A RELAXATION APPROACH TO HENCKY’S PLASTICITY

ANDREA BRAIDES!, ANNELIESE DEFRANCESCHI2? axp ENRICO VITALI?

Abstract. Given u, K, ¢ > 0, we consider the functional

F(u) = / (u|EPul? + g(divu)Z)dm + c/ lut —u= |dH" T,
Q\ Sy S

u

defined on all R™-valued functions u on the open subset 2 of R™ which are smooth outside a free
discontinuity set Sy, on which the traces ut, u~ on both sides have equal normal component (i.e.,
u has a tangential jump along Sy ). EPy = Fu— %(divu)], with Fu denoting the linearized strain
tensor.

The functional F' is obtained from the usual strain energy of linearized elasticity by addition
of a term (the second integral) which penalizes the jump discontinuities of the displacement.

The lower semicontinuous envelope F is studied, with respect to the L!(Q;R™)-topology, on
the space P(Q) of the functions of bounded deformation with distributional divergence in L?(Q) (F
is extended with value 400 on the whole P(2)). The following integral representation is proved:

|EP |

F(u) = /((p(SDu)+ g(divu)Q)dz—O—/ > ( Y| EPw, u € P(Q),
Q Q

where ¢ is a convex function with linear growth at infinity. Now Fu is a measure, £Pu represents
the density of the absolutely continuous part of EPw, while E? u denotes the singular part and ¢°°
the recession function of ¢.

Finally, we show that F coincides with the functional which intervenes in the minimum prob-
lem for the displacement in the theory of Hencky’s plasticity with Tresca’s yield conditions.
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formation, plasticity
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0. Introduction

In this paper we obtain a relaxation result which leads to a classical functional in the
theory of Hencky’s plasticity.

Let Q be a bounded domain in R?® and let u:Q — R? represent the dis-
placement field of an elastic perfectly plastic body occupying the domain  in un-
strained position. Denote by o¢:{) — Msy™m the corresponding stress tensor field re-
ferred to the configuration  (Msym stands for the space of 3 x 3 symmetric real
matrices). Let Eu = 1(Du + DuT) be the linearized strain tensor and EPwu its de-
viator: EPuy = Fu — %2 (divu)I, where I is the identity matrix. Then the variational
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formulation of the displacement and stress problems in the theory of Hencky’s plasticity
(see [24], [12], [20]) involves respectively the functionals

Y(Eu(z))de, P*(o(x))dz,
Q Q

where 1) and * are non-negative convex functions conjugate each other (in the duality
theory of Fenchel-Moreau), and

V(o) = ﬁ|aD|2+ﬁ(tro)2, ifoeK
+o0, otherwise .

Here tro = Y, 0i, 0P = 0 — X(tro)I, K = A+ 2p is the bulk modulus of the
material, A and p are the Lame coefficients and K is a closed convex subset of Msym

describing the elastic zone for the stress. We mention two classical examples of the set
K:

K ={o e M»m: |oP| < V2k} (von Mises’ model)

0.1
01 K ={oc e M¥ym : (o) — Am(o) < C} (Tresca’s model),

where k and C are fixed positive constants and Aps(o) and A, (o) denote the max-
imum and the minimum eigenvalue of o. Both these convex sets are of the form
KD @RI, where KP is the orthogonal projection of K onto the space Mg"™ of the
matrices with null trace. This decomposition allows us to write the functional of the
displacement problem as

(0.2) [ e(BPu) + 5 iva2)de,
)
where p: Mg"™ — [0, +00] is the convex function in duality with

(0.3)

1512 ; sym .
SD*(O'): {4‘u|0| , 1f0€KﬁMO s (O’EMBym).

400, otherwise

Let us notice that the application of the direct method of the Calculus of Varia-
tions to the minimum problem for the displacement, i.e., involving the functional (0.2),
requires a space where the functional is coercive and lower semicontinuous. Since ¢
grows only linearly as [£P| — +oo (note that ¢* = +o0o outside K N My™) and no
Korn’s inequality holds on W11(Q; R?) (see [19], [18]), to gain coerciveness the defini-
tion of the functional must be extended to account for displacements whose strains are
merely measures. This has led, in the general n-dimensional case, to the introduction
of the spaces ([19], [23], [25], [26], [18])

BD(Q2;R") ={u € L1(Q;R") : Eu bounded (matrix-valued) Radon measure} ,
P(Q) ={u € BD(Q;R") : divu € L2(Q)} .

The natural L1(€; R*)-lower semicontinuous extension to P(Q) of (0.2) turns out to
be ([3])

EPu
EPu]

(0.4) /Q (gp(EDu)+g(divu)2)dx+ /Q o> ( )| ELul,
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where EPu = EPuLln + EPu is the Lebesgue decomposition of EPu, |EPu| denotes

D
the total variation of EPu, Eo v stands for the Radon-Nikodym derivative, and

) [EPul
et
(&) = t_l}inoo —

We shall propose a different approach to problems involving the functional (0.4)
introducing a somehow simpler model. Consider a subspace S(€2) of P(£2) whose ele-
ments are allowed to have “singularities” in the form of tangential jump discontinuities
along surfaces (the possible slippage surfaces of the material). It may be natural the
attempt to obtain a functional of type (0.4) by relaxation of the following

(0.5) F(u) = /(,u|<S’Du|2 + g(divu)Z)dx + c/ lut —u—|dH?, u € S(Q),
Q S’U/

is the recession function of .

where H2 is the 2-dimensional Hausdorff measure, S, is the jump set of u, ut and
u~ are the traces of u on both sides of S, and ¢ is a positive constant. Indeed, the
volume integral in the definition of F' represents the (linearized) strain energy of an
elastic material corresponding to a displacement u from the reference configuration Q.
The second term is a surface integral which takes into account the possible sliding of the
material. While F' models the microscopic form of the energy, from a macroscopic point
of view, i.e., as far as minimum problems are concerned, we can equivalently consider
its lower semicontinuous envelope F with respect to a suitable topology, which turns
out to be the L1(Q;R?) topology.

In this paper we show, in the general n-dimensional case (Theorem 2.1), how in
the relaxed functional F the effect of the volume and surface terms in (0.5) combine
giving rise to a typical plastic behaviour: slippage is microscopically preferred to large
strains |EPu| and F can be written as

EPuy

F(u) = /Q(¢(5Du)+ g(diVU)Q)d$+/§2¢oo(|E£u|

where ¢ is a convex function with linear growth at infinity. We observe (Theorem
2.9) that F' can also be considered as the limit (in the sense of I'-convergence) of the
following sequence of functionals:

Fp(u) = F(u) + en H*1(Sy),

where (e3) is a sequence of positive numbers converging to 0. Such a singular per-
turbation approach may lead to a choice criterion among minima of boundary value
problems involving the functional F (see [5]).

The relationship of the functional F with the classical functionals (0.4) is further
studied in Section 3. It turns out that this relaxation (or limiting) procedure recovers
exactly the functional (0.4) when adopting Tresca’s yielding model (see Corollary 3.2).
Indeed, the integrand function ¢ coincides with the function ¢ of (0.4) when the convex
set K is the second one displayed in (0.1), with C' = 2¢. Let us remark that von Mises’
model cannot be recovered following a similar approach, since the corresponding energy
density ¢ is not determined by its behaviour on rank-one matrices (see Remark 2.3(ii)).

For similar results about functionals defined on spaces of functions of bounded
variation, also in a non-linear setting, we refer to [5] and [6]. The functional in (0.4)
differs from these also in that it satisfies different growth conditions in different direc-
tions.

JIEPul, e P(Q),
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1. Notation and preliminaries

Notation. Throughout this paper n is a fixed positive integer, n > 2. Given m € N,
the elements of R™ are usually considered as column vectors, (-,-) denotes the scalar
product on R™; and |- | will be the usual euclidean norm. We shall denote by Mnxn
the vector space of the m x n real matrices; given £ € Mn*x" and x € R", £-x is
the vector of R"™ with components (£ -z); = >, _; &k, ¢ € {1,...,n}. We shall
identify Mnxn with R™ . The set of the symmetric n X n real matrices will be denoted
by Msym  while My"™ is the subspace of Msy™ consisting of the matrices ¢ with null
trace; ie., tr & =) . & = 0. If a and b are in R", the tensor product a®b € Mnxn is
the matrix whose entries are a;b; with ¢,5 =1,...,n. The symmetric tensor product
is defined by a®b = %(a ® b+b® a). Remark that [a®b| = |a|[b], tr(a®b) = tr(a®b)
= (a,b), and |a © b| = %|a||b\ if (a,b) = 0. For any matrix £ € M»x» we define the
deviator of £ by

P =c— (o)1,

where I denotes the identity matrix.

Let © be a bounded open subset of R™ with Lipschitz boundary. We shall
denote by A(Q) the family of the open subsets of Q and by B(Q2) the family of its
Borel subsets. The Lebesgue measure on R" will be denoted by £, and the (n—1)-
dimensional Hausdorff measure in R™ by H»—1. If B C R" is a Borel set, we shall
also use the notation |B| for £7(B). The notation a.e. stands for almost everywhere
with respect to the Lebesgue measure, unless otherwise specified.

Given p e R, 1 < p < 400, we shall use standard notations for the Lebesgue
and Sobolev spaces LP(Q;R™) and Wbr(Q; R"), respectively. When dealing with
scalar functions defined on €, we shall drop the target space R" in the notation, and
write just LP(2), WLr(Q) and the like.

If m > 1 is an integer and f:R™ — [0,400] is a convex function, we define
foo:R™ — [0, 400], the recession function of f, by setting

fo(e) = im 1)

t—-—+o00 t

One can prove easily that this limit exists for all £ € R™; moreover, f°° is a Borel
function which is convex and positively homogeneous of degree one.

Given a vector-valued measure p on €, we adopt the notation |u| for its to-
tal variation. If E is a p-measurable set, we define the measure pul_E by setting
(Ll E)(A) = w(ENA). If pis a (vector-valued) measure on 2, and f is a positively
homogeneous function of degree one we shall write [, f(x) in place of [, f (%)cﬂ ul,

where % stands for the Radon-Nikodym derivative (sometimes also denoted by £ ).

|1

Functions of bounded deformation. We say that u € L1(Q; R"™) is a function of bounded
deformation, and we write u € BD(; R"), if for any ¢,j=1,...,n

1 . .
Eiju = i(Djul + DiuJ)
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is a (Radon) measure with finite total variation in 2. We denote by Eu the Mnxn-
valued measure whose entries are Ejju. BD(£;R") is a Banach space under the
norm

ull ey = Nl + 1Bl ().
For w € BD(; R™) we shall consider the decomposition

Fu=EfuLl"+ Esu

of the measure Eu in its absolutely continuous and singular parts with respect to
the Lebesgue measure. We shall also use the space P(f2) of functions of bounded
deformation whose distributional divergence is absolutely continuous with respect to
the Lebesgue measure with square summable density:

P(Q) ={ue BD(;R") : divu € L2(Q)}.

Note that if u € P(2) then EPu = Esu; hence EPu = EPu L" + Esu.

Relazation. Let F : X — R be a functional on a topological space (X,7). The
relazed functional F of F, or lower semicontinuous envelope of F, with respect to the
T-topology is the greatest 7-lower semicontinuous functional less than or equal to F'.
If 7 is first countable, then

F(x) = inf{lihmian(mh) ixp — 2 in X}

and the infimum is attained. For a general treatment of this subject we refer to the
books by Buttazzo [7] and by Dal Maso [9].

I'-convergence. Let (X,d) be a metric space and let Fj,: X — R be a sequence of
functionals on X .
We say that (F}) T'-converges to F', if the following conditions are satisfied:
(i) for every z € X and for every sequence () in X such that x; — z, we have
F(z) < liminfp_ o Fp(zp);
(ii) for every z € X there exists a sequence (zp) in X such that xzp — x and
F(:L’) = limhﬂoo Fh(l'h).
For a complete treatment of the subject we refer to [9]. Here we only recall that
under suitable coercivity conditions this kind of variational convergence guarantees the
convergence of the minimum values of the functionals.

Some additional results.

Proposition 1.1.  The set S ={a©®b:a,b € R",{a,b) = 0} is a closed subset of
Mg™ which spans My™ . Moreover, S is a proper subset of Mg™ unless n = 2.

Proof. Take a sequence (£5,) in S converging to a matrix £ # 0. Let &, = ap © by,

an, b, € R". We can assume that ap, by # 0 and that the sequences (‘Z—’h‘)7 (\g:,l)

converge to some vectors a and b, respectively. Hence

ap © by, by,
&n V2l o 2 V2lElaeb.
= ol o] = V2 ] © ol |
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Therefore ¢ must be equal to v2|¢Ja ©® b € S. This proves that S is closed.
A basis of M"™ is given by the elements e; ® e; for ¢ # j and (e; + €;41) ©
(i —ejq1) for i=1,...,n—1.

If n=2 and
_(a b sym
5_<b —a> € Mg,

then ¢ = (a,b— Va2 + b2) ® (1, /o= £b” V‘erbz) if @ # 0, while £ = 2be; ®eg if a =0.
If n = 3 it is easy to see that, for example, the matrix £ = (a;;) with a;; = 1—4;5
does not belong to S. 0

Theorem 1.2. (Integral representation theorem; see [8] Theorem 1.1) Let us consider
a functional F:W12(Q; R"™) x A(Q) — [0, +o0] satisfying the following properties, for
every A € A(Q) and u,v € WL2(Q;R"):
(i) (measure property) F(u,-) is the restriction to A(Y) of a Borel measure;
(ii) (locality property) F(u,A) = F(v, A) whenever u=v a.e. on A;
(iii) (growth condition) there exist a € L1(2) and b € R such that

F(u,A) < /A(a(x)—i—b|Du|2)dx

(iv) (translation invariance) F(u+ ¢, A) = F(u, A) for every c € R";
(v) (semicontinuity) F(-, A) is sequentially lower semicontinuous with respect to the
weak topology of WL2(Q; R"™).
Then there exists a Carathéodory function : x Mn»xn — [0,400], convez in the
second variable for a.e. x € Q, such that the integral representation

F(u,A) = [ wla, Du(a)) da
A
holds for every uw € W1.2(Q; R"™) and for every A € A().
Theorem 1.3. Let m > 1 and f : R™ — R be a conver function such that
0 < f(&) <c(l+ ) for all £ € R™ and a suitable constant ¢ > 0. Let (up) be

a sequence of R™ -valued Radon measures on Q converging weakly to an R™ -valued
Radon measure v in the sense that

/ vdpp  — / Ydu for every v € C3(Q) .
o o
Assume that the sequence (|un|()) is bounded. Then we have

(1.1) / dﬁn dm—i—/foo <hhr££f(/ f(;lgz dx +/f°° 1)

(here we use the notation \s to denote the singular part of the measure A with respect
to Ln ). Moreover, if |p|(2) = limp— o0 |pn|(2) then

(1.2) / Y +/f°° ) _hllrfolo(/ £ da +/f°°uh
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Proof. In the case of f positively homogeneous of degree one, inequality (1.1) is proven
in [16] Theorem 3 or [21] Theorem 2, while (1.2) is proven in [21] Theorem 3. In the
general case, it is possible to reduce to f positively homogeneous of degree one by
introducing the auxiliary function f:R™ x [0, 4+o0c[— [0, 4+oc[ defined by

o [tfES) it >0
f(g’t)—{foo(g) if =0

(see [16] Theorem 2’ or [4] Lemma 1.1). 0

2. The main result

Our first step will be the definition of a space of “piecewise C!-functions”. We define
the space S(Q) as the set of all functions u € Loo(Q;R") satisfying the following
conditions (i), (ii) and (iii):

(i) there exists a closed set K with H*~1(K NQ) < 400 and K = UjST-, where

(Sj)jes is a finite family of C1-hypersurfaces such that Hn—=1((S;\S;)NQ) =0,
and v € C1(Q\ K);

(ii) fQ\K |Du|dx < 400, fQ\K(divu)2 dr < +o00.

Before stating condition (iii) let us make some remarks. The set K represents
(a set containing) the set of non-differentiability points for u. Let (S;) be as in (i),
and for every j € J let v; be a unit normal field to S;. It is not difficult to see that
the limits

+ir) = 1 : ~(z) = li ,
uf (2) = Jimm u(e (), wy () = Jim e+ ()
exist H"—1-a.e. on S; (here we use the fact that, by the implicit function theorem,
v; = *v; H»~l-ae. on S; N S; whenever i,j € J). The set of jump points or
discontinuity points of wu,

Sy = U{x €5;: uj'(z) #* uj_(x)},

J

turns out to be well-defined up to sets of H”—! measure zero, and is independent of
the choice and representation of K .

We can now define the unit normal field v,, to S, and the traces ut and u— of
u on both sides of S, as

Vy = Vj, ut = uf Hr—1l-ae. on Sj.

The triplet (u*(z),u=(z),vu(x)) is uniquely determined, for H7—1-a.e. = € S, up
to a change of sign of v, and an interchange between ut+ and u—.

Finally, we can state condition (iii) of the definition of S(f2):

(iii) (ut(z) —u=(z),vu(z)) =0 for H—1-a.e. x € Sy.
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S(€) turns out to be a vector space; moreover, if ¢ € C1(Q) and u € S(f),
then pu € S(Q). It is not difficult to prove (see, for instance, [11] Lemma 2.3) that if
u € S(§), then the singular part of the measure strain Fu is

Esu=FEPu=(ut—u")ouv,H1LS,,
and |(ut —u") Oyl = %hﬁ —u~|. In particular it follows that S(Q) C P(Q).

In this section we will characterize (Theorem 2.1) the lower semicontinuous en-
velope, with respect to the L1(£2; R™)-topology, of the functional F': P(2) — [0, 4+o00]
defined as follows:

/(%|<€'Du|2 +a(divu)2)dx+6/ [(ut —u=) © vy |dH? L
Q Su
(2.1) F(u) = if u e S(),

400, otherwise.

Let us remark that the singular set of a function w € S(€2) has finite (n—1)-dimensional
measure, so that £Pu and divu are defined a.e. on 2, and we can write the volume
integral as an integral over the whole €. In Theorem 2.9 we shall also provide an
approximation of F by means of a sequence of functionals obtained by a suitable
perturbation of F'.

Let f: My™ — [0, 4o0[ be defined as follows:

f = sup{y) : Mg"™ —[0, +oo convex, 1(§) < 1[£|2 for every £ € MZ™,

(2.2) bla®b) < Bla®b|if a,b € R", (a,b) = 0}.

Hence f is the convex envelope in My"™ of the function h : M{"™ — [0, 400[ given by

h(€) = (316]%) A g(€), where

2.3 s MY 0 _J Bl ifE=a®b for somea,b € R",
23 / o = [0l 9(6) { 400 otherwise.

Theorem 2.1. Let F be the functional defined in (2.1). The lower semicontinuous
envelope of F with respect to the L1(2; R™)-topology on P(§2) is given by

el

(2.4) (u) = /Q (F(EPw) + a(divu)?) dz + /Q Foo(EPw)

for every u € P(QY), where f is the function in (2.2).

Remark 2.2. It is possible to give a weak definition of the functional F' in (2.1), by
replacing S(Q2) with a larger space of weakly differentiable functions, such as the space
P(Q)NnSBV(;R™), where SBV(2;R") is the space of special functions of bounded
variation defined by De Giorgi and Ambrosio (see [10]). With this change Theorem 2.1
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remains valid, and it can be proven following exactly the same proof given in the sequel,
remarking that ([11] Lemma 2.3) we have S(2) C SBV(Q;R"™). For the properties of
SBYV functions we refer to [1], [2]; for the general exposition of the theory of functions
of bounded variation we refer to [14], [15], [27], and [28].

Remark 2.3. (i) It is easy to see that f grows linearly at infinity: apply Lemma 2.4
below and observe that f is majorized by the convex envelope of g, which turns out to
be finite everywhere in view of Proposition 1.1, and positively homogeneous of degree
one. In particular it follows that the relaxed functional F is finite on P(£). A more
accurate estimate of f will be given in Proposition 3.3.

(ii) The proof of Theorem 2.1 fits also functionals of the form

/Q(%|€Du|2 + a(divu)?) dz + /u g((uJr —u~)0® Vu)dH”’l

F(u) = if ue S(Q),

400, otherwise,

where ¢ is a non-negative finite convex function positively homogeneous of degree one
and verifying A|a||b] < g(a ©® b) (A strictly positive constant). In this case we have

f=sup{y) : M{"™ —0, +oo| convex, ¢(§) < 1[¢[2 for every & € My'™,
Y(a©®b) < gla®b)if a,be R", (a,b) =0}.

From this formula it is easy to see that no such f can equal the function ¢ given by
von Mises’ yielding model.

Theorem 2.1 will be proved in several steps.

Step 1: Let Fi: P(2) — [0, 400 be the functional on the right-hand side of (2.4). We
prove that Fy < F on P(Q).

Let us introduce the function

1 .

§t2 lf 0
t

(2.5) f5+ [0, +oc[— [0, +-00] fs(t) = {575 —1p2 if

It is easy to see that ¢ — fg(|t|) is the convex envelope of t — (3t2) A (B|t]) on R.

Lemma 2.4. Let [ be the function defined in (2.2). For every & € My'™ we have

f&) = fs(€]), and
fla®b) = fg(la®b]),

whenever a,b € R™ and {(a,b) = 0.

Proof. Since & — fg(|¢]) is a convex function on MZ™, and fz(|£]) < h(&) for every

§ €M™, then f(I¢]) < f(S).
Let now a and b be as in the statement and T = {t(a ®b) : t € R}. Clearly

fir is convex and f(£) < (3[¢[2) A (B€]) for every € € T. Hence f(£) < fa(|€]) for
every £ € T'. We conclude that f(§) = fs(|¢]) if £ € T. 0
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Proposition 2.5. Fy s lower semicontinuous on P(S)) with respect to the
L1(Q; R™)-topology, and F1 < F. Hence, F1 < F.

Proof. Let (up) be a sequence in P(Q2) converging in L!(;R") to a function u €
P(€). We have to prove that Fi(u) < liminfy_ . Fi(up). Since

F(©) 2 folle) 2 86l - 55 for every £ € MZ™,

it is not restrictive to assume that the sequence ([, [EPuy|) is bounded. Hence, we
easily obtain that

Y EDy, — W EDy for every ¢ € CJ(Q).
Q Q
By Theorem 1.3 it follows that
/ F(EPu) d + / f>(EPu)
Q Q

< lihH_ligf(/Qf(gDuh)dw‘F/Qf"O(EsDUh))-

Moreover, since it is not restrictive to assume [,(divuy)? dz bounded independently
of h, we can suppose that (divup) converges weakly in L2(€2) to some function v.
Hence we have v = divu and

(2.6)

(2.7) /(divu)de < liminf/(divuh)Qd:c.
Q Q

h—o00

Inequalities (2.6) and (2.7) prove the lower semicontinuity of Fj.
Let us now prove that Fi(u) < F(u) for every u € P(2). Clearly we can
assume u € S(£2). Then

EPu= (ut —u")©uv,H1LS,, ((ut —u=), vy =0 H7 l-ae. on Sy.
It follows, by Lemma 2.4, that

EPu . . (ut—u") 0w
)= o

| EPul

foo( ) =0;

hence, the desired inequality. ]

We localize the functional F' by defining for every open subset A of Q

/(E\EDUPJra(divu)?)derﬁ [(ut —u=) © vy |dH? L
A2 ANS,
F(u,A) = if u e S(Q),

+o0, elsewhere on P({2).



A RELAXATION APPROACH TO HENCKY’S PLASTICITY 11

Moreover, for every u € P(2) N L2(2;R"™) and A € A(Q2) we define

Fy(u, A) = inf{lihmian(uh,A) :(up) in P(Q)NL2(QGRY), wy, — w in L2(Q;R™) };

— 00

in other words, Fa(-, A) is the lower semicontinuous envelope of F(-,A) on P(Q) N
L2(Q; R™) with respect to the L2(Q; R™)-topology.

Step 2 : In this step we use Theorem 1.2 to obtain an integral representation for F
on WL2(Q;R") x A(Q) (Proposition 2.7).

Lemma 2.6. Fy(u,-) is the restriction to A(2) of a non-negative Borel measure on
Q for every u € WL2(Q; R").

Proof. Let u € WH2(Q; R") be fixed.
Step (i): If A/, A", B e A(Q) with A’ CC A” then

FQ(’U,,A’UB) < FZ(U7A”) +F2(’LL,B).

Let (up) and (vp,) be two arbitrary sequences in P(Q) N L2(Q; R™) converging
to w in L2(;R"™). Suppose that the limits

hlim F(up, A"), hlim F(vp, B)

exist and are finite; in particular, we can assume that for every h € N, up, v, €
S(Q) N L2(;R"™), and for a suitable constant M > 0

1 1
/ (§|€Duh\2+a(divuh)2)d:ﬂ < M, /(§|5Dvh|2+a(divvh)2)dx <M.
" B

The lemma will be proved if we show that
Fo(u, A’UB) < hlim F(up, A") + hlim F(vp, B) .

Fix k € N. Let Ap = A’ and let A;,..., A; be open sets in Q with boundary
of measure zero and satisfying the property

A=Ay CC A CC---CC A, CC A",

For every i € {1,...,k} let ¢; € C5°(As) with ¢; =1 on A;—; and 0 < ¢; < 1.
Define
wh,i = piup + (1 — @i)op (heN,1 <i<k).

Then wy; € S(Q) N L2(QR™), and
EDPwy, ; = i EPup, + (1 — i) EPvy,

(2.8) .
+ (Dyi) © (up — vp) — 5<D<Pi7 (up, —op))I .
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By setting S; = A; \ A;—1 (1 < i < k) we have

1
Fluns A'UB) = [ (51EPun]? + a(divuy)?) da
(A'UB)NA;_; 2

1
(2.9) —|—/ (=|EPvL|2 + a(divey)?) dx
B\A; 2

1
+ / (z1EPwp ;2 + a(divwy 4)?) de + |EPwp, ] .
Bns; 2 A'UB

Note now that by (2.8) the last term on the right-hand side of (2.9) becomes, up to
the factor (3,

/ |EPwp, ;]
A'UB

/ loi EPup + (1 — ;) EPvy|
A'UB

(/ |E?uﬂ%i/ |E?vﬂ+1/ (IEPup| + |[EPup)) :
(A’UB)NA; 1 B\A; BNS;

i i

IN

thus

(2.10) / w%mg/|wm+/mmy
A'UB A" B

Let us now estimate the integral over BN S; in (2.9). By (2.8) we have

2ndr + N,?/ lu, — vp|2da),

1
/ (5\5th7i\2 + a(divwy,;)?) dx < c(/
BNS; BNS;

BNS;

where
|5Duh\2 + - |8Dvh|2 + a((divup)? + (dive,)?),

Nkzsup{\Dgoi( )\ 1 < i < kyxeQ},

and ¢ > 0 is a constant which depends only on n and «. Note that for every h € N
there exists iy, € {1,...,k} such that

1 M
/ zpdxr < f/ zpdr < 2— .
BNS;, k JBA(A\A0) k

Then

1
(2.11) / (§|5th,ih|2+a(divwh,ih) ydz < (= +N2/ lu, — vp|2da) .
BNS

ih

From (2.9), (2.10), and (2.11) we obtain

2M
F(wp,,, A" UB) < F(up, A”) + F(vs, B) + C(T + N,f/ lup, — Uh\2d$) ;
Q
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since the sequence (w4, ) converges to u in L2(2;R™), we have

2eM
Fa(u, A'UB) < lim Flup, A”) + lim F(uy, B) + Ck .

The conclusion is now immediate by taking the limit as k£ tends to oco.

Step (11): For any A, A1, Az € A(Q) we have

(2.12) Fr(u, A1) < Fa(u, A2) if A; C As

(2.13) Fz(u, AU Ag) > Fg(u,Al) + FQ(U7 Az) fAINAy =10
(2.14) Fy(u, A) = sup{Fa(u, A"): A’ € A(Q), A’ CC A}
(2.15) Fy(u, A1 U Ag) < Fao(u, A1) + Fa(u, A2).

Properties (2.12) and (2.13) can be easily proved. Let us show (2.14).
An approximation of u in W12(Q; R™) by means of a sequence of C1(2;R")
functions gives that for every compact subset K of A

Fy(u, A\ K) < / (%\SDuP—i—a(divu)?)dx.

A\K

Hence, for every € > 0 we can choose K such that F>(u, A\ K) <e. Let A’ and A"
be open sets verifying K C A’ CC A” CC A. By Step (i) with B = A\ K it turns
out that

Fy(u, A) < Fo(u, A") + Fo(u, A\ K) < Fp(u, A”) +¢.
By the arbitrariness of € > 0, we get (2.14).

Let us prove (2.15). Given € > 0, by (2.14) there exists G CC A1 U A2 such
that F2(U,A1UA2)*€ < FQ(U,G). Let A’ € A(Q) with A’ CC A; and G C A/UA,.
Then Step (i) ensures that

FQ(U,Al UAQ) —e < FQ(U,A,UAQ) < FQ(U,A1) +F2(U,A2).

Since € > 0 is arbitrary, (2.15) holds.

Properties (2.12) through (2.15), valid for Fb(u,-), guarantee that Fb(u,-) is
the restriction to A(€2) of a non-negative Borel measure on 2 (see [9] Theorem 14.23).
a

Proposition 2.7. There exists a conver function ¢ : Mm»*n — R such that
Fr(u, A) = / ¥(Du) dx
A

for every uw € WL2(Q; R"™) and for every A € A(R).
Proof. Lemma 2.6 guarantees that condition (i) of Theorem 1.2 is satisfied. Let us now
verify (ii) through (v).
(ii) Fix A € A(Q) and u,v € WL2(Q;R"™) with uw = v a.e. on A. Let (up) be a
sequence in P(Q2) N L2(Q2) converging in L2(; R") to u and such that

F(U}“A) - Fg(u, A)
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Given A’ CC A, consider a function ¢ € C}(A) with ¢ =1 on A’ and 0 <
¢ < 1. Define wy, = gup + (1 — ¢)v. Then (wp) converges to v in L2(2; R™)
and

Fy(v,A’) < liminf F(wp, A’) = lihmian(uh,A’) < liminf F(up, A) = Fa(u, A).
—00

h—o0 h—o0

Taking the supremum for A’ CC A (recall that Fy(v,-) is a measure) we con-
clude that F»(v, A) < F>(u, A). The opposite inequality follows by exchanging
the roles of u and v.

(iii) Clearly there exists a constant ¢ such that F(u,A) < ¢ [, |Dul?dz for every
uwe CHOR")NWL2(Q;R") and A € A(2). Hence the same inequality holds
for Fs.

(iv) The translation invariance of F» comes easily from the corresponding property
for F.

(v) For every A € A(Q) the function Fs(-, A) is, by definition, lower semicontinuous
on WL2(Q; R"™) with respect to the L2(Q2; R™)-topology. Since F(-, A) is easily
verified to be convex, we obtain the sequential lower semicontinuity with respect
to the weak topology of W1.2(Q; R"™), too.

By Theorem 1.2 there exists a Carathéodory function ¢ : Q x M»x7 — [0, +o0[ such
that

Fg(u,A):/A'L/)(x,Du) dx

for every u € W1.2(Q;R"™) and A € A(Q).

Finally, let us show that we can assume ¢ to be independent of . Let B(zo,r)
and B(yo,r) be any pair of congruent balls contained in . Since the integrand
functions defining F are independent of z, the evaluation of F> by means of its
definition gives Fa(ui, B(xo,7)) = Fa2(u2, B(yo, 7)), where ui:x — £ -2 and ug:x +—
& (x+ o — yo). Thus, by the integral representation, we have

/Bm )w,@dx:/ (.6 da

B(yo,’l‘)

for every £ € Mnxn. This equality implies that v (zo,&) = ¥(yo,£) at every pair of
Lebesgue points of the function (-, £). Letting £ vary in a countable dense subset of
Mnxn - and using the continuity of ¢ (z,-) we get the existence of a set N C Q with
|N| =0 such that (x,&) = ¥(y,&) for every £ € Mnxn and for every z, y € Q\ N.
Therefore we can assume that v is independent of x. 0

Step 3 : Here we prove that Fa(-,Q) < Fy on WL2(Q;R").
To this aim it is enough to apply the previous step and the following proposition.

Proposition 2.8. Let @ be the function given by Proposition 2.7. For every £ €

Mnxn
£+¢7
2

»(€) < f(( )P) + aftr€)?.
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~

Proof. Fix £ € Mnxn and let £ = 1(¢£+¢7). It turns out (see [22] Cor. 17.1.5), that

mf{Zth@ >0, thq ép = thl,&eMSym}

where N = w Therefore, for every k € N there exist t’f,n-,t’fv > 0 with
ZZ (P =1 and &, &k € MZ"™, such that & = Zl L tEEE and

N —~
(2.16) STthnel) - f(EP)  as k— oo,

i=1

Fix k € N; we can suppose that for a suitable integer I, > 0
1
(2.17) h(gk) = Blek| < §|§f|2 ifandonly if I, +1<i < N.

Let us show that ff (1 <4 < N) can be chosen in such a way that I is at most 1.
If I, > 1, define

Ik

Ik
h= Y F/AREE, A=) ik
i=1

i=1

thek and

It turns out that §D = ek 4 21 Le+1 U Sq

Iy

1
Meh(nk) < \e=|nk|2 < \k k12 — tkh k
(k) < AkS[ff2 < “Aw‘“ Z (39)
This yields
N N
Neh(iF) + Y tEh(ER) < Y thn(Ed),
i=lp+1 i=1
thus allowing us to replace &¥,--- ,55“\, with nk@lkkﬂ, e ,§Jk\,. Therefore the claim is

proved.
Let us agree that 5{1 =0 and tfk =0 if Iy = 0. In view of (2.17) for every
ie{lp+1,...,N} we can write

& =aFobk for suitable a¥, b¥ € R™ \ {0} with (a¥,bF) =0.
Let us notice that if a, b € R™\ {0} and (a,b) = 0 then the functions (here and in
the sequel [s] denotes the integer part of s)

b

b .
vj (@) 7[J<mw>]a (J eN)
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are piecewise constant, have zero divergence and converge uniformly on R" to (a®b)-x
Therefore, there exists a sequence (ji) of integers such that, setting

N
1 lak| ~  akF I —l
uy(x) =t} th(— L x)|bk + L L x)]ak
i=lg
_ (T 1
the sequence (uy) converges uniformly on R" to = +— ED T+ E_gT (tr Hax=¢x

and divuy = tr{ € L°(R"). The discontinuity set of wuy is Suk C UZ lk_H(Sk uTr),
where SF = {z € R" : (x,ﬁﬁk € Z} and TF = {z € R" : (z, |bk\>j’“ € Z}.
Moreover, '

N

(uf —up) © v, == E UTk—a ook Hr—1-a.e. on Sy, ,
i=ly,

l\:))—‘

where 1gkrr denotes the characteristic function of the set SkuTk.
Let B be an open ball contained in € in the sequel it Wlll not be restrictive to
assume that |B| = 1. Then

Fluk, B) < 5 (8 )2I&) |2 + o(tr §)?

I\DM—'

N
Hr=1(S8 N B) + H~1(TF N B)
+68 Y thlak ok ! . :
(218) ﬁi:lk+l (3 | (3 K3 | 2]]{)

N
< Z tRh(ER) + a(tr€)? + oy,

i=1

Hr=1(Sk N B) + H*—1(TF N B)
27k

N
where o, = 3 Z thlak @ b¥|( —1). Take now into

i=lr+1

account that
n—1(SkN B n—1(Tk N B
lim—H (S’ﬂ):lim—H (lm)

: : —|B|=1
k—o0 Jk k=00 Jk

and ZN t*h(£¥) is bounded independently of k (recall (2.16)). From this we deduce
that hm o =0.

By the definition of F», Proposition 2.7, (2.18) and (2.16) we conclude that

¥(§) < liminf F(uy, B) < f(EP) +a(tr¢)?. 0

éteﬁ : In this step, which concludes the proof of Theorem 2.1, we prove the equality
F(u) = Fi(u) for an arbitrary u € P(2).
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_ Fix u € P(Q2). By Theorem A.2 in [17] there exists a sequence (up) in
C>°(€; R"™) such that

w in LY R™),

Up —
/ €Dy | da / |EDy|
Q

/(divuh)2dm — /(divu)2dx
Q Q

as h tends to co. By Theorem 1.3 (recall Remark 2.3) we get

lim /f(SDuh)dm:/Qf(EDu)der/QfOO(ESDu)

h—o0 Q
Therefore, taking into account the definition of F» and Step 3, we have

F(u) < liminf F(up) < liminf Fy(up, Q) < liminf Fy(up) =
h— o0 h— o0 h— o0
:/f(SDu)dx—i—/ fOO(EsDu)—i—oz/(divu)zdx:Fl(u).
Q Q Q

So far, we have obtained that F(u) < Fi(u) for every u € P(Q). The other inequality
is the content of Step 1. The proof of Theorem 2.1 is thus accomplished. O

We conclude this section by proving that the functional F in Theorem 2.1 can
also be seen as the I'-limit of a sequence of functionals obtained by perturbing F with
the term u +— eH"=1(S,).

Theorem 2.9. Let (e,) be a sequence of positive numbers converging to 0. Let
Fp: P(Q) — [0, +00] be defined, for h € N, by

/ (%|5Du|2 + a(divu)?) dz + ﬁ/ (en+ |(ut —u™) @ vy|)dH1
Q Su
Fp(u) = if u € S(Q),

400, otherwise.

Then (Fy,) T -converges to F in the L1(2;R™)-topology.

Proof. Fix u € P(§2). Let (un) be a sequence in P(£2) converging to w in L1(2; R").
Then

lihmianh(uh) > lihmian(uh) > F(u).

We have now to construct a sequence (up) in P(€2) which converges to u in L1(Q; R™)
and with the property o
hlim Fr(up) = F(u).

By the definition of F there exists a sequence (vs) in P(Q) converging to u in
LY (Q;R"™) and such that F(vy) — F(u). We can assume that v, € S(Q), hence
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H?=1(Sy,) < +oo for every h € N. Let (0(k))ren be the sequence of integers defined
by induction as follows:

o(l)=1
o(k+1)=min{j € N:j > o(k),Vh > j e}/ *H=1(Sy,,) < 1}.

The sequence (up) we are looking for is given by
up, = U if o) <h<olk+1).
Indeed, for every h, k € N with k> 1, and o(k) < h<oa(k+1)
enHP=1(Su,) = enHP=1(S,,) < e)/?.
Therefore, (e, H"~1(Sy,)) converges to 0 as h — oo and

Fy(un) = F(up) + BenH = 1(Su,) —  F(u). o

3. Mechanical interpretation

In this section we study the functional obtained in Theorem 2.1, computing the con-
jugate of the integrand function f on My™ (Proposition 3.1). As an immediate con-
sequence (Corollary 3.2) it follows that relaxation of (0.5) yields exactly, as stated in
the introduction, the functional of the displacement problem in the theory of Hencky’s
plasticity with Tresca’s yield conditions.

We recall that if h:V — R is a function on a vector space V', the conjugate (or

polar) of h is the function h* from the dual space V* to R defined by

h*(o) = sup((o,§)v+v — h()).
Eev

(see for instance [13] for further details).
In the sequel, given o € Msym we shall denote by Aps(0) and A, (o) the maxi-
mum and the minimum eigenvalues of o, respectively.

Proposition 3.1. Let f:Mg"™ — [0, +o00[ be the function introduced in Theorem 2.1
(i.e., defined in (2.2)). Then for every o € My'™ the conjugate function f* is given
by

(o) = { 3o, i A (@) = Am(o) < V28,

400,  otherwise.

Proof. Recall that f is the convex envelope, in Mg"™, of the function h(¢) = (1[£[2) A
g(&), where g is defined in (2.3). Thus f = h** and f* = h*; we now compute h*.
Let 0 € My™ be fixed. Then

g*(o) = sup(o - & — BI§]),
Ees
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where S={a®b:a,b € R",(a,b) =0}.
i) Assume g¢*(o) > 0. Then there exists £ € S such that o - & — 3|¢] > 0; it
follows that for every t > 0

h*(0) = o - () — g(t8) = to - € — BIE]) — +00  as t — +oo.

Hence h*(0) = +00.
ii) Assume g*(o) < 0. Since h*(¢) is the maximum between

1
sup (0-£—§|£|2) and sup (o-&— B,
1€ <g(8) 31€12>9(0)
(€es)

the assumption on g*(o) implies that h*(o) equals the first of these two values. On
the other hand, if $|¢[2 > g(€&) (= B¢]) then

1
76— Sl <og-plel <0,
It follows that

1
W(o) = sup (76— 1€
geM™

therefore

1 1 1
h*(c) = sup sup (to - £ — =12) = sup(—=t2 + |o|t) = =|o|2.
>0 |¢|=1 2 >0 2 2

We conclude that
o2, ifge(c) <0
1 * — 2|U| 9 1 g = 9
(3.1) h*() {+oo, if g*(o) > 0.

Let us now transform the condition g*(c) < 0 (> 0). It is easy to see that

g (c) <0 if and only if sup o€ < .
€S
lgl=1

Every ¢ € S satisfying |¢] = 1 can be written as a ® b with |a| = |b| = V/2, and

1 1
0E=3 Zaij(aibj + asbi) = 5 (aTob+aToTh) = aTab.
»J

We claim that

(3.2) sup aTob = %()\M(U) — Am(0)).

a,be
la|=|b|=1, (a,b)=0
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Indeed, let (z,y) € R" x R", with |z| = |y| =1 and {(z,y) = 0, be a point where the
supremum is attained. The Lagrange multiplier rule yields that

oy = Ay + iz
oxr = \r + p2y .

In particular, pu1 = p2 = xToy, thus

{U(x+y) =A+m)(z+y)
olz—y)=A—m)(z—y).

Therefore A+ p1 and A\ — p are eigenvalues of o, and the supremum in (3.2) is

oy = = 5O+ i) = O = ) < 50ur(0) = An(0)).

[\

On the other hand, the value 3(Aas(0) — Am(0)) is attained when a = v +w, b =
v—w, where v and w are orthogonal eigenvectors corresponding to Aps(c) and Ay, (o)
respectively, and |v| = |w| = % Thus (3.2) is established.

We conclude that

g(o0) <0 if and only if %(AM(U) — (o)) < B;

this fact, together with (3.1), proves the proposition. 0

Corollary 3.2. Let F: P(Q) — [0, +00] be defined as follows (see (0.5))

Flu) = { Jo(ulEPul? + §(divu)2)de + ¢ fg Jut —u~|dHr=1, ifu€ S(Q),
+o0, otherwise.

The lower semicontinuous envelope of F with respect to the L1(2;R")-topology on
P(Q) is given by (compare with (0.4))

=

(W) = [ (pl€Pu) + Fdiva)do + [ o=(EPu).

where p: My™ — [0, +00[ is the finite convex function on M{™ whose conjugate is

(see (0.3))
1 2 . sym
e — b aalol?, ifoe KN MG™,
v*() { Jruoo , otherwise ,

and K is Tresca’s conver set:

K ={oceMsm: \y(o)— An(o) < 2¢}.

K c

Proof. It is enough to apply Theorem 2.1, with o = i I} Vo and Proposition
3.1. 0
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We conclude by giving an estimate of the function ¢ in the foregoing Corollary.
For every ~ > 0 define

ut? if0 <t <~/2u
v [0, 400[— [0, +o0]  y(t) = {

'yt—g ift > ~v/2u.

Proposition 3.3. (i) For every £ € My'™ and R orthogonal n x n matriz, we have

e(RERT) = () -
(ii) For every & € My"™ the following estimates hold:

Py (18) < @(§) < @s(I€])

where vy = V2¢ and

R L CESLTE O O A
2 n =1 ifnis odd.
Moreover,
(3.3) o(a®b) = o (lacb])  whenever (a,b) = 0
(3.4 o6) = P unencrere = ¢ 0) . teR

where I is the identity matriz of order [n/2].

Remark 3.4. We notice that in the physical case n = 3, Proposition 3.3 implies that
the maximum slope of ¢ is attained along the directions determined by the matrices
of the form (k ® k)P

Proof of Proposition 3.3. (i) Let R be an orthogonal n x n matrix. Then
R (a ® b) RT = (Ra) ® (Rb), and (Ra, Rb) = 0 whenever (a,b) = 0. From this
and (2.2) it is not difficult to see that @(RERT) = ¢(&).

(ii) The inequality p(£) > ¢~ (|¢]) for every & € My™ and equality (3.3) follow
immediately from Lemma 2.4. Let us define now

n
0 = max{|z|: z € R", Z:z:z =0, |x; —x;] < 2¢ for every i,5}.
i=1
Assume that z € R" realizes this maximum, and that, for suitable integers r and s,
zi =m ifandonlyif 1 <i < r, xi =M ifandonlyif r+1<i<r+s,

where m and M are the minimum and the maximum of {z1,...,zy}, respectively. We
claim that r 4+ s = n. Otherwise, assume for simplicity that r+s =n—1, and observe
that for every v € R" \ {0} and € € R we have |z| < |z + ev| whenever (z,v) > 0.
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We obtain a contradiction by choosing |e| sufficiently small and v satisfying: v; = 1
if 1<i<n-1, vy, =1-—n. We easily deduce then that r A s = [n/2], and § takes
the value given in the statement.

Since for every o € My™, |o|2 equals the sum of the squares of the eigenvalues
of o (with their respective multiplicity), we have proved that

max__|o| =4,
se KNMEY™

and the maximum is attained when o is the deviator of a matrix of the form (3.4),
with ¢ = £2c¢.
Let now & € My"™. Then

1
pl= sup (£-0—[of)
cEKNMY™ H
1
= sup sup (£-0— —12)
0<t<8 cerxnmsy™ 4
lo|=t
L,
< sup (tE] = -1%) = ws([€]).-
0<t<é 14
The last inequality is actually an equality in case £ is the deviator of a matrix of the
form (3.4), since t% € K for every 0 < t < §. This proves (3.4). O
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