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ABSTRACT. Given a density function f on an compact subset of R? we look at the problem of finding
the best approximation of f by discrete measures v = Y ¢;0,,; in the sense of the p-Wasserstein
distance, subject to size constraints of the form Y h(c;) < a where h is a given weight function.
This is an important problem with applications in economic planning of locations and in information
theory. The efficiency of the approximation can be measured by studying the rate at which the
minimal distance tends to zero as a tends to infinity. In this paper, we introduce a rescaled distance
which depends on a small parameter and establish a representation formula for its limit as a function
of the local statistics for the distribution of the ¢;’s. This allows to treat the asymptotic problem
as a — oo for a quite large class of weight functions h.

RiESuME. Etant donnée une densité & support compact f sur R%, on cherche la meilleure approxi-
mation de f par des mesures discrétes v = Y ¢;0,, au sens de la distance de Wasserstein d’ordre
p, sous une contrainte du type > h(c;) < a, ot h est une fonction de poids donnée. C’est un
probleme important que ’on rencontre notamment dans le domaine de 1’ économie urbaine et en
théorie de 'information. L’efficacité de ’approximation peut étre mesurée en étudiant a quelle
vitesse la distance minimale tend vers zéro quand « tend vers 'infini. Dans ce papier on introduit
une distance normalisée dépendant d’un petit parametre et on établit une formule de représentation
pour sa limite en fonction de la statistique locale de distribution des coefficients ¢;. Nous pouvons
ainsi traiter le probleme asymptotique o — co pour une trés large classe de fonctions h.
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1. INTRODUCTION

Let Q be a compact subset of R? and let f be a given bounded non-negative density function
on 2. We are interested in the problem of approximation of the diffuse measure fdx by discrete
positive measures v := Z cidz, subject to some restrictions on the size of the approximating mea-

ieN
sures. The error in apprf)ximation can be measured using various distances. In this paper, we will
use the celebrated p- Wasserstein distance, for p > 1. This distance which can be seen as the p*™®
moment of the measure f dx around v is given by:

WE2(f dz,v) :inf/Q]a:—Tx]pf(a:)d:c (1.1)

where the infimum is taken over all measurable functions T : Q +— € such that the image of the

measure f dx under 7T is the measure v (the distance is o0 if the total mass of f is different from
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that of v). Some of the common size constraints used (for instance when penalizing large storage
of information), are of the form

f(sptv) <a chga (—o<g<1) , Z—cilnciga (1.2)
i i

where « is the maximal permitted size. Similarly one can consider constraints of the form:

> >6 withg>1andd>0, (1.3)
i
which ensure that v must include enough Dirac masses whose size is not too small. We will
incorporate all such constraints in an abstract framework by considering an appropriate weight
function h : RT — (—o0, +0o0] and the associated entropy functional H defined by:

Z h(c;) if v is discrete,
Hw):={ 5 (1.4)
400 otherwise.

We recover the size constraints in (1.2) by taking h(t) = t? for ¢ < 1 or h(t) = —tInt, whereas
for ¢ > 1 (1.3) is obtained by choosing h(t) = —t? and a« = —9. The interesting limit case ¢ — —o0
leads to consider alternatively
sup c; L if v is discrete,
H(v):= i (1.5)
400 otherwise.

A common feature of all these examples is that the optimization problem reads

ERN(F,Q @) == mf{WP(f,v): Hv) < a}, (1.6)
or alternatively in the Lagrange multiplier formulation as follows
inf{W)(f,v) +eH(v)} (1.7)

where the parameter € > 0 is suitably chosen in terms of «.

The existence of an optimal solution v for (1.6) is straightforward if H is lower semicontinuous
with respect to the weak-x topology on measures. A systematic characterization of the lower
semicontinuity property (or of the relaxation) of such functionals was obtained in [5, 6, 7]: H is lower
h(t) _ .

= +o00. This

Tt
holds for constraints like in (1.2). However, in the case of (1.3) where in contrast lim, g+ @ =0,

the function H should be substituted with its relaxation H which by [7] reads H(v) := H(¥) being
U the atomic part of v. Notice that all the functionals on measures H we are dealing with are non
convex and therefore the global optimization problems under consideration are quite involved.

semicontinuous iff & is lower semicontinuous and subadditive and satisfies lim;_,q+

Let us now give some motivation for studying optimization problems of the kind (1.6). They
arise in fact in various contexts of which we mention a few hereafter.

Economic planning : For example, in the problem of planning the location of a certain number

of schools to meet the demands of the student population in a district, the variables which arise

in the optimization problem (1.6) assume the following significance: f denotes the density of the

student population; the measure v represents the location {x;} and the capacity {¢;} of the various

schools; the quantity W})'(f,v) measures the cost of transporting students to their schools. The

government would like to plan the schools in such a way that the cost of transportation is minimized
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while respecting budget constraints for the construction of schools. The function H calculates the
construction costs for the distribution v of the schools.

Information theory: From the point of view of signal processing or image compression, the function
f will denote a given distribution of information which needs to be quantized. The distance W} (f, v)
will model the distortion associated to the quantization of f by the measure v. This needs to be
minimized under admissible limits on the size of the quantization imposed by constraints on the
memory space available for storing information.

Granular media: The minimization problem (1.6) can also be reformulated as a problem of optimal
partition. Indeed, given v, the distance W} (f,v) can be written as:

Wrh(f,v) = inf{Z/A. |z — ;P f(x)dw : /A. f(x)de = cz} (1.8)

where the infimum is taken over all partitions {4;}; such that / f(z)dx = ¢; and z; € Q for all
A;

indices i. Let us introduce the shape function 1, ; : B(2) — R on the set of Borel subsets of Q
by:
p f(A) == inf / |z —alP f(x) dx. (1.9)
a€ J 4
Then, the problem (1.6) reduces to searching for a minimal partition {A;}; of Q with respect to
the following criterium

inf {Z%,f(Ai) : Zh </A f(z) dx) < a}. (1.10)

When « increases, we expect nice (possibly periodic) distributions of small subsets which could be
used to simulate granular media.

An important issue in all the problems listed above is the asymptotic of the infimum value
cifl’d( f,Q,a) as the parameter « tends to infinity (or to some critical value). Before describing
our method and main contributions, let us stress that, to the best of our knowledge, the only
contributions to this asymptotic problem concern the case just mentioned before where H(v) =
f(sptv) (i.e. ¢ =0) and | - | is the Euclidean norm: in 1982 Bucklew and Wise [9] proved that

d+p
d

EGUF,QN) ~ NTi Cpg (/Q f#p> (1.11)

where the universal constant C), 4 (which depends only on p and d) represents the normalized
asymptotic rate of approximation for the Lebesgue measure on a unit cell by n masses, as n goes to
infinity. Such a formula motivated by applications in information theory can be useful in practice
for determining the size of memory N (7n) required in order that the error €;l1’p (f,Q,N(n)) is below
a reasonable upperbound 7.

The exact value of the constant Cp 4 is known only in the case d = 2 for p € {1,2}: it has
been proved by D.J. Newman [18] that

D
C Z/ar2dx:,
22 p‘| 18v/3

where P is a centered regular hexagon of Lebesgue measure one. Later on, in 2002, R. Bolton et
F. Morgan [4] motivated by applications in urban economy considered the same problem for p = 1
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(Monge distance) and proved a very similar result based on the hexagonal tiling of the plane. They
found
4
Log3 + 3

0172:/’$|dx = 712
? 1(3/9)"

In this paper we are going to develop a method which will enable us to derive asymptotic formulas
of the kind (1.11) when constraints of the type (1.2) or of the type (1.3) are considered, as well as
for many other choices of the weight function h.

Having in mind that the diameter of the sets of the optimal partitions will shrink to zero in
the limit process, we introduce a small scaling parameter € which represents the side of a hypercube
whose volume £? should be of the same order as the volume of our unknown small sets. Accordingly,
we substitute the original weighted entropy functional H in (1.4) by the following e-rescaled version:

H.(v) = Z cl-g(%) where g(t) := hit) (t>0). (1.12)

We observe in particular that if h(t) = 7 for 0 < ¢ < 1, the constraint in (1.2) can be rewritten as

H.(v) <1 being € = Q@ T and, in view of (1.11), we already know that, at least for ¢ = 0, the
value of the infimum inf{W,(f,v) : H.(v) <1} is of order € as € tends to zero. Expecting that
this will be true in a large class of weighted functions h, we then define the e- normalized error as
follows
inf{vvp(ef’y) : Zcig(e%) < 1}. (1.13)
7
Our goal is to characterize the limit behavior of the previous optimization problem. A first
observation is that any sequence of competitors v, does converge weakly-star to the prescribed
density f but this information is not sufficient in order to pass to the limit in (1.13), in particular
in the entropy constraint. To overcome this difficulty we look at H.(v) defined in (1.12) as a linear
form with respect to g (this idea goes back to the theory of Young measures). More precisely, for
every discrete measure v =) . ¢; 05, on Q, we write

Ho(v) = / 90 D()(r1) where A(v)i= Y el )

QxR+ i
The new measure \.(v) supported on the product Q x R* has v as first marginal whereas the
dependence in t accounts for the amplitudes of the Dirac masses. Clearly, if (v.) converges to the
density f while A¢(v:) converges tightly to some limit A, then the first marginal of A coincides with
f whereas, for every continuous (compactly supported) function g, we will have

ii_{r(l)Hg(z/g) = lim g(t)dX.(v)(x,t) = / g(t) d\(z,t) . (1.14)

=0 Jaxr+ QxR+

At this point the strategy becomes very clear as we are going to pass to the limit in a sequence of
variational problems on the space of finite Borel measures on Q x R™ endowed with the topology
of the tight convergence. In view of (1.14), the expected limit problem will have the form

min{E(f,)\) : /mw g(t)d\(z,t) < c} , (1.15)
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FIGURE 1. A tesselation in R? with small squares and large octagons

where the T-limit E(f, \) satisfies

14
E(f,)\) = inf{limian, A(12) — A tightly} .
€

The main part of the paper is devoted to the identification of this I'-limit E(f, \) (Theorem
3.1) and to give a justification of the fact that the limit problem writes as (1.15) (see Theorem 3.5).
The optimality conditions for this limit problem will be then derived and turn out to be necessary
and sufficient. This allows to characterize the optimal asymtotic measure A\ which roughly accounts
the statistical distribution of the atoms of minimizing sequences {v.}. As a consequence we obtain
the counterpart of the asymptotic formula (1.11) with an explicit dependence with respect to the
density f and for a very large class of entropies H(v) of the kind (1.4) (see Proposition 3.11). This
includes the case of size constraints such as (1.2)(1.3)

Besides we can construct particular entropies h (see subsection 3.4) for which minimizing
sequences (associated with a uniform density f) generate microscopic partitions which are not
simply uniform tessellations but consist of patterns with different sizes like for instance the one
appearing in Figure 1. This remarkable fact will be evidenced by showing that the limit optimal
measure \(x,t) exhibits (for almost all ) two Dirac masses with respect the second variable.

The paper is organized as follows: In Section 2, we introduce some basic notations and
definitions. In Section 3, we state the main results and their applications to a general class of
optimum location problems. Some open problems and conjectures highlighting the role of constants
are also given. The proof of Proposition 3.2 related to the case where f = 1 and 2 is the unit
cube is given in subsequent Section 4. In Section 5, we establish the I'-convergence of E.(f,\)
(Theorem 3.1). Finally in Section 6, we justify the optimality conditions for the limit problem
(1.15) (Proposition 3.6) and prove the convergence of infima (Theorem 3.5).

2. NOTATIONS AND BASIC DEFINITIONS

e Measure theory: The Lebesgue measure £L¢(A) of a set A C R? will be denoted shortly |A|. If

f € LY(R%), the measure of density f with respect to £¢ will still be denoted f. We will deal with
5



non-negative measures defined on the Borel o-algebra B of a locally compact Hausdorff space X.
Accordingly we introduce the following notations:

MT(X) : the class of non-negative finite Borel measures on X

MG (X) : the subclass of discrete measures in MT(X)

P(X) : the class of probability measures on X

Co(X) : the space of continuous functions vanishing at the infinity.

The trace of an element p € M™(X) on a Borel subset A will be denoted pL_ A. Two measures
p1,p2 in MT(X) are said to be orthogonal if there exists a Borel subset A such that p; = p1L A
and pol_ A = 0. We write it p; L ps. We will use functionals on M™(X) and P(X). Notice that a
functional G : P(X) — [0, 4+00] can be extended in a unique way as a 1-homogeneous on M™*(X)

~ LB
by setting, for every Borel set B, G(B) := p(B)G (p

) . The following notion of locality has
p(B)

been introduced in [6].

Definition 2.1. A functional G : M*(X) — [0, +o0] is local if G(p1 + p2) = G(p1) + G(p2)
whenever p1 L pa.

A functional G : P(X) — [0, 400] will be said to be local if its 1-homogeneous extension G is local,
or equivalently

prLpe = GOpr+(1—0)p2) = 0G(p1)+(1—0)G(p2) VO €]0,1] (2.1)

Eventually M(X) := MT(X) — M (X) denotes the space of signed measures on X. Recall
that it can be identified with the dual space of Cp(X) and that the associated dual norm coincides
with the notion of total variation: ||| = |u/(X)(= pt(X) + = (X)). We will rather use the
topology of weak-star (resp. tight) convergence of measures. Recall

Definition 2.2. A sequence of measures p, € M(X) weak-+ converges to a measure pu (this is
denoted i, — 1) if and only if

(bn s 0) = (s ) Vo e Co(X). (2.2)

A sequence of measures j, € MY (X) such that u, — u is said to converge tightly if in addition
tn(X) — w(X). In this case, the convergence in (2.2) can be extended to all ¢ in Cy(X) the space
of continuous and bounded functions.

The topology of tight convergence is metrizable and Prokhorov’s criterium allows to char-
acterize compact subsets of M™(X). In this paper, it will be useful to choose a special distance
on P(RT): denoting by Lip(p) the Lipschitz constant of an element ¢ € Cp(R™) and by |p|o its
uniform norm, we set for every u € P(R™T)

N(p) :=sup{(, @) » llellsr <1} where [lpl[pL := |¢loo + Lip(p) - (2.3)

Then d(p1, p2) := N(p1 — p2) is a distance on P(R™) and it is well known that the convergence in
this metric is equivalent to the tight convergence of probabilities measures on R (see for instance
[15], Theorem 11.3.3).

Given two locally compact spaces X1, Xo, any measure A € MT(X; x X3) can be sliced as
follows (see for instance [12]).

Proposition 2.3. (Desintegration of measures) Let u € M™(Xy) be the first marginal of X. Then
to p-almost every x € X1, we can associate p* € P(X3) such that:

i) For all Borel set B C Xa, the application x — p®(B) is Borel,
6



i) Ve € Co(X1 x Xa), /XX o1, 25) dN(@1, 22) = /X (/X gp(xl,a:g)dpxl(mg)> dp(z).

We will use the notation A\ = p® p® (where p* is an abuse of notation for the application x — p*)
and call p* the desintegration of \ with respect to p.

e Mass transport, Wasserstein distance: Recall that, given a Borel map T : X; — X, and
p € M*(Xy), the push forward of px under T is the measure 7% defined on X by setting: T%u(B) :=
w(T~(B)) for all Borel subset B C X5. Accordingly, if 7; (i = 1,2) denote the projections from
a product space X; x X5 on each X;, then the marginals of an element A\ € M™T(X; x X3) are
nothing else but the ﬂg A.

In the following, we will consider X7 = X5 = R? endowed with a norm denoted by | -|. Let
us emphasize that, unless specified, this norm will not be a priori the Euclidean norm.

Definition 2.4. Given p > 1 and a norm | - | on R?, the p-Wasserstein distance between two
measures vi, vy in MT(RY) such that [vy = [y is given by:

1/p
Wy(vi,19) == inf 2 { (/ |z — y|Pdry(, y)) : ﬂtli’y =1y, ﬂ'g’y = 1/2} ) (2.4)
X

~yeMt (R

By convention, we will write Wy,(v1,15) = 400 if f v, # f 9. It is well known that if K
is a compact subset of R, the topology induced by the Wasserstein distance on P(K) coincides
with the topology of tight convergence (see [19], Remark 7.13 (ii)). Moreover, if v is non-atomic,
it turns out (see for instance Ambrosio [1]) that the above definition is equivalent to the classical
Monge transport formulation:

Wp(v1,v2) := inf { (/ |z — T«’L’\pdVl(l’)> . D Thyy = VQ} . (2.5)

Furthermore, if 14 is absolutely continuous with respect to the Lebesgue measure, then there always
exists an optimal transport map 1" for p > 1 which is is unique for p > 1. This very difficult result
is known since the end of the 90" when | - | is the Euclidian norm (see [19, 1] and the references
therein), whereas it has been shown only very recently for a general norm (see [13], [10]). However,
when 15 is an atomic measure, the existence of an optimal transport map can be easily proved and
uniqueness holds even when p = 1.

Let us finally notice that if L : R? — R? is an isometry with respect to the given norm |- | (i.e. an
affine transform such that |L(z)| = |z|), then
W, (Lfvy, Livy) = Wy(v1,1a) (2.6)

We will often use the following subadditivity property: if {A4;} is a finite or countable family of
disjoint Borel subsets v1 (R? \ U;A;) = vo(R4\ U; 4;) = 0, then

Wg(yl,llg) S ZWZI;(VI LAi,Vgl_Ai) y (27)
i
with the convention that W, (11 L A;, oL A;) = +oo if v (A;) # va(As).
Besides, if L; is the homothety x — ¢tz (with ¢t > 0), then

Wy (Livy, Livy) = tWy(v1,10) . (2.8)
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In order to lighten the notations, the dilated measure Lgy will sometimes be denoted t%V(f)
Eventually we will use the following classical upperbound for the Wasserstein distance between
compactly supported measures (see [19], Proposition 7.10, p. 211):

diamK)?
W})’(ul, vg) < (1211;1) /|y1 —wo|, if 1,9 are supported in K. (2.9)

e Shape function : We introduce the following shape function (counterpart of (1.9) for f = 1):

Q/JQ :mf{/\x— \pdac} , ACQCR%L

yeN
The superscript Q will be omitted if Q = R Obviously ¢§3(A) < wg(B) if A C B. Moreover
¢§3 (A) does not depend on  whenever €2 is convex, that is

d
GpA) = 4 (A) = y(A), (2.10)
The quantity v, (A) represents the p" moment of A with respect to its p-barycenter and it enjoys
the following invariance relations, for every z € R% and t > 0:
U, (A+z) = Uy(A) , TU,(tA) = tPHT,(A) (2.11)
In view of finding a lowerbound for the minimal partition problem (1.10), it is very useful to
introduce the constant
Vpd = inf {wp(A) : A € R? is measurable and |A| = 1} . (2.12)
It is clear that the infimum is attained for a ball (with respect to the given norm). Indeed:

Lemma 2.5. Let B denote the ball centered at the origin with unit Lebesque measure. Then, for
any measurable subset A of R%, we have:

Up(A) = v JAIE L = /B 2P de . (2.13)

Proof. By (2.11), we are reduced to prove that for every measurable set A with |A| = 1, we have
S4lzlP dz > [5|xP dz. We observe that |AN B¢| =1—|AN B| = |[BN A°|. Therefore there exists
a Lebesgue measure preserving map 7' : BN A¢ +— AN B¢ which obviously satisfies |Tx| > 1 > |z
a.e. The thesis follows since

/ |z|P dz = / |Tx|P doe > / |z|P dx .
ANBe¢ BNA¢ BNA¢
O

e Tilings : Unfortunately the optimal ball B found in Lemma 1.10 is not suitable for constructing
good competiting partitions for (1.9) since in general R? (or the reference domain ) cannot be
tiled with isometric copies of B. More precisely, having in mind the invariance property (2.6) of
the Wasserstein distance, let us associate with any compact subset P of R? its orbit P through the
group of isometries (with respect to | - |) and set:

1S - kK] e
0i(P) := sup {M;MJ A, eP A C [—2,2} JAiN A =0ifd ;éj} . (2.14)
Then we may define an asymptotic tiling ratio of P as follows:
9(P) := sup {6y(P) : keN} = klim 0i(P) , (2.15)
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where the existence of the limit in the right hand side can be deduced by applying Lemma 2.8 to
the subadditive set function S(A) := inf {yA \Uidi] + Ai€eP A CA,|ANA|=0ifi# j} .

Notice that 6(P) is invariant under dilatation. We will say that a norm on R? has the tiling
property if the unit ball B satisfies §(B) = 1. For instance, the I! or the [* norm on R? have the
tiling property whereas the Euclidean ball satisfies §(B) = § < 1 for d = 2 and more generally
0(B) = 54 < 1 for d > 1. When 6(B) < 1, another constant will be important in the upperbound

estimates, namely
Tpq = inf{wp(P) . P compact , O(P) =1, |P| = 1} . (2.16)

It is clear that 7,4 < Tpa < ¥,(]0,1[%) < +o00. On the other hand ~, 4 = ' 4 if the norm enjoys
the tiling property. The problem of the existence of an optimal compact P in (2.16) is open. It
seems reasonable to conjecture that in the general case the infimum is reached for a convex compact
subset, which in the case of a finite group of isometries, should be polyhedral. In [4], it is proved
that for p = 1 and the Euclidean norm on R?, the infimum among convex polytopes is reached
when P is a regular hexagon.

e Scaling and local statistics : Given v = Y, ¢;6,, in M (A) with total mass m = 3", ¢;, we
associate the element of M (RT) defined by

i
p(v) = Z Eé . (2.17)
7
This probability measure p(v) represents the statistical distribution of all masses carried by v.

Now in view of the rescaling argument described in Section 1, for every value of the small
parameter €, we associate with v the measure \.(v) € M7 (A x R*) defined by

Ae(v) = Zci Oes, 4 - (2.18)
The second marginal of A\.(v) produces after normalization the e-rescaled counterpart of (2.17):
1 . C;
pe(v) = ;dp(’/)(;d) =) A (2.19)

i
e ['- convergence : For the convenience of the reader, we recall the definition and the main

property of the I'- convergence. Further details can be found for instance in [2, 14].

Definition 2.6. (sequential I'-convergence) A family of extended real valued functions F. defined
on a topological space X is said to be sequentially I'-convergent to a functional F if the two following
statements hold:

(i) (lower bound) for every sequence {\:} converging to A € X, we have:

liminf FL(\.) = F(\). (2.20)
E—>

(i1) (recovering sequence) for every A € X there exists a sequence {\:} converging to X such that

limsup F:(A:) < F()N). (2.21)
e—0

When properties i) and ii) are satisfied, we write F =T — lin% F..
E—>

9



Proposition 2.7. Let F. : X —] — 0o, +00| be a sequence of functionals such that:
(i) F=T— lin%FE,
E—
(ii) sup, Fz(\:) < o0 = {A:} is sequentially relatively compact.
Then we have the convergence inf F, — inf F' and every cluster point of a minimizing sequence {\:}
(i.e. such that F.(\:) —inf F, — 0) achieves the minimum of F'.

e Ergodicity : We will need the following result related to subadditive processes which is often
used in ergodic theory (cf. [17] , [3]).

Lemma 2.8. Let S: B — Rt be a function on Borel subsets of R? such that:
- (subadditivity ) S(AU B) < S(A) 4+ S(B) for all A, B in B such that AN B =)
- (translation invariance) S(x + A) = S(A) for all A in B and x in R?.

Then, setting Q =] — g, %[d, we have
. 9(Qk) . S(Qk) . S(Qk)
fninf T = e S = T

3. MAIN RESULTS AND APPLICATIONS.

From now on we will assume for simplicity that the reference domain €2 is a compact subset of
R9. Tt is endowed with a norm | - | (which is not necessarily the Euclidian norm). We fix a positive
density f in L'(2) and we assume from now on that

[ is lower semicontinuous on Q0 and f > « for a suitable constant o > 0. (3.1)

For every value of the parameter p > 1, we look at the asymptotic limit of the e-normalized
error given by the expression (1.13). To that aim we are going to construct a variational problem
involving the limit in the sense of I'—convergence of the sequence of functionals { E.(f,-)} defined
on M*(Q x RT) by:

E-(f,)\) = { gipW}f(f, v) A= A(v), veMF(Q)

+o00 otherwise.

(3.2)

being A:(v) given by (2.18). It is important to notice that if {\.} is a sequence of MT(Q x R™)
such that
Ae = Ae(Ve), Ve € M:{(Q), sup Ee(f, Ae) < +o0,
g

then W) (f,v.) — 0 yielding that {v.} converges weakly-* to f as e — 0. Moreover, as will be
shown in assertion i) of Theorem 3.1, {A.} is tight and so every weak-x cluster point A of {\.}
admits f as a first marginal. Therefore such a A will be of the form A\ = f ® p” being {p*} the
parametrized family of probabilities defined in Proposition 2.3. It turns out that this family {p*}
determines completely the I-limit E(f, A) of {E.(f,-)} with respect to the tight convergence and
will play the role of the unknown in our final optimization problem.

3.1. Identification of the I'- limit. We begin by constructing a functional G : P(R") — R which
will be shown to coincide with the I'- limit of E.(f, ) in the particular case where A = 1o ® p that
is f = 1o with Q = [-1/2,1/2] and p® = p does not depend on .

Given any small § > 0, using the notation in (2.17), we introduce the set function

Ss(p, A) := inf {W]f(]lA,u) + ’;‘N(p —pv)):ve M;{(A)} , (3.3)
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where A is a Borel subset of R?. Then denoting by Q. the cube [—k/2, k/2]%, we define a functional
on P(R™) by setting

o Ss(p, Q)
G = inf ————=. 34
5(p) := Inf Ol (3-4)

After noticing that G is monotone with respect to 4, we set
G(p) = sup Gs(p) = lim G5(p). (3.5)

We are now able to state our main asymptotic result. The proof appears in Section 5.

Theorem 3.1. Let f satisfy (3.1) and let us denote by T the topology of the tight convergence on
MT(Q x RT). Then:

i) Any sequence {\:} such that sup, E-(f, \e) < +00 is T-relatively compact,

ii) The T-sequential T'-limit of the sequence of functionals {E-(f,-)} exists as € tend to 0 and we
have:

where:

[o F@)' =0 G(p") dz if (m)IA=fdz (A= [f®p"),
E(f, )\) = (3.6)

+o00 otherwise.

The main properties of the functional G : P(RT) — [0, +o00] are summarized in the following
proposition whose proof is given in Section 4. The constants v, 4 and I', ;4 appeared respectively in
(2.12) and (2.16). The space P(R™) is embedded with the topology of tight convergence and can
be metrized by using the distance d(p, p') = N(p — p').

Proposition 3.2. i) The functional G is convex and lower semicontinuous.

i) (Scale invariance) For every a > 0 and p € P(RT), there holds:

G (Lip) = af Glp). (3.7)

i) Let P be a compact subset of R such that |P| = 1. Then we have
G065, + (1 —0)dg) < 0¢,(P)aP’  for every 0 <0 < O(P) . (3.8)
Furthermore, if P is a ball, then ¢,(P) = vp.4, we obtain the equality
G(00q + (1 —0)d0) = Ypa 0aP’?  for every 0 < 0 < 6(B) . (3.9)

w) Set wy g :=G(81). Then vpq < wpq < T4, and for every p € P(RT), there holds:

Y [ #10dp(t) < Glp) < wpa [0/ dp(e) (3.10)

v) (Non locality) The locality property (Definition 2.1) holds for G if and only if vpq = wpq. In
particular it is the case when 0(B) = 1.

11



Remark 3.3. a) By Theorem 3.1, it turns out that G(p) coincides with E(llg, 1g ® p). Thus the
definition of G given in (3.5) does not depend on the choice of the norm N which was used merely
to define the d-regularized functional Gjy.

b) Unfortunately we are not able to give an explicit representation of the non local functional G
unless the norm satisfies the tiling property. This is a quite challenging issue and several related
questions seem to be deep and difficult open problems. Some of them are mentioned in Section 3.6.
c) It is an easy consequence of the first inequality in(3.10) that the level sets of G are compact for
the tight convergence. On the other hand, by the second inequality and assertion v), we have the
explicit form G(p) = 7,4 [ t?/%dp(t) whenever G is local.

3.2. Convergence of the constrained optimization problems. The main application of The-
orem 3.1 consists in passing to the limit as ¢ — 0 in constrained problems of the kind (1.13).
Following the notations introduced in Section 2, namely (2.18), these problems can be written in
the following form

(Pg) inf {Es(f, A) : / g(t) dA(z,t) < c}

and accordingly the expected limit problem reads

(P°) inf{E( £ / g(t) d\(z,t) < c}.

In order to establish the convergence of (PS) to (P€), we need to add some technical assumptions
on the size function ¢ :]0,4+o0o[— R. However these conditions have to be compatible with the
simple cases considered in the introduction (namely when g blows up at 0). We will assume that
g can be decomposed as

g(s):== pB(s) + V(s), (3.11)
where V' is a possibly unbounded potential V' :]0, +00] — [0, +-00] such that

V' is lower semicontinuous, proper and non increasing , (3.12)

and (3 is a continuous function on R satisfying one of the conditions a) or b) below

@) s ‘fp(fd)’ =0 feLQ) (3.13)
b) sup [B] < +oo  if f & L™®(Q).

We set

¢ = </Qfd:v> Eﬂfg, (3.14)

and we define the infimum value function
m(c) = inf(P°) .
Under the assumptions above, we have

Lemma 3.4. The function m(c) is convex and non -increasing increasing. It is finite and contin-
uous on |¢,00[ and for every ¢ > ¢ the problem (P¢) admits at least one solution.

Proof. : The function m(c) is clearly non-increasing. By the assertion i) of Proposition 3.2, G is
convex and then so is m(c) by the convexity property of E(f,-).
On the other hand, if ¢ > ¢, there exists by (3.14) a real so such that g(so) [, f dz < c¢. Then

Xo := [ ® 05, satisfies the constraint and has finite energy E(f, A\o) = wpq sg/d Jo fi-P/ddg | since

f > a > 0. Therefore m(c) is finite and continuous on |¢, +o00[.
12



Let us show that the infimum is achieved if m(c) is finite. Let {\,} be a sequence such

that E(f, \,) < m(c) +1/n and [ g(t) d\, < c. Assume first that {\,} is tight so that, up to a
subsequence, it converges to some A. Then, by the lower semicontinuity of E(f,-), we 1nfer that
m(c ) > lim inf E(f,An) > E(f,A). In addition, thanks to the assumption (3.13 ) on g, we have
[ g(t) dX\ < ¢ (see the complete argument in step 1 of the proof of Theorem 3.5). Therefore E(f, \) >
m(c) and we have found an admissible A such that E(f, A\) = m(c). To show the tightness property,
we use (3.10) from which we deduce that for every M > 0, E(f, \,) > M~ Yod Jor g+ /4 dx,

being QM := {x € Q : f(x) < M}. Then, for every k > 0, there holds

1 Mi 1
An(Q x [k, +oo]) < — tp/ddAw/ fdo < —— (m(c>+> + / fda.
ka JoMxr+ Q\QM Yp.d ki n o\QM
Thus lim sup sup { A, (Q x [k, +o0])} < / f dz which vanishes as M — oc. O
k—+oc0 n Q\QM

The following result will pe proved in Section 6.

Theorem 3.5. Let f satisfy (3.1) and let g be of the form (3.11) satisfy (3.12)(3.18). Then for
every ¢ > ¢, there holds

lin(l) inf P{ = inf P = minP".

e—

Futhermore every minimizing sequence A(= A:(vz)) for (PS) converges tightly, possibly after ex-
tracting a subsequence, to a limit of the form A = f ® p* where X is a minimizer for (P°).

Let us emphasize that this result is not a straightforward consequence of Theorem 3.1. Indeed
in many cases, the size function g(¢) we have in mind is unbounded (in particular near 0) and it is
very tricky to adapt the recovering sequences {A.} so that they satisfy [ g(t) d\:(z,t) < c. In fact
it seems difficult to weaken the assumption (3.13). In particular in the case b), the boundedness
assumption on f cannot be omitted as it is shown in the example of Remark 3.13. Let us also
notice that in the statement of the theorem, we do not need the existence of a minimizer for (PY).

3.3. Reformulation of the limit problem and optimality conditions. Let A = f ® p” a
solution of (P€). The related optimal limit configuration is described by a local statistic p* we
want to characterize. To that aim we associate with g the infimum value function

Q,:5€eR — min{G(p) : pePRY); /g(t) dp(t) (= {p,g9)) < s}. (3.15)

Noticing that the constraint in (P¢) can be simply recast as

/Qu(a:) dr < ¢ where u(x):= f(x)(p*,g),

we are going to reduce our limit problem (P¢) to the simpler one

o (e fusd.

Proposition 3.6. Under the assumptions of Theorem 3.5, the problem (Q€) admits solutions and
for every ¢ > ¢, there holds m(c) = min Q° = min P¢.
Futhermore X = f ® p* is minimal with respect to (P€) if and only if there exists u optimal for (Q°)
such that : (2) ()
u(x u(x
G(p*) = @ <> . (p*9) = —= a.e. x €K . (3.16)
I\ f(x) (2)
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The proof of this result presented in Section 6 will require some properties of the integrand
®, defined in (3.15) and to that aim introduce the comparison function:

wg(s) = inf {tp/d ct>0, g(t) < s} (3.17)

(with the convention that y4(s) = +oo if g(t) > s for all t).
The following result is proved in Section 4.

Lemma 3.7. The function ®4(s) is convex right-continuous monotone non increasing and the
infimum in (3.15) is achieved whenever it is finite (in particular for s > inf g). Furthermore, for
every s, one has

T Py () < Py(s) < wpapy'(s), (3.18)
where g* denotes the convexr envelope of pg. In particular, there holds lim Q4(s) =0 if g is finite
S§—00
on |0, +o0].

Remark 3.8. The computation of the minimum value m(c) is very easy once the convex integrand
®, has been computed and this will be illustrated in Subsection 3.5 . Since ®, is non-increasing it is
clear that the minimum is reached for u such that fQ udr = c¢. On the other hand, if one wishes to
treat this integral constraint by means of a Lagrange multiplier, the following explicit formula can
be derived by a straightforward computation (Fenchel conjugate of integral functionals in L!(Q)).
Denote by @7 : R —] — 00, +-00] the Fenchel conjugate of ®,. Then, the Fenchel conjugate of m(c)
is finite only on R~ and is given at —n for every 1 > 0 by the following formula:

m*(—-n) = — ueiLnlf(Q){/Q@g <1Jﬁ> a4 /Qudsn} = A@;(fi%)fl_s dx . (3.19)

3.4. Optimal partitions may exhibit patterns with different sizes. In view of Proposition
3.6, the function @, introduced in (3.15) plays a central role in the characterization of the optimal
asymptotic statistics represented by {p*}. Finding for instance p® to be a Dirac mass a.e. on
a subset A C 2 means that locally on A the minimizing partitions exhibit patterns with only a
single size. This will be typically the case when the disposition of the small subsets of the partition
becomes almost periodic (or quasiperiodic). From Lemma 3.7 it is easy to deduce the following
criterium

Lemma 3.9. Let s > inf g. Then the minimal value ®y4(s) in (3.15) is achieved for a single Dirac
mass if and only if ®4(s) = wpa ¢4(s) . In this case, there holds ¢3*(s) = @g4(s).

Proof. 1t is clear that if the infimum is reached for a Dirac mass, then ®4(s) = wp 4 ¢4(s) and the
second inequality in (3.18) leads to ¢g4(s) = ¢;*(s). Conversely if ®,(s) = wy 4 pg(s), it is optimal
to use the Dirac mass at ¢ = min{t > 0: g(t) < s}. O
A direct consequence of Lemma 3.9 is that in general the optimal p” is not a Dirac mass.
Indeed assume that p > d and consider the non-increasing function g defined by
gt)=2 ift<1 , gt)=1 if1<t<2 , glt)=0 ift>2.

It satisfies (3.11) and (3.12) with 3 =0,V = g. Then ¢, and its convexification (extended by the
value +oo for ¢ < 0) are given by

v/d i 0<s<1 /(1 —s)+ s f0<s<1
pg(s) = {1 ifl1<s<2 , @f(s)=<2-s if1<s<?2
0 if s > 2 0 if 5> 2
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Assume for simplicity that f =1 on Q. Then the constant function u(x) = sy where sg = ﬁ solves

problem (Q°¢). Clearly if ¢ is given so that so ranges in |0, 1[ where ¢3* < ¢, , the minimal value
®,4(s0) = G(p”) can never be reached for p* a Dirac mass. We can be even more precise in the case
where wy, ¢ agrees with «, 4 (for instance if the norm has the tiling property): in this case by (3.18)
and since so €]0,1[ , ®4(s0) = 1p.a(27/4(1 — s0) + s9) and the optimal p” is unique and given by
p* = 8001+ (1 —50)d2. This serves as evidence to conclude that, asymptotically as € becomes small,
the optimal partitions associated with problem (Pf) should exhibit patterns made of two kind of
sets like in Figure 1.

3.5. Applications to some particular entropies. We may now apply Theorem 3.5 in order to
find the asymptotic behaviour as n — oo of the expression

EXA(f.Qm) = inf{W»(f,v): H(v) <n}

defined in the introduction, for the classical entropies H (), ¢;02,) = >, h(c;) associated with the
size constraints (1.2) or (1.3). The associated functions g are given by g(t) = t4~! for ¢ < 1,
g(t) = —Int for ¢ = 1 and g(t) = —t9! for ¢ > 1. Accordingly we introduce, the following
universal constants (recall that d is the dimension of the ambient space and p > 1):

inf{G(p) . pePRT), / ttdp < 1} if g <1,
Cpalq) = Ry (3.20)

inf{G(p) . pePRY), / ttdp > 1} if g>1.
R+

+
dependence with respect to ¢ and by passing to the limit as ¢ — 1 or as ¢ — —oo (for fixed p), we

are led to extend the definition to the case ¢ = 1 and ¢ = —o0o as follows

Cp,d(1) :=inf {G(p) : /R+ Int dp > 0} , Cpa(—00) = inf{G(p) :sptp C [1,00)}. (3.21)

The Lemma 3.10 and Proposition 3.11 below will be proved in Section 6.

1
-1
Rewriting the constraint (3.20) in the condensed form ( / it dp> ’ > 1, we find a monotone
R

Lemma 3.10. The extended function q € [—o0,+00] — Cp 4(q) is monotone non-increasing, con-
tinuous on [—oo,1 4 E[. The infima is attained in (3.21) and in (3.20) for every ¢ < 1+ p/d.
Furthermore there holds

Cpa(—0) <wpqg , Cpa(l+ g) =v%d > Cpdlq) =0 wheneverq>1+ g . (3.22)
Proposition 3.11. Let for every q # 1, r = r(p,d,q) := ﬁ. Then

(i) For H(v) := Z(I/({J}})q and —oo < ¢ < 1, we have

xT

1+r
lim D E5(f,Qn) = Cpalg) (/Q Fi dx) (3.23)

n—oo

(ii) For H(v) := sgp {(l/({az})_l}, we have

lim nPlELd (£ O n) = pvd(—oo)/gfl_g dz (3.24)
15



(i1i) For H(v) := — Z(l/({x})q with ¢ € (1,14 p/d) and assuming that f € L*°(Q2), we have

x

1 14+gr I+r
lim @D Ep’ (f,Q,—— =Cpalq </ frer d:c) (3.25)

n—oo

(iv) For H(v) := Z(—I/({ZE}) In(v({z}))) , f € L*™(Q) and setting I(f) := /Qf(az) dz, we have

T

p Jo (f1nf) “) e

i e (20 ) S ) = Cpatt) 107) ey (-5

n—oo
Remark 3.12. By using (1.10) and the shape function (2.10), we can give for f = 1o an equivalent
statement covering both cases ¢ > 1 and ¢ < 1:
1

q—1
Cp.alq) = lim 6~ a min Z¢p (me) >5p, forg#1 (3.27)

For ¢ =1 and ¢ = —o0, we obtain similarly

Cpa(l) = limé™ i mln {Z Yp(A Z |A;|log(|As]) > 10g5}

6—0 -
i

Cpa(—00) = limd~ dmm{pr :inf\Ai|25},

In previous formulae, the minima are taken over all partitions P = (A;); of the unit cube @ and the

1
infinitesimal ¢ is given respectively by § = n T+-1 for ¢ # 1, § = exp(—n) for ¢ =1 and § = n~*
for g = —o0

Remark 3.13. i) The location problem where a prescribed number of points is imposed can be
deduced by taking ¢ = 0. We then recover the asymptotic behavior obtained in [4] in the case p =1
and in [8, 9] in the case p > 1.

ii) The explicit computation of he constant C,, 4(q) is a very difficult task except in the case where
the norm considered in R? has the tiling property (then Cp.a(q) = Vpa =Tpq forall ¢ <14 p/d).
However, in the case of the Euclidean norm, it is known that if p = 1,2 then C},2(0) = ¢,(Hs)
where Hg is a regular hexagon of unit Lebesgue measure (cf. Bolton and Morgan [4] and Newman
[18]). As a consequence, by noticing that wyo < T2 < 1,(Hg) (see the assertion iv) of Proposition
3.2) and exploiting (3.22), we find that the non-increasing function ¢ — C)2(q) is in fact constant
on | — oo, 0]; more precisely, for all ¢ <0, there holds : Cp2(q) = wp2 = I'p2 = 1,(Hp).

iii) By adapting the proof of (3.22), it is possible to show that for every f € L'(£2) the limit of the
left hand member of (3.25) vanishes as n — oo whenever ¢ > 1+ p/d ( which is is consistent with
the fact that Cp 4(¢) = 0 in (3.22)). On the other hand, for 1 < ¢ < 1+ p/d, it may happen that
the equality in (3.25) becomes a strict inequality if one removes the boundedness assumption on f.
This can be seen in the example below, where the limit in the left hand member of (3.25) vanishes.

Ezample: Taked=1,Q2=(0,1) and f = (1 — o)z~ where 0 < o < 1. As in the assertion iii) of
Proposition 3.11, we consider the entropy H associated with h(t) = t? where ¢ €]1,1 + p/d[. For
a given § > 0 and ¢ > 1, we set 0; = /9 and 5 = (9;/(1_0‘) so that fé‘s fdx = 05. Noticing that

vs = 0560+ U satisfies the size constraint H(vs) < —d (h(t) = —t9), for any measure & on (5, 1) with
16



total mass 1 — 85 and optimizing with respect to such a v, it is easy to check that Ellq’p (f,Q,=9) <
6515. Then lims_.g §—p/(a=1) Sfli;p(f, 0, —6) = 0 whenever ¢ > ¢, where qq := 2H=% (observe that

T patl—a
1 < go <14 pfora e (0,1)). Thus applying (3.25) would lead to Cp1(¢) = 0 which is clearly
false for ¢ < 1+ p where Cp1(q) = 1p1 = m. Therefore the boundedness assumption for f in

Proposition 3.11 iii) is crucial.

3.6. Open problems and conjectures. i) About the constants wpq and I'y 4. Recall that the
constant wy 4 introduced in Proposition 3.2 satisfies w, g < I', g (being I'y, 4 defined in (2.16)). It
seems reasonable to conjecture that this inequality is actually an equality. In this case, the condition
Wp.d = Vp,d characterizing the locality property of G would be equivalent to 6(B) = 1 (that is the
norm on R? enjoys the tiling property).

A first step in the direction of the conjecture could be to prove the existence of an optimal
compact set with respect to the infimum in (2.16). Notice that, for d = 2, p = 1,2 and if | - | is
the Euclidean norm (thus §(B) < 1), we know from [4, 18] that wp 9 = I'y2 = ¥, (P) where P is a
regular hexagon.

ii) About the constants Cp 4(q). We observed that the value of C, 4(¢) is monotone non-increasing
with respect to ¢ and that the maximum value C, 4(—00) is below w,, 4. On the other hand C), 4(0)
is nothing else but the constant appearing in the optimal location problem. In the cased =2,p =1
and |-| the Euclidean norm, owing to the results in [4], we have that C; 2(0) = w12 = I'1 2. Thus the
function C1(q) is constant on (—oo,0]. We conjecture that this constancy is also true for Cp, 4(q)
in the general case and even that, for ¢ €] — oo, 1], there holds C), 4(¢) = wp 4. This conjecture could
be proved by showing that the infimum appearing in the definition (3.20) of C, 4(¢) is reached for
p being the Dirac mass 6.

4. THE FUNCTIONAL G(p): PROPERTIES AND CONSTRAINED MINIMIZATION.

This section concerns the approximation of the uniform density on the unit cube. The related
functional G has been introduced in (3.5). We will establish some fundamental properties of this
functional stated in Proposition 3.2 and then we will study the minimization of G under entropy
constraints (as stated in Lemma 3.7 ).

First, we observe that, for every ¢ > 0, Ss given in (3.3) is both subadditive and translation
invariant and by applying Lemma 2.8 we may write

Gs(p) = lim 2302 On) (4.1)

k—oo  |Qr]

On the other hand from the definition of S5, one deduces easily the following Lipschitz estimate

A
1S5(01,4) ~ Sap2 A < AN (o1 p2) .2 € PRT) (1.2

for every measurable set A, so that by (4.1) and (4.2) we also have

|Gs(p1) — Gs(p2)| < (%pN(Pl — p2). (4.3)

17



4.1. Some preliminary results. We shall write G5(p) in a form useful for future calculations.
For this we first note the change of variables formulae for arbitrary ¢ > 0 and v € M (A):

W (lleA,gdLg(u)> — W) L p (gdL§<y)):p(Lg(y)):p(y). (4.4)

Lemma 4.1. For every r > 0 and p € P(R"), there holds

i fwr { L2 00.0) 4 SN0 -0 ve M@} = oo )

e—0

Proof. We start with (3.4) taking k = £ and apply (4.4) with A = Q=:

Ss(p, Q=
Gs(p) = ;ii%é((p;jg)

o OIS

= lim (;) inf{Wg’(]lQ;,u)+ ’5p| N(p—pv)): I/EMS_(Q;)}

e—0
_ iii%{inf{gplrd 7 (10 v(D) + 55N (0= e <5>>):ueMo*<Q:>}}'
Q). O

The last infimum can be taken equivalently with respect to 7 = v(%)) running over M (

Lemma 4.2. Let 7 >0 and a > 0. Then, for every sequence {v.} in Mg (Q,), we have

Wg(a’ H‘QT?VE) >

N(pe(ve) —p) -0 = liminf > a'"iG(p) . (4.6)

e—0 gprd

Futhermore, for every p € P(RT) such that G(p) < +oo, there ezists a sequence {v.} in M (Qy)
such that

. W;(G’HQT7VE) 1-2
Npe) —p) =0 .t DEERG) gy (47)

Proof. Recalling that G5 converges increasingly to G and using a classical diagonalization argument
(see [2]), it is easy to check that (4.5) implies the statements (4.6) and (4.7) when a = 1. The
extension to the general case is a consequence of the following observation: given any sequence {v,}
in M+(QT) such that v, — a]lQ and p-(v:) — p, the new sequence {v.} obtained by setting

VL= Lﬁ ( .) satisfies for ' = = rai:
vl — g, , p(VL) = p Wg(]lQr,,Vé) = qd Wh(alg,,ve) .
(here we used the fact that p. (1)) = pe(v.) and, in order to derive the last equality, that L* | (a 1g,)=
d
g, combined with relation (2.8)). ‘ O

Lemma 4.3. Let f be a measurable function such that o < f < M where o, M are positive
constants. Then for every v € M(')F(Q) we have:

W5 (f,v) o p/d
v 2 ppiipid e /wat dAe(v)(z, 1) . (4.8)
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Proof. Let v =", ¢;65; in M (2) be such that W2 (f,v) < 400 and let {A;}3°; be a partition of

Q) satisfying
/f )dr =c; and WJ(f,v) Z/|:L‘—xl|pf
Then, by using (2.13) and a < f < M, we have

14p/d aYpd 1+4p/d
/A_ o — 2P f(2) dz > aypq |4 > MTpp/dCi v

yielding that

ng)(fﬂ/) o 1 p A Yp.d 1+p/d _ Qd p/d
e DO N L e DO vl A S )

O

Lemma 4.4. For every § > 0 the function Gs is convex.

Proof. Gs being a continuous function for very ¢ > 0, it is enough to show that

Gs ("5 ) = J6u(0) 4 5Golt) ¥l € P(RY)

According to the property (4.5), we can choose two sequences of measures {vf} , s € {1,2} sup-
ported in ) and so that:

oy i (o (g, v2) s
Galp?) = tim (LS 4 S 0. (49)
We split the 2¢ vertices {a;} of the cube @ into two subfamilies {a;; j € J5} , s € {1,2} each of
them having 29-1 elements. Setting A; := a; + @, we obtain a covering of Q2 =] — 1,1[¢ (a.e.) by

considering {A;, j € J; U Ja}. For each j € J; U Jy, the push forward by the a;-translation of 12
provides a measure v (z — a;j) on A; and we obtain a measure on )2 of total mass 2¢ by setting:

=Y v —ap) + 32— a).

NS JEJ2
By the sub-additivity property (2.7) and (2.8), one has
WE(Lg,,ve) < 2971 (WE(1lg, v}) + WE(1lg, v2)) | (4.10)
whereas it is easy to verify that p.(v:) = 3p-(v}) + 2p-(v2) so that
1 1
N(5p'+ 50" = pe(e)) < *N(pa(vsl) —p') + *N(pe(%?) - %) . (4.11)
By applying (4.5) with p = 2(p! + p?) and r = 2 and exploiting (4.9)(4.10)(4.11), we are led to
pl+p? Wi ( 1g,,ves) 1 Ly 1
Gs ( 5 ) < hgn_)lélf ( op 9d + 5pN(§p + 5/72 - Pa(Va))
< lmsup - Wy ( 11@7 ), Nlol—peve)\ | L (Wilg,v2) | N(p®—p:(12))
5—»0 2 oP 2 cb opr
< *G(s (p") + Ga

We finish this subsection with a technical result related to the N-metric on P(R™).
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Lemma 4.5. Let 8 > 1. Then for every p,p’ in P(RT) and all r,s € [0, ]

N(Li(p) ~ () < BN(p—p) (4.12)
N(Li(p) ~ I(F) < Blr—sl + 2p([B.+oc]) + BN(p—p) . (4.13)

Proof. Let ¢ : RT — R such that ||¢||pr, < 1. Then, as s < 3, there holds ||¢(s)||sL < B Lip(p) +
loloo < BllellBL so that relation (4.12) holds. On the other hand, we have |p(rt) —p(st)| < G|r—s|

if t < B whereas |@p(rt) — ¢(st)] < 2 is always true. Thus

N(Li(p) = Li(p)) = sup  [(LE(p) = LE(p), )| < Blr — s+ 2p([8, +00]) -
llellsr<1
The relation (4.13) follows by (4.12) and by using triangle inequality.
]

4.2. Proof of Proposition 3.2: Proof of i). It is a consequence of the fact that G is the supremum
of the family of functions {Gs} which are convex by Lemma 4.4 and continuous by (4.3).

Proof of ii). Applying (4.7) for r =1 at Lg(p), we can choose a sequence {v:} in M (Q) such that

WP
pe(v) — Li(p) , lim Vrlove)
e—0 ep

= G(LE(p)) -
Consider the new sequence defined by v/ := L v.. Then as p. (V) = Li_l(pa(l/g)), we obtain that
p: (VL) — p. Therefore, applying (4.6), it follows that

P, ve D011,
GUL() = tm D2arved) o Wole lg,v)

> —1\1-2 _ P .
0 &P ) o a(a”!)"4Gp) = aiG(p)

The converse inequality comes out by switching a to a~! while replacing p by Lgp.

Proof of iii). By the scale invariance (3.7), it is enough to consider the case a = 1. Given 6 €]0, 0(P)],
there exists in @) a family of small disjoint subsets P;. = x5 + ¢ P with ¢ € I. such that the total
measure of A = Ujer P; . converges to 6 as ¢ — 0. All subsets P;. share the same measure gd
so that e(I.) — 0. We may cover the complement B, = Q \ A. with disjoint hypercubes of
smaller size Qj. = yje + 7j.Q where j € J. and rj. < €2 (but rje may depend on j) so that

d
> jes.T5e — 1 —0. Then we set
d d
v, = Z €%z, . + g 75 0y, .-
i€le J€Je

The transportation cost between v, and lg dx can be upper bounded as follows:

p+d
< dimsup [ 4(1) 0, (P) + 3 L0, (Q) | < 6w, (P).
&0 jEJe e
On the other hand, it is easy to check that N(pe(ve) — (061 + (1 —0)do)) — 0. The inequality (3.8)
follows by applying (4.6) in Lemma 4.2 (with r = a = 1). If P is the unit ball, then ¥,(P) = 7,4
and G(001 + (1 — 6)dg) < vp,q0 for every 6 € [0,6(B)]. By (3.10) (whose proof is given below), the
converse equality holds also.

Proof of iv). First we check that w,4 < I',4 < 4+00. Clearly P = [0, 1|? satisfies (P) = 1 and
therefore T4 < W,([0,1]%) < +oo. Now if P is another compact subset such that |P| = 1 and
9(P) = 1, by applying (3.8) with § = a = 1, we obtain wy, g := G(61) < V,(P) thus wyq < T, g by
minimizing over such P.

W;(VE, HQ)

lim su
p s

e—0
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Let us prove the first inequality in (3.10). We assume without loss of generality that G(p) < +oo.
Then by applying (4.7) with @ = » = 1 and the estimate (4.8) taking f = 1o, we obtain the
desired inequality after passing to the limit ¢ — 0. We prove now the upper bound for G in (3.10).
From the scaling property and as w, 4 = G(61), we deduce that, for every a € R, there holds
G(0q) = wp 4 aP/?. Now by the the convexity of G already established, it follows immediately that

Glp) < wpa / wldpt) . Vpe MI(RY).

Thanks to the lower semicontinuity of GG, this inequality can be extended to probability measures
p with compact support by using a sequence of discrete probability measures supported in a fixed
compact set and converging weakly to p (so that the right hand side converges). Eventually, if
p € P(R") is a general measure such that [ tp/d dp < 400, we reduce to the previous case by

1
p([0,n])
. . Wp,d 4 2}
G(p) < liminfG(p,) < liminf —2 / tadp(t) = wp, / tadp(t) .
( ) n ( ) p([o’n]) [O,n] ( ) D,d R+ ( )

n

considering p,, := pL[0,n] and sending n — oo:

Proof of v). Tt is clear that if w, 4 = 7,4, the inequality (3.10) implies that G(p) = 7,4 [ t?/?dp(t)
so that G has a very simple explicit form and is local. Converserly, if G is local, by (2.1), one has
for every 0 € [0, 1]

GO +(1—6)dp) = 0G(61)+ (1 —-0)G(60) = Owpa.
Then applying (3.9) yields the equality w,q = 0,4 for every 6 € [0,0(B)], hence wy,q = Vp.q-
This concludes the proof of the proposition. U

4.3. Proof of Lemma 3.7. The first statement can be derived in the same way as in the proof
of Lemma 3.4. Let us prove (3.18). From the second inequality in (3.10) we immediately obtain
the majorization ®4(s) < wp 4¢4(s) and therefore, the convexity of ®, leads directly to the second
inequality in (3.18). In order to show the first inequality in (3.18), we introduce

B(s) = inf{ / 21 (t) / oD dp(t) < s} . (4.14)

It can be seen, similarly as for the function ®,, that 3 is convex, non-increasing and lower semicon-
tinuous. Also, from the first inequality in (3.10), we have v, 4 3(s) < ®4(s). Thus we are reduced
to check that 3(s) = ¢;"*(s). The Fenchel conjugate 3* is finite only if s* < 0 and is given by:

5 = swplss = [ 0dp(e): [ o)dp(e) < 5)

S,P
= sups” [ g(0dplt) — [ #/%p(0)} = suplsglt) ~ /) = 35"
p
Passing again to the Fenchel conjugate, we infer that 8(s) = 8**(s) = ¢;*(s). O

4.4. Weak-strong lower semicontinuity of E(f, ). We are going to prove that the functional
E(f,)), defined in (3.6), is lower semicontinuous with respect to strong convergence in the first
variable f € L'(Q) and the tight convergence of the second variable A € M (2 x R*) .

Lemma 4.6. Let { fn, A\n}n be a sequence in L* (€ [or, +00)) x M(QXRY) such that [, | fo—f|dz —
0 and A\, — X tightly as n — oo. Then there holds: liminf E(f,, \n) > E(f, ).
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Proof. Writing A\, = f, ® pf, and A = f ® p* for suitable families of probability p, p*. It is enough
to prove that for every § > 0

liminf/gfn(x)l_gG(;(pr)de/Qf(:c)l_ZGg(px)dx. (4.15)

n—oo

Indeed Gs goes increasing to G as § — 0 and we can pass to the limit in the right hand side by
Beppo Levi’s theorem. Now we exploit the Lipschitz continuity of G§ with respect to the norm
N(-) which entails that the sequence {Gs(p}),n € N} is bounded in L*°(Q2) and then, possibly after
extracting a subsequence, does converge Weakly—star to some function m(x) € L*>(Q). On the other

hand, as f,, > «, we have that fn a <ad frn and thus by dominated convergence fn i, f1
strongly in Ll(Q) It follows that the left hand side of (4.15) converges to [, m(z) f1~ @ dz and we
are reduced to show that

m(z) > Gs(p*) ae ze€Q. (4.16)

Next we claim that
<Pt o> p¥ o > weakly-star in () Vo € Co(RT). (4.17)

Indeed {p%, n € N} is a bounded sequence in L>®(Q, M (R")) and so we may assume, without
loss of generality, that there exists a function p* € L>(Q, M (R™)) such that

L) @ do— [ owia) do v e L@, Ve € CoRY),
Then, by the convergence A, — ), one checks easily that j* agrees with p® (thus the claim (4.17)):
[ or@uaa = tm [ (o) fayiia) da

n—oo

= lim (A, p(2)o(t)) = (A () o (t)) Z/Q<ﬂz,so>f($)¢(fv) dx .

n—oo

Given a Borel subset A C €2, by the convexity of G§ and Jensen’s inequality, one has for every n

1 1
Ga( /Pndu”U) < /Ga pr) d
A ]/, o

By (4.17), we can pass to the limit in the left hand side using the continuity of G5 and in the right
hand by exploiting the weak star convergence Gs(p%) = m(z):

s (0 [, ) < gy fmerae

By taking A = 2y 4+ ¢B where £ — 0, we conclude that (4.16) holds at every Lebesgue point xg of
the functions m(x) and p*. As x — p” ranges in the dual of a separable metric space, the inequality
in (4.16) holds for a.e. zp € Q. The proof of Lemma 4.6 is complete. O

5. PROOF OF THE I'-CONVERGENCE THEOREM
We begin by some premilinary lemmas
Lemma 5.1. Let be given {\c}e>0 a sequence of measures such that sup, E-(f, ) < oo. Then

i) For every constant k > 0, we can find a modified sequence A such that

SUPPO‘]&C) CQx [0,]{3] > Es(f7 )\e) > Es(fa )‘I;) ) /Mg - )‘€| <2\ (Q X [k‘, +OO[)
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ii) For any measurable f such that 0 < f < f a.e., we can find a new sequence \. such that
B2 BFA) L [Re=ad = [17=flde.

Proof. The finiteness of E.(f,\.) implies that, for each ¢ > 0, there exists a discrete measure
Ve = ) i Cielg,; . such that \c = A\o(ve) and E.(f,\:) = 7P WE(f,ve). Let {A;c : i € I.} be a
partition of €2 such that

/A”JC(IE) dx = Cie and Wﬁ(ﬂ Va) = ZZ: /Ai‘E |1; — xi,e‘p f(x) dr. (5'1)

For the assertion i), we set If ={iel. : ¢e> ke?} and, for every i € If, we partition again A; .
into a family {A]_}; such that:

/, f(z) dz < ke, (5.2)
Al
We choose a family of points {ny}J in Q, all distinct, such that
[ o= Pi@ des [l sipfo) do (53)
Al 7 Al

and define the new measure
Zcze $15+chzséyfs ) i',z-:: p f(z)dx . (5.4)
Zf]k ’Lelk J Aiﬂa
Subsequently, we define A¥ := \_(v*) which by construction is supported in Q x [0, k]. We have
/ A — MK /|y5— <2 e = / de(z,t)
QxR+ ierk Qx{t>k}
and the inequality E.(f,\.) > E-(f, \F) follows from (5.1) (5.3) since

W (f,v) Z/ o — i P f( dm+§j§j/ P f@)de > WR(F ).

i1, o i€lis J

In order to prove ii), it is enough to consider 7, := ), ¢ . 5%5, with ¢; . = / fdac . Let T be an
Ai,a
optimal transport map for W) (f,v:). Then clearly 7, = Tgﬁ(f) and therefore E.(f, \:) < E-(f, \o).
Moreover Ae —A| = Z |Cie — Cigl :/ |f — fldax . O
QxR+ i Q
Lemma 5.2. Let p% p® : Q — P(R*) be Lebesque measurable functions and let f € L'(2,RY).
Then the following assertion are equivalent:

E—

i) Ve eBLRY), lim | 06E = 0%, ol f(2)de =0

it)  lim N( —p°) f(z)dz=0.

e—0
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Proof. The only non trivial part is i) = ). Let {p,} C BL(R") a dense subset in the
unit ball of Co(RT). Then d(p,p’) = >.oe g2 "{p — p',n)| is a distance on P(R*") which
(like N(p — p’)) induces the topology of tight convergence . From i), it is easy to check that
lim. o [ d(pZ,p”) f(z)dz = 0. Then we chose a subsequence &’ of ¢ such that: p% — p® tightly

a.e. on {f > 0} and limzg [, N(p% — p*) f(z)dz = limsup._q [ N(pZ — p®) f(x)dx . The
conclusion follows thanks to dominated convergence Theorem.
0

5.1. Compactness. We prove the part i) of Theorem 3.1. Let {A.} any sequence such that
C := sup, E.(f,\c) < +00. Thanks to Prokhorov’s Theorem (see [15], chapter 11), the follow-
ing condition is sufficient to get the 7-relative compactness of {\.}:

lim limsup A-(92 x [k, +o0]) = 0. (5.5)

k—400 0

We estimate \: (€2 x [k, +-00) for any fixed £ > 0 and ¢ > 0 as follows. Let v. =} ;c; ¢i -0z, be
associated with . and a partition {4;., i € I.} such that

W, mEA) Z/ @ — a5l f(@)da
For any fixed M > 0, we set:
M .= {ielgz ][ f(x) da:gM} C M= Z %5( i) oM .= U A .
Ai,e . € .

We notice that:

1
o\ < M/ fl@)de | ¢ <M|A;| VieIM. (5.6)
Q
The following inequalities hold:
Ae(Qx [k, F+oo]) < AM(Q x [k, +o0]) + A (Q\QY x RT)

= / d\M (z,t) + / f(z) dz
Qx [k, +o0] Q\QM

1
p/d M
< g L P @ 0. 6.7
where 1(M) vanishes as M — oo since, by (5.6), the measure of Q\QM goes uniformly to 0. In
order to obtain an upper bound for the integral in the right hand member of (5.7), we use (2.13)
and (5.6). Recalling that f > o and exploiting (5.6), we have for every i € IM:

1+£
x — xie|P A; | e a c;

| z,a‘ fx)ds > Oé’Yp,d‘ z,a‘ > ’Yp,i i ’
Ao EP ep M'*ta e?

so that, summing with respect to i € I:

I:L‘—wlsl A Yp,d Cie\P/d
=) Jayde > e 37 (%)
+2 d
ieIM M T
> ;ﬂ% /Q R+tp/d M (z,1) . (5.8)
X
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/

Setting C := sup, E:(f, A:), by (5.7) and (5.8), we get lim sup A-(Q x [k, +o0[) < ]f; +n(M) with
d

e—0
C = ¢ M. The claim (5.5) follows by sending k and M to infinity. O

A Yp.d

5.2. Lower bound inequality. We will now prove the I'-liminf inequality, namely, for every
sequence \. € M(Q x RT) converging tightly to a measure A in M(Q x R") we will show that

liminf B.(f, A.) > E(f, \). (5.9)
E—
Without loss of generality we will always assume that
sup E-(f,\:) < C < 0. (5.10)
e>0

The proof will be accomplished in two steps.
Step 1: We will prove (5.9) under the assumption that f has a continuous representative and that
dM >0 : supp(A) CQx[0,M] Ve>O0. (5.11)

From (5.10), it follows that A. = A.(v:) for some v := ), ¢;c0,, . with support in €2 and that
WE(fdx,v.) < CeP. In particular, v. = fdz and the first marginal of A coincides with f.

Therefore we may write A as A = f ® p® for a suitable family {p”} of probability measures in
P(RY) (see Proposition 2.3). Let T, = >, #; .14, . an optimal transport so that

Wrh(fdx, ve) = Z/ |z — x|’ f(z)dx and / f(x)de =c;e .
i Ai,s Ai,e

We introduce the following sequence of measures:

|Tex — z|P
€= -

f(x)dz. (5.12)

In view of (5.10) it follows that m,. is a bounded sequence of measures on {2 and, without loss of
generality, we may assume that m. weakly-* converges to a measure m := mq,dx + ms. Here, we
have denoted by m, the density of the absolutely continuous part of m with respect to the Lebesgue
measure and by my its singular part. So,

ep

liminf E.(f,A\:) > / me(z) dx. |
e—0 (9]

We are reduced to show that
ma(x) > f(2) PP G(pY) ae. z€Q. (5.13)

Let 9 € Q. Here and in the following Q,(xg) = xo + Q1 is the cube of size r centered at zg.
Sometimes we will omit the subscript 9. Fix zg to be a Lebesgue point of the density my, i.e.

me (o) = lim m(LCSmO)). Let r > 0 be such that m.(Qr(z0)) — m(Qr(zo)) as € — 0 (this is true
T r
for all but countably many r > 0). By the continuity of f there exists a sequence ~, €]0, 1] such

that v, /1 asr — 0 and

ko < f(z) < iko Va € Qr(xg) where ko := f(xo) . (5.14)
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By (5.12) and (5.14), we have

me(Qr(x0)) r /
> — 2P . .
o > i XZ: o |z — x; . |P kodx (5.15)

We may now rewrite the right hand side of (5.15) in terms of the cost of transporting the density
kolg, onto a new measure v/ (zo) (we will often omit xo). Denoting z7_ the projection of ;. on

@r(w0), we set

(2

vl (zp) := Z Vilgr where v = ko A N Qx| - (5.16)
i

Thus, we get

m x
E(Ci;( ) - ngp WP (ko 1, , V7). (5.17)
As by (5.10) the left hand side of (5.17) remains bounded, we find that, for every r, the sequence
{Ae(V])}e is tight as well as its second marginal {p-(v])}c. Let p" be a tight limit point of the latter
sequence. By passing to the limit in (5.17) with the help of estimate (4.6), it follows that

m(Qr (x()))

rd

s

o 1 1-5
> hgl_)lglf’yr@Wf(ko]lQr,yg) > ky “G(p") . (5.18)

As the left hand side of (5.18) converges as r — 0 to a finite limit m,(z¢), we infer from the lower
bound in (3.10) that the sequence {p"} is tight and converges tightly to some p. Thus by the lower
semicontinuity of G and (5.18)

_P
> kg 1 G(p) . (5.19)

ma(wo) = 715% T

The claim (5.13) follows from (5.19) once we can prove that the unique limit point is p = p®. This
is the goal of the following lemma which achieves our first step.

Lemma 5.3. Assume that xo is a Lebesque point for f and for the map x — f(x)p*. Then the
sequence {p-(V1)(xo)} satisfies

tim (lim N (p-(v2)(w0) = ™)) = 0.

Proof. : Let us introduce the local statistic of v, on @,

1
(xg) = ————— CieOcie. 5.20
S e, 2, o

Notice that by (5.11), pL(x¢) remains with compact support in [0, M]. As A:(v.) converges tightly
to A = f ® p® which has no mass on 9Q,(z9) x RT, we infer that for every r > 0, pL(zg) does
converge tightly to the the averaged p"(xg) given by

er(:vo) <p* > f(x)dx
er(m) f(z)dx

By hypotheses zg is a Lebesgue point for p* f(z) and f, so p”"(z¢) converges itself to p™ as r — 0.

Let us focus now on the sequence {p:(v)}. As noticed before it is tight and without loss of
generality we may suppose that p-(v]) converges tightly to some probability p" as ¢ — 0, and then
that p” converges to p as r — 0. In order to prove the lemma, we need only to check that the
probability measures p and p™ coincide and for that it is enough to check that

p™(Ja, b)) < p([a,b]) whenever 0 < a < b. (5.21)
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Given a, b as above, we consider arbitrary ¢’ < a and 0 < r’ < r. For every such da’,r",r we will
establish the inequality:

o (1, b)) gjﬂpdww%iu (5.22)

The inequality (5.21) will follow by letting a’ — a, v’ — r and r — 0 successively. Let us define
(for simplicity of notation, we skip the dependence with respect to a,a’,b,r,r’):
I, = {Z : $i,a€Qr’ : a<—<b}

T‘

J. = {iel. : d

where c; = / f(z)dz ,
1 EQQT

Cie — Cl
KE = {iefgt%ZG—a/}.
e € Qv and z € A; .\ Qr, the following inequality holds
M 1
Viel ce < ¢, + ﬁ , where m; . := / (z)dx . (5.23)

In particular there holds 3", m;. > 277 (a —a') e |r — /[P §(K.). By the assumptions (5.10) and
(5.11), we have
z:'m@E < CeP | e < M e?

Observe that, for i € K., we have ¢; . < % Therefore summing subsequently over J. and
K., we obtain:
C2PeP MC2PeP
Z C; ,€ S Z ,L € 77“/‘1, 9 Z C’i78 S (a - CL,) ”I” — 'I"/|p . (524)

1€Je 1€Je €K

On the other hand, by (5.14), we have

vl b
W < V. < oy td. (thusforallie o, dy < =5 < —). (5.25)
s 5 g Vr

Eventually we observe that I. C J. U K, and therefore by (5.24)(5.25):

v’ b
D e < WZ{VZ,E Cay < < } + O
T

i€l

where C' is a suitable constant. Recalling the definitions (5.16) and (5.20), we may rewrite the
latter inequality as
/ _ , b
f2 (10, bD) ve(@) gnw%ﬂ%m(w%70+c%. (5.26)

T

Taking into account that lim._.g ve(Qy) fQ fdx > .k r?, we deduce the inequality (5.22) by
passing to the limit in (5.26) as ¢ — 0. The proof of Lemma 5.3 is achieved. O

Step 2: We now relax the continuity condition on f and the hypothese (5.11) of Step 1. We choose
a sequence of continuous functions { f,, } such that f, < f for all n and [, |f — fn|dz — 0 as n — ooc.
By the second assertion of Lemma 5.1, the exists a new sequence {\!'} such that:

E.(f,\e) > E(fn,A\D) /|)\” )\|—/ |fr— fldx . (5.27)



Now by the first assertion of Lemma 5.1, for every k > 0, we can modify the latter sequence in a
sequence { A"} so that

supp AP € Qx[0,k] , Eo(fu, AY) > Eo(fn, \VF) /|)\§—)\§7’“|§2/Q . [d)\’;. (5.28)
X [k,400

From (5.27) and (5.28), we infer that C' > E.(f,Xe) > Eo(fn,A?) > E.(fn, \¥%) . Thus, by the
assertion i) of Theorem 3.1, for all n and k, the sequences {\'} are tight and, up to a subsequence,
converge to some \* and ), respectively. In addition we have:

/W—M Sliminf/|/\?’k—)\a| < 2/ d>\"+/ [ = fldz .
€ Qx[k,+oo[ Q2

We are allowed to apply Step 1 to the sequence {(f,, )\?k)} as it satisfies the continuity assumption
and the condition (5.11). We obtain that for every n, k:

liminf E.(f,A:) > liminf E-(fn, \2F) > E(f,, A™F) .

Next we apply the strong-weak lower semicontinuity result of Lemma 4.6 to the pair (f,, \™*)
which converges to (f,\) as n,k — oo. It follows that

liminf B.(f, \.) > liminf E(f,, A™*) > E(f,\) .
e—0 n,k—o00
This concludes the proof of the lower bound inequalty. ]

5.3. Proof of the upper bound. In this subsection, we prove the I'-limsup inequality, namely
that for every A € M(Q x R™) there exists a sequence of measures {\.} such that

Ae — A tightly in M(Q x RT) and limsup E.(f, \e) < E(f, ). (5.29)

e—0

Without loss of generality, we may assume that E(f, A) is finite and consequently, the first marginal
of Ais f and A can be decomposed as A = f ® p”. Recalling the scale invariance property (3.7), it
is convenient to rewrite the expected limit energy given in (3.6) as

E(f,\) = /Q G(p") f(@)dx  where  p* = Lh, o (5.30)

Here, as later in the paper, L; denotes for every ¢ the dilatation of factor ¢ in R*.
Step 1 (Construction of the approzimating sequence). We consider a partition of R? made of
cubes {Qj : j € N} of size ¢/. In the limit process as ¢ — 0, it is important that &’ is of same

oder as € (in order to control e 1 W, (f, f;) for f‘; being a piecewise constant approximation of f).
Therefore we choose ¢’ = ke, where k is an arbitrary large integer designed to tend to infinity
afterwards. Then we set

L ={jeN:|QNQj >0}, Jo:={jel.:|Qjc\Q=0}, K.:=1.\J..

Clearly the Lebesgue measure of Q. = Q\ Q. where Q. := Ujes.Qje tends to 0 as ¢ — 0 We
introduce the piecewise constant approximants of f and A:
fo =) ficlgune o A = Y fielg.ne @ pje (5.31)
I. I
where we have set
1 1
i

s [ @ =t [ p@a
: ‘Qj,s N Q‘ Qj,eNQ e fQj’EmQ f(x) dx QN0
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We search an approximating sequence {v.} of the form v, = Zje 1. Vj.e Where each v;. belongs
to /\/laL(Qj,6 N Q) and satisfies vj.(Qjc) = fQj,ng fdx. The choice of v;. for j € K. will not be
relevant in the final estimate since the measure of ). vanishes as ¢ — 0. For j € J., we consider

Vie = fiect R(uio) o pie € ME(Qk) / joe = (5.32)

where Rgﬁ is the affine function mapping @, onto Q.. The discrete measure p;. has to be selected

in order that A:(v¢) is close to the approximation Xs of A\ while keeping the Wasserstein distance

between v, and f. as small as possible. To make this idea precise, let us consider a generic smooth
test function on Q x R™ of the kind (z) ¢(t). Up to a small error vanishing as € — 0 and in the

same way as for fg, 1 can be substituted with a piecewise function ¢5 taking value ;. on each
Qj.- Recalling (2.17), a simple computation shows that, for v, and A: by (5.31) (5.32), we have:

O de@ o) = (etde@e®) = 3 1@ N fictic (bier ) (5:33)
Jele

<)\5(V5>7¢5($)‘P(t)> = Z‘Q]Emg‘f]€¢]€< fjs( (Nj,e))790> (5'34)

J€le
Owing to (5.33)(5.34), in order that A-(v) is close to A, we need to choose p(f;.) close to
Pie =L 1 (pje) - (5.35)
7,€
To that aim, for given § > 0 and by using the definition (3.3) of the set function S5, we choose
e € Mg (Qy) for j € Je so that (this depends on k,d):
ko ~
WLy, Hje) + 55 N(Pie = p(kje)) < S5(pje Qr) + € (5.36)
Summarizing, we have constructed a triple indexed sequence of admissible measures by setting
Ao =Ae(ve) , ve= Y vjc with v, given by (5.32)(5.35)(5.36) (5.37)
Jjele
We will need the following
Lemma 5.4. Let pt : Q — P(R™) be the piecewise constant function defined by p* = Zjelg Pje g, -
Then we have

lim | N(pf —p") f(x)de = 0
e—=0 Jo

Proof. As f, fj > «, we apply the inequality (4.13) for every 8 > max{1,a~'}: for every = € Q, .,
one has

N@E=7") = Na(pie) = Ly (07))

< Blfs = @)+ 2p%([8,+00]) + BN(pje—p") -

Let us multiply by f(z) and integrate over 2. Setting pZ? := 3

A

jer. Pie 1, ., we derive

[ N@E-7) f@yde < 5 [ 1= Flde+ 2a@x 4ol + 8 [ Nz p) f0) do. (539)
Q a” Jo (0} Q
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We are now reduced to show that

lim | N(pf —p*) f(z)dz =0. (5.39)
e—0 Jo
Indeed, passing to the limit as ¢ — 0 in (5.38), we obtain limsup, 4 [, N(p% — p%) f(z)dz <
2A(2 x [B, +0o0[) and the conclusion follows by sending  — oo. To prove claim (5.39), we check the
condition i) Lemma 5.2. Let ¢ € BL(R™) and set g(x) := (p®,¢). Then g.(x) := (p%, ) coincides
on each @Q;. with the average of g on @Q)j. with respect to the weighted density p = f(z)dx
Therefore as well known, we have 0 = lim._¢ [, [ge — g| p(dx) = limo g [, [(p* — pZ, )| f(x) dz
O

Step 2 (Upper bound estimate). We show that
limsup limsup limsup E.(f,Aers) < E(f, ). (5.40)

6—0 k—o00 e—0

Let v > 1 and R (= R,,) a constant such that (a 4+ b)? < ya? + RV holds for all a,b € RT. By
applying the triangle inequality to the distance W), combined with the previous inequality and the
subadditivity property (2.7), we get

WH(fLQ:, v Q) N WP (fLOL, v L)
ep ep
W2 (f-L Qe v Q) R WE(fLQe, f-LQ) N WhH(fLOL v LOL)
7 ep ep ep
The last two terms in the right hand side of (5.41) vanish in the limit as ¢ — 0. Indeed by (2.9),
we have, for every j € I, W) (fLQje, f-LQje) < (Vdk)Pe? fQjE |f — f-|. Thus, by using (2.7) and
(2.9), we obtain

Wﬁ(fl—stfal—QE) Z Wg(f'—@j,eyfel—ije) < (\/(Ek:)p/ |f_f€|
Qe

Ea(f: Aa,k,é) <

<

. (5.41)

b - ep
jGJE
POFLOL 1L QY 1
Wyl G veL8) - Y = (diam Q)P / fdr < (VakyP | fdx
er P NG, 2\

Therefore, from (5.41), by letting v — 1 after ¢ — 0, we deduce that for every k,0 > 0

W2 (foL Qv Q
limsup E.(f, \ers) < limsup p (feL Qe ve 5).

nst nst p (5.42)

Now we exploit our choice (5.36). By construction, we have

WE(f-LQc, v Q) 1
: 5; — < > Wh(fielq,.,ve)
jGJe
- Z 5p+dfj, Ile, Iie)
JGJE

IN

Z/ Ss( pE,Jva f(x) gz |

JGJE



Eventually in the last term, on each Q. we substitute p. ; with the function p* defined in (5.30)
majorizing the error thanks to Lipschitz estimate (4.2). The inequality (5.42) becomes

Ss( 1
lim sup B (f, A x.5) / ‘”’ Q’“ (z)dz + — limsup R. , (5.43)
e—0 oP e—0
where, by Lemma 5.4, the remainder R. given by
Re(= Ros) = Y [ NG =y ) de (5.44)
jed. Y Qie

converges to zero as € — 0 (for k, § being fixed). Then passing to the limit in (5.43) first as k — oo
using the dominated convergence theorem and eventually as § — 0 using (3.5) and monotone
convergence, we are led to

limsup limsup limsup E.(f,Acks) < hmsup/Gg x)dr < /G(ﬁx) f(x)dx ,
Q

6—0 k—o0 e—0 6—0

which by (5.30) is nothing else but (5.40).
Step 3. (tight convergence) We show now that, for every ¥ € Cy(2 x RT), there holds
lim lim lim Neis, ¥, b)) = (X, U(z,t)) (5.45)

6—0 k—oo e—

By (5.40) and the assertion i) of Theorem 3.1 (already proved in section 5.1), the family {A; s} is
relatively compact for the tight topology. Thus , by using a density argument, it is not restrictive
to assume that U(x,t) = ¢ (z) p(t) where 1 and ¢ are Lipschitz continuous. We may futher assume

that |¢)| < 1 and that |p|. + Lip(¢) < 1. We use the piecewise approximation @ZE of 1 and the
relations (5.33)(5.34) in Step 3 to derive

|<)‘€,k,6_)\7 1/1(5'3)@('5»‘ < 2HfHL1 |¢8 dj‘oo"" Z‘Qjamg}fjad]]e

Jele
Che + > |Qse N9 fie N (L], (0(15)) - pic) (5.46)
jel.

Here C' denotes the Lipschitz constant of ¢ and we have used the fact that [ [Acxs—A| < 2[|f[l 11 (o)
[, || and |1 | are smaller than 1 and the definition (2.3). Let us fix n > 1 and set

Jh={jel fie<nt , 9= Q.

jeJd

1. ((1e)) = pier @)

IN

By (5.35) and applying (4.12) with 3 =n and s = f;. , we are led to the following upper bound

n N (p(pje) — pje) if je !
N (Lﬁ . . ) < Js s
fie (Pp(je)) = pje) < {2 otherwise

so that (5.46) yields
|Aes — A, P(@) @(t))| < Che + 2 / fdr o YK fie N(p(pje) = Die) (547
Q\Q? e
Now by (5.36) and (4.2), for all j € J. and = € Q) ., one has:

< o5 Qr) ~ 5 or

~ oP
N(pje — plpje)) < kd(S(s(p] & Qr) +¢) i + N(pje — o) +eg,
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so that recalling (5.44), and after multiplying by f(z) and integrating on each Q. :

- Ss(p”, oP
Z kP fio N (p(pje) — Pie) < (5p/ﬂ é(pdek) f(x)dr + Reps+ 5kd/Qfdx (5.48)

jed
Passing first to the limit as ¢ — 0, taking in to account (5.44), (5.47) and (5.48) , we get

limsup‘()\ejkyg—)\, Y(x) gp(t))‘ < n(sp/QWf(m) dx + limsup 2/9\Qn f(z)dz (5.49)

e— e—0

Now, by (4.2) and noticing that the function Ss(p) vanishes for p being the Dirac mass at 0, ,
it is easy to check that the ratio S5(p®, Q) k=% remain bounded by 6%. Moreover it pointwise
converges to G5(p*) as k — oo and since , by (5.30), [ G5(p") f(z)dx < [o G(p®) f(x) dx < +oo,
by dominated convergence, we deduce from (5.49) that

6—0 k—o00 e—0 k—oo e—0

lim sup lim sup lim sup ’<A57k7(5 — X, Y(x) np(t))‘ < limsup limsup 2/ f(x)dx .
o\Q7

This being true whatever is 7 > 1, we obtain the claim (5.45) by noticing that |\ QI <
QL] + %fﬂ f(z)dz which vanishes as ¢ — 0 and n — .

Last step. Consider {¥,} a dense sequence in the unit ball of C,(Q x RT) and set
A5 ke = [Ee(fa )\a,k,5) - E(f7 A)]-i— + Z 27" |<)‘5,k,5 - /\a an)‘ :
n=0

By (5.40) and (5.45), we have limsup limsup limsup asr. < 0. Therefore by a classical diago-
6—0 k—o0 e—0
nalization argument (see for instance [2], Corollary 1.16), we can choose sequences d(¢), k(g) such

that 6(e) — 0, k(e) — 400 and ag(e) k(e),. — 0 as € — 0. We are led to
lim sup E-(f, M50 h(e)e) < E(f,N) lim (As@@)ke)e = A Yn) =0 ,Vn.
e—

Then as E(f,\) < 400, the sequence \: := A5y u(c) 15 7 relatively compact (by the assertion
i) of Theorem3.1) and clearly admits A as unique cluster point. We have therefore constructed a
sequence {\;} which fulfills all requirements in (5.29). This concludes the proof of the upper bound
inequality. The proof of Theorem 3.1 is now complete. U

6. CONVERGENCE OF THE INFIMUM PROBLEM AND OPTIMALITY CONDITIONS.
In this section, we prove Theorem 3.5, Proposition 3.6, Lemma 3.10 and Proposition 3.11.

6.1. Preliminary estimates. For proving Theorem 3.5, we need some technical lemmas. Let us
introduce introduce the upper semicontinuous envelope V' of the non increasing potential V and g
by setting

V(t):= lim V(s) fort>0 , V(0)=V(04) , §t):=V(t)+ 8.

s—t,5<t
Lemma 6.1. Let {\.} be a sequence such that A\. converges tightly to X\ and sup, E-(f, ;) < 00
(respectively E(f,\) < +o00). Then the following convergences hold

i) limsup/V(t) dXe(z,t) < /V(t) d\(x,t) , if V satisfies (3.12) and V(0+) < 400.

e—0

it) lin(l)/ﬁ(t) A\ (z,t) = /ﬂ(t) d\(z,t) , if B is continuous and satisfies (3.13).
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Proof. By the compactess statement in Theorem 3.1, the sequence {\.} converges tightly to .

The assumptions on V imply that V is non negative, bounded and upper semicontinuous. Thus
it can be written as the infimum of a family of bounded continuous functions and the inequality
in assertion i) follows classically. The assertion ii) is straightforward if § is bounded (assumption
(3.13.b). Otherwise, under (3.13.a), we have that f € L°°(f2) and, by exploiting Lemma 4.3

C = sup/tp/dd)\s(aj,t) < 00.

€

Assume first that 3 > 0. Then one check easily that 8. — S\ whereas

e—0

n(R) := lims.up/Q - [ﬁ(t)d)\s(fc,t) < C sup{fzgjg, SZR}

converges to zero as R — oo. Therefore the convergence of {5(t) A:} is tight and ii) follows. The
general case follows by decomposing G with respect to its positive and negative parts. O

Lemma 6.2. Assume (3.11) with (3.12) (3.13) and let § = 3+ V. Then, for ¢ > ¢

inf P¢ = m(c) = inf{E(f,)\) : /ﬁ(t)d)\(ar,t) < c} .

Proof. Since g > g, we clearly have m(c) > m(c) := inf P°. To show the converse inequality, we
take & > 0 such that ¢ — J > ¢ and fix a competitor A = f ® p® such that [ g(t)dA(z,t) < c— 0.

For every a > 1, we consider the measure A\, := f ® Lg(px). We claim that

/g(t) dMg(z,t) = /ﬁ(t) A, (x,t) for a.e. a €]1,2] . (6.1)

Indeed by Fubini’s formula and since the discontinuity set {r > 0} where r(t) := g(t) — g(t) is at
most countable, one has

[ ([roann)an= [ s ([ o) i = [ 50 (o [ ey = o

Owing to (6.1), we can select a sequence a, N\, 1 such that [ g(t)dA,,(z,t) = [g(t)d\a,(z,t).
Besides as V' is non-increasing, we have that g(a,t) < V (t) + B(a,t) and by dommated convergence

limsup/ﬁ(t) d)g, (z,t) = limsup/g(t) dg, (x,t) < /g(t) d\(z,t) < ¢,

n—oo n—oo

2
whereas by (3.6) and (3.7): lim E(f,As,) = lim a3 E(f,\) = E(f,A). Therefore we have m(c) <

E(f,\) holding true for every A admissible for P¢~°. Thus m(c) < m(c—§). The conclusion follows
by letting 6 — 0 thanks to the continuity of the convex function m which is finite on |é, +oo[ (see
Lemma 3.4). O

The aim of the following lemma is to remove small Dirac masses which increase too much the size
constraint when V(0+) = +o0.

Lemma 6.3. Assume that V satisfy (3.12) with V(0+) = 400 and let A such that E(f, \) < +o0.
Then , for every v > 1, there exists a sequence of positive numbers {ty} and a double indexed
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sequence {\N} such that \Y is supported in Q2 x [ty, +oo[ and

N—oo £ £

i) limsuplimsup/\)\év — Al =0 , ) limsup </ V(t) dA?(x,t)) < /V(t) d\(z,t) , VN

iii) limsup(limsupEE(f,)\éV)> < yE(f,N).
3

N—o0
Proof. We start with a realizing sequence {\.} given by Theorem 3.1, i.e. such that
Ae=Ae(ve) , Ve=) Cicbe. , Ae— A tightly , limsup E.(f, X)) < E(f,)) .
i€l €

We may assume that [ V(t) dA(z,t) < +oo (since otherwise ii) would be trivially fulfilled taking
AY = )¢). Then , by the monotonicity of V, there exists a real t* > 0 such that

V(t) =400 ifte[0,t] , V() <+oo ift>t" , AQx][0,t])=0. (6.2)
We fix a sequence {ty, N € N} such that
i N, AQx [N =0, YN, gy = AQx [0,¢x]) =0 (6.3)

Construction of the new sequence: Let T, be the optimal transport map corresponding to Wp(f, vz)
and let A; . = T€_1($i75) be the transport region for ;.. For any large IV, we set

.= {iGIS:C;; >tN}, PN = {wi. i€ Ny, AN =U{A. eIV}, BN =)\ AV .

Here, PN represents the “good destinations” and A% the associated transport subregion whereas
Bév represents “the costly transport subregion” where the transport has to be modified. In our
construction we need to consider a covering of €2 by cubes Ujck. Q. whose sides are of length ke
and parallel to the axes and having non-trivial intersection with 2. Recalling that o = ming f, it
will be useful for proving iii) to choose the size parameter k so large that

/Y

d *

ak® >t | 14 —F—
akd —t*

For every j € K., we denote by Z;. the center of Q);. and select a point p;. in PEN among those

which are at the nearest distance to @); .. Further, we split the cubes into two sub-families according

to the volume fraction of the bad transport region

< 7. (6.4)

. . 1
RN :={jeK.:b). <tn}, SN :={j e K.:b}. >ty}  where b} :=— fdax .
” ) ) £ Q ﬂBN
J,€ 5
The modified transport T2V is obtained by sending each portion of the bad set Qje N BX to the
nearest good destination p; . if the volume fraction bffe is smaller than ¢y, to the center Z; . otherwise

while keeping T, unchanged on the good set. More precisely,

T.(z) if xeAl,
TN (z) =3 pje if r€Q;.NBY and je€ RY, (6.5)
Zj. if z€Q;eNBY andje SN,

The push forward of the measure f dx through 72" is a new discrete measure v/ whose main feature

is that the mass transported on each good destination point in PEN has been increased while small
34



masses have been grouped on the centers of the cells Q;:

vV = Z (Cie +dig) 0y + Z bﬁadégj’g , i = Z {bﬁjgsd cjERYN | pi.= xw} (6.6)

icIN jesy
Eventually we have constructed a new sequence {\N} where AN := \.(v)¥) . We are going to show
that it satisfies all the requirements of the Lemma.
Proof of i): Taking into account (6.6), we have
[owend = [ enl £ Yot Ydit Y e
QxR+ @ i IN ieIN jesN
A (@ [0,tn]) + D bie?
JEK,

= A (2 x[0,tn]) + fdr = 22 (2x[0,tn]) -
BY

The conclusion follows by (6.3) since limsup, A: (2 x [0,tn]) < A (2 x [0,tN]) = 7N

Proof of ii): Using the fact that V is non-increasing and recalling that V' < ‘7, we have

Cie +d;
/ V(t) d)\év = Z (Cie+dig) V(%) + Z bﬁgedV(bﬁ)

ieIN jeSN
< Y eV () V(Y die+ Y bl
ielN ieIN jesy

< / V(t)d\e + V(tn) A(2 x [0, t5]).
QX [tn,+oo[

Now, as the function V is non-increasing uppper semicontinuous and bounded on [ty, +oo[, we
obtain ii) by passing to the limit as ¢ — 0:

nmsup/f/dAgV < / Vdx + V(En)MQ X [0,ty]) < / V.
e—0 QX [tn,+oo[ Q2x[0,400[

(for the last inequality we used the fact that , thanks to the choice of ¢ subject to (6.3) , we have
A2 x {ty}) =0.)
Proof of #ii) Let j € RY. Then, by construction fBg\’mQ‘j,g fdx = zsdbé-\f6 < e%y. Then

/ fdx = fdx—/ fde > el(ak? —ty) ,
AEZ:VOQ]',E Qj,e BéVmQj,a

which by (6.4) is positive for large N. On the other hand, for every z € Q; .
TN () — x| = dist(z, PY) < diam(Q;c) + essimf4 lx — T.x| .

e e
Thus, letting C' be a positive real such that that (a +b)? < \/ya? + Cb holds for all a,b € R,
we have
z—TNgP x—T.xlP
[ s e [ 2
Qj,.NBY = Q =
3

| f@)dz + C(kVd)Pbl.e?,
J,€
5



where

o Jo.nmy [ de iy t*

. = - — .

us fQ- an fdr = akd—ty akd — t*
J,€ £

Since TNz — z| < diamQ, . < k+/de whenever x € Qje N BY and j € SY, we obtain successively:

— TNy
B = [EE T pwa

|z — Tox|P / lo — TN z|P
- W2 ey d W= 2 T8 (1) a
[ e S [ ) s

jERNUSN
tNn
< Ef, M)+ ﬁmEa(f, M)+ C (VAP ST b et
JERNUSY
Since limsup, } ;e gy gn bﬁ’s e? < nn which vanishes as N — oo, by(6.4), we conclude that

lim sup (limsupEg(f,)\éV)> < <1+ﬁak§*—t*> E(f,A) < vE(f,)) .

N—oo

The proof of Lemma 6.3 is achieved. O

We end this subsection by a direct consequence of Lemma 6.3:

Lemma 6.4. Let V :]0, +oo[— R be a continuous non-increasing potential such that V(01) = +o0
and let p € P(RT) be such that G(p) < +oo and [V dp < +o00. Then there is an approzimating
sequence {p™'} and positive reals ty satisfying, for every N, spt(p™V) C [tn,+oo[, [V dpN < [V dp
and such that [ |p™ — p| — 0 and G(p") — G(p) as N — .

Proof. We apply Lemma 6.3 with Q = @, X\ := Ig ® p. For every v > 1, we may find ¢y > 0 and
a sequence {\N} such that conditions i), ii) and iii) hold. In particular

limsup limsup E.(1g, \Y) < vyE(lg,\) = vG(p) < +oo . (6.7)
N €

Therefore, by the assertion i) of Theorem 3.1, for large N, the sequence {\Y}. is tigh and possibly
after extracting subsequences converges to a measure of the kind AV = 1g ® pY, being {p)} a
suitable family in P(R*) such that spt(pY) C [tx, +00). Then we have successively

limsup E(1g, \Y) < limsuplimsup E-(1g, \Y) = vG(p) , (6.8)
N N €

/ V(t)d\N (z,t) < / V(t)dr = / Vdp (6.9)
QXRT QXRT R+

limsup/)\N—)\\ < limsuplimsup/\)\év—/\\ =0, (6.10)
N N €

where (6.8) is a consequence of (6.7) together with the I'— convergence of E.(1g,-) to E(lg,:)
whereas (6.9) follows from the assertion ii) in Lemma 6.3 noticing that, by continuity assumption,
V agrees with V. Relation (6.10) is a direct consequence of the assertion i) in Lemma 6.3.

Set p"V = Jo pY dx. Then, spt(p™) C [tn,+oo[ and we have [ [pV — p| < Joxr+ AN — )|
and foR+ V(t)d\N (z,t) = Jor V dp"N. Eventually, by applying Jensen inequality to the convex
lower semicontinuous G, we have G(pV) < fQ G(pY)dz = E(lg, \V). The conclusion follows by

exploiting (6.8),(6.9)(6.10) after sending N to infinity and then v to 1. O
p g (6.8),(6.9)(6.10) g y ¥
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6.2. Proof of the convergence of infima. We may now proceed to the proof of Theorem 3.5.
This is done in several steps.

Step 1. We show that liminf, .o inf P¢ > inf P€.

The inequality being trivial if liminf._,¢inf PS¢ = 400, after extracting a subsequence , we may
without loss of generality assume that sup, inf PS¢ < +o0o . Let A. be an e-approximate minimizer
for inf PS. By Theorem 3.1, up to a subsequence, {\:} converges tightly to some measure A and
we have:

liminfinf PS = liminfEa(f,/\a) > E(f,\) . (6.11)

e—0

Futher as V' > 0 is lower semicontinuous and by the second assertion ii) of Lemma 6.1

liminf/V(t)d)\g(x,t)z/V()d)\:tt , hm/ﬁ t) d\e(z,t) /ﬂ t)d\(z,t)

€

Thus [ g(t) d\(z,¢) < liminf, [ g(t) d\e(z,t) < c. Taking into account (6.11), we infer that
lim 1(1)f1f inf PS > E(f, A) > infP® | with A admissible for P°¢ . (6.12)
e—

Step 2. We assume that V(04) < 400 and prove that limsup,_,q inf P¢ < inf P°.
Let r > inf P¢ (as ¢ > ¢, inf P¢ < +00). By Lemma 6.2, there exists A such that

E(f,\) <r /ﬁ(t) d\(z,t) < ¢
and by Theorem 3.1, there exists a realizing sequence {\.} such that
Ae — A tightly ,  limsup E.(f,\:) < E(f,\). (6.13)
e—0

Applying Lemma 6.1, we have in addition that
lim Sup/g(t) dAe(z,t) < lim Sup/V(t) dAs(z,t) + limsup / B(t) d\e(z,t)
15 13

3
< /F/(t) dX(z,t) + /ﬂ(t) d\(z,t) < /g(t) d\(z,t) <c
Thus A. becomes admissible for (PS) while ¢ decreases to zero. Therefore
limsupinf PS < hmsupE (fiXe) < E(f,N) <r

e—0

The conclusion of Step 2 follows by letting r tend to inf PC.

Step 3. Euztension of Step 2 in the unbounded case (V(0+) = 400.)

We take r and A as in Step 2 and consider a sequence {\;} satisfying (6.13). As g is unbounded
near 0, we cannot prevent a priori that [ g(¢)d\. blows up as e — 0. Therefore we need to modify
the sequence {A;} removing the small Dirac masses. To that aim, for every v > 1, we construct a
double indexed sequence {\} satisfying the conditions i), ii), iii) of Lemma 6.3. Then by the same
diagonalization argument as in Subsection 5.3, we can find a sequence N (¢) such that N(e) — 400

as € — 0 and such that \. := AY ©) satisfies

AL — X tightly ,  limsup E.(f,\.) < v E(f,\) , limsup/V( t) dX\.(z,t) /V t) dX\(z,t) .

e—0 3

Eventually by the second assertion of Lemma 6.1, lim, [ 3(¢) dA\.(x,t) = [ B(t)d\(z,t). Thus

limsup/g(t) dX\.(z,t) < /g(t) d\(z,t) < ¢,

€
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and the conclusion follows like in Step 2 after sending v to 1.

Step 4. (End of the proof ) Under the condition ¢ > ¢, it has been shown in Lemma 3.4 that the
infimum of P¢ is finite. Then from the previous steps, one has that lim. inf P¢ = inf P¢. Let {\;}
be a minimizing sequence for inf P¢ and let A be a tight limit point. Then, possibly after extracting
a subsequence, the assertion (6.12) holds true yielding that A solves P¢. The proof of Theorem 3.5
is finished. g

6.3. Proof of Proposition 3.6. Let ¢ > ¢. By Lemma 3.4, there exists an optimal A = f ® p®

for P.. By the definition of ®, in (3.15), there holds G(p*) > @, (;Ex;) a.e. , where the function
x

u(x) == f(x) < p®, g > satisfies the constraint fQ @ < ¢. Therefore
m(c) = min P. = E(f,\) /G “dde > /q)g (;) foide > infQ.. (6.14)
Q

Let now u € L'(Q) be such that [, udzr < c and [, ®, <%) fYP/lds < +00. By Lemma 3.7, the
Borel multifunction I' : s € R — Argmin®,(s) has non empty convex compact values in P(R™) for
all s such that ®4(s) < +o00. Therefore the map x — T (%) is a.e. non empty and Lebesgue

measurable and by the classical measurable selection Theorem (see [11]), we may chose a measurable
x +— p® such that there holds a.e.

u(z)
<x,g>f:v§u:r,G””:<I>< )
p ( ) ( ) (P ) g f(x)
Then A = f ® p” is admissible for (P.) and we then deduce that E(f,\) = [, ® (%) flor/ddy >

m(c) . Together with (6.14), we conclude that m(c) = min Q. with @ solving (Q.). The optimality
condition (3.16) for p® can be recovered by writing that the inequalities in (6.14) need to be
equalities. O

6.4. Proof of Lemma 3.10. We begin by showing (3.22). By taking p = §; which is admissible
for every ¢ € [—00, +00[, we obtain that C, 4(¢) < G(d1) = wp 4. Now, if ¢ > 1, for every 6 > 0, we
1

may choose p = 09, + (1 — 6)dp which is admissible for a = #T-<. Thanks to (3.9), we are led to
the following upper bound holding for small values of 6:

Yg>1, VO€0,0(B)],  Cpalg) < G005+ (1—0)50) = vpq 0 700 .

Thus, for ¢ = 1 + g, we get Cpq(q) < vpd whereas the converse inequality and the optimality
of p given above follows trivially from the lowerbound of G in (3.10). For ¢ > 1+ &, we obtain
Cp.a(q) = 0 by sending # — 0. Notice that, in this case, the infimum in (3.20) is not attained.

Next we introduce, for every g € [—00, +00], the functional

1
(Jpe tTldp)o T ifqg#1
Sg:pe€ P(RY) — exp (fR+ lntdp) if g = )
inf{t : t esptp} ifqg=—0
which allows us to recast (3.20) and (3.21) as Cp 4(q) = inf{G(p) : Sq(p) > 1}. It can be easily
checked that Sy > S, whenever ¢’ > ¢, thus the function ¢ — Cj, 4(¢) is finite non-increasing on
[—00, +00[. To prove the continuity property on the interval [—oo, 1+ p/d[ and the existence of an

optimal p, we use the following claim:
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Claim Let q € [—00,1 + E[. Then the following implications hold

Gn— G, pn—p, supG(p,) < +oo = limsup S, (pn) < Sy(p) (6.15)
G(p) <4ooand {g>1 or0¢spt(p)} = lim Sy (p) = S4(p) (6.16)

The existence of a solution for (3.20) and (3.21) is obtained by considering a minimizing sequence
{pn} such that G(p,) — Cpa(q). Then, by (3.10), {p,} is tight and we may assume that p, — p
where p € P(RT). Then, by applying (6.15) with g, = ¢, p satisfies S, (p) > 1 and therefore is
minimal by the lower semicontinuity of G.

Let g, — ¢ whith ¢ < 14 p/d. There exits p,, such that G(p,) = Cp.4(gn) and Sy, (prn) > 1. As, by

(3.22), G(pn) < wpa, the sequence {p,} is tight and we may assume that p, — p. Applying (6.15),
we obtain Sy (p) > limsup,, Sq(pn) > 1. It follows that

liminf Cp 4(¢n) = liminf G(p,) > G(p) > Cpalq) -

It remains to show that limsup,, Cp 4(¢n) < Cp.a(q). Let p such that G(p) = Cp 4(q) and Sy(p) >

We notice that, for every a > 1, the dilated measure Li(p) satisfies S (Lg(p)) = aSq(p) > 1. We
now distinguish three cases:

If ¢ > 1, we apply (6.16) with p = Lg(p) and find that lim,, Sqn(Lg(p)) = Sq(Lg(p)) > 1, thus
San (Lg(p)) > 1 holds eventually. Then recalling (3.7), we infer that limsup,, Cp 4(¢n) < G (Lg(p)) =
aP!’C, 4(q) thus the conclusion by sending a \ 1.

In the case ¢ < 1, we consider an appproximating sequence p~ A Lg(p) as given in Lemma 6.4
applied with V(t) = 971, that is satisfying G(p") — G(Lg(p)) and, for every N, [t171dpN <
[tal dLﬁ(p) , 0 ¢ spt(pY). By (6.16), we have lim, Sy, (p") = S,(p") > Sq(L?l(p)) > 1, and
therefore lim sup,, Cp 4(¢n) < G(p™). The conclusion follows by sending N — oo and then a \ 1.
For ¢ = 1, we may assume that ¢, /" 1 (since C} 4(q) < Cp 4(1) for ¢ > 1). Then we construct the
sequence plV = L?z(p) by applying Lemma 6.3 with V(¢) = —Int (which is non negative after the
addition of an affine function) and conclude exactly as before.

Proof of claims (6.15)(6.16): For 1 < ¢ < 1+ p/d and ¢, — ¢, the condition sup,, G(p,) < +o0
and the growth lower bound in (3.10) imply that the sequence {tq"_l pn} is tight and weakly-x
converges to t9~! p. The same conclusion holds true for ¢ < 1 if spt(p,) C [to, +oo| for a suitable
to > 0. Thus we have (6.15) for ¢ > 1 and, by choosing p, = p, we also deduce that (6.16) for all
g<l+p/d.

It remains to show (6.15) when ¢ < 1. We may assume Sy(p) < +o00 and therefore p({0}) = 0. For
q < 1, we have to check that, for g, — g, there holds liminf,, [ du, > [ du being p,, = %! p, and
p =971 p. We may assume that s, has a uniformly bounded mass and do converge weakly-* to
some measure m. By using the uniform convergence of the continuous functions t9»~1 — ¢! on
every compact subset of ]0, +oc[, we derive that m agrees with u on |0, +o0[ thus liminf, [ du, >
[dm > [dp.

Let us show (6.15) for ¢ = 1. By the monotonicity property of S;, we may asume that ¢, 1 and
we are reduced to prove the following inequality

1
i 1 In </tq”_1 dpn> > —/lnt dp . (6.17)
n —qn

lim inf
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Without loss of generality, we may assume that the left hand member in (6.17) is finite. Then, we
have [ t4 =1 dp, — 1 and therefore:

1 tan=t 1
In /tq"_l dpy | > liminf /dpn > liminf /—lntdpn.
n 1—qn n 1—qn n

lim inf

Thanks to the condition sup,, G(p,) < 400, we infer that the positive parts (Int)*p, converges
tightly to (Int)™p. Then by the lower semicontinuity of (In¢)~ there holds:

liminf/—lntdpn > /(lnt)dp—/(lntﬁdp = /—lntdp,

n

hence (6.17). The proof of the two claims and of Lemma 3.10 is finished. O

1
6.5. Proof of Proposition 3.11. i) Let ¢ < 1 and g(t) = t9~!. Then, setting ¢ = nd@D, the
atomic measure v = Y. ¢; 0,, satisfies the size constraint H(v) = >, ¢! < n if and only if the
rescaled measure A (v) =3, ¢; 0, <) satisfies [ gdA. < 1. Therefore:

naD E24(F O n) = inf{Ee(f,)\) ; /gd)\<1} :

By applying Theorem 3.5, the infimum in the left hand side converges to min {E (f,A) : [gdr < 1}
and, by Proposition 3.6, the searched limit is given by

ly = inf{/gcbq G) fide : uwe LYQ) /Qud:v<1} : (6.18)

where ®4(s) := inf{G(p) : [t97'dp < s}. Noticing that, for every a > 0, [t471 dLi(p) =
a?™! J t4=1 dp and by using the scale invariance property of G in (3.7), we derive that

Py(s) = Cpalq) sT@ D if s> 0 (400 otherwise) .

In particular admissible functions u for the convex optimization problem (6.18) are non nega-
tive and such an element u is optimal if and only if <I>f] (%) f‘g = k for a suitable constant

k such that, in addition, [udz = 1. A boring but straightforward computation leads to l; =
1+qr

1+r
Cpa(q) (fQ J d$> , where r = ﬁ_

ii) Let ¢ = —oo and g(t) = 0if t > 1 (and g(t) = +oo if t < 1). Then setting ¢ = n~i, we obtain
that, for every atomic measure v, H(v) < n if and only if the associated A. satisfies f gdXe <0
and therefore

na ELY(f,Qn) = inf{EE(f,A) : /gdAg} :

By applying Theorem 3.5, the infimum in the left hand side converges to min {E(f, A) s [gdr< O} .
Here, we have ®_(s) :=inf{G(p) : [gdp < s} = Cpa(—00) if s > 0 (and P_o(s) = +o0 if s < 0).
Thus the minimum problem Q¢ in Proposition 3.6 becomes trivial and the searched limit is given
by l_oo = Cpa(—00) fQ flfg dx , which is consistent with taking the limit as ¢ — —oo of the
quantity [, determined in step i) (indeed r — 1 and gr — —£).
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1
iii) Let ¢ €]1,1+p/d] and g(t) = —t?~1. Setting ¢ = n¥-0 | we see that the constraint H(v) < —1/n
can be recast as [ gdA\. < —1 and therefore

nd(;fl) 5%d(f,ﬂ,—l) = inf{Eg(f,/\) : /gd)\g—l} .
n

Arguing as in i), the limit as n — +oo is given by

ly = inf{/géq <;> fide - uwe LNQ) /Qudxg—1} : (6.19)

p
where now ®4(s) = Cpa(q) (s7)% =1 | being s~ the negative part of s. It is easy to check that
optimal u are non positive and by writing the Euler equation, we find for the minimal value [, the
same expression as in i) (with now an exponent r ranging into | — 1, 0[).

iv) Let g(t) = —In(¢) and set € = exp(—ﬁ(f)). Every admissible atomic measure v = ) ¢;04, is
such that [v =", ¢; = I(f). Therefore the associated A satisfies

Ci
/g(t) d\: = E —¢; ln(g) <n+dMIn() =0
1 1 . pn pvd — 3 . 3
and we obtain the relation: exp (W) Eq(f,n) = 1nf{Ea(f, A) /gd)\ < O} . Applying

Theorem 3.5 with g = V + 8 where V(t) = (—Int)" and () = (Int)", we infer from Proposition
3.6 that the limit of the left hand member is given by

li = inf{/QCI)l (;) fide 2 ue LYQ) /Qudxg()} , (6.20)

where ®;(s) := inf{G(p) : [ —Intdp < s}. Noticing that p is such that [—Intdp < s if and
only if the dilated measure Lg(p) satisfies [ —lntdLg(p) < 0 for a = exp(—s), we find that

®(s) = Cpq(1) exp(=27). The minimum of the convex optimization problem (6.20) is attained

at u if and only if [udz = 0 and @] (%) ffg = k for a suitable constant k. A straightforward

computation leads to Iy = Cp, 4(1) I(f) exp <_ﬁ2f) Jo(fIn f) dx) . O
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