1, s)

2 + v−m(x1, s)
2
]
dH0(s) dx1

≤ lim inf
m→+∞

∫
K̂m

[
(v+
m)2 + (v−m)2

]
dH1,

(36)

where

(K̂m)x1 :=
{
s ∈ [−1, 1] : (x1, s) ∈ K̂m

}
.

Let us relabel the sequence (mk)k to realize the liminf in the left hand side above.
We deduce that, for a.e. x1 ∈ [−1, 1], vmk

(x1, ·) is a SBV (−1, 1) function, with a finite
number of jumps (so that it is piecewise H1 on (−1, 1)) and it holds

(37) vmk
(x1, ·)→ u± strongly in L2(−1, 1)
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where we denoted for brievity again by u± the one dimensional section of the piecewise
constant function u±. For almost every x1 ∈] − 1, 1[, the slices (K̂mk

)x1 are non-empty, i.e.
there exists N(x1) ∈ N such that

(38) (K̂mk
)x1 6= ∅

for every k ≥ N(x1) (see [6, Proposition 2.6, Step 4]) and, moreover,

(39) (K̂mk
)x1 → (x1, 0)

in the Hausdorff metric (this is a consequence of the fact that K̂mk
→ l ∩Q2(0)).

For every such x1, let us define i(x1, k) = inf{y, y ∈ (K̂mk
)x1}, s(x1, k) = sup{y, y ∈

(K̂mk
)x1}. Then, i(x1, k), s(x1, k) → 0 and vmk

(x1, ·) belongs to H1 on both (−1, i(x1, k))
and (s(x1, k), 1). Note that the domains (which are intervals) are also moving, but they
converge to a segment of length 1. For the argument below, it is convenient to see all the
functions as defined on segments of length 1, posisbly rescaling the segments if necessary.
These rescaled functions converge weakly to u−, u+, respectively, and also uniformly.

Consequently, using the same arguments as in [6, Proposition 2.6], we get

u+(0)2 + u−(0)2 ≤ lim inf

∫
(K̂mkh

)x1

v+
mkh

(x1, s)
2 + v−mkh

(x1, s)
2 dH0(s)

Summing in x1 on [−1, 1], we conclude the proof thanks to (36) and the choice of (mk). �

6. Furhter remarks

The smoothness of the boundary of optimal sets is an unsolved problem, which probably
is very difficult. For now, progress in this direction was done only for the spectral problems
involving Dirichlet boundary conditions or Robin boundary conditions with positive param-
eter (but in this last case only for local minimizers of energy type functionals). Provided the
optimal set was smooth and λk,β was simple, the optimality condition reads (see [3])

(40)

∫
∂Ω

(
|∇∂Ωu|2 − (λk,β(Ω) + β2 + βH)u2

)
V · n dHd−1 = 0,

for every smooth vector field satisfying
∫
∂Ω V · n dH

d−1 = 0. Above, H stands for the mean
curvature of ∂Ω.

The following inequality holds true

λ1,β(Ω) < −β2.

We refer the reader to Giorgi and Smits [15, Theorem 2.3] and to Daners and Kennedy [12,
Lemma 2.1] in the context of Lipschitz sets, but it can naturally be extended to the first
relaxed eigenvalue in both frameworks of measurable or simply connected sets. For smooth
planar domains the following inequality was proved in [3]

λ1,β(Ω) < −β2 − 2π

H1(∂Ω)
β.

It remains unclear how many connected components (or well separated sets) should have
the solution of problem (3). Even for k = 1 the connectedness of the optimal shape is not
straightforward. Assume that the optimal set consists on two well separated sets. One of them
will give the first eigenvalue, and the second one could possibly be cancelled. Nevertheless,
erasing some connected component would make that the measure of the set is not anymore
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satisfying the constraint. Contrary to the case of positive boundary parameter, the behavior
of the eigenvalues to dilations is not controlled.

Assuming the smoothness of the boundary of the optimal set for λ1,β in two dimensions of

the space, one can prove its connectedness 1. Indeed, if the connected component Ω1 giving
the first eigenvalue uses less measure than allowed, then the constraint

∫
∂Ω1

V ·ndHd−1 = 0 on

the admissible vector fields can be removed, leading to |∇∂Ω1u|2−(λk,β(Ω1)+β2 +βH)u2 = 0
on ∂Ω1. Consequently,

λ1,β(Ω1) + β2 + βH ≥ 0

at almost every point of the boundary. This would contradict λ1,β(Ω1) < −β2 − 2π
H1(∂Ω1)

β,

after summation over ∂Ω1.
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