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Abstract: Patterns and waves are basic and important phenomena that gov-
ern the dynamics of physical and biological systems. A common theme in
investigating such systems is to identify the intrinsic factors responsible for
such self-organization. The I'-convergence is a well-known technique appli-
cable to variational formulations of concentration phenomena of stable pat-
terns. Recently a geometric variational functional associated with the I'-limit
of standing waves of the FitzHugh-Nagumo system has been built. This arti-
cle studies the I'-limit of traveling waves. To the best of our knowledge, this
is the first attempt to expand the scope of applicability of I'-convergence to
cover non-stationary problems.
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1 Introduction

Patterns and waves are basic and important phenomena [1, 12, 13, 17, 25, 28,
30, 34, 35] that govern the dynamics of physical and biological systems. This can be
seen, for instance, in morphological phases in diblock copolymers, skin pigmentation
in cell development and semiconductor gas-discharge systems. In the investigation of
such systems, a common theme is to identify the intrinsic factors responsible for such
self-organization. For the reaction-diffusion systems, self-organized patterns have not
only been found in the neighborhoods of Turing’s instability [31], but recent works
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6, 7, 8,9, 14, 15, 16, 18, 19, 29, 32, 33] showed that some patterns and waves pos-
sess localized spatial structures. In fact localized waves in reaction-diffusion systems are
commonly observed, referred to as dissipative solitons [4, 21, 24, 27| in physical literature.

The FitzHugh-Nagumo model, which was originally derived as an excitable system
for studying nerve impulse propagation, is now of great interest to the scientific com-
munity as breeding ground for patterns, traveling waves, and other localized structures.
It has been extensively studied as a paradigmatic activator-inhibitor system for patterns
generated from homogeneous media destabilized by a spatial modulation. These patterns
are robust in the sense that they are stable and exist for a wide range of parameters.

The I'-convergence [5] is a well-known technique applicable to variational formulations
of concentration phenomena of stable patterns. When a stationary FitzHugh-Nagumo
system is equipped with an appropriate scaling of the parameters, we are led to study a
geometric variational problem [10, 11] with a I'-limit energy functional defined by

Tol) = Pol@) —ale] + § [ Np(@)ds. (1.1)

where  is a measurable subset of the domain D C RY, |[Q| stands for the Lebesgue
measure of €, and Pp(€2) denotes the perimeter of € in D which coincides with the
measure of the part of the boundary of €2 inside D when (2 is sufficiently smooth. The
integral in (1.1) is a nonlocal term where Np(£2) is the solution of

—AND(Q)+ND(Q) =X, GV/\/'D(Q) :O,
and 0, is the outward normal derivative.

In this paper we derive a geometric variational functional associated with the study
of traveling waves. To understand this derivation as opposed to that of the stationary
problem, we give a brief review of the connection between (1.1) and the FitzHugh-Nagumo
system. Consider

1
up = EAu — u(u — 5)(u — 1) +ea—eov, (1.2)
u=Av—v+u. (1.3)

With @ > 0 and o > 0 being fixed, the (small) parameter € identifies a range where
a singular limit will emerge. Recall that u acts as an activator and v is the inhibitor.
Physically o measures the driving force towards a non-trivial state while ¢ represents the
stabilizing inhibition mechanism. Their competition leads to interesting dynamics and
the emergence of patterns. In dealing with stationary solutions of (1.2)-(1.3), both w; and



vy vanish. Solving (1.3) for v in terms of u and denoting this solution by v = Lpu, we see
that (1.2) becomes

1
—EQAu+u<u— §>(u—1) —eca+eolpu=0. (1.4)

The solutions of (1.4) are the critical points of

2 2 -1 2
Ip.(u) = / (%\Vu\Q + % —eau + %uﬁDu) dx .
D

When D is bounded, the functionals e 'Zp . T-converge in L'(D) to

2
£7>D(Q> —alQ| + E/ND(Q) dz | (1.5)
12 2 Ja
a functional equivalent to (1.1). In case D = RY, a ball shaped stationary set of Jgp~ is
referred as a bubble or an entire solution.

Front and pulse are localized waves, the latter appearing as small spots. In the past
['-convergence has been employed to establish many interesting results for stable patterns;
however to the best of our knowledge, this tool has not been utilized to treat traveling
waves. We make an attempt in this direction, starting with the investigation of planar
traveling wave solutions of the following FitzHugh-Nagumo system:

u = Au+ 3(fe(u) — eov),
(1.6)
vy = Av+u—yv,

where
Qe

V2
and a, 7,0 > 0. Note that when d = % and v = 1 it can be shown that the corresponding

stationary problem leads, as € — 0, to the same geometric variational functional (1.5),
with o replaced by a/6v/2.

f6) = €€~ BIE-1),  f=5- (17)

A planar traveling wave solution is of the form (u(z —ct), v(z —ct)); that is, the wave
moves with speed ¢ and keeps the same profile along the moving coordinates. To treat
traveling waves using I-convergence, the ansatz (u(c(xz — ct)),v(c(x — ct))), proposed in
[22], is more appropriate and will be adopted in the paper. We are thus led to deal with

dc® Uy, + dc*ug + fo(u) — eov =0,

g + vy —yo+u=0, (1.9)
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with the value of ¢ to be determined.

Let L? = {w : ffooo e“w? dr < oo}. In studying the I'-convergence in the L? topology
of the traveling wave functional associated with (1.8)-(1.9), the quantity v/dc2 will be set
equal to the parameter e. Note that 0 < S, < 1/2 and that fol fe(€) d§ > 0 for all €
sufficiently small. Then, given the parameters v,o and «, we look for traveling waves
with speed c(e€), d = €2/c*(¢) and c(e) — ¢o as € — 0, where ¢y depending on the given
parameters.

To be precise, in order to prove the existence of traveling waves whose L2-limit is a
front, we shall assume that the following condition holds:

(A1) a>@>a—1>0.

Then, setting h, =1 — %, we define

_ 2hey (1.10)

Cf— —1_hz

Since a translation of a traveling wave solution remains a solution, when looking for such
waves we impose the additional constraint ||uc||;2 = 1.

Theorem 1.1. Let 0,7 and « be positive numbers satisfying (Al). There exists €y > 0
such that if 0 < € < e, then there exists cc > 0 for which, setting d. = €*/c?, a traveling
wave solution (cc,ue,ve) of (1.8)-(1.9) ewists with |jul|2 = 1. Moreover c. — c; and
Ue = X(—o0y0] 10 L2 as € — 0, where ¢y is given by (1.10).

In Theorem 1.1, ¢f is uniquely determined when o,y and « are given, and for small
€ the speeds c. of the traveling wave solutions are known up to leading order. Since the
limit is unique, the convergence takes place along the whole family of solutions ..

Next we investigate when the L?-limit is a traveling pulse. In this case we assume
that the parameters satisfy the following condition:

(A2) @>a>1.

Theorem 1.2. Let 0,7 and « be positive numbers satisfying (A2). There exists ¢y > 0
such that if 0 < € < e, then there exists cc > 0 for which, setting d. = €*/c?, a traveling
wave solution (ce,uc,ve) of (1.8)-(1.9) exists with |uc| 2 = 1. Moreover if € — 0 then
Ce = Cp and ue — X[ap in L2, where c,,a and b are uniquely determined by the given
parameters o,y and «.

It was shown [10, 11] that when N = 1 there exists always a single bubble; when
N = 2 there may exist zero, one, two, or even three bubble profiles, depending on the



values of o and o, while if N > 3, there can be no more than two bubble profiles. The I'-
limit of higher dimensional traveling waves of (1.6) will be addressed in a work in progress.

We now give an outline of how the paper is organized. In Section 2 we introduce
a class of functions with weighted bounded variation which fit well in the I'-convergence
scheme for the traveling wave problem. The variational formulation for the FitzHugh-
Nagumo system is given in Section 3 and the representation formula for the I'-limit is
proved in Section 4. In Section 5 we prove that the limit functional has always a minimizer
that can be either a traveling front or a pulse. The occurrence of a front or a pulse for the
limit problem, depending on the different physical parameter regimes, will be discussed
in Sections 6 and 7. Moreover we shall also show that the existence of these fronts and
pulses in the limit case implies the existence of traveling waves for the approximating
problems for € sufficiently small.

2 Weighted BV functions

Let € C R be an open set and let p > 1, We denote by LP(€2) the set of func-
tions u € Lj,.() such that ||lullz) = ([, em\w\pdx)l/p < 00. We shall denote by

loc
H!(Q) the space of functions u € L?(Q) with derivative in L*(€2) equipped with the norm
lullmroy = llullz@) + |t/||12¢. Clearly, L2(2) and HZ(S2) are Hilbert spaces with the

inner product defined in the obvious way.

1

e(£2), the total variation of w in € with respect to the measure

Given a function v € L
e*dx is defined as

HDWJm=ww{LU@%YM:wecﬁmﬂwél}. (2.1)

If ||Dull(Q2) < oo, it is easily checked, see [3], that for any open set €' CC Q the total
variation of u in

IDul@) =sup{ [ wg'as: peCi)lel <1

is also finite. Therefore if u € L}, (Q) and || Dul.(Q2) < oo, then u has bounded variation
on any ' CC Q. By the Riesz representation theorem there exist a Radon measure p

and a p-measurable function o with |o| = 1 such that for any ¢ € C; ()

/ugp’da:’:—/goadu. (2.2)
Q Q

It follows from (2.2) that the measure odu coincides with the distributional derivative Du
of u. Hence if u is smooth then ody = v’ dx and dp = |v/| dx.
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Note that (2.2) implies in particular that for any ¢ € C3(Q)

/exugpdx:—/(ezugo’dx—i—exgoad,u). (2.3)
0 Q

We shall denote by BV,.(Q) the set of functions v € L}(Q) such that ||[Dul|.(Q) < oo.
This function space is equipped with the norm

lullpvacey = Nullzyey + I1Dul(©)
Also, if u € BV,(Q2) then
IDull(@) = [ e (2.4)

In the following, when 2 = R we shall omit the explicit dependence on €2 of the above
spaces, thus writing BV,, LF and H!. Similarly, we shall write || Du||., instead of || Du/|.(Q2).

The first of the next two lemmas is a straightforward consequence of (2.1), while the
second one can be proved exactly as for the standard BV functions, see [20, p.172, Th. 2].

Lemma 2.1. (Lower semicontinuity of the weighted variation measure)
If up — ug in L, (), then ||Dugllo(2) < liminfy o || Dug||e(Q).

e, loc

Lemma 2.2. (Local approzimation by smooth functions)

Suppose u € BV.(Y). Then there exists a sequence {u} C BV.(2) N C*(Q) such that
(i) ur, — u in L1(Q) and

(1) || Dug|e(2) = || Dul[(Q) as k — oo.

If u = a5 With —00 < a < b < 00, an easy calculation gives
b
[IDXfaplle = sup / (e"p) do = sup{e”pl;_,} = " + e (2.5)
lp|<1lJa o<1
The following lemma will be useful in the sequel.

Lemma 2.3. If E = U;[a;, b;] is a union of countably many disjoint intervals, then
IDxelle = (e +e) . (2.6)

Moreover xg € BV, if and only if E is the union of countably many disjoint intervals
la;, b;] and the right hand side of (2.6) is finite.

Proof. 1t is clear that (2.6) is an immediate consequence of (2.5). Furthermore, if £ =
Uilai, b;] is the union of countably many disjoint intervals and the right hand side of (2.6)

is finite, then
“+00
/ e“xp(r)dr < Zebi < 00.

o0



This implies xg € L! and thus xg € BV..

Conversely, if yg € BV,, then, as observed before, yg has finite total variation in
any bounded interval. It follows that E is the union of countably many disjoint intervals
la;, bi], see, e.g. [2, Prop. 3.52], and the conclusion is immediate from (2.6). O

Lemma 2.4. Let u € BV, and h € R. Then

() -+ Wllaz = =l

(1) [ID(u(- + h))lle = e[| Dulle;

(111) u™ and u~ are in BV, with |Du™||. < ||[Dul|e and |Du~ || < ||Dulle;
(iv) lJullzy < || Dulle;

(v) |u(z)le® < 2||Dul. a.e..

Proof. (i) and (ii) follow directly from the definitions.

If u € BV, then u has locally finite variation in R. This implies that u™ has locally
finite variation in R and d(Du") = xqus01d(Du) = Xqusoyodp (see [2, Ex. 3.100]). It
follows from (2.4) that

|Du]l. = /{ < D
u>0

A similar calculations works for v~ so (iii) follows.
By Lemma 2.2 it suffices to verify (iv) and (v) for smooth w only. Consider the case
u > 0 first. For any 0 > 0, there exists a large R > 0 such that 0 < f|x‘>R e“udr < 9.

Take ¢ € C3°(R) such that ¢ =1 on [-R,R], p =0 for |[z| > R+2and 0 < p <1 on
[R, R+ 2] with |¢'| < 1. Then, using (2.3) and (2.4), we have

ol —o <~ [~ upde =~ ["ceoan " uda

o0 [e.9] [e.9]

< ||Dul|. —|—/ e“lu| dx < ||Dull. + 9 .
R<|z|<R+2
This gives [|ul|z: < ||Dulle if w > 0. In the general case, setting v = u* — v~ yields

lullzy = llullz: + lu”llzy < IDulle + [[Du”[le = [ Dulle ,

which completes the proof of (iv).
Suppose v is smooth and with compact support. Then —u(x)e® = f;o(uet)’dt =
[% €' (u+ u') dt. Therefore

u(x)]e” < / e (lul + |u']) dt <[z + [[Dulle < 2[|Dul

which yields (v) in this special case. This inequality can now be extended to u € C* by
using ug as an approximation, where ¢ is the cut-off function we used above. O
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3 Variational formulation

We now turn to the variational formulation needed for studying the traveling waves
of (1.6). Set Fi.(w) = — [, fe(§) d€, where f. is defined as in (1.7).

Given u € L?, we denote by v = L.u the unique solution in H! of (1.9). Note that
L.: L? — H!is a self-adjoint operator with respect to the inner product of L?. Given
c,d>0,let Z.4 : H! — R be defined as

00 d 2
Tea(w) = / e’ (%w'2 + F.(w) + %w£6w> dx . (3.1)
A standard variational argument shows that (u,v,¢) solves (1.8)-(1.9) provided v = L.u
and u is a critical point of Z.4. We shall refer to the terms on the right hand side of
(3.1) as to the gradient energy, the F-integral (or potential) and the nonlocal energy,
respectively. The nonlocal energy is always non-negative since ffooo e’w Lowdxr > 0 for
all w e L2

Let €; > 0 be such that max{Z, 5o} > € > 0. Observe that there exist S, > 1, with
Po — 1 small if € is small, and M; = M;(vy) > 0 satisfying f.(—M;) > ’6;—2 for all € € (0, ¢7).
In the following we shall consider the restriction of Z, 4 to the admissible set Y defined by

o0

YE{wEHeI:/ e“wdr =1, —Ml—lgwgﬁg}. (3.2)
—0oQ

In the definition of ¥ the constraint ||w||;2 = 1 is imposed in order to eliminate a con-

tinuum of critical points due to translation. Suppose that u € Y is a constrained mini-

mizer of Z. 4, then u is the sought-after traveling wave solution provided Z. 4(u) = 0 and

—M; —1 <u < ff5. We refer to [8] for the detailed argument.

The constrained variational approach has been employed in [6, 8, 9] to establish
the existence of traveling wave solutions of FitzHugh-Nagumo system. There all the
parameters are fixed and of order O(1), except d which has to be sufficiently small. In the
situation studied therein when d — 0 the wave speed ¢ tends to infinity and dc? approaches
a positive number, which depends only on 8 € (0,1/2), where f(§) = £(§—3)(1—¢&). This
is a case when the I'-limit of Z. 4 does not exist when d — 0. Instead, we shall see here
a situation where the I'-limit exists and can be used to prove the existence of traveling
waves. As far as we know, this is one of the first instances where I'-convergence is applied
to non-stationary problems. To this end we will require that the other parameters vary
in a suitable way depending on d.

Remark 3.1. Observe that in [6, 8, 9] the constraint ||w'||12 = V2 was imposed in order
to prevent translations. Here instead, to simplify the I'-convergence analysis, we have
chosen in the definition of Y the constraint ||w| 2 =1 .



The I'-limit of Z. 4 and its minimizers will be studied later. The next two lemmas
enable us to recover the traveling wave solutions from the minimizers of the limit functional
of Ic,d‘

Lemma 3.2. Fiz vy, o, a and €, as above. If ¢,d > 0 and € € (0,¢€1), then inf,cy Z. 4(w)
is uniformly bounded from below with respect to €. Moreover, if inf,ecy Z.4(w) <0, then
the infimum is attained at some u € Y.

Proof. Note that there exists a constant My > 0 such that —My&% < F(€) for all £ € R
and 0 < € < €; then. Then, for w € Y we have

Lea(w) 2 / " Fe(w)dz > _MQ/ e“w? do = — Mo,

hence infy 7. 4 is bounded from below uniformly with respect to e.
Let {w,} C Y be a minimizing sequence with Z,. 4(w,,) < infy Z. 4+ 1. Then
dc2 00

2

w2 dv < T a(uw,) — / ¢ . (wy) da

—0o0 —00

S ir;fIQd + 1+ MQ .

Using the following Poincaré type inequality for w € H}

1
/emw'deZ —/erw2dx,
R 4 Jr

we get that the sequence {w,} is bounded in H!. Therefore, we may assume that there

exists w € H]} such that, up to a (not relabelled) subsequence, w, — w weakly in H}
and strongly in L° (R) N L7 (R). Then, —M; — 1 < w < ;. Arguing as in the proof of
Lemma 4.2 in [8] we obtain

e“w'?dr < liminf [ e"w!*dz,
R n—oo R

/emFE(w)dx < liminf/emFe(wn)dx,
R R

n—o0

/ e*wl.wdxr < liminf / e*w, Lo.w, dx
R R

n—oo

and thus Z.4(w) < liminf, o7 q(w,). Moreover [, e*w?dz < 1, since fil e*w?dr =

lim,, oo fiz e®w? dx < 1 for any [ > 0.
Suppose now that infy Z., < 0, hence Z. 4(w) < 0. We claim that w # 0. Indeed,
otherwise we would get

n—oo n—oo

dc? 1
0> lim infZ. 4(w,) > % / exwi dx + lim inf/ e’““{Fe(wn) + §wn Ecwn} dx
R R

dc? 1 dc?
> 28 @ - =0
2 3 +ée {Fe(w)JrQwﬁcw}dx 5
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which is absurd. Consequently 1 > fR e*w? dx > 0.
Take a > 0 such that e* [, e"w?dx = 1. Setting u(z) = w(x — a), then v € Y and

Tea(u) = eLog(w) < I 4(w) < ing Tea(w) <Z.q(u) .
we

Hence u is a minimizer of Z.4 in Y. Note also that if infyZ.4 < 0, then a = 0 and
U= w. ]

Lemma 3.3. Let u be a global minimizer of I.q in Y and v = L.u. Suppose that
Z.a(u) = 0, then (u,v) satisfies (1.8)-(1.9); that is, a traveling wave solution of (1.6)
with ¢ as wave speed.

Proof. We only give a sketch of the proof, since the argument is similar to that of [8, 9.
Arguing as in those papers, we first show that —]T/[/l — 1 < u < fy. Following a simplified
version of [8, Lemma 4.5] (originally dealt with additional oscillation constraints), we next
prove that u > —]\Z. When d is sufficiently small, invoking [8, Lemma 6.2] yields v > 0.
This in turn leads to up < 1 < Sy by making use of [8, Lemma 7.1].

Since Z.. 4(u) = 0, with a slight modification, the argument used in [8] shows that there
is no Lagrange multiplier associated with the constraint fR e“w?dr = 1. Consequently
(u,v) satisfies (1.8)-(1.9). O

The condition inf,ey Z.4(w) = 0 depends on the fact that the parameters in the
governing equations change in a coordinate manner. This will be achieved by using the
tool of I'-convergence.

4 ['-convergence

To investigate the I'-convergence for the traveling wave functional, we rewrite (1.8)-
(1.9) choosing d such that € = Vdc?

Uy + Euy + fo(u) —eov =0, (4.1)

Cge + vy — Y0 +u=0. (4.2)

Then, in order to obtain a nontrivial geometric variational functional as a I'-limit when
e — 0, we need to choose a suitable dependence of ¢, hence of d, on the parameter e.

1 2
In this decomposition of Fi, Fj is a balanced bistable nonlinearity and Fy(0) = Fy(1)
a

min Fy = 0. G has a local maximum at 0 and a local minimum at 1 with G(0) =0
G(1) = —1/64/2. Their sum F, has a local maximum at £, and F.(3,) > 0. F.(0) =

Note that F, = Fy + aeG, where Fy(u) = tu?(u — 1)? and G(u) = L(% — ).
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1_12256 = —ﬁiae is the global minimum.

a local minimum and F,(1) = —

To evaluate the T-limit in L? as € — 0 of the functional Z, 4/¢, we set Jee) = Leafe,
that is, for w € Y

00 12 F
Jo(ey(w) = / e“{ﬂ + M + aG(w) + %w[,c(e)w} dx . (4.3)

. 2 €

In (4.3) ¢ is not necessarily a constant but a function of € with the property that c(e) — ¢
as € — 0 for some positive constant cy. If u is a minimizer of J.() in ¥ and

JC(E)(U) =0 5

then by Lemma 3.3 we obtain a solution of (4.1)-(4.2) with v = Lyu. Our goal is to
find traveling waves with speed close to ¢y. A traveling wave solution of (4.1)-(4.2) will
be denoted by (¢, ue, ve), where c. is the wave speed and d = €2/c?.

Next we study the I'-convergence of J..) as € — 0. As an application of the I'-
convergence Theorem 4.3 below, we shall prove the existence of traveling wave solutions
of the original problems by seeking suitable conditions on the parameters «, v and o.

Let us now define the function ¢(§) = fos \/2Fy(n) dn, which is commonly used in the
framework of phase transition problems, see for instance [23, 26]. Although the situation
considered in these papers is similar to ours, in dealing with traveling waves instead of
stationary solutions additional complications arise, due to the presence of an unbounded

domain, of a nonlocal term and of the weight e*. Observe that ¢ is a strictly increasing
function, ¢(0) = 0 and ¢(1) = ¥2

12

Throughout this paper, to simplify the notation, we shall denote with a slight abuse
of notation by {w.} a sequence {w,, }, with ¢, — 07. Moreover, in order to avoid the use
of double indices, a subsequence of such a sequence will be also denoted by {w}.

Lemma 4.1. (Compactness) Let {w.} CY be a sequence such that liminf._, Joe(we) <
Co for some Cy > 0. Then, setting C; = \%(% + %), the following hold:

(i) p(we) € BV,

(ii) there exist a (not relabelled) subsequence {w.} and a set E such that w. — xg in L?
and || Dxg|. < 6v/2(Co + Cra);

(iii) [ e"xr =1 and E C (—00,log6v2(Cy + Ciar)].

Proof. From the definition of Y in (3.2) we have that if € € (0, 1), then ||we|z~ < 1+ M,
< ||w6||i/2p ||w6||(Lp;2)/p < (14 My)®P=2/? for all p > 2. Thus, since w, € H}

and [Jw,|
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and the nonlocal energy is non-negative, we obtain

12

D@l = [ eIVERGw s [~ e(fe s D) g

€

< Tuowd) +a / &G (w,) da

1 [ 1 [
300+%(§/ oo+ €$|we|2dx> T o(1)
1+ M 1
s&w%( +3 1+§>+0(1):C’o+0104+0(1). (4.4)

This shows that the functions ¢(w,) are uniformly bounded in BV,. By applying on each
bounded interval [—Fk, k], with & € N, the compactness theorem for BV functions on
bounded domains and then using a standard diagonalization argument, we easily obtain
that there exist a function ®, € L} (R) and a (not relabelled) subsequence {¢(w.)}
converging to ®g in L}, (R) and pointwise a.e.. Thus, from Lemmas 2.1 and 2.4 we have
that &, € BV, and that

1P|t < Dol < liminf [[De(we)lle < Co + Crav.

Since ¢ is a strictly increasing function, setting wy = ¢~ (®y), yields w. — wy pointwise
a.e. and thus —M; — 1 < wy < By a.e.. Observe that

/Oo e* Fo(we) dz < e{Jc@ (we) + a/oo e*|G (wo)| dx} < e(Co+ Cra+o(l)). (45)

An application of Fatou’s lemma gives
0< / e Fy(wp) do < lim inf/ e’ Fy(we) dr < lim ionf e(Co+ Cra+0(1)) =0,
— €E—

0o e—0 o

which implies Fy(wg) = 0 a.e.. In turn this implies that wo(x) € {0,1} a.e., thatiswy = xg
for some measurable set F C R. As a consequence, ¢p(w.) — Py = ¢d(wy) = ¢(1)xg in
Li .(R) and pointwise a.e.. Using Lemmas 2.1 and 2.4 again, we get

loc
¢(VlIxells < o(VIIDxelle = [|Do(wo)lle < liminf [[Do(we)lle < Co+Cra. (4.6)

Hence xg € BV, and ||Dxg|l. <

Co+01a
#(1)

From Lemma 2.4 we have e®|¢(w.(x))| < 2||Dp(w.)]le < 2(Cy+ Cra+o(1)) and thus
|p(we(z))| < 2(Co + Cra+1)e™. Since ¢! is continuous and ¢~(0) = 0, there exists yo
such that |w.(z)| < 1/2if z > yy. This together with (4.5) gives

, which in turn implies £ C (—o0, log COJEC)W ].

/ e“w? dr < 4/ e“w(w, — 1)*dr < 16/ e"Fo(we) dx < 16€(Cy + Cra+o(1)).
Yo _

Yo [ee)
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We claim now that the subsequence {w.} is a Cauchy sequence in L?. To this end
we fix 6 > 0, and estimate the norm of w. — w,, for €, > 0, as follows

oo
/ e’ |we — wy|? dz

o0

—Ys Yo oo
g/ ex\wﬁ—wn|2dx—|—/ ex|w€—wn\2d:1:—|—/ e’ |we — wy|* dz
—0o0 —Ys Yo
— —Ys Yo oo
§4(1+M1)2/ e”":dx+/ e$|w€—wn|2dx+2/ ez(wf+w2) dx

—0co —Ys Yo
Yo

< 4(1+ M;)%e ¥ + / e*|we — wy|?* dx + 64(Cy + Cra+o(1)) max{e, n} .
~Ys
Note that the first and the third addend in the last line of the above formula can be
made smaller than § by fixing ys large and by choosing € and 1 smaller than a suitable
€s. On the other hand, since the functions w, are uniformly bounded and converge to g
pointwise a.e., they converge to xg also in L?(—ys, yo). Therefore also the last integral in
the above formula is smaller than §, provided e and n are small enough. Thus {w.} is a
Cauchy sequence in L? and thus converges to xg also in in L. Hence

/ expdr = / e“ Xy dr = lir%/ e“wldr =1.
_ _ =0 J_

(e 9] o0

This completes the proof. n

In order to use the I'-convergence for studying the existence and the qualitative
behavior of traveling wave solutions as ¢ — 0, we extend the domain of J. to L2 by

setting
T (w) = the right hand side of (4.3) ifw €Y,
SCAST A N ifwe L?\Y.

Next we define a functional that will turn out to be the I'-limit of J,() with respect to the
L? convergence. Let E = U[a;, b;] be the union of countably many disjoint intervals such
that b; < 0o, a; > b1 for all ¢ and a; > —oo. If a; = —oo for some 7, then F reduces
to the union of finitely many intervals, while if £ is the union of infinitely many intervals
and yg € BV, then lim;_ ., a; = —o0.

We introduce the functional J* : L? — R defined as

VBN (e )~ V2a S (b i) 2 [ cry Lo da,

Jo(w) = if w=xp€ BV, and [*_e*xpdr =1, (4.7)
0, otherwise.

Remark 4.2. Since Y (e — %) < ¥ < oo, if J*(xr) < 0o, then both the first and the
third terms of J*(xg) are positive and bounded from above.
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We can now state the main result of this section.

Theorem 4.3. For given v,0,a > 0, let 0 < €; < max{%, i} Assume that ¢ : (0,€) —
(0,00) is a bounded function such that limcoc(e) = co > 0. Then Ji = I'-lime o Jo(
with respect to the L? convergence; that is, the following two properties hold:

(i) if {w.} C L? and this sequence converges to wy in L? then

T2 (1) < liminf Ju (1)

(ii) for any wo € L2, there exists a sequence {w.} C L%, converging to wy in L? and

J;U (wO) > lim sup Jc(€) (we) :
e—0

The proof of Theorem 4.3 will follow from Lemma 4.4 and Lemma 4.5, as to be
derived below. To this end, we start with (4.2) and using integration by parts to obtain

[e.9]

(N (Leow) 172 + M Leowllze = / e"w Legwd .

—00

Since c(e) — co, it follows that ||Loow| g < Cllw|| 2 for some positive constant C',
independent of e. Observe also that if w. — wg in L?, then it is easily verified that
Lewe — Leywg in H! and ffooo e W Loeywe dr — ffooo e*woL., wodr as € — 0. In other
words the nonlocal term in J._ is continuous with respect to the L? convergence. This

fact will be used in the proof of Theorem 4.3.
Lemma 4.4. (liminf inequality) If wo € L? then

J}: (wo) < liminf Joe (we) (4.8)
e—0

for any sequence w. — wq in L.

Proof. It is enough to assume that lim inf_,.J(¢)(we) < oo since otherwise there is nothing

to prove. Thus [Jw| ;2 = 1 and —Ml — 1 < w, < fBy. Morover, from Lemmas 4.1 and 2.3
we have that wy = xg € BV, ffooo e*xpdr = 1 and that E = U;[a;, b;] is the union of
countably many disjoint intervals.

As we observed before, the nonlocal term is continuous with respect to the L? con-
vergence. Note that the same is true for the integral of e*G. In fact, since the sequence
w, is bounded in L> and converges to xg in L%, we have w, — xg in L? as well. As a
consequence,

a/_oo e"G(we) dz — a/_oo e*G(xg)dx = aG(1) Z(ebi —e%)= —% (e¥ —e™).

7 7
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Thus it remains to verify the liminf inequality for the gradient term and the integral of
e”Fy only. Arguing as in the proof of (4.4) and (4.6), we get

V2

V=4 a; b; _ <1 .
> + ) = 61 |Dxel. < limint [ Do(w,)

0 12 F
< liminf e:l”(ﬁwe + O(we)> dzx .

e—0 2 €

From this inequality (4.8) follows. O

To prove the limsup inequality, the first step is to construct auxiliary functions similar
to those used in phase transition problems. To this end, setting fo(§) = —F((&) =
—£(£—1/2)(& — 1), we consider the equation

U + fo(U) = 0.
Integrating this equation we get
U!? /2 — Fy(U,) = constant .
Taking the constant on the right hand side equal to €/2 gives

e+ 2Fo(U,)
: .

U = (4.9)

Adding the condition U,.(0) = 0, we get a solution U.(z), strictly increasing and such that
U .
—————ds=u=x
0 \/ € + 2F0(S)
Note that U.(p.) = 1, where

1
€
pez/ _C ds<
0 e+ 2Fy(s)

Setting (76 =1— U, we get a a strictly decreasing function satisfying

~/ €+2F0(Ue)

€

and such that U,(0) = 1 and U,(p.) = 0.
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Lemma 4.5. (limsup inequality) For every wo € L? there exists a sequence w. — wq in
L? such that

Ji (w) > limsup Jege) (we) - (4.10)

e—0

Proof. It is clear that is not restrictive to assume that J? (wy) < oo. In this case, by
(4.7) wy = xg € BV,, where E = U;|a;, b;] is the union of countably many intervals with
a; > bi+1 for all 7.

Let us start by assuming that F is the union of finitely many intervals, say F =
U¥[a;, b;] with ay, possibly equal to —oo. In this case we set xo;_; = b; and x9; = a; for all
i=1,...,k. Note that as x increases, xg(z) jumps from 0 to 1 at z5; and from 1 to 0 at
Z9i—1. Then, we fix A > 0 such that min;<j<op_1(z; — j41) > A and take € so small that
pe < /e < AJ2. Finally, for all j = 1,...,2k we set ¢; = x; — 0;p., with 6; € [0,1]. We
now define

U — q2)  if x € [goi, qoi + pe] and i <k,
we(z) = ¢ U — qoi1) if z € [g2i1, q2im1 + pe] and @ < k,
XEe(x) otherwise.

Note that if a = —o0, then we(z) =1 for # < gox—;. At a point zy;, we have that

I2i+p€ $2i+Pe
if 65; =0, then / e“wldr < / expdr,
X

X2i—Pe 2i —Pe
T2;+pe T2i+pPe

if #5; =1, then / e”we2 dx > / e“xpdr.
Z2i—Pe X2i—Pe

Similar inequalities hold at the points xzo; 1. Therefore, using the intermediate value
theorem, for all j we can always choose 0; € [0,1] so that [*°_e"w?dxz = 1. Observe that
we € Y and w.(x) = 0 when x > ¢; + p.. Note also that by construction w, — xg in L?
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as € — 0. We now evaluate

/°° 693(6“2)22 + Fo(wf > /QJ+p€ (Ewéz + Fo(w€)) dx
- € €

k 12
Z o [ eU’2
= 62l

) e [ (G4 )
<Zeq2’e"e/ <U/2 Fo(U )dm+
)

e/p (Ez —l—FO(jje))dx

k
E QZz
=1
k
E q27,
=1

U12 Ue
= Z el ele / ( dx (using symmetry)
] 0
2%k 0
€ 2Fy (U
< Z eliele /0 % dx (using (4.9))
7j=1

2k pe 2k 1
:Zeqﬂ‘e’*/ Ve+2F(Ue) Ue’dx:Zeqjepé/ Ve+2Fy(s)ds .
j=1 0 j=1 0

Passing to the limit as € — 0 yields

00 ! 2k
limsup/ e’ (Ew_f + w> dr < ¢(1) Zexi = @ Z(e‘” + ) .

e—0 o0 2

From this inequality, recalling that both the integral term containing G and the nonlocal
term are continuous with respect to the L? convergence, (4.10) immediately follows.

If E' is the union of infinitely many intervals, since yg € BV,, then lim; ,,, a; = —o0.
In this case, for any integer h > 1 we set Ej, = U™ [a;,b;] U (—o00,11,], where [, < ay, is
chosen so that ffooo e*xg, dr = 1. Observe that limj_,, [, = —00. Therefore xg, = Xx&

in L2 and J: (xg,) — J (xg). By applying the limsup inequality to each Ej, for any h
we may find €, < 1/h and a function w,, € H} such that |lw, — xg,[[r2 < 1/h and

. 1
‘]C(éh) (wGh) < Jco (XEh) + E :

Then the conclusion follows, since w,, — xg in L? and J} (xg,) = J& (x5)- O

To conclude this section, let us observe that lim iglf (inf ey Jee)(w)) < oo when the
e—>

assumptions of Theorem 4.3 hold. Indeed setting

1 if <0,
we(r)=q 1-2 if 0<z<e

0 if x> €,
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we obtain w.(- — 0.) € Y for some . — 0. Then a direct calculation gives yields
lim inf Joe) (we) < o00.
e—0
Since there exists a Cy > 0, not depending on ¢, such that G(£) > —C,¢&? for £ €
[—M; — 1, Bs], it follows that

o0 o0

Jeo(w) = / e"G(w) dr > —aCy / e“w? de = —aCly
for all w € Y. Hence
. : o
oo > liminf (’L}]IGlg/ Jc(e)(w)) > —aCy

e—0

and consequently there exists a sequence {(.} C Y such that

113(1) Je(e)(¢c) = lim inf (ul)IelfY Jete) (W) (4.11)

e—0

Such a minimizing sequence will be used in the next section to establish the existence of
minimizers for .J; . Note that neither c(e) nor ¢y is constrained to be a wave speed.

5 Minimizer for J

Throughout this section, in order to simply the notation, we assume that c¢(e) — ¢ > 0
as € — 0. Moreover, if yg € BV, we denote by J*(xg) the right hand side of (4.7), which
is a finite quantity, regardless that ||xg|[z: is equal to 1 or not.

Lemma 5.1. Let ¢ > 0, then J: has a minimizer xg,. Moreover

(i) [ € xp, do = 1;
(ii) E. = [a,b] for some —oo < a < b < 0.

Proof. Let c¢(¢) — c. Since lim iglf(infwey Jetey(w)) < Cp for some Cyy > 0, from Lemma 4.1
e—

it follows that there exists a set E. such that, up to a not relabelled subsequence, the

sequence {(.} in (4.11) converges to xp, in L? and that || xz, |21 = 1, | Dxg.lle < 6v/2(Co+

Cia). This shows that yg, € BV, and that (i) holds. Moroever, a fundamental theorem

of I'-convergence, see [5, Th. 2.1], yields that y g, is a minimizer of J¥ and that

Jc (XE(') - 11_{% Jc(s) (Ce) .

We argue by contradiction assuming that F, is the union of two or more disjoint intervals
[a;, b;]. Then, we set E* = [a1,b] and E* = E, \ E'. For i = 1,2, let ||xpil|; = e for
some h; > 0. Thus

L= |lxglles =™ e (5.1)
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and ||xgi(- — hi)|lry = 1. Since xg, is a minimizer of J}, it is clear that J¥(xp.) <
J(xgi(- — hi)) = e J*(xgi). A simple calculation gives

() = Tt (xm) + T (xa) + 0 / e Loxn do
Then -
T (xs) > €M I (xw) + e T (xw) + 0 / e Lox d

Thi inequality, together with (5.1), implies that

0> 00/ e“xmLexg2 dx .

—00

But this is absurd, since L.xgz () > 0 for all z, hence ffooo e“xp Lexpedr > 0. As a
conclusion, E. = [a,b] or (—o0,0]. O

Now that we know that E. can be either a finite or a semi-infinite interval, we want
to understand when each of this two cases may occur. To this end we need to perform a
preliminary analysis.

Define £ = b — a. Since ||X[ap|lr2 = € —e* =1, from (4.7) we get

eI (Xap) = Ji(X1-e0)

\/§ _ \/504 _ o [°
= E(G ¢ + 1) — —(1 —e Z) + 5/ ex,CCX[,g’o] dx . (52)
—/

Let us now calculate the nonlocal term. Let us denote by r; < ry the solutions of the
characteristic equation ¢*r? + c¢*r — vy = 0,

1
r=—(—ct\A+4y). (5.3)
2c
Note that 1 < —1 < 0 < ry and that v + 1, = —1. Let us assume ¢ < co. The general

solution of ¢®v” + ¢*v' —yv = 0 is an element of span{e™®, e™*}. Solving (4.2), we obtain

Aye™® for x < —,
LeX[-10 = %y + Aze™ + Age™® for — 0 < x <0,
Ajen® for x > 0,
where
1 rif rid 1— rof
Al — TQ( € ) A2 _ 1 A3 _ o€ A4 _ Tl( € )
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Evaluating the nonlocal term in (5.2) and recalling that 7 4+ ro = —1, we get

0 0

1

/ e Lox -0 dr = / e”(— + Aze™® 4+ Age™") dx
—¢ - 7

o 2 —/ rid
7(7,2_741)(7"24—7”16 + ety .

Substituting into (5.2) gives
‘]:(X[a,b]> = ebj(& C) )

where we have defined

JW,c) = g(l —a)+ g(l +a)e t +

g

— (1o + 1 e—f_‘_erlﬁ . 5.4
7(7'2 — 701)( 2 1 ) ( )

Recall that ff)e e*LeX[—e0 dx > 0, thus the last term on the right hand side of (5.4) is also
positive.

Since E, = [a,b] and 1 = ||X[ap|lz2 = €’(1 — e7*), we have b = —log(1 — ¢7*) and

e (5.5)

J: (xE.) = 1

To study the dependence of the minimizer E. on ¢ we introduce the auxiliary function
H(c) = \/;_ Clearly, H is strictly increasing, H(0) = 0 and H(c¢) — 1 as ¢ — oo.

ct+4y

Note also the following useful identities

T2 . 1 1 o 1
= HE), = (L H (), (5.6)
d7’1 d?”g
L0, =2<0
de =5 dc <%
vy — 1 L dlra—r) _ 1) (5.7)

H(c)”  (ro—m)? dc
Given ¢ > 0, a simple argument shows that there exists always ¢. € (0, o] such that

1 1
T 7 €c> <
1 —e ¥t T (ler€) < 1—et

J(l,c) foralll>0. (5.8)

Note that when c is the wave speed, the case . = oo corresponds to a traveling front for
the limit problem, while a finite ¢, corresponds to a traveling pulse.
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6 Traveling front

In this section we examine the case ¢, = oco. To this end we define

Fle) Ezli)rgoj(f,c) :\1/—25(1—04)—1—%(1—11[(0)). (6.1)
It is clear that o
Fl(e) = —%H’(c) < 0.

Lemma 6.1. Let ¢ > 0 and ¢, € (0, 00| satisfying (5.8). Then ¢, = oo if and only if

%ZH(C) . (6.2)

Moreover, if (6.2) holds, X(—oc,) is the unique minimizer of J.

Proof. A direct calculation gives

\/5 —£ UH(C) —L g 7’16} ) (63)

1 1
0c) — - v g\ -7
1_6_£J( ,¢) — Fle) l—e—f{ — S e +7(T2—7”1)e

If £, = oo then ;—==J ({,¢) — F(c) > 0 for all £ > 0. In particular for large ¢, it follows
from (6.3) and r; < —1 that (6.2) holds.
Conversely, if (6.2) holds, it is clear from (6.3) that ——J (£, ¢) — F(c) > 0 for all £.

Since the last inequality is strict, X(—cc,0) is the unique minimizer of .J;. O

Having characterized the case /. = oo, we now study under which additional con-
straints on the physical parameters one has also F(c) = 0. To this end we introduce the
following condition:

(Al)*azw%>a—1>0.

Lemma 6.2. Given v,0,a > 0, (A1)* is equivalent to the following two conditions:
(i) there is a unique ¢y > 0 such that F(cy) = 0.

(it) X(~c0,0) s the unique global minimizer of J: and JZ, (X(—c0,0]) = 0.

Moreover, ¢y is given by (1.10).

Proof. First we prove the sufficiency of (A1)*. If @ > 1 and 3*[% > (a—1), then one has

F(0) = ‘1/—25(1 —a)+ 72> 0and F(oo) = ‘1/—25(1 —a) < 0. Since F is strictly decreasing in

¢, there exists a unique ¢y such that F(cf) = 0. Moreover, from (6.1) we obtain

(a—1)y

H(Cf)zl— 3\/§U .
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Thus, recalling that h, = 1 — (g‘:@l?, we have (1.10). To prove (ii) it is enough to show
that (. = co. By Lemma 6.1 this is equivalent to show that (6.2) holds with ¢ = ¢;. In
turn, this follows from the inequality 0423‘[%.

Conversely, note that by Lemma 6.1 condition (ii) implies (6.2). Moreover, if (i)
holds, then ¢y is given by (1.10). Since F(cs) = 0 and F is strictly decreasing, it follows
that F(0) > 0 and F(oco) < 0. These two inequalities, together with (6.2), immediately
vield (A1), O

Remark 6.3. (a) From (1.10) it follows that cs is an increasing function of hy. Thus cy
is a decreasing function of a and an increasing function of o. In fact ¢y can approach 0
or oo depending on the values of the parameters v,o and .

(b) Note that (1.10) gives a formula to calculate the speed for the traveling front solutions
of the T'-limat.

In Theorem 1.1, the stronger condition (A1) is imposed; that is, we require that (A1)*
is satisfied with strict inequalities. To give a physical interpretation of the assumption
(A1), we take a look at the nullclines. Denote by v, = 7.(€) a positive constant such that
the two regions enclosed by the line v = u/~, and the curve v = f.(u)/(eo) have the same
area with opposite signs.

Lemma 6.4. If e is sufficiently small then v, = 222 (1 4+ O(e)).

[0}

Proof. The nullclines v = u/v, and v = f.(u)/(eo) intersect at u = 0, ud, pi, where 3, 113
are the roots of the quadratic equation u* — (1 + B.)u + Bc + ;—" = 0. As both nullclines

are anti-symmetric about (u,v) = (5, us/v.), it can be easily checked that py = % and

x _ 2(1+8)
3

3= . Using the fact that p5u3 = S + 57, we obtain

ec 1

— =—(1-28)12—-5) . 6.4

“  j1-28)e-6) (04
The lemma follows by substituting 8. = 3 — o5 into (6.4). O

For sufficiently small ¢, Lemma 6.4 shows that (A1) is equivalent to
a
a>1 and ——y, >v7> 7,
a—1

which can be viewed as the constraints imposed on 7 to generate a wave front. We next
prove the existence of traveling wave solutions of (4.1)-(4.2) when € is small, as stated in
Theorem 1.1.

Proof of Theorem 1.1. Since c; satisfies (6.2) with a strict inequality, there exists n > 0
such that if ¢ € [cy—n, ¢y +n] then (6.2) still holds and thus inf;2 J; = F(c). Furthermore,
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since F is a strictly decreasing function of ¢, then F(c; —n) > 0= F(cs) > F(cr +n).
For ¢ >0, € € (0,¢1) and w € Y, we define

[ w'? Fy(w) o
Ie,c(w)—/ e {e 5+ —i—ozG(w)—i—EwECw}dx.

—00

Applying Theorem 4.3 with c(e) = ¢ (so that Jy) = Ic.), we get
D-lim I, = J* .
e—=0 7

Set ¢* = ¢; £ 1. By the fundamental theorem of I'-convergence [5, Theorem 2.1], there
exists g > 0 such that infy I, .- > 0 and infy I, .+ < 0 for all 0 < € < €. Observe
also that a slight modification of the argument of Lemma 3.5 of [7] shows that infy I, .
is a continuous function of ¢. Thus, by the intermediate value theorem, there exists
c. € (¢g —n,cr+n) such that infy I, = 0. Furthermore, by Lemmas 3.2 and 3.3, I,
has a minimizer u. € Y and, setting v. = L. u., (ue,ve) is a traveling wave solution of
(4.1)-(4.2) with speed c.. Since ¢, € (¢; —n,¢r + 1), from Lemma 4.1 we get that there
exists a subsequence such that ¢. — ¢y and uc — xg in Lz for some ¢; € R and xg € BV..
Moreover, by Theorem 4.3 we may also assume that I.. [-converges in L? to Jcikf and
thus that xp is a minimizer of JZ .

By Lemma 6.2, ¢; = ¢y and xg = X(-,0. Therefore, since these two limits do
not depend on the particular subsequence, we may conclude that ¢, — c¢; and that
Ue = X(—oo] In L2 as € — 0. O

7 'Traveling pulse

In this section our attention turns to the existence of a traveling pulse for the limit
problem. Let ¢ > 0 and suppose that there exists /. € (0, 00) such that

1
1—ete

J(le,c) <

—1—et

5 (17 f@) 0 (7.1)

To prove the existence of traveling pulses beside (7.1) we have to look for additional
conditions on the parameters insuring that there exists ¢ > 0 satisfying

J(l,c) forall>0.

It follows that

T(lec)=0. (7.2)

If this happens, then X[qs) is @ minimizer of J, where b = —log(1 — e*)anda=0b—/,.
A lower bound on /. is given in the next lemma.
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Lemma 7.1. If X[y is a minimizer of J: satisfying J}(Xjay) = 0, then o > 1 and
Ec:b—a>logg—ﬂ.

Proof. The result is a straightforward consequence of the equality J (¢, c) = 0 and of the
fact that the last term in (5.4) is positive. O

Lemma 7.2. Let ¢ > 0 and assume that J: has a minimizer X[a5 with ||Xy|lz2 = 1 and
S (Xap) = 0. If b = b —a, then ({.,c) satisfies

%(1+H(C)) (1—emh) = g(aﬂ) (7.3)
and

5 (1= H(Q) (1=t =

Proof. Using (5.6), we get by a direct calculation

6 \/§ —¢ g —L r1l
g7 (60) = —Fa)e =1+ HEO)g (- +e™). (7.5)

Since both (7.1) and (7.2) must hold, we obtain

07
ol
This gives (7.3). Using this equation together with (7.2) yields

V2 o
E(l —at Y(ra — 1)

(le,c) =0

ory

— =0,
Y(ra — 1)

(ra+ ™) +

from which, recalling (5.7) and (5.6) again, (7.4) follows. O

Lemma 7.3. Let 0,7 > 0 be given. If J} has a minimizer Xjqp with || Xaylly = 1 and
X (Xap) = 0, then
3vV20

g
Proof. By Lemma 7.2, ({.,c) satisfies (7.3) and (7.4). Clearly the left hand side of (7.4)

is positive, hence o > 1, a condition already given by Lemma 7.1. Define

>a>1. (7.6)

Q(l;c)

\/§7{ 14+« oz—l}_1

120 L1 —e 2t 1 —ent

Note that, eliminating H (c), from (7.3) and (7.4) we have Q(¢.,c) = 0.
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By a direct calculation

0Q _ \/57{ (Mt ., (-
o 120 (1 — em2t)2 (1 — erf)?

e”e} <0. (7.7)

Since % < 0 for all £ and Q(¢.,c) = 0, it follows that 0 > limy,,, Q(¢,c) = % -1,

which completes the proof. n
Remark 7.4. If { > 0 is a solution of J({,c) = %Z({,c) = 0, then it satisfies (7.3)-(7.4)

and is also a solution of 2Z(¢,c) = Q(¢,c) = 0. In turn, since Q is a linear combination

Bl
of J and %77, we ezpect that if Q(¢,c) = T (L, c) =0, then also %—‘Z(ﬁ, c) =0 holds.

Lemma 7.5. If J({c,c) =0 and 9L (¢.,c) =0, then %2727(&,0) > 0.

Proof. A direct calculation gives

0? V2, 3v20 iy
@j(ﬁ,c)—ﬁe (1+a)— 1+ H(c)) 7 (1+re™%)].
Invoking (7.3) yields
0? 2 3V?2
e il f”(l FHEO)1+r)e ] > 0.

]

Lemma 7.3 shows that (7.6) is a necessary condition for the existence of the required
minimizer. We are now going to show that it is also a sufficient condition. Given o and

v, if a € (1, 3\/3”), it follows with straightforward calculations that

0y (el i 0oy
( .

oc 120 1 — e m2t)2 de (1 —ent)? “ de

For ¢ > 0 (7.7) gives % < 0. Moreover, lim, o+ Q(¢,¢) = oo and lim, . Q(¢,c) =
% — 1 < 0, thanks to (7.6). Hence there exists a unique L = L(c) > 0 satisfying

Q(L(c),c) = 0. Note that
0Q/0c

/ — —
(€)= =5q /00
Next we derive the asymptotic properties of L(c). As ¢ — 0T, it can be easily checked that

Ty~ —@(1 + O(c)) and 19 ~ @(1 + O(c)). Plugging these relations into the equation
Q(L(c),c) =0 we have

2 1+« a—1
V29 L —1+o0(1),
120 \1 —eVL/e " 1 — e=VAL/e

> 0. (7.8)
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which can be simplified as

2
1 — e ViL/e _ %(1 +0(1)).

This shows £ — k; = —% log(1 — %) as ¢ — 07. Then from (5.4),

lim J(L(c),c) = — .

c—0+ 6

Next, if ¢ — oo then 7y ~ J and r; ~ —1. As L(c) is an increasing function, lim._,. L(c)
exists. However it cannot be a finite number, since the equality Q(L(c), ¢) = 0 yields

1 —lime,ooe ™l 1 —limg o et v

1 -1 6v2
+ o o - \/_a‘ (7.9)

Note that this last equation implies that we cannot have lim._,,, roL = 0. Furthermore,
it limsup,_, . 72l = oo we would get 3‘[% = «, which violates (7.6). Thus the only
possibility left is that lim sup,_, . roL = Ry. Using (7.9), Ry can be solved from

1 2
ra +oc—1:6\/_0.
1- Ry 0

Consequently there exists a sequence ¢, — oo such that along this sequence

and then

2

g

L~

Jim F(L(cx), e) = g(l —a) <0.

By the intermediate value theorem there exists ¢ > 0 such that J(L(c),c) = 0. As
observed in Remark 7.4, if (¢, c) satisfies J(¢,c) = Q(¢,c) = 0, then 27 (¢, c) = 0 should

be true as well. Indeed,

oJ
S (L)

—S(lta)e ﬁ(—e” +eh) (7.10)
_‘1/—25(1 +a)e t + v(rjr_l e ent) + J(L(e), o)

\1/_25(1 —a)+ 7(7“20— St by 4 7(7;7"_1 rl)erlL

L0 HE) (- - a1, an
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From (7.10) we have also

Laj —roL \/i
L0 = -1+ H(E) (1= = 3

(a+1). (7.12)
Eliminating H(c) from (7.11)-(7.12) yields

0T g mIy—1 , L —rgLy—11"1 _
SO0 = =2 [(1 = e 1= )] QL)) = 0.

By (5.5), a direct calculation gives

02T
or?

1 2T
(Lic)e) 1 —e=* 002 l(1(e)0)

o)
Let us now denote by ¢, the value of ¢ such that J(L(c,),c,) = a—j(L(cp), ¢p) = 0 From

Lemma 7.5 L(c,) is a local minimizer of J (-, ¢,). Moreover from (7.3) and (7.5) we have

oT 0 V2 o -y >0, if £ > L(c,),
o= (—E(1+a)+(1+ﬂ(c,,))%(1—e )){<0’ 02 i)

from which we deduce that L(c,) is a global minimizer of J (-, ¢,). Setting ¢, = L(c,) and
b= —log(l —e %), we conclude that J* has a minimizer X[b—t,,5 With J7 (X[b,gp ) =0
and || xp—¢,4|l2 = 1. From Lemma 7.1 it follows that £, > log 2%

In conclusion, we have proved the following.

Lemma 7.6. Let o and vy be given. If (A2) is satisfied, there exists ¢, > 0 such that Je,
has a minimizer X(ap with |[Xyllz2 = 1 and J; ( Xiap)) = 0. Thus, ¢, is the speed of the

traveling pulse solutions for the limit equation and b—a>log o a“

We next study the uniqueness of the I'-limit speed ¢,. This will in turn imply the
uniqueness of both L(c,) and the minimizer of Ji . As afirst step, we prove the following
lemma.

Lemma 7.7. Let {,c > 0. Then

oNg

%<€,C) < 0 .
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Proof. 1f £,¢ > 0, it follows from (5.4), the first equation in (5.7) and (5.3) that

oI, 97 1 ] _ 97 1 Y.
;%(670)_&[7"2—7"1(712_'—7,16 te >}—%|:T2—T’1(T1(1+6 >+€ >}
0
= = [H(c) (rm(l+e*)+ e”g)]
=H'(c)(rm(l+e ") +e) + H(c)%(l +et 4 teh)
. 4")/ ) rif 2’7 -/ ril
_—(02+4’7)3/2(T1(1+6 )+e )+—c(02+47)(1+6 + le"")
4~y — re o LHettent
(2 +47)% e et 2H(0) |

Since 2r;H(c) = —1 — H(c), we obtain

z@_J _ 2y _ —¢ .y —¢ .
ocdc H(C)<02+47)3/2[ (L4 H(e)(L+e7) + 2H(c)e™ 4+ 147 + le
2y
(2 + 47)3/2]C ’

where

1
=—1—e ‘42 né
K, c) e +2e —l—H(C)e

Recalling the first equality in (5.7), a direct calculation yields

Nt
H(c)

oK 1

0 = et 2remt 4 i) (e rilemt) = e7f — et 4 it
It suffices to show K < 0 for all £,¢ > 0. Note that K(0,¢) = 0. For small ¢, a Taylor’s
expansion gives

K——l—(1—€+§)+2(1+ £+@)+L(1+ 0)+ O(6)
- 2 T T HY T
1 r 1
_ 20— 2 1 3y — p2(__ 3
= (*( 2+7’1+H(0))+O(€) ( 2+7’1r2)+0(€)
Ly
2= 3
= (-5 - 5) +0(F) <0.

Therefore K = % = 0 and %%C < 0 at £ = 0, which implies % < 0 for small positive /.
Besides ¢ = 0, we claim that there exists only another non-negative root of %. Indeed

such a root satisfies
71 f

rol
2t 1 -
‘ H(c)
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which correponds to an intersection point of the exponential function y = €™ and the
straight line y = 1 — 75/ in the (¢,y) plane.

As %—’g < 0 for small positive £, the straight line lies above the graph of exponential
function near ¢ = 0. On the other hand the exponential function will dominate the
straight line when ¢ is large, hence there exists one strictly positive intersection point,
that we denote by ¢;. Clearly % < 0 for £ < ¢; and % > 0 for £ > 0;. As { — oo, it
is easily checked that K — —1. We can now conclude that I dips below 0 near ¢ = 0,
reaching a negative minimum at ¢ = /;, then increases again and converges to —1 as
¢ — oco. Hence for any given ¢ > 0, we have K < 0 for £ > 0. This concludes the proof of

the lemma. 0

Lemma 7.8. Under the assumptions of Lemma 7.6, the I'-limit speed c, is unique.

Proof. We argue by contradiction. Suppose that there exist two minimizers X[, s, of
J;, for i = 1,2, with £; = b; — a; and £, > ¢;. By (7.8) we have that c; > ¢;. Then
Tl c;) > T(l,c;) = 0 for all £ # {;. From these inequalities, recalling that 92 < 0, we
obtain 0 = J (01, ¢1) > J ({1, ¢c2) > T (la, c2) = 0, which is absurd. O

Remark 7.9. Under the assumptions of Lemma 7.6 and Lemma 7.8, the I'-limit has a
unique traveling pulse, whose speed is c,. Moreover, J., has the unique minimizer X|q-

The proof of Theorem 1.2 is analogous to that of Theorem 1.1, we omit it. Finally
recall , from Lemma 6.4 and note that when ¢ is sufficiently small, (A2) is equivalent to

a>1 and vy >7.
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