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Chapter 1

Introduction

In this PhD Thesis we deal with some aspects of the applications of the theory
of optimal mass transportation (and related Wasserstein distance) to evolution
partial differential equations. Essentially, the Thesis is made up of two parts.

In the first part (Chapter 3), we present a simple approach to study the one–
dimensional pressureless Euler system via adhesion dynamics in the Wasserstein
space P2(R). Starting from a discrete system of a finite number of “sticky” par-
ticles, we obtain new explicit estimates of the solution in terms of the initial
mass and momentum and we are able to construct an evolution semigroup in a
measure-theoretic phase space, allowing mass distributions in P2(R) and corre-
sponding L2-velocity fields. We investigate various interesting properties of this
semigroup, in particular its link with the gradient flow of the (opposite) squared
Wasserstein distance.

In the second part (Chapter 4 and Chapter 5), we focus our attention on the
Fokker-Planck equation in Rd, when the drift is a monotone (or λ-monotone)
operator. In Chapter 4, we prove new contraction properties of general trans-
portation costs along nonnegative measure-valued solutions of this equation.
Chapter 5 is devoted to find such solutions among the absolutely continuous
curves in P2(Rd): our main result ensures the existence of these solutions and
provides a metric characterization.

Let us now explain in greater detail the main results, referring to the next
sections for more precise definitions, statements and proofs.

Sticky particles model in the one-dimensional case.

In recent years considerable attention has been devoted to the unidimen-
sional pressureless Euler system{

∂tρ+ ∂x(ρ v) = 0

∂t(ρ v) + ∂x(ρ v2) = 0
in R× (0,+∞), ρ|t=0

= ρ0, v|t=0
= v0 (1.1)

in connection with the Zel′dovich model [54] for the evolution of a sticky particle
system (SPS) via adhesion dynamics. This model describes the behavior of a
finite collection of particles, freely moving in the absence of forces and sticking
under collision. They can be mathematically represented by a time-dependent
discrete measure ρNt :=

∑n
i=1miδxi(t) concentrated in a finite set of N particles
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Pi(t) := (mi, xi(t), vi(t)), i = 1, . . . , N with positive mass mi, ordered positions
x1(t) ≤ x2(t) ≤ · · · ≤ xN−1(t) ≤ xN (t), and velocities vi(t).

Denoting by Ji(t) := {j : xj(t) = xi(t)} the collection of (the indices of) the
particles Pj(t) coinciding with Pi(t) at time t, the adhesion dynamic imposes
that the sets Ji(t) are nondecreasing in time, so that vj(t+) = vi(t+) for every
j ∈ Ji(t). We can thus order in a finite and monotone sequence 0 < t1 < t2 < · · ·
the collection of times when the cardinality of some Ji(t) has a discontinuity
(corresponding to some collision). In each open interval [tk, tk+1) the (right-
continuous) velocities vi(t) = ẋi(t) are thus supposed to be constant and, at each
collision time tk, the conservation of mass and momentum yields the updated
equation for the velocities

vi(tk+) =

∑
j∈Ji(tk)mjvj(tk−)∑

j∈Ji(tk)mj
, i = 1, . . . N. (1.2)

It is not difficult to check that the measures ρN and (ρv)Nt :=
∑N
i=1mivi(t) δxi(t)

solve (1.1). Starting from the discrete SPS, the existence of measure-valued
solutions to (1.1) with general initial data and satisfying suitable entropy con-
ditions [12] has been proved by Grenier [29] and E, Rykov, and Sinai [26] (see
also the contribution of Martin and Piasecki [32]) as limits (in the sense of weak
convergence of measures) of the discrete particle evolutions ρNt as N ↑ +∞.
Here we also cite the different approaches of Bouchut and James [13], Poupaud
and Rascle [41], and Sever [47] in the multidimensional case; viscous regular-
izations of (1.1) have been studied by Sobolevskĭı [49] and Boudin [14], and a
different model, starting from particles of finite size, has been considered by
Wolansky [53].

The convergence result has been extended further and refined by Brenier
and Grenier [18], Huang and Wang [30], and Nguyen and Tudorascu [37]. (By
a different probabilistic approach, Moutsinga [34] has recently been able to
consider initial velocities with nonpositive jumps at each point of the support of
ρ0.) The basic assumption is that the discrete initial velocity vi is the value in
xi of a given continuous function v with at most quadratic growth and (the total
mass being normalized to 1) the sequence ρN0 converges to ρ0 with respect to the
L2-Wasserstein distance in the space P2(R) of probability measures with finite
quadratic moment. This includes the case (considered in [18]) of a sequence
ρN0 with uniformly bounded support and weakly converging to ρ0 in the duality
with continuous real functions.

All these results depend on a remarkable characterization of the solution ρ
found by Brenier and Grenier [18]: by introducing the cumulative distribution
function Mρ associated to a probability measure ρ ∈ P(R)

Mρ(x) := ρ((−∞, x]) ∀x ∈ R, so that ρ = ∂xMρ in D ′(R), (1.3)

they prove that the function M(t, ·) := Mρt(·) is the unique entropy solution of
the scalar conservation law

∂tM + ∂xA(M) = 0 in R× (0,+∞), (1.4)

where A : [0, 1]→ R is a continuous flux function depending only on ρ0 and v0

(see Theorem 3.28 for a precise statement).
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It can also be shown [37] that this solution satisfies the Oleinik entropy
condition

vt(x2)− vt(x1) ≤ 1
t
(x2 − x1) for ρt-a.e. x1, x2 ∈ R, x1 ≤ x2.

In Chapter 3 we discuss various refinements of the Brenier–Grenier result by a
different approach. Our starting point (Theorem 3.2) is an explicit Lipschitz
estimate of the dependence of ρt w.r.t. the initial data ρ0, (ρv)0 in the so called
Lp-Wasserstein distance Wp for every p ≥ 1. This distance is defined by

W p
p (ρ1, ρ2) := min

{∫
Rd×Rd

∣∣x1 − x2

∣∣p dρ(x1, x2) : ρ ∈ P(R× R)

ρ is a coupling between ρ1 and ρ2
}

in terms of couplings, i.e. measures ρ on the product space R×R whose marginals
are ρ1 and ρ2 respectively, so that ρ(E×R) = ρ1(E) and ρ(R×E) = ρ2(E) for
every Borel subset E ⊂ R. For p = 2 it shows that (ρNt )N∈N is a Cauchy sequence
in P2(R) and, in particular, yields the convergence results of [26, 18, 37], allowing
general initial measures in P2(R) and (possibly discontinuous) velocity fields
v0 ∈ L2(ρ0). We also show that a suitable L2-like integral distance between the
momentum ρv of two solutions can be controlled in terms of the initial data,
and we prove further precise representation properties of the solution and its
velocity field (Theorem 3.3).

This leads to the construction of a semigroup St associated to the evolution
of the SPS, which exhibits interesting links with another semigroup (recently
studied by Ambrosio, Gigli, and Savaré [2]), obtained as the gradient flow in
P2(R) of the (opposite) squared Wasserstein distance from a fixed reference
measure.

This link (which at first glance may be unexpected) can be better under-
stood in the simpler case when the initial velocity field v satisfies a one-sided
monotonicity condition (see section 5.4.2 of Villani’s book [51] for more details).
Still, considering the simpler discrete case, if

−δ−1 := min
xi 6=xj

v(xi)− v(xj)
xi − xj

< 0, v(xi) := vi (1.5)

for t ∈ [0, δ), then the map xt0(x) := x + tv(x) is nondecreasing on the support
of ρ0 (the finite set {xi : i = 1, . . . N}), so that the first collision occurs at t := δ
and, in the interval [0, δ), one has the freely moving measures

ρt := (xt0)#ρ0 =
N∑
i=1

miδxi+tvi , (ρv)t =
N∑
i=1

miviδx+tvi , t ∈ [0, δ), (1.6)

solving the pressureless Euler system (1.1). On the other hand, the curve t 7→ ρt,
t ∈ [0, δ] is a constant speed minimal geodesic in P2(R) connecting ρ0 with
η := ρδ; as in any Riemannian manifold, it coincides (up to a suitable rescaling;
see [2, Theorem 11.2.10]) with the gradient flow in P2(R) of the functional
φρ0(ρ) := − 1

2W
2
2 (ρ, ρ0). After the collision at time t = δ the trajectory of the

gradient flow no longer coincides with the free motion (1.6), since its velocity
has a jump which can be described exactly by (1.2) [2, Theorem 10.4.12]. At a
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later time, the velocity field induced by the (rescaled) Wasserstein gradient flow
can be characterized by the formula

vi(t+) = t−1

(
xi(t)−

∑
j∈Ji(t)mjxj(0)∑

j∈Ji(t)mj

)
, i = 1, . . . N. (1.7)

There is an interesting property (stated in Theorems 3.4 and 3.5) that the two
different laws (1.2) and (1.7) give rise to the same evolution, even for arbitrary
initial data.

In order to obtain these results, we adopt the viewpoint of one-dimensional
optimal transportation and represent each probability measure ρ ∈ P2(R) by
its monotone rearrangement Xρ, which is the pseudoinverse of the distribution
function Mρ of (1.3):

Xρ(w) := inf {x : Mρ(x) > w} = inf {x : ρ ((−∞, x]) > w} , w ∈ (0, 1).

(A similar approach, in a probabilistic framework, was used in [34]; see also [28]
for other applications.) The map ρ 7→ Xρ is an isometry between P2(R) (en-
dowed with the L2-Wasserstein distance) and the convex cone K of nondecreas-
ing functions in the Hilbert space L2(0, 1) (see §2.3.3). Through this isometry,
any gradient flow with respect to W2 in P2(R) can be rephrased as a gradi-
ent flow in K with respect to the L2(0, 1)-distance and one can use the powerful
tools of the classical theory of variational evolution inequalities in Hilbert spaces
(we refer the reader to §2.1). It turns out (see Theorem 3.6) that in this La-
grangian formulation the solution Xρt admits three simple characterizations—in
terms of the L2(0, 1)-projection PK onto K:

Xρt = PK(Xρ0 + tV0), V0 = v0 ◦Xρ0 , (1.8)

and in terms of the differential inclusions:

d
dt
Xρt + ∂IK(Xρt) 3 V0, t

d
dt
Xρt + ∂IK(Xρt) 3 Xρt −Xρ0 , (1.9)

where IK is the indicator function associated to K

IK(X) =

{
0 if X ∈ K,
+∞ otherwise.

Equations (1.8) and (1.9) encode all the qualitative information on the measure-
valued solution ρt, and their proof in the case of the discrete SPS constitutes the
core of our argument. The proof relies on an elementary but careful description
of the L2(0, 1)-projection operator PK and on the subdifferential of IK, which
we discuss in section 3.2. Once ρt has been determined, its velocity vt ∈ L2

ρt(R)

can be recovered from the right derivative V (t) := d
dt

+
Xρt ∈ L2(0, 1). In fact,

as a byproduct of the second differential inclusion of (1.9), V (t) is a function of
X(t) and, therefore, one obtains

V (t) = vt ◦Xρt . (1.10)

The projection formula (1.8) (which was introduced by Shnirel′man [48] (see
also [5]) in a slightly different form; see Remark 3.9) lies more or less explic-
itly at the core of the formulations by [26] and [18]. As was nicely explained
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by Andrievsky, Gurbatov, and Sobolevsky [5], elaborating on the contribution
of [48], (1.8) is equivalent to the generalized variational principle of [26], which
can be expressed through the convex envelope of the primitive function of the
map Xρ0 + tV0. As stated in full generality by Theorem 3.10, this convexifica-
tion characterizes the L2-projection on K. On the other hand, a convexification
is also involved in the second Hopf formula for the solutions of the Hamilton–
Jacobi equation associated to (1.4), as has already been observed in [18, sect. 4].
We will detail this point in Theorem 3.28.

The link between the formulation based on the scalar conservation law (1.4)
and the Hilbertian theory of gradient flows such as (1.9) is not at all surprising af-
ter the illuminating paper by Brenier [17] (whose ideas, in particular concerning
the SPS, could be traced back to [15, 16]). Wasserstein contraction properties
of solutions of one-dimensional scalar conservation laws have also been recently
obtained by Bolley, Brenier, and Loeper [8] (see also the further contribution
by Carrillo, Di Francesco, and Lattanzio [20]). So it would be possible, in prin-
ciple, to approach the SPS starting from (1.4) and try to apply the techniques
developed there. Note, however, that two solutions originating from different
initial distributions of position and velocity give rise to two scalar conservation
laws differing not only by the initial data but also by the flux functions, so that
their comparison does not look immediate. Moreover, the present self-contained
approach is very simple, since it relies on elementary tools of convex analysis
and direct computations on the discrete case; the simultaneous characterization
of the evolution by (1.8) and (1.9) provides a more refined description of the
solution and, as a byproduct, a new direct proof of the Brenier–Grenier theorem.

Fokker-Planck equation with a monotone drift term.

The aim of this second part is to obtain new uniqueness, contractivity and
existence results for nonnegative measure-valued solutions to the Fokker-Planck
equation

∂tρ−∆ρ−∇·(ρB) = 0, ρ|t=0
= ρ0, (1.11)

where B : Rd → Rd is a Borel λ-monotone operator, λ ∈ R, i.e.

〈B(x)−B(y), x− y〉 ≥ λ
∣∣x− y∣∣2 for every x, y ∈ Rd.

Here we consider a weakly continuous family of probability measures (ρt)t≥0 ⊂
P(Rd) satisfying the equation (1.11) in the sense of distributions∫ +∞

0

∫
Rd

(
∂tζ + ∆ζ −B · ∇ζ

)
dρtdt = 0 ∀ ζ ∈ C∞c (Rd × (0,+∞)), (1.12)

with the initial datum ρ0.
Equations of this type are the subject of several papers by Bogachev,

Da Prato, Krylov, Röckner, and Stannat, who consider a very general
situation where the Laplacian is replaced by a second order elliptic operator
with variable coefficients and B is locally bounded. Existence of solutions has
been proved by [10, Cor. 3.3], uniqueness has been considered in [9] under
general growth-coercivity conditions on B, and regularity has been investigated
by [11]: in particular, it has been shown that ρt is absolutely continuous with
respect to the Lebesgue measure for L 1-a.e. t. When B is Lipschitz continuous,
uniqueness can be obtained by standard duality arguments, see e.g. [3, Sec. 3].
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The Wasserstein approach in the gradient case. When B is the gradient
of a λ-convex function V : Rd → R then (1.11) can be considered as the gradient
flow of the perturbed entropy functional

HV (ρ) :=
∫

Rd
u(x) log u(x) dx+

∫
Rd
V (x) dρ(x) ρ = uL d (1.13)

in the space P2(Rd) of probability measures with finite quadratic moments en-
dowed with the L2-Kantorovich-Rubinstein-Wasserstein distance W2(·, ·). This
distance can be defined by

W 2
2 (ρ1, ρ2) := min

{∫
Rd×Rd

∣∣x1 − x2

∣∣2 dρ(x1, x2) : ρ ∈ P(Rd × Rd)

ρ is a coupling between ρ1 and ρ2
}

in terms of couplings, i.e. measures ρ on the product space Rd × Rd whose
marginals are ρ1 and ρ2 respectively, so that ρ(E×Rd) = ρ1(E) and ρ(Rd×E) =
ρ2(E) for every Borel subset E ⊂ Rd.

This remarkable interpretation found in [31] gave rise to a series of studies
on the relationships between certain classes of diffusion equations and distances
between probability measures induced by optimal transport problems (see e.g.
the general overviews of [51, 2, 52]). One of the strengths of this approach
is a new geometric insight (developed in [38]) in the evolution process: in the
case of (1.11) the λ-convexity of the potential V reflects a λ-convexity property
(also called displacement convexity) of the functional HV along the geodesics
of P2(Rd).

Contraction estimate in the gradient case. This gradient flow interpreta-
tion has been carried out (see e.g. [2]) and, among the most interesting estimates,
it provides the λ-contraction property

W2(ρ1
t , ρ

2
t ) ≤ e−λtW2(ρ1

0, ρ
2
0) for every t ≥ 0, (1.14)

where ρit, i = 1, 2, are the solutions to (1.11) starting from the initial data
ρi0 ∈ P2(Rd). In order to prove (1.14) when B = ∇V , essentially two basic
strategies have been proposed:

1. A first approach, developed by [22] for smooth evolutions and by [2] in a
measure-theoretic setting, starts from equation (1.11) written in the form

∂tρ+∇·(ρv) = 0, v = −
(∇u
u

+∇V
)
, ρ = uL d, (1.15)

and it is based on two ingredients: the first one is the formula which
evaluates the derivative of the squared Wasserstein distance from a fixed
measure σ along the (absolutely continuous) curve ρ in P2(Rd)

d
dt

1
2
W 2

2 (ρt, σ) =
∫

Rd×Rd
〈vt(x), y−x〉dρt(x, y) for L 1-a.e. t > 0 (1.16)

where ρt is an optimal coupling between ρt and σ.
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The second ingredient is the “subgradient” property of the vector field vt
given by (1.15), related to the displacement convexity of HV : in the case
λ = 0 it reads as∫

Rd×Rd
〈vt(x), y−x〉dρt(x, y) ≤HV (σ)−HV (ρt) if vt = −

(∇ut
ut

+∇V
)
.

(1.17)
Combination of (1.16) and (1.17) yields the so called Evolution Variational
Inequality

d
dt

1
2
W 2

2 (ρt, σ) ≤HV (σ)−HV (ρt) for every σ ∈ P2(Rd) (1.18)

which easily yields (1.14) for λ = 0 by a variable-doubling argument (see
[2, Theorem 11.1.4]).

The main technical point here is that (1.17) requires vt ∈ L2(ρt) and
(1.16) holds if for every 0 < t0 < t1 < +∞∫ t1

t0

∫
Rd
|vt|2 dρt dt =

∫ t1

t0

∫
Rd

∣∣∣∣∇utut
+∇V

∣∣∣∣2 dρt dt < +∞,

which should be imposed (in a suitable distributional sense) as an a pri-
ori regularity assumption on the solution of (1.11). We do not know if
solutions to (1.12) exhibit a similar regularization effect. A second, even
more difficult point prevents a simple extension of (1.18) to the general
non-gradient case: it is the lack of a potential V and therefore of an
entropy-like functional HV satisfying an inequality similar to (1.17).

2. A second approach has been proposed by [39] and further developed in
[25, 21]: it is based on the Benamou-Brenier [7] representation formula
for the Wasserstein distance

W 2
2 (ρ0, ρ1) = inf

{∫ 1

0

∫
Rd
|vt|2 dρt dt :

∂tρt +∇ · (ρtvt) = 0 in Rd × (0, 1), ρ0 = ρ|t=0
, ρ1 = ρ|t=1

}
and on a careful analysis of the effect of the evolution semigroup generated
by the equation on curves in P2(Rd) and its Riemannian tensor

∫
Rd |v|

2 dρ.
This technique involves various repeated differentiations and works quite
well if a nice semigroup preserving smoothness and strict positivity of the
densities has already been defined. Once contraction has been proved
on smooth initial data, the evolution can be extended to more general
ones but it seems hard to extend the uniqueness result to cover a general
distributional solution to the equation.

Chapter 4: contraction property of the Fokker-Planck equation. Our
purpose is to show (1.14) working directly on measure-valued solutions solutions
to (1.11) just satisfying the usual distributional formulation (1.12).
We note that in general (1.11) does not exhibit the same regularization effect
of the heat equation. Even in the gradient case B = ∇V , there exist solutions
ρt to (1.12) which are not of class C1(Rd) for every t ≥ 0: take, e.g., the
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invariant measure ρt ≡ Z−1e−V for a suitable convex function V 6∈ C1(Rd)
with e−V ∈ L1(Rd). Moreover, contraction property for such a weak class of
solutions provides a stability result useful to obtain distributional solutions via
approximation arguments, as regularization or splitting methods: we have an
example in chapter 5.

Our approach, developed from [40], relies on the well-known dual Kan-
torovich formulation [51] and a comparison result for the backward Kolmogorov
equation. We detail our strategy in a simple case: let us assume that B is
monotone (λ = 0), bounded and smooth; estimate (1.14) reads for a certain
time T as

W 2
2 (ρ1

T , ρ
2
T ) ≤W 2

2 (ρ1
0, ρ

2
0). (1.19)

The dual Kantorovich formulation (see §2.3.1) of the L2-Wasserstein distance

W 2
2 (ρ1, ρ2) = sup

{∫
Rd
φ1 dρ1 +

∫
Rd
φ2 dρ2 :

φ1, φ2 ∈ Cb(Rd), φ1(x1) + φ2(x2) ≤ |x1 − x2|2
}

reduces the estimate of the cost W 2
2 (ρ1

T , ρ
2
T ) to the estimate of

Σ(φ1, φ2;T ) :=
∫

Rd
φ1 dρ1

T +
∫

Rd
φ2 dρ2

T

for an arbitrary pair of functions φ1, φ2 admissible, i.e. satisfying the constraint

φ1(x1) + φ2(x2) ≤ |x1 − x2|2 for every x1, x2 ∈ Rd. (1.20)

Estimate (1.19) is proved if for any admissible pair φ1
T , φ

2
T , there exists an

admissible pair φ1
0, φ

2
0 such that Σ(φ1

T , φ
2
T ;T ) ≤ Σ(φ1

0, φ
2
0; 0). We can obtain

this pair by solving the final-value problem for the adjoint equation

∂tφ
i + ∆φi −B · ∇φi = 0 in Rd × (0, T ), φi(·, T ) := φi :

the distributional formulation (1.12) yields

Σ(φ1
T , φ

2
T ;T ) = Σ(φ1(·, 0), φ2(·, 0); 0).

It remains to show that the pair φ1(·, 0), φ2(·, 0) still satisfies the constraint
(1.20): it follows from a comparison result for the backward Kolmogorov equa-
tion ( Theorem 4.5) based on a “variable-doubling technique”.

Through this approach it is also possible to cover the case of an arbitrary
monotone field B, without any growth restriction, and to extend contraction
estimates to more general transportation costs. The main result of the chapter,
Theorem 4.1 presents the contraction property for transportation costs as

Ch(ρ1, ρ2) := inf
{∫

Rd×Rd
h(|x1 − x2|) dρ(x1, x2) : ρ ∈ P(Rd × Rd),

ρ is a coupling between ρ1 and ρ2
}
,

where the cost function h : [0,+∞) → [0,+∞) is a continuous and non-
decreasing function with h(0) = 0. It provides the general contraction es-
timate

Chλt(ρ1
t , ρ

2
t ) ≤ Ch(ρ1

0, ρ
2
0) for every t ≥ 0, (1.21)

formulated in terms of rescaled cost hλt(r) := h(r eλt), r ≥ 0: (1.14) is directly
implied by (1.21) (see Corollary 4.2).
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Chapter 5: Wasserstein solutions to the Fokker-Planck equation.
Since B is not in general a gradient, we loose the gradient flow interpretation:
the vector

−
(∇u
u

+B
)

could not be interpreted as subgradient of a λ-convex functional. However, we
still can study problem (1.11) in the Optimal transport framework.

Inspired by (1.15), we provide a new definition for Wasserstein solution of
(1.11) (see Definition 5.1): a curve ρt ⊆ P2(Rd) solving

∂tρ+∇·(ρvt) = 0

where vt ∈ L2(ρt,Rd) satisfies∫
Rd

vt · ∇ϕdρt =
∫

Rd

(
∆ϕ−B · ∇ϕ

)
dρt, ∀ϕ ∈ C∞c (Rd).

This solution, if it exists, is unique (see Lemma 5.3). Under sufficient condition
on the initial datum, we prove existence of such solutions and find a metric
characterization (see Theorem 5.4).

The proof of Theorem 5.4 is divided in two parts. In the first one we assume
that B is Lipschitz and prove the existence of the solution via a splitting method
argument: we build a piecewise constant curve ρτ : [0,+∞[→ P2(Rd), i.e.

ρτt = ρτ,n ∈ P2(Rd), ∀t ∈](n− 1)τ, nτ ], n ∈ N; (1.22)

any step ρτ,n is determined by the previous one applying separately the evolu-
tions described by the diffusion term and the drift term

ρτ,n−1 diffusion−−−−−→ ρ̂τ,n
drift−−−→ ρτ,n : (1.23)

ρ̂τ,n is the evolution, after a time interval τ , of the heat equation from the datum
ρτ,n−1, while ρτ,n is obtained by transporting ρ̂τ,n along the trajectories solving

ẋ+B(x) = 0. (1.24)

More precisely, since heat equation is an example of the gradient case of the
Fokker-Planck equation (with V = 0), ρ̂τ,n is the gradient flow of the entropy
functional H := H0 (1.13) from ρτ,n−1, while ρτ,n is the push-forward of ρ̂τ,n

through the semigroup S(·) associated to (1.24). It is possible to show (see
Theorem 5.6) that ρτt converges for τ → 0 in W2 to the unique Wasserstein
solution ρτ of (1.11).

In the second part, we generalize the existence result for a generic B by ap-
proximation with Lipschitz operators. We consider the approximation problem

∂tρt −∆ρt −∇·(ρtBε) = 0 ρ|t=0
= ρ0, (1.25)

where Bε is a Moreau-Yosida approximation of B. We prove (see Theorem
5.11) that the Wasserstein solution ρεt of (1.25) converges to unique Wasserstein
solution of (1.11).

13



Plan of the Thesis In Chapter 2, we recall some useful results. In Section 2.1
we focus our attention on monotone operators, their approximations and their
associated evolution equations; we are particularly interested in the special case
of subgradients of convex equations. We report some basic elements of measure
theory (narrow topology, tightness, push forward) in Section 2.2. Section 2.3
is about Optimal transportation theory: we recall the important duality result
of Kantorovich and the definition of the Wasserstein distance: we discuss some
properties of this distance, in particular in the one dimensional case. Section 2.4
is dedicated to absolutely continuous curves in P2(Rd): we recall their link with
continuity equations and their metric characterization w.r.t. W2. In Section
2.5, we give the definition of gradient flow in the Wasserstein space: we report
some properties and consider the important example of the entropy functional
and the heat equation.

Chapter 3 is dedicated to the sticky particle system (SPS) (see [36]). In the
first section we recall some basic definition and notation and we state our main
results. Section 3.2 collects the main properties related to the convex cone K of
nondecreasing functions in L2(0, 1) (projection, polar cone, subdifferential of the
indicator function)—they provide simple but crucial tools for the analysis of the
discrete SPS presented in section 3.3, which contains all the basic calculations.
Section 3.4 deals with the existence, stability, and uniqueness of the solution in
the Lagrangian formulation. The final steps of the proofs (mainly concerning
the various limit processes) will be detailed in the last section, where we also
show a new derivation of the Brenier–Grenier theorem [18] from the Lagrangian
representation of the SPS.

The last two chapters are devoted to the Fokker-Planck equation. Chapter
4 is a joint work with Mark A. Peletier and Giuseppe Savaré [35], while the
results of Chapter 5 are presented for the first time in this thesis.

Chapter 4 concerns the contraction property of the equation when the drift
term is λ-monotone. In the first section, we state the main results of the chapter
and describe the strategy of the proof. In Section 4.2, we collect some tools useful
to our arguments: we present an approximation technique of the cost functional
and a rescaling trick which allows to consider λ = 0 in the following arguments.
Section 4.3 is devoted to show a comparison result for backward Kolmogorov
equation (Theorem 4.5): this is the key of the proof of the contraction property
(Theorem 4.1) contained in the last Section.

In Chapter 5 we introduce the definition of Wasserstein solutions to the
Fokker-Planck equation with monotone drift term and discuss its existence. In
the first Section we present the main statements. In Section 5.1 we prove the
uniqueness of Wasserstein solutions. In Section 5.2 we prove the existence when
operator B is Lipschitz continuous following a splitting method scheme. In the
last Section we extend the existence result for general B by approximation with
Lipschitz operators.
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Chapter 2

Preliminaries

2.1 Maximal monotone operators and gradient
flows in Hilbert spaces

Let H be a Hilbert space. We discuss the differential inclusion

ẋ+ ∂φ(x) 3 0,

with ∂φ(x) is the subdifferential of a convex function φ : H → R∪ {+∞}. This
equation is a particular case of a more general class of evolution equations asso-
ciated to maximal monotone operators. In this section we recall some elements
of the theory of the maximal monotone operators and derive some properties of
the gradient flows in the Hilbert space. The aim is double: maximal monotone
operators play an important role in the dissertation and it is interesting to com-
pare the Hilbert gradient flows with the Wasserstein ones (see 2.5). We refer to
[19] for an exhaustive treatment of the maximal monotone operator theory.

2.1.1 Convex cones in Hilbert spaces

Let us consider a convex subset K of H. We call K a cone if

z ∈ K =⇒ αz ∈ K, ∀α ≥ 0.

The projection operator on a convex closed set K is well defined and is charac-
terized by

g = PK(f) ⇐⇒ g ∈ K, 〈f − g, z − g〉 ≤ 0 ∀ z ∈ K. (2.1)

Lemma 2.1. Let K a closed convex cone. Then g = PK(f) if and only if

g ∈ K, 〈f − g, z〉 ≤ 0 ∀ z ∈ K, 〈f − g, g〉 = 0 (2.2)

Proof. It is easy to see that (2.2) implies (2.1); on the other hand, if g = PK(f),

g ∈ K, 〈f − g, αz − g〉 ≤ 0 ∀ z ∈ K, ∀α ≥ 0.

Choosing α = 2 and z = g, 〈f −g, g〉 ≤ 0. Choosing α = 0, 〈f −g, g〉 ≥ 0. Then
〈f − g, g〉 = 0: the other inequality follows immediately.
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The polar cone K◦ associated to a closed convex cone K is defined by

f ∈ K◦ ⇐⇒ 〈f, z〉 ≤ 0 ∀ z ∈ K;

equivalently, f ∈ K◦ ⇐⇒ PK(f) = 0. According to Lemma 2.1 we can reformu-
late projection in terms of the polar cone:

g = PK(f)⇐⇒ g ∈ K, f − g ∈ K◦, 〈f − g, g〉 = 0. (2.3)

2.1.2 Monotone operators

Consider an operator A : Dom(A)⊆H ⇒ H, not necessarily single-valued.

Definition 2.2. A is said monotone if

∀x1, x2 ∈ Dom(A), 〈y1 − y2, x1 − x2〉 ∀y1 ∈ A(x1), y2 ∈ A(x2).

A could be identified with its graph, i.e. {(x, y) ∈ H × H : y ∈ A(x)}.
The set of monotone operators is partially ordered w.r.t. the inclusion of the
graphs: this justifies the definition of maximal monotone operators. Explicitly,
a monotone operator A : Dom(A) ⇒ H is maximal if and only if for any
(x, y) ∈ H ×H s.t.

〈y − ξ, x− η〉 ≥ 0,∀(η, ξ) s.t. ξ ∈ A(η) =⇒ y ∈ A(x).

Example 2.3 (Subgradient of a convex function). Let φ : H → R ∪ {+∞} be
a convex function, i.e.

φ(tx+ (1− t)y) ≤ tφ(x) + (1− t)φ(y) t ∈ (0, 1), ∀x, y ∈ H.

The set Dom(φ) = {x ∈ H : φ(x) < +∞} is convex. The subgradient ∂φ :
Dom(φ)⇒ H of φ, defined by

ξ ∈ ∂φ(x)⇐⇒ ∀y ∈ H, φ(y) ≥ φ(x) + 〈ξ, y − x〉,

is a monotone operator. Furthermore, if φ is lower semicontinuous, ∂φ is also
maximal.

In Chapter 3 we consider a particular convex function: the indicator function
of a closed convex cone K

IK(z) =

{
0 if z ∈ K,
+∞ otherwise.

The subgradient is given by

ξ ∈ ∂IK(g) ⇐⇒ 〈ξ, z − g〉 ≤ 0 ∀ z ∈ K.

In terms of the projection on K

ξ ∈ ∂IK(g) ⇐⇒ g = PK(ξ + g). (2.4)

K◦ and ∂IK are clearly linked by K◦ = ∂IK(0) and

ξ ∈ ∂IK(g)
(2.4)(2.3)⇐⇒ g ∈ K, ξ ∈ K◦, 〈ξ, g〉 = 0.
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Properties

A fundamental characterization of maximal monotone operators is given by the
following

Proposition 2.4 ([19, Prop2.2, p.23]). Let A be a monotone operator. The
following three properties are equivalent:

a) A is maximal monotone,

b) A is monotone and i +A is surjective,

c) ∀ε > 0, (i + εA)−1 : H → H is a contraction.

Moreover, maximality implies the closure of the graph of the operator in
Rd ×Rd [19, Prop. 2.5, p.27]. By Proposition 2.4 the resolvent JAε : H → H of
the maximal monotone operator A

JAε (x) = (i + εA)−1(x), x ∈ H,

is a well defined contraction; it is also possible to check that limε→0 J
A
ε (x) =

x, ∀x ∈ Dom(A). Since maximality ensures the convexity of A(x), we can
introduce the minimal selection A◦ : Dom(A) → H of A: it is a monotone
operator s.t.

A◦(x) ∈ A(x), |A◦(x)| = min{|y| : y ∈ A(x)}.

Now we could give the description of the important tool of the Moreau-Yosida
approximation Aε : H → H of A [19, Prop.2.6],

Aε(x) :=
x− JAε (x)

ε
.

Proposition 2.5. Aε is maximal monotone and Lipschitz continuous with Lip-
schitz constant less equal than 1/ε. Moreover, for any x ∈ H

lim
ε→0

Aε(x) = A◦(x), |Aε(x)| ↑ |A◦(x)| for ε ↓ 0.

Let us recall a very simple (but useful) Lemma holds (see [19, p.62]):

Lemma 2.6. Let A : Dom(A) → H be a monotone operator. If Dom(A)
contains a ball BR(x0) with center in x0 and radius R > 0, there exists M > 0
s.t.

|A(x)| ≤ 1
R
A(x) · (x− x0) +

1
R
M |x− x0|+M. (2.5)

Proof. For any z s.t. |z| ≤ 1,

〈A(x)−A(x0 +Rz), x− x0 −Rz〉 ≥ 0.

In particular,

R〈A(x), z〉 ≤ 〈A(x), x− x0〉 − 〈A(Rz), x− x0〉+ 〈A(Rz), Rz〉
≤ 〈A(x), x− x0〉+ |x− x0| sup

BR(x0)

|A|+R sup
BR(x0)

|A|

Choosing z := A(x)/|A(x)| and M := supBR(x0) |A|, we obtain (2.5).
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2.1.3 Bounded, smooth approximations of a monotone op-
erator in finite dimension

In Chapters 4 and 5 we will assume that H = Rd. If A : Rd → Rd is a monotone
operator then there exists [19, Corollary 2.1] a maximal monotone multivalued
extension A : Rd ⇒ Rd (thus taking values in 2Rd) such that A(x) ∈ A(x) for
every x ∈ Rd. We denote by A◦(x) the minimal selection of A(x). [1, Corollary
1.4] shows that the set A(x) ⊂ Rd reduces to the singleton {A(x)} L d-almost
everywhere: in fact it satisfies

A(x) = {A◦(x)} = {A(x)} for L d-a.e. x ∈ Rd,
A(x) = conv

{
lim
n→∞

A(xn) for some xn → x
}
.

(2.6)

We recall the following important approximation result [27, Theorem 4.1]: we
denote by U the open unit ball in Rd.

Theorem (Fitzpatrick-Phelps). For any maximal monotone operator A : Rd ⇒
Rd, there exists a sequence of maximal monotone operators An : Rd ⇒ Rd such
that, for each x ∈ Rd and all n,

A(x) ∩ nU ⊂ An(x) ⊂ nU, An(x) \ A(x) ⊂ n∂U for every x ∈ Rd. (2.7)

Notice that (2.7) yields in particular

|A◦n(x)| = min
(
|A◦(x)|, n

)
for every x ∈ Rd. (2.8)

Theorem 2.7. Let A : Rd ⇒ Rd be a maximal monotone operator and (βn)n∈N
a vanishing sequence of positive real numbers. There exists a sequence of smooth,
globally Lipschitz, and bounded monotone operators An : Rd → Rd such that

Lip(An) ≤ n, |An(x)| ≤ min
(
|A◦(x)|, n

)
+ βn,

lim
n→+∞

An(x) = A◦(x) for every x ∈ Rd. (2.9)

Proof. Let An be a sequence of maximal monotone operators satisfying (2.7)
and let Yn : Rd → Rd be the Moreau-Yosida approximation of An of parameter
n−1 (see Prop. 2.5)

Yn(x) := n
(
x− (I + n−1 An)−1x

)
Note that Yn is a n-Lipschitz monotone map satisfying

|Yn(x)| ≤ |A◦n(x)| (2.8)
= min

(
|A◦(x)|, n

)
for every x ∈ Rd (2.10)

Let us fix x ∈ Rd and let xn ∈ Rd be the unique solution of

xn + n−1 An(xn) 3 x so that Yn(x) = n(x− xn) ∈ An(xn).

If n > |A◦(x)| then (2.10) yields Yn(x) /∈ n∂U ; applying (2.7) and (2.10) again
we get

Yn(x) ∈ A(xn), |Yn(x)| ≤ |A◦(x)|,
|x− xn| ≤ n−1 |A◦(x)| for every n > |A◦(x)|.
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Since the graph of A is closed, any accumulation point y of the bounded sequence
Yn(x) satisfies

y ∈ A(x), |y| ≤ |A◦(x)|.

We thus conclude that limn↑+∞ Yn(x) = A◦(x) for every x ∈ Rd.
To conclude the proof we need to regularize Yn: to this aim we consider the

family of mollifiers κη defined by

κη(x) := η−dκ
(
x/η

)
, x ∈ Rd, η > 0, (2.11)

where κ ∈ C∞c (Rd), κ ≥ 0 and
∫

Rd κ(x) dx = 1; we set

An := Yn ∗ κη with η := (nk)−1βn where k :=
∫

Rd
|x|κ(x) dx,

so that
|An(x)− Yn(x)| ≤ η k Lip(Yn) ≤ n η k ≤ βn.

We consider now a radial smoothing:

Proposition 2.8. Let An : Rd → Rd be smooth, Lipschitz, and bounded mono-
tone operators satisfying (2.9). For every m ∈ N there exists bounded, smooth,
Lipschitz, and monotone operators An,m such that

Lip(An,m) ≤ n, sup
x∈Rd

|An,m(x)| ≤ n+ βn,

sup
x∈Rd

∣∣DAn,m(x) · x
∣∣ ≤ 2m (n+ βn),

(2.12)

lim
m↑+∞

An,m(x) = An(x) for every x ∈ Rd. (2.13)

Proof. We consider a family of mollifiers κη = η−1κ(·/η) ∈ C∞c (R), where κ
satisfies

supp(κ) ⊂ [0, 2], 0 ≤ κ ≤ κ(1) = 1, (1− x)κ′(x) ≥ 0,
∫

R
κ(x) dx = 1,

(2.14)
and the function ϑ ∈ C∞c (0,+∞) defined by ϑ(r) := κ(− log r), r > 0. We set

An,m(x) := m

∫ +∞

0

A(rx)ϑ(rm)
dr
r

The change of variable r = e−z shows that

An,m(x) = m

∫
R
An(x e−z)κ(mz) dz = Axn ∗ κ1/m(0),

where Axn(z) := An(x ez) for z ∈ R. It is then easy to check that |DAn,m| ≤ n
since

|DAn,m(x)| ≤ m
∫

R

∣∣DAn(x e−z)
∣∣e−z κ(mz) dz

(2.9)

≤ n

∫
R

e−y/m κ(y) dy
(2.14)

≤ n,

and An,m converges pointwise to An as m ↑ +∞.
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Concerning the second bound of (2.12) we easily have

DAn,m(x) · x = m

∫ +∞

0

DAn(rx) · xϑ(rm) dr = m

∫ +∞

0

d
dr

(
An(rx)

)
ϑ(rm) dr

= −m2

∫ +∞

0

An(rx)ϑ̃(rm)
dr
r

where ϑ̃(r) := rϑ′(r);

the inequality follows since by (2.14) the total variation of κ and thus of ϑ is 2,
so that

m2

∫ +∞

0

|ϑ̃(rm)| dr
r

= m

∫ +∞

0

|ϑ̃(r)| dr
r

= m

∫ +∞

0

|ϑ′(r)|dr = 2m.

2.1.4 Evolution equations associated to maximal mono-
tone operators

Consider the equation
ẋ+A(x) 3 0, (2.15)

where A : Dom(A)⇒ H is maximal monotone.

Theorem 2.9 ([19, Th.3.1, p.54]). For any x0 ∈ Dom(A) there exists a curve
x(t) from [0,+∞[ to H s.t.

1) x(0) = x0 and x(t) ∈ Dom(A);

2) x(t) is Lipschitz continuous in [0,∞[ and solves (2.15) L 1-a.e.;

3) x admits the right derivative for any t ∈ [0,+∞[ and

d
dt

+

x(t) +A◦x(t) = 0,
∣∣∣ d
dt

+

x(t)
∣∣∣ ≤ |A◦(x0)|.

Moreover, considering two solutions x1(t), x2(t) respectively associated to the
starting points x1

0, x
2
0 ∈ Dom(A),

|x1(t)− x2(t)| ≤ |x1
0 − x2

0|, t ∈ [0,+∞[. (2.16)

For any t > 0, the map x0 → x(t) is a contraction in Dom(A). Denoting with
S(t) the extension (by continuity) of this map on Dom(A), it can be checked
that S(t) is a continuous semigroup of contractions on Dom(A), i.e.

S(t) : Dom(A)→ Dom(A) is a contraction; (2.17a)
S(t)S(s) = S(t+ s), for t, s > 0; (2.17b)

lim
t→0

S(t)x0 = x0, for any x0 ∈ Dom(A). (2.17c)

From Theorem 2.9 3), we also have

|x0 − S(t)x0| ≤ t|A◦(x0)|. (2.17d)
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S(t) is called the semigroup generated by −A. It can be approximated via
the exponential formula involving the resolvent of A: as shown in [19, Cor.4.4,
p.126], for any x ∈ Dom(A),∣∣∣(JAt

m

)m
(x)− S(t)x

∣∣∣ ≤ 2 t√
m
|A◦(x)|. (2.18)

The correspondence between semigroups and maximal monotone operators is
one-to-one. Let S(t) be a semigroup of contractions in a convex set C: there is
a unique maximal monotone operator A satisfying the relation (see [19, Th.4.1,
p.114])

Dom(A) = C, lim
t↓0

x− S(t)x
t

= A◦(x), ∀x ∈ Dom(A) (2.19)

Now consider a lower semicontinuous convex function φ : H → R ∪ {+∞}
and the related gradient flow

ẋ+ ∂φ(x) 3 0. (2.20)

Since ∂φ is maximal monotone, Theorem 2.15 applies: the equation admits a
solution for any initial datum x0 ∈ Dom(∂φ). Moreover (see [19, Th.3.2, p.57]),

Theorem 2.10. Let x(t) be the solution of the differential inclusion (2.20)
with x(0) = x0 ∈ Dom(∂φ). The map t 7→ φ(x(t)) is convex, not increasing e
Lipschitz continuous on [0,+∞[ and

d
dt

+

φ(x(t)) = −
∣∣∣ d
dt

+

x(t)
∣∣∣2.

We can also notice that the solution of the gradient flow could be character-
ized by the Evolution Variational Inequality

1
2
d
dt

+|x(t)− y|2 = 〈ẋ(t), x(t)−y〉 ≤ φ(y)−φ(x(t)), for L 1-a.e. t > 0, ∀y ∈ H.
(2.21)

2.1.5 Nonhomogeneus problems and perturbed operators

Consider the equation
ẋ+ ∂φ(x)− λx 3 w, (2.22)

where ∂φ : Dom(∂φ)⇒ H is the subgradient of a lower semicontinuous convex
function φ and λ ≥ 0. Then, (see [19, Theorems 3.17, 3.4, 3.5 and 3.6])

Theorem 2.11. If w ∈ L2(0, T,H), for any x0 ∈ Dom(∂φ) there exists a
unique curve x(t) : [0, T ]→ H s.t.

1) x(0) = x0 and x(t) ∈ Dom(∂φ) for any Lebesgue point t of w in ]0, T [;

2) x(t) is (locally) absolutely continuous in ]0, T [;

3) x solves (2.22) L 1-a.e. in [0, T ];

4) x admits the right derivative for any Lebesgue point t of w in ]0, T [.

We recall a consequence of the stability result [19, Prop. 3.14, p.108] for the
nonhomogeneous equation (2.22):
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Theorem 2.12. Let wn, w ∈ L2(0, T,H) and xn0 , x0 ∈ Dom(∂φ) and let us
consider solutions xn(t) of

ẋn + ∂φ(xn)− λxn 3 wn, xn(0) = xn0 ,

and the solution x(t) of (2.22) with starting point x(0) = x0. If xn0 → x0,
wn → w in L2(0, T,H), then xn(t) converges uniformly to x(t) on [0, T ].

2.2 Elements of measure theory

In this section we recall some basic results P(Rd), the set of Borel probability
measures on Rd.

2.2.1 Narrow topology and tightness

We say that a sequence ρn ∈ P(Rd) narrowly (or weakly) converges to ρn ∈
P(Rd) if

lim
n→∞

∫
Rd
ϕ(x)dρn(x) =

∫
Rd
ϕ(x)dρ(x), ∀ϕ ∈ Cb(Rd),

where Cb(Rd) is the space of continuous bounded real functions on Rd.
It is well known that the narrow convergence is induced by a distance on

P(Rd) and we call narrow topology the topology induced by this distance. In
particular the compact subsets of P(Rd) coincide with sequentially compact
subsets of P(Rd).

We also recall that if ρn ∈ P(Rd) narrowly converges to ρ ∈ P(Rd) and
ϕ : Rd → R ∪ {+∞} is a lower semi continuous function bounded from below,
then ([2, Lemma 5.1.7])

lim inf
n→∞

∫
Rd
ϕ(x)dρn(x) ≥

∫
Rd
ϕ(x)dρ(x). (2.23)

A subset I ⊂ P(Rd) is said to be tight if

∀ε > 0∃Kε ⊂ Rd compact : ρ(Rd \Kε) < ε ∀ρ ∈ I.

The importance of tight sets is due to the following

Theorem 2.13 (Prokhorov). I ⊂ P(Rd) is tight if and only if it is relatively
compact in P(Rd).

There exists an interesting link between narrow convergence of probability
measures and Kuratowski convergence of their supports (see [2, Prop.5.1.8 ]):

Proposition 2.14. If (ρn) ∈ P(Rd) is a sequence narrowly converging to ρ ∈
P(Rd) then spt ρ ⊂ K − lim infn→∞ spt ρn, i.e.

∀x ∈ spt ρ, ∃xn ∈ spt ρn : lim
n→∞

xn = x.
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2.2.2 Push forward of measures

If ρ ∈ P(Rd) and t : Rd → Rm is a Borel map. the push forward of ρ through t,
denoted by t#ρ ∈ P(Rm), is defined as follows:

t#ρ[E] := ρ[t−1(E)], ∀E ∈ B(Rm),

where B(Rd) is the family of Borel subset of Rm. We will repeatedly use the
change-of-variable formula∫

Rd
ζ(y) d(t#ρ)(y) =

∫
Rm

ζ(t(x)) dρ(x) for every Borel ζ : Rm → [0,+∞].

We will use the following result on the convergence or push-forward measures
([2, Lemma 5.2.1]):

Lemma 2.15. Let tn : Rd → Rm be Borel maps uniformly converging to t
on compact subsets of Rd and let (ρn) ∈ P(Rd) be a tight sequence narrowly
converging to ρ. If t is continuous, then tn#ρn narrowly converge to t#ρ.

Let ρ ∈ P(Rd) and consider a sequence of Borel maps tn : Rd → Rd con-
verging in ρ-measure to t : Rd → Rd, i.e.

lim
n→∞

ρ({x ∈ Rd : |tn(x)− t(x)| > δ}) = 0 ∀δ > 0.

Lemma 2.16 ([2, Lemma 5.4.1]). Let tn, t : Rd → Rd be Borel maps and let
ρ ∈ P(Rd). Then tn → t in ρ-measure if and only if (i× tn)#ρ converges to
(i× t)#ρ narrowly in P(Rd × Rd).

Starting from an absolute continuous measure, it is possible to determine
the density of the push-forward, if exists (see [2, Lemma 5.5.3])

Lemma 2.17 (Density of the push-forward). Let u ∈ L1(Rd) be a nonnegative
function and t : Rd → Rd be a Borel bijective map s.t. t is L d-a.e. differen-
tiable. Then t#(uL d) � L d if and only if |det∇t| > 0 L d-a.e. and in this
case

t#(uL d) =
u

|det∇t|
◦ t−1L d. (2.24)

2.3 The Optimal transportation problem

The first version of the optimal transportation was proposed by Monge in 1781.
Let two measures ρ1, ρ2 ∈ P(Rd) and a cost function c : Rd × Rd → [0,+∞],
the Monge’s formulation is given by

inf
{∫

Rd×Rd
c(x, t(x)) dρ1(x) : t#ρ

1 = ρ2

}
.

In general, this problem is ill posed: for example, if ρ1 is a Dirac measure and ρ2

is absolutely continuous (w.r.t Lebesgue), there is no map t such that t#ρ
1 = ρ2.

In 1942, Kantorovich reformulated the problem in a relaxed version:

min
{∫

Rd×Rd
c(x1, x2) dρ(x1, x2) : ρ is a coupling between ρ1 and ρ2

}
(2.25)
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in terms of couplings, i.e. measures ρ in the product space Rd × Rd whose
marginals are ρ1 and ρ2 respectively, so that ρ ∈ P(Rd × Rd) and

ρ(E × Rd) = ρ1(E), ρ(Rd × E) = ρ2(E) for every Borel subset E ⊂ Rd.

There exists at least a coupling (e.g., ρ1 × ρ2) and the minimum is always
attained if c is lower semicontinuous (thanks to the tightness of the set of the
couplings).

The Optimal Transportation Theory has been developed starting from these
problems (see for instance [2] [51] for much more on this subject). In this section
we only recall a few basic facts.

In Chapter 4, we focus our attention on cost functions in the form c(x1, x2) =
h(|x1 − x2|), with h : [0,+∞) → [0,+∞) is a continuous e non-decreasing
function with h(0) = 0:

Ch(ρ1, ρ2) := inf
{∫

Rd×Rd
h(|x1 − x2|) dρ(x1, x2) : ρ ∈ P(Rd × Rd),

ρ is a coupling between ρ1 and ρ2
}
.

(2.26)

Among the possible interesting choices of h, the case h(r) := rp is associated to
the family of Lp Wasserstein distances on the space Pp(Rd) of all the probability
measures with moment of order p (see §2.3.2). When h is a bounded concave
function satisfying h(r) > 0 if r > 0, d(x, y) := h(|x − y|) is a bounded and
complete distance function on Rd inducing the usual euclidean topology so that
Ch(·, ·) is a complete metric on the space P(Rd) whose topology coincides with
the usual weak one (see, e.g., [2, Proposition 7.1.5]).

2.3.1 Kantorovich duality

The minimization problem (2.25) admits a dual formulation, due to Kantoro-
vich. It is possible to show (see [51]):

Theorem 2.18 (Kantorovich duality). If the cost function c is lower semicon-
tinuous, the minimum in (2.25) is equal to

sup
{∫

Rd
φ1 dρ1 +

∫
Rd
φ2 dρ2 :φ1, φ2 ∈ Cb(Rd),

φ1(x1) + φ2(x2) ≤ c(x1, x2)
}
.

(2.27)

For the transportation cost Ch(ρ1, ρ2) (2.26), it is possible to get a more
refined version of the duality formula (2.27): under suitable conditions on h, we
can consider only φ1, φ2 smooth and compactly supported.

Proposition 2.19. If the cost function h is Lipschitz continuous and satisfies
limr↑+∞ h(r) = +∞, then

Ch(ρ1, ρ2) = sup
{∫

Rd
φ1 dρ1 +

∫
Rd
φ2 dρ2 : φ1, φ2 ∈ C∞c (Rd),

φ1(x1) + φ2(x2) ≤ h(|x1 − x2|)
}
.

(2.28)
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Proof. Since Theorem 2.18 applies to Ch(ρ1, ρ2), we derive (2.28) from (2.27).
Let us recall that the h-transform of a given bounded function ζ : Rd → R is
defined as

ζh(x) := inf
y∈Rd

h(|x− y|)− ζ(y),

and it is a bounded and Lipschitz continuous function satisfying ζ(x) + ζh(y) ≤
h(|x− y|).

Let us fix c < Ch(ρ1, ρ2) and admissible φ1, φ2 ∈ Cb(Rd) such that∫
Rd
φ1 dρ1 +

∫
Rd
φ2 dρ2 > c. (2.29)

By possibly replacing φ2 with (φ1)h ≥ φ2 and φ1 with (φ1)hh ≥ φ1, it is not
restrictive to assume that φ1, φ2 are also Lipschitz continuous. Adding to φ1

and subtracting from φ2 a suitable constant, we can also assume that φ1 ≥ 0
and φ2 ≤ 0.

Let us now consider mollifiers κη as in (2.11) and a family of cutoff functions
χR defined by

χR(x) := χ(x/R) x ∈ Rd, R > 0,

where χ ∈ C∞c (Rd) satisfies

0 ≤ χ ≤ 1, χ(x) = 0 if |x| ≥ 1, χ(x) = 1 if |x| ≤ 1/2.

We set φ1
η := φ1 ∗ κη and φ2

η := φ2 ∗ κη − δη, where

δη := sup(φ1 ∗ κη − φ1)+ + sup(φ2 ∗ κη − φ2)+.

The definition of δη yields

φ1
η(x1) + φ2

η(x2) ≤
≤ φ1 ∗ κη(x1)− φ1(x1) + φ2 ∗ κη(x2)− φ2(x2)− δη + h(|x1 − x2|)
≤ h(|x1 − x2|).

Moreover, since φ1, φ2 are Lipschitz, φ1
η and φ2

η converge to φ1, φ2 uniformly as
η ↓ 0, so that φ1

η and φ2
η are a smooth admissible pair still satisfying the sign

condition φ1
η ≥ 0, φ2

η ≤ 0 and (2.29) for a sufficiently small η > 0.
Let us now choose R0 > 0 such that

h(r) ≥ supφ1
η for every r ≥ R0

Setting φ1
η,R := φ1

η
χR ≤ φ1

η we easily have for R ≥ R0

inf
x1∈Rd

h(|x1 − x2|)− φ1
η,R(x1) ≥ 0 if |x2| ≥ 2R ≥ R+R0.

Since φ2
η,4R := φ2

η
χ4R satisfies φ2

η,4R(x2) = φ2
η(x2) if |x2| ≤ 2R and φ2

η,4R(x2) ≤
0 for every x2 ∈ Rd, it follows that φ1

η,R, φ
2
η,4R is an admissible couple in C∞c (Rd),

and, for R sufficiently large, it still satisfies (2.29).

25



2.3.2 Kantorovich-Rubinstein-Wasserstein distance

We fix p ≥ 1 and denote by Pp(Rd) the space of Borel probability measures
having finite p-moments, i.e.

Pp(Rd) =
{
ρ ∈ Pp(Rd) :

∫
Rd
|x|pdρ(x) <∞

}
Given ρ1, ρ2 ∈ Pp(Rd), the so called Lp-Kantorovich-Rubinstein-Wasserstein
distance Wp(·, ·) between ρ1 and ρ2 can be defined by

Wp(ρ1, ρ2) :=

(
min

{∫
Rd×Rd

∣∣x1 − x2

∣∣p dρ(x1, x2) :

ρ is a coupling between ρ1 and ρ2

}) 1
p

(2.30)

We denote with Γo(ρ1, ρ2) the set of all optimal couplings realizing the minimum
in (2.30). Pp(Rd) endowed with the distance Wp is a separable and complete
metric space, called Wasserstein space.

We recall that, given a sequence ρn ∈ Pp(Rd) and ρ ∈ Pp(Rd),

lim
n→∞

Wp(ρn, ρ) = 0⇐⇒

{
ρn narrowly converges to ρ,
limn→∞

∫
Rd |x|

pdρn(x) =
∫

Rd |x|
pdρ(x).

In the case when ρ1 ∈ Prp(Rd), the subset of Pp(Rd) made of absolutely
continuous measures w.r.t. Lebesgue measure, it can be shown that he minimum
problem has a unique solution ρ, and ρ is induced by a transport map tρ

2

ρ1 : Rd →
Rd:

ρ = (i× tρ
2

ρ1)
#
ρ1 (i(x) = x).

In particular tρ
2

ρ1 is the unique solution of Monge’s optimal transport problem

min
{∫

Rd

∣∣x− t(x)
∣∣2 dρ1(x) : t#ρ = ν

}
.

2.3.3 Wasserstein distance: the one-dimensional case

Let ρ1, ρ2 ∈ P(R). Given a convex, even, and lower semicontinuous function
ψ : R → [0,+∞], we can consider the cost cψ(x, y) := ψ(x − y), x, y ∈ R, and
the associated optimal mass transportation problem

Cψ(ρ1, ρ2) = inf
{∫

R×R
ψ(x− y) dρ(x, y) : ρ coupling between ρ1 and ρ2

}
.

(2.31)
In the one-dimensional case, there exists a unique optimal coupling ρ realizing
the minimum of (2.30) and (2.31) (at least when the cost is finite and uniformly
convex): it can be explicitly characterized by inverting the distribution functions
of ρ1, ρ2. The cumulative distribution function Mρ associated to a probability
measure ρ ∈ P(R) is defined by

Mρ(x) := ρ((−∞, x]) ∀x ∈ R, so that ρ = ∂xMρ in D ′(R); (2.32)
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we consider its monotone rearrangement Xρ, which is the pseudoinverse of the
distribution function Mρ

Xρ(w) := inf {x : Mρ(x) > w} = inf {x : ρ ((−∞, x]) > w} , w ∈ (0, 1).
(2.33)

Xρ is a right-continuous and nondecreasing function satisfying

(Xρ)#λ = ρ, λ := L 1
|(0,1)

,

∫
R
ζ(x) dρ(x) =

∫ 1

0

ζ(Xρ(w)) dw

for every nonnegative Borel map ζ : R → [0,+∞]. In particular, ρ ∈ Pp(R)
if and only if Xρ ∈ Lp(0, 1). Moreover, thanks to the Hoeffding–Fréchet the-
orem [42, sect. 3.1], the joint map Xρ1,ρ2(w) := (Xρ1(w), Xρ2(w)), w ∈ (0, 1)
characterizes the optimal coupling ρ = Γo(ρ1, ρ2) by the formula

ρ =
(
Xρ1,ρ2

)
#
λ

so that [24, 42, 51]

W p
p (ρ1, ρ2) =

∫ 1

0

∣∣Xρ1(w)−Xρ2(w)
∣∣p dw,

Cψ(ρ1, ρ2) =
∫ 1

0

ψ
(
Xρ1(w)−Xρ2(w)

)
dw,

(2.34)

and the map ρ ∈ P(R) 7−→ Xρ is an isometry between P2(R) and the con-
vex subset K of L2(0, 1) of (essentially) nondecreasing functions (which can be
identified with their right-continuous representatives).

2.4 Absolutely continuous curves in P2(Rd)

Definition 2.20 (Absolutely continuous curve). Let I ⊂ R be an interval and
let ρt : I → P2(Rd). We say that ρt is absolutely continuous if there exists
m ∈ L1(I) such that

W2(ρt, ρs) ≤
∫ t

s

m(τ)dτ, ∀s, t ∈ I, s ≤ t.

Any absolutely continuous curve is uniformly continuous; it is not difficult
to show (see [2], [4]) that the metric derivative

|ρ′|(t) := lim
h→0

W2(ρ(t+ h), ρ(t))
|h|

exists L 1-a.e. t ∈ I for any absolutely continuous curve ρt. Furthermore,
|ρ′| ∈ L1(I) and is the minimal m fulfilling the definition.

Theorem 2.21. Let I be an open interval in R, let ρt : I → P2(Rd) be an
absolutely continuous curve and let |ρ′| ∈ L1(I) be its metric derivative. Then
there exists a Borel vector field v : (x, t) 7→ vt(x) such that

vt ∈ L2(Rd, ρt), ‖vt‖L2(Rd,ρt) ≤ |ρ
′|(t) for L 1-a.e.t ∈ I, (2.35)

27



and the continuity equation

∂tρt +∇ · (vtρ) = 0 in Rd × I

holds in the sense of distributions. i.e.∫
I

∫
Rd

(∂tϕ(x, t) + 〈vt(x),∇xϕ(x, t)〉)dρt(x)dt = 0∀ϕ ∈ C∞c (Rd × I).

Moreover, for L 1-a.e. t ∈ I vt belongs to the closure in L2(Rd, ρt) of the
subspace generated by the gradients ∇ϕ with ϕ ∈ C∞c (Rd).

Conversely, if a narrowly continuous curve ρt : I → P2(Rd) satisfies the
continuity equation for some Borel velocity field wt with ‖wt‖L2(Rd,ρt) ∈ L

1(I)
then ρt is absolutely continuous and |ρ′|(t) ≤ ‖wt‖L2(Rd,ρt).

In particular equality holds in (2.35).

Notice that the continuity equation involves only the action of vt on ∇ϕ
with ϕ ∈ C∞c (Rd). Moreover, the previous Theorem shows that the minimal
norm among all possible vector fields wt is the metric derivative and vt belongs
to the L2 closure of gradients of functions in C∞c (Rd). These facts suggest
a “canonical” choice of vt and the following definition of tangent bundle to
P2(Rd).

Definition 2.22 (Tangent bundle). Let ρ ∈ P2(Rd). We define

Tanρ P2(Rd) = {∇ϕ : ϕ ∈ C∞c (Rd)}
L2(Rd,ρ)

.

Then vt ∈ Tanρt P2(Rd). It could be shown that, in Tanρt P2(Rd), vt is
uniquely determined: vt is called the tangent vector to the curve ρt.

Remark 2.23. If ρ ∈ Pr2 (Rd), the subset of P2(Rd) of absolutely continuous
measures, we can characterized Tanρ P2(Rd) in a different way:

Tanρ P2(Rd) = {λ(tσρ )− i : σ ∈ P(Rd), λ > 0}
L2(Rd,ρ)

,

where tσρ is the optimal transport map from ρ to σ. Furthermore, if the curve
ρt belongs to Pr2 (Rd), the following Proposition holds:

Proposition 2.24. Let ρt : I → Pr2 (Rd) be an absolutely continuous curve, let
σ ∈ P2(Rd) and let vt ∈ Tanρt P2(Rd) be its tangent vector field. Then

1
2

d
dt
W 2

2 (ρt, σ) =
∫

Rd
〈vt, i− tσρt〉dρt.

2.5 Gradient flows in P2(Rd)

We refer to [2] for a deep treatment of th topic. Here we only recall some
properties useful in the dissertation and enlighten analogies with the Hilbert
gradient flows.

Let us consider a lower semicontinuous functional Φ : P2(Rd)→ R ∪ {+∞}
with a proper domain

D(Φ) := {ρ ∈ P2(Rd) : Φ(ρ) < +∞} 6= ∅.
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To introduce the gradient flow of Φ we need two basic definition: metric slope
and subdifferential. The definition of metric slope has been introduced by De
Giorgi for functionals defined in arbitrary metric space.

Definition 2.25 (Metric slope). Let us consider a functional Φ : P2(Rd) →
R ∪ {+∞} and a measure ρ ∈ D(Φ). The metric slope of Φ at ρ is defined by

|∂Φ|(ρ) = lim sup
ν→ρ

(Φ(ρ)− Φ(ν))+

W2(ρ, ν)
.

For the subdifferential, we consider only the case of absolutely continuous
measures.

Definition 2.26 (Frechet subdifferential). Let us consider a functional Φ :
P2(Rd) → R ∪ {+∞} and a measure ρ ∈ D(Φ) ∩ Pr2 (Rd). We say that ξ ∈
L2(Rd, ρ) belongs to the Frechet subdifferential ∂Φ(ρ) if

Φ(ν)− Φ(ρ) ≥
∫

Rd
〈ξ(x), tνρ(x)− x〉dρ(x) + o(W2(ρ, ν)).

When ξ ∈ ∂Φ(ρ) also satisfies

Φ(t#ρ)− Φ(ρ) ≥
∫

Rd
〈ξ(x), t(x)− x〉dρ(x) + o(‖t− i‖L2(Rd,ρ)),

ξ is said a strong subdifferential.

We can give the definition

Definition 2.27 (Gradient flows in P2(Rd)). We say that a (locally) absolutely
continuous curve ρt : I⊂R → Rd is a solution of the gradient flow equation

vt ∈ −∂Φ(ρt), t > 0.

if, for L 1-a.e. t > 0, ρt ∈ Pr2 (Rd) and the opposite of its velocity field vt ∈
Tanρt P2(Rd) belongs to the subdifferential of Φ at ρt.

In [2] is deeply examined the case of λ(-geodesically)convex functionals:

Definition 2.28 (λ-convexity along geodesics). Let φ : P2(Rd) → R ∪ {+∞}.
Given λ ∈ R, we say that φ is λ-geodesically convex in P2(Rd) if for every couple
ρ1, ρ2 ∈ P2(Rd) there exists an optimal coupling ρ between ρ1, ρ2 such that

φ(ρ1→2
t ) ≤ (1− t)φ(ρ1) + tφ(ρ2)− λ

2
t(1− t)W 2

2 (ρ1, ρ2), t ∈ [0, 1],

where ρ1→2
t =

(
(1 − t)π1 + tπ2

)
#
ρ, π1, π2 being the projections onto the first

and the second coordinate in Rd × Rd, respectively.

Example 2.29 (λ-convex functionals). In this thesis, we focused our attention
on two functionals

• the opposite Wasserstein distance with respect to a fixed measure ρ0,

φρ
0
(ρ) := −1

2
W 2

2 (ρ, ρ0);
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• the entropy functional H : P2(Rd)→ R ∪ {+∞}

H [ρ] =

{∫
Rd u log udx if ρ = uL d ∈ Pr2 (Rd),

+∞ otherwise.

One can check that H is (0-)convex and φρ
0
(ρ) is −1-convex. Morever, H is

lower semicontinuous even w.r.t. the narrow topology, while φρ
0
(ρ) is obviously

continuous in P2(Rd).
In [2, Th.11.2.1], one can find main properties and characterizations of the

gradient flows of λ-convex functionals. We are interested in some of them, which
we collect in the following Theorem

Theorem 2.30. Let Φ : P2(Rd) → R ∪ {+∞} be a lower semicontinuous λ-
convex functional. If ρit : (0,+∞)→ P2(Rd),i = 1, 2 are gradient flows satisfy-
ing ρit → ρi as t ↓ 0 in P2(Rd), then

W2(ρ1
t , ρ

2
t ) ≤ e−λtW2(ρ1, ρ2) ∀t > 0. (2.36)

In particular, for any ρ0 ∈ P2(Rd) there is at most one gradient flow ρt satisfying
the initial Cauchy condition ρt → ρ as t ↓ 0 and it is also characterized by the
system of “Evolution Variational Inequalities”
1
2

d
dt
W 2

2 (ρt, σ) +
λ

2
W 2

2 (ρt, σ) ≤ Φ(σ)− Φ(ρt) for L 1-a.e. t > 0,∀σ ∈ P2(Rd).
(2.37)

The map t 7→ Φ(ρt) is not increasing, Lipschitz continuous on ]0,+∞[ and

d
dt

+

Φ(ρt) = −|ρ′|2(t) = −|∂Φ|2(ρt) = −|∂◦Φ(ρt)|2 (2.38)

where ∂◦Φ(ρt) is the element of minimal norm of the subgradient ∂Φ(ρt).

Remark 2.31. Compare Theorem 2.30 with Theorems 2.10 and 2.15: for λ = 0,
(2.36) and (2.37) are analogous to (2.16) and (2.21), while (2.38) recalls (2.10).

Example 2.32. (Subdifferential calculus of the entropy). The entropy func-
tional is a particular case of the general class of internal energy functionals,
investigated in [2, Th.10.4.6].

As a consequence, we have

Theorem 2.33 (Slope and subdifferential of H ). Assume that H has finite
slope at ρ = uL d ∈ Pr2 (Rd). Then u ∈ W 1,1(Rd), ∇u = wu for some function
w ∈ L2(ρ,Rd) and

‖w‖L2(ρ,Rd) = |∂H |(ρ) < +∞.

Conversely, if u ∈ W 1,1
loc (Rd) and ∇u = wu for some function w ∈ L2(ρ,Rd),

then H has finite slope at ρ = uL d ∈ Pr2 (Rd) and w = ∂◦H (ρ).

Example 2.34 (Heat equation as gradient flow). As shown in [31], ρt is solution
of the gradient flow of H if and only if its density ut (ρt = utL d) solves the
heat equation. In particular, we have

W2(ρ1
t , ρ

2
t ) ≤W2(ρ1, ρ2) ∀t > 0;

1
2

d
dt
W 2

2 (ρt, σ) ≤H (σ)−H (ρt) for L 1-a.e. t > 0,∀σ ∈ P2(Rd);

t 7→H (ρt) is not increasing.
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Chapter 3

Sticky particles

The sticky particles system (SPS) describes the behavior of a finite collec-
tion of particles, freely moving in the absence of forces and sticking under
collision. They can be mathematically represented by a time-dependent dis-
crete measure ρNt :=

∑n
i=1miδxi(t) concentrated in a finite set of N particles

Pi(t) := (mi, xi(t), vi(t)), i = 1, . . . , N with positive mass mi, ordered positions
x1(t) ≤ x2(t) ≤ · · · ≤ xN−1(t) ≤ xN (t), and velocities vi(t).

Denoting by Ji(t) := {j : xj(t) = xi(t)} the collection of (the indices of) the
particles Pj(t) coinciding with Pi(t) at time t, the adhesion dynamic imposes
that the sets Ji(t) are nondecreasing in time, so that vj(t+) = vi(t+) for every
j ∈ Ji(t). We can thus order in a finite and monotone sequence 0 < t1 < t2 < · · ·
the collection of times when the cardinality of some Ji(t) has a discontinuity
(corresponding to some collision). In each open interval [tk, tk+1) the (right-
continuous) velocities vi(t) = ẋi(t) are thus supposed to be constant and, at each
collision time tk, the conservation of mass and momentum yields the updated
equation for the velocities

vi(tk+) =

∑
j∈Ji(tk)mjvj(tk−)∑

j∈Ji(tk)mj
, i = 1, . . . N. (3.1)

It is not difficult to check that the measures ρN and (ρv)Nt :=
∑N
i=1mivi(t) δxi(t)

solve the one-dimensional pressureless Euler system{
∂tρ+ ∂x(ρ v) = 0

∂t(ρ v) + ∂x(ρ v2) = 0
in R× (0,+∞), ρ|t=0

= ρ0, v|t=0
= v0. (3.2)

Starting from SPS we are able to construct an evolution semigroup in a measure-
theoretic phase space, allowing mass distributions in P2(R) and corresponding
L2-velocity fields. In the study of this semigroup an important role is played by
his Lagrangian formulation: associating probability measures with their mono-
tone rearrangements, we can employ the isometric correspondence P2(R) and
the convex cone K of nondecreasing functions in L2(0, 1) (see §2.3.3).

In the next section we recall some basic definition and notation and we state
our main results. Section 3.2 collects the main properties related to the con-
vex cone K in L2(0, 1) (projection, polar cone, subdifferential of the indicator
function)—they provide simple but crucial tools for the analysis of the discrete
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SPS presented in section 3.3, which contains all the basic calculations. Sec-
tion 3.4 deals with the existence, stability, and uniqueness of the solution in
the Lagrangian formulation. The final steps of the proofs (mainly concerning
the various limit processes) will be detailed in the last section, where we also
show a new derivation of the Brenier–Grenier theorem [18] from the Lagrangian
representation of the SPS.

3.1 Main results

An explicit estimate through Wasserstein distance

We introduce the set

Vp(R) :=
{
µ = (ρ, ρv) ∈ Pp(R)×M(R) : v ∈ Lpρ(R)

}
, p ∈ [1,+∞),

where M(R) is the set of all signed Borel measures with finite total variation,
the semidistances (here µi = (ρi, ρivi))

Upp (µ1, µ2) :=
∫

R×R
|v1(x)− v2(y)|p dρ(x, y) ρ = Γo(ρ1, ρ2) (3.3)

=
∫ 1

0

|v1(Xρ1(w))− v2(Xρ2(w))|p dw, (3.4)

and the distances

Dp
p(µ1, µ2) := W p

p (ρ1, ρ2) + Upp (µ1, µ2). (3.5)

We also set

[µ]pp :=
∫

R
(|x|p + |v(x)|p) dρ(x) = Dp

p (µ, (δ0, 0)) .

Proposition 3.1. Dp is a distance in Vp(R) and (Vp(R), Dp) is a metric (but
not complete) space whose topology is stronger than the one induced by the weak
convergence of measures. The collection of discrete measures

V̂(R) :=

{
µ =

(
N∑
i=1

miδxi ,

N∑
i=1

miviδxi

)
: mi > 0,

N∑
i=1

mi = 1, xi, vi ∈ R

}

is a dense subset of Vp(R). A sequence µn = (ρn, ρnvn), n ∈ N converges to
µ = (ρ, ρv) in Vp(R), p > 1 if and only if (see [2, Def. 5.4.3])

Wp(ρn, ρ)→ 0, ρnvn ⇀ ρv weakly in M(R),
∫

R
|vn|p dρn →

∫
R
|v|p dρ.

(3.6)
Let us denote by St : V̂(R) → V̂(R) the map associating to any discrete

initial datum (ρ0, ρ0v0) the solution (ρt, ρtvt) of the (discrete) SPS. St is a
semigroup in V̂(R).
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Theorem 3.2 (Stability w.r.t. the initial data). Let µ`t = (ρ`t, ρ
`
tv
`
t ) = St[µ`0],

` = 1, 2 be the solutions of the (discrete) SPS with initial data µ`0 ∈ V̂(R). Then,
for every convex cost (2.31) and every p ≥ 1,

Cψ(ρ1
t , ρ

2
t ) ≤

∫
R×R

ψ
(
x+ tv1(x)− (y + tv2(y)

)
dρ(x, y), ρ = Γo(ρ1, ρ2),

(3.7a)

Wp(ρ1
t , ρ

2
t ) ≤Wp(ρ1

0, ρ
2
0) + tUp(µ1

0, µ
2
0), (3.7b)∫ t

0

U2
2 (µ1

r, µ
2
r) dr ≤ C(1 + t)

(
[µ1]2 + [µ2]2

) (
W2(ρ1

0, ρ
2
0) + U2(µ1

0, µ
2
0)
)

(3.7c)

for a suitable “universal” constant C independent of t and the data.

We say that a map S : Vp(R)→ Vp(R) is strongly-weakly continuous if, for
every µn, µ ∈ Vp(R) with S [µn] = (ρ̃n, ρ̃nṽn), S [µ] = (ρ̃, ρ̃ṽ) ∈ Vp(R),

lim
n↑+∞

Dp(µn, µ) = 0 =⇒ lim
n↑+∞

Wp(ρ̃n, ρ̃) = 0, ρ̃nṽn ⇀ ρ̃ṽ weakly in M(R).

(3.8)

Theorem 3.3 (the evolution semigroup in Vp(R)). (a) The semigroup St can
be uniquely extended by density to a right-continuous semigroup (still de-
noted St) of strongly-weakly continuous transformations in Vp(R), p ≥ 2,
thus satisfying

Ss+t[µ] = Ss[St[µ]] ∀ s, t ≥ 0, lim
t↓0

Dp(St[µ], µ) = 0 ∀µ ∈ Vp(R).

(3.9)
St complies with the same estimates (3.7a)–(3.7c) of Theorem 3.2.

(b) (ρt, ρtvt) = St[µ], µ ∈ V2(R) is a distributional solution of (3.2) satisfying
the Oleinik entropy condition

vt(x2)− vt(x1) ≤ 1
t
(x2 − x1) for ρt-a.e. x1, x2 ∈ R, x1 ≤ x2. (3.10)

(c) If ψ : R→ R is a convex function such that ψ(v0) ∈ L1
ρ0(R) and (ρt, ρtvt) =

St[µ0], then the map

t 7→
∫

R
ψ(vt) dρt(x) (3.11)

is nonincreasing in [0,+∞), and its jump set is contained in an at most
countable set T = T (µ) independent of ψ.

(d) If µ ∈ Vp(R) and µt = (ρt, ρtvt) = St[µ], t ∈ [0,+∞), the curve t 7→
ρt is Lipschitz in Pp(R) with respect to Wp, and the curve t 7→ ρtvt is
continuous with respect to the weak topology in M(R), right-continuous in
[0,+∞) with respect to the (semi-) distance Up, and left-continuous at each
t ∈ (0,+∞) \ T , where T is the at most countable jump set of (3.11).

(e) Let µnt = (ρnt , ρ
n
t v

n
t ) = St[µn] and µt = (ρt, ρtvt) = St[µ]; if µn converges

to µ in Vp(R) as n ↑ +∞, then for every t ∈ [0,+∞) ρnt converges to ρt in
Pp(R) and ρnt v

n
t weakly converges to ρtvt in M(R); moreover, µnt converges

to (ρt, ρtvt) = St[µ] in Vp(R) for every t ∈ [0,+∞) \ T (µ).
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(f) For every 0 ≤ s < t, there exists a ρs-essentially unique monotone map
xts ∈ L2

ρs(R) such that

ρt = (xts)#ρs, lim
h↓0

xs+hs − i

h
= vs in L2

ρs(R), i(x) ≡ x, (3.12)

and, for ρt-a.e. y ∈ R,

vt(y) =
∫

R
vs(x) dρs→ty (x) = (t− s)−1

(
y −

∫
R

xts(x) dρs→ty (x)
)

(3.13)

where ρs→ty is the disintegration of ρs with respect to xts.

Let us recall that the disintegration ρs→ty of ρs with respect to the Borel
(monotone) map xts is a Borel family of parametrized measures uniquely deter-
mined for ρt-a.e. y ∈ R such that ρs =

∫
R ρ

s→t
y dρt(y) with ρs→ty ((xts)

−1(y)) = 1
(see, e.g., [2, Thm. 5.3.1]).

Note that for a fixed t the map St : Vp(R)→ Vp(R) may fail to be continuous
with respect to the distance Dp, at least in the momentum component ρv.

The gradient flow of the (opposite) squared Wasserstein
distance

Equations (3.12) and (3.13) show an interesting connection between the semi-
group St in V2(R) and the gradient flow G σ

t in P2(R) of the (opposite) squared
distance functional

φσ(ρ) := −1
2
W 2

2 (ρ, σ) ∀ ρ, σ ∈ P2(R).

Let us recall [2] that for every choice of a reference measure σ ∈ P2(R) it is pos-
sible to define a unique continuous and 1-expansive semigroup G σ

τ : P2(R) →
P2(R), τ ≥ 0 whose Lipschitz trajectories ρ̂τ := G σ

τ (ρ) can be uniquely charac-
terized by the evolution variational inequality

1
2

d
dτ
W 2

2 (ρ̂τ , η)− 1
2
W 2

2 (ρ̂τ , η) ≤ φσ(η)− φσ(ρ̂τ ) ∀ η ∈ P2(R). (3.14)

The next result shows that St and G ρ0
τ basically coincide up to the rescaling

τ = log t, t = eτ , ρ̂τ = ρeτ . (3.15)

Theorem 3.4. (Gradient flow of the Wasserstein distance and SPS). Let
(ρt, ρtvt) = St(ρ0, ρ0v0) ∈ V2(R) be the semigroup solution of the SPS. The
Lipschitz curve (ρt)t≥0 in P2(R) solves the evolution variational inequality

t

2
d
dt
W 2

2 (ρt, η)− 1
2
W 2

2 (ρt, η) ≤ φρ0(η)− φρ0(ρt) a.e. in (0,+∞) (3.16)

for every η ∈ P2(R). Equivalently, the reparametrized solutions ρ̂τ = ρeτ satisfy
(3.14) with σ := ρ0 and we thus get the representation formula

ρ̂τ = G ρ0
τ−δρ̂δ or, equivalently, ρt = G ρ0

log(t/ε)ρε ∀ τ = log t ≥ δ = log ε.
(3.17)
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Conversely, if t 7→ ρt is a Lipschitz curve in P2(R) satisfying (3.16) and the
initial velocity condition

lim
t↓0

t−2

∫
R
|x+ tv0(x)− y|2 dρt(x, y) = 0 ρt = Γo(ρ0, ρt), (3.18)

then there exists a unique Borel velocity vector field vt ∈ L2
ρt(R) such that

(ρt, ρtvt) = St(ρ0, ρ0v0). vt is the Wasserstein velocity field of ρt [2, Theo-
rem 8.4.5].

Note that (3.18) corresponds to (3.12) for s = 0 in the case (which a poste-
riori is always verified) ρt = (i× xt0)#ρ0.

We can use (3.17) to exhibit the solution ρt of the SPS by a simple limit
procedure.

Theorem 3.5. Let (ρt, ρtvt) = St(ρ0, ρ0v0) ∈ V2(R) be the solution of the SPS,
and let ρ̃ε := (i+ εv0)#ρ0, ε > 0. Then

ρt = lim
ε↓0

G ρ0
log(t/ε)(ρ̃ε) in P2(R). (3.19)

Moreover, if for some ε0 > 0 the map i + ε0v0 is ρ0-essentially nondecreasing,
then

ρε = ρ̃ε, ρt = G ρ0
log(t/ε)(ρ̃ε) ∀ ε ∈ (0, ε0], t ≥ ε. (3.20)

The evolution in Lagrangian coordinates

We conclude this section with an even more explicit formula for the evolution
of the monotone rearrangement function X(t) = Xρt . We denote by IK the
indicator (convex, lower semicontinuous) function of K in L2(0, 1)

IK(X) =

{
0 if X ∈ K,
+∞ otherwise,

(3.21)

with (multivalued) subdifferential ∂IK : L2(0, 1) → 2L
2(0,1). We also introduce

the closed subspace HX ⊂ L2(0, 1), X ∈ K, whose functions Y ∈ L2(0, 1) are
essentially constant in each open interval (a, b) ⊂ (0, 1), where X is constant.
It is not difficult to check that for every X ∈ K and Y ∈ L2(0, 1)

Y ∈ HX iff Y = y ◦X for some Borel map y ∈ L2
ρ(R), ρ = X#λ. (3.22)

Theorem 3.6 (Lagrangian evolution). A curve (ρt, ρtvt) ∈ V2(R), t ≥ 0 is
the semigroup solution St(ρ0, ρ0v0) of the SPS as in Theorem 3.3 if and only
if its monotone rearrangement X(t) = Xρt ∈ K ⊂ L2(0, 1) satisfies one of the
following three (equivalent) characterizations in terms of the couple X0 := Xρ0

and V0 := v0(X0) ∈ HX0 :

I. X is the unique strong (i.e., absolutely continuous) solution of the Cauchy
problem for the subdifferential inclusion

d
dt
X ∈ −∂IK(X) + V0, X(0) = X0, (L.I)

which is the gradient flow in L2(0, 1) of the convex functional

X 7→ IK(X)− (V0|X), X ∈ L2(0, 1). (3.23)
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II. X admits the representation formula

X(t) = PK(X0 + tV0), (L.II)

where PK is the L2-projection on the convex cone K ⊂ L2(0, 1).

III. X is the unique strong solution of the rescaled gradient flow

t
d
dt
X(t) ∈ −∂IK(X(t)) +X(t)−X0,

lim
t↓0

t−1(X(t)−X0) = V0 in L2(0, 1).
(L.III)

In each of these cases the curve t 7→ X(t) is Lipschitz continuous in L2(0, 1)
and right-differentiable at each time t; the velocity field vt can be recovered by
the formula

V (t) =
d
dt

+

X(t) = vt ◦X(t) = PHX(t)(V0) ∈ HX(t) ∀ t ≥ 0, (L.a)

where PHX denotes the L2-orthogonal projection on the closed subspace HX ⊂
L2(0, 1). The closed subspaces HX(t) are nonincreasing:

HX(t) ⊂ HX(s) if 0 ≤ s ≤ t, (L.b)

and X,V satisfy the semigroup identities

X(t) = PK(X(s) + (t− s)V (s)), V (t) = PHX(t)(V (s)) ∀ 0 ≤ s ≤ t. (L.c)
This result shows that the natural evolution space for the Lagrangian sticky

particles flow is

Xp(0, 1) := {(X,V ) ∈ Lp(0, 1)× Lp(0, 1) : X ∈ K, V = v ◦X ∈ HX} , p ≥ 2,
(3.24)

endowed with the product distance in Lp(0, 1)× Lp(0, 1). The bijective map

(ρ, ρv) ∈ Vp(R)←→ (X,V ) ∈ Xp(0, 1), X = Xρ, V = v ◦Xρ

is, in fact, an isometry with respect to Dp of (3.5).

Corollary 3.7 (Lagrangian semigroup). For every p ≥ 2, the time-dependent
transformations St : Xp(0, 1)→ Xp(0, 1), t ≥ 0, which map a couple (X0, V0) ∈
Xp(0, 1) into the couple (X(t), V (t)) = St(X0, V0) ∈ Xp(0, 1), where X is the
solution of (one of the equivalent) (L.I), (L.II), (L.III) and V = d

dt

+
X as in

(L.a), define a right-continuous semigroup in Xp(0, 1), satisfying

(X(t), V (t)) = St(X0, V0) ⇐⇒ (ρt, ρtvt) = St(ρ0, ρ0v0),
where ρt = (X(t))# λ, V (t) = vt ◦X(t).

(3.25)

Remark 3.8 (rescaling). Up to the rescaling τ = log t, X̂(τ) = X(eτ ), (L.III)
is equivalent to

d
dτ
X̂(t) ∈ −∂IK(X̂(t)) + X̂(t)−X0. (3.26)
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We shall show (see Theorem 3.10) that PK is a contraction in every Lp(0, 1)
so that (L.II) provides a simple and sharp way to estimate X(t) in terms of the
initial data corresponding to (3.7b). Applying a general result of [44, 45], one
can obtain (3.7c) from the representation (L.I).

Let us finally remark that the Wasserstein gradient flow of Theorem 3.4 is
equivalent to (L.III)–(3.26). It is sufficient to introduce the functional Φσ

Φσ(X) := −1
2
‖X −Xσ‖L2(0,1) + IK(X), X ∈ L2(0, 1), (3.27)

which is related to φσ by

φσ(ρ) = Φσ(Xρ) ∀ ρ ∈ P2(R)

and is a smooth quadratic perturbation of the convex and lower semicontinuous
indicator functional IK; since

∂Φσ(X) = ∂IK(X)− (X −Xσ), (3.28)

(3.26) is the subdifferential formulation in L2(0, 1) of the gradient flow of Φρ0 ,
whose metric characterization [2] yields (3.14) thanks to the isometry ρ ↔ Xρ

between P2(R) and K.

Remark 3.9 (minimal Lagrangian description). One can use (as in [48, 5])
the initial measure ρ0 ∈ P(R) as a reference for the Lagrangian evolution, thus
representing ρt as x(t)#ρ0 for the optimal monotone map x(t) = xt0 ∈ L2

ρ0(R)
according to Theorem 3.3(f). We can therefore introduce the convex set K(ρ0)
of essentially nonincreasing Borel maps in the Hilbert space L2

ρ0(R) and we have
the corresponding formulae for the evolution in L2

ρ0(R) (i : R → R denotes the
identity map):

d
dt

x(t) ∈ −∂IK(ρ0)(x(t)) + v0, x(0) = i, (L.I′)

x(t) = PK(ρ0)(i + tv0), i(x) = x, (L.II′)

t
d
dt

x(t) ∈ −∂IK(ρ0)(x(t)) + x(t)− i, (L.III′)

to be completed with the expression for the velocity d
dt

+
x(t) = v(t) = vt◦x(t). All

these relations could be easily deduced by Theorem 3.6, since the correspondence
x↔ X = x ◦X0 is an isometry between L2

ρ0(R) and the closed subspace HX0 of
L2(0, 1). On the other hand, it is easier to deal with the convex set K in the space
L2(0, 1) with the uniform Lebesgue measure as a reference. The description
provided by Theorem 3.6 is more general, since it allows us to compare solutions
arising from different initial data.

3.2 Main properties of K
In this section we will study the properties of the convex set K of nondecreasing
functions in L2(0, 1), in particular the L2(0, 1)-projection operator PK and the
subdifferential of the indicator function IK (3.21). Denoting by (·|·) (resp., ‖ · ‖)
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the usual scalar product (resp., the induced norm) in L2(0, 1), since K is a
convex cone, PK can be characterized by

g = PK(f) ⇐⇒ g ∈ K, (f − g|z − g) ≤ 0 ∀ z ∈ K, (3.29)
⇐⇒ g ∈ K, (f − g|z) ≤ 0 ∀ z ∈ K, (f − g|g) = 0. (3.30)

The next result provides a useful characterization of PK(f) in terms of the
convex envelope of the primitive of f . Recall that the convex envelope of a
given continuous function F : [0, 1]→ R is defined as

F ∗∗(w) := sup {a+ bw : a, b ∈ R, a+ bv ≤ F (v) ∀ v ∈ [0, 1]} , w ∈ [0, 1],
(3.31)

and it is the greatest bounded, (lower semi-) continuous, and convex function
G satisfying G ≤ F in [0, 1]; it is therefore right- and left-differentiable at every
point t ∈ (0, 1) and its right derivative g := d

dw

+
F ∗∗ is nondecreasing and right-

continuous.

Theorem 3.10 (projection on K). Let f ∈ L2(0, 1) and let F (w) =
∫ w

0
f(s)ds

be its primitive. Then

PK(f) = g =
d

dw

+

F ∗∗,

where F ∗∗ is the convex envelope of F defined by (3.31). Moreover, for every
convex lower semicontinuous function ψ : R → (−∞,+∞] and every f, h ∈
L2(0, 1), we have∫

R
ψ (PK(f)) dw ≤

∫
R
ψ(f) dw,

∫
R
ψ (PK(f)− PK(h)) dw ≤

∫
R
ψ(f − h) dw.

(3.32)
In particular, PK is a contraction in every space Lp(0, 1), p ∈ [1,+∞]:

‖PK(f)− PK(h)‖Lp(0,1) ≤ ‖f − g‖Lp(0,1) ∀ f, h ∈ Lp(0, 1). (3.33)
We split the proof into several steps. Here is a preliminary lemma.

Lemma 3.11. For every f ∈ L2(0, 1), F ∗∗ is continuous in [0, 1], locally Lips-
chitz in (0, 1), and coincides with F at w = 0 and w = 1. If f ∈ L∞(0, 1), then
F and F ∗∗ are Lipschitz continuous in the closed interval [0, 1].

Proof. Let us first assume f ∈ L∞(0, 1), and let L be the Lipschitz constant of
F ; then

F (0)− Lw ≤ F (w), F (1) + L(w − 1) ≤ F (w) ∀w ∈ [0, 1]

so that F ∗∗(0) = F (0), F ∗∗(1) = F (1), and

F (0)− Lw ≤ F ∗∗(w), F (1) + L(w − 1) ≤ F ∗∗(w) ∀w ∈ [0, 1]. (3.34)

Therefore the right derivative g of F ∗∗ satisfies

−L ≤ g(0) ≤ g(w) ≤ d
dw

−
F ∗∗(1) ≤ L

so that F ∗∗ is a Lipschitz function.
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In the general case when f ∈ L2(0, 1), we can approximate its (absolutely
continuous) primitive F by an increasing sequence of Lipschitz functions Fn
uniformly converging to F , e.g., by setting

Fn(w) = inf
v∈[0,1]

F (v) + n|v − w|.

Thus F ∗∗n is an increasing sequence of Lipschitz functions satisfying F ∗∗n (w) =
Fn(w) at w = 0, 1 and pointwise converging to some lower semicontinuous con-
vex function G as n ↑ +∞ with

G(w) ≤ F ∗∗(w) ≤ F (w) ∀w ∈ [0, 1]. (3.35)

On the other hand, for w = 0, 1 we have G(w) = limn↑+∞ Fn(w) = F (w) so
that F ∗∗(w) = F (w).

Let us now consider the set

Λ = {w ∈ [0, 1] : (F − F ∗∗)(w) > 0} . (3.36)

Since Λ is open and does not contain 0 and 1, it is the disjoint union of an (at
most countable) collection O of open intervals.

Lemma 3.12. If (a, b) ∈ O is a connected component of Λ, then for every
w = (1− θ)a+ θb, θ ∈ [0, 1]

F ∗∗((1− θ)a+ θb) = (1− θ)F (a) + θF (b) ∀ θ ∈ [0, 1],
F (a) = F ∗∗(a), F (b) = F ∗∗(b).

(3.37)

Proof. Since a, b 6∈ Λ, one has F (a) = F ∗∗(a) and F (b) = F ∗∗(b). Let w̄ ∈ [a, b]
be a minimizer of the continuous function

w 7→ F (w)− L(w), L(w) := F (a) + (w − a)
F (b)− F (a)

b− a
so that F (w) ≥ F (w̄) + L(w) − L(w̄) for every w ∈ [a, b]. The continuous
function

G(w) :=

{
F ∗∗(w) if w 6∈ [a, b],
max (F ∗∗(w), F (w̄) + L(w)− L(w̄)) if w ∈ [a, b]

provides a convex lower bound of F and therefore G(w) ≤ F ∗∗(w) for every
w ∈ [0, 1]. Since G(w̄) = F (w̄), we deduce that w̄ 6∈ Λ and therefore w̄ coincides
with a or b and the inequality G(w) ≤ F ∗∗(w) yields F ∗∗((1 − θ)a + θb) ≥
(1− θ)F (a) + θF (b). The opposite inequality is a consequence of the convexity
of F ∗∗.

The next lemma contains the crucial inequality we need to characterize PK.

Lemma 3.13. Let ψ ∈ C1(R) be a convex function. For every f ∈ L2(0, 1) and
z ∈ K with g := (F ∗∗)′, if (f − g)ψ′(z − g) ∈ L1(0, 1), we have∫ 1

0

(f(w)− g(w))ψ′ (z(w)− g(w)) dw ≤ 0 ≤

≤
∫ 1

0

(f(w)− g(w))ψ′ (g(w)− z(w)) dw.
(3.38)
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Proof. We decompose [0, 1] in the disjoint union of the open intervals (a, b) ∈ O
covering Λ (see (3.36)) and of [0, 1] \ Λ; note that F (w) = F ∗∗(w) on [0, 1] \ Λ,
and so f(w) = g(w) a.e. in [0, 1]\Λ (recall that F ∗∗ is locally Lipschitz). In each
(a, b) ∈ O, F ∗∗ is linear, g is constant, and the function w 7→ ψ′(z(w) − g) is
bounded and nondecreasing; thus, its distributional derivative is a nonnegative
finite measure γa,b. Since F = F ∗∗ in {a, b}, we have∫ 1

0

(f − g)ψ′(z − g) dw =
∫

Λ

(f − g)ψ′(z − g) dw +
∫

[0,1]\Λ
(f − g)ψ′(z − g) dw

=
∑

(a,b)∈O

∫ b

a

(f − g)ψ′(z − g) dw =−
∑

(a,b)∈O

∫ b

a

(F (w)− F ∗∗(w)) dγa,b(w) ≤ 0.

The second inequality of (3.38) can be obtained simply by considering the convex
function ψ̃(r) := ψ(−r).

End of the proof of Theorem 3.10. Concerning the projection in L2(0, 1),
(3.29) follows (3.38) by choosing ψ(r) := 1

2r
2.

In order to prove (3.32), a standard approximation of ψ by the increasing
sequence of its Moreau–Yosida approximations ψn(r) := mins∈R ψ(s)+ n

2 |s−r|
2

shows that it is not restrictive to assume ψ convex, C1, and at most quadratically
growing as |r| → ∞. We can then apply the standard convexity inequality
ψ(s)− ψ(r) ≥ ψ′(r)(s− r) and Lemma 3.13, obtaining∫

R
(ψ (f − h)− ψ (PK(f)− PK(h))) dw

≥
∫

R
ψ′ (PK(f)− PK(h)) ((f − PK(f))− (h− PK(h))) dw

(3.38)

≥ 0.

The first inequality of (3.32) is a particular case of the second one, with h =
PK(h) = 0.

The following result is a simple consequence of Theorem 3.10. Let us first
introduce for a given f ∈ L2(0, 1) the open set Ωf ⊂ (0, 1), where f is locally
constant

Ωf := {w ∈ (0, 1) : f is essentially constant in a neighborhood of w} . (3.39)

Equivalently Ωf is the complement of the support of the distributional derivative
of f .

Corollary 3.14. Let f ∈ L2(0, 1) and g = PK(f). Then

Ωf ⊂ Ωg. (3.40)

Proof. Note that Λ ⊂ Ωg (Λ has been defined by (3.36)); if w ∈ Ωf \ Λ, then
F (w) = F ∗∗(w), so that any linear part of the graph of F in an open interval
containing w should locally coincide with F ∗∗; it follows that F ∗∗ = F in a
neighborhood of w so that w ∈ Ωg.

Definition 3.15 (the polar cone and the subdifferential of IK). We denote by
K◦ the polar cone of K, defined by

f ∈ K◦ ⇐⇒ (f |z) ≤ 0 ∀ z ∈ K ⇐⇒ PK(f) = 0. (3.41)

40



The subdifferential ∂IK(g) of the indicator function of K (see (3.27)) at some
function g ∈ K is the subset of L2(0, 1) characterized by

ξ ∈ ∂IK(g) ⇐⇒ (ξ|z − g) ≤ 0 ∀ z ∈ K. (3.42)

Remark 3.16. K◦ and ∂IK are clearly linked by K◦ = ∂IK(0) and

ξ ∈ ∂IK(g) ⇐⇒ ξ ∈ K◦, (ξ|g) = 0. (3.43)

K◦ provides an equivalent reformulation of (3.29), since

g = PK(f) ⇐⇒ g ∈ K, f − g ∈ K◦, (f − g|g) = 0 ⇐⇒ f − g ∈ ∂IK(g).
(3.44)

If Ω is an open subset of (0, 1), we denote by NΩ the convex cone

NΩ :=
{
F ∈ C0([0, 1]) : F ≥ 0 in [0, 1], F = 0 in [0, 1] \ Ω

}
.

We can give a useful characterization of K◦ in terms of the cone N := N(0,1).

Proposition 3.17 (a characterization of the polar cone K◦). A function f
belongs to the polar cone K◦ if and only if its primitive F (w) :=

∫ w
0
f(s) ds

belongs to N .

Proof. If F ∈ N , then one easily gets for every z ∈ K ∩ C1([0, 1])

(f |z) =
∫ 1

0

F ′(w) z(w) dw = −
∫ 1

0

F (w) z′(w) dw ≤ 0,

since F, z′ ≥ 0, F (0) = F (1) = 0.
Let us now assume that f ∈ K◦; for every continuous and nonnegative

function z ≥ 0 and c ∈ R we replace Z(w) =
∫ w

0
z(s) ds − c. Since Z ∈ K we

have

0 ≥ (f |Z) =
∫ 1

0

f(w)Z(w) dw = −
∫ 1

0

F (w) z(w) dw + F (1)(Z(1)− c).

Since c, z are arbitrary, we conclude that F ∈ N .

The last result of this section concerns a precise characterization of ∂IK. Let
us first define for f ∈ L2(0, 1) the closed subspace Hf ⊂ L2(0, 1), defined as

Hf :=
{
h ∈ L2(0, 1) : h is essentially constant

in each connected component of Ωf
}
.

(3.45)

We denote by PHf the orthogonal L2-projection on Hf . It is easy to check that

PHg (f) = f a.e. in (0, 1) \ Ωg,

PHg (f) ≡
∫ β

α

f(w) dw a.e. in every connected component (α, β) ⊂ Ωg.

(3.46)
Moreover, denoting by F the primitive function of f ,

if F ∈ NΩg , then f is orthogonal to Hg, (3.47)

since f = F ′ vanishes a.e. outside Ωg and for every connected component (α, β)
of Ωg we have

∫ β
α
f(w) dw = F (β)− F (α) = 0.
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Theorem 3.18. (The subdifferential of IK). Let g ∈ K, ξ ∈ L2(0, 1), and
Ξ(w) :=

∫ w
0
ξ(s) ds. Then we have

ξ ∈ ∂IK(g) ⇐⇒ Ξ ∈ NΩg . (3.48)

In particular, if ξ ∈ ∂IK(g), then
ξ = 0 a.e. in [0, 1] \ Ωg,∫ β

α

ξ(w) dw = 0 for every connected component (α, β) of Ωg
(3.49)

so that ξ is orthogonal to Hg and we have by (3.44) and (3.40)

g = PK(f) ⇒ g = PHg (f), Hg ⊂ Hf . (3.50)

Proof. The left implication in (3.48) is immediate, since Ξ ∈ NΩg implies Ξ ∈ N
and therefore ξ ∈ K◦ by Proposition 3.17; moreover, ξ is orthogonal to Hg by
(3.47) and therefore it is also orthogonal to g ∈ Hg, so that ξ ∈ ∂IK(g) by
(3.43).

Conversely, if ξ ∈ ∂IK(g), then Ξ ∈ N by (3.43) and Proposition 3.17.
Moreover, denoting by γ = g′ the nonnegative Radon measure associated to the
distributional derivative of g in (0, 1), the next Lemma 3.19 yields

0
(3.43)

=
∫ 1

0

ξ(w)g(w) dw
(3.51)

= −
∫ 1

0

Ξ(w) dγ(w),

which shows that Ξ(w) = 0 on the support of γ and yields Ξ ∈ NΩg .

Lemma 3.19. Let g ∈ K and ξ ∈ K◦ with (nonnegative) primitive Ξ ∈ N .
If γ = g′ is the nonnegative Radon measure associated to the distributional
derivative of g in (0, 1), then Ξ ∈ L1(γ) and∫ 1

0

g(w)ξ(w) dw = −
∫ 1

0

Ξ(w) dγ(w). (3.51)

Proof. Since γ is a nonnegative Radon measure in (0, 1) but is not necessarily
finite, we need an approximation argument to justify (3.51). Let ϕn ∈ C∞0 (0, 1)
be an increasing sequence of nonnegative functions such that limn↑+∞ ϕn(w) =
1, |ϕ′n| ≤ 2n, and ϕn(w) ≡ 1 for 1/n ≤ w ≤ 1− 1/n. We have∫ 1

0

gξϕn dw = −
∫ 1

0

Ξϕn dγ −
∫ 1

0

Ξgϕ′n dw (3.52a)

= −
∫ 1

0

Ξϕn dγ −
∫ 1/n

0

Ξgϕ′n dw −
∫ 1

1−1/n

Ξgϕ′n dw. (3.52b)

Applying Hardy’s inequality, we get∣∣∣∣∣
∫ 1/n

0

Ξgϕ′n dw

∣∣∣∣∣ ≤ 2n‖w−1Ξ‖L2(0,1/n)‖wg‖L2(0,1/n) ≤ 2C‖ξ‖L2(0,1)‖g‖L2(0,1/n)

so that the integral vanishes as n ↑ +∞. A similar argument holds for the last
integral of (3.52b). Passing to the limit in (3.52a), (3.52b) as n ↑ +∞ and using
the Lebesgue dominated (since gξ ∈ L1(0, 1)) or monotone (since Ξ ≥ 0 and ϕn
is increasing) convergence theorem, we conclude.
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The last lemma of this section provides a useful example concerning a class
of elements in ∂IK(g).

Lemma 3.20 (an example of minimal selection in ∂IK). If g, h ∈ K, then

ξh := PHg (h)− h ∈ ∂IK(g).

Moreover,

‖z − h− ξh‖L2(0,1) ≤ ‖z − h− ξ‖L2(0,1) ∀ ξ ∈ ∂IK(g), z ∈ Hg. (3.53)

In particular,

if z ∈ Hg, then ‖z‖L2(0,1) ≤ ‖z − ξ‖L2(0,1) ∀ ξ ∈ ∂IK(g). (3.54)

Proof. Since h−PHg (h) is orthogonal to Hg (thus, in particular, to g), by (3.43)
we have to check that ξh ∈ K◦ by applying Proposition 3.17. By (3.46), ξh = 0
a.e. in (0, 1) \ Ωg, so that the primitive Ξh of ξh satisfies

Ξh(w) =
∫

Ωg∩(0,w)

ξh(s) ds.

The thesis then follows if we show that for every connected component (α, β) of
Ωg we have Ξh(α) = Ξh(β) = 0 = min[α,β] Ξh. Since the characteristic function
χ(0,α) of (0, α) belongs to Hg, we have

Ξh(α) =
∫ α

0

ξh(w) dw = (h− PHg (h)|χ(0,α)) = 0.

A similar argument shows that Ξh(β) = 0. Moreover, for w ∈ (α, β) we have

Ξh(w) =
∫ w

α

ξh(s) ds
(3.46)

= (w − α)
∫ β

α

h(w) dw −
∫ w

α

h(w) dw,

which shows that Ξh is concave and therefore nonnegative in (α, β).
Equation (3.53) follows immediately by observing that ξ, ξh ∈ (Hg)⊥ and

z− h− ξh belongs to Hg and, therefore, it is the orthogonal projection of z− h
and of z − h− ξ onto Hg.

3.3 The Lagrangian formulation of the discrete
sticky particle system

In this section we shall show that the discrete SPS satisfies the three character-
izations of Theorem 3.6 and we prove Theorem 3.2.

Notation 3.21. Let us recapitulate our basic notation and definitions.

1. Pi(t) = (mi, xi(t), vi(t)), i ∈ I = {1, . . . , N}, t ≥ 0 is a solution of the
discrete SPS.

2. The positions of the particles are ordered: x1(t) ≤ x2(t) ≤ · · · ≤ xN (t).

3. The sets Ji(t) := {j ∈ I : xj(t) = xi(t)} are nondecreasing with respect to
time. They correspond to a single particle of mass

∑
j∈Ji(t)mj .
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4. At each time t we pick up the collection of minimal indices

I(t) := {min Ji(t) : i = 1, . . . , N} =
{
i1(t) < · · · < iN(t)(t)

}
⊂ I

so that each Ji(t) is of the form {j ∈ I : ik(t) ≤ j < ik+1(t)} for some k
and (Ji(t))i∈I(t) is a partition of I.

5. We denote by 0 < t1 < t2 < · · · th < · · · < tH−1 the (finite) sequence
of times at which the cardinality of some Ji(t) has an increasing jump;
setting t0 = 0 and tH = +∞, {[th, th+1)}Hh=0 is the associate partition of
the positive real line with step sizes δh := th − th−1.

6. The functions xi are globally continuous and linear on each interval
[th, th+1), with piecewise constant, right-continuous derivatives vi(t) sat-
isfying (3.1). Each set Ji(t) and I(t) is also constant in each interval
[th, th+1).

Let ρt =
∑
i∈I miδxi(t) be the measure induced by the discrete SPS. In order

to explicitly write the function X(t) := Xρt we consider the subdivision of [0, 1]
given by

w0 = 0 < w1 < · · · < wN = 1, wi = wi−1 +mi =
i∑

j=1

mj , i ∈ I.

We also set

Wi := [wi−1, wi), Wi(t) =
⋃

j∈Ji(t)

Wj , i ∈ I,

and we note that

X(t) =
N∑
i=1

xi(t)1Wi ,
d
dt

+

X(t) = V (t) =
N∑
i=1

vi(t)1Wi . (3.55)

The main result of this section is contained in the following theorem.

Theorem 3.22. (Lagrangian formulation of the discrete SPS). The couple
(X,V ), defined by (3.55), satisfies the equations (L.I)–(L.III) and the prop-
erties (L.a)–(L.c) of Theorem 3.6. In particular, it defines a semigroup St in
the discrete subspace

X̂ :=
{

(X,V ) ∈ Xp(0, 1) : X =
N∑
i=1

xi1Wi

for a finite interval partition (Wi)Ni=1 of [0, 1)
}
.

(3.56)

Proof. We split the proof into various steps.
The collection (Wi(t))i∈I(t) is a partition of [0, 1). In L2(0, 1) we introduce

the decreasing family of finite-dimensional spacesH(t) whose elements are piece-
wise constant on each interval Wi(t), i ∈ I(t). Note that, by the very definitions
of ΩX(t) and HX(t), (3.39) and (3.45),

ΩX(t) = (0, 1) \ {wi : i ∈ I(t)}, H(t) = HX(t). (3.57)

44



Besides (3.55), the crucial features describing the evolution of X(t) are

X(t) ∈ K ∩H(t), V (t) ∈ H(t), (3.58)
H(t), V (t) are constant in each time interval [th, th+1)

(we set Hh := H(t), Vh := V (t) if t ∈ [th, th+1)) and the update rule for the
velocity (3.1): V (th) is constant in each interval Wi(th) = ∪j∈Ji(th)Wj and its
value is given by

V (th+)|Wi(th)
=

∑
j∈Ji(th)mjvj(th−1)∑

j∈Ji(th)mi
=
(
L 1(Wi(th)

)−1
∫
Wi(th)

V (th−1) dw,

so that by (3.46)

Vh = PHh(Vh−1) = PHh(V0) since H0 ⊃ H1 ⊃ H2 ⊃ · · ·Hh, (3.59)

which yields (L.a) and (L.b). The next lemma shows (L.III).

Lemma 3.23. Let X̃(t) := X0 + tV0 be associated to the free system P̃i =
(mi, x̃i, ṽi) given by x̃i(t) = xi(0) + tvi(0), ṽi(t) ≡ ṽi = vi(0). Then

X(t) = PH(t)(X̃(t)) = PH(t)(X0 + tV0), (3.60)

t
d
dt

+

X(t) = tV (t) = X(t)−X0 − Ξ(t)

for Ξ(t) := −X0 + PH(t)(X0) ∈ ∂IK(X(t)).

Proof. Suppose that t ∈ [th, th+1); since X(t) ∈ H(t) = Hh ⊂ H(r) and V (r) =
PH(r)(V0) for 0 ≤ r ≤ t by (3.59), we have by the linearity of PH(r)

X(t) = X0 +
∫ t

0

V (r) dr
(3.58)

= PH(t)

(
X0 +

∫ t

0

V (r) dr
)

(3.59)
= PH(t)(X0) +

∫ t

0

PH(t)(PH(r)(V0)) dr = PH(t)(X0) +
∫ t

0

PH(t)(V0) dr

= PH(t)

(
X0 +

∫ t

0

V0 dr
)

= PH(t)(X̃(t)).

From (3.60) we have

t
d
dt

+

X(t) = tV (t)
(3.59)

= PH(t)(tV0)
(3.60)

= X(t)− PH(t)(X0) = X(t)−X0 − Ξ(t),

where Ξ(t) = PH(t)(X0)−X0; since X0 ∈ K and H(t) = HX(t), by Lemma 3.20
we conclude that Ξ(t) ∈ ∂IK(X(t)).

We now conclude the proof of (L.I) and (L.II); note that (L.c) follows directly
from (L.II) and (L.a) via the semigroup property of St in V̂(R).

Lemma 3.24. Under the same notation and assumptions as before, we have

U(t) := V0−V (t) = V0−PH(t)(V0) ∈ ∂IK(X(t)), X(t) = PK(X0+tV0). (3.61)
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Proof. Since (U(t)|X(t)) = 0 (X(t) ∈ H(t)), the first inclusion of (3.61) is
equivalent to

U(t) = V0 − V (t) ∈ K◦ ∀ t ≥ 0 (3.62)

by (3.43). It is not restrictive to assume that t = th and V (t) = Vh for some
h ∈ {1, . . . ,H − 1}. Since K◦ is a cone and V0−Vh can be decomposed into the
sum

V0 − Vh =
h−1∑
k=0

(Vk − Vk+1),

it is sufficient to prove that Vk − Vk+1 ∈ K◦ or, equivalently, that δk+1(Vk −
Vk+1) ∈ K◦. Since Vk+1 = PHk+1(Vk) we obtain

δk+1(Vk−Vk+1) = δk+1Vk−PHk+1(δk+1Vk) = (Xk+1 −Xk)−PHk+1(Xk+1 −Xk)
= Xk+1 − PHk+1(Xk+1) + PHk+1(Xk)−Xk = PHk+1(Xk)−Xk ∈ K◦

by Lemma 3.20 and (3.43).
The second identity of (3.61) follows now by a similar argument by checking

the conditions of (3.44). Since X(t) ∈ K and (X̃(t)−X(t)|X(t)) = 0 by (3.60),
it is sufficient to show that X̃(t)−X(t) ∈ K◦. On the other hand,

X̃(t)−X(t) = tV0 −
∫ t

0

V (r) dr =
∫ t

0

(V0 − V (r)) dr =
∫ t

0

U(r) dr

and (3.62) shows that U(r) ∈ K◦ for every r ≥ 0. Since K◦ is a cone, we
conclude.

Proof of Theorem 3.2. Let us now consider two discrete Lagrangian solutions
(X`(t), V `(t)) = St(X`

0, V
`
0 ) ∈ X̂ , ` = 1, 2. Equations (3.32), (3.33), and (L.II)

immediately yield the estimates∫ 1

0

ψ
(
X1(t)−X2(t)

)
dw ≤

∫ 1

0

ψ
(
X1

0 −X2
0 + t(V 1

0 − V 2
0 )
)

dw, (3.63)

‖X1(t)−X2(t)‖Lp(0,1) ≤ ‖X1
0 −X2

0‖Lp(0,1) + t‖V 1
0 − V 2

0 ‖Lp(0,1), (3.64)

which are equivalent to (3.7a) and (3.7b). Equation (L.I) yields [44, Thm. 3],
[45, Thm. 1.2]∫ t

0

‖V 1 − V 2‖2 dr ≤ C(1 + t)

( ∑
`=1,2

‖X`
0‖+ ‖V `0 ‖

)(
‖X1

0 −X2
0‖+ ‖V 1

0 − V 2
0 ‖
)

(3.65)
(here ‖ · ‖ denotes the norm of L2(0, 1)), which is equivalent to (3.7c).

3.4 Stability and uniqueness of Lagrangian so-
lutions

Our first result concerns the stability of Lagrangian solutions to (L.I)–(L.III) of
Theorem 3.6 (in particular, it applies to those obtained by the discrete SPS in
X̂ ).
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Lemma 3.25. Let Xn, V n := d
dt

+
Xn be curves satisfying the equations (L.I)–

(L.III) and the properties (L.a)–(L.c) stated in Theorem 3.6 with respect to
initial data Xn

0 , V
n
0 = vn0 (Xn

0 ) converging to X0, V0 = v0(X0) in Lp(0, 1), p ≥ 2.
Then we have the following.

(a) Xn(t) converges to X(t) in Lp(0, 1) uniformly in each compact interval;
X is Lipschitz continuous with values in Lp(0, 1).

(b) The Lipschitz curve X is right-differentiable at each point t, with right-
continuous derivative V (t), and it satisfies (L.I)–(L.III) and (L.a)–(L.c)
of Theorem 3.6.

(c) V n strongly converges to V in L2(0, T ;L2(0, 1)) for every T > 0.

(d) The curve X is differentiable in Lp(0, 1) and V is continuous at each
point of (0,+∞)\T , where T is the jump set of the nonincreasing map
t 7→ ‖V (t)‖L2(0,1).

(e) If V̄ is any weak accumulation point of V n(t) in Lp(0, 1), then
PHX(t)(V̄ ) = V (t).

(f) V n(t)→ V (t) in Lp(0, 1) for every t ∈ [0,+∞) \ T .

Proof. (a) The proof of (a) is an immediate consequence of (L.II) and (3.33),
which also shows that Xn is uniformly Lipschitz continuous with values in
Lp(0, 1) and Lipschitz constant bounded by ‖V n0 ‖Lp(0,1). The convergence is
therefore uniform in each compact interval and the limit function X satisfies
the same Lipschitz bound with constant ‖V0‖Lp(0,1).

(b), (c) Standard stability results for gradient flows in Hilbert spaces [19]
show that X solves (L.I) and (L.III); in particular X is right-differentiable
in L2(0, 1) at each t ≥ 0, with L2(0, 1) right derivative V (t) which is right-
continuous. Equation (3.65) shows that V is the limit of V n in L2(0, T ;L2(0, 1))
for every T > 0 (this proves point (c)): in particular, up to the extraction of
a suitable subsequence nk, we can find an L 1-negligible set N ⊂ (0,+∞) such
that V nk(t) → V (t) in L2(0, 1) for every t ∈ [0,+∞) \ N as k ↑ +∞. Passing
to the limit in (L.c) and in (L.I), we obtain that

X(t) = PK(X(s) + (t− s)V (s)),
d
dt

+

X(t) = V (t) ∈ −∂IK(X(t)) + V (s)

(3.66)
for every s ∈ [0,+∞) \ N and t ≥ s. Since V is right-continuous, (3.66)
eventually holds for every 0 ≤ s ≤ t.

The projection formula of (3.66) shows that for every h ≥ 0

‖X(t+ h)−X(t)‖Lp(0,1) ≤ h‖V (t)‖Lp(0,1) ≤ h‖V (s)‖Lp(0,1) ∀ 0 ≤ s ≤ t,
(3.67)

and, more generally,

∫ 1

0

ψ
(
h−1(X(t+ h)−X(t))

)
dw ≤

∫ 1

0

ψ(Vs) dw ≤
∫ 1

0

ψ(V0) dw ∀ 0 ≤ s ≤ t

(3.68)
for every convex nonnegative function ψ : R → R. Equation (3.67) and the
right-differentiability of X in L2(0, 1) yields that V (t) is also the right derivative
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of X in Lp(0, 1), its Lp-norm is not increasing, and, by (3.68), the family Vs is
uniformly p-integrable (by the Dunford–Pettis criterion, it is sufficient to choose
a convex function ψ with ψ(r)/|r|p → +∞ as |r| → +∞ and ψ ◦ V0 ∈ L1(0, 1);
see, e.g., [43, Lem. 3.7]).

From (L.III) we deduce that tV (t) = X(t)−X0 − Ξ(t), where Ξ(t) is char-
acterized by

Ξ(t) ∈ ∂IK(X(t)), ‖X(t)−X0 − Ξ(t)‖ ≤ ‖X(t)−X0 − ξ‖ ∀ ξ ∈ ∂IK(X(t)).
(3.69)

Applying Lemma 3.20 with g := X(t) and h := X0, we obtain Ξ(t) =
PHX(t)(X0)−X0 and, therefore,

tV (t) = X(t)− PHX(t)(X0), V (t) ∈ HX(t). (3.70)

It follows by (3.50) and (3.66) that HX(s) ⊃ HX(t) if 0 ≤ s ≤ t; moreover, by
(3.22), there exists a Borel map vt ∈ Lpρt(R) such that

V (t) = vt ◦X(t), V (t) = PHX(t)(V (s)) ∀ 0 ≤ s ≤ t, (3.71)

where the last identity follows from the second formula of (3.66) and the fact
that V (t) belongs to HX(t), whereas ∂IK(X(t)) is orthogonal to HX(t).

(d) Let T be the jump set of the L2-norm of V (t); we show that V is left-
continuous at every t̄ ∈ (0,+∞) \ T (this also yields the left-differentiability of
X at t̄). Equation (L.I) provides the minimal selection characterization of V at
every time t ≥ 0:

V (t) ∈ V0 − ∂IK(X(t)), ‖V (t)‖L2(0,1) ≤ ‖V0 − ξ‖L2(0,1) ∀ ξ ∈ ∂IK(X(t)).
(3.72)

Take an arbitrary increasing sequence tn ↑ t̄ such that V (tn) ⇀ V̄ in Lp(0, 1).
Since the graph of ∂IK is strongly-weakly closed in L2(0, 1), we have V̄ ∈
V0 − ∂IK(X(t̄)). Passing to the limit in (3.72) we obtain

‖V̄ ‖L2(0,1) ≤ lim
n→∞

‖V (tn)‖L2(0,1)

= ‖V (t̄)‖L2(0,1) ≤ ‖V0 − ξ̄‖L2(0,1) ∀ ξ̄ ∈ ∂IK(X(t̄)).

Since ∂IK(X(t̄)) is a closed convex set, it follows that V̄ = V (t̄) and that the
convergence is strong in L2(0, 1) and therefore also in Lp(0, 1), since V (tn) is
uniformly p-integrable.

(e) Let nk be an arbitrary subsequence such that V nk(t) ⇀ V̄ in Lp(0, 1).
Passing to the limit in the inclusion V n(t) ∈ V n0 − ∂IK(Xn(t)), we obtain
V̄ ∈ V0 − ∂IK(X(t)). By Theorem 3.18 any element in ∂IK(X(t)) is orthogonal
to HX(t) so that

PHX(t)(V̄ ) = PHX(t)(V0)
(L.a)
= V (t).

(f) Now let t ∈ (0,+∞)\T , and let nk, V̄ be as in the previous point (e). Up
to the extraction of a further subsequence (still denoted by nk), there exists a
dense set S ⊂ (0,+∞) such that V nk(s)→ V (s) for every s ∈ S so that ∀ s ∈ S,
s < t

‖V̄ ‖L2(0,1) ≤ lim sup
k↑+∞

‖V nk(t)‖L2(0,1) ≤ lim sup
k↑+∞

‖V nk(s)‖L2(0,1) = ‖V (s)‖L2(0,1).
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Since t is a continuity point for V , we obtain by (3.72)

‖V̄ ‖L2(0,1) ≤ ‖V (t)‖L2(0,1) ≤ ‖V0 − ξ‖L2(0,1) ∀ ξ ∈ ∂IK(X(t)), (3.73)

which yields V̄ = V (t), lim supk↑+∞ ‖V nk(t)‖L2(0,1) ≤ ‖V (t)‖L2(0,1) and the
strong convergence of V n(t) to V (t) in L2(0, 1). The strong convergence in
Lp(0, 1) follows by the uniform p-integrability estimate (3.68).

Corollary 3.26 (existence of the Lagrangian semigroup). For every initial data
(X0, V0) ∈ X2(0, 1), there exists a unique Lipschitz curve X in L2(0, 1) satisfying
the equations (L.I)–(L.III) and the properties (L.a)–(L.c) stated in Theorem 3.6.
Setting V (t) := d

dt

+
X(t), the map St : (X0, V0) 7→ (X(t), V (t)) defines a right-

continuous semigroup in each space Xp(0, 1), p ≥ 2.

Proof. It is sufficient to approximate (X0, V0) ∈ Xp(0, 1) by a sequence
(Xn

0 , V
n
0 ) ∈ X̂ of initial data arising from finite discrete distributions of space

and velocities in V̂(R) and to apply the previous lemma.

Corollary 3.27 (equivalent characterizations). Let (X0, V0) ∈ X2(0, 1) be giv-
en initial data. If X is a solution of one of the equations (L.I), (L.II), (L.III),
then it satisfies all the formulations (L.I)–(L.III) and the properties (L.a)–(L.c)
stated in Theorem 3.6.

Proof. The thesis is obvious in the case of (L.I) and (L.II), whose solution is
unique, and should coincide with the Lagrangian evolution provided by Corol-
lary 3.26.

Let us now assume that X is a Lipschitz curve solving (L.III), let X̃ be
the Lagrangian solution given by the previous Corollary 3.26 with initial data
X0, V0, and let us set V n0 := n(X(n−1) −X0), Xn(t) := PK(X0 + tV n0 ). Xn(t)
is thus a Lagrangian flow satisfying (L.I)–(L.III) with respect to the initial data
X0, V

n
0 ; in particular,

t
d
dt
Xn(t) ∈ −∂IK(Xn(t)) +Xn(t)−X0, Xn(n−1) = X(n−1) (3.74)

so that Xn(t) = X(t) for t ≥ n−1. On the other hand, the stability Lemma 3.25
yields

‖Xn(t)− X̃(t)‖ ≤ t‖V n0 − V0‖ = t‖n(X(n−1)−X0)− V0‖
(L.III)→ 0 as n ↑ +∞

(3.75)
so that X = X̃.

3.5 The continuous sticky particle system in Eu-
lerian coordinates

In this section we conclude the proofs of the various theorems of section 3.1.
Proof of Proposition 3.1. Starting from (3.4) it is immediate to check that

Dp is a metric on Vp(R). Let us check the equivalence characterization (3.6):
assuming first that Dp(µn, µ) → 0, we obviously have Wp(ρn, ρ) → 0; since
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Xn = Xρn → X = Xρ and vn(Xn) → v(X) in Lp(0, 1) as n ↑ +∞, for a
continuous and bounded test function ζ : R→ R we easily get

lim
n↑+∞

∫
R
ζ(x)vn(x) dρn(x) = lim

n↑+∞

∫ 1

0

ζ(Xn(w))vn(Xn(w)) dw

=
∫ 1

0

ζ(X(w))v(X(w)) dw =
∫

R
ζ(x)v(x) dρ(x),

(3.76)
showing that ρnvn ⇀ ρv and

lim
n↑+∞

∫
R
|vn(x)|p dρn(x) = lim

n↑+∞

∫ 1

0

|vn(Xn(w))|p dw

=
∫ 1

0

|v(X(w))|p dw =
∫

R
|v(x)|p dρ(x).

The converse implication is a particular case of [2, Thm. 5.4.4]; here is a simpli-
fied argument. If (3.6) holds, then one gets the strong convergence of Xn to X
in Lp(0, 1); since Vn := vn ◦Xn is bounded in Lp(0, 1) up to the extraction of a
suitable subsequence, one has Vn ⇀ V in Lp(0, 1) and, arguing as in (3.76),∫ 1

0

ζ(X(w))V (w) dw =
∫ 1

0

ζ(X(w))v(X(w)) dw ∀ ζ ∈ Cb(R). (3.77)

Note that a function in Lp(0, 1) of the form b◦X for some Borel map b : R→ R
belongs to HX ; a simple approximation argument shows that the set {ζ ◦ X :
ζ ∈ Cb(R)} is dense in HX so that (3.77) yields

v ◦X = PHXV.

On the other hand, the last limit property stated in (3.6) yields

‖V ‖Lp(0,1) ≤ lim
n↑+∞

‖Vn‖Lp(0,1) = ‖v◦X‖Lp(0,1) = ‖PHX (V )‖Lp(0,1) ≤ ‖V ‖Lp(0,1)

(3.78)
so that v ◦ X should coincide with V , which is also the strong limit of Vn in
Lp(0, 1).

Let us finally consider the density of V̂: if (ρ, ρv) ∈ Vp(R), we can first
approximate v in Lpρ(R) by a sequence of bounded and continuous functions
vn ∈ Cb(R). We can then find a sequence ρN =

∑N
j=1mj,Nδxj,N , N ∈ N such

that ρN → ρ in Pp(R). It is then easy to check that vnρN ⇀ vnρ as N ↑ +∞
according to (3.6).

Proof of Theorem 3.3. (a) The extension of the semigroup S is not difficult,
using the estimates of Theorem 3.2 and the density of V̂(R) in Vp(R), but it
is not completely trivial since the space Vp(R) is not complete and (3.7c) and
(3.65) do not provide a pointwise continuous dependence of the velocity on
the initial data. Therefore, we will use the equivalence stated in Theorem 3.6
(which we already proved at the level of discrete data in Theorem 3.22) and
the Lagrangian stability result of Lemma 3.25. It is clear that the only possible
extension of St to Vp(R) is given by formula (3.25). Since St is a semigroup in
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Xp(0, 1) satisfying limt↓0 St(X0, V0) = (X0, V0) strongly in Lp(0, 1)2, St satisfies
(3.9).

In order to check that St is strongly-weakly continuous, we take a sequence
µnt = (ρnt , ρ

n
t v

n
t ) = St[µn0 ] ∈ V̂, with µn0 converging to µ = (ρ, ρv) ∈ Vp(R)

with respect to Dp, and we consider the associated maps (Xn(t), V n(t)) =
St(Xn

0 , V
n
0 ). By Lemma 3.25(f), for every weakly converging sequence V nk ⇀ V̄

in Lp(0, 1) and every test function ζ ∈ C0
b (R) we have∫

R
ζ vnkt dρnkt =

∫ 1

0

ζ(Xnk(t))vnkt (Xnk(t)) dw
(L.a)
=
∫ 1

0

ζ(Xnk
t )V nk(t) dw

k↑+∞−−−−→
∫ 1

0

ζ(X(t))V̄ dw
Lemma 3.25(e)

=
∫ 1

0

ζ(X(t))V (t) dw
(L.a)
=
∫

R
ζ vt dρt,

where we used the fact that ζ(Xn(t))→ ζ(X(t)) strongly in Lp(0, 1).
(b) It is immediate to check that (ρ, ρv) = S (ρ0, ρ0v0) is a distributional

solution of (3.2), since in Lagrangian coordinates the continuity equation reads

d
dt

∫
R
ζ(x) dρt(x) =

d
dt

∫ 1

0

ζ(X(t)) dw
(L.a)
=
∫ 1

0

ζ ′(X(t))V (t) dw

(L.a)
=
∫ 1

0

ζ ′(X(t))vt(X(t)) dw =
∫

R
ζ ′(x)vt(x) dρt(x),

and the momentum equation similarly becomes

d
dt

∫
R
ζ(x)vt(x) dρt(x) =

d
dt

∫ 1

0

ζ(X(t))V (t) dw
(3.22) (L.a)

=
d
dt

∫ 1

0

ζ(X(t))V0 dw

(L.a)
=
∫ 1

0

ζ ′(X(t))V (t)V0 dw =
∫ 1

0

ζ ′(X(t))vt(X(t))V0 dw

(3.22) (L.a)
=

∫ 1

0

ζ ′(X(t))v2
t (X(t)) dw =

∫ 1

0

ζ ′(x)v2
t (x) dρt(x).

Oleinik entropy condition (3.10) follows easily by (3.70), by observing that
PHX(t)(X0) is a nondecreasing map, V (t) = vt(X(t)), and ρt = (X(t))#λ.

(c) The proof of (c) follows from (3.68).
(d) The proof is equivalent to point (d) of Lemma 3.25; concerning the left

continuity of ρtvt in the weak topology, we fix an arbitrary bounded Lipschitz
test function ζ : R→ R, and we observe that

lim
s↑t

∫
R
ζ(x)vs(x) dρs(x) = lim

s↑t

∫ 1

0

ζ(X(s))V (s) dw = lim
s↑t

∫ 1

0

ζ(X(t))V (s) dw

sinceX(s)→ X(t) in L2(0, 1) as s ↑ t. On the other hand, since ζ◦X(t) ∈ HX(t),
we have∫ 1

0

ζ(X(t))V (s) dw =
∫ 1

0

ζ(X(t))V (t) dw

=
∫ 1

0

ζ(X(t))vt(X(t)) dw =
∫

R
ζ(x)vt(x) dρt(x).

(e) The proof of (e) has already been discussed in point (a), except for the
convergence at t ∈ (0,+∞) \ T , which follows from Lemma 3.25(f).
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(f) Equation (3.12) follows by the projection representation (3.66) and Corol-
lary 3.14. The limit in (3.12) can be obtained in the Lagrangian coordinate:

lim
h↓0

∫
R

∣∣∣h−1(xs+hs − i)−vs
∣∣∣2 dρs = lim

h↓0

∫ 1

0

∣∣∣h−1(X(s+h)−X(s))−V (s)
∣∣∣2 dw = 0,

since t 7→ X(t) is right-differentiable. Equation (3.13) is an immediate conse-
quence of (3.70), which yields

(t− s)V (t) = X(t)− PHX(t)(X(s)) ∀ 0 ≤ s < t.

Proof of Theorem 3.6. The proof now follows by applying Lemma 3.25 and
its Corollaries 3.26 and 3.27.

Proof of Theorem 3.4. Equation (3.16) follows from a simple calculation
starting from (L.III): we introduce Z, the monotone rearrangement of the mea-
sure η ∈ P2(R) and we observe that W 2

2 (ρt, η) = ‖X(t) − Z‖2 (we refer to the
usual notation for (X,V ) and we denote by ‖ · ‖ the norm in L2(0, 1)). We get
for some Ξ(t) ∈ ∂IK(X(t))

t

2
d
dt

+

W 2
2 (ρt, η) =

t

2
d
dt

+

‖X(t)− Z‖2 = t(Ẋ(t)|X(t)− Z)

(L.III)
= (X(t)−X0 − Ξ(t)|X(t)− Z)

(3.42)

≤ (X(t)−X0|X(t)− Z)

=
1
2
‖X(t)− Z‖2 − 1

2
‖Z −X0‖2 +

1
2
‖X(t)−X0‖2

=
1
2
W 2

2 (ρt, η)− φρ0(ρt) + φρ0(η).

Let us now consider the converse implication: if ρt satisfies (3.16), then X(t) =
Xρt satisfies (see (3.27))

t

2
d
dt
‖X(t)− Z‖2 − 1

2
‖X(t)− Z‖2 ≤ Φρ0(Z)− Φρ0(X(t)) ∀Z ∈ K, (3.79)

which is the equivalent metric formulation [2] of the differential inclusion (L.III).
Since ρt = (X0, X(t))#λ, (3.18) yields

lim
t↓0

t−2

∫ 1

0

|X0 + tV0 −X(t)|2 dw = 0, (3.80)

i.e., X(t) also satisfies the initial limit condition of (L.III). Therefore, setting
V := d

dtX = v ◦X, by Corollary 3.27 the couple (X(t), V (t)) coincides with the
Lagrangian flow St(X0, V0) so that (ρt, ρtvt) = St(ρ0, ρ0v0).

Proof of Theorem 3.5. Let us first note that when i + ε0v0 is ρ0-essentially
nondecreasing, (3.20) follows directly from (3.17), since the collision-free motion
ρt = (i + tv0)#ρ0 for t ∈ [0, ε0) is a solution of the SPS.

Let us now consider the general case, setting ρ̃ε,t := G ρ0
log(t/ε)(ρ̃ε). For every

ε > 0 let us consider the convex set of bounded Lipschitz functions

BL(ε) :=
{
u ∈ C0,1(R) : sup |u| ≤ ε−1,Lip(u) ≤ (2ε)−1

}
,
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and let uε ∈ BL(ε) be a minimizer of

mε = min
u∈BL(ε)

‖v0 − u‖ = ‖v0 − uε‖. (3.81)

By standard approximation results, limε↓0mε = 0 so that uε converges to v0.
By the definition of BL(ε) the map i + εuε is monotone and, therefore, it is

the optimal map pushing ρ to ρ̂ε = (i + εuε)#ρ0. The sticky particle solution
(ρ̂ε,t, ρ̂ε,tv̂ε,t) := St(ρ̂0, ρ̂0uε) admits the representation (see (3.17))

ρ̂ε,t = G ρ0
log(t/ε)(ρ̂ε)

so that, by the exponential rate of expansion of G we get

W2(ρ̂ε,t, ρ̃ε,t) ≤ exp (log(t/ε))W2(ρ̂ε, ρ̃ε) =
t

ε
W2(ρ̂ε, ρ̃ε)

≤ t‖v0 − uε‖L2
ρ0

(R)
(3.81)

= tmε.

(3.82)

On the other hand, if (ρt, ρtvt) = St(ρ0, ρ0v0), (3.7b) yields

W2(ρ̂ε,t, ρt) ≤ t‖v0 − uε‖L2
ρ0

(R) = tmε so that W2(ρt, ρ̃ε,t) ≤ 2mεt, (3.83)

and concludes the proof of (3.19).

We conclude this section by showing that the representation convergence
theorem of Brenier and Grenier [18] can be easily deduced by our result, in
particular by formula (L.II) of Theorem 3.6.

Theorem 3.28 (Brenier–Grenier theorem). Let v0 ∈ C0(R), let ρN0 , N ∈ N be
a sequence of discrete probability measures supported in a fixed compact interval
[−R,R] and weakly converging to ρ0 in P(R), and let ρNt be the solution of the
discrete SPS with initial data (ρN0 , v0ρ

N
0 ). For every t ≥ 0, ρNt weakly converge

to a probability measure ρt, whose distribution function Mt(x) := ρt((−∞, x]),
t ≥ 0 is the unique entropy solution of

∂tM + ∂x(A(M)) = 0, M(0) = M0, (3.84)

where the flux function A : [0, 1]→ R is defined by

A(w) :=
∫ w

0

V0(r) dr, where V0 := v0 ◦X0, X0 := Xρ0 . (3.85)

Proof. The convergence part follows by Theorem 3.3 and we can represent Xt :=
Xρt by the formula Xt = PK(X0 + tV0) of Theorem 3.6. Introducing the convex
primitive functions Ft(w) :=

∫ w
0
Xt(r) dr, Theorem 3.10 yields

Ft = (F0 + tA)∗∗ so that (Ft)
∗ = (F0 + tA)∗ . (3.86)

On the other hand, since the derivative Xt of Ft is the pseudoinverse of
Mt (2.33), a standard duality result shows that (Ft)

∗ = Gt, where Gt(x) =∫ x
−∞Mt(y) dy, so that

Gt = (F0 + tA)∗ = (G∗0 + tA)∗ . (3.87)
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It was already observed in [18, sect. 4] that (3.87) provides the second Hopf
formula [6] for the viscosity solution of the Hamilton–Jacobi equation

∂tG+A(∂xG) = 0 in R× (0,+∞), (3.88)

and therefore the derivative Mt = ∂xGt is the entropy solution of (3.84).
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Chapter 4

Contraction property of the
Fokker-Planck equation.

In this chapter we discuss a contraction property result for nonnegative measure-
valued solutions to the Fokker-Planck equation

∂tρ−∆ρ−∇·(ρB) = 0, ρ|t=0
= ρ0, (4.1)

where B : Rd → Rd is a Borel λ-monotone operator, λ ∈ R, i.e.

〈B(x)−B(y), x− y〉 ≥ λ
∣∣x− y∣∣2 for every x, y ∈ Rd.

More precisely, we consider weakly continuous families of probability measures
(ρt)t≥0 ⊂ P(Rd) satisfying the equation (4.1) in the sense of distributions∫ +∞

0

∫
Rd

(
∂tζ + ∆ζ −B · ∇ζ

)
dρtdt = 0 ∀ ζ ∈ C∞c (Rd × (0,+∞)), (4.2)

with the initial datum ρ0.
In the first section, we state the main results of the chapter and describe

our strategy for the proof. In section 4.2, we collect some tools useful to our
arguments: we present an approximation technique of the cost functional and
a rescaling trick which allows to consider λ = 0 in the following arguments.
Section 4.3 is devoted to show a comparison result for backward Kolmogorov
equation (see Theorem 4.5): this is the key of the proof of the contraction
property (see Theorem 4.1) contained in the last Section.

4.1 Main result

Let us first recall the general cost functional

Ch(ρ1, ρ2) := inf
{∫

Rd×Rd
h(|x1 − x2|) dρ(x1, x2) : ρ ∈ P(Rd × Rd),

ρ is a coupling between ρ1 and ρ2
}
.

(4.3)

Throughout this chapter we assume that
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h : [0,+∞) → [0,+∞) is a continuous and non-decreasing func-
tion with h(0) = 0.

Since we are not assuming any homogeneity on the general cost function h, its
rescaled versions

hs(r) := h(r es) s ∈ R, r ≥ 0

will be useful. Let us now state our main results:

Theorem 4.1. If ρ1, ρ2 are two distributional solutions to (4.2) satisfying the
summability condition∫ t1

t0

∫
Rd
|B(x)− λx|dρt(x) dt < +∞ for every 0 < t0 < t1 < +∞, (4.4)

then they satisfy

Chλt(ρ1
t , ρ

2
t ) ≤ Ch(ρ1

0, ρ
2
0) for every t ≥ 0. (4.5)

In particular, if ρ1
0 = ρ2

0 then ρ1 and ρ2 coincide for every time t ≥ 0.

Let us make explicit some consequences of (4.5) according to the different
signs of λ and the behaviour of h near 0 and +∞:

Corollary 4.2. Let ρ1, ρ2 be two distributional solutions to (4.2) satisfying
(4.4).

a) If B is monotone, i.e. λ ≥ 0, then

Ch(ρ1
t , ρ

2
t ) ≤ Ch(ρ1

0, ρ
2
0).

b) If B is λ-monotone with λ > 0 and h satisfies for some exponent p > 0

h(α r) ≥ αph(r) for every α ≥ 1 and r ≥ 0 (4.6)

then
Ch(ρ1

t , ρ
2
t ) ≤ e−pλ t Ch(ρ1

0, ρ
2
0).

c) If B is λ-monotone with λ < 0 and h satisfies for some exponent p > 0

h(α r) ≥ αph(r) for every α ≤ 1 and r ≥ 0

then
Ch(ρ1

t , ρ
2
t ) ≤ e−pλ t Ch(ρ1

0, ρ
2
0).

In the particular case of the Wasserstein distance Wp, p ≥ 1, we have

Wp(ρ1
t , ρ

2
t ) ≤ e−λtWp(ρ1

0, ρ
2
0). (4.7)

Theorem 4.1 has a simple application to invariant measures ρ∞ ∈ P(Rd),
which are stationary solutions of (4.2) and therefore satisfy∫

Rd

(
∆ζ −B · ∇ζ

)
dρ∞ = 0 ∀ ζ ∈ C∞c (Rd). (4.8)
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Corollary 4.3 (Strongly monotone operators and invariant measures). Let us
suppose that B is strongly monotone, i.e. λ > 0. Then equation (4.8) has at
most one solution ρ∞ ∈ P(Rd) satisfying the integrability condition∫

Rd
|Bx− λx|dρ∞(x) <∞. (4.9)

For each solution ρt to (4.2)-(4.4) and each cost h satisfying (4.6) we have

Ch(ρt, ρ∞) ≤ e−pλ (t−t0)Ch(ρt0 , ρ∞).

Note that in the case λ > 0 condition (4.9) is weaker than B ∈ L1(ρ∞; Rd).

Remark 4.4 (An equivalent formulation of the contraction estimate). We can
give an equivalent version of (4.5) by keeping fixed the cost but rescaling the
measures. In fact, we can associate to the solutions ρ1, ρ2 of (4.2) their rescaled
versions ρ̃1, ρ̃2 defined by

ρ̃j(E) := ρj(e−λtE) for every Borel set E ⊂ Rd, j = 1, 2.

Then ρ̃j is the push-forward of ρj through the map x 7→ eλtx and satisfies the
change-of-variables formula∫

Rd
ζ(y) dρ̃j(y) =

∫
Rd
ζ(eλt x) dρj(x) for every ζ ∈ Cb(Rd). (4.10)

Inequality (4.5) is then equivalent to

Ch(ρ̃1
t , ρ̃

2
t ) ≤ Ch(ρ1

0, ρ
2
0) for every t > 0.

Strategy of the proof: Kantorovich duality and a variable-doubling
technique. In order to prove Theorem 4.1 we develop a new strategy, gen-
eralizing [40]. It relies on the dual Kantorovich formulation (see §2.3.1) of the
transportation cost (4.3):

Ch(ρ1, ρ2) = sup
{∫

Rd
φ1 dρ1 +

∫
Rd
φ2 dρ2 :

φ1, φ2 ∈ Cb(Rd), φ1(x1) + φ2(x2) ≤ h(|x1 − x2|)
}
.

(4.11)

This formula reduces the estimate of the cost Ch(ρ1
T , ρ

2
T ) of two solutions of

(4.1) at a certain final time T to the estimate of

Σ(φ1, φ2;T ) :=
∫

Rd
φ1 dρ1

T +
∫

Rd
φ2 dρ2

T (4.12)

for an arbitrary pair of functions φ1, φ2 satisfying the constraint

φ1(x1) + φ2(x2) ≤ h(|x1 − x2|) for every x1, x2 ∈ Rd. (4.13)

Assuming for the sake of simplicity that B is monotone, bounded and smooth,
we can obtain an estimate of Σ(φ1, φ2;T ) by solving the final-value problem for
the adjoint equation

∂tφ
i + ∆φi −B · ∇φi = 0 in Rd × (0, T ), φi(·, T ) := φi (4.14)
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since the distributional formulation (4.2) yields

Σ(φ1
T , φ

2
T ;T ) = Σ(φ1

0, φ
2
0; 0)

The following crucial result, based on a “variable-doubling technique”, provides
the final step, showing that φ1

0, φ
2
0 still satisfy the constraint (4.13) so that

Σ(φ1
0, φ

2
0; 0) ≤ Ch(ρ1

0, ρ
2
0).

Theorem 4.5. If φ1, φ2 ∈ C2,1
b (Rd × [0, T ]) are solutions of (4.14) in the case

when B is monotone, bounded and smooth, such that

φ1(x1, T ) + φ2(x2, T ) ≤ h(|x1 − x2|) ∀x1, x2 ∈ Rd,

then
φ1(x1, 0) + φ2(x2, 0) ≤ h(|x1 − x2|) ∀x1, x2 ∈ Rd.

Remark 4.6. While we prove Theorem 4.5 for bounded and smooth drifts B,
and solutions φ1,2 ∈ C2,1

b (Rd × [0, T ]), the property clearly carries over to any
pointwise limit of such solutions. We therefore expect it to hold for a much
larger class of monotone drifts B and solutions.

4.2 Regularization and rescaling

In this section we collect some preliminary and technical results which will turn
to be useful in the sequel.

4.2.1 Regularization of the cost function.

In this section we shall show that it is sufficient to consider nonnegative, Lip-
schitz, and unbounded costs (as those considered in Proposition 2.19) in the
proof of Theorem 4.1.

Lemma 4.7. If (4.5) holds for every nonnegative Lipschitz and nondecreasing
cost function h with limr↑+∞ h(r) = +∞, then it holds for every continuous and
nondecreasing cost h.

Proof. We first prove that it is sufficient to consider nonnegative Lipschitz costs;
in a second step, we deal with the asymptotic requirement.
Step 1: h Lipschitz. Adding a suitable constant we can assume that h(r) ≥
h(0) = 0. We can then approximate h from below by the increasing sequence of
nonnegative Lipschitz functions

hn(r) := inf
s≥0

h(s) + n|r − s|

which satisfies

0 = hn(0) ≤ hn(r) ≤ h(r), lim
n↑+∞

hn(r) = h(r) ∀ r ≥ 0,

the convergence being uniform on each compact interval of [0,+∞). Applying
Lemma 4.8 below we find

Chλ t(ρ1
t , ρ

2
t )

(4.16)
= lim

n↑+∞
Chnλ t(ρ

1
t , ρ

2
t )

(4.5)

≤ lim inf
n↑+∞

Chn(ρ1
0, ρ

2
0)

(4.16)
= Ch(ρ1

0, ρ
2
0).
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Step 2: limr↑+∞ h(r) = +∞. Let us set ρ0 := ρ1
0 + ρ2

0, let us introduce the
function

m(r) := ρ0(Rd \ r U), U :=
{
x ∈ Rd : |x| < 1

}
,

and let us consider a sequence rn in [0,+∞) such that

r0 := 0, r1 := 1, rn+1 − rn ≥ rn − rn−1 and m(rn+1) ≤ 2−n.

It is easy to check that rn is a diverging increasing sequence; if g is the piecewise
linear function satisfying g(rn) = n, i.e.

g(r) := n+
r − rn

rn+1 − rn
if r ∈ [rn, rn+1],

then g is Lipschitz continuous, increasing, unbounded, concave, it satisfies
g(0) = 0 and

G :=
∫

Rd
g(|x|) dρ0(x) =

∫
Rd

(∫ |x|
0

g′(r) dr
)

dρ0(x)

=
∫

Rd

(∫ +∞

0

g′(r)1r≤|x| dr
)

dρ0(x) =
∫ ∞

0

g′(r)m(r) dr

=
+∞∑
n=1

1
rn − rn−1

∫ rn

rn−1

m(r) dr ≤
+∞∑
n=0

m(rn) < +∞.

We can thus consider the perturbed cost

hε(r) := h(r) + ε g(r)

which is Lipschitz, increasing, unbounded. Since g is concave, increasing, and
g(0) = 0, we have

g(|x1 − x2|) ≤ g(|x1|+ |x2|) ≤ g(|x1|) + g(|x2|) for every x1, x2 ∈ Rd, (4.15)

so that if ρ0 is an optimal coupling between ρ1
0 and ρ2

0 for the cost h (we can
assume that the initial cost is finite), then

Ch(ρ1
0, ρ

2
0) ≤ Chε(ρ1

0, ρ
2
0) ≤ Ch(ρ1

0, ρ
2
0) + ε

∫
Rd×Rd

g(|x1 − x2|) dρ0(x1, x2)

(4.15)

≤ Ch(ρ1
0, ρ

2
0) + ε

∫
Rd×Rd

(
g(|x1|) + g(|x2|)

)
dρ0(x1, x2) = Ch(ρ1

0, ρ
2
0) + εG.

Therefore, if Theorem 4.1 holds for hε we have

Ch(ρ1
t , ρ

2
t ) ≤ Chε(ρ1

t , ρ
2
t ) ≤ Chε(ρ1

0, ρ
2
0) ≤ Ch(ρ1

0, ρ
2
0) + εG.

Passing to the limit as ε ↓ 0 we conclude.

The following result provides a variant of well known stability properties of
transportation costs (see [46, Theorem 3], [52, Theorem 5.20]) and holds the
much more general setting of optimal transportation in Radon metric spaces [2,
Chapter 6].
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Lemma 4.8. (Lower semicontinuity of the cost functional w.r.t. local uniform
convergence of h). Let h : [0,+∞)→ [0,+∞) be a continuous cost function and
let hn : [0,+∞) → [0,+∞) be a sequence of lower semicontinuous functions
converging to h locally uniformly in [0,+∞). For every couple ρ1, ρ2 ∈ P(Rd)
we have

lim inf
n↑+∞

Chn(ρ1, ρ2) ≥ Ch(ρ1, ρ2).

In particular, if hn ≤ h for every n ∈ N then

lim
n→+∞

Chn(ρ1, ρ2) = Ch(ρ1, ρ2). (4.16)

Proof. Let us set Hn(x1, x2) := hn(|x1 − x2|) and observe that Hn converges
to H(x1, x2) := hn(|x1 − x2|) uniformly on compact sets of Rd × Rd. If ρn ∈
P(Rd × Rd) is an optimal coupling between ρ1, ρ2 with respect to the cost hn

then
Chn(ρ1, ρ2) =

∫
[0,+∞)

z dρn(z), where ρn = (Hn)#ρn.

Since the marginals of ρn are fixed, the sequence (ρn)n∈N is tight and up to
the extraction of a suitable subsequence (still denoted by ρn) we can suppose
that ρn converge to to some limit coupling ρ between ρ1, ρ2 in P(Rd × Rd).
Since ρn weakly converges to ρ = H#ρ by [2, Lemma 5.2.1], standard lower
semicontinuity of integrals with nonnegative continuous integrands [2, Lemma
5.1.7] yields

lim inf
n→+∞

∫
[0,+∞)

z dρn(z) ≥
∫

[0,+∞)

z dρ(z) =

=
∫

Rd×Rd
H(x1, x2) dρ(x1, x2) ≥ Ch(ρ1, ρ2).

4.2.2 λ-monotonicity and rescaling

We show here a simple rescaling argument (inspired by [23], where the rescaling
technique has been applied to a wide class of diffusion equations), which is useful
to deduce the estimates in the general λ-monotone case to the simpler case of a
monotone operator.

We therefore assume that λ 6= 0, and we introduce the time rescaling func-
tions

s(t) :=
∫ t

0

e2λr dr =
1

2λ
(
e2λt − 1

)
, t(s) :=

1
2λ

log(1 + 2λs) s ∈ [0, S∞)

(4.17)

where

S∞ :=

{
+∞ if λ > 0,
−1/(2λ) if λ < 0;

notice that t
(
s(t)
)

= t. (4.18)

We associate to a family of probability measures ρt, t ∈ [0, T ], their rescaled
versions σs, s ∈ [0, S∞), defined by

σs(E) := ρt(s)(e−λt(s)E) for every Borel set E ⊂ Rd. (4.19)

60



If B : Rd → Rd is a λ-monotone Borel map we set A := B − λI and

B̃(y, s) := e−λt(s)B(e−λt(s) y), Ã(y, s) = e−λt(s)A(e−λt(s) y) (4.20)

for y ∈ Rd, s ∈ R. Notice that if B is λ-monotone, then A and Ã(·, s), s ∈
[0, S∞), are monotone.

Proposition 4.9. A continuous family ρt ∈ P(Rd) is a distributional solution
of (4.2) if and only if the rescaled measures σs defined by (4.19) and (4.17)
satisfy∫ S∞

0

∫
Rd

(
∂sϕ+∆ϕ−Ã(·, s)·∇ϕ

)
dσs ds = 0 ∀ϕ ∈ C∞c (Rd×(0, S∞)). (4.21)

If ρ satisfies (4.4) then∫ s1

s0

∫
Rd
|Ã(x, s)|dσs ds < +∞ for every 0 < s0 < s1 < S∞, (4.22)

and in this case σ satisfies∫
Rd
ϕ(·, s1) dσs1 −

∫
Rd
ϕ(·, s0) dσs0 =

∫ s1

s0

∫
Rd

(
∂sϕ+ ∆ϕ− Ã(y, s) ·∇ϕ

)
dρs ds.

(4.23)
for every test function ϕ ∈ C2,1

b (Rd × [s0, s1]) with bounded first and second
derivatives.

Proof. We introduce the change of variable map X(x, t) := (eλtx, s(t)) and for a
given smooth function ϕ ∈ C∞c (Rd × (0, S∞)) we set ζ(x, t) := ϕ(eλs(t), s(t)) =
ϕ ◦ X. Denoting by (y, s) ∈ Rd × [0, S∞) the new variables, easy calculations
show that in Rd × (0,+∞) we have

∂tζ = s′
(
∂sϕ+ λe−2λt∇yϕ · y

)
◦ X, ∇xζ = eλt

(
∇yϕ ◦ X

)
,

∆xζ = e2λt
(
∆yϕ ◦ X

)
, B · ∇xζ = e2λt

((
B̃(y, s) · ∇yϕ

)
◦ X
)
,

where we used the fact that B = eλt
(
B̃ ◦ X

)
. In particular we have

∂tζ −B · ∇xζ = s′
(
∂sϕ− Ã(y, s) · ∇yϕ

)
◦ X

We thus get∫
Rd

(
∂tζ + ∆xζ −B · ∇xζ

)
dρt = s′(t)

∫
Rd

(
∂sϕ+ ∆yϕ− Ã(y, s) · ∇yϕ

)
◦ X dρt

= s′(t)
∫

Rd

(
∂sϕ+ ∆yϕ− Ã(y, s) · ∇yϕ

)
dσs(t)

since σs(t)(E) = ρt(e−λtE) for every Borel set E ⊂ Rd. Eventually we obtain∫ +∞

0

∫
Rd

(
∂tζ+∆xζ−B·∇xζ

)
dρt dt =

∫ S∞

0

∫
Rd

(
∂sϕ+∆yϕ−Ã(y, s)·∇yϕ

)
dσs ds
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(4.22) follows by a simple application of the change of variable formula (4.10),
since for every t > 0∫

Rd

∣∣Ã(y, s)
∣∣ dσs(y)

(4.20)
= e−λt(s)

∫
Rd

∣∣A(e−λt(s)y)
∣∣dσs(y)

(4.19)
= e−λt(s)

∫
Rd

∣∣A(x)
∣∣dρt(s)(x) = e−λt(s)

∫
Rd

∣∣B(x)− λx
∣∣dρt(s)(x).

Since t′(s) = e−λt(s) we eventually get for ti = t(si)∫ s1

s0

∫
Rd
|Ã(x, s)|dσs ds =

∫ s1

s0

(∫
Rd

∣∣B(x)− λx
∣∣dρt(s)(x)

)
t′(s) ds

=
∫ t1

t0

∫
Rd

∣∣B(x)− λx
∣∣dρt(x) dt

(4.4)
< +∞.

(4.23) follows from (4.21) when ϕ belongs to C∞c (Rd× [s0, s1]). If ϕ ∈ C2,1
b (Rd×

[s0, s1]) via a standard convolution and truncation argument we find an approx-
imation sequence ϕk ∈ C∞c (Rd× [s0, s1]) such that ϕk, ∂tϕk,∇ϕk,∆ϕk remains
uniformly bounded and converge pointwise to ϕ, ∂tϕ,∇ϕ,∆ϕ respectively. By
(4.22) we can apply the Lebesgue Dominated Convergence theorem to pass to
the limit in (4.23) written for ϕk, thus obtaining the same identity for ϕ.

We conclude this section by a simple remark combining the regularization
technique of § 2.1.3 and the time rescaling (4.20).

Lemma 4.10. Let A := B − λI be a monotone operator, let us consider a
sequence An,m, n,m ∈ N, of smooth monotone operators given by Theorem 2.7
and Proposition 2.8, and let us set

Ãn,m(y, s) := e−λt(s)An,m(e−λt(s)y) y ∈ Rd, s ∈ [0, S∞) (4.24)

defined as in (4.20), (4.17). Then Ãn,m are Lipschitz in Rd × [0, S] for every
S ∈ [0, S∞).

Proof. We just have to check that |∂sÃn,m(·, s)| is uniformly bounded in Rd ×
[0, S]: since t′(s) = e−2λt(s) a simple calculation yields

∂sÃn,m(y, s) = −λe−3λt(s)An,m(e−λt(s)y)− λe−3λt(s)DAn,m(e−λt(s)y) · y
= −λe−2λt(s) Ãn,m(y, s)− λe−λt(s)Q̃n,m(y, s)

where Qn,m(x) := DAn,m(x) · x, x ∈ Rd.
Since e−λt(s) is uniformly bounded with all its derivative in each compact

interval [0, S], S <∞, (2.12) show that Qn,m is bounded and therefore Ãn,m is
Lipschitz with respect to s.

4.3 A comparison result for the backward equa-
tion

In this section we give the proof of Theorem 4.5 in a slightly more general
form, in order to be applied to (a suitably regularized version of) the rescaled
formulation considered in Proposition 4.9.
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Let us suppose that Ã : (y, s) ∈ Rd × [0, S∞) → Ã(y, s) ∈ Rd is a smooth
vector field satisfying

sup
Rd×[0,S]

|Ãs|+ |∂sÃ|+ |DÃ| < +∞ for every S ∈ [0, S∞), (4.25)

Ã(·, s) is monotone for every s ∈ [0, S∞). (4.26)

We denote by L [·] the differential operator defined by

L [ϕ](y, s) := ∆yϕ(y, s)− Ã(y, s) · ∇yϕ(y, s) ϕ(·, s) ∈ C2(Rd), (4.27)

for y ∈ Rd, s ∈ [0, S∞). Thanks to (4.25) and (4.26), we can apply the existence
result [50, Theorem 3.2.1] and for every S ∈ [0, S∞) and φ ∈ C∞c (Rd) we can
find a solution ϕ ∈ C2,1

b (Rd × [0, S)) of the backward evolution equation

∂sϕ+ L [ϕ] = 0 in Rd × [0, S], ϕ(·, S) = φ(·). (4.28)

We have

Theorem 4.11. Let h : [0,+∞) → R be a continuous and non-decreasing
function. Let ϕ1, ϕ2 ∈ C2,1

b (Rd× [0, S]) be solutions of the “backward” inequality

∂sϕ+ L [ϕ] ≥ 0 in Rd × [0, S] (4.29)

such that

ϕ1(y1, S) + ϕ2(y2, S) ≤ h(|y1 − y2|) for every y1, y2 ∈ Rd.

Then
ϕ1(y1, 0) + ϕ2(y2, 0) ≤ h(|y1 − y2|) for every y1, y2 ∈ Rd.

Proof. By approximating h from above, it is not restrictive to assume that
h ∈ C1[0,+∞) with h′(0) = 0; in particular the map H(y1, y2) := h(|y1 − y2|)
is of class C1 in Rd × Rd and satisfies

∇y1H(y1, y2) = −∇y2H(y1, y2) = g(y1, y2)(y1 − y2), (4.30)

where

0 ≤ g(y1, y2) = g(y2, y1) :=

{
h′(|y1−y2|)
|y1−y2| if y1 6= y2,

0 if y1 = y2.
(4.31)

The argument combines a variable-doubling technique and a classical variant
of the maximum principle. Let us first show that if ϕ1, ϕ2 satisfy the strict
inequality

∂sϕ
j + L [ϕj ] > 0 in Rd × [0, S), j = 1, 2. (4.32)

then the function

f(y1, y2, s) := ϕ1(y1, s) + ϕ2(y2, s)−H(y1, y2)

cannot attains a (local) maximum in a point (ȳ1, ȳ2, s̄) with s̄ < S. We argue
by contradiction and we suppose that (ȳ1, ȳ2, s̄) is a local maximizer of f with
s̄ < S; we thus have

∂sf(ȳ1, ȳ2, s̄) ≤ 0, ∇y1f(ȳ1, ȳ2, s̄) = 0, ∇y2f(ȳ1, ȳ2, s̄) = 0;
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so that
∂tϕ

1(ȳ1, s̄) + ∂tϕ
2(ȳ2, s̄) ≤ 0 (4.33)

∇y1ϕ1(ȳ1, s̄) = ∇y1H(ȳ1, ȳ2)
(4.30)

= g(ȳ1, ȳ2)(y1 − y2)

∇y2ϕ2(ȳ2, s̄) = ∇y2H(ȳ1, ȳ2)
(4.30)

= g(ȳ1, ȳ2)(y2 − y1).

It follows that

Ã(ȳ1, s̄) · ∇y1ϕ1(ȳ1, s̄)+Ã(ȳ2, s̄) · ∇y2ϕ2(ȳ2, s̄)

= g(ȳ1, ȳ2)
(
Ã(ȳ1, s̄)− Ã(ȳ2, s̄)

)
· (ȳ1 − ȳ2)

(4.31)

≥ 0
(4.34)

On the other hand, since H(ȳ1 + z, ȳ2 + z) = H(ȳ1, ȳ2), the function

Rd 3 z 7→ ϕ1(ȳ1 + z, s̄) + ϕ2(ȳ2 + z, s̄)−H(ȳ1, ȳ2) = f(ȳ1 + z, ȳ2 + z, s̄)

has a local maximum at z = 0 so that

∆y1ϕ
1(ȳ1, s̄) + ∆y2ϕ

2(ȳ2, s̄) ≤ 0. (4.35)

Combining (4.33),(4.34), and (4.35) we obtain

(∂sϕ1 + L [ϕ1])(ȳ1, s̄) + (∂sϕ2 + L [ϕ2])(ȳ2, s̄) ≤ 0,

which contradicts (4.32).
Suppose now that ϕ1, ϕ2 satisfy the inequality (4.29) and let us set for ε, δ >

0
ϕjε,δ(yj , s) := ϕj(yj , s)− δ(S − s)− εe−s|yj |2 j = 1, 2.

We easily get

∂sϕ
j
ε,δ = ∂sϕ

j + δ + εe−s|yj |2

L [ϕjε,δ] = L [ϕj ]− e−s
(
dε+ 2εÃ(yj , s) · yj

)
∂sϕ

j
ε,δ + L [ϕjε,δ] ≥ δ + εe−s

(
|yj |2 − d− Cn|yj |

)
,

where Cn = supy,s |Ãn(y, s)| < +∞.
It follows that for every δ > 0 there exists a coefficient ε > 0 sufficiently

small such that ϕ1
ε,δ, ϕ

2
ε,δ satisfy (4.32). On the other hand, the continuous

function fε,δ : Rd × Rd × [0, S]→ R defined by

(y1, y2, s) 7→ fε,δ(y1, y2, s) := ϕ1
ε,δ(y1, s) + ϕ2

ε,δ(y2, s)− h(|y1 − y2|)

attains its maximum at some point (ȳ1, ȳ2, s̄) ∈ Rd×Rd× [0, S]; by the previous
argument, we conclude that s̄ = S and therefore for every y1, y2 ∈ Rd

ϕ1
ε,δ(y1, 0) + ϕ2

ε,δ(y2, 0)− h(|y1 − y2|) ≤ fε,δ(ȳ1, ȳ2, S) ≤
≤ ϕ1(ȳ1, S) + ϕ2(ȳ2, S)− h(|ȳ1 − ȳ2|) ≤ 0.

Passing to the limit as ε, δ ↓ 0 we conclude.

We conclude this section by recalling two well known estimates:
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Lemma 4.12 (Uniform estimates). Let ϕ ∈ C2,1
b (Rd× [0, S])∩C∞(Rd× (0, S))

be the solution of (4.28). Then

sup
Rd×[0,S]

|ϕ| ≤ sup
Rd
|φ|, sup

Rd×[0,S]

|∇ϕ| ≤ sup
Rd
|∇φ|. (4.36)

Proof. The first inequality is direct application of the maximum principle (see
e.g. [50, Theorem 3.1.1]. By differentiating the equation with respect to y we
obtain

∂s Dϕ+ L [Dϕ]−DÃDϕ = 0

and then
1
2
∂t|Dϕ|2 +

1
2
L [|Dϕ|2]−DÃDϕ ·Dϕ− |D2ϕ|2 = 0.

Since Ã is monotone the quadratic form associated to DÃ is nonnegative and
therefore

∂t|Dϕ|2 + L [|Dϕ|2] ≥ 0.

A further application of the maximum principle yields (4.36).

4.4 Proof of Theorem 4.1

We split the proof in various steps. Just to fix some notation, we consider a
family An,m of smooth, bounded, Lipschitz, and monotone operators approx-
imating A := B − λI as in Proposition 2.8 and their rescaled version Ãn,m
defined by (4.24). Ln,m[·] are the associated differential operators

Ln,m[ϕ](y, s) := ∆yϕ(y, s)− Ãn,m(y, s) · ∇yϕ(y, s) ϕ(·, s) ∈ C2(Rd), (4.37)

for y ∈ Rd, s ∈ [0, S∞), as in (4.27). Lemma 4.10 show that Ãn,m satisfies
(4.25).
Step 1: reduction to the monotone case λ = 0. When λ 6= 0 we apply the
rescaling argument of section 4.2.2: we thus introduce the time rescaling t(s)
defined by (4.17) and the corresponding measures σis = ρ̃it(s) as in (4.19), which
satisfy (4.22) and (4.23) for the rescaled operators Ã of (4.20). Taking into
account Remark 4.4 and the fact that σis = ρ̃it(s), the thesis follows if we show
that

Ch(σ1
s , σ

2
s) ≤ Ch(σ1

0 , σ
2
0) for every s ∈ [0, S∞), (4.38)

(see (4.18) for the definition of S∞).
Step 2: If

Ch(σ1
s1 , σ

2
s1) ≤ Ch(σ1

s0 , σ
2
s0) for every 0 < s0 < s1 < S∞, (4.39)

then (4.38) holds. When h is bounded, (4.39) implies (4.38) by taking a simple
limit as s0 ↓ 0 and using the fact that the map (σ1, σ2) 7→ Ch(σ1, σ2) is continu-
ous with respect to weak convergence in P(Rd)×P(Rd). If (4.38) holds for every
bounded Lipschitz cost, then it holds for every continuous and nondecreasing
cost by Lemma 4.7.
Step 3: We claim the following:
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Let φ1, φ2 ∈ C∞c (Rd) be satisfying the constraint φ1(y1) + φ2(y2) ≤ h(|y1 −
y2|) Then ∫

Rd
φ1 dσ1

s1 +
∫

Rd
φ2σ2

s1 ≤ Ch(σ1
s0 , σ

2
s0) + `Kn,m (4.40)

where ` := supRd |∇φ1|+ supRd |∇φ2| and

Kn,m :=
∫ s1

s0

∫
Rd
|Ãn,m − Ã|dσ1

s ds+
∫ s1

s0

∫
Rd
|Ãn,m − Ã|dσ2

s ds.

Indeed, applying [50, Thm 3.2.1] we can introduce the solutions ϕ1
n,m, ϕ

2
n,m ∈

C2,1
b (Rd × [s0, s1]) of the backward equations

∂sϕ
j
n,m + Ln,m[ϕj ] = 0 in Rd × [s0, s1], ϕjn,m(·, s1) = φj(·) in Rd.

Identity (4.23) shows that, for j = 1, 2,∫
Rd
φj(·) dσjs1 −

∫
Rd
ϕjn,m(·, s0) dσjs0 =

∫ s1

s0

∫
Rd

(
Ãn,m − Ã

)
· ∇ϕjn,m dσjs ds

(4.36)

≤ `

∫ s1

s0

∫
Rd

∣∣Ãn,m − Ã∣∣ dσjs ds

Summing up the these equation for j = 1, 2 we obtain∫
Rd
φ1 dσ1

s1 +
∫

Rd
φ2 dσ2

s1 ≤
∫

Rd
ϕ1
n,m(·, s0) dσ1

s0 +
∫

Rd
ϕ2
n,m(·, s0) dσ2

s0 + `Kn,m

Theorem 4.11 yields ϕ1
n,m(y1, s0) + ϕ2

n,m(y2, s0) ≤ h(|y1 − y2|) which implies
(4.40).
Step 4:

lim sup
n↑+∞

(
lim sup
m↑+∞

Kn,m

)
= 0. (4.41)

Let us first notice that setting ti := t(si) and recalling that t′(s) = e−λt(s) we
have ∫ s1

s0

∫
Rd
|Ãn,m − Ã|dσ1

s ds =
∫ s(t1)

s(t0)

t′(s)
∫

Rd
|An,m −A|dρit(s) ds

=
∫ t1

t0

∫
Rd
|An,m −A|dρit dt

so that

Kn,m = K1
n,m +K2

n,m, Kj
n,m :=

∫ t1

t0

∫
Rd
|An,m −A|dρjt dt j = 1, 2.

We can estimate Kj
n,m by

Kj
n,m ≤

∫ t1

t0

∫
Rd
|An,m −An|dρjt dt+

∫ t1

t0

∫
Rd
|An −A|dρjt dt,
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observing that by (2.12), (2.13), and the Lebesgue Dominated Convergence
Theorem we get

lim
m↑+∞

Kj
n,m =

∫ t1

t0

∫
Rd
|An −A|dρjt dt.

Since |An(x)| ≤ |A◦(x)| ≤ |A(x)| = |B(x)−λx| for every x ∈ Rd, the integrabil-
ity assumption (4.4), a further application of the Lebesgue Theorem, and (2.9)
yield

lim
n↑+∞

(
lim

m↑+∞
Kn,m

)
=
∫ t1

t0

∫
Rd
|A◦ −A|dρjt dt. (4.42)

This last integrand is 0 if A coincides with the minimal selection of A, in
particular when A is continuous. In the general case, the regularity result of
[11] shows that ρjt � L d for L 1 a.e. t ∈ (0,+∞) and (2.6) says that A◦ = A
L d-a.e. in Rd; therefore the last integral of (4.42) vanishes and we get (4.41).
Step 5: conclusion.

Thanks to (4.41), passing to the limit in (4.40) we obtain∫
Rd
φ1 dσ1

s1 +
∫

Rd
φ2 dσ2

s1 ≤ Ch(σ1
s0 , σ

2
s0).

Taking the supremum with respect to φ1, φ2 ∈ C∞c (Rd) and recalling Proposi-
tion 2.19 we obtain (4.39).

Remark 4.13. As it appears from the final argument of the previous step 4,
in the case when A = B − λI is the minimal selection A◦ of A (in particular
when B is continuous), we do not need to invoke the regularity result of [11] to
conclude our proof.

Proof of Corollary 4.2. For (a), it is sufficient to observe that eλt ≥ 1; this
implies h(r) ≤ hλt(r) and so

Ch(ρ1
t , ρ

2
t ) ≤ Chλt(ρ1

t , ρ
2
t )

(4.5)

≤ Ch(ρ1
0, ρ

2
0).

Similarly, for (a) and (b)

epλtCh(ρ1
t , ρ

2
t ) ≤ Chλt(ρ1

t , ρ
2
t )

(4.5)

≤ Ch(ρ1
0, ρ

2
0).

We conclude recalling that

Wp(ρ1, ρ2) = Ch(ρ1, ρ2)
1/p

with h(r) = |r|p

and applying (a) and (b).
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Chapter 5

Wasserstein solutions to the
Fokker-Planck equation

This chapter is dedicated to the existence of curves in P2(Rd) (distributionally)
satisfying

∂tρt −∆ρt −∇·(ρtB) = 0 in Rd × (0,+∞) (5.1)

where B is a monotone operator with domain Rd. We will provide sufficient
conditions to find such solutions. In order to simplify the calculation, we also
assume that B(0) = 0.

We propose the definition of Wasserstein solution of (5.1) and give the pre-
cise statement of the existence. In Section 5.1 we prove the uniqueness of the
Wasserstein solution by showing that such solution satisfies the summability
condition (4.4). In Section 5.2 we prove the existence when the operator B is
Lipschitz continuous by a splitting method approximation scheme. In the last
Section we extend the existence result for general B by approximation with
Lipschitz operators.

Definition 5.1 (Wasserstein solutions). We call ρt : [0,+∞[→ P2(Rd) a Was-
serstein solution of (5.1) if ρt is a distributional solution of the continuity equa-
tion

∂tρt +∇·(vtρt) = 0,

where vt : [0,+∞[→ Rd is a Borel vector field such that

vt ∈ L2(Rd, ρt), ‖vt‖L2(Rd,ρt) ∈ L
1
loc([0,+∞[)

satisfying∫
Rd

vt · ∇ϕdρt =
∫

Rd

(
∆ϕ−B · ∇ϕ

)
dρt, ∀ϕ ∈ C∞c (Rd). (5.2)

Remark 5.2. The previous definition is equivalent to (see §2.4)

• ρt : [0,+∞[→ P2(Rd) is absolutely continuous;

• ρt solves∫ +∞

0

∫
Rd

(
∂tζ+∆ζ−B ·∇ζ

)
dρtdt = 0 ∀ ζ ∈ C∞c (Rd×(0,+∞)). (5.3)
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In particular a Wasserstein solution is a distributional solution to (5.1).

Lemma 5.3 (Uniqueness). A Wasserstein solution satisfies the summability
condition (4.4), the contraction estimate (4.5), and the quadratic moment esti-
mate∫

Rd
|x|2 dρt1 +

∫ t1

t0

ds
∫

Rd

(
B(x) · x

)
dρs =

∫
Rd
|x|2 dρt0 + d(t1 − t0), (5.4)

for every 0 ≤ t0 < t1 < +∞.

We can prove the existence of this kind of solution under suitable conditions
on the initial datum: this solution is also Lipschitz continuous w.r.t. the L2-
Wasserstein distance and has a metric characterization in terms of operator B
and the entropy functional H : P2(Rd)→ R ∪ {+∞}

H [ρ] =

{∫
Rd u log udx if ρ = uL d ∈ Pr2 (Rd),

+∞ otherwise.

The precise statement is

Theorem 5.4. For ρ0 ∈ Pr2 (Rd) such that

B ∈ L2(Rd, ρ0), u ∈W 1,1
loc (Rd), ∇u

u ∈ L
2(Rd, ρ0) (ρ0 = uL d), (5.5)

there exists a unique Wasserstein solution ρt ⊂ Pr2 (Rd) of (5.1) in the sense of
Definition 5.1 s.t. limt→0 ρt = ρ0. Moreover,

1. (equicontinuity) for every t, s ≥ 0,

W2(ρt, ρs) ≤ |t− s|
(
‖B‖L2(Rd,ρ0) +

∥∥∥∇uu ∥∥∥
L2(Rd,ρ0)

)
; (5.6)

2. (integral evolution inequality) for every σ ∈ P2(Rd) with a compact sup-
port,

1
2
W 2

2 (ρt2 , σ) +
∫ t2

t1

ds
∫

Rd
〈B ◦ tσρs , i− tσρs〉dρs ≤

≤ 1
2
W 2

2 (ρt1 , σ) +
∫ t2

t1

(
H [σ]−H [ρs]

)
ds.

(5.7)

where tσρs is the unique optimal transport map from ρs to σ (see §2.3.2).

Moreover, if |B(x)| ≤ C0 + C1|x|, for every σ ∈ P2(Rd) ,

1
2
W 2

2 (ρt2 , σ) +
∫ t2

t1

ds
∫

Rd
〈B, i− tσρs〉dρs ≤

≤ 1
2
W 2

2 (ρt1 , σ) +
∫ t2

t1

(
H [σ]−H [ρs]

)
ds.

(5.8)

Remark 5.5. In the sublinear case, condition B ∈ L2(Rd, ρ) is always verified.
Notice that (5.8) implies (5.7) by monotonicity of B:

〈B ◦ tσρs , i− tσρs〉 ≤ 〈B, i− tσρs〉.

Moreover, in the sublinear case, there are no restrictions on σ.
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5.1 Uniqueness of the Wasserstein solution

Proof of Lemma 5.3. Let us check that a Wasserstein solution satisfies the con-
dition (4.4) for λ = 0. Since B is a monotone operator and Dom(B) = Rd,
there exists M , R > 0 s.t. ∀x ∈ Rd,

|B(x)| ≤ 1
R
B(x) · x+

1
R
M |x|+M

(it follows from Lemma 2.6, choosing x0 = 0 and an arbitrary R). It is enough
to control the three terms of the right hand side: the check is easy for the last
two ones, recalling that, from the absolutely continuity of the curve,

‖x‖2L2(ρt,Rd) =
∫

Rd
|x|2 dρt ∈ L∞([0,+∞]).

It remains only to check for every 0 < t0 < t1 < +∞,∫ t1

t0

∫
Rd

(
B(x) · x

)
dρt(x) dt < +∞. (5.9)

Let us consider a bounded function ζ(r) ∈ C∞(R) such that

|ζ(r)| ≤ r, ζ(r) = r in [−1, 1], ζ ′(r) ≥ 0, ζ ′(r) ∈ C∞c (R).

and let us define ζn(r) = nζ(r/n). Thus the sequence ϕn(x) := ζn(|x|2/2) ∈
C∞b (Rd) is such that, for n→∞,

ϕn(x)→ |x|2/2, ∇ϕn(x)→ x, ∆ϕn(x)→ d, ∀x ∈ Rd.

Denoting M1 := max|ζ ′| and M2 := max|ζ ′′|,

ϕn(x) ≤ |x|2/2, |∇ϕn(x)| ≤M1|x|, |∆ϕn(x)| ≤M1d + M2
n |x|

2 ∀x ∈ Rd :

applying the Dominated Convergence theorem,

|ϕn(x)− |x|2/2| L
1(ρt)−−−−→ 0, |∇ϕn(x)− x| L

2(ρt)−−−−→ 0, |∆ϕn(x)− d| L
1(ρt)−−−−→ 0.

Since ϕn ∈ H2(ρt), there exists a sequence ψkn ∈ C∞c (Rd) s.t. ψkn
H2(ρt)−−−−→ ϕn:∫

Rd

(
∆ϕn − vt · ∇ϕn

)
dρt = lim

k→∞

∫
Rd

(
∆ψkn − vt · ∇ψkn

)
dρt

(5.2)
= lim

k→∞

∫
Rd

(
B(x) · ∇ψkn(x)

)
dρt(x) =

∫
Rd

(
B(x) · ∇ϕn(x)

)
dρt(x).

(5.10)

Recalling that B(x) · ∇ϕn(x) = ζ ′n(|x|2/2)B(x) · x ≥ 0, from Fatou’s Lemma∫
Rd

(
B(x) · x

)
dρt(x) ≤ lim inf

n→∞

∫
Rd

(
B(x) · ∇ϕn(x)

)
dρt(x).

According to (5.10),

lim inf
n→∞

∫
Rd

(
B(x) · ∇ϕn(x)

)
dρt(x) = lim

n→∞

∫
Rd

(
∆ϕn − vt · ∇ϕn

)
dρt

= d +
∫

Rd

(
vt · x

)
dρt.
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Summing up, ∫
Rd

(
B(x) · x

)
dρt(x) ≤ d +

∫
Rd

(
vt · x

)
dρt. (5.11)

The right-hand side of the inequality is in L1
loc([0,+∞]): (5.9) is verified. Since

(4.4) holds, Theorem 4.1 ensures the contraction property for Wasserstein solu-
tions.

Now we check (5.4). Since ρt is a weak solution of (5.1), for t2, t1 > 0∫
Rd
ϕn dρt1 −

∫
Rd
ϕn dρt0 =

∫ t1

t0

ds
∫

Rd

(
∆ϕn −B(x) · ∇ϕn(x)

)
dρs. (5.12)

Since |B(x) · ∇ϕn(x)| ≤ M1B(x) · x, the Dominated Convergence theorem ap-
plies: letting n go to ∞, we obtain (5.4).

5.2 The splitting method scheme

Throughout this section, we assume the additional condition on B:

B is Lipschitz continuous (⇒ B is maximal monotone ). (5.13)

We consider a piecewise constant curve ρτ : [0,+∞[→ P2(Rd), (τ > 0) i.e.

ρτ,0 = ρ0, ρτt = ρτ,n ∈ P2(Rd), ∀t ∈](n− 1)τ, nτ ], n ∈ N (5.14)

which approximates the solution of (5.1) for τ → 0. This construction is based
on a splitting method : any value ρτ,n is determined by the previous one in two
steps:

ρ̂τ,n = Ĵτρτ,n−1, ρτ,n = S(τ)#ρ̂
τ,n. (5.15)

The operator Ĵτ is defined by

Ĵτ : P2(Rd) −→ P2(Rd)
ν 7−→ ν̂(τ)

(5.16)

where ν̂(τ) is the evolution after a time interval via the gradient flow of entropy
functional H from ν (see Example 2.32) and

S(t)t>0 is the semigroup generated by −B (see §2.1.4). (5.17)

We prove

Theorem 5.6. Let us assume that B is Lipschitz continuous. For any ρ0 ∈
P2(Rd) satisfying condition (5.5), the discrete curve ρτt defined by (5.14), (5.15)
(locally) uniformly converges w.r.t. W2 as τ → 0 to the unique Wasserstein
solution ρt ∈ Pr2 (Rd) of (5.1) in the sense of Definition 5.1 with initial datum
ρ0. It satisfies inequalities (5.6) and (5.8); moreover for every t ≥ 0,

H [ρt] ≤H [ρ0] + d Lip(B)t, (5.18)

where Lip(B) is the Lipschitz constant of the operator B.

We split the proof in various steps. After noticing some properties of ρτt , we
prove the convergence of the sequence as τ → 0. Finally, we show that the limit
curve is a Wasserstein solution of (5.1).
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The discrete curve ρτt

Let us recall that Ĵτ satisfies the inequalities

W 2
2 (Ĵτν, σ)−W 2

2 (ν, σ) ≤ 2τ
(
H [σ]−H [Ĵτν]

)
for any σ ∈ P2(Rd), (5.19)

H [ν] ≥H [Ĵτν]. (5.20)

Furthermore,

m2
2(Ĵτν) ≤ m2

2(ν) + 2τd (bound of the quadratic moment); (5.21a)

W2(Ĵτν1, Ĵτν2) ≤W2(ν1, ν2) (contraction property). (5.21b)

The semigroup S(t) satisfies (2.17a), (2.17b),(2.17d) (see §2.1.4). The interac-
tion between S(t) and H is ruled by the following

Lemma 5.7. For any absolute continuous measure ν ∈ P2(Rd) holds

H [S(τ)#ν] ≤H [ν] + d Lip(B)τ. (5.22)

Proof. The strategy is to prove a similar result involving the resolvent JBτ of B
and to get (5.22) using the resolvent property

|(JBτ
m

)
m
x0 − S(τ)x0| ≤ 2 τ√

m
|B(x0)|.

We recall that JBτ (x) = (i + τB)−1. Since B is Lipschitz continuous, JBτ is
bilipschitz and then ν � L d =⇒ JBτ #ν � L d. We fix h ∈ (0, 1) and claim

H [JBh #ν] ≤H [ν] + d Lip(B)h+ Cd,Lip(B)h
2. (5.23)

By denoting JBτ #ν = vdx, ν = udx, we have

H [JBh #ν]−H [ν] =
∫
v log vdx−

∫
u log udx

=
∫
u[log v(JBh (x))− log u]dx ≤

∫
u

1
u

[v(JBh (x))− u]dx =

=
∫ [

v(JBh (x))− u
]
dx

(2.24)
=

∫ [ u(x)
|det∇JBh (x)|

− u
]
dx =

=
∫ [ 1
|det∇JBh (x)|

− 1
]
udx =

∫ [
|det∇JBh (x)|−1 − 1

]
udx =

=
∫ [
|det∇JBh

−1
(JBh (x))| − 1

]
udx =

∫ [
|det∇JBh

−1
(x)| − 1

]
vdx =

=
∫ [
|det∇(i + hB(x))| − 1

]
vdx =

∫ [
|det(I + h∇B(x))| − 1

]
vdx ≤

h∈(0,1)

≤ d Lip(B)h+ Cd,Lip(B)h
2 ≈ O(h).

On the other hand,

(JBτ
m

)
m

#
ν −→ S(τ)#ν in P2(Rd) per m→ +∞; (5.24)
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in fact,

W 2
2 ((JBτ

m
)
m

#
ν, S(τ)#ν) ≤

∫
Rd
|(JBτ

m
)
m
x− S(τ)x|

2
dν(x)

(2.18)

≤ 4
τ2

m

∫
Rd
|Bx|2dν(x)→ 0.

For any m sufficiently big, τ/m < 1: applying (5.23) recursively

H [(JBτ
m

)
m

#ν] ≤H [ν] +m
[
d Lip(B) τm + Cd,Lip(B)( τm )2

]
= H [ν] + d Lip(B)τ + 1

mCd,Lip(B)τ
2.

From (5.24) and the lower semicontinuity of H ,

lim inf
m→∞

H [(JBτ
m

)
m

#ν] ≥H [S(τ)#ν].

Finally,

H [S(τ)#ν] ≤ lim inf
m→∞

H [(JBτ
m

)
m

#ν] ≤H [ν] + d Lip(B)τ.

Proposition 5.8. Let ρ0 satisfy (5.5) and consider the discrete curves ρτ de-
fined by (5.14),(5.15) and ρ̂τ : [0,+∞[→ Rd, defined by:

ρ̂τ,0 = ρ0 ρ̂τt = ρ̂τ,n, ∀t ∈](n− 1)τ, nτ ], n ∈ N. (5.25)

We have:

1. (“τ -equicontinuity”) for ε > 0 and any sufficient small τ ,

W2(ρτt , ρ
τ
s ) ≤ (|t− s|+ τ)

(
‖B‖L2(Rd,ρ0) +

∥∥∥∇uu ∥∥∥
L2(Rd,ρ0)

+ ε
)

; (5.26)

2. (entropy bound) for every t ≥ 0,

H [ρτt ] ≤H [ρ0] + d Lip(B)(t+ τ); (5.27)

3. (discrete evolution inequality)

1
2

[
W 2

2 (ρτ,n, σ)−W 2
2 (ρτ,n−1, σ)

]
≤

≤ −τ
∫

Rd
〈Bτ , S(τ)+i

2 − tσρ̂τ,n〉dρ̂τ,n + τ
(
H [σ]−H [ρ̂τ,n]

)
.

(5.28)

where Bτ : Rd → Rd is the maximal monotone operator Bτ = i−S(τ)
τ .

Proof. To verify (5.26), we start by considering t ≥ s, t ∈](n − 1)τ, nτ ], s ∈
((k − 1)τ, kτ ].

W2(ρτt , ρ
τ
s ) = W2(ρτ,n, ρτ,k) ≤

n∑
j=k+1

W2(ρτ,j , ρτ,j−1).
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Thanks to the contraction properties (5.21b) and (2.17a), we have

W2(ρτt , ρ
τ
s ) ≤ (n− k)W2(ρτ,1, ρ0) ≤ |t− s|+ τ

τ
W2(ρτ,1, ρ0). (5.29)

It is enough to estimate the last term of (5.29): let us observe

1
τ
W2(ρτ,1, ρ0) ≤ 1

τ

[
W2(ρτ,1, ρ̂τ,1) +W2(ρ̂τ,1, ρ0)

]
;

about the first term

W2(ρτ,1, ρ̂τ,1) ≤
(∫

Rd
|S(τ)− i|2dρ̂τ,1

) 1
2

≤ τ
(∫

Rd
|B|2dρ̂τ,1

) 1
2

;

since limτ→0W2(ρ̂τ,1, ρ0) = 0 ,

lim
τ→0

∫
Rd
|x|2dρ̂τ,1 =

∫
Rd
|x|2dρ0;

recalling that growth of B is almost linear,

lim
τ→0

∫
Rd
|B|2dρ̂τ,1 =

∫
Rd
|B|2dρ0.

In particular,

lim sup
τ→0

1
τ
W2(ρτ,1, ρ̂τ,1) ≤ lim

τ→0

(∫
Rd
|B|2dρ̂τ,1

) 1
2

= ‖B‖L2(Rd,ρ0).

On the other hand, thanks to the interpretation of the heat equation as a gra-
dient flow and (2.38),

lim
τ→0

W2(ρ̂τ,1, ρ0)
τ

=
∥∥∥∇uu ∥∥∥

L2(Rd,ρ0)
.

Hence

lim sup
τ→0

W2(ρτ,1, ρ0)
τ

≤ ‖B‖L2(Rd,ρ0) +
∥∥∥∇uu ∥∥∥

L2(Rd,ρ0)
. (5.30)

For (5.27), it is enough to compute, for t ∈](n− 1)τ, nτ ]

H [ρτt ] = H [ρτ,n] ≤H [ρ̂τ,n] + d Lip(B)τ ≤H [ρτ,n−1] + d Lip(B)τ.

Applying this recursively, we obtain

H [ρτt ] ≤H [ρτ,0] + d Lip(B)nτ ≤H [ρ0] + d Lip(B)(t+ τ).

We conclude (5.28) by observing that

W 2
2 (ρτ,n, σ)−W 2

2 (ρτ,n−1, σ) = W 2
2 (S(τ)#ρ̂

τ,n, σ)−W 2
2 (ρ̂τ,n, σ)

+W 2
2 (ρ̂τ,n, σ)−W 2

2 (ρτ,n−1, σ);
(5.31)
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in fact, one can notice

W 2
2 (S(τ)#ρ̂

τ,n, σ)−W 2
2 (ρ̂τ,n, σ) ≤

∫
Rd
|S(τ)− tσρ̂τ,n |

2dρ̂τ,n−
∫

Rd
|i− tσρ̂τ,n |

2dρ̂τ,n

=
∫

Rd
〈S(τ)− i, S(τ) + i− 2tσρ̂τ,n〉dρ̂τ,n

= 2τ
∫

Rd
〈S(τ)−i

τ , S(τ)+i
2 − tσρ̂τ,n〉dρ̂τ,n;

while, from (5.19),

W 2
2 (ρ̂τ,n, σ)−W 2

2 (ρτ,n−1, σ) ≤ 2τ
(
H [σ]−H [ρ̂τ,n]

)
.

Remark 5.9. Inequality (5.28) could be interpreted as

1
2

[
W 2

2 (ρτnτ , σ)−W 2
2 (ρτ(n−1)τ , σ)

]
≤

≤ −
∫ nτ

(n−1)τ

ds
∫

Rd
〈Bτ , S(τ)+i

2 − tσρ̂τs 〉dρ̂
τ
s +

∫ nτ

(n−1)τ

(
H [σ]−H [ρ̂τs ]

)
ds.

This means, for t2 ≥ t1 ≥ 0, t2 = mτ and t1 = nτ ,

1
2

[
W 2

2 (ρτt2 , σ)−W 2
2 (ρτt1 , σ)

]
≤

≤ −
∫ t2

t1

ds
∫

Rd

〈
Bτ , S(τ)+i

2 − tσρ̂τs

〉
dρ̂τs +

∫ t2

t1

(
H [σ]−H [ρ̂τs ]

)
ds.

(5.32)

The convergence of the scheme

Theorem 5.10. For ρ0 satisfying (5.5), consider the curves ρτ , ρ̂τ : [0,+∞[→
Rd described in (5.14),(5.15),(5.25). Choosing τm = τ/2m, we have

ρτm , ρ̂τm (locally) uniformly converge (to the same limit) in W2.

Denoting with ρ̄t this limit, it satisfies for t, s ∈ [0,+∞[,

W2(ρ̄t, ρ̄s) ≤ |t− s|
(
‖B‖L2(Rd,ρ0) +

∥∥∥∇uu ∥∥∥
L2(Rd,ρ0)

)
, (5.33)

H [ρ̄t] ≤H [ρ0] + d Lip(B)t. (5.34)

Proof. For µ0, ν0 ∈ P2(Rd) satisfying (5.5), we construct (as in (5.14),(5.15))
two curves µτ , ν

τ
2 : [0,+∞[→ P2(Rd) respectively with initial data µ0, ν0 and

time steps τ , τ/2. From (2.17a) and (2.17b),

W 2
2 (µτ,n, ν

τ
2 ,m) = W 2

2 (S(τ)#µ̂
τ,n, S( τ2 )#ν̂

τ
2 ,m) ≤W 2

2 (S( τ2 )#µ̂
τ,n, ν̂

τ
2 ,m)

(5.35)
On the other hand, from (5.19) we obtain for µτ and any σ ∈ P2(Rd)

W 2
2 (σ, µ̂τ,n) = W 2

2 (σ, Ĵτµτ,n−1) ≤ 2τ
(
H [σ]−H [µ̂τ,n]

)
+W 2

2 (σ, µτ,n−1);
(5.36)
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respectively, for ν
τ
2

W 2
2 (σ, ν̂

τ
2 ,m) = W 2

2 (σ, Ĵ τ
2
ν
τ
2 ,m−1) ≤ τ

(
H [σ]−H [ν̂

τ
2 ,m]

)
+W 2

2 (σ, ν
τ
2 ,m−1).

(5.37)
Then

W 2
2 (µτ,n, ν

τ
2 ,2n)

(5.35)

≤ W 2
2 (S( τ2 )#µ̂

τ,n, ν̂
τ
2 ,2n) ≤

(5.37)

≤ τ
(
H [S( τ2 )#µ̂

τ,n]−H [ν̂
τ
2 ,2n]

)
+W 2

2 (S( τ2 )#µ̂
τ,n, ν

τ
2 ,2n−1).

Recalling that

W 2
2 (S( τ2 )#µ̂

τ,n, ν
τ
2 ,2n−1) = W 2

2 (S( τ2 )#µ̂
τ,n, S( τ2 )#ν̂

τ
2 ,2n−1)

(2.17a)

≤ W 2
2 (µ̂τ,n, ν̂

τ
2 ,2n−1),

we have

W 2
2 (µτ,n, ν

τ
2 ,2n) ≤ τ

(
H [S( τ2 )#µ̂

τ,n]−H [ν̂
τ
2 ,2n]

)
+W 2

2 (µ̂τ,n, ν̂
τ
2 ,2n−1)

(5.37)

≤ τ
(
H [S( τ2 )#µ̂

τ,n]−H [ν̂
τ
2 ,2n] + H [µ̂τ,n]−H [ν̂

τ
2 ,2n−1]

)
+W 2

2 (µ̂τ,n, ν
τ
2 ,2n−2),

applying (5.37) for m = 2n− 1 and σ = µ̂τ,n. As observed in (5.22) and (5.20),

H [S( τ2 )#µ̂
τ,n]

(5.22)

≤ H [µ̂τ,n] + d Lip(B) τ2 ,

H [ν̂
τ
2 ,2n]

(5.20)

≤ H [ν
τ
2 ,2n−1]

(5.22)

≤ H [ν̂
τ
2 ,2n−1] + d Lip(B) τ2 ;

hence

W 2
2 (µτ,n, ν

τ
2 ,2n) ≤ 2τ

(
H [µ̂τ,n]−H [ν̂

τ
2 ,2n]

)
+W 2

2 (µ̂τ,n, ν
τ
2 ,2n−2)+d Lip(B)τ2.

Applying (5.36) for σ = ν
τ
2 ,2n,

W 2
2 (µτ,n, ν

τ
2 ,2n) ≤

≤ 2τ
(
H [ν

τ
2 ,2n−2]−H [ν̂

τ
2 ,2n]

)
+W 2

2 (µτ,n−1, ν
τ
2 ,2n−2) + d Lip(B)τ2.

Since H [ν
τ
2 ,2n] ≤H [ν̂

τ
2 ,2n] + d Lip(B) τ2 ,

W 2
2 (µτ,n, ν

τ
2 ,2n) ≤

≤ 2τ
(
H [ν

τ
2 ,2n−2]−H [ν

τ
2 ,2n]

)
+W 2

2 (µτ,n−1, ν
τ
2 ,2n−2) + 2d Lip(B)τ2.

We have finally showed that, for the time instant t = nτ ,

W 2
2 (µτnτ , ν

τ
2
nτ ) ≤ 2τ

(
H [ν

τ
2
(n−1)τ ]−H [ν

τ
2
nτ ]
)

+

+W 2
2 (µτ(n−1)τ , ν

τ
2
(n−1)τ ) + 2d Lip(B)τ2. (5.38)
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Recursively applying (5.38), we get

W 2
2 (µτnτ , ν

τ
2
nτ ) ≤ 2τ

(
H [ν

τ
2
0 ] − H [ν

τ
2
nτ ]
)

+ W 2
2 (µτ0 , ν

τ
2
0 ) + 2τd Lip(B)(nτ).

Setting µ0 = ν0 = ρ0,

W 2
2 (ρτnτ , ρ

τ
2
nτ ) ≤ 2τ

(
H [ρ0]−H [ρ

τ
2
nτ ]
)

+ 2τd Lip(B)(nτ). (5.39)

As a consequence, for all t ∈ [0,+∞[ that are integer multiples of τ/2m,

W 2
2 (ρ

τ
2m
t , ρ

τ

2m+1
t ) ≤ 2τ

(
H [ρ0] + d Lip(B)T

)
(5.40)

with T > t sufficiently large; so that

W2(ρ
τ

2m
t , ρ

τ

2k
t ) ≤

k−1∑
i=m

2−i/2
√

2τ
√

H [ρ0] + d Lip(B)T (5.41)

for all k > m ≥ j for all t ∈ [0,+∞[ that are integer multiples of τ/2j . For any
such t (and therefore on a dense set of times) the sequence {ρ τ

2m (t)} has the
Cauchy property and converges in P2(Rd) to some limit, that we shall denote
by ρ̄t.

Using the discrete estimate (5.26) we obtain convergence for all times, as
well as the uniform continuity (5.33) of t 7→ ρ̄t. For (5.34), it is enough to pass
to the limit in (5.27).

It remains to control that ρ̂
τ

2m converges to ρ̄. But for T sufficiently large

W 2
2 (ρ

τ
2m ,n−1, ρ̂

τ
2m ,n) ≤ 2

τ

2m
(
H [ρ

τ
2m ,n−1]

)
≤ 2

τ

2m
(
H [ρ0] + d Lip(B)T

)
,

(5.42)
that yields

lim
m→∞

W 2
2 (ρ

τ
2m
t , ρ̂

τ
2m
t ) = 0, t ∈ [0,+∞[.

The proof of Theorem 5.6

The limit of the splitting method scheme found in Theorem 5.10 is the candidate
for the solution claimed in Theorem 5.6 .

Proof of Theorem 5.6. The limit ρ̄t of the sequence ρτmt already satisfies (5.6)
and (5.18). We now focus our attention on (5.8) and show how (5.6) and (5.8)
imply that ρ̄t solves (5.1) in the sense of Definition 5.1. We know (see Prop.5.8
and the following Remark) that, for t2 ≥ t1 ≥ 0, t1 = nτk, t1 = mτk,

1
2

[
W 2

2 (ρτmt2 , σ)−W 2
2 (ρτmt1 , σ)

]
≤

≤ −
∫ t2

t1

ds
∫

Rd

〈
Bτm ,

S(τm)+i
2 − tσρ̂τms

〉
dρ̂τms +

∫ t2

t1

(
H [σ]−H [ρ̂τms ]

)
ds.
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We want to pass to the limit in the previous inequality for m → ∞ to obtain
(5.8). In particular, we must be careful to the two terms of the right hand side
of the inequality. About the first one, we note∫

Rd

〈
Bτm ,

S(τm)+i
2 − tσρ̂τms

〉
dρ̂τms =

∫
Rd×Rd

〈Bτm(x), S(τm)x+x
2 − y〉dπ̂m,σs (x, y),

(5.43)
with

π̂m,σs := (i× tσρ̂τms )#ρ̂
τm
s ,

the unique optimal transference plan between ρ̂τms and σ. Recalling that

ρ̂τms → ρ̄s in (P2(Rd),W2),

from [2, Prop.7.1.3],

π̂m,σs → πσs := (i× tσρ̄s)#
ρs in (P2(Rd × Rd),W2).

Moreover, the map rτ : Rd × Rd → Rd × Rd

rτm(x, y) =
(
Bτm(x), S(τm)x+x

2 − y
)

converges (uniformly on the compact sets) for m → ∞ to the continuous map
r : Rd × Rd → Rd × Rd,

r(x, y) = (B(x), x− y).

Then thanks to the Lemma 2.15, we argue that∫
Rd

〈
Bτm ,

S(τm)+i
2 − tσρ̂τms

〉
dρ̂τms =

∫
Rd×Rd

〈x, y〉drτm#π̂
m,σ
s (x, y)

−−−−→
m→∞

∫
Rd×Rd

〈x, y〉dr#π
σ
s (x, y) =

∫
Rd×Rd

〈B(x), x− y〉dπσs (x, y)

=
∫

Rd
〈B, i− tσρ̄s〉dρ̄s.

On the other hand, we can observe∫
Rd

〈
Bτm ,

S(τm)+i
2 − tσρ̂τms

〉
dρ̂τms =

∫
Rd

〈
Bτm ,− 1

2Bτm + i− tσρ̂τms

〉
dρ̂τms

≤
∫

Rd
|Bτm |

2 +
〈
Bτm , i− tσρ̂τms

〉
dρ̂τms ≤ ‖Bτm‖

2 + ‖Bτm‖‖i− tσρ̂τms ‖

≤ d2 Lip(B)2‖x‖2 + d Lip(B)‖x‖‖i− tσρ̂τms ‖

≤ d2 Lip(B)2
W 2

2 (ρ̂τms , δ0) + d Lip(B)W2(ρ̂τms , δ0)W2(ρ̂τms , σ)
(5.44)

In according to (5.6), the last term is integrable. Thus, we can apply the
Dominated Convergence Theorem and argue∫ t2

t1

ds
∫

Rd

〈
Bτm ,

S(τm)+i
2 − tσρ̂τms

〉
dρ̂τms −−−−→

m→∞

∫ t2

t1

ds
∫

Rd
〈B, i− tσρ̄s〉dρ̄s.
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About the other term, we recall that H is lower semicontinuous with respect
to narrow convergence:

lim inf
m→+∞

H [ρ̂τms ] = H [ρ̄s];

applying Fatou’s Lemma,

lim sup
m→∞

∫ t2

t1

(
H [σ]−H [ρ̂τms ]

)
ds ≤

∫ t2

t1

(
H [σ]−H [ρ̄s]

)
ds.

This concludes the proof of (5.8).
We now can verify that ρ̄t satisfies Definition 5.1. Since ρ̄t is an absolutely

continuous curve (see Section 2.4), there exists a vector field vt, such that

1
2

d
dt
W 2

2 (ρ̄t, σ) =
∫

Rd
〈vt, i− tσρ̄t〉dρ̄t. (5.45)

Moreover, we can derive from (5.8)

1
2

d
dt
W 2

2 (ρ̄t, σ) ≤ −
∫

Rd
〈B, i− tσρ̄t〉dρ̄t + H [σ]−H [ρ̄t]. (5.46)

Comparing (5.46) and (5.45), we obtain∫
Rd
〈vt +B, i− tσρ̄t〉dρ̄t ≤H [σ]−H [ρ̄t];

this means vt + B ∈ −∂H [ρ̄t]. Since ρ̄t = utdL d and ∂H [ρ̄t] is not empty,
Theorem 2.33 ensures that

ut ∈W 1,1
loc (Rd), ∇ut

ut
∈ L2(Rd, ρ̄t) ∂◦H [ρ̄t] =

{
∇ut
ut

}
.

Hence ∫
Rd
〈vt +B, i− tσρ̄t〉dρ̄t = −

∫
Rd
〈∇utut

, i− tσρ̄t〉utdL d. (5.47)

From Remark 2.23

{λ(i− tσρ̄t) : σ ∈ P(Rd), λ > 0}
L2(Rd,ρ̄t)

= {∇ϕ : ϕ ∈ C∞c (Rd)}
L2(Rd,ρ̄t)

;

then ∫
Rd
〈vt +B,∇ϕ〉dρ̄t = −

∫
Rd
〈∇ut,∇ϕ〉dL d ∀ϕ ∈ C∞c (Rd);

integrating by parts the right-hand side,∫
Rd
〈vt +B,∇ϕ〉dρ̄t =

∫
Rd

∆ϕ utdL d.

ρ̄t is a solution in the sense of Definition 5.1.
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5.3 Convergence of the regularized problem

B could be extended to a maximal monotone operator B. From [1, Corollary
1.4],

B = B = B◦ L d-a.e.

Denoting with Bε the Moreau-Yosida approximation of B:

lim
ε→0

Bε(x0) = B(x0), |Bε(x0)| ↑ |B(x0)| for ε ↓ 0, for L d-a.e. x0; (5.48)

Bε is a Lipschitz continuous maximal monotone operator and verifies Bε(0) = 0.
When condition (5.5) is satisfied, Theorem 5.6 applies to the problem

∂tρt −∆ρt −∇·(ρtBε) = 0 in Rd × (0,+∞), lim
t→0

ρt = ρ0 : (5.49)

there exists a (unique) solution ρε to (5.49) in the sense of Definition 5.1. We
prove

Theorem 5.11. Let us consider a family of Moreau-Yosida approximations
Bε satisfying (5.48) and a probability measure ρ0 ∈ P2(Rd) satisfying condition
(5.5). The solution ρε of equation (5.49) (locally) uniformly converges w.r.t. W2

as ε→ 0 to the unique solution ρt ∈ Pr2 (Rd) of (5.1) in the sense of Definition
5.1 with initial datum ρ0. Moreover, ρt satisfies (5.6).

Convergence of ρεt

By Theorem 5.6, ρε has the following properties

W2(ρεt , ρ
ε
s) ≤ |t− s|

(
‖Bε‖L2(Rd,ρ0) +

∥∥∥∇uu ∥∥∥
L2(Rd,ρ0)

)
; (5.50)

∫
Rd
|x|2 dρεt2 +

∫ t2

t1

ds
∫

Rd

(
B(x) · x

)
dρεs = d(t2 − t1) +

∫
Rd
|x|2 dρεt1 ; (5.51)

1
2
W 2

2 (ρεt2 , σ) +
∫ t2

t1

ds
∫

Rd
〈Bε, i− tσρεs〉dρ

ε
s ≤

≤ 1
2
W 2

2 (ρεt1 , σ) +
∫ t2

t1

(
H [σ]−H [ρεs]

)
ds.

(5.52)

Thus we can show

Proposition 5.12. Under the assumption (5.5), the set

{ρε : [0,+∞[→ P2(Rd) : ε > 0, ρεt solution of (5.49)} (5.53)

is relatively compact w.r.t. (local) uniform convergence in W2. Any limit curve
ρ̄t belongs to Pr2 (Rd) for L 1-a.e. t, the curve is (narrowly) continuous, and
satisfies

m2
2(ρ̄t) ≤ dt+m2

2(ρ0).
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Proof. First of all, we observe that for any t, {ρεt : ε > 0} is relatively compact
in the narrow topology, since this set is bounded in P2(Rd) (and therefore it is
tight), as follows from

m2
2(ρεt )

(5.51)

≤ dt+m2
2(ρε0) = dt+m2

2(ρ0).

On the other hand, from (5.48) we have ‖Bε‖L2(Rd,ρ0) ≤ ‖B‖L2(Rd,ρ0). Then

W2(ρεt , ρ
ε
s) ≤ |t− s|

(
‖B‖L2(Rd,ρ0) +

∥∥∥∇uu ∥∥∥
L2(Rd,ρ0)

)
, (5.54)

and the set is equicontinuous in the Wasserstein metric. Since Wasserstein
metric topology is stronger than the narrow topology, the set is equicontinuous
in the narrow topology. Applying the Ascoli-Arzelá theorem, we conclude the
relative compactness of the set in C0(0, T ;P2(Rd)) for every T > 0.

Let ρ̄t be a limit curve for the set: there exists a vanishing sequence εn s.t.
ρεnt → ρ̄t narrowly. We have∫

Rd
|x|2dρ̄t ≤ lim inf

εn→0

∫
Rd
|x|2dρε(t) ≤ dt+m2

2(ρ0).

From (5.52), we have∫ t2

t1

H [ρεs]ds ≤
∫ t2

t1

ds
∫

Rd
〈Bε, tσρεs − i〉dρεs +

∫ t2

t1

H [σ]ds+
1
2
W 2

2 (ρεt1 , σ).

We can choose σ s.t. its support is contained in B1(0): so |tσρεs(x)| ≤ 1, ρεs-a.e.;
by the monotonicity of Bε,

〈Bε(x), tσρεs(x)− x〉 ≤ 〈Bε ◦ tσρεs , t
σ
ρεs

(x)− x〉
≤ sup
y∈B1(0)

|Bε(y)||tσρεs(x)− x| ≤ sup
y∈B1(0)

|B(y)||tσρεs(x)− x|.

We obtain∫ t2

t1

H [ρεs]ds ≤ sup
B1(0)

|B|
∫ t2

t1

ds
∫

Rd
|tσρεs(x)− x|dρεs +

∫ t2

t1

H [σ]ds+
1
2
W 2

2 (ρεt1 , σ).

(5.55)
Observing that∫

Rd
|tσρεs(x)− x|dρεs ≤ ‖tσρεs(x)− x‖

L2(ρεs,Rd)
= W2(ρεs, σ),

W 2
2 (ρεs, σ) ≤ m2

2(ρεs) +m2
2(σ) ≤ ds+m2

2(ρ0) +m2
2(σ),

the right hand side of (5.55) could be estimated independently from ε. By
Fatou’s Lemma ∫ t2

t1

H [ρ̄s]ds ≤ lim inf
εn→0

∫ t2

t1

H [ρεns ]ds <∞ :

for L 1-almost every t, H [ρ̄t] is finite and ρ̄t is absolutely continuous.
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The proof of Theorem 5.11

The idea is to show the limit curve found in the previous Proposition solves
(5.1). We need a preliminary result

Lemma 5.13. Let B : Rd → Rd be a monotone operator and consider a se-
quence {νk} ⊂ P(Rd) narrowly converging to an absolutely continuous measure
ν. Then, for any vanishing sequence εk,

(Bεk × i)#νk → (B × i)#ν narrowly in P(Rd × Rd). (5.56)

Proof. We firstly show the tightness of sequence νk = (Bεk × i)#νk, i.e.

∀δ > 0, ∃Kδ b Rd × Rd t.c. νk(Kδ) > 1− δ for all k.

Fix δ: Since νk is tight,

∃Kδ b Rd t.c. νk(Kδ) > 1− δ for all k.

We can assume Kδ = Bη(0), for η sufficiently large. Being B the maximal
monotone extension of B, since B(0) 3 0 |JB

εk
(x)| ≤ |x|:

x ∈ Kδ =⇒ JB
εk

(x) ∈ Kδ.

Let us define Kδ = B(Kδ)×Kδ: it is closed and bounded set and for any k,

(Bεk × i)(Kδ) = {(Bεk(x), x) : x ∈ Kδ} ⊆ {(B(JB
εk

(x)), x) : x ∈ Kδ} ⊆
⊆ {(B(y), x) : x, y ∈ Kδ} = Kδ;

it follows that
Kδ ⊆ (Bεk × i)−1

Kδ.

As immediate consequence,

νk(Kδ) = νk((Bεk × i)−1
Kδ) ≥ νk(Kδ) > 1− δ.

The arbitrariness of δ yields to the tightness of sequence νk. We can extract a
converging subsequence νj : let ν its limit. Denoting with π2 : Rd × Rd → Rd
the projection on the second component, let us observe that

π2#νk = νk, ∀ε > 0 =⇒ π2#ν = ν. (5.57)

From Proposition 2.14,

∀x ∈ suppν, ∃xj ∈ sptνj : lim
j→∞

xj = x;

since sptνj ⊆ (Bεj × i)(Rd), xj = (Bεj (xj), xj) for some xj ∈ Rd. We denote
x = limj→∞ xj . Since Bεj (xj) ∈ B(JB

εj (xj)) and

|xj − JB
εj (xj)| ≤ εj |B

εj (xj)| ≤ εj sup
|y|≤supj |xj |

|B(y)|, (5.58)

we get x = limj→∞(Bεj (xj), xj) ∈ {(y, x) : y ∈ B(x)}. This yields

sptν ⊆ {(y, x) : x ∈ Rd, y ∈ B(x)}. (5.59)

83



From (5.57), (5.59) and the absolute continuity of ν, we obtain

ν = (B× i)#ν = (B × i)#ν;

ν does not depend from the subsequence νj and any other converging subse-
quence of νk tends to the same limit (B × i)#ν: this means νk is converging
and (5.56) follows.

Proof of Theorem 5.11. 1. We show that any limit curve ρ̄t of the set (5.53) is
a (distributional) solution of (5.1). By definition of limit curve, there exists a
vanishing sequence εk such that ρεkt → ρ̄t narrowly: for any k, ρεk solves∫ +∞

0

∫
Rd

(
∂tζ+ ∆ζ−Bεn ·∇ζ

)
dρεnt dt = 0 ∀ ζ ∈ C∞c (Rd× (0,+∞)); (5.60)

we want to obtain (5.3) passing to the limit in (5.60). This passage to the limit
is immediate if we verify∫ +∞

0

dt
∫

Rd

(
Bεn · ∇ζ

)
dρεn −→

∫ +∞

0

dt
∫

Rd

(
B · ∇ζ

)
dρ̄t. (5.61)

Assuming that spt ζ ⊆ Bη(0)× [t1, t2], let us consider X ∈ C∞c (Rd) such that

X(y) = y in BM (0), where M = sup
Bη(0)

|B(x)|.

Denoting Z(y, x; t) = X(y) · ∇ζ(x, t) ∈ C∞c (Rd × Rd), we know from Lemma
5.13 ∫

Rd

(
Bεk · ∇ζ

)
dρεkt =

∫
Rd×Rd

Z(y, x; t)d(Bεk × i)#ρ
εk
t

n→∞−−−−→
∫

Rd×Rd
Z(y, x; t)d(B × i)#ρ̄t =

∫
Rd

(
B · ∇ζ

)
dρ̄t.

In addition, ∫
Rd

(
Bεk · ∇ζ

)
dρεkt ≤M‖∇ζ‖∞, t ∈ [t1, t2] :

Dominated Convergence Theorem applies and yields to (5.61).
2. Any limit curve ρ̄t also satisfies the quadratic moment estimate (5.4): we

immediately obtain it if we check that

the map t ∈ [0,+∞[7→
∫

Rd

(
B(x) · x

)
dρ̄t belongs to L1

loc([0,+∞[). (5.62)

In fact, since ρ̄t is a distributional solution, it verifies (5.12): thanks to (5.62), we
can pass to the limit via Dominated Convergence theorem and get the estimate
(5.4). To check (5.62), we recall from Lemma 5.13,

lim inf
k→∞

∫
Rd

(
Bεk(x) · x

)
dρεkt

B(0)=0
= lim inf

k→∞

∫
Rd

(
Bεk(x) · x

)+

dρεkt

= lim inf
k→∞

∫
Rd

(
y · x

)+

d(Bεk × i)#ρ
εk
t ≥

∫
Rd

(
y · x

)+

d(B × i)#ρ̄t

=
∫

Rd

(
B(x) · x

)+

dρ̄t
B(0)=0

=
∫

Rd

(
B(x) · x

)
dρ̄t.
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By Fatou’s Lemma∫ t

0

ds
∫

Rd

(
B(x) · x

)
dρ̄s ≤ lim inf

k→∞

∫ t

0

ds
∫

Rd

(
Bεk(x) · x

)
dρεns ≤ dt+

∫
Rd
|x|2 dρ0.

3. At this point, we can show that ρεk converges to ρ̄t not only narrowly
but also in the Wasserstein metric. It is enough to check

lim sup
k→∞

∫
Rd
|x|2 dρεkt ≤

∫
Rd
|x|2 dρ̄t. (5.63)

Comparing (5.4) and (5.51), we get

lim
k→∞

∫
Rd
|x|2 dρεkt +

∫ t

0

ds
∫

Rd

(
Bεk(x) · x

)
dρεks = dt+

∫
Rd
|x|2 dρ0

=
∫

Rd
|x|2 dρ̄t +

∫ t

0

ds
∫

Rd

(
B(x) · x

)
dρ̄s.

(5.64)

We recall that for two real sequences an, bn,

lim inf(an + bn) ≤ lim sup an + lim inf bn ≤ lim sup(an + bn)

and observe from (5.64) that , in this case, ∃ lim(an + bn): then

lim sup
n→∞

∫
Rd
|x|2 dρεnt + lim inf

n→∞

∫ t

0

ds
∫

Rd

(
Bεn(x) · x

)
dρεns =

=
∫

Rd
|x|2 dρ̄t +

∫ t

0

ds
∫

Rd

(
B(x) · x

)
dρ̄s.

from (5.3), we argue (5.63).
4. Since ρ̄t is also the limit of ρεkt in the Wasserstein metric, we can pass to

the limit in (5.54) to obtain (5.6); ρ̄t is an absolutely continuous curve and a
distributional solution of (5.1): as already noticed in the proof this implies ρ̄t is
a solution of (5.1) in the sense of the Definition 5.1. Thanks to the uniqueness
of the solution, ρ̄t is the unique limit point: ρεt → ρ̄t for ε→ 0.

Proof of Theorem 5.4

In according to Theorem 5.11, the proof of Theorem 5.4 is complete if we show
metric characterizations (5.8) and (5.7).

Proof of Theorem 5.4. 1. We firstly assume that B is sublinear and show (5.8).
Let us assume that σ is absolutely continuous (otherwise it is trivial). As shown
in 5.11, ρt is the limit of ρεt , solution of the approximation problem. It is enough
to pass to the limit in (5.52) to obtain (5.8). We can easily get to the limit
for terms concerning Wasserstein distance. About the entropy contribution we
already know that

lim sup
k→∞

∫ t2

t1

(
H [σ]−H [ρεks ]

)
ds ≤

∫ t2

t1

(
H [σ]−H [ρs]

)
ds.
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To conclude we need only to compute that

lim
ε→0

∫ t2

t1

ds
∫

Rd
〈Bε, i− tσρεs〉dρ

ε
s =

∫ t2

t1

ds
∫

Rd
〈B, i− tσρs〉dρs;

Since σ is absolutely continuous, it is equivalent to show

lim
ε→0

∫ t2

t1

ds
∫

Rd
〈Bε ◦ tρ

ε
s
σ , t

ρεs
σ − i〉dσ =

∫ t2

t1

ds
∫

Rd
〈B ◦ tρsσ , t

ρs
σ − i〉dσ (5.65)

where tρ
ε
s
σ , tρsσ are the optimal transport maps from σ to ρεs, ρs respectively.

From the convergence of ρεs to ρs in W2, we have (see [2, Proposition 7.1.3,
Lemma 5.1.7, Lemma 5.4.1])

tρ
ε
s
σ → tρsσ in L2(Rd, σ);

up to subsequences, tρ
ε
s
σ → tρsσ σ-almost everywhere. Using the argument of

(5.58), we can show that

Bε ◦ tρ
ε
s
σ → B ◦ tρsσ σ-almost everywhere.

Since |Bε(x)| ≤ |B(x)| ≤ C0 + C1|x|,

Bε ◦ tρ
ε
s
σ , B ◦ tρsσ ∈ L2(Rd, σ),

‖Bε ◦ tρ
ε
s
σ ‖L2(Rd,σ), ‖B ◦ tρsσ ‖L2(Rd,σ) ≤M

∫
Rd
|x|2dρs,

for a sufficient large M > 0. Thus it is possible to prove that

Bε ◦ tρ
ε
s
σ → B ◦ tρsσ in L2(Rd, σ)

by appropriately adapting the argument of the Lebesgue Dominated Conver-
gence Theorem. It is verified that

lim
ε→0

∫
Rd
〈Bε ◦ tρ

ε
s
σ , t

ρεs
σ − i〉dσ =

∫
Rd
〈B ◦ tρsσ , t

ρs
σ − i〉dσ.

(5.65) immediately follows by the Lebesgue Dominated Convergence Theorem.
2. We end with the general inequality (5.7) for σ ∈ P2(Rd) with a compact

support. Let us assume that σ is absolutely continuous and sptσ ⊆ Bη(0).
From (5.52), by the monotonicity of Bε,

1
2

[
W 2

2 (ρεt2 , σ)−W 2
2 (ρεt1 , σ)

]
≤

≤
∫ t2

t1

ds
∫

Rd
〈Bε ◦ tσρεs , t

σ
ρεs
− i〉dρεs +

∫ t2

t1

(
H [σ]−H [ρεs]

)
ds.

We need again to pass to the limit. With respect to the previous case the only
difference is to compute

lim
ε→0

∫ t2

t1

ds
∫

Rd
〈Bε ◦ tσρεs , t

σ
ρεs
− i〉dρεs =

∫ t2

t1

ds
∫

Rd
〈B ◦ tσρs , t

σ
ρs − i〉dρs.
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Since σ is absolutely continuous, it is equivalent to show

lim
ε→0

∫ t2

t1

ds
∫

Rd
〈Bε, i− tρ

ε
s
σ 〉dσ =

∫ t2

t1

ds
∫

Rd
〈B, i− tρsσ 〉dσ. (5.66)

Observing that

|〈Bε, i− tρ
ε
s
σ 〉| ≤ C sup

Bη(0)

|B| |i− tρsσ | σ-a.e. ,

we can apply the Lebesgue Dominated Convergence Theorem and obtain

lim
ε→0

∫
Rd
〈Bε, i− tρ

ε
s
σ 〉dσ =

∫
Rd
〈B, i− tρsσ 〉dσ.

We get (5.66) by noticing∣∣∣ ∫
Rd
〈Bε, i− tρ

ε
s
σ 〉dσ

∣∣∣ ≤ C sup
Bη(0)

|B|W2(ρs, σ), for L 1-a.e. t

and applying the Lebesgue Dominated Convergence Theorem again.
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