DIRECT EPIPERIMETRIC INEQUALITIES FOR THE THIN OBSTACLE
PROBLEM AND APPLICATIONS

MARIA COLOMBO, LUCA SPOLAOR, BOZHIDAR VELICHKOV

ABSTRACT. We introduce a new logarithmic epiperimetric inequality for the 2m-Weiss’ energy
in any dimension and we recover with a simple direct approach the usual epiperimetric inequality
for the 3/2-Weiss’ energy. In particular, even in the latter case, at difference from the classical
statements, we do not assume any a-priori closeness to a special class of homogeneous function.
In dimension 2, we also prove for the first time the classical epiperimetric inequality for the
(2m — 1/2)-Weiss’ energy, thus covering all the admissible energies.

As a first application, we classify the global A-homogeneous minimizers of the thin obstacle
problem, with A € [3/2,2 + ¢ UU,,cn(2m — ¢, 2m + ¢;},), showing as a consequence that the
frequencies 3/2 and 2m are isolated and thus improving on the previously known results. Moreover,
we give an example of a new family of (2m — 1/2)-homogeneous minimizers in dimension higher
than 2.

Secondly, we give a short and self-contained proof of the regularity of the free boundary of
the thin obstacle problem, previously obtained by Athanasopoulos-Caffarelli-Salsa [2] for regular
points and Garofalo-Petrosyan [I1] for singular points. In particular we improve the C ! regularity
of the singular set with frequency 2m by an explicit logarithmic modulus of continuity.
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1. INTRODUCTION

In this paper we study the regular and singular parts of the free-boundary for solutions of the
thin-obstacle problem, that is the minimizers of the Dirichlet energy

E(u) == / \Vul|? de
By
in the class of admissible functions
A= {u € HY(By) : w>0on By, u(z',xq) = u(z', —z4) for every (z',z4) € Bl} ,

with Dirichlet boundary conditions u = w on 0Bj. Here and in the rest of the paper d > 2 is the
dimension of the space, B; C R? denotes the unit ball, and B} := By N {zq = 0}; for any = =
(z1,...,74) € R we denote by x’ the vector of the first (d — 1) coordinates, ' = (21,...,24_1),
and w € A is a given boundary datum.

Given a minimizer u € A of £ with Dirichlet boundary conditions, the coincidence set A(u) C Bj
is defined as A(u) := {(2/,0) € B} : u(a’,0) = 0} and the free boundary T'(u) of u is the
topological boundary of the coincidence set in the relative topology of Bj.

1.1. State of the art. Athanasopoulos and Caffarelli [I] proved that the optimal regularity of
any local minimizer u is C’l’l/Q(Bfr ). Athanasopoulos, Caffarelli and Salsa pioneered the study
of the regularity of the free boundary I'(u) in [2]. They showed in [2, Lemma 1] that for every
xo € ['(u) the Almgren’s frequency function

"I )|Vu\2d:c
(0,1 — |zo|) 27— N*(r,u) := 7o —
faBT(zo) u? dHI!

is monotone nondecreasing in r. Thus, the limit
N*(0,u) := lim N (r,u
(0,u) = lim N"0(r, u)
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exists for every point o € I'(u) and the free boundary can be decomposed according to the value
of the frequency function in zero. We denote the set of points of frequency A € R by

SMu) := {z € T(u) : N%(0,u) = A}

Using the frequency function one can split the free-boundary into the following three disjoint sets:

e the reqular free boundary which consists of the points with the lowest possible frequency
Reg(u) := 8”2 (u);

e the points with even integer frequency S?™(u), whose union by definition constitutes the
set of singular points Sing(u)

Sing(u) := U S (u);

meN

e the remaining part, I'(u) \ (Reg(u) U Sing(u)), denoted in the literature by Other(u).

The first result on the regularity of the free boundary for the thin-obstacle problem is due
to Athanasopoulos, Caffarelli and Salsa. In [2] they give a complete description of the blow-up
limits at the points of frequency 3/2 and prove that the regular free boundary Reg(u) is locally a
(d — 2)-dimensional C%* hypersurface in R4~!. Later the regular part of the free boundary has
been shown to be C° in [I3| [I4] and analogous results were extended to more general fractional
laplacian (see [4]), of which the thin-obstacle is a particular example.

Garofalo and Petrosyan (cp. [I1, Theorem 2.6.2]) showed that Sing(u) is precisely the set of
points where the coincidence set is asymptotically negligible, that is

d—1 U "
Sing(u) = {xo el(u) : l1_r>r(1) 7t H(ﬁg()B?(ZB() 0)) = O} : (1.1)

With the help of new monotonicity formulas of Weiss and Monneau type, Garofalo and Petrosyan
showed that each set S*™ is contained in a countable union of C' manifolds in R*1.

In general the set Other(u) is not empty and is not even small compared to the free boundary
['(u). Indeed, in dimension two the function h(r,d) = r2"~'2sin (1520) is a global solution
with frequency 2m — 1/2 in zero. Using this example one can easily construct global solutions in
any dimension d > 2 whose entire free-boundary is a (d — 2)-dimensional plane consisting only of
points with frequency 2m — 1/2. Recently, Focardi and Spadaro [J] proved the H?~2-rectifiability
of the set Other(u) and that it consists of points of frequency 2m — 1/2 up to a set of zero H4 2
measure, but nothing is known up to now regarding its regularity in dimension d > 2. We notice
that in some special cases, the set Other(u) might be empty. Indeed, Barrios, Figalli and Ros-
Oton proved in [3] that this is precisely the case when the constraint u(z’,0) > 0 is replaced by
u(x’,0) > p(z'), for any 2’ € R¥~!, where ¢ is a non-zero superharmonic obstacle.

A different approach for the regularity of the free boundary was proposed by Garofalo-Petrosyan-
Vega-Garcia [12] and Focardi-Spadaro [10], following the result of Weiss [I§] for the classical
obstacle problem. For points of the regular free boundary zy € Reg(u) = S*2, they prove an
epiperimetric inequality for the Weiss’ boundary adjusted energy

1 / 2 A / 2 394d—1
= ——55y Vul“de — ——~ u dH
rd—2+2X By (w0) | | pd—1+2X OB (o)

which allows to quantify the convergence of WY°(r, u) as 7 — 0 to be of Hélder type and provides
an alternative proof of the C1® regularity of the free boundary. The epiperimetric inequality
approach was first introduced by Reifenberg [15], White [19] and Taylor [17] in the context
of minimal surfaces, later brought to the classical obstacle problem by Weiss [I8] and recently
developed in [I6] with new contributions in the framework of free boundaries.

W u)
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1.2. Main results. In this paper we show that the epiperimetric inequality is not as a property
of the Weiss’ thin-obstacle energy and its homogeneous minimizers, but it is a property of the
family of Weiss’ energies Wy, A = 3/2,2m only. Indeed our approach does not require any a-priori
knowledge of the admissible blow-ups (which in the previous results [12], [10] for regular points was
assumed by requiring a suitable closeness to the already-known blow up), and actually yields their
classification. Moreover, as usual, it gives a short, self-contained proof of the known regularity of
Reg(u) and, thanks to the direct arguments at the basis of the epiperimetric inequality, allows to
obtain a new logarithmic modulus of continuity for the singular set, which improves the results
of [10] 12].

Moreover, this time assuming closeness to the blow-ups, we show a new direct epiperimetric
inequality for the (2m —1/2)-Weiss’ energy in dimension 2, thus proving it at every free-boundary
point. Furthermore we give an example of a new family of (2m — 1/2)-homogeneous minimizer,
which show why the generalization of our 2-dimensional proof to higher dimensions is not possible.

1.2.1. Epiperimetric inequalities for Wy, A = 3/2,2m, in any dimension. In this section we present
our epiperimetric inequalities. Notice that, at difference from the existing literature, they hold
for any trace c without any closeness assumption to the admissible blow ups. For the energy Ws/,

we give a short and self-contained proof of the following statement.

Theorem 1 (Epiperimetric inequality for Wsp). Let d > 2 and By C Re.  Then for every

¢ € HY(OBy) such that its 3/2-homogencous extension z(r,0) = r%/%c(0) belongs to A, there
exists v € A such that v = ¢ on 0By and

Wiy (v) < <1 - 2d1+ 3> Wi (). (1.2)

A similar statement was obtained in [12] [I0], even though in these papers a further assumption is
required (the closeness of the boundary datum c to the set of admissible blow ups of frequency 3/2)
and it is based on a contradiction argument. The proof of Theorem [1| exhibits instead an explicit
energy competitor v, by choosing suitable homogeneous extensions for the different modes on the
sphere; thus greatly simplifying the existing proofs. This approach is similar to the ones of [5],
for the obstacle problem, and [16], for the Alt-Caffarelli functional in dimension 2.

In analogy to the results on the classical obstacle problem [5], our direct approach allows to
obtain a logarithmic epiperimetric inequality for the family of energies Wh,,, m € N, in any
dimension. This, together with [5], is the first instance in the literature (even in the context of
minimal surfaces) of an epiperimetric inequality of logarithmic type, and the first instance in the
context of the lower dimensional obstacle problems where an epiperimetric inequality for singular
points has a direct proof. This result allows us to prove a complete and self-contained regularity
result for Sing(u) and improve the known results by giving an explicit modulus of continuity.
Further applications to other singular points of the thin obstacle problem and to the fractional
obstacle problem for any s € (0,1) will be presented in [6l, [7].

Theorem 2 (Logarithmic epiperimetric inequality for Way,). Le

td>2 m e N. For every
function ¢ € HY(OBy) such that its 2m-homogeneous extension z(r,0) =

r2"c(0) is in A and

/ CdHTI <1 and Wam(2)| <1, (1.3)
0By
there are a constant € = £(d, m) > 0 and a function h € A, with h = ¢ on 0By, satisfying
d—2
WQm(h) < WQm(z)(l — € |W2m(z)|7)7 where V= T . (1'4)

We notice that with our method the power 0 < v < 1 in (|1.4)) cannot be avoided, see for
instance [5, Example 1]. This is essentially due to the possible convergence of polynomial of fixed
degree 2m with low symmetry to ones with higher symmetry.
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1.2.2. Complete analysis of the free boundary points in dimension two. In dimension d = 2, it is
known that the only admissible values of the frequency at points of the free boundary are 3/2,2m
and 2m — 1/2, for m € N. Theorem [l and Theorem [2| already provide the classical epiperimetric
inequalty for the points 3/2 and 2m; indeed, in the case d = 2, we have v = 0 in . We
complete the analysis in dimension two by proving an epiperimetric inequality also at the points
of density 2m — 1/2. Before we state the theorem, we recall that in this case the admissible blow
up is (up to a constant and a change of orientation) of the form

hom—1p(r,0) = r % sin <1 _24m0> .

Assuming this time a closeness condition to hy,,_15, we can prove the following.

Theorem 3 (Epiperimetric inequality for points of frequency 2m — 1/2 in dimension two). Let
d =2 and m € N. There ezist constants § > 0 and k > 0 such that the following claim holds. For
every function ¢ € H'(0By) such that its 2m — /2 homogeneous extension z € A and satisfying

e = hom-1pllL2(88,) <9, (1.5)
there exists h € A such that h|pp, = ¢ and
Wam—1s(h) < (1 = £)Wam_1/5(2). (1.6)

In dimension d = 2, the regularity of the free boundary (namely, the fact that they are isolated in
the line) can be obtained also with softer arguments than our epiperimetric inequality; however,
the previous result allows for instance to show the C'® decay of « on the unique blow up at each
free boundary point and also provides an alternative, self-contained approach.

1.2.3. Application of the epiperimetric inequalities I: homogeneous minimizers and admissible
frequencies. A very important and not yet well-understood question in the contest of the thin-
obstacle problem is the study of the admissible frequencies at free-boundary points. Indeed
nothing is known, except for the gap between 3/2 and 2 (see [2]) and the recent result of Focardi
and Spadaro [9], where they establish that the collection of free-boundary points with frequency
different than 3/2, 2m and 2m — 1/2, is a set of H9~2 measure zero. It is conjectured that these are
the only admissible frequencies, but not even the gap between 2 and the subsequent admissible
frequency was known. Indeed, thanks to Theorem {4 below, we are able to recover the gap 3/2 — 2
and to prove the new result that the frequencies 2m are isolated for every m € N, where the gap
is given by explicit constants.

We say that A\ € R is an admissible frequency if there is a solution u € H'(Bi) of the thin-
obstacle problem and a point z¢p € I'(u) such that N*°(0) = X. For a minimizer v and an
admissible frequency A = N?0(0), the monotonicity of the frequency function implies that, up
to a subsequence, Hur,on;(aBl)ur,xo converges, as r — 0, weakly in H'(Bj) and strongly in

L?(B1) N L?(0B;) to a A\-homogeneous global solution p : R? — R such that Pl z20my) = 1. In
particular, if we denote by

Ky :={u € H'(Bj) : u is a nonzero A-homogeneous minimizer of £ in A}
we have that
if X is an admissible frequency, then Ky # 0. (1.7)

A complete description of the spaces K, and the admissible frequencies is known only in
dimension two, where the only possible values of A are 3/2, 2m, and 2m — 1/2 for m € Nj.
However, as a consequence of our logarithmic epiperimetric inequality we can describe the set ICy
for values of A close to 2m.

Theorem 4 (A-homogeneous minimizers). Let d > 2. Then for every m € N there exist constants
ct >0, depending only on d and m, such that

Ky=10 for every X € (3/2,2) U U ((2m — ¢, 2m) U (2m, 2m + c}f)). (1.8)
meN
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Moreover, setting

he(z) := (2(1}/ e) — /(2" e)? + xi) \/\/(a:’ e)2 422+ a-e=Re(r -e+ilra)”, (1.9)

we have

Ksj, ={Che : e€S™ and C >0}, (1.10)

Kom = {Cpam : pam is a 2m-homogeneous harmonic polynomial,

1.11
pam > 0 on B, Hp2mHL2(8Bl) =1 and C >0}. ( )

Remark 1.1. Theorem M| and imply that the frequencies 3/2 and 2m, for every m € N, are
isolated, and in particular N*0 ¢ (3/2,2) U, ey ((2m—cp,, 2m) U (2m+c})) for every g € T'(u),
where u is a minimizer of the obstacle problem for general obstacle ¢.

At difference with respect to other results where gaps of this kind are established, the arguments
leading to the constants c,, are never by contradiction, hence the constants c,, can be tracked in
the proofs (see Remark for an explicit example).

We wish to stress that the classes Koy, and Ks), were already characterized (see [2, [11]) and
that typically this characterization is needed to prove an epiperimetric inequality. However our
epiperimetric inequalities are a property of the energies W), and not of a class of blow-ups, and
as such allow us to characterize the Ky as a corollary.

Remark 1.2. Finally we notice that ([L.1]) follows immediately from Theorem |4} the classification,
thus giving an alternative proof to the one of [11].

The characterization of the class KCy,,_1, in dimension higher than 2 remains a major open
problem. The main difficulty is in the fact that it combines the characteristics of K3, and Kop,.
Indeed, on the one hand its elements with maximal symmetry must be 0 on half the hyperplane
{z4 = 0}, as the elements of Ksf, thus suggesting that they should appear as blow-ups at flat
points. On the other hand we can show that, as in the case of Ko,,, there is a continuous family
of different elements of Ky, 1/, which are 0 on half of {z4 = 0}, thus showing that they are
not isolated. We give an example of such a family in dimension three in the following example.
Examples in any dimensions can be constructed by extending the three-dimensional solutions
invariantly with respect to the remaining d — 3 coordinates.

Example 1. Let d =3 and m > 1. Then for every t € [0,1] the function
he(r,0, ) = —r?™= 12 sin®™ =2 9 [sin® 9 sin ((2m — 1/2) @) + ¢ ((4m — 2) cos? 0 — 1) sin ((2m — 5/2) )],
is in Kom—_1/s, where the coordinates r > 0, ¢ € (0,27) and 6 € (0,7) are such that
x1 =rsinfcosy, xo=rcosf, x3=rsinfsingp,
is a smooth parametrization of R®\ ({z3 = 0} N {z1 > 0}).
The proof is a straightforward computation. The function h; is harmonic on the set R? \
({xzs=0}Nn{x1 >0}), y = 0 on {9 = 0} = {z3 = 0} N{x; > 0} and Ay > 0 on {p =
7w} = {xz3 = 0} N {z1 < 0}. Moreover, % < 0 on the set {¢ = 0}. Thus, 2% < 0 on the set

' Oxsg
{z1 > 0} N {z3 = 0}, h; is superharmonic on B and so, it is a minimizer of £ in A.

1.2.4. Application of the epiperimetric inequalities I1I: reqularity of the free boundary in any di-
mension. Using the epiperimetric inequalities Theorem [I] and Theorem 2] we prove the following
regularity result, valid in any dimension.

Theorem 5 (Regularity of the Regular and Singular set). Let u € A, be a minimizer of the
thin-obstacle energy £.

(i) There exists a dimensional constant a > 0 such that Reg(u) is in B} a CY* regular open
submanifold of dimension (d — 2).
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(ii) For every m € N and k = 0,...,d — 2, S#™(u) is contained in the union of countably
many submanifolds of dimension k and class CY1°9. In particular Sing(u) is contained in
the union of countably many submanifolds of dimension (d —2) and class C"'9.

Remark 1.3. If we consider minimizers v € H'(B]") with Dirichlet boundary conditions of the
more general thin-obstacle problem, where we minimize the energy £ in the class of admissible
functions

A? :={uec HY(B]) : u> ¢ on By, u(x',xq) = u(z', —xg4) for every (z’,x4) € B1},
with ¢ € C4P(B],R+), then an analogous statement holds, that is

(i) there exists a dimensional constant 0 < o < 3 such that Reg(u) is in B} a C1 regular
submanifold of dimension (d — 2),

(ii) for every 2m < [ and k = 0,...,d — 2, S?™(u) is contained in the union of countably
many submanifolds of dimension k and class C'+°9.

This result can be proved as a standard application of our various epiperimetric inequalities and
the almost minimality of the blow-ups at a point of the free-boundary, which follows from the
regularity of the obstacle (see for instance [5]). In particular it provides an improvement in the
regularity of S?™, 2m < I, from C' to C11°8 of the results of [11, [3].

1.3. Organization of the paper. The paper is organized as follows. We introduce notation
and classical results in Section [2) while Sections [3 [l and [§] are devoted to the proofs of the
epiperimetric inequalities from Theorems [I} [2] and [3] respectively. Section [f] contains the proof
of Theorem [, which is new and follows from our direct approach to the epiperimetric inequality.
Section [7] is dedicated to the proof of Theorem [f] which is based on arguments of classical flavor
and which is adapted to the logarithmic case.

2. PRELIMINARIES

In this section we recall some properties of the solutions of the thin-obstacle problem, the
frequency function, the Weiss’ boundary adjusted functional and we deal with some preliminary
computations.

2.1. Regularity of minimizers. The optimal regularity of the solutions of the thin obstacle
problem was proved in [I]. We recall the precise estimate in the following theorem.

Theorem 2.1 (Optimal regularity of minimizers [I]). Let u € A be a minimizer of €& with
Dirichlet boundary conditions. Then u € 01,1/2(3172) and there exists a dimensional constant
Cy > 0 such that

lallgrssg,) < Calullzcs,y -

2.2. Properties of the frequency function. Let u € H'(B;) be a minimizer of the thin-
obstacle energy and zy € I'(u). Then we introduce the quantities

o
D*(r) ::/ Vul® de,  H™(r) :=/ WZAHS and No(p) = TD)
Br(x0) dB,(z0) Heo(r)

where 0 < 7 < 1 — |zg|. Furthermore in this notation we have

1 A

WO (r,u) = R )Y D*o(r) — )Y H™(r) :=Wy°(r).

In the following we will need the monotonicity of N, which can be found in [2], and of Wj,
which can be found in [I0] in the case of frequency 3/2. For the sake of completeness we give here
a proof in the general case.

Lemma 2.2 (Properties of the frequency function). Let u € H'(B1) be a minimizer of & and
xo € T'(u), then the following properties hold.
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e The functions N*(r) and WY°(r), for any X > 0, are monotone nondecreasing and in

particular
d d—2+ 2\ 1
—WO(r) = g(m(m — Wi (ur)) + / (Vauy - v — Au,)? dHTL (2.1)
dr r T JoB,
u(xro +re
where u,(x) := (7’/\) and zp(z) == |z uy (2/])).
Z0
e For every N*(0) > X, the function ——igax '8 monotone nondecreasing and in particular
T
d ( H"(r) WYO(r)
ar (Td—1+2)\> =2 (2:2)
Proof. For the monotonicity of W), dropping the index xzg, we recall the identities
D
D'(r)=(d—2) (r) +2/ (Dyu)? dH! (2.3)
r 9B
H
H'(r)=(d-1) Alr) +2 / udyudH! (2.4)
r OBr

D(r) = / wd,udH! .
0B

Then, similarly to [10], we compute

D'(r) D(r) H'(r) H(r)

/
Wi(r) = pd—212x (d—2+2X) Fd—142% A ) W Ald = 1+2X) Fd—1+2X (2.5)
(d—2+2)) Hr) D) L, HE) . D)
= - , W(r) = A(d =2 +22) cdrax T d—2gax T 22 pdr2x 2ZA pd—1f2X
1)
Next a simple computation shows that
1
I(r) = / (1Vurl? — 20ty By + 222 u?) dHI
T JoB,
1
- / |:(‘8yur‘ - /\U»,«)2 + ’VQUTP + AQ ’U/%:| d%d_l
T JoB:
1
- / (9] — Auy)? dHE + (d— 2+ 2)) / V2
T JoB, B
which, together with (2.5]), implies
d—24 2\ 1
WA(r) = [d-2+23 Wa(zr) — Wa(ur)) + / (V- v — Au,)® dHOL.
r r oBy
In particular, if ¥ minimizes £, then the monotonicity of W, follows.
For the second bullet, we can compute
d H(r) H'(r) H(r)
dr <Td—1+2>\> T pd—1t2x (d—1+2A) Fd+2X
H(r) 2 i1 H(r)
= (d— 1)rd72+2)\ P ASET . uOyudH™" —(d—1+2)) Fd+2X
D(r) H() 2
= 2 Fd—142x (23) Fdt2y T ;W/\(r)'
) H(r) ) ) ..
Notice that Wy (r) = m(]\f(r) — A), so that if N(0) > A, then W, (r) is positive, by mono-

tonicity of N(r), and the claim follows. O
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2.3. Blow-up sequences, blow-up limits and admissible frequencies. Given a function
u € A minimizing the energy £ and a point 2o € S*, we define the blow-up sequence of u at x
by Uz r(z) = W. Using the monotonicity of N* and H®° it is easy to see that

|Vt ,|* dz = L |Vu|* de = N*(r) AR N®(1) H*(1)
. o, ~ d2n (20) N pd—142x = )

It follows that there exists a subsequence (ug,r, )k and a function u,,, which depends on the
subsequence, such that ug, ,, converges weakly in H'(B;) and strongly in L?(B;) N L*(9B;) to
some function p,, € A. Furthermore by Theorem we have that the convergence is Cllo’?(Bl),
for every a < 1/2, and by the minimality of u, it is also strong in H'(B;). A standard argument
using the monotonicity of Wy then shows that p,, is a A-homogeneous global minimizer of €.
We say that p,, is a blow-up limit of u at zp and we denote by K*°(u) the set of all possible
blow-up limits of u at xg.

2.4. Fourier expansion of the Weiss’ energy. On the (d — 1)-dimensional sphere B; C R?
we consider the Laplace-Beltrami operator App,. Recall that the spectrum of App, is discrete
and is given by the decreasing sequence of eigenvalues (counted with the multiplicity)

O=A <A< <A<l

The corresponding normalized eigenfunctions ¢ : 0B1 — R are the solutions of the PDEs
—App, bk = \edx  on OBy, gpdHT = 1.
0B1

For every p € R we will use the notation

Ap) = plp+d—2), (2.6)

and we will denote by «j the unique positive real number such that A(ay) = Ag. It is easy to
check that the homogeneous function ug(r,0) = 7% ¢y (0) is harmonic in R? if and only if its
trace ¢y is an eigenfunction on the sphere corresponding to the eigenvalue \,. Moreover, it is
well known that in any dimension the homogeneities oy are natural numbers and the functions
ug are harmonic polynomials of homogeneity ay. Furthermore for every A > 0 eigenvalue of the
Laplace-Beltrami operator on the sphere, we define

E(\) ={¢ € H'(9B1) : —Agp,¢ =\¢ and ||gll 20m,) #0}

that is E()) is the eigenspace of App, associated to the eigenvalue A intersected with the unit
sphere. We write the energy of a homogeneous function in terms of its Fourier coefficients; a
similar lemma can be found in [5, Lemma 2.1], but we report the short proof for completeness.

Lemma 2.3. Letd > 2, a > pu >0 and

a—p
- 97K 2.7
o s i+ d—2 (27)

With the notations above, let 1 = 3772, cjp; € HY(0By), and let ©o(r,0) := 7% (0) be the
a-homogeneous extension of Y in Bi. Then we have

[e.9]

Wialon) = g3 20 = M) &, 2:8)
j=1
Walpa) = (L= Koy Wilew) = 585 > (=4 + M) (2.9)

J=1
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Proof. Since ||¢jllr29p,) = 1 and Hv@%”m(aB = )\ for every j € N, we have

Wilga) = 2 (/ rd_ldr/ e T e C) o e AT / O3 (0) dH~ 1>
i~ 2
+A
=3¢ (ifaas 1)
= d+2a—2

where in the above identity df stands for the Hausdorff measure %! on the sphere OB;. Setting
a = u, we get (2.8). We now notice that for every A we have

a? + 2+ A K
_— = — (1 — Ky 2 7 =—20 (N, —\),
<d+2a—2 “) ( ”’“)<d+2u—2 “) i5 202 )
which shows (2.9). O

2.5. Energy of homogeneous minimizers. In this subsection we prove a lemma about the
energy of homogeneous minimizers which will be useful in their classification.

Lemma 2.4. Let u > 0 andt € R. If the trace c € H'(0By) is such that the (u+t)-homogeneous
extension "1t c(0) € A and is a solution of the thin-obstacle problem, then

t

WM(T'I'L+tC) = t”CH%Q(aBl) and WM(THC) = <1 + m

) Wy (ritte). (2.10)
Proof. Since the Weiss energy vanishes for minimizers with the corresponding homogeneity,
Wyt (r*te(9)) = 0, by (2.8) we get that

IVoclF2om,y = M+ DllellT20m,)-
Hence, we have W, (r**tc) = W, +(r*t'e) + tHcHLg(aBl = tHcHLg(aB ) and by Lemman .

1 2 Alp+1) = M) |, o
Wy(rte) = m(”ve 7208 — Al Z208,) = o+ d—2 lelZ2 o))

_ t , - . y
— (1 + 2u+d—2> tlel2om,) = <1 + 2u+d—2> W ().

3. EPIPERIMETRIC INEQUALITY FOR Ws),: PROOF OF THEOREM .

In this section, after some preliminary considerations about 3/2-homogeneous minimizers of &,
we prove the epiperimetric inequality at regular points Theorem [I]

3.1. The function hsp. In [2] Athanasopoulos, Caffarelli and Salsa show that there are no point
of frequency smaller than 3/2. On the other hand, one can easily construct global 3/2-homogeneous
solution for which the point 0 is on the free boundary. In dimension two, one such a solution
expressed in polar coordinates is has (7, 0) = r°? cos (30/2), for r > 0 and 0 € (—m, 7). In RY, it is
sufficient to consider the two-dimensional solution hs/, extended invariantly in the remaining d —2
coordinates. More generally, for a given direction e € 9B; N{z4 = 0} we consider the function h,
in , which is a 3/2-homogeneous global solution of the thin obstacle problem. With a slight
abuse of the notation, in polar coordinates, we will sometimes write he(r,0) = r*/*h.(0). We
notice that h. has the following properties:

(i) The L%(dBi)-projection of he(f) on the space of linear functions is non-zero. We may
suppose that it is given by the trace of the function x — C =z - e, for some constant C' > 0.
Notice that the space of linear functions coincides with the eigenspace of the spherical
laplacian corresponding to the multiple eigenvalue Ao = --- = Ay = d — 1. Thus, he has a
non-zero (d — 1)-mode on the sphere.
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(ii) he is harmonic on By \ ({xg = 0} N {z - e > 0}). Thus, an integration by parts gives that,
for every ¢ € H'(Bj) such that ¢ = 0 on {z4 =0} N {x-e < 0} we have
3
Vhe - Vb da — / het dH! = 0.
B 2 Jom,
In particular, Wy /5(he) = 0.
(iif) The derivative 2% has a jump across the set {zq = 0} N {z - e < 0}. The distributional

Oxg
laplacian of h. on Bj, applied to the test function v € H'(By), is given by
oh 3
WA dx = 2/ ClydHIt =2 (', 0)— (2" - 6)1_/2 dx’ .
B Bin{z-e<0} | O%d B V2

3.2. Proof of Theorem Since the trace c¢ is even with respect to the plane {zg = 0}, its
projection on the eigenspace of linear functions E(\) C H'(B) is of the form c; - e for some
constant ¢; > 0 and some e € dB; N {z4 = 0}. Let C > 0 be such that the L?(0B;)-projections
of C h. and ¢ on the eigenspace of linear functions E(A2) are the same.

Consider the function ug : B; — R given by ug(x) := |z4|*. Since ug(8) is even, it is orthogonal
to the eigenspace E(A2). Let the constant ¢y € R be such that the projections of ¢ — Ch, and
coup on the eigenspace E()\;) are the same.

We can now deduce that ¢ : dB; — R can be decomposed in a unique way as Che + coug,
which has the same low modes of ¢, and of ¢, which contains only higher modes on 0B

c=Chetcouo+o,  d0)= > ¢;(0).
{] : )\]‘ >2d}
The competitor v : By — R is then given by
v(r,0) = Cr*lhe(0) + coruo(0) + r?¢(6). (3.1)
We notice that v € A. Indeed, since ¢ > 0 on the equator {zy = 0} N dB; and since C > 0,
assures that v(r,0) > r2¢(6) is non-negative on the (d — 1)-dimensional ball B := {4y = 0} N By.
We now compute the energies of #*/2c and v. For any ¢ € H'(dB;) we claim that
3ct 1
Wpo(Che + couo + o) = =—2 | |adldz +Wsp(4) + ———B(9), (3.2)
4 By d +a — 5

where @, (r,0) := r*¢(f) denotes the a-homogeneous extension of ¢ and

- —§C ¢(9) d—1 E / /‘61/2 d—2/n/
3(6) = 20/831de O+ 5 [ o0V a2 @)

Indeed, expanding Ws, and integrating by parts we get

W, (Che + cotig + @a) = C* Wi (he) + W (couo + @a)

3

+2C ( Vhe - V(cug + pa) — / he(couo + ‘Pa)>
B1 2 0B,

= Ws/z(couo +pq) —2C YaAhe dz,
B

3
Wi (couo + 0a) = c(%Wg/Q(uo) + W (0a) + 2¢0 ( Vug - Vg — / u0g0a>
B 2 Jon,

= chg,/g(uo) + Wsp(pa) — QCO/B VaAug dz. (3.3)
1

An integration by parts and the fact that Aug(xz) = %]xd]*W give that

Wi (uo) = —/

upAug dz = —3/ |zg|dx < 0. (3.4)
B 4

B1
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The homogeneity of ¢, and the precise expressions of Aug and Ah, give that

3 —1/2 1 3 —1/2 d—1
YalAug dr :/ Ya—|T4 dr= ——— ?(0)—64 dH ), 3.5
[, patuwode= [ e r o L OHY ONENCE)
3 V2 g 1 6 N2 gad—20p
goaAhedx:—Q/ Va2, 0)—=(2'e) "dr) = —— v — d(0")(0"-e) " dHT=(0") .
/Bl [, el 0 5 te) TE T3y 200
(3.6)
Finally, by (3:3), (-4), (B5) and (3:6) we get (32). Applying (B:2) to a =3/ and a = 2 we get
1 3¢t 1
_ _ < __ "0 _ _

W (v) (1 2d+3)W3/2(Z) S 104+ 3) /Bl |wal dz + W (02) (1 2d+3)W3/2(<p3/2)
<_3C(%/ | da (3.7)
= 4@2d+3) Jp, TN ‘

where the last inequality is due to Lemma with = 3/2 and o = 2. O

Remark 3.1. In this remark we are interested in the equality case of the epiperimetric inequality
(1.2). Indeed, if there was an equality in (|1.2)), then by (3.7)) we should have that ¢y = 0 and also

1

W20 ~ (1= 55 ) Wonlr™0(0) = .

By Lemmal[2.3] we get that ¢ is an eigenfunction on the sphere 9By corresponding to the eigenvalue
A(2) = 2d, that is the restriction of a 2-homogeneous harmonic polynomial. Moreover, since the
trace is ¢ is non-negative on 9B and h. = 0 on BiN{z-e < 0} we get that ¢ > 0 on BiN{z-e < 0}
and by the fact that ¢ is even, we get ¢ > 0 on Bj.

4. LOGARITHMIC EPIPERIMETRIC INEQUALITY FOR W,,,: PROOF OF THEOREM

If Wam(z) < 0, the conclusion is trivial, taking h = z. Thus in the proof we assume Wa,,,(2) > 0.
Using the notations from Subsection 2.4 we may decompose the trace ¢ in Fourier series on the
sphere as c(0) = >°72, ¢;$;(0) = P(0) + ¢(0), where

PO) = > c¢i0) and  $0) = > ci¢i(0). (4.1)
{j:o;<2m} {j:a;>2m}
Let
M := —min { min{P(6),0} : 0 € 9By, 6, =0},
and let ho,, be an eigenfunction, corresponding to the homogeneity 2m, such that ho,, = 1 on
the hyperplane {z4 =0} N 0B;.

Remark 4.1 (Construction of hgy,). In order to construct such an eigenfuction we first notice
that the eigenspace corresponding to the homogeneity 2m consists of the restrictions to the
sphere of 2m-homogeneous harmonic polynomials in R?. Thus it is sufficient to construct a 2m-
homogeneous harmonic polynomial whose restriction to the space {xy = 0} is precisely (l’% +
st x?lil)m. We define

m
hom(z1,...,2q) := Z Cpa (23 + -+ a2 )",
n=0

where Cy = 1 and, for every n > 1, C,, is given by the formula
2(m—n+1)(d—142m — 2n)
= Ch—
Cn 2n(2n — 1) nob

which assures that ho,, is harmonic. It is immediate to check that C,, is explicitely given by

o (=2)"m! a B i — 9
Cn_(2n)!(m—n)!j];[1(d L+ 2m = 2j),
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which concludes the construction of hoy,.
The 2m-homogeneous extension z of ¢ can be written as
2(r,0) = 2™ P(0) + M 2™ hop (6) — M 172 hop (6) + 2™ ¢(6).
Our competitor h is given by
h(r,0) = r*™P(0) + M 1> hopm (0) — M 1r%hop (0) + r%¢(6). (4.2)

for some v > 2m to be chosen later. Notice that h is non-negative on the set {xq = 0} N 9B;.
The homogeneity o > 2m depends on the trace and is determined through the inequality

o —2m
a+2m+d—2

= 6Hv9¢”i’;(831)7 (4.3)

Ra2m =

where we will choose € > 0 to be small enough, but yet depending only on the dimension.
We now prove the epiperimetric inequality (1.4)). We proceed in three steps.

Step 1. There are explicit (given in (4.8])) constants Cy and Cs, depending only on d and m, such
that for every a € (2m,2m + 1/2) the following inequality does hold:

W2m(h) - (1 - K‘a,2m)w2m(z) < Clﬁi,zm M2 - CZHa,2m||v9¢||%2(aBl)- (44)

We set for simplicity

W(r,0) = Z c;ir*™p;(6),
{j, aj<2m}
Hgm(’l",G) = M?“thgm(e) + Z CjTngbj(Q),
U, aj=2m}
(4.5)
o(r,0) = —M7r*hy,,(0) + Z ;™ e;(6),
{j, a;j>2m}

B(r,0) = —Mroham(0)+ > cre,(6).

{j, aj>2m}

Thus, h and z are given by
2=+ Hom+ and h =14+ Hopm + ©.
We first notice that the harmonicity and 2m-homogeneity of Hs,, imply
Wom(2) = Wom (Y +¢)  and  Wap(h) = Wam (¥ + &).
Moreover, by definition 1) is orthogonal in L?(B;) and H'(Bj) to both ¢ and ¢. Thus, we get
Wom(2) = Wom () + Wam(e)  and  Wam(h) = Wam(¥) + Wam ().
We now notice that, since ¢ contains only lower frequencies, we have Wa,, (1)) < 0. Thus,

Wom(h) = (1 = Ka2m)Wam(2) = Ka,2mW(¥) + Wam(@) — (1 — Ka,2m) Wam(¥)
< WQm(SZ) — (1 - Ha,Qm)W2m(()0)'
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By Lemma we have that

~ "{‘704, m
Wain(8) = (1= Ko 2m)Wam(9) = M haml| 2 o) 75— (—A(2m) + Ala)

+ 20— 2
Ra,2m = ) 2
+ m ' Z (—)\] + )\(O[))Cj
{j,o;>2m}

) ) , (Cm+a+d-—2)?
= M |haml12(05,) K0 0m 5 T 90— 2

_Fapm N~y )
Tdvoa-2 > A+ M) (4.6)
{j,a;>2m}

We now estimate the last term in the right-hand side of (4.7).

Y= A@)e _Z/\C ~Aa Zc
= Z )\ 2m —|— 1 Z )\ - 2m(;_ 1)_‘_ 1) (a) Hvequ%Z(aBl), (47)

where all the sums are over {j, a; > 2m}. If we assume that a € (2m,2m + 1/2), then (4.7),
together with (4.6)), gives (4.4) with the constants

A2m +1) — A(2m + 1/2)
A(2m +1)

Ci = (4m + d)||ham|2pp,) and  Cy= (4.8)

In order to conclude the proof of Step 1 we now show that we can choose ¢ small enough (depending
only on the dimension and m) such that the bounds ((1.3) on the trace ¢ imply that o < 2m+1/2.
Indeed, by (4.7) with a = 2m and Lemma (2.8), we get

A(2m+1 m
INoolEaomy < e T S™ (— A@m)E = Am o+ W2 9(0). (49)
{j,a;>2m}

Using that ¢ = P + ¢, the orthogonality of P and ¢ on the sphere and Lemma we get that

A(2m)

Wam (r?"¢(0)) = Wa (2) — Wan (r?™ P(0)) < Wam(2) + m“ 72008,

< Wam(2) + 2mllel|72pp,) < 1+ 2m,
where the last inequality is due to ([1.3)). Together with (4.9)) this gives the estimate
IVodl22(05,) < (2m +1)*@2m +d — 1).

Thus, choosing & < (2A(2m + 1))_2, we finally obtain

1
a—2m=(a+2m+d-—2)e ||v9¢\|L2 opy) < 202m+1)°(2m +d —1)% < 5
Step 2. There is a constant C3 > 0, depending on d and m, such that
(1
M? < C3Hv9¢”L2(3;)1 (410)

We start by noticing that there is a constant L,,, depending only on d and m, such that the
eigenfunctions corresponding to the low frequencies are globally L,,-Lipschitz continuous, that is

IVoojllLeop,) < Lm, forevery je&N suchthat a; <2m.

Now, since by hypothesis ((1.3)) the trace ¢(f) is such that HP”%P(&Bl) < [lef32 (op1) < 1, we have
that all the constants c¢; in the Fourier expansion of P are bounded by 1. Thus, the function
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P : 0B; — R is L-Lipschitz continuous for some L > 0, depending only on d and m. Denoting
by P_ the negative part of P, P_(0) = min{P(0),0}, we get that

P2 an*2 > o,M? | — —
/Sd_z - aHT 2 Ca L Ld-2

for some dimensional constant Cy. On the other hand, since P + ¢ is non-negative on S~2 =
{zq =0} N OBy we get that

Me, (4.11)

¢*dHT? > P2 aH2. (4.12)

Sd—2 Sd—2

Now, by the trace inequality on the sphere 0B, there is a dimensional constant Cy such that

§d—1 §d—1

Vo2 dHI,

§d—2

(4.13)

<14 —
=@\ yem ) Ja

where the last inequality is due to the fact that in the Fourier expansion of ¢ there are only

frequencies A\; > A(2m). Combining (4.11), (4.12)) and (4.13)), we get (4.10).

Notice that in this step we used the non- negatwlty of the trace ¢ (in the inequality (4.12))) and
also the condition that ¢ is bounded in L?(0B;) (when we give the Lipschitz bound on P). More
precisely, the constant C3 depends on the norm || P||z2(sp,), which in turn is bounded by one.

Step 3. Conclusion of the proof of Theorem [2) I By Step 1 (4.4]) and Step 2 (4.10) we get
Wam(h) — (1 = Ka,2m)Wam(2) < Cl“a 2mM2 — Ca2kaq 2m||v9¢‘|%2(831)

2(1—
< Ky 2mClC3Hv9¢HL(2 (8B1) 025a72m”v9¢||%2(831)
=e(cC1C3 — C2) Vool 305, (4.14)
where the last equality is due to the definition of Kq,2m. Choosing € < % we get that
Wam(h) — (1 - suvgqsuiz(%l)) Wam(z) < 0. (4.15)
Using again Lemma we have
1 = 5
Wam(2) = mZ(A A(2m))c;
1 o0 o
<S———= Y. =agm)d < > N = Vedl T,
dm+d—2 4
{j,o;>2m} {j,;>2m}

which together with (4.15) gives
Wam(h) < (1 —€ ||V9¢>H?2(3Bl)> Wam(2) < (1= e W3, (2)) Wam(2),

which is precisely ([1.4]). O
We conclude this section with the following Remark, which will be useful for the characteriza-
tion of the possible blow-up limits.

Remark 4.2. In the hypotheses of Theorem [2, we have the following, slightly stronger version of
the logarithmic epiperimetric inequality:

Che
Wan(h) < Wam(2)(1 — & [Wan (= W) N (4.16)

for which it is sufficient to choose 0 < € < 20 +; In , ¢ being the function defined in (4.1)
containing the higher modes of the trace c on the sphere 0B;.
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5. EPIPERIMETRIC INEQUALITY FOR Wy, 1/, IN DIMENSION TWO: PROOF OF THEOREM 3]

We prove the theorem in several steps.
Step 1. Sectorial decomposition of hyp,_1/,. We notice that the function hg,, 1, has 4m — 1
half-lines from the origin along which it vanishes. These lines correspond to the angles

2
Tam—1"
and they individuate 4m —1 circular sectors in By corresponding to the nodal domains of g, 1.
We consider the following 2m sets, which are invariant under the transformation § — —6

S; = {(7“, 0):re[0,1], § €]sj_1,s;{U]2m — 55,21 — Sj,l[},

S; fori=1,....,4m — 1,

where j = 1,...,2m. Notice that Si,...,S2,—1 are unions of two sectors of angle %, while

Som is the sector {(r, 0) :rel0,1], 6 E]SQm,l,SQm[}. We define the restrictions of hgp,_1/, to
these sectors for j =1,...,2m

fj (T’, 9) = ILS]' (Tv 0)h2m71/2(7’7 9) = (1}3j,1,5j[(0) + Il]27r7sj,27r73j71[(6)> h2m71/2 (Tu 0)

We notice that, since hg,,_1, vanishes on By N 95, the fuctions f; are in H 1(By). Moreover,
they are (2m — 1/2)-homogeneous even functions, namely f;(r,0) = r>™="2f;(9) and f;(r,0) =
fj(r,—6). We claim that for any by, ..., ba, € R

W2m1/2<§bifi> —0. (5.1)
=1

Indeed, since the energy W, 15, is quadratic in its argument and for every i # j the supports
of f; and f; have negligible intersection, the energy of the linear combination is given by

2m 2m
Wam—1/s ( > bifz') =Y b Wa_1(fi)-
=1 =1

Moreover the functions f; are harmonic in each S; and vanish on the rays delimiting their support,
that is on 955N By. Thus Wa,,_14,(f;) = 0 for every i = 1, ..., 2m, so that the previous inequality

implies ([5.1)).

Step 2. Decomposition of the datum c¢. We claim that we can write ¢ in a unique way as
2m
c(0)=> aifi(0) +é0) on 0B,
i=1
where
® ai,...,aoyn € R and asy, >0
e &€ H'(0B) is even and it is orthogonal in L?(0B;) to 1,cos(), ...,cos((2m — 1)6).
To prove this claim, we call L the span of 1, cos(6),..., cos((2m — 1)), which is a linear subspace
of L?(0B;) of dimension 2m. We set Pp(c) to be the projection of ¢ onto L. To show the
existence of ay, ..., az, € R, it is enough to prove that the 2m functions Pr(f1),..., Pr(fom) are
linearly independent, so that their span gives the whole L. Hence, we take any linear combination
b1 f1 4+ ...+ bom fom, such that its projection on L is 0, aiming to prove that by = ... = by;, = 0. By
(5.1)), the energy of by f1+...4+bam fom is 0. On the other hand, since the function by f1+...+bom fom
is assumed to have only modes higher than 2m —1/2 on 0By, its (2m — 1/2)-homogenous extension
has nonnegative energy thanks to , and its energy is 0 if and only if by f1 + ... 4+ boy, for, = 0.
Hence, this must be the case. Hence we can write in a unique way Pr,(c) as a linear combination

of PL(f1)7 ) PL(me)

2m
Pi(c) =) aiPL(fi).
i=1
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Since ¢ is assumed to be close to hg,_15 by (L.5), and since hg,,_1s, is strictly positive on
the support of fo,, we can assume without loss of generality that as,, > 0. Finally, we set

é=c— 1 aifi
Step 3. Choice of an energy competitor and computation of the energy. We let o > 2m — 1/2 to
be chosen later and we define an energy competitor for ¢ as

2m
0) == a;fi(r,0) +1°¢0) = rF (c— &) +1°C
7j=1

The energy of h can be written as

am

W2m—1/2(h) :WZm—l/Q (’l“ 2_1 (C - 6)) + WQm—l/z (Taé)
Y- @) - V(rE) dH2 — (4m — 1) /BB (c - &)edH.

4m—
+2/ V(TT
B

By the deinition of ¢ and Step 1 we have that the first term in the right-hand side vanishes:

Wam—1/5(h) =Way 15 (r*é +22a] </ Vi V(re¢) dH* — (4m — 1) ijdH1>. (5.2)

o 2B,
We rewrite the middle term integrating by parts, and using that Af; =0 on {f; # 0}
/ Vfi-V(r*e) d’H2:/ rc(0) Af; + i yog
B S 811
J

95 - / 31} 1 / 19f; 1
=2 rc(f) dH rec(f) dH r*c(0) dH.
/BBI’_OS 67" ( ) {6=s,} r 89 ( ) {6=s;_1} r 89 ( )

Now since f; is (2m — 1/2)-homogeneous we can write f;(r,0) = r>™~1/2f;(9) and we get that

2 / O joc(o) an = 2 / O(r?" R £i(0))re(0) dH = (4m —1) [ fiedH,
7]

Bfns; Or aBf NS, oBF
2/ 1afj ac(@)d’Hl—Z/ 1% o (9)6”‘[1
{0=s5;} T a0 {0=s; 1} T 89
1
=2 [ @us)els) - ufy o505y -0) dr
2
:m(aefj(sj) &(sj) = 9o fi(sj-1)&(sj-1))-
Hence we can rewrite as
2m
o~ 2
W2m—1/2(h) :W2m_1/2(’l” C) +o¢~|—2m—1/2;a3(89f](83) ( ) agfj(sj 1) (Sj 1)) (53)

Since the previous two equalities hold also when o = 2m — 1/2, we see that

2m
4m—1

ngfl/g(z):Wmel/Q(r 2 5) +ﬁzag‘(3@fj(33‘) (55) — 0o fj(sj—1)c(sj— 1)) (5.4)
j=1

Step 4. Conclusion. Setting kg 9, —1/2 according to (2.7), a suitable linear combination between
the last terms in (5.3)) and (5.4)) is 0, because by the defintion of s, 2,,—1/2 we have

2 2
- _(1- — < . .

Putting together (5.3)), (5.4]) and (5.5)), we find

Wmel/Q(h) - (1 - Ra,2m71/2)w2m71/2(z) = W2m71/2 (Taé) - (1 - ’Qa,2m71/2)w2m71/2 (7’ 2 c).
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Thanks to Lemma in particular to (2.9), we obtain that
~ am—1 _
W2m—1/2 (rac) - (1 - Ha,2m—1/2)w2m—1/2 (7" 2 C) <0,

because by definition ¢ is orthogonal to 1, cos(f),...,cos((2m — 1)8) (which, in dimension 2, are
the only eigenfunctions with corresponding homogeneity less than or equal to 2m — 1/2). U

6. ADMISSIBLE FREQUENCIES FOR THE THIN-OBSTACLE PROBLEM

We first prove an easy version of the epiperimetric inequality useful for negative energies.
Then we use this result, together with Lemma [2.4] and Theorems [I] and [2] to conclude the proof
of Theorem [

6.1. Epiperimetric inequality for negative energies. The following proposition gives an
epiperimetric inequality for negative energies.

Proposition 6.1 (Epiperimetric inequality for negative energies). Let d > 2, ¢ € H'(0B1) be a
function such that its 2m-homogeneous extension z(r,0) := r*"c(0) € A and ||c||129p,) = 1.
Then there exist a constant € = e(d,m) > 0 and a function h € A with h = ¢ on dB; and

Wam(h) < (1+ €)Wam(2). (6.1)

Proof. For j € N, let ¢; be the eigenfunctions of the Laplacian on dB1, A\; and «; the correspond-
ing eigenvalues and homogeneities (see Subsection [2.4). We decompose ¢ in Fourier as

(e e]
c=D b= D, Géit Y, «dit D, edi=iectetos
j=1 {j:aj<2m} {j:o;=2m} {j:a;>2m}
We consider the maximum of the negative part of c
M := —min { min{c(6),0} : 6 € By, 65 =0}.

Since @) contains only low Fourier frequencies, M is controlled by [|Q|[z2(5p,), namely, there is a
constant C; := Cj(d, m) > 0 such that

2
M (Y lel) =G Y E=CilQln,) (6:2)
{j:aj<2m} {j:a;<2m}
Let a:= a(d,m) € (2m — 1,2m) to be chosen later and let
2m -«

0. 6.3
a—l—2m—|—d—2> (6.3)

Let hoy, be the eigenfunction built in Remark corresponding to the homogeneity 2m, such
that ho,, = 1 on the hyperplane {x4y = 0} N 0B;. We set for simplicity

he u(r,0) = (c<(0) + Mhapy(0))r" for = 2m, a,
h—(r,0) == (c=(8) — Mhany())r*™, hs(r,0) == csr?™p;(6).

We notice that z can be written as a sum of these objects and we introduce the energy competitor
h, obtaining by extending the lower modes of ¢ with homogeneity « and leaving the rest unchanged

Z = h<’2m + h: —+ h> and h = h<7a + h: + h>. (64)

Since 0 < he o > h< pm on Bi, we have that h > z > 0 in Bf; moreover, h = z on 0B.
Next, we compute the energy of z and h. Since h— is harmonic and 2m-homogenous, and since
hs is orthogonal in L?(B;) and H'(Bj) to he ,, for p = 2m,a we have

Wom(hey +he + hs) = Wam(he y 4+ h= 4+ hs) = Wap(he i) + Wam(hs).
Thus, we rewrite the quantity in (6.1) and we observe that Wa,,(h~) > 0 by Lemma
Wam (h) — (1 4+ e)Wap(2) = Wap(h< o) — (1 + &) Wam (he 2m) — eWam(hs)
< Wam(heo) — (1 +e)Wam(he 2m). (6.5)
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Denoting by A the function in (2.6)) by Lemma we rewrite the right-hand side as
WZm(h<,a) - (1 + E)VVQm(h<,2m)

_ A2 2 £(=A(2m) + A(@)) € - 2
= Mllhonli208) =90 —3  ~ 35203 | D (=N + Ma))e. (6.6)
{j,aj<2m}
Since 2m — 12 < a < 2m, then setting Co := A(2m — 1/2) — A(2m — 1) > 0, such that
C
> M@-NG2CG Y G =ClRliaen, 2 M, (6.7)
{j,aj<2m} {j,aj<2m}

where in the last inequality we used (6.2). Since —A(2m)+\(a) = e(2m + a + d — 2)?, combining

, and we get

2 2 2
eC2m+a+d-—2) eCoM
Wam(h) — (1 + )W < M?|\hom||? -
Qm( ) ( +€) Qm(Z) = H QmHLQ(aBl) d+2a —2 Cl(d+2a—2)
M25 ) CQ

< T30 =5 (2l (4m +dP= = Z2). (6.8)
Choosing ¢ := £(d, m) small enough, namely « sufficiently close to 2m by the choice of ¢ in (6.3)),
we find that the right-hand side in is less than or equal to 0, that is (6.1)). U

6.2. Proof of Theorem We divide the proof in two steps.

6.2.1. Frequencies % and 2m. We first prove (1.10). Let ¢ : 9B — R be the trace of a 3/2-
homogeneous non-trivial global solution z € Ks/, of the thin-obstacle problem. Let v be the
competitor defined in (3.1)). By the optimality of z and the epiperimetric inequality (|1.2]) we get

that
1
0= W3/2(Z) S W3/2(U) S <1 — 2d—|— 3> W3/2(Z) = 0,

and in particular both the inequalities are in fact equalities. By Remark we get that z =
Che+13/2¢, where C > 0, e € OB} and ¢ : 0B; — R is an eigenfunction of the sperical Laplacian,
corresponding to the eigenvalue A(2) = 2d, and such that ¢ > 0 on 9B]. Thus, we have

Vhe - V(r*Pp(6)) — g / hegﬁd”;'-[dl)

0By

0= W3/2(Z) — W3/2(h,) —+ W3/2('r3/2¢) + 20 <
B

> Wapa(h) + Wap(r"29) = Wy (r*29) 2 0,
where, by Lemma the last inequality is an equality if and only if ¢ = 0. Thus, z = Ch, for
some e € 0B} and C > 0. Since 0 # K3, we get that C' > 0, which concludes the proof of (L.10).
We now prove ((1.11]). Suppose that ¢ € H'(0B1) is the trace of 2m-homogeneous non-trivial
global solution of the thin-obstacle problem. Let h be the competitor from (4.2]). By the opti-

mality of 72"¢(#) and the improved version of the logarithmic epiperimetric inequality (4.16]) we
have

0 = Wan(r¥™c) < Wan (h) < Wam (r7"¢) (1=¢ [Wam (r2"¢)[") =2/ Vol 1 35,y = —e2IVod I 12 s,

Thus, necessarily || Voo| r2(9p,) = 0, that is the Fourier expansion of ¢ on the sphere 9B, contains

only low frequencies: ¢(f) = Z cj¢j(0). Now by Lemma [2.3 we get

1

_ 2m N _ . 2

0= WQm(T' mC) = m ' Z ()\] — )\(Qm))cj S 0,
{j,a;<2m}

and so all coefficients, corresponding to frequencies with o; < 2m, must vanish. Thus c is a

non-zero eigenfunction on the sphere corresponding to the eigenvalue A(2m) = 2m(2m +d — 2).



EPIPERIMETRIC INEQUALITIES FOR THE THIN OBSTACLE PROBLEM 19

6.2.2. Frequency gap. Let us first prove that

Ky =0 for every X € (3/2,2).
Let A = 3/2+t € (3/2,2) be an admissible frequency and ¢ € H'(9B;) a non-trivial function whose
(3/24t)-homogeneous extension r*/>*t¢(6) e K344 is a solution of the thin-obstacle problem. Let
v be the competitor from ([3.1). By the minimality of #*2**¢(6), Theorem [1f and Lemma
applied with p = 3/2, we have that

3 1 3 1 t 3
W o (r ey < Wsa(v) < <1 ~ s 3> W o (r 2¢) = <1 ~ s 3> (1 + d+1> Ws o (r P,

Since W3/2(r3/2+tc) > 0, we get

1 t
1— 1+——)>1
< 2d+3>< +d+1>— ’

which implies that ¢ > 1/2 and concludes the proof of the claim.

We now fix m € N;. We will show that there are constants ¢} > 0 and ¢, > 0, depending
only on d and m, such that

Ky =0 for every A € (2m — C_,2m + C4) \ {2m}.

Let A = 2m + ¢ be an admissible frequency and ¢ € H'(dB1), |¢llr2p,) = 1, a trace whose
(2m + t)-homogeneous extension r*™*tc(f) is a minimizer of the thin-obstacle problem.

Suppose first that ¢ > 0. Let h be the competitor from . By the minimality of r?"ttc,
Theorem [2] and Lemma [2.4] applied with p = 2m, we have that

t 3/24t
+ 4m—|—d—2> Ws o (r*Tc),

where for the first inequality we used that Wap, (12™c) > Way, (r?™Ftc) =t > 0. By the positivity
of Wap (r?™Ftc), we get

Wan (r71¢) < W (h) < (1 — e£7) Won (r2™e) = (1 — 1) (1

t
l1—-et)(14+—--+—]>1
(1-e )<+4m—|—d—2>_ ’
which provides us with the constant ¢} .
Let now t < 0. Let h be the competitor from (6.4). By the minimality of 7?"*¢c, Proposition

and Lemma [2.4] applied with u = 2m, we have
t

2m+t )« < me) = Aon L J_ O
Wam (1 ) < Wan(h) < (1+€) Wam(r™"c) = (1 +¢) <1+ dm+d—2

) Waalr®+)

Now since Way, (r?™+ic) =t < 0 we get that

t
1 1+ — ) <1 6.9
( +5)< +4m+d—2>_ ’ (6.9)
which gives us ¢, = e(4m +d — 2)/(1 + ¢), where ¢ is the constant from Proposition O

Remark 6.2. Taking for instance d = 3, m = 2, we show how the constants in Theorem [4] can be
made explicit. The polynomial hy of Remark is given by %—2:1:31 — 1023(22 + 23) + (2§ + 23)?
(and [|hallz29B,) ~ 9.6), the constant Cy = 16 in is the number of eigenfunctions with
homogeneity less than 4, the constant Cs in is 15/2. Hence, the optimal ¢ in and the
corresponding ¢, deduced from are given by

g and ¢ = —5_ > 0.0015.
112 1+e¢

e

B Cth4Hi2(aBI)

7. REGULARITY OF THE REGULAR AND SINGULAR PARTS OF THE FREE-BOUNDARY

The first part of Theorem [5 was first proved in [2]. Once we have the epiperimetric inequality
(1.2)), it follows by a standard argument that can be found for example in [10, 12]. So we proceed
with the proof of (ii). We start with the following proposition.
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7.1. Rate of convergence of the blow-up sequences. Before starting the proof we remark
that, by a simple scaling argument, if in Theorem [2[ we replace the condition ([1.3]) with

/ cdHil <o and Wam(2)] < O,
0B1

for some © > 0, then the epiperimetric inequality ([1.4]) still holds, with & replaced by e @~7. We
will use this in the first step of the proof of the following

Proposition 7.1 (Decay of the Weiss’ energy). Let u € H'(By) be a minimizer of £. Then for ev-
erym € N and every compact set K € B{NS*™, there is a constant C := C(m,d, K, lull g (my)) >

0 such that for every free boundary point xo € S*™ N K, the following decay holds
1—
tzo,t — UaosllL1(om) < C (= log(t))_2777 forall 0<s<t<dist(K,0B). (7.1)

In particular the blow-up limit of u at xg is unique.

Proof. We divide the proof in three steps.
Step 1. Applicability of epiperimetric inequality at every scale. Let fB1 u?dx = ©g. Then, by

the monotonicity of %, for every A (see Lemma , we deduce that

R 20 (R
Oy > / u? dx > / on(r) dr > (R/Q)d_1+2/\ w7
BR(xo) R/2 R/2
H?o(r)

where R := dist(xg, dB1). In particular we have, using again the monotonicity of p >

720 9\ d-1+2
O<‘1—14(Q\<<R> O, for every 0 < r < Bf2 and x¢ € B; .
r

For what concerns W;fo notice that

WL(R) < Rd2+2)‘/ \Vul? da for every zp € By .

B1
Taking A = 2m, it follows that for every 0 < ro < 1 and( for ever)y xo € Bi_y,, we can apply ((1.4])
u(xro +re

2 with © depending on rg, d, m

for every 0 < r < rg and every rescaling ug, ,(x) =

and HUHHI(Bl).
Step 2. Closeness of the blow ups for a given point xo. Let 9 > 0 and z¢g € B1_,, and let
r € (0,70). Then by Step 1 we can apply (1.4) to ug, , for every 0 < r < ro. We claim that

1—
[Ug,t — Uz sllrom) < C (—log(t/ro))_277w forall 0<s<t<rg.

We assume zp = 0 without loss of generality, we fix m € N and write W(r) = W3 (r,u). By

ed d d—2+4 1
—W(r) = (d—2+4m) W(z) = W(r)) + = /aB (Vuy - v —2mu,)? dHo! (7.2)

dr r r

=)

and the epiperimetric inequality of Theorem [2| there exists a radius ry > 0 such that for every
r < 1o

d d—2+4

W) 2 TR (W) = W) + £() 2 SWE)H + 21 () (7.3)
where ¢ =077 (d —2+4m) and v € (0,1) is a dimensional constant. In particular we obtain
that d, -1 1 d 1

— c

—(———— —cl ):77 R — >0 7.4

dr (’yW(r)V closr W(r)H+y drw(r) o W(r)1+7f(r) - (7.4)
and this in turn implies that —W(r)™7 — ¢ylog r is an increasing function of r, namely that W (r)
decays as

W(r) < W(ro)™ " + eylogrg — cylog 7’)771 < (—evy log(r/ro))%. (7.5)
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For any 0 < s < t < 79 we estimate the L' distance between the blow-up at scales s and ¢ through
the Cauchy-Schwarz inequality and the monotonicity formula ([7.2))

t
1
/ lur — s dHI! < / — |z - Vu, — 2u,| dr dH™ !
dB1 0By Js T

12 [ 1 12
< (dwq) / / r 2 (/ | - Vu, — 2u,|? d?—[dl) dr
s 0B

r

< (%) tog(t) ~ () 20W(0) ~ W() 2.

Let 0 < s <t <rg/2and 0 < j<ibesuch that s/rg € [272"",27%) and t/ry € [272",27?).
Applying the previous estimate (7.5 to the exponentially dyadic decomposition, we obtain

/ lug — us| dHL < / Ut — Uy pit1,, dH!
0By OBy 0
i—1
+/ Uy _oi . — Ug dH& + / Uy _ok+1 — Uy ok dHI!
0B, 2=2"pq kzj;—l 9B, g—2k+l, 2=2%pq
i 1/2 1/2
<> (log (27%) —1og (2727)) 7 (W27 r0) - W2 )
k=j
S Cz2k/2W(2_2kTO)1/2 S 022(1_1/7)k/2
k=j k=j
< C20-1DI2 < O~ log(t/r0)) T, (7.7)

where C'is a constant, depending on d, m, ro and ||lu| g1(p,), that may vary from line to line.

Step 3. Conclusion. We notice that for t < rg, we have log(t/r) < %logt, so that

1—
[Ug,t — Uaosllrom) < C (—log(t))_T;{ for every 0<s<t< r%.

Since g, is bounded in L?(0Bj) for every t < rg, by possibly enlarging the constant C, the
above inequality holds for 0 < s < t < 7. 0

7.2. Non-degeneracy of the blow-up. We now use the previous Proposition to prove that
the blow-up limits are non-trivial. This is the only part of the proof of Theorem [5| where the
frequency of the point plays a role.

Lemma 7.2 (Non-degeneracy). Let u € H'(By) be a minimizer of £ and let xg € S*, where
A€ {32} U{2m : m € N}. Then the following strict lower bound holds

Heo
HEo = tim 20 0)

—5 > 0.
250 pd—112X

In particular, since by the strong L?(0B1) convergence of Ugq,r to the unique blow up pr, we have
Hy = ”pon%%aBl)’ it follows that py, is non-trivial.

Proof. Without loss of generality we can suppose that o = 0. We give the proof for A :=2m =
N(0) for some m € N, the case A = 3/2 being analogous. Assume by contradiction that

)= (1) = o
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u(rz
and consider the sequence u,(z) := h( ( )) It follows that [lu,|z2(9p,) = 1 for every r, and so, by
r
the monotonicity of the frequency function

1 1
/31 |V, |? de = —=3 D) < N(1) = H(r) < N(1),

so that, up to a not relabeled subsequence, u,. converges weakly in H'(B;) and strongly in L?(0B1)
to some function py € H'(B1) such that |[pll;29p,) = 1. Moreover, since N(0) = A, py is a A-
homogeneous function. Notice also that due to Theorem the convergence is locally uniform in
Bj. Next, for every u, consider its blow-up sequence [u,],(z) := p~*u,(pz). By Proposition
we know that, for every > 0, there exists a unique blow-up limit py , = lim,g[u,],. Moreover,
since all the functions u, are uniformly bounded in H'(B), ||ur|]§{1(31) < N(1) + 1, there is a

constant C' depending on the dimension, A and N (1) such that
1—
I[wrle = parlZeop,) < C(~log(t)) 7 forall 0<t<1, (7.8)

where we used the regularity of u to replace the L'-norm from Proposition with the L?-norm.
Using our contradiction assumption and the strong convergence of [u,], to py, in L*(8By), we
have

d— A
Hp)\,rHL2(aBl) = lim d—}-l—QA/ u? dHI = r 21+2 - lim d1—1+2)\ / w2 dH = 0
p—0 p dB, faBT u? dH p—0 (1 p) 9By,

for every r > 0. It follows that, for fixed p > 0 (that we will choose small enough), we have

1 / 2 d—1 2 / 2 d—1 2 2 d—1
l=——-—~ py dH < — |pA—u]d’H + us dH
pd—1+2>\ o8, A pd—1+2,\ o8, T pd—1+2)\ o8, r
2 / 2 d—1 2 d—1
= =0 |px — up | dH +2 [up]s dH
pd 142X o8, r 98, rlp

2 / 2 19,d—1 -1
< T pa—ur|TdHT + C(=log(p)) 7,
ST 8Bp\ | (—log(p))

where the first equality follows from the A-homogeneity of p) and the last inequality from the
rate of decay of [u,], to py, = 0in (7.8). Choosing first p > 0 and then r = r(p) > 0 we reach a
contradiction. O

7.3. Proof of Theorem [5| Let m € N, be fixed and let be 21,5 € S?*™. Let p,, and p,, be the
unique blow-ups of u at x1 and x3 respectively. Then we can write py, = A1 p1 and pz, = A2 po,
where p; and py are normalized such that p1,p2 € Hop, \ {0}. Notice that

Ip1 = p2llree(my) < C(d)/ [p1(2) = p2(x)| dHT (), (7.9)

By

since [|p1lz29m,) = 1 = I|p2llr2(9B,) and they are 2m-homogeneous.
Next notice by the triangular inequality

72 _prHLl(aBl) < Jugy _p:mHLl(BBl) + [ty r — u332,7‘HL1(831) + [ty _pmHLl(aBl)

Recalling that v € C1'/? and that Vu(z1) = 0, we estimate the term in the middle with

1
Vulxs +rz +tlxs — x1)) |22 — 21 _
[tz = Uao,rl|L1(0By) S/@B /0 [Vl ( DI |dtd7-[d L)
1

2m
" (7.10)

(r + |29 — 21 |) 2 |29 — 21| o
< CHUHCLVQ(BT(:U)) r2m < Clay — o fom,
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where we have set r := |21 — |"/*". Moreover, if we assume that 7 satisfies the inequality
1—
|ro|(—log |1"0|)_2777 < dist({x1,x2},0B1), then by Proposition H we see that

_ 1=y _ 1=
|2y _pmHLl(aBl) + [ty _pmHLl(aBl) <C(=log(r)) = = C( — log |21 — 372’) atl

(7.11)
Putting together this inequality with (7.10]) and (7.11]), we find
_ 1y
1Py = PasllLr(on)) < C(—loglzy —2af) 2. (7.12)
Next, using (2.2]) and (7.5) we can estimate
N E S (P
— - — 1
dr \ré7irim T (—ylog(r/r)
which integrated gives
H*(t _1l=y )
td_lﬁh)n - )\ii < C(=logt)” for all 0 < t < dist(x;,0By). (7.13)

Notice that in the previous integration we have used the fact that, by definition of p; and by the
strong convergence in L?(0Bj) of the blow ups we have

. H"(r) 9 )
71_1_I>I(1) m = ”p%‘HLQ(aBl) = )‘xl :

Using ([7.10) together with (7.13)), we get

H*™ (r) H*™ (r) H*™(r) H™(r)
2 2 2
’/\11 - )‘1’2’ <cC /\xl T pd—1+4m +C rd—1+4m — pd—1+4m +C )‘902  pd—1+4m
1—
<C(-logr) T4 C [, -, fan
OB,
1=y -

<C(=log(r) 7 +Clug, r — Ugyr %1(831) < C(—log|x1 — 302|)_T7 , (7.14)

where the choice of r is the same as above.

Finally, using (7.9), (7.12) and (7.14]) we easily conclude that
1—
Ip1 — P2l < O (~loglar —aa)” 5 for every z1,22 € KNS € By (7.15)

where the constant C' depends on m, d, dist(K,0By).

Now consider the collection of points Sﬁm, for some m € N and 0 < k < d — 2 and notice that,
for every K € B1 N S,%m, we can apply the Whitney extension theorem [8, Whitney extension
theorem]| to extend the function (py).ex C Hom, where \yp, = p; is the unique blow up at x to
get a function F' € C?™198(R%), such that 0“F(z) = 0°p,(0). Since z € S™ and the blow-ups
are non-degenerate (see Lemma [7.2)), there are d — 1 — k linearly independent vectors e; € RA-1,
i=1,...,d—1—k, such that

€; - Vx/ﬁx 75 0 on Rd .
It follows that there are multi-indices f3; of order |B;] = 2m — 1, such that 0.,0%F(z) =
De,0%p,(0) # 0. On the other hand
d—1—k
S"NK=Kc () {9"F =0}
i=1
so that an application of the implicit function theorem in a neighborhood of each point z € K
combined with the arbitrary choice of K yields that for every z € S*™ there exists 7 = r(x) > 0
such that
S?™ N B,(x) is contained in a k-dimensional C!°% submanifold .

From here the conclusion follows. O
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