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Abstract. Given µ , κ , c > 0 , we consider the functional

F (u) =

∫
Ω\Su

(µ|EDu|2 +
κ

2
(divu)2)dx+ c

∫
Su

|u+ − u−|dHn−1 ,

defined on all Rn -valued functions u on the open subset Ω of Rn which are smooth outside a free

discontinuity set Su , on which the traces u+ , u− on both sides have equal normal component (i.e.,
u has a tangential jump along Su ). EDu = Eu− 1

3
(divu)I , with Eu denoting the linearized strain

tensor.

The functional F is obtained from the usual strain energy of linearized elasticity by addition
of a term (the second integral) which penalizes the jump discontinuities of the displacement.

The lower semicontinuous envelope F is studied, with respect to the L1(Ω; Rn) -topology, on

the space P (Ω) of the functions of bounded deformation with distributional divergence in L2(Ω) (F
is extended with value +∞ on the whole P (Ω)). The following integral representation is proved:

F (u) =

∫
Ω

(ϕ(EDu) +
κ

2
(divu)2)dx+

∫
Ω

ϕ∞(
ED

s u

|ED
s u|

) |ED
s u| , u ∈ P (Ω) ,

where ϕ is a convex function with linear growth at infinity. Now Eu is a measure, EDu represents

the density of the absolutely continuous part of EDu , while ED
s u denotes the singular part and ϕ∞

the recession function of ϕ .

Finally, we show that F coincides with the functional which intervenes in the minimum prob-

lem for the displacement in the theory of Hencky’s plasticity with Tresca’s yield conditions.

Key words. integral functionals, lower semicontinuity, relaxation, functions of bounded de-

formation, plasticity
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0. Introduction

In this paper we obtain a relaxation result which leads to a classical functional in the
theory of Hencky’s plasticity.

Let Ω be a bounded domain in R3 and let u: Ω → R3 represent the dis-
placement field of an elastic perfectly plastic body occupying the domain Ω in un-
strained position. Denote by σ: Ω → Msym the corresponding stress tensor field re-
ferred to the configuration Ω (Msym stands for the space of 3 × 3 symmetric real
matrices). Let Eu = 1

2 (Du + DuT ) be the linearized strain tensor and EDu its de-
viator: EDu = Eu − 1

3 (divu)I , where I is the identity matrix. Then the variational
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formulation of the displacement and stress problems in the theory of Hencky’s plasticity
(see [24], [12], [20]) involves respectively the functionals∫

Ω

ψ(Eu(x))dx ,
∫

Ω

ψ∗(σ(x))dx ,

where ψ and ψ∗ are non-negative convex functions conjugate each other (in the duality
theory of Fenchel-Moreau), and

ψ∗(σ) =
{

1
4µ |σD|2 + 1

18κ (trσ)2 , if σ ∈ K
+∞ , otherwise .

Here trσ =
∑
i σii , σD = σ − 1

3 (trσ) I , κ = λ + 2
3µ is the bulk modulus of the

material, λ and µ are the Lamè coefficients and K is a closed convex subset of Msym

describing the elastic zone for the stress. We mention two classical examples of the set
K :

(0.1)
K = {σ ∈ Msym : |σD| ≤

√
2k} (von Mises’ model)

K = {σ ∈ Msym : λM (σ)− λm(σ) ≤ C} (Tresca’s model),

where k and C are fixed positive constants and λM (σ) and λm(σ) denote the max-
imum and the minimum eigenvalue of σ . Both these convex sets are of the form
KD ⊕RI , where KD is the orthogonal projection of K onto the space Msym

0 of the
matrices with null trace. This decomposition allows us to write the functional of the
displacement problem as

(0.2)
∫

Ω

(ϕ(EDu) +
κ

2
(divu)2)dx ,

where ϕ: Msym
0 → [0,+∞[ is the convex function in duality with

(0.3) ϕ∗(σ) =
{

1
4µ |σ|2 , if σ ∈ K ∩Msym

0 ,
+∞ , otherwise

(σ ∈ Msym
0 ) .

Let us notice that the application of the direct method of the Calculus of Varia-
tions to the minimum problem for the displacement, i.e., involving the functional (0.2),
requires a space where the functional is coercive and lower semicontinuous. Since ϕ
grows only linearly as |ξD| → +∞ (note that ϕ∗ = +∞ outside K ∩Msym

0 ) and no
Korn’s inequality holds on W 1,1(Ω; R3) (see [19], [18]), to gain coerciveness the defini-
tion of the functional must be extended to account for displacements whose strains are
merely measures. This has led, in the general n -dimensional case, to the introduction
of the spaces ([19], [23], [25], [26], [18])

BD(Ω; Rn) ={u ∈ L1(Ω; Rn) : Eu bounded (matrix-valued) Radon measure} ,
P (Ω) ={u ∈ BD(Ω; Rn) : divu ∈ L2(Ω)} .

The natural L1(Ω; R3)-lower semicontinuous extension to P (Ω) of (0.2) turns out to
be ([3])

(0.4)
∫

Ω

(ϕ(EDu) +
κ

2
(divu)2)dx+

∫
Ω

ϕ∞(
EDs u

|EDs u|
) |EDs u| ,
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where EDu = EDuLn + EDs u is the Lebesgue decomposition of EDu , |EDs u| denotes
the total variation of EDs u , EDs u

|EDs u|
stands for the Radon-Nikodym derivative, and

ϕ∞(ξ) = lim
t→+∞

ϕ(tξ)
t

is the recession function of ϕ .

We shall propose a different approach to problems involving the functional (0.4)
introducing a somehow simpler model. Consider a subspace S(Ω) of P (Ω) whose ele-
ments are allowed to have “singularities” in the form of tangential jump discontinuities
along surfaces (the possible slippage surfaces of the material). It may be natural the
attempt to obtain a functional of type (0.4) by relaxation of the following

(0.5) F (u) =
∫

Ω

(µ|EDu|2 +
κ

2
(divu)2)dx+ c

∫
Su

|u+ − u−|dH2 , u ∈ S(Ω),

where H2 is the 2-dimensional Hausdorff measure, Su is the jump set of u , u+ and
u− are the traces of u on both sides of Su , and c is a positive constant. Indeed, the
volume integral in the definition of F represents the (linearized) strain energy of an
elastic material corresponding to a displacement u from the reference configuration Ω.
The second term is a surface integral which takes into account the possible sliding of the
material. While F models the microscopic form of the energy, from a macroscopic point
of view, i.e., as far as minimum problems are concerned, we can equivalently consider
its lower semicontinuous envelope F with respect to a suitable topology, which turns
out to be the L1(Ω; R3) topology.

In this paper we show, in the general n -dimensional case (Theorem 2.1), how in
the relaxed functional F the effect of the volume and surface terms in (0.5) combine
giving rise to a typical plastic behaviour: slippage is microscopically preferred to large
strains |EDu| and F can be written as

F (u) =
∫

Ω

(φ(EDu) +
κ

2
(divu)2)dx+

∫
Ω

φ∞(
EDs u

|EDs u|
) |EDs u| , u ∈ P (Ω) ,

where φ is a convex function with linear growth at infinity. We observe (Theorem
2.9) that F can also be considered as the limit (in the sense of Γ-convergence) of the
following sequence of functionals:

Fh(u) = F (u) + εhHn−1(Su) ,

where (εh) is a sequence of positive numbers converging to 0. Such a singular per-
turbation approach may lead to a choice criterion among minima of boundary value
problems involving the functional F (see [5]).

The relationship of the functional F with the classical functionals (0.4) is further
studied in Section 3. It turns out that this relaxation (or limiting) procedure recovers
exactly the functional (0.4) when adopting Tresca’s yielding model (see Corollary 3.2).
Indeed, the integrand function φ coincides with the function ϕ of (0.4) when the convex
set K is the second one displayed in (0.1), with C = 2c . Let us remark that von Mises’
model cannot be recovered following a similar approach, since the corresponding energy
density ϕ is not determined by its behaviour on rank-one matrices (see Remark 2.3(ii)).

For similar results about functionals defined on spaces of functions of bounded
variation, also in a non-linear setting, we refer to [5] and [6]. The functional in (0.4)
differs from these also in that it satisfies different growth conditions in different direc-
tions.
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1. Notation and preliminaries

Notation. Throughout this paper n is a fixed positive integer, n ≥ 2. Given m ∈ N ,
the elements of Rm are usually considered as column vectors, 〈·, ·〉 denotes the scalar
product on Rm ; and | · | will be the usual euclidean norm. We shall denote by Mn×n

the vector space of the n × n real matrices; given ξ ∈ Mn×n and x ∈ Rn , ξ · x is
the vector of Rn with components (ξ · x)i =

∑n
k=1 ξikxk , i ∈ {1, . . . , n} . We shall

identify Mn×n with Rn2
. The set of the symmetric n×n real matrices will be denoted

by Msym , while Msym
0 is the subspace of Msym consisting of the matrices ξ with null

trace; i.e., tr ξ =
∑
i ξii = 0. If a and b are in Rn , the tensor product a⊗ b ∈ Mn×n is

the matrix whose entries are aibj with i, j = 1, . . . , n . The symmetric tensor product
is defined by a�b = 1

2 (a⊗ b+b⊗ a). Remark that |a⊗b| = |a||b| , tr(a⊗b) = tr(a�b)
= 〈a, b〉 , and |a� b| = 1√

2
|a||b| if 〈a, b〉 = 0. For any matrix ξ ∈ Mn×n we define the

deviator of ξ by

ξD = ξ − 1
n

(tr ξ) I ,

where I denotes the identity matrix.
Let Ω be a bounded open subset of Rn with Lipschitz boundary. We shall

denote by A(Ω) the family of the open subsets of Ω and by B(Ω) the family of its
Borel subsets. The Lebesgue measure on Rn will be denoted by Ln , and the (n− 1)-
dimensional Hausdorff measure in Rn by Hn−1 . If B ⊆ Rn is a Borel set, we shall
also use the notation |B| for Ln(B). The notation a.e. stands for almost everywhere
with respect to the Lebesgue measure, unless otherwise specified.

Given p ∈ R , 1 ≤ p < +∞ , we shall use standard notations for the Lebesgue
and Sobolev spaces Lp(Ω; Rn) and W 1,p(Ω; Rn), respectively. When dealing with
scalar functions defined on Ω, we shall drop the target space Rn in the notation, and
write just Lp(Ω), W 1,p(Ω) and the like.

If m ≥ 1 is an integer and f : Rm → [0,+∞] is a convex function, we define
f∞: Rm → [0,+∞] , the recession function of f , by setting

f∞(ξ) = lim
t→+∞

f(tξ)
t

.

One can prove easily that this limit exists for all ξ ∈ Rm ; moreover, f∞ is a Borel
function which is convex and positively homogeneous of degree one.

Given a vector-valued measure µ on Ω, we adopt the notation |µ| for its to-
tal variation. If E is a µ-measurable set, we define the measure µ E by setting
(µ E)(A) = µ(E ∩A). If µ is a (vector-valued) measure on Ω, and f is a positively
homogeneous function of degree one we shall write

∫
Ω
f(µ) in place of

∫
Ω
f( dµ

d|µ| )d|µ| ,
where dµ

d|µ| stands for the Radon-Nikodym derivative (sometimes also denoted by µ
|µ| ).

Functions of bounded deformation. We say that u ∈ L1(Ω; Rn) is a function of bounded
deformation, and we write u ∈ BD(Ω; Rn), if for any i, j = 1, . . . , n

Eiju =
1
2
(
Djui +Diuj

)
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is a (Radon) measure with finite total variation in Ω. We denote by Eu the Mn×n -
valued measure whose entries are Eiju . BD(Ω; Rn) is a Banach space under the
norm

‖u‖BD(Ω;Rn
) = ‖u‖L1(Ω;Rn

) + |Eu|(Ω) .

For u ∈ BD(Ω; Rn) we shall consider the decomposition

Eu = EuLn + Esu

of the measure Eu in its absolutely continuous and singular parts with respect to
the Lebesgue measure. We shall also use the space P (Ω) of functions of bounded
deformation whose distributional divergence is absolutely continuous with respect to
the Lebesgue measure with square summable density:

P (Ω) = {u ∈ BD(Ω; Rn) : divu ∈ L2(Ω)}.

Note that if u ∈ P (Ω) then EDs u = Esu ; hence EDu = EDuLn + Esu.

Relaxation. Let F : X → R be a functional on a topological space (X, τ). The
relaxed functional F of F , or lower semicontinuous envelope of F , with respect to the
τ -topology is the greatest τ -lower semicontinuous functional less than or equal to F .
If τ is first countable, then

F (x) = inf
{

lim inf
h→∞

F (xh) : xh → x in X
}

and the infimum is attained. For a general treatment of this subject we refer to the
books by Buttazzo [7] and by Dal Maso [9].

Γ-convergence. Let (X, d) be a metric space and let Fh:X → R be a sequence of
functionals on X .

We say that (Fh) Γ-converges to F , if the following conditions are satisfied:
(i) for every x ∈ X and for every sequence (xh) in X such that xh → x , we have

F (x) ≤ lim infh→∞ Fh(xh);
(ii) for every x ∈ X there exists a sequence (xh) in X such that xh → x and

F (x) = limh→∞ Fh(xh).
For a complete treatment of the subject we refer to [9]. Here we only recall that

under suitable coercivity conditions this kind of variational convergence guarantees the
convergence of the minimum values of the functionals.

Some additional results.

Proposition 1.1. The set S = {a � b : a, b ∈ Rn, 〈a, b〉 = 0} is a closed subset of
Msym

0 which spans Msym
0 . Moreover, S is a proper subset of Msym

0 unless n = 2 .
Proof. Take a sequence (ξh) in S converging to a matrix ξ 6= 0. Let ξh = ah � bh ,
ah , bh ∈ Rn . We can assume that ah , bh 6= 0 and that the sequences ( ah

|ah| ), ( bh
|bh| )

converge to some vectors a and b , respectively. Hence

ξh = |ξh|
ah � bh
|ah � bh|

=
√

2|ξh|
ah
|ah|
� bh
|bh|

→
√

2|ξ|a� b .
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Therefore ξ must be equal to
√

2|ξ|a� b ∈ S . This proves that S is closed.
A basis of Msym

0 is given by the elements ei � ej for i 6= j and (ei + ei+1) �
(ei − ei+1) for i = 1, . . . , n− 1.

If n = 2 and

ξ =
(
a b
b −a

)
∈ Msym

0 ,

then ξ = (a, b−
√
a2 + b2)� (1, b+

√
a2+b2

a ) if a 6= 0, while ξ = 2be1 � e2 if a = 0.
If n = 3 it is easy to see that, for example, the matrix ξ = (aij) with aij = 1−δij

does not belong to S .

Theorem 1.2. (Integral representation theorem; see [8] Theorem 1.1) Let us consider
a functional F :W 1,2(Ω; Rn)×A(Ω)→ [0,+∞[ satisfying the following properties, for
every A ∈ A(Ω) and u, v ∈W 1,2(Ω; Rn) :

(i) (measure property) F (u, ·) is the restriction to A(Ω) of a Borel measure;
(ii) (locality property) F (u,A) = F (v,A) whenever u = v a.e. on A ;
(iii) (growth condition) there exist a ∈ L1(Ω) and b ∈ R such that

F (u,A) ≤
∫
A

(a(x) + b|Du|2)dx ;

(iv) (translation invariance) F (u+ c, A) = F (u,A) for every c ∈ Rn ;
(v) (semicontinuity) F (·, A) is sequentially lower semicontinuous with respect to the

weak topology of W 1,2(Ω; Rn) .
Then there exists a Carathéodory function ψ: Ω × Mn×n → [0,+∞[ , convex in the
second variable for a.e. x ∈ Ω , such that the integral representation

F (u,A) =
∫
A

ψ(x,Du(x)) dx

holds for every u ∈W 1,2(Ω; Rn) and for every A ∈ A(Ω) .

Theorem 1.3. Let m ≥ 1 and f : Rm → R be a convex function such that
0 ≤ f(ξ) ≤ c(1 + |ξ|) for all ξ ∈ Rm and a suitable constant c ≥ 0 . Let (µh) be
a sequence of Rm -valued Radon measures on Ω converging weakly to an Rm -valued
Radon measure µ in the sense that∫

Ω

ψ dµh →
∫

Ω

ψ dµ for every ψ ∈ C0
0(Ω) .

Assume that the sequence
(
|µh|(Ω)

)
is bounded. Then we have

(1.1)
∫

Ω

f
( dµ

dLn
)
dx+

∫
Ω

f∞(µs) ≤ lim inf
h→∞

(∫
Ω

f
( dµh
dLn

)
dx+

∫
Ω

f∞(µsh)
)
.

(here we use the notation λs to denote the singular part of the measure λ with respect
to Ln ). Moreover, if |µ|(Ω) = limh→∞ |µh|(Ω) then

(1.2)
∫

Ω

f
( dµ

dLn
)
dx+

∫
Ω

f∞(µs) = lim
h→∞

(∫
Ω

f
( dµh
dLn

)
dx+

∫
Ω

f∞(µsh)
)
.
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Proof. In the case of f positively homogeneous of degree one, inequality (1.1) is proven
in [16] Theorem 3 or [21] Theorem 2, while (1.2) is proven in [21] Theorem 3. In the
general case, it is possible to reduce to f positively homogeneous of degree one by
introducing the auxiliary function f : Rm × [0,+∞[→ [0,+∞[ defined by

f(ξ, t) =
{
tf(ξ/t) if t > 0
f∞(ξ) if t = 0

(see [16] Theorem 2 ′ or [4] Lemma 1.1).

2. The main result

Our first step will be the definition of a space of “piecewise C1 -functions”. We define
the space S(Ω) as the set of all functions u ∈ L∞(Ω; Rn) satisfying the following
conditions (i), (ii) and (iii):

(i) there exists a closed set K with Hn−1(K ∩ Ω) < +∞ and K =
⋃
j Sj , where

(Sj)j∈J is a finite family of C1 -hypersurfaces such that Hn−1((Sj \Sj)∩Ω) = 0,
and u ∈ C1(Ω \K);

(ii)
∫

Ω\K |Du|dx < +∞ ,
∫

Ω\K(divu)2 dx < +∞ .

Before stating condition (iii) let us make some remarks. The set K represents
(a set containing) the set of non-differentiability points for u . Let (Sj) be as in (i),
and for every j ∈ J let νj be a unit normal field to Sj . It is not difficult to see that
the limits

u+
j (x) = lim

t→0+
u(x+ tνj(x)) , u−j (x) = lim

t→0−
u(x+ tνj(x)) ,

exist Hn−1 -a.e. on Sj (here we use the fact that, by the implicit function theorem,
νi = ±νj Hn−1 -a.e. on Si ∩ Sj whenever i, j ∈ J ). The set of jump points or
discontinuity points of u ,

Su =
⋃
j

{
x ∈ Sj : u+

j (x) 6= u−j (x)
}
,

turns out to be well-defined up to sets of Hn−1 measure zero, and is independent of
the choice and representation of K .

We can now define the unit normal field νu to Su and the traces u+ and u− of
u on both sides of Su as

νu = νj , u± = u±j Hn−1 -a.e. on Sj .

The triplet (u+(x), u−(x), νu(x)) is uniquely determined, for Hn−1 -a.e. x ∈ Su , up
to a change of sign of νu and an interchange between u+ and u− .

Finally, we can state condition (iii) of the definition of S(Ω):

(iii) 〈u+(x)− u−(x), νu(x)〉 = 0 for Hn−1-a.e. x ∈ Su.
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S(Ω) turns out to be a vector space; moreover, if ϕ ∈ C1(Ω) and u ∈ S(Ω),
then ϕu ∈ S(Ω). It is not difficult to prove (see, for instance, [11] Lemma 2.3) that if
u ∈ S(Ω), then the singular part of the measure strain Eu is

Esu = EDs u = (u+ − u−)� νuHn−1 Su ,

and |(u+ − u−)� νu| = 1√
2
|u+ − u−| . In particular it follows that S(Ω) ⊆ P (Ω).

In this section we will characterize (Theorem 2.1) the lower semicontinuous en-
velope, with respect to the L1(Ω; Rn)-topology, of the functional F : P (Ω)→ [0,+∞]
defined as follows:

(2.1) F (u) =



∫
Ω

(
1
2
|EDu|2 + α(divu)2) dx+ β

∫
Su

|(u+ − u−)� νu|dHn−1

if u ∈ S(Ω),

+∞ , otherwise.

Let us remark that the singular set of a function u ∈ S(Ω) has finite (n−1)-dimensional
measure, so that EDu and divu are defined a.e. on Ω, and we can write the volume
integral as an integral over the whole Ω. In Theorem 2.9 we shall also provide an
approximation of F by means of a sequence of functionals obtained by a suitable
perturbation of F .

Let f : Msym
0 → [0,+∞[ be defined as follows:

(2.2)
f = sup{ψ : Msym

0 →[0,+∞[ convex, ψ(ξ) ≤ 1
2 |ξ|2 for every ξ ∈ Msym

0 ,
ψ(a� b) ≤ β|a� b| if a, b ∈ Rn, 〈a, b〉 = 0} .

Hence f is the convex envelope in Msym
0 of the function h : Msym

0 → [0,+∞[ given by
h(ξ) = (1

2 |ξ|2) ∧ g(ξ), where

(2.3) g : Msym
0 → [0,+∞] , g(ξ) =

{
β|ξ| if ξ = a� b for some a, b ∈ Rn,
+∞ otherwise.

Theorem 2.1. Let F be the functional defined in (2.1). The lower semicontinuous
envelope of F with respect to the L1(Ω; Rn)-topology on P (Ω) is given by

(2.4) F (u) =
∫

Ω

(f(EDu) + α(divu)2) dx+
∫

Ω

f∞(EDs u)

for every u ∈ P (Ω) , where f is the function in (2.2).

Remark 2.2. It is possible to give a weak definition of the functional F in (2.1), by
replacing S(Ω) with a larger space of weakly differentiable functions, such as the space
P (Ω) ∩ SBV (Ω; Rn), where SBV (Ω; Rn) is the space of special functions of bounded
variation defined by De Giorgi and Ambrosio (see [10]). With this change Theorem 2.1
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remains valid, and it can be proven following exactly the same proof given in the sequel,
remarking that ([11] Lemma 2.3) we have S(Ω) ⊆ SBV (Ω; Rn). For the properties of
SBV functions we refer to [1] , [2] ; for the general exposition of the theory of functions
of bounded variation we refer to [14], [15], [27], and [28].

Remark 2.3. (i) It is easy to see that f grows linearly at infinity: apply Lemma 2.4
below and observe that f is majorized by the convex envelope of g , which turns out to
be finite everywhere in view of Proposition 1.1, and positively homogeneous of degree
one. In particular it follows that the relaxed functional F is finite on P (Ω). A more
accurate estimate of f will be given in Proposition 3.3.

(ii) The proof of Theorem 2.1 fits also functionals of the form

F (u) =



∫
Ω

(
1
2
|EDu|2 + α(divu)2) dx+

∫
Su

g
(
(u+ − u−)� νu

)
dHn−1

if u ∈ S(Ω),

+∞ , otherwise,

where g is a non-negative finite convex function positively homogeneous of degree one
and verifying λ|a||b| ≤ g(a� b) (λ strictly positive constant). In this case we have

f = sup{ψ : Msym
0 →[0,+∞[ convex, ψ(ξ) ≤ 1

2 |ξ|2 for every ξ ∈ Msym
0 ,

ψ(a� b) ≤ g(a� b) if a, b ∈ Rn, 〈a, b〉 = 0} .

From this formula it is easy to see that no such f can equal the function ϕ given by
von Mises’ yielding model.

Theorem 2.1 will be proved in several steps.

Step 1: Let F1:P (Ω)→ [0,+∞[ be the functional on the right-hand side of (2.4). We
prove that F1 ≤ F on P (Ω).

Let us introduce the function

(2.5) fβ : [0,+∞[→ [0,+∞[ fβ(t) =
{

1
2 t

2 if 0 ≤ t ≤ β
βt− 1

2β
2 if t ≥ β.

It is easy to see that t 7→ fβ(|t|) is the convex envelope of t 7→ ( 1
2 t

2) ∧ (β|t|) on R .

Lemma 2.4. Let f be the function defined in (2.2). For every ξ ∈ Msym
0 we have

f(ξ) ≥ fβ(|ξ|) , and
f(a� b) = fβ(|a� b|) ,

whenever a, b ∈ Rn and 〈a, b〉 = 0 .
Proof. Since ξ 7→ fβ(|ξ|) is a convex function on Msym

0 , and fβ(|ξ|) ≤ h(ξ) for every
ξ ∈ Msym

0 , then fβ(|ξ|) ≤ f(ξ).
Let now a and b be as in the statement and T = {t(a � b) : t ∈ R} . Clearly

f|T is convex and f(ξ) ≤ ( 1
2 |ξ|2) ∧ (β|ξ|) for every ξ ∈ T . Hence f(ξ) ≤ fβ(|ξ|) for

every ξ ∈ T . We conclude that f(ξ) = fβ(|ξ|) if ξ ∈ T .



10 a. braides, a. defranceschi and e. vitali

Proposition 2.5. F1 is lower semicontinuous on P (Ω) with respect to the
L1(Ω; Rn)-topology, and F1 ≤ F . Hence, F1 ≤ F .
Proof. Let (uh) be a sequence in P (Ω) converging in L1(Ω; Rn) to a function u ∈
P (Ω). We have to prove that F1(u) ≤ lim infh→∞ F1(uh). Since

f(ξ) ≥ fβ(|ξ|) ≥ β|ξ| − 1
2
β2 for every ξ ∈ Msym

0 ,

it is not restrictive to assume that the sequence (
∫

Ω
|EDuh|) is bounded. Hence, we

easily obtain that∫
Ω

ψEDuh →
∫

Ω

ψEDu for every ψ ∈ C0
0(Ω) .

By Theorem 1.3 it follows that

(2.6)

∫
Ω

f(EDu) dx+
∫

Ω

f∞(EDs u)

≤ lim inf
h→∞

(∫
Ω

f(EDuh) dx+
∫

Ω

f∞(EDs uh)
)
.

Moreover, since it is not restrictive to assume
∫

Ω
(divuh)2 dx bounded independently

of h , we can suppose that (divuh) converges weakly in L2(Ω) to some function v .
Hence we have v = divu and

(2.7)
∫

Ω

(divu)2dx ≤ lim inf
h→∞

∫
Ω

(divuh)2dx .

Inequalities (2.6) and (2.7) prove the lower semicontinuity of F1 .
Let us now prove that F1(u) ≤ F (u) for every u ∈ P (Ω). Clearly we can

assume u ∈ S(Ω). Then

EDs u = (u+ − u−)� νuHn−1 Su , 〈(u+ − u−), νu〉 = 0 Hn−1 -a.e. on Su .

It follows, by Lemma 2.4, that

f∞(
EDs u

|EDs u|
) = f∞(

(u+ − u−)� νu
|(u+ − u−)� νu|

) = β ;

hence, the desired inequality.

We localize the functional F by defining for every open subset A of Ω

F (u,A) =



∫
A

(
1
2
|EDu|2 + α(divu)2) dx+ β

∫
A∩Su

|(u+ − u−)� νu|dHn−1

if u ∈ S(Ω) ,

+∞ , elsewhere on P (Ω).
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Moreover, for every u ∈ P (Ω) ∩ L2(Ω; Rn) and A ∈ A(Ω) we define

F2(u,A) = inf
{

lim inf
h→∞

F (uh, A) : (uh) in P (Ω) ∩ L2(Ω; Rn), uh → u in L2(Ω; Rn)
}

;

in other words, F2(·, A) is the lower semicontinuous envelope of F (·, A) on P (Ω) ∩
L2(Ω; Rn) with respect to the L2(Ω; Rn)-topology.

Step 2 : In this step we use Theorem 1.2 to obtain an integral representation for F2

on W 1,2(Ω; Rn)×A(Ω) (Proposition 2.7).

Lemma 2.6. F2(u, ·) is the restriction to A(Ω) of a non-negative Borel measure on
Ω for every u ∈W 1,2(Ω; Rn) .

Proof. Let u ∈W 1,2(Ω; Rn) be fixed.
Step (i): If A′ , A′′ , B ∈ A(Ω) with A′ ⊂⊂ A′′ then

F2(u,A′ ∪B) ≤ F2(u,A′′) + F2(u,B) .

Let (uh) and (vh) be two arbitrary sequences in P (Ω) ∩ L2(Ω; Rn) converging
to u in L2(Ω; Rn). Suppose that the limits

lim
h→∞

F (uh, A′′), lim
h→∞

F (vh, B)

exist and are finite; in particular, we can assume that for every h ∈ N , uh , vh ∈
S(Ω) ∩ L2(Ω; Rn), and for a suitable constant M > 0∫

A′′
(
1
2
|EDuh|2 + α(divuh)2)dx ≤ M,

∫
B

(
1
2
|EDvh|2 + α(divvh)2)dx ≤ M .

The lemma will be proved if we show that

F2(u,A′ ∪B) ≤ lim
h→∞

F (uh, A′′) + lim
h→∞

F (vh, B) .

Fix k ∈ N . Let A0 = A′ and let A1, . . . , Ak be open sets in Ω with boundary
of measure zero and satisfying the property

A′ = A0 ⊂⊂ A1 ⊂⊂ · · · ⊂⊂ Ak ⊂⊂ A′′ .

For every i ∈ {1, . . . , k} let ϕi ∈ C∞0 (Ai) with ϕi = 1 on Ai−1 and 0 ≤ ϕi ≤ 1.
Define

wh,i = ϕiuh + (1− ϕi)vh (h ∈ N , 1 ≤ i ≤ k) .

Then wh,i ∈ S(Ω) ∩ L2(Ω; Rn), and

(2.8)
EDwh,i = ϕiEDuh + (1− ϕi)EDvh

+ (Dϕi)� (uh − vh)− 1
n
〈Dϕi, (uh − vh)〉I .
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By setting Si = Ai \Ai−1 (1 ≤ i ≤ k) we have

(2.9)

F (wh,i, A′ ∪B) =
∫

(A′∪B)∩Ai−1

(
1
2
|EDuh|2 + α(divuh)2) dx

+
∫
B\Ai

(
1
2
|EDvh|2 + α(divvh)2) dx

+
∫
B∩Si

(
1
2
|EDwh,i|2 + α(divwh,i)2) dx+ β

∫
A′∪B

|EDs wh,i| .

Note now that by (2.8) the last term on the right-hand side of (2.9) becomes, up to
the factor β ,∫
A′∪B

|EDs wh,i| =
∫
A′∪B

|ϕiEDs uh + (1− ϕi)EDs vh|

≤
∫

(A′∪B)∩Ai−1

|EDs uh|+
∫
B\Ai

|EDs vh|+
∫
B∩Si

(|EDs uh|+ |EDs vh|) ;

thus

(2.10)
∫
A′∪B

|EDs wh,i| ≤
∫
A′′
|EDs uh|+

∫
B

|EDs vh| .

Let us now estimate the integral over B ∩ Si in (2.9). By (2.8) we have∫
B∩Si

(
1
2
|EDwh,i|2 + α(divwh,i)2) dx ≤ c

(∫
B∩Si

zhdx+N2
k

∫
B∩Si

|uh − vh|2dx
)
,

where
zh =

1
2
|EDuh|2 +

1
2
|EDvh|2 + α

(
(divuh)2 + (divvh)2

)
,

Nk = sup{|Dϕi(x)| : 1 ≤ i ≤ k, x ∈ Ω} ,

and c > 0 is a constant which depends only on n and α . Note that for every h ∈ N
there exists ih ∈ {1, . . . , k} such that∫

B∩Sih
zhdx ≤

1
k

∫
B∩(Ak\A0)

zhdx ≤ 2
M

k
.

Then

(2.11)
∫
B∩Sih

(
1
2
|EDwh,ih |2 + α(divwh,ih)2) dx ≤ c

(2M
k

+N2
k

∫
Ω

|uh − vh|2dx
)
.

From (2.9), (2.10), and (2.11) we obtain

F (wh,ih , A′ ∪B) ≤ F (uh, A′′) + F (vh, B) + c
(2M
k

+N2
k

∫
Ω

|uh − vh|2dx
)

;
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since the sequence (wh,ih) converges to u in L2(Ω; Rn), we have

F2(u,A′ ∪B) ≤ lim
h→∞

F (uh, A′′) + lim
h→∞

F (vh, B) +
2cM
k

.

The conclusion is now immediate by taking the limit as k tends to ∞ .

Step (ii): For any A , A1 , A2 ∈ A(Ω) we have

F2(u,A1) ≤ F2(u,A2) if A1 ⊆ A2(2.12)
F2(u,A1 ∪A2) ≥ F2(u,A1) + F2(u,A2) if A1 ∩A2 = ∅(2.13)

F2(u,A) = sup{F2(u,A′) : A′ ∈ A(Ω) , A′ ⊂⊂ A}(2.14)
F2(u,A1 ∪A2) ≤ F2(u,A1) + F2(u,A2) .(2.15)

Properties (2.12) and (2.13) can be easily proved. Let us show (2.14).
An approximation of u in W 1,2(Ω; Rn) by means of a sequence of C1(Ω; Rn)

functions gives that for every compact subset K of A

F2(u,A \K) ≤
∫
A\K

(
1
2
|EDu|2 + α(divu)2) dx .

Hence, for every ε > 0 we can choose K such that F2(u,A \K) < ε . Let A′ and A′′

be open sets verifying K ⊆ A′ ⊂⊂ A′′ ⊂⊂ A . By Step (i) with B = A \K it turns
out that

F2(u,A) ≤ F2(u,A′′) + F2(u,A \K) ≤ F2(u,A′′) + ε .

By the arbitrariness of ε > 0, we get (2.14).
Let us prove (2.15). Given ε > 0, by (2.14) there exists G ⊂⊂ A1 ∪ A2 such

that F2(u,A1∪A2)−ε ≤ F2(u,G). Let A′ ∈ A(Ω) with A′ ⊂⊂ A1 and G ⊆ A′∪A2 .
Then Step (i) ensures that

F2(u,A1 ∪A2)− ε ≤ F2(u,A′ ∪A2) ≤ F2(u,A1) + F2(u,A2) .

Since ε > 0 is arbitrary, (2.15) holds.
Properties (2.12) through (2.15), valid for F2(u, ·), guarantee that F2(u, ·) is

the restriction to A(Ω) of a non-negative Borel measure on Ω (see [9] Theorem 14.23).

Proposition 2.7. There exists a convex function ψ : Mn×n → R such that

F2(u,A) =
∫
A

ψ(Du) dx

for every u ∈W 1,2(Ω; Rn) and for every A ∈ A(Ω) .
Proof. Lemma 2.6 guarantees that condition (i) of Theorem 1.2 is satisfied. Let us now
verify (ii) through (v).

(ii) Fix A ∈ A(Ω) and u, v ∈ W 1,2(Ω; Rn) with u = v a.e. on A . Let (uh) be a
sequence in P (Ω) ∩ L2(Ω) converging in L2(Ω; Rn) to u and such that

F (uh, A) → F2(u,A) .
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Given A′ ⊂⊂ A , consider a function ϕ ∈ C1
0(A) with ϕ = 1 on A′ and 0 ≤

ϕ ≤ 1. Define wh = ϕuh + (1− ϕ)v . Then (wh) converges to v in L2(Ω; Rn)
and

F2(v,A′) ≤ lim inf
h→∞

F (wh, A′) = lim inf
h→∞

F (uh, A′) ≤ lim inf
h→∞

F (uh, A) = F2(u,A) .

Taking the supremum for A′ ⊂⊂ A (recall that F2(v, ·) is a measure) we con-
clude that F2(v,A) ≤ F2(u,A). The opposite inequality follows by exchanging
the roles of u and v .

(iii) Clearly there exists a constant c such that F (u,A) ≤ c
∫
A
|Du|2dx for every

u ∈ C1(Ω; Rn) ∩W 1,2(Ω; Rn) and A ∈ A(Ω). Hence the same inequality holds
for F2 .

(iv) The translation invariance of F2 comes easily from the corresponding property
for F .

(v) For every A ∈ A(Ω) the function F2(·, A) is, by definition, lower semicontinuous
on W 1,2(Ω; Rn) with respect to the L2(Ω; Rn)-topology. Since F2(·, A) is easily
verified to be convex, we obtain the sequential lower semicontinuity with respect
to the weak topology of W 1,2(Ω; Rn), too.

By Theorem 1.2 there exists a Carathéodory function ψ : Ω ×Mn×n → [0,+∞[ such
that

F2(u,A) =
∫
A

ψ(x,Du) dx

for every u ∈W 1,2(Ω; Rn) and A ∈ A(Ω).
Finally, let us show that we can assume ψ to be independent of x . Let B(x0, r)

and B(y0, r) be any pair of congruent balls contained in Ω. Since the integrand
functions defining F are independent of x , the evaluation of F2 by means of its
definition gives F2(u1, B(x0, r)) = F2(u2, B(y0, r)), where u1:x 7→ ξ · x and u2:x 7→
ξ · (x+ x0 − y0). Thus, by the integral representation, we have∫

B(x0,r)

ψ(x, ξ) dx =
∫
B(y0,r)

ψ(x, ξ) dx

for every ξ ∈ Mn×n . This equality implies that ψ(x0, ξ) = ψ(y0, ξ) at every pair of
Lebesgue points of the function ψ(·, ξ). Letting ξ vary in a countable dense subset of
Mn×n , and using the continuity of ψ(x, ·) we get the existence of a set N ⊆ Ω with
|N | = 0 such that ψ(x, ξ) = ψ(y, ξ) for every ξ ∈ Mn×n and for every x , y ∈ Ω \N .
Therefore we can assume that ψ is independent of x .

Step 3 : Here we prove that F2(·,Ω) ≤ F1 on W 1,2(Ω; Rn) .
To this aim it is enough to apply the previous step and the following proposition.

Proposition 2.8. Let ψ be the function given by Proposition 2.7. For every ξ ∈
Mn×n

ψ(ξ) ≤ f
(
(
ξ + ξT

2
)D
)

+ α(tr ξ)2 .
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Proof. Fix ξ ∈ Mn×n and let ξ̂ = 1
2 (ξ + ξT ). It turns out (see [22] Cor. 17.1.5), that

f(ξ̂D) = inf
{ N∑
i=1

tih(ξi) : ti ≥ 0 ,
N∑
i=1

ti = 1 , ξ̂D =
N∑
i=1

tiξi , ξi ∈ Msym
0

}
,

where N = n(n+1)
2 . Therefore, for every k ∈ N there exist tk1 , · · · , tkN ≥ 0 with∑N

i=1 t
k
i = 1 and ξk1 , · · · , ξkN ∈ Msym

0 , such that ξ̂D =
∑N
i=1 t

k
i ξ
k
i and

(2.16)
N∑
i=1

tki h(ξki ) → f(ξ̂D) as k →∞ .

Fix k ∈ N ; we can suppose that for a suitable integer lk ≥ 0

(2.17) h(ξki ) = β|ξki | <
1
2
|ξki |2 if and only if lk + 1 ≤ i ≤ N .

Let us show that ξki (1 ≤ i ≤ N) can be chosen in such a way that lk is at most 1.
If lk > 1, define

ηk =
lk∑
i=1

(tki /λk)ξki , λk =
lk∑
i=1

tki .

It turns out that ξ̂D = λkηk +
∑N
i=lk+1 t

k
i ξ
k
i and

λkh(ηk) ≤ λk
1
2
|ηk|2 ≤ λk

lk∑
i=1

tki
λk

1
2
|ξki |2 =

lk∑
i=1

tki h(ξki ) .

This yields

λkh(ηk) +
N∑

i=lk+1

tki h(ξki ) ≤
N∑
i=1

tki h(ξki ) ,

thus allowing us to replace ξk1 , · · · , ξkN with ηk, ξklk+1, · · · , ξkN . Therefore the claim is
proved.

Let us agree that ξklk = 0 and tklk = 0 if lk = 0. In view of (2.17) for every
i ∈ {lk + 1, . . . , N} we can write

ξki = aki � bki for suitable aki , bki ∈ Rn \ {0} with 〈aki , bki 〉 = 0 .

Let us notice that if a , b ∈ Rn \ {0} and 〈a, b〉 = 0 then the functions (here and in
the sequel [s] denotes the integer part of s)

vj(x) =
|b|
j

[j〈 b
|b|
, x〉]a (j ∈ N)
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are piecewise constant, have zero divergence and converge uniformly on Rn to (a⊗b)·x .
Therefore, there exists a sequence (jk) of integers such that, setting

uk(x) = tklkξ
k
lk
· x+

1
2

N∑
i=lk+1

tki
( |aki |
jk

[jk〈
aki
|aki |

, x〉]bki +
|bki |
jk

[jk〈
bki
|bki |

, x〉]aki
)

+
ξ − ξT

2
· x+

1
n

(tr ξ)x ,

the sequence (uk) converges uniformly on Rn to x 7→ ξ̂D ·x+ ξ−ξT
2 ·x+ 1

n (tr ξ)x = ξ ·x
and divuk = tr ξ ∈ L∞(Rn). The discontinuity set of uk is Suk ⊆

⋃N
i=lk+1(Ski ∪ T ki ),

where Ski = {x ∈ Rn : 〈x, a
k
i

|ak
i
| 〉jk ∈ Z} and T ki = {x ∈ Rn : 〈x, b

k
i

|bk
i
| 〉jk ∈ Z} .

Moreover,

(u+
k − u

−
k )� νuk =

1
2

N∑
i=lk+1

1Sk
i
∪Tk

i

tki
jk
aki � bki Hn−1 -a.e. on Suk ,

where 1Sk
i
∪Tk

i
denotes the characteristic function of the set Ski ∪ T ki .

Let B be an open ball contained in Ω; in the sequel it will not be restrictive to
assume that |B| = 1. Then

(2.18)

F (uk, B) ≤ 1
2

(tklk)2|ξklk |2 + α(tr ξ)2

+β
N∑

i=lk+1

tki |aki � bki |
Hn−1(Ski ∩B) +Hn−1(T ki ∩B)

2jk

≤
N∑
i=1

tki h(ξki ) + α(tr ξ)2 + σk ,

where σk = β

N∑
i=lk+1

tki |aki � bki |
(Hn−1(Ski ∩B) +Hn−1(T ki ∩B)

2jk
− 1
)

. Take now into

account that

lim
k→∞

Hn−1(Ski ∩B)
jk

= lim
k→∞

Hn−1(T ki ∩B)
jk

= |B| = 1

and
∑N
i=1 t

k
i h(ξki ) is bounded independently of k (recall (2.16)). From this we deduce

that lim
k→∞

σk = 0.

By the definition of F2 , Proposition 2.7, (2.18) and (2.16) we conclude that

ψ(ξ) ≤ lim inf
k→∞

F (uk, B) ≤ f(ξ̂D) + α(tr ξ)2 .

Step 4 : In this step, which concludes the proof of Theorem 2.1, we prove the equality
F (u) = F1(u) for an arbitrary u ∈ P (Ω).
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Fix u ∈ P (Ω). By Theorem A.2 in [17] there exists a sequence (uh) in
C∞(Ω; Rn) such that

uh → u in L1(Ω; Rn),∫
Ω

|EDuh| dx →
∫

Ω

|EDu|∫
Ω

(divuh)2dx →
∫

Ω

(divu)2dx

as h tends to ∞ . By Theorem 1.3 (recall Remark 2.3) we get

lim
h→∞

∫
Ω

f(EDuh) dx =
∫

Ω

f(EDu) dx+
∫

Ω

f∞(EDs u) .

Therefore, taking into account the definition of F2 and Step 3, we have

F (u) ≤ lim inf
h→∞

F (uh) ≤ lim inf
h→∞

F2(uh,Ω) ≤ lim inf
h→∞

F1(uh) =

=
∫

Ω

f(EDu) dx+
∫

Ω

f∞(EDs u) + α

∫
Ω

(divu)2 dx = F1(u) .

So far, we have obtained that F (u) ≤ F1(u) for every u ∈ P (Ω). The other inequality
is the content of Step 1. The proof of Theorem 2.1 is thus accomplished.

We conclude this section by proving that the functional F in Theorem 2.1 can
also be seen as the Γ-limit of a sequence of functionals obtained by perturbing F with
the term u 7→ εHn−1(Su).

Theorem 2.9. Let (εh) be a sequence of positive numbers converging to 0 . Let
Fh:P (Ω)→ [0,+∞] be defined, for h ∈ N , by

Fh(u) =



∫
Ω

(
1
2
|EDu|2 + α(divu)2) dx+ β

∫
Su

(εh + |(u+ − u−)� νu|)dHn−1

if u ∈ S(Ω),

+∞ , otherwise.

Then (Fh) Γ-converges to F in the L1(Ω; Rn)-topology.
Proof. Fix u ∈ P (Ω). Let (uh) be a sequence in P (Ω) converging to u in L1(Ω; Rn).
Then

lim inf
h→∞

Fh(uh) ≥ lim inf
h→∞

F (uh) ≥ F (u) .

We have now to construct a sequence (uh) in P (Ω) which converges to u in L1(Ω; Rn)
and with the property

lim
h→∞

Fh(uh) = F (u) .

By the definition of F there exists a sequence (vh) in P (Ω) converging to u in
L1(Ω; Rn) and such that F (vh) → F (u). We can assume that vh ∈ S(Ω), hence
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Hn−1(Svh) < +∞ for every h ∈ N . Let (σ(k))k∈N be the sequence of integers defined
by induction as follows:

σ(1) = 1

σ(k + 1) = min{j ∈ N : j > σ(k),∀h ≥ j , ε
1/2
h Hn−1(Svk+1) ≤ 1} .

The sequence (uh) we are looking for is given by

uh = vk if σ(k) ≤ h < σ(k + 1).

Indeed, for every h , k ∈ N with k > 1, and σ(k) ≤ h < σ(k + 1)

εhHn−1(Suh) = εhHn−1(Svk) ≤ ε
1/2
h .

Therefore,
(
εhHn−1(Suh)

)
converges to 0 as h→∞ and

Fh(uh) = F (uh) + βεhHn−1(Suh) → F (u) .

3. Mechanical interpretation

In this section we study the functional obtained in Theorem 2.1, computing the con-
jugate of the integrand function f on Msym

0 (Proposition 3.1). As an immediate con-
sequence (Corollary 3.2) it follows that relaxation of (0.5) yields exactly, as stated in
the introduction, the functional of the displacement problem in the theory of Hencky’s
plasticity with Tresca’s yield conditions.

We recall that if h:V → R is a function on a vector space V , the conjugate (or
polar) of h is the function h∗ from the dual space V ∗ to R defined by

h∗(σ) = sup
ξ∈V

(〈σ, ξ〉V ∗,V − h(ξ)) .

(see for instance [13] for further details).
In the sequel, given σ ∈ Msym we shall denote by λM (σ) and λm(σ) the maxi-

mum and the minimum eigenvalues of σ , respectively.

Proposition 3.1. Let f : Msym
0 → [0,+∞[ be the function introduced in Theorem 2.1

(i.e., defined in (2.2)). Then for every σ ∈ Msym
0 the conjugate function f∗ is given

by

f∗(σ) =
{

1
2 |σ|2 , if λM (σ)− λm(σ) ≤

√
2β,

+∞ , otherwise.

Proof. Recall that f is the convex envelope, in Msym
0 , of the function h(ξ) = (1

2 |ξ|2)∧
g(ξ), where g is defined in (2.3). Thus f = h∗∗ and f∗ = h∗ ; we now compute h∗ .

Let σ ∈ Msym
0 be fixed. Then

g∗(σ) = sup
ξ∈S

(σ · ξ − β|ξ|),
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where S = {a� b : a, b ∈ Rn, 〈a, b〉 = 0} .
i) Assume g∗(σ) > 0. Then there exists ξ ∈ S such that σ · ξ − β|ξ| > 0; it

follows that for every t > 0

h∗(σ) ≥ σ · (tξ)− g(tξ) = t(σ · ξ − β|ξ|)→ +∞ as t→ +∞ .

Hence h∗(σ) = +∞ .
ii) Assume g∗(σ) ≤ 0. Since h∗(σ) is the maximum between

sup
1
2 |ξ|2≤ g(ξ)

(σ · ξ − 1
2
|ξ|2) and sup

1
2 |ξ|

2>g(ξ)

(ξ∈S)

(σ · ξ − β|ξ|) ,

the assumption on g∗(σ) implies that h∗(σ) equals the first of these two values. On
the other hand, if 1

2 |ξ|2 > g(ξ) (= β|ξ|) then

σ · ξ − 1
2
|ξ|2 < σ · ξ − β|ξ| ≤ 0 .

It follows that
h∗(σ) = sup

ξ∈Msym
0

(σ · ξ − 1
2
|ξ|2) ;

therefore

h∗(σ) = sup
t≥0

sup
|ξ|=1

(tσ · ξ − 1
2
t2) = sup

t≥0
(−1

2
t2 + |σ|t) =

1
2
|σ|2 .

We conclude that

(3.1) h∗(σ) =
{

1
2 |σ|2 , if g∗(σ) ≤ 0 ,
+∞ , if g∗(σ) > 0.

Let us now transform the condition g∗(σ) ≤ 0 (> 0). It is easy to see that

g∗(σ) ≤ 0 if and only if sup
ξ∈S
|ξ|=1

σ · ξ ≤ β .

Every ξ ∈ S satisfying |ξ| = 1 can be written as a� b with |a| = |b| = 4
√

2, and

σ · ξ =
1
2

∑
i,j

σij(aibj + ajbi) =
1
2

(aTσb+ aTσT b) = aTσb .

We claim that

(3.2) sup
a,b∈Rn

|a|=|b|=1, 〈a,b〉=0

aTσb =
1
2

(λM (σ)− λm(σ)) .
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Indeed, let (x, y) ∈ Rn ×Rn , with |x| = |y| = 1 and 〈x, y〉 = 0, be a point where the
supremum is attained. The Lagrange multiplier rule yields that{

σy = λy + µ1x
σx = λx+ µ2y .

In particular, µ1 = µ2 = xTσy , thus{
σ(x+ y) = (λ+ µ1)(x+ y)
σ(x− y) = (λ− µ1)(x− y) .

Therefore λ+ µ1 and λ− µ1 are eigenvalues of σ , and the supremum in (3.2) is

xTσy = µ1 =
1
2

((λ+ µ1)− (λ− µ1)) ≤ 1
2

(λM (σ)− λm(σ)) .

On the other hand, the value 1
2 (λM (σ) − λm(σ)) is attained when a = v + w , b =

v−w , where v and w are orthogonal eigenvectors corresponding to λM (σ) and λm(σ)
respectively, and |v| = |w| = 1√

2
. Thus (3.2) is established.

We conclude that

g∗(σ) ≤ 0 if and only if
1√
2

(λM (σ)− λm(σ)) ≤ β ;

this fact, together with (3.1), proves the proposition.

Corollary 3.2. Let F :P (Ω)→ [0,+∞] be defined as follows (see (0.5))

F (u) =
{∫

Ω
(µ|EDu|2 + κ

2 (divu)2)dx+ c
∫
Su
|u+ − u−|dHn−1 , if u ∈ S(Ω) ,

+∞ , otherwise.

The lower semicontinuous envelope of F with respect to the L1(Ω; Rn)-topology on
P (Ω) is given by (compare with (0.4))

F (u) =
∫

Ω

(ϕ(EDu) +
κ

2
(divu)2)dx+

∫
Ω

ϕ∞(EDs u) ,

where ϕ: Msym
0 → [0,+∞[ is the finite convex function on Msym

0 whose conjugate is
(see (0.3))

ϕ∗(σ) =
{

1
4µ |σ|2 , if σ ∈ K ∩Msym

0 ,
+∞ , otherwise ,

and K is Tresca’s convex set:

K = {σ ∈ Msym : λM (σ)− λm(σ) ≤ 2c} .

Proof. It is enough to apply Theorem 2.1, with α = κ
4µ , β = c√

2µ
, and Proposition

3.1.
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We conclude by giving an estimate of the function ϕ in the foregoing Corollary.
For every γ > 0 define

ϕγ : [0,+∞[→ [0,+∞[ ϕγ(t) =
{
µt2 if 0 ≤ t ≤ γ/2µ
γt− γ2

4µ if t ≥ γ/2µ.

Proposition 3.3. (i) For every ξ ∈ Msym
0 and R orthogonal n× n matrix, we have

ϕ(RξRT ) = ϕ(ξ) .
(ii) For every ξ ∈ Msym

0 the following estimates hold:

ϕγ(|ξ|) ≤ ϕ(ξ) ≤ ϕδ(|ξ|) ,

where γ =
√

2c and

(
δ

2c
)2 =

[n/2](n− [n/2])
n

=
{
n/4 , if n is even ,
n2−1

4n , if n is odd .

Moreover,

ϕ(a� b) = ϕγ(|a� b|) whenever 〈a, b〉 = 0(3.3)

ϕ(ξD) = ϕδ(|ξD|) whenever ξ = t

(
I 0
0 0

)
, t ∈ R(3.4)

where I is the identity matrix of order [n/2] .

Remark 3.4. We notice that in the physical case n = 3, Proposition 3.3 implies that
the maximum slope of ϕ is attained along the directions determined by the matrices
of the form (k ⊗ k)D .

Proof of Proposition 3.3. (i) Let R be an orthogonal n × n matrix. Then
R (a � b) RT = (Ra) � (Rb), and 〈Ra,Rb〉 = 0 whenever 〈a, b〉 = 0. From this
and (2.2) it is not difficult to see that ϕ(RξRT ) = ϕ(ξ).

(ii) The inequality ϕ(ξ) ≥ ϕγ(|ξ|) for every ξ ∈ Msym
0 and equality (3.3) follow

immediately from Lemma 2.4. Let us define now

δ = max{|x| : x ∈ Rn ,

n∑
i=1

xi = 0 , |xi − xj | ≤ 2c for every i, j } .

Assume that x ∈ Rn realizes this maximum, and that, for suitable integers r and s ,

xi = m if and only if 1 ≤ i ≤ r , xi = M if and only if r + 1 ≤ i ≤ r + s ,

where m and M are the minimum and the maximum of {x1, . . . , xn} , respectively. We
claim that r+ s = n . Otherwise, assume for simplicity that r+ s = n−1, and observe
that for every v ∈ Rn \ {0} and ε ∈ R we have |x| < |x + εv| whenever ε〈x, v〉 ≥ 0.
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We obtain a contradiction by choosing |ε| sufficiently small and v satisfying: vi = 1
if 1 ≤ i ≤ n − 1, vn = 1 − n . We easily deduce then that r ∧ s = [n/2], and δ takes
the value given in the statement.

Since for every σ ∈ Msym
0 , |σ|2 equals the sum of the squares of the eigenvalues

of σ (with their respective multiplicity), we have proved that

max
σ∈K∩Msym

0

|σ| = δ ,

and the maximum is attained when σ is the deviator of a matrix of the form (3.4),
with t = ±2c .

Let now ξ ∈ Msym
0 . Then

ϕ(ξ) = sup
σ∈K∩Msym

0

(ξ · σ − 1
4µ
|σ|2)

= sup
0≤ t≤ δ

sup
σ∈K∩Msym

0
|σ|=t

(ξ · σ − 1
4µ
t2)

≤ sup
0≤ t≤ δ

(t|ξ| − 1
4µ
t2) = ϕδ(|ξ|) .

The last inequality is actually an equality in case ξ is the deviator of a matrix of the
form (3.4), since t ξ|ξ| ∈ K for every 0 ≤ t ≤ δ . This proves (3.4).
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