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Abstract

In this paper we give a proof of an epiperimetric inequality in the setting of the lower dimensional
obstacle problem. The inequality was introduced by Weiss (Invent. Math., 138 (1999), no. 1,
23-50) for the classical obstacle problem and has striking consequences concerning the regularity
of the free-boundary. Our proof follows the approach of Focardi and Spadaro (Adv. Differential
Equations 21 (2015), no 1-2, 153-200.) which uses an homogeneity approach and a I'-convergence
analysis.

Introduction

The obstacle problem consists in finding the minimizer of a suitable energy among all functions, with
fixed boundary data, constrained to lie above a given obstacle. The obstacle can live in the whole
domain or on a surface of codimension one, these cases are denoted by the classical obstacle and the
lower dimensional obstacle (or the thin obstacle) respectively. In this paper we analyse a particular
case of a lower dimensional obstacle where the obstacle is laid in a hyperplane of the domain and the
energies are the weighted versions of Dirichlet energy. The motivation for studying lower dimensional
obstacle problems has roots in many applications. There are examples in physics, mechanics, biology
and financial mathematics and many prime examples can be found in [4,/12}|15}|16}(18,/27}/40L/4 11|45, /46].
In this paper we consider the energy

E(w) ::/ |Vo|? 2 da, (0.1)
B+

1

and minimize £ among all functions in the class of admissible functions
A, :={ve H' (B, jua) : v>00nBj,v=gon(0B;)"}, (0.2)

where H'(A, p,) is the weighted Sobolev Space and i, is the measure u, := |v,|* L*.B; with
€ (—1,1). In what follows we will extend automatically every functions in 2, by even symmetry with
respect to {z,, = 0} and for convenience we will indicate any points x € R" as x = (Z,x,) € R""! x R.
By the direct method of calculus of variations it easy to prove the existence and uniqueness of the
minimum of on ;. Let u := ming, £, we note that u satisfies the following Euler-Lagrange
equations:

u(Z,0) >0 TeE B

w(Z, ) = u(T, —xp)

div(|z,|* Vu(Z, z,)) =0 x € B1\ {(Z,0) : u(Z,0) =0}
div(|z,|® Vu(Z, z,)) <0 x € By in distributional sense.

We denote by I'(u) := 0{(,0) € B} : u(z,0) = 0} N B} the free-boundary of w.
In order to establish the regularity of the solution u and its free-boundary a fundamental tool is
the Almgren frequency type function (see 3] for a = 0). For all points xg € T'(u):

NZ° (7’ U) = TIBT(%) |vu|2 d/’ba
o f@BT(xO) u? |2, dH 1

(0.4)

Caffarelli and Silvestre |14] proved the monotonicity of function r — NZ°(r,u) and some of its properties
such as, the property of being constant over all homogeneous functions; the two authors and Salsa [13|
established the property of the frequency function of being bigger than 1 + s, where s := 152 is the

exponent of the fractional Laplacian of the trace, on R™”~! x {0}, of a global solution of (0.3) (see
Section .



Caffarelli, Salsa and Silvestre in [13| proved the optimal regularity of the solution: u € Lip(By),
Vzu is one-sided C*, or rather Vzu € C*(Bif U B}), and the weighted normal derivative |z, |*d,u is
C*(Bf UB)) for all 0 < a < 1 — 5. In the particular case s = 1/2, Athanasopoulos and Caffarelli [2]
had already proven that u € C*2(Bf U BY).

Thanks to the monotonicity of the functional it is possible to define the frequency of u in xg
as N2 (0" u) := lim,_,o+ N (r,u) and to distinguish the points in T'(u) respect to their frequencies.
The free-boundary I'(u) can be split as:

I'(u) = Reg(u) U Sing(u) U Other(u).

The points of the subset Reg(u) are called regular points, they are the points of the free-boundary
with least frequency i.e. 1+ s; we will denote Reg(u) as I'14s(u). Caffarelli, Salsa and Silvestre in [13]
proved that T'144(u) is locally a C** (n — 1)-submanifold. In the case s = 1/2 the regularity of I'y /5
was already proved by Athanasopoulos, Caffarelli and Salsa in [3]|, while Focardi and Spadaro [25]
and Garofalo, Petrosyan and Smit Vega Garcia in |31] gave alternative proofs of regularity using an
epiperimetric inequality (see Theorem .

The points of the subset Sing(u) are called singular points and are the points of the free-boundary
with frequency 2m with m € N, equivalently their contact sets have density zero with respect to H™.
In the case s = 1/2 Garofalo and Petrosyan [28|] prove that Sing(u) is contained in a countable union
of C! submanifold. Very recently Garofalo and Ros-Oton [32] extended the result in 28] for s € (0, 1).

The subset Other(u) is the complement of Reg(u) U Sing(u) in I'(u). Recently Focardi and
Spadaro [26] gave a complete description of the subset Sing(u)UOther(u) up to a set of H"~2-measure
zero. This result is new also in the framework of the Signorini problem, i.e. in the case s = 1/2, and it
is obtained by a combination of analytical and geometric measure theory arguments.

The goal of this paper is give an alternative proof of the regularity of I'; 1 s(u) given by Caffarelli,
Salsa and Silvestre in [13]. Our proof use an epiperimetric inequality and its consequences. We extend
the result proved by Focardi and Spadaro in 25| in the case s € (0,1). The two authors outline the
presence in their proof of two competing variational principles that contribute to the achievement of
proof.

In order to enunciate the epiperimetric inequality we introduce a sequence of rescaled functions

Uy r = W and an auxiliary energy “a la Weiss”
, 1 1+s
W (r,u) i= — Vu,|*d f—/ wr|? |zn|* dH L, 0.5
0= e [ VT [l 05)

which is the sum of a volume energy and a boundary energy. We note that 1 + s, the frequency of
points of the free-boundary examined, is the exponent of the scaling factor of sequence uy, , (see
equation ) and the coeflicient of boundary energy. The existence of blow-ups is a consequence of a
gradient estimate of rescaled function in L?(By, j,); reasoning by contradiction, thanks to properties of
the frequency and the optimal regularity of the solution we prove the (1 + s)-homogeneity of blow-ups.
So, according to a result of classification by Caffarelli, Salsa and Silvestre [13] we state the result of
the classification of (1 + s)-homogeneous global solutions of the fractional obstacle, which constitute
the following closed cone

s i ={Ahe 1 e€S" 2N € [0,+00)} C HL (R™, 1a),

with

he(z) = (s_lf-e—\/(ﬁc\~e)2+m%> (\/(E~e)2+m%+f-e)s.

The key result presented in this paper is an alternative proof (a first proof, with an extra hypothesis,
was given by Garofalo, Petrosyan, Smit and Vega Garcia in [30]) of a Weiss’ epiperimetric inequality
for the fractional obstacle problem (cf. [48, Theorem 1]).

Theorem 0.1 (Epiperimetric inequality). Let 0 € I'1ys(u). There exists a dimensional constant
k € (0,1) such that if c € HY (B, pa) s a function (1 + s)-homogeneous for which ¢ > 0 on B} then
. 0 0
inf W2, (1,0) < (1— 0)WE,(1,0).
veUco
Taking the epiperimetric inequality into account, Weiss proved this result in [48] in the classical
obstacle case. Recently Garofalo, Petrosyan, Pop and Smit Vega Garcia [30] proved a similar epiperi-

metric inequality, with an extra hypothesis, for the fractional obstacle problem with drift in the case of
s€(1/2,1).



In the case of obstacle 0 and without drift our inequality is stronger. Indeed Garofalo et. al. in [30]
require an extra hypothesis of closeness between the function ¢ and a fixed blow-up limit. We do not
need such an assumption. On the other hand, due to homogeneity we can reduce to functions c close
to cone of global solutions $1;.

By contradicting the closeness assumption we obtain a quasi-minimality condition for a sequence
of auxiliary functionals. Using a I'-convergence argument we inspect the I'-limits of the sequence
of auxiliary energies and analyse their minimizer that represents the directions along which the
epiperimetric inequality may fail. Using a variational method we obtain that such minimizers show in
the same time contradictory relationship with the cone $1;.

The epiperimetric inequality is a key ingredient to deduce the following estimate of the decay of
energy:

Wi (r,u) < Cr7, (0.6)

where C' and ~ are positive constants. Thanks to the decay estimate we prove a property of
nondegeneration of solutions, from which we deduce that the blow-ups are nonzero. Proceeding as
in |25] we can prove the uniqueness of blow-ups and the regularity of 'y ys(u); we state this results
in Proposition and Theorem respectively and do not prove them because they follow by the
epiperimetric inequality and its consequences as in |25, Proposition 4.8 and Proposition 4.10]

What follows is a summary of the structure of this paper: in section [2] we introduce the frequency
and its properties and define I'1 4 5(u) the subset of free-boundary with low frequency. In section [3| we
prove the existence and (1 4 s)-homogeneity of blow-ups in the points in I'1;s(u) and in section
thanks to a result by [13], we characterize the (1 4+ s)-homogeneous global solution of the fractional
obstacle problem. Section [5]is devoted to establish the epiperimetric inequality and its consequences
in the framework of the regularity of the free-boundary, a decay estimate of an auxiliary energy, the
nondegeneracy of the solution and the uniqueness of the blow-ups. In section [§] we state the regularity
of ' 4s(u).

1 Preliminary results

Let u € ming, & we denote by A(u) its coincidence set, A(u) := {Z € B} : u(z,0) = 0}, and by I'(u)
its free-boundary I'(u) := dA(u) in By topology.

Caffarelli and Silvestre in [14] showed that the Euler-Lagrange equations of u are equivalent
to the following equations:

u(z,0) >0 Te (BT
div(z% Vu(Z, z,)) =0 Zp >0 (1.1)
lim, o+ 2800u(Z, z,) u(z,0) >0 ’

=0
limwnHO‘* mgzanu(,i'\v xn) <0 T e (Bl)Jra

which are related to the study of the classical obstacle problem in R"~! for fractional Laplacian
(A)* with s € (0,1), where a = 1 — 2s. In particular, for all v solution of div(z% Vu(Z,z,)) = 0
on By, with an appropriate extension to the whole R", there exists the limit lim,, o+ 20,0(Z, z,,)
and lim, o+ 220,0(T,z,) = C(—A)® f(Z) with f the trace of v on R"~! x {0} and C a constant
depending on n and s (cf. [14]).

For x,, > 0, u(Z, z,,) is smooth so the second condition in holds in the classical sense, while
the third and fourth condition in hold in the weak sense. By Silvestre [47] u(z,0) € C%* with
a < s, in particular if a < a < s the limit lim, _,o+ 280,u(Z, z,) can be considered in the classical
sense. By [47, Proposition 3.10] we also know that d..u > 0 for all e € S*=2 C R"~1 x {0}, or rather
u is semiconvex in the variable Z; moreover if the obstacle ¢ € C*! then d..u > —sup |D?¢|.

The function u, can be extended by simmetry w(Z, z,) = w(Z, —x,). So, as shown in [14] we can

rewrite the problem (1.1]) as (0.3]).

In order to simplify the notation, we introduce the following symbol:

R, () := lir(r)l+ e?0,0(T, €) (1.2)
for all functions ¢ which are solutions for
{ @/}(f, *xn) = 1/)(@\7 *xn) (1 3)
Lo(¢) :=div(|zn|* VY (Z,2,)) =0 {z, #0}. ’

In what follows, we shall state a uniform estimate on the solution u, so we report a quantitative
result stated in [26, Theorem 2.1]



Theorem 1.1. For every boundary datum g € H(By, o) that respects the condition of compatibility
with the problem, i.e. g(Z,x,) = g(T,—x,) and g(Z,0) > 0, there exists a unique solution u to the
fractional obstacle problem (0.3). Moreover, O, u € C*(By)3) fori=1,...,n —1 and |2,|0z,u €

C“(Bf/z) forall0<a<1l—s, and

+ IVzul

+ ] O, ull ) < Cllullpz sy (1.4)

lullx, .5, = Illeoap,) o*(B),) oo (B, Ha)’

with Xs,a(Bf/z) = {v € H'(By)s) : ve C'O(Bi%)7 Vzv € CS(BT/Q) and |x,|*0y, v € C'Q(BT/Q)}.

Next, we state a version of the Divergence Theorem that will be used frequently in the paper.

Theorem 1.2 (Divergence Theorem). Let ¢ € HY (B, ua) and 1 be a solution of (1.3)), then
/ Vi - Vedup, = / eV - x|z,|® dH" ! — 2/ OR () dH" ! (1.5)
By B By

We conclude the paragraph stating some results related to weighted Sobolev spaces. We rewrite
these results for our aims, but these also hold in more general conditions.

We state the analogous of the Banach-Alaoglu-Bourbaki Theorem (see [5, Theorem II1.15]) for
which every bounded and closed set in H' (B, j1,) is relatively compact in the weak topology.

Theorem 1.3 (Banach-Alaoglu-Bourbaki Theorem [39, Theorem 1.31]). Let v; be a bounded sequence
in H*(Bu, j1a). Then there exists a subsequence v;;, and a function v € H'(By, ug) such that vj, — v
in L?(B1, pa) and Vv;, — Vv in L*(By, pq; R™).

Moreover in view of |38, Theorem 8.1|, where Heinonen and Koskela obtained an analogous of
the Rellich Theorem on Sobolev metric spaces, we can deduce that every bounded and closed set in
H'(By, ) is relatively compact in L?(By, fiq)-

Theorem 1.4 (Rellich Theorem [38, Theorem 8.1]). Let v; be a bounded sequence in H' (B, ).
Then there exists a subsequence v;, and a function v € H' (B, 1) such that vj, — v in L*(B1, pq)

Futhermore, we indicate two Theorems of compact Trace embedding. We are interested in the trace
of functions in H*(Bj, j1,) on L?(B}) and L?(0By, |x,|* H" ).

Theorem 1.5 (Trace Theorem |20, Theorem 3.4]). For all a € (—1,1) there exists a compact operator
Tr: HY (B, pa) — L*(B}) such that Tr(u) = u for every u € C*=(B)

The Theorem of Trace embedding on L?(9By, |,|* H""1) is similar to the Theorem of Trace
embedding in the classical Sobolev spaces, for its proof we refer to |37, Section 3.7].

Theorem 1.6 (Trace Theorem). For all a € (—1,1) there exists a compact operator Tr: H' (B, pta) —
L?(0By, |w,|* H" 1Y) such that Tr(u) = u for every u € C°°(B)

2 Frequency formula

Let zgp € I'(u) and r € (0,1 — |zo]); let N¥(r,u) be the frequency function defined by

o " Jo, () [Vl dita
Ne*(r,u) = 2 T g
faBr(mo)u || dH

(2.1)

if ulsp, (z,) Z 0. We recall the monotonicity result due to Caffarelli and Silvestre [14].

Theorem 2.1. (i) The frequency function NX°(r,u) is monotone nondecreasing in the variable r
for all r € (0,1 — |zo)).

(i) For all points xg € T'(u) the function N (r,u) = X for all v € (0,1 — |zo|) if and only if u(xo+-)
is A-homogeneous.

(iii) If u(xo + -) is A-homogeneous then A > 1+ s.
(iv) N¥o(r,u) > 1+ s for all zy € Ty and r € (0,1 — |zo]).

Proof. As far as the proof of (i), (ii) and (iii) is concerned, we refer to |14, Theorem 6.1] and |13,
Proposition 5.1]. As regards the proof of (iv), see Remark O



Thanks to Theorem [2.1(i) it is possible to define the limit N2 (0" u) := lim,_,q+ N%°(r,u). We
denote by I'145(u) the subset of points of free-boundary with frequency 1 + s:

Piys(u) = {zg €Ty : N*(01,u) =1+ s}. (2.2)

Note that from the monotonicity of the frequency and by the upper semicontinuity of the function
x— N2(0t, u)E| the set I'1+s C 'y, is open in the relative topology.
We introduce the notation:

)= [ |Vuldu, mo) = [ e
B,,v(a:g) BB,,.(aco)

and we can omit to write the point xq if g = 0.

All functions H*0(-), D¥o(.) and NZo(-) are absolutely continuous functions of the radius, so they
are differentiable a.e.

We prove two properties of HZ°(r) (see [1, Lemma 2], [25, A.2.Lemma] for the case a = 0).

Lemma 2.2. (i) The function

Hao(r)

(0,1 —=|zo]) 37— s (2.3)

is nondecreasing and in particular

x HZJO(]_ - ‘.’E()') n+2
HGO(T) < W’r’ fO?” all 0<r<1-— |$0| (24)
(i) Let xo € I'115. For all € > 0 there exists an ro(e) such that

HZo

HPo(r) > % prtte forall 0<r<rg. (2.5)
To

Proof. (i) We proceed along a two-step argument. Let xg € I'14(u) we recall that zg = (Zg,0).
Thanks to the Divergence Theorem and the third condition of (I.1) for which uR,(u) = 0 in B we

can compute the derivative of ‘:{538’)
d 1 2
— | ——= H?° = — \Y 2 ditg. .
dr (rn—Qs a (T‘)> rn—2s /BT(I()) | U(I)| Ha, (2 6)
Next, throught the equation (2.6)), we compute the derivative of Ii‘a‘:i(; )

dr

H%o
d ( 19) _gpn—d r/ |Vu(x)|2dua—(1+s)/ 2zt din ), (@27
r B (z0) 8B, (z0)

then, according to item (i) in Theorem and recalling that zo € T'1ys(u) we can deduce that
r~("+2) {170 (1) is nondecreasing.

(ii) Let 7o = ro(e) be a radius such that for all » < rg it holds N (u) < (1 + s) + /2. Then, thanks
to , we obtain

Zo

diilog <Ifg_(2’;)) <(145)+e/2.

and integrating on (r,r) we have

NG (ryu) =

N3

T

So, dividing to §

r n+2+e

) = ) (2) =
To

We now prove a version of the Rellich formula for weighted Sobolev spaces:

Proposition 2.3 (Rellich formula). Let v be a solution of (0.3). Then it holds that:
—9 2
/ ‘VU|2 |$n|a d,anl _ u/ |V’U|2 d/ia +2 / ((VU, f>> |mn|a danl'
B, r B, 9B, r

Proof. We apply the Divergence Theorem and the third condition of (1.1)) for which uR,(u) =0 in Bj
and develop

div (\VU|2§|xn|“—2<Vv,§>Vv\mn\a) : =

IThe function N, (07, u) is the infimum on 7 of continuous functions N2 (r, u).



In view of section [f] we compute the derivative of the volume and boundary energies.
Lemma 2.4. The following formulae hold:
(i) (H*) (r) = 252 HG (1) +2 fop () 4V V]an|® dH" Y
(i1) (D30 (1) = "=2E2DE0 (1) 2 [ o (V02 [y [ dH"
(iii) Do) = [op, (ny) WVU - |xal* dH

Proof. (i) We can obtain the thesis observing that diruQ(xo +ry) = 2u(xo + ry)Vulzg + ry) - y.
(ii) From Coarea and Rellich Formulae we obtain

PropEdn—2+a

. D¥o(r) + 2/ (Vu-v)? |z, |*dH" .

(DY (r) = / IVl due
aBT(:Eo) aBT(Io)

(iii) In order to prove the formula, it is enough to apply the the Divergence Theorem and the third
condition of (1.1]) for which uR,(u) =0 in Bj. O

3 The blow-up method: existence and (1 + s)-homogeneity of
blow-ups

In order to study the properties of the free-boundary, we investigate the properties of the blow-up
limits. We shall consider a suitable sequence of rescaled functions of the solution u. Let xg € T'145(u),
we set (20 +
u(zg + rx
tag () 1= WEETD) (3.1)

if ©o = 0 we denote u,(z) in the place of ug (z). Note that in the choice of the rescaling factor in
(3.1) we follow the same approach as in [|25] and [30], which is different with respect to the previous
approach used in [3].

The first step in the analysis of blow-ups is to prove the existence of the limits of the sequence
(ugy,r)r for all g € T'145(u). In order to prove their existence, we state the equiboundedness of (ug, ,)r
with respect to the H'(Bj, ji4)-norm.

Proposition 3.1 (Existence of blow-ups). Let u € H(Bi,u,) be the solution of (0.3) and let
wo € T'11s(u). Then for every sequence 1y, | 0 there evists a subsequence (1;); C (r1)r such that the
rescaled functions (“ro,rki)j converge in L?(By_ ||, Ha)-

Proof. Since xg € T'145(u),

”vu H22 _ D(fo(rk) " Hgo(’rk) < H(fo(l - |930|)
20,k | L2(By,|zn|*;R™) T2+1 NZo (Tk) TZ+2 = (1 ¥ 8) (1 _ ‘x0|)n+2

(3.2)

where in the last inequality we used the inequality (2.4) and the Theorem [2.1]i). Due to Lemma [2.2(i),

we have
2 Hio(ry,) B Hyo(1 - |xo)
||uxo,m ||J;2(<9B1 fe) n+2 < n+2 -
’ T (1 - |{170|>

So, according to the Poincaré inequality we have

51D [t 3,y < € (s:p itz 0, + 500 ||wx0,m||L2(Bl,ua;w>) <. (33)

Therefore, thanks to Theorem for every subsequence of radii r; N\ 0, there exists an extracted
subsequence 7y, 0 such that Uzg,ry, — U0 in L2(31,|1,0|, a) 88 j — +o0. ]

Remark 3.2. So, according to the quantitative estimate ([1.4]) and inequality (3.3

(1.4)
Xs,a(B1/2) < S%P””za,rka(Bl,ua) < 0. (3.4)

Sup [[tag,ry |
k

In particular, in view of (3.4)) we can easily deduce that
1—s

(3.5)

ull e (B, @oyy < CTHF% IVaUllL (B, o)) < Cr° and |||, ull L (B, (o)) < CT



Similarly to [48] we consider an energy “a la Weiss” used in 25| and [28] for fractional Laplacian
(see [30] for a version in the fractional Laplacian problem with drift and [23},34] for a version in the
classical obstacle problem with quadratic energies with variable coefficients):

1 1+s
Wi (ryu) = / |Vul|? |2,|* do — / u? |z, | dH™ L. (3.6)
H ™ +1 /B (20) T2 o8, (z0)
We note that o (r)
xT go T T
Wils(ru) = =5 (Ng* (ru) — (1 + 5),

thus if zg € T'145(u) by (2.2) and Lemma (which guarantees the boundedness of Ii‘i‘l(; )) we have
lim W0 =0
TI\‘I% 1+s (7"7 U’)

and due to Theorem we obtain

Wi (r,u) > 0.

Moreover, the function Wi (-,u) satisfies a monotonicity formula in the same essence as Weiss’
monotonicity formula proved in [48]. For a similar proof see |30, Theorem 3.5].

Proposition 3.3 (Weiss’ monotonicity formula). Let xg € I'114(x0) and u be a solution of Problem
(L.1); then the function r — W9 (r,u) is nondecreasing. In particular, the following formula holds:

d 2
Ly (ru) = 7/ (V- v — (14 8)up)? [n|* dH"
dr T JoB,
Next, we prove the homogeneity property of blow-ups. We prove the result through properties of
the frequency function and the optimal regularity of the solution. Proceeding as in |23 Proposition
4.2] and thanks to Proposition it is possible to obtain the same result.

Proposition 3.4 ((1 + s)-homogeneity of blow-ups). Let u € H*(B1, ) be a solution of Problem
. Let zg € T'145(u) and (ugzyr)r be a sequence of rescaled functions. Then, for every sequence
(rj); L O there exists a subsequence (rj,)r C (rj); such that the sequence (ug,,r;, )k converges in
CHe(R") (see ([1.4)) for all a < s to ug, a (1+ s)-homogeneous function.

Proof. In view of (3.4), thanks to the Ascoli-Arzela Theorem there exists a subsequence (that we do
not relabel) ug r, and uqz, € X (B1/2) such that ||ug, r, —tallx, (B, converge to 0 for all 8 < s.

It is easy to prove that u,, is a solution of Problem . In order to conclude the proof, we show
that ., is (1 + s)-homogeneous.

We note that for every 6 > 0 we can fix p > 0 such that N7 (p,u) < (14 s)+ 4. So for k >> 1, for
every ¢ € (0,1) (such that try < p)

Na(t; tzg,ry) =Ng°(t ur,) = Ng°(Ers,u) = NG (p,u) + Ng°(p,u) < (1 +5) + 9,

3.7
NZo(t,up, ) = NJ°(trg,u) > 14s (37)

where we resort to Theorem Now, from the convergence of uy, r, to ug, and thanks to the
arbitrariness of §, we obtain N, (¢, ug,) = 1+s; then, by Theorem [2.1{(ii), uy, is (1+s)-homogeneous. [J

Remark 3.5. By proceeding in the same way, we can prove Theorem iv) as well:

Proof of Theorem[2.1|(iv). Let zg € T'(u) and A = NZ°(0T,u). Then, if rx \, 0 is a suitable sequence
of radii, for all 4 > 0 we can fix p > 0 such that N*°(p,u) < A+ 6. So, proceeding in much the same
way as in (3.7)), we deduce

A S Na(t,uzo,m) S )\+67

thus, by the strong convergence of u,, r, to its blow-up wp and by the arbitrariness of §, we have
N, (t,wp) = A. So, by the second item of Theorem wo is A-homogeneous and by Theorem iii)
A>1+s. O



4 Classification of the (1 + s)-homogeneous global solutions
Let he be the function defined by

he(z) :== (3_155- e—/(Z-e)?+ x%) (\/(55 ce)2+a2 47 e)s . (4.1)
From a simple calculation it is possible to prove the following properties:

(1) he(Z,zn) = he(T, —zp);
(i) he(xz) > 0on {z, =0} and h =0 on {z, =0, T -e < 0};

2

(if) Dehe(w) = 1= ( (§~e)2+x%+f-e)s;

(1) Onhe(w) = (1 + s)en ( (£~e)2—|—x%—|—§5~e>871;

(v) he is solution of (1.3);

(vi)

0 -ce>0

~ x
Rahe(®) = { (148 2)F-e)F Fee<o. (42)
In particular, we obtain a complementarity property
he(Z,xn) Rohe(Z) =0 on {x, =0} (4.3)

In view of properties above, h, is a solution of problem (1.1)), so by [47] 8;+h. > 0 for any vector
7€ S" C R"! x {0}. So, thanks to its (1 + s)-homogeneity, h. is a solution of

v(Z,0) >0 TeR1

v(Z,zn) = v(T, —zy)

div(|zp|* Vo(Z,z,)) =0 z € R"\ {(z,0) : u(z,0) =0} (4.4)
div(|zp,|* Vo(Z,z,)) <0 x € R™ in distributional sense

00 >0 for any vector 7 € 0Bj.

According to 13| Proposition 5.5], the function h,. is, up to a rotation and the product by scalar,
the unique (1 + s)-homogeneous, global solution of (4.4).
We consider the closed convex cone of (1 + s)-homogeneous global solutions :

D ={ he 1 €S2 N€[0,+00)} C HL.(R™, o). (4.5)

Caffarelli, Salsa and Sivestre [13] proved that £, \ {0} is the set of blow-ups in the regular points of
the free-boundary with lower frequency.

We note that £, is a closed cone in Hlloc

(R™, ptg). The restriction
Diyslp, = {vl, : vE N} CH (B, pa)

is a closed set, and 145 \ {0} is parameterized by a (n — 1)-manifold by the map

S"2 x (0,00) 2 H145 \ {0}
(e, ) —  Ahe.

Next we can introduce the tangent plane to space )11, in every point A h. as
Toane$Hits = {den®(§ @) : §-en=E-e=0,a €R} (4.6)

We compute the derivative of the map ® in a point of S*~2 x (0, c0):

d
d(e,)\)q)(§>a) = @ha(t)hzo (47)

with o(t) = HZIEEH’ a curve on S" 2 such that o(0) = e and ¢/(0) = £. By (4.1) and (4.7) we obtain

Show,_ =Gt a7 e(VE P T BT )

[t=0



Then, we can rewrite (4.6 as
T Di4s :={he +vee @ E-ep=6-e=0,a € R}

where the function v, ¢ is defined as follows:
A~ A~ S
veé:xf( (I'6)2+I%+/l\"€) .

We highlight some properties of function v € ;. For all ¢ € H'(By,u,), integrating by parts,
according to Theorem and Euler’s homogeneous function Theorem we obtain

By

Vi - Vidpta = / oV | AHPT — 2 / G Ra(16) A"
8B, B

(4.8)

— ) [ vl a2 [ oRa)
0B, B

’
1

Remark 4.1. The first variation of functional W19+S(1, -) in a point ¥ € $H14, along a direction
pE Hl(Bla,U'a) lﬂ

W (L)l =2 Vo -Vodu,—201+s) [ ele,|dH" .

B4 0B,
Then, by
WL = 4 [ eRu(0)(@) (19)
by
W (L)) =0, (4.10)
so we can infer that
1
Wi (1,4) = §5W19+s(1, V)] =0 Vi € H14s (4.11)

5 The epiperimetric inequality and its consequences

In this section we prove an epiperimetric inequality for the points in 'y ¢(u), and its main consequences
in the framework of the regularity of the free-boundary. In Paragraph [5.I] we prove the epiperimetric
inequality. In Paragraph [5.2] we establish a decay estimate for adjusted boundary energy. In Para-
graphs and we state the nondegeneracy of the solution and the uniqueness of the blow-ups in
I 4s(u) respectively.

5.1 Epiperimetric inequality

We now state the main result of this paper: the epiperimetric inequality “a la Weiss” in our setting.
This result is a key ingredient in our approach to the decay of the boundary adjusted energy and to
the uniqueness of blow-ups (see [25] for the classical case of Laplacian s = 1/2).

In this paragraph we state and prove the epiperimetric inequality. For the convenience of readers,
the proof will be split into several steps.

Theorem 5.1 (Epiperimetric inequality). There exists a dimensional constant k € (0,1) such that if
c € HY(B1, j1g) is a (1 + s)-homogeneous function with ¢ > 0 on B} and c(Z,x,) = c(T, —x,,) then

nf Wi () < (1= kWi, (0). (5.1)

Proof. Without loss of generality it is possible to suppose that the function ¢ satisfies the follows
condition

diStHl(Bl,ua)(Cvf)lJrs) < 0. (52)
In fact, according to the (1 + s)-homogeneity of ¢ and recalling that £ is a cone, for all § > 0 there
exists a constant v > 0 such that

dist i1 (B, ua) (V6 H14s) < 6.

w, (1, -wl _q,
2The first variation is defined as 6W19+s(1,'¢;)[4p} = lim¢—s0 ( 145 wmi) s w))



We can observe that if v € 2. then v~ v € ... So, if we prove inequality (5.1)) for the function e, or
rather

ig{f Wl%_s(l,v) <(1- H)W%_S(l,’}/C),
veR e

then, thanks to ng“(l,’yc) = ’yleg“(l,c) we infer

. 0 0
wlélgflc Wl-i—s(l? ’UJ) < (1 - K)Wl-&-s(l’ C)'
To simplify the notation we denote the functional W1Q+s(17 ) by G(4).
We argue by contradiction. Let us suppose the existence of sequences of positive numbers x;,d; | 0
and a sequence of (1 + s)-homogeneous functions ¢; € H' (B, j1,) with ¢; > 0 on Bj such that

diStHl(Bl,ua)(Cj7~61+s) = (5j (5.3)

(1-mG(e) < inf G(o) (5.4)

In particular, fixing h := he, , up to change of coordinate depending on j, we assume that there exists

Aj > 0 for which 9; := A;h is the point satisfying the minimum distance between c; and $14, or
rather

195 = ¢jll i1 (1 ey = dista (B ) (¢, D14s) = 0 vjeN. (5.5)

We split the proof into some intermediate steps.

Step 1: Auxiliary functionals. We can rewrite ([5.4)) and interpret this inequality as a condition
of quasi-minimality for a sequence of new functionals. Setting j € N, let v € 2, we use (4.9) (applied
twice to ¢; with test functions ¢; — ¢; and v — ;) and (4.11); we can rewrite (5.4)):

(1—k;) (g(cj) = G(5) = 0G(Yj)[c; — ¥y] — 4/ (cj — ;) Ra(¥y) dH"1>

’
1

(5.6)
< Gv) — G(5) — 6G () [v — 5] — 4 /B (v — ;) Ra(yy) dH".

1
We can observe that G(vi) — G(v2) — 6G(v2)[v1 — v2] = G(v1 — v2), then for all v € A, (5.6) can be

rewritten as

(1) (g«:j OBy ACE w»Ra(wj)dH”l)

1
<Gy~ 1 [ (v Ra(wy)
B]

Next we define new sequences of functions
zj = G =Y (5.8)

9;

(recalling that ¢; = \jh), positive numbers 0; := ;\—J’ and sets B; := {z € z; + H}(Bi, lta)

(z+0;h)|p; > 0}. Now we introduce a sequence of auxiliary functionals G; : L?(B, j14) — (—00, +-0<]

/ |V2|? dpg — (14 ) / z? |2 |* dH™ ™ — 40, 2Ry (h) dH™
B, d

By B!

400 otherwise.

Gi(z) =

We can observe that the second term in the formula above does not depend on z but only on its
boundary datum z|sp, = 2;|as, -
We can rewrite (5.7)) with the new notation and obtain

(1—x;5) <9(5ij) —44; /B

1

2iRa(\jh) d’H”1> < G(8;2) — 465 / 2R, (\jh) dH"
B

1
and dividing by 6? we obtain the condition of quasi-minimality for z; with respect to G;:

(1 —r;)G;(z) < Gj(2) Vz € L*(By, ta)- (5.10)

10



Therefore we note that by the very definitions of z; and §; we have

il 1 (By o) = 1 (5.11)

So, by the compactness of Sobolev embedding from H*'(By, i) into the space L?(By, yt,) Theorem
the trace operator from H'(Bj, u,) into the space L?(B) Theorem and the trace operator from
HY(Bi, pa) into L2(0By, |2, |*H" 1) Theorem we may extract a subsequence (which we do not
relabel) such that

(a) (zj)jen converges weakly in H'(Bi, fiq) to some zoo;
(b) the sequences of traces z;|p; and zj|gp, converge respectively in L?(BY}) and L?(0By, |o,|*H"1);
(c) 6; has a limit 6 € [0, oo].

Step 2: First property of (G;);en. In this step we establish the equi-coercivity and some other
properties of the family (G;);en.
We observe that for all w € Bj, since w|pp, = zj|op, and hR,(h)(Z) = 0, it holds that

J,

where we used (4.2) for which R,(h)(z) < 0 and the condition w € B; for which (w + 0;h)5; > 0.
Then from the definition of (5.9 we have

WR,(h)(Z) dH ! = — /B (w+ 0;h) Ro(h)(Z) dH™ " + 0; | hRa()@) dH" >0 (5.12)

’
1

/B |Vw|? dpg — (1 + s)/8 2J2 |z, |* dH™ T < Gj(w). (5.13)

By

This establishes the equi-coercivity of the sequence Gj, in fact from (5.11)), thanks to strong convergence
of traces, we obtain

lim ian Gi(z) > -1+ s)/ 22 |en|®dH™ T =40 | zeoRa(h) dH™ T
Jje

9B, B!

while if § = +oo from (5.11) and (5.13)) we conclude that

liminf G;(2;) > —(1+ s)/ 22 |zn | dH L.
JEN 8B,

Note that it is not restrictive (up to subsequence) to assume that G;(z;) has a limit in (—oo, +00].
Finally we can observe that

lim G;(z;) = +o0 = lim 6, 2iRo(h) dH"! = —c0. (5.14)
j—o0 j—o0 B!
Step 3: Asymptotic analysis of (G;),cn. In this step we prove a result of I'-convergence for the
family of functionals (G;) en.
We can distinguish three cases:
(1) If 6 € [0, +00), then (2o0 + 0h)|p; > 0 and T(L*(By, pa))-lim G; = G&) with

/ |Vz|2d,ua—(1+s)/ 2 el dH = — 40 [ 2R (h) dHr
By 0B,

W) () .— By
o' (2) ifz € Béé)
400 otherwise,

where BY := {z € 200 + Hy(B1, pta) : (24 6h)|p; > 0}.
(2) If & = 400 and lim; G;(z;) < oo, then zoo|B;,, = 0 (where B;ﬁ = B'Nn{z,—1 < 0}) and
T'(L*(By, pta))-lim G; = G&2) with

V2| dg — (1+s)/ 22 |wn | dH™ ! if » € BY
o= | [y, 19 e om,
400 otherwise,

where B2 = {2 € 200 + HY(B1, p1a) : Z\Bxl,_ = 0}. We note that the third addendum of G; is zero in
Bg;)7 while if z € B; \Bg) the sequence G;(z) diverges; this heuristically justifies the choice of gf,?(z)

11



and Bg).
(3) If = +o0 and lim; G;(z;) = +o0, then ['(L%(By, j1g))-lim g; = gé‘Z) with

G3(2) = +o00 on L?(By, pta).

For the reader’s convenience we recall the Definition of T-limit (see |17]); the equality T'(L? (B, f14))-
limG; = G&) with i = 1,2, 3 is satisfied if the two following conditions hold:

(a) for all sequences (w;); C L*(Bi1,pa) and w € L?(By, ug) such that w; — w in L?(By, pg) it
holds '
liminf G;(w;) > G\ (w) (5.15)
j

(b) for all w € L*(By, u,) there exists a sequence (w;); C L?(B1, p,) such that w; — w in L? (B, p1a)
and

limsup G; (w;) < Qj(i)(w). (5.16)
J

Proof of the T-convergence: case (1).
(a) Without loss of generality we may suppose that liminf; G;(w;) = lim; G;(w;) < +o0, then w; € B;
for all j € N. Taking (5.13]) into account, we deduce

[ IV, < Giw) + (14 5) [ w ot < 4,
B1 6B1

then, since w; — w in L?(By, ) we have sup; [[w;]| g1 (5, p.,) < +00, so from Theoremej — Vw
in L?(B1, y1,). Then the respective traces converge in L?(9Bj, ii,) Theorem [1.6| and L?(B}) Theo-
rem Hence, we obtain (w + 6h)|p; > 0 and, in particular, since w;|p; = z;|p; then w|p; = z|p;

and so zo € B(()é). At this point thanks to the convergence of traces of w; and weak semicontinuity of
the norm of the gradient in L?(Bj, i1,) we have (5.15).

(b) We observe that it is sufficient to prove the inequality for w € BY) with
supp(w — z) C B, for some p € (0,1). (5.17)

If we want to deal with the general case, we consider the function

we(x) =t (w (%) X B, (%) + Zoo (%) XB,,\Br (%)) with ¢ < 1.

It is easy to prove that w; € H'(B1, j1,) and supp(w; — zeo) C By; moreover, w; — w in H(By, j14)
(for a similar procedure see [35, Proposition 2.4.1, Chapter 2|). If holds for all w;, resorting
to a diagonalization argument we obtain for w. Therefore for a Uryshon’s type property it is
sufficient to prove the following property: fixing w as in , for all sub sequences ji T +oo there
exists an extract subsequence ji, T +oc and there exists w; — w in L?(By, j1,) such that E|

limsup G;, (wi) < G (w).
l

Setting r € (p, 1) let R := 1~ and let ¢ € C}(By) be a cut-off function such that

4
el =1, @lp\g; =0,  [IVell~ < —

1—7

We define
wz = (’LU + (9 - ejk)h) + (1 - Sp)zjk (518)

3Let us suppose by contradiction that there exists w such that

I'—limsup G;(w) > géé) (w),
J

if (wj)jen is a sequence that achieves the I'-limsup, i.e. limsup; G;(w;) = I'-limsup; G;(w;), and jj is a subsequence
for which limsup; G;(w;) = limsupy, Gj, (wy, ), by assumption then there exists ji, such that

limGj,, (wj,,) < & (w),

leading to a contradiction.
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and we verify that wj € B;,. In fact w € BY, zj, € Bj, and
wz + 9]kh’ = cp(w + Gh) + (1 - QO)(ij + 6]kh) > 0.

Therefore, since 0;, — 0 € [0,4+00) we have wl, — pw + (1 — ¢)200 in L?*(Bi, f1q). Thanks to the
convergence of traces of z;, in L?(B}) it is enough to prove the upper bound inequality for the first

addendum of G; and gty respectively. From (5.18]), we can infer

VPt [ (92 du.

/ |Vwi|? dita g/ |Vw+(9—9jk)Vh|2d,ua+/ o
B B, Bi\Br (5.19)

Br\ B,

=1y

Since r > p, from assumption ([5.17)), we estimate the term Iy as follows
Iy, §3/ ©*|Vw + (0 — 0;,)Vh|? dua
Bn\?

+ 3/ (1 =9IV, [P dpa + 3/ VP lzee — 25, 4 (0 — 0;,)VA|* duq
BRr\B,

r\Br

So

limsup/ \Vwi|? dpg < / |Vw|? dpg + 3/ |Vw|? dpq + 4 lim sup / V25, 1? dpa (5.20)
k B; B, Br\B, k B1\B,

By the (1 + s)-homogeneity of z;,, we deduce

1
/ |WMMM=//'W%PWWMWWt
Bl\Bi

_ n+1
/t”/ IVzj, |2 || * dH " dt = / V2, |? || dH™
OB 1 8Bl
which leads us to
_ n+1 9
V2, |2 |2n|® dH™ ! 7/ |V2z, | dua < 2(n+1)
/?331 " (1/2 ntl B1\B. o
in turn implying
/ |Vz P dpe <2(1—71) (n+1). (5.21)
Bi\B,
_ 1+rl

We apply this construction to a subsequence 7; T 1 and Rg and with a diagonal argument we
obtain a subsequence w; — w in L?(By, j1,). Thanks to and (G-21)

|Vwl? dua+4llmsup/ V2, P dug

limsup/ |Vw|? djta §/ |Vwl? dua—l—?)limsup/
By By l B1\B,

! Br,\Br,

/|Vw| d,ua+hrn8(lf1"l)(n+1) /\Vw\zdua,
Bl Bl

and this provides the conclusion.
Proof of the T'-convergence: case (2).
(a) Without loss of generality we assume that

liminf G;(w;) = im G;(w,) < 4o0. (5.22)
j J
Let w; — w in L?(By, i,), since w; € B; and (5.22)), then w > 0 on By~ . From (5.12), we obtain

0= -0 [ wRaW N <G+ (145) [ Bl ane
0B,

B/

< sup (Qj(wj) +(1+s) / zj2 |z |® d’H”_l) < 400.
J I3}

1
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Then dividing by 6;, the convergence of traces leads us to

J B/

//wRa(h) dH" ' =lim [ wjR,(h)dH" ' =

From we deduce that w|B - = 0, or rather w € BY. In particular also 2z, € BY because

sup; gj(zj) < +o00. Then, accordmg to the semicontinuity of the norm H'(Bj, j1,) with respect to
weak convergence of gradient, the convergence of w; in L?(Bj, u,) and the convergence of traces in
L%(0By, |z, |*H"!) we obtain the I-liminf inequality (5.15).

(b) Now we prove the inequality ((5.16]). With the same argument used in case (1) we can consider the

case of w € Bg) for which (5.17) holds and for which for all j; T 400 we find a subsequence ji, T 400
and a sequence w; — w in L?(By, u,) such that

limsup Gj,, (wi) < G, (5.23)
l
We introduce the positive Radon measures
v 1= |Vzj, |2 |[wp|* LBy — 465, (25, + 0;,h) Ra(h)/HnilLB?_'

Assuming that k >> 1, we obtain
ve(B1) = Gj,,(2;,) + (1 + S)/ 2 |an| AT < sup Gi(z5) + Csup |12 g1y ) < 00,
0B, J J

which leads us to
sup vg(B1) = Ag < +00.
k

In order to prove v (B,) = p"**

we obtain

[ vl = [P [ v Pt 2 oot [, ) e ) i
B
n+1
[ [ s R ke e = 9 G @ )

e / i di / V25, ()2 lya | dH" (y) dt
0 0B

1
St [ s @ et )b = [V d
0 OB, B,

and

/z]k o(h)(@)dH ! // zj, R )(Z)dH" 2
! aB/

v(B1) we observe that setting p € (0,1) by (1 + s)-homogeneity of z;,

F=tg

oh
—t n—2 . ~ : a ~ n—2 /-~
= /O t" 2 dt /831 z;, (t7,0) 811_1{(1)(155) B (ty,te)dH"=(y)

pn+1

n+1

/ 25, (7, 0) Ra(h)(§)dH"*(g) = p"* / Zjy, Ra(h)(@)dH" ™!
o8, B

1

where in the last equality we did the previous calculus again in reverse order. Since v (B1) < oo then
v(0B,) = 0 with p € (0,1) \ I where I is a set at the most countable. Thus

Vi(Bp, \ Bp,) < Ao(pi ™! — p3™) < e(n, Ao)(pr — p2), (5.24)

for all 0 < p1 < pa < 1 such that p1,ps € (0,1) \ I. Repeating the argument in (5.17) we prove

the I'-limsup inequality for function w € Bg) for which there exists some p € (0,1) such that
{w # 200} CC B,. We extend w on R™ as 2o, in By and we indicate the extension by w again. We fix
€ > 0 and introduce the following auxiliary tools.

Due to the definition of H'(Bi, p14) as COO(Bl)H.HHl(Bl’““) (cf. [39} Section 1.9 and Lemma 1.15]) there
exists a function vy € C*°(B;) such that

[0 — w18y ) < 0(€) with 0(g) = o(e). (5.25)
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Let w®(z) := w(x — 3ee,—1) be the translated function along the direction e,_;. Since w € BY), we
observe that

w(r) =0 < x—3cep_1€{(Z,0) : 2,1 <0} <= 2€{(z,0) : z,—1 <3e}.
Let I, be the set defined as
I, ={x e B : dist(z,B;”) <o} (5.26)

Let ¢. and x. be two cut-off functions such that

¢8 € C?(L’)E)a ¢5 [Ioe = 1, HV¢E||L°°(B1) <
(5.27)

Qo q

Xe €C(Bi-c); XeBio. =1, [IVXelloy) < —-

)

For all 0 < € << 1 we build the sequence of functions

w,(:) = Xe(pew® + (1 — ¢e)06) + (1 = Xe)2j -

Then we can at once infer
wi € 2y, + Wy ¥(By)

and since we can write
Wi + 05,k = xe(6e(vs + 05, h) + (1= 6) (w™ +0;,1)) + (1 — x)(2), + 05, h),

we prove that w,(f) € Bj,: w,(:) is a convex combination of functions vs, w” and zj; with boundary

data as z;, and every addendum is bigger than —6;, h restricted to Bj. In fact
(i) by definition zj, 4+ 6, h > 0 in Bf;

(ii) if * € supp(¢.) N B} then z,_1 < 3e. Thus w*(z) = 0 then ¢.(z)(w™(x) + 0, h(x)) =
e ()0, h(x) = 0;

(iii) if 2 € supp(l — ¢) N B} then z,,_; > 2¢, so h(Z,0) > 0 and as 6;, — +oo v°(z) + 0, h(z) >
—||’U5||Lac(31) + ijh(x) > 0 for k > ks.

So w'® € B;, for k > k.
Next, consider,

Jg = —46;, | w'® R, (h)dH
B/

1

= [ (9P d
B
respectively the trace term and the volume term of the energy of w,(f). By definition we have

Jp < —46;, / (¢ew® + (1 — ¢ )v°) Ry (h) dH" " — 46;, / 2 Ra(R)dH™ = gD 472,
o B/\B

/

1— 1-2¢

According to (i), (4.3) and (5.24]) we deduce

0 <sup J,?) <supvg(By \ Bi_2:) < C2e. (5.28)
k k

Instead, due to (ii), the function wp, g, = 0 and from definitions of I>. and h we have Ra(h)(p;_ \p,. =
0. From this we infer

0<J M < 49, / W Ry (h)dH" ™ + / v Ry(h)dH™ ' | = 0. (5.29)
Bi_EﬁIgg Bi_E\IBE

Putting (5.28]) and (5.29)) together yields
limsup Jj, < Ce. (5.30)

k—o0
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In order to estimate the functional I}, we observe that

I < /1; IV (pew® + (1 — ¢c) 'Ué)‘Q dpig + C/ |V (pew® + (1 — ¢a)vé)|2 dpta

B;_:\Bi-2c

" / V25, dpta + 5 [(@ew® + (1= 6)0° = 2, [ dpaa = 1Y + 1P + 17 + 1.
B1\Bi_2¢ €% JB1_\Bi_2c

We estimate the four addenda separately. From condition (5.24]), we can infer

sip I,gg) < sip vg(B1 \ Bi—2:)Ce. (5.31)

We now estimate the first term; recalling that be| s, = 0

I]gl) :/ Voo |2 dpg + / |V (¢ (w® —2°)) Vv‘;‘Q dpta
Bi1-2:\I3e B1_2:NI3e

§/ |V |2 dua—l—c/ Vo dpuq
B1_2:\I3c By _2:NI3e

C
+ / V(W —0°)* dpa + — / v —wf|? dpg (5.32)
Bi_2:MN13e €% JBy_a.nlse
<f Vo dua + c V(W — V) dpg
B1_2:\I3c By _2:N13e

c
+c/ |Vwl|? dua—i—j/ (Jo? —w]? + |w — w|?) dptq.
Bi_2:N13e €% JB1_s.nls.

Taking the last addendum above into account, we notice that for all ¢ smooth functions and 7 > 0

1
(oo = ren-1) = p(a)| <7 [ [Vipl(e — rten ) at.
0

Then, by a simple application of Fubini’s theorem we deduce

C 2 7'2
- lp(z = Ten—1) — ()" dpg < c—

2
2 / Vel d
€% JB1_s.NnIs. €% J(Bi—2:NI32)+[0,7]en—1

where (Bj_g: N I3.) + [0, 7]e,—1 denotes the Minkowski sum between sets. So, thanks to a density
argument and for 7 = 3¢ we infer
c

lw — w* dpg < c/ |Vw|? dptg.

-2
€7 JGac\Gse (Bi1—2:NI3c)+[0,7]en—1

So, from (5.32)), according to (5.25)), the continuity of translation in L? and the absolute continuity of
the integral, and observing that £"((B1_2: N Isc) + [0, T]en—1) = O(e) we obtain
(1) 2
<[ P06, (5:33)
B1_2:\13¢

Reasoning in the same way as in the estimate of I ,21) we obtain
1 < 0(e) (5.34)

Since suppgp. C Go. and recalling that by condition ([5.17)), if we choose € sufficiently small such that
p <1 —b5g, supp(w?® — 23%) C B;_a., we obtain

4 & C
<5 ou(w =) o+ 5 [ [0 — 25, dpa
€% JB1_\Bi_2. €% JB1_\Bi_2.
C
<= (| = w? + [w = 0 + [w = 2,]?) dpa

2
€% JBi_\Bi_2e

So, proceeding as in estimate of I ,El) and recalling that supp(w — 2o,) C B, for ¢ sufficiently small we
deduce

lim sup I,i4) < limsup %/ 200 — 2 |? dpta + O(€) < O(e). (5.35)
Bi_c\Bi-2¢

k—o0 k—oo €
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Then putting together estimates in ([5.31f), (5.33)), (5.34) and ([5.35)) leads to

limsup I}, < / (Ve |? dpia + O(e).
Bi_2:\I5¢

k—o0
So, since

(e) k—oo

w75 X (bevs. + (de)w) + (1= xe)2oo =t w®  in L*(By, pta)

and
w® =% in L*(B1, fta),
we conclude by the lower semicontinuity of the I'-lim sup

I'—limsup G;, (w) < limitr)lf (F—limsup gj, (w(s)))
E—

k—o0 k—o0

e—0 k—o0

< lim sup (hmsup([,i + J,‘i)) < / |Vwl|? dpta,
B1
that provides the thesis.

Proof of the T'-convergence: case (3).
(a) From (5.10)), we immediately have

liminf G;(w;) > liminf(1 — k;)G;(z;) = +oo0 = ggi).
J J

(b) This is trivial, in fact liminf; G;(w;) < 400 = gfﬁi).

Step 4:Improving the convergence of (z;); € N) if lim; G;(z;) < +oo. Using a standard
result of I'-convergence we show that z; — 2o, in H By, pta)-
For equi-coercivity of G; seen in , [13, Lemma 2.10] (a version of Poincaré inequality for weighted
Sobolev spaces) and ||z;|| g1 (B, ,u,) = 1 we have

Wl e (B ey < Cy/Gj(w) +1,

so every minimizing sequence converges weakly in H'(By, o) and thanks to Theorem converges
strongly in L?(Bi, u,). Since G; is semicontinuous with respect to weak topology of H'(Bi, pq)
there exists (; minimizer of G;. Taking into account |17, Theorem 7.8|, with ¢ = 1,2 there exists
Coo € HY(B1, j14) such that

i = Coos in L*(B1, pta) (5.36)
G;(¢5) = G (Co)s (5.37)
(s is the unique minimizer of G{?), (5.38)

where due to (5.38]) we have used the strict convexity of gﬁ?. Therefore using the strong convergence
of traces in L?(0By, |1,|*H" 1) and L?(B}), then from the estimates

Gi(¢j) < Gj(z;) <supGj(z;) < oo, (5.39)
J

and ([5.38)) we obtain

/ |VCJ|2 dﬂa — / ‘V<oo|2d/1«aa

B1 By
which implies ¢; — (oo in H'(Bi, fta). According to (5.10) and (5.39), 2, is an almost minimizer of G,
in the following sense
0<G;(z) — G;(¢) < k;G;(25) < kjsupG;(z;).
J

Since £ | 0 and z; — 200 in H'(Bi, fta), (5.37) and Step 3 yield that

G (200) < liminf G;(2;) = lim G (¢;) = G2 (Coo), (5.40)
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with ¢ = 1,2. From (5.10)), we infer

1
Gj(z) < 1_7]%9]‘(@');

from this, by (5.40) and by strong convergence of traces we obtain
lim inf Vzi|? dpo = / IV 200 | dita,
J B, B,
that with the weak convergence of in H*(Bj, p,) proves the convergence
2 = Zoo mn Hl(Bhua).

In particular
1200 | 11 (By ua) = 1- (5.41)

Step 5: Case (1) cannot occur. We recall properties of z:

) [lzoollrr(Brpa) = 15

(i) zoo is (1 + s)-homogeneous and even with respect to {z, = 0};
(iii) zoo is the unique minimizer of Qéé) with respect to its boundary data;
(iv) 200 € B = {2 € 2o + H}(B1, 1) = (2 + 6h)|; > 0}.

These properties imply that
Woo := Zoo + Oh

is the minimizer of fBl |V - | dpq among all functions w € woo + Hj (B, pta) and w|p; > 0 in the sense

of the trace. So, ws is the solution of the fractional obstacle problem. To prove this claim, for all
2 € B we consider w = z + 0h and, recalling (4.9), we have

gg)(z):/ |Vw\2dua702/ |Vh|2dua—(1+s)/ 22 Jen|* dH
B4 B4 By

—20 Vw-Vhduy, — 40 z lim (E“ ﬁ@, 6)) dH™ !
B B, 0 0z,

|Vw|2dua—02/ |Vh|2dua—(1+s)/zgo |:En|ad7-[”_1—2(1+s)/ oo B g | dH L
B, B,

1 0By

Since g(%)(zoo) < géé)(z) for all z € Bg) then
/ |Vweo|? dptg < / |Vw|? dpg Yw € Weo + HE (B, pta).
Bl Bl
Using the (1 + s)-homogeneity and |13 Proposition 5.5], the result of classification of global solutions,
we deduce that we, = Aohy,, € H14s for some Ao > 0 and v, € S"72.

Thanks to (5.5)) we have the contradiction: from z; — 2o in H'(Bi, ie) and (5.8)) we have

Cj .
5—; =0;h+2; = 0h + 200 € D14s in H'(By, pia), (5.42)

so for j >>1

. G12) .
dist 518y ,ua) (€5, D145) <[5 — G Aachu 1By ey — 0(05) < 65 = distai(s, ) (cj: NDits)

where we have used that 6;Aochy_ € H14s5.

Step 6: Case (3) cannot occur. To prove that case (3) cannot occur, we conveniently scale
the energies so as to get a nontrivial I'-limit for the rescaled functionals ultimately leading to a
contradiction.

By means (5.14), since lim; G;(z;) = oo, we have

v o= —40; | 2 Ra(h)(Z) dH" " 1 +o0. (5.43)
B
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Moreover z; — zoo in L?(B}) and (5.12)) give us

lim 22 = —4%im [ 2z Ra(h)dH ' = —4 / Zoo Ra(h) dH" ™! € [0, 00)
795 7 B ;
SO 12
0;v; 7 1 +oo. (5.44)

Then we rescale the functional G; dividing by ;. For all z € B; we consider v, 1gj(z) and we note
that

171Gi(2) = Gi(v; V2z) (5.45)
with
a n— 9 n— 23
S N (1+s)/w2 el — a0 [wR () an "t weB)
g] (w> - By 0B, ’yj B}
400 otherwise,
where

Bj={wer; 2+ Hy(Bi.ja) = (w+ 077 /*h)| 5 > 0}

Setting z; = 7;1/223-, due to (5.11)) and v; 1 o0, we have z; — 0 in H'(Bi, o). Moreover the
condition ([5.45) and the definition of ; (5.43) yield

B [, VW dpa — (14 5) [y, w* |2,]* dH"

Gi(%) ” +1=1+0(;"). (5.46)
j
Thanks to (5.45) we can rewrite the inequalities ([5.10) as
(1 - 5;)G;(%) < G,(3) vz e B;.

In particular, by taking into consideration (5.44)), z; — 0 in H*(B1, i), and (5.46) (in other words
lim; G;(Z;) < co) we proceed as in case (2) of Step 3 establishing that

D(L2(By, pa))-lim G = G,

with

—~ V|12 dg w E goo
Goe(3) = AQ |

400 otherwise,

where Bo, = {z € H}(B1, pta) : Z|p; = 0}. From Step 4 and the convergence z; — 0 in HY(B1, j1a),
the zero function turns out to be the unique minimizer of G, and lim; G;(%;) = Goo(0) = 0; this is in

contradiction with (5.46)).

To prove the theorem we have only to exclude case (2) of Step 3. In what follows, we suppose the
hypothesis of case (2) of Step 3: § = 400 and lim; G;(2;) < 4+o0. In the following steps we exhibit
further properties of the limit z..

Step 7: An orthogonality condition. By evaluating that 1); is a point of minimal distance
between c¢; and $)14s, we prove that z, is orthogonal to the tangent space T},914:

From the hypothesis § = +o0c we deduce that A; > 0 for j >> 1. Therefore, by the condition of
minimal distance (5.5)), we deduce that for all v € S*=2 and A > 0,

e = il (i) < N6 — Al By i)
and thanks to definition of z; in (5.8) it holds
Ojllzsll By ey < %5 = Ahw + 025l 50 (81 )

or in the same way

—l5 = Xy ey < 205425505 — M) 11 (B, ) - (5.47)
Now we suppose (A, ) # (Aj, en,—1) and renormalizing ([5.47) we obtain

wj — )\hl/ >
05 = Al (By gy 1t

=5 = Aho By o) < 205(z;,
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and by passing to the limit (A,7) = (), e,—1), reminding the definition of tangent space T'$1, in

(4.6), we deduce
(2j,) 20 CE€Ty;Nts =ThHits, (5.48)

where we used A; > 0 in the computation of the tangent vector. By choosing the sequence (\,v) —

, ; Y —Ahy - _ in (2
(Aj, en—1) such that lim (e o ¢ we obtain (z;,¢) < 0 thus

(2j,() =0 C € ThHss. (5.49)

So, taking the limit 7 — +oc we conclude

(200,¢) =0 C € ThHys (5.50)
Step 8: Identification of 2, in case (2). There exist real constants ag, ..., a,_2 such that

n—2

Zoo = agh + (Z aixi> (1/.%7211 + a2 + xn_l) , (5.51)
i=1

or rather zo, € Tp9H14s.

In view of homogeneity and regularity of z., (that is solution of a partial differential equation),
fixed x,,_1 and x,, we can write the first order Taylor polynomial of zeo(*, Tp_1, %) in (0, Zrn_1, Tn).
Thanks to a bidimensional argument we achieve the structure of z., stated in (A.2)). For its proof we
refer to |30, Lemma A.3] (for the reader’s convenience we report a proof in Appendix).

Step 9: Case (2) cannot occur. We use results of Step 4, 7 and 8 to deduce the contradiction.

From we deduce that 2o, € Tp$145, by using it as a test function in , the condition of
orthogonality of Step 7 implies

(200,¢) =0 CE€ThH+s

Then we have z,, = 0 but this is in contradiction with (5.41]).
In this way we exclude the occurrence of case (2) of Step 3, thus providing the conclusion of the
proof of the theorem. O

In what follows we show some important consequences of epiperimetric inequality.

5.2 Decay of the boundary adjusted energy

The following proposition establishes a decay estimate for the boundary adjusted energy. In this
connection the epiperimetric inequality allows us to estimate from below, up to a constant, the difference
between the energy ng+s(1, -) evaluated respectively in the (1 + s)-homogeneous extension of u, gz,

and in w, with ngﬂ(l, u,); in this way we obtain a differential inequality from which we deduce the
decay estimate.

Proposition 5.2 (Decay of the boundary adjusted energy). Let zg € I'114(u). There exists a constant
v > 0 for which the following property holds:
for every compact set K C B there exists a positive constant C > 0 such that

Wi (r,u) < Cr7, (5.52)
for all radii 0 < r < dist(K,0B1) and for all zg € T145(u) N K.

Proof. Let us assume 29 = 0 € I'145(u). Thanks to Lemma we calculate the derivative of the
boundary adjusted energy Wi 4(-,u)

Bt = D D)+ i) - O ey 4 LD gy
= DD+ i D) - L2 gy 2L g LEIED
= g - CEO D oy ey - 20y 2
= - EEO D g
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According to Lemma and to the definition of rescaled functions (3.1, we can write

1 2(1 2 2(1
I :7+2/ Vul? o -t 4 2050 t:f) / a2 fealo dpnt - 2L 5) ij) / uVu - 2z, | dH !
= Jos, r 9B, " B, r

:
v=ryl
-

1
== / ((Vur v—(1+ s)ur)2 + | Vour|* + (1 + s)2u2> [y |* dH"
T JoB,

/ (IVur? 4+ 2(1 + 8)%u? — 2(1 + s)u, Vu, - y) |yn|*dH*
OB

(5.54)

where by Vyu, we denote the differential of u, in the tangent direction to 0B;. Let ¢, be the
(14 s)-homogeneous extension of u, 9z,

er(@) i= [o]+u, (fgj) |

Thus, according to (1 + s)-homogeneity and by Euler’s homogeneous function Theorem and recalling
that H,(r) = r"*2H,(1) and W1Q+s(1vur) = W&S(r, u), by putting together the equations (5.53) and
(5.54])), we deduce

d o n+1 o (n+1)1+s) 20 ja jamn—
W = =W ) = PR [ e
1 1
- ’/ (Vup v = (1+ s)uy)” Jan|* dH" ™ + */ (IVou, > + (1 4 8)%u?) |, | dH"
T JoB, T JoB,
1 1
=P () + - / (Vay v — (1+ s)u,)” [w,]* dH"
T T 9B,
1
b [ (¥oel = (1 s)n = 9)2)
T JoB,
1 1
__nt W1Q+s(7"7 u) + 7/ (Vu.-v—(1+ s)u7.)2 | |* dH™ !
T T 9B,
1
+ f/ (|Vcr|2 —(1+s)(n+ 1)05) |2, |* dH™ !
T JoB,
n+1 n+1

ng+s(17 CT) -

1
7ng+s(1,ur) + - / (Vi v — (14 8)up)? |z, |* dH 1.
r r r Jas,

So, by Proposition [3.3] we have

d 0 . ’I’L+].
%WI+S(T7U) =2 . (

Then, according to the epiperimetric inequality proved in Theorem and recalling that u,, minimize
ng+s(1, -) we obtain

d
% ng+s (T7 u) >

WIQJrs(]'? ¢) — W1g+s(1aur)) :

2(n+ 1)k
r(1—k)

and integrating this inequality in (0,79) we have

2(n+ 1)k

0
Wf+s(17u7‘) = ’I“(]. _ Ii)

0
Wf+s (Tv U),

WIQ-‘,-S (7"7 U) S ng+s(17 U) 7,.’)’7

2 (n+1)k ]

with v := i)

Remark 5.3. In order to prove the Proposition the Weiss’ monotonicity formula is not necessary.

5.3 Nondegeneracy of the solution

In order to deduce the nondegeneracy property of the solution we note that the inequality (2.5] is not
enough. We state an improved version of (2.5)); this is a consequence of epiperimetric inequality and
decay estimate of energy above.

Proposition 5.4 (Nondegeneracy). Let u € H*(B1, j1,) be a solution of the Problem (0.3). Let us
assume that 0 € T'14¢(u) . Then there exists a constant Hy > 0 for which

H,(r) > Hyr"*? VO <r<1. (5.55)
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Proof. For the proof of this result we refer to |25, Proposition 4.6]. O
By means of the nondegeneracy condition (5.55), for all xg € I'145(u), we deduce

/ uimr |xn|* dz > Hy,
0B,

and if (ug, -, )ren is a sequence that converges to ug in L?(By, i), a blow-up function in zg, due to
estimate (3.2) and the convergence of the traces in Theorem we obtain the convergence of the
traces of ug, ,, on 0B7; thus

/ U |(Z?n‘adl’ZHO > 0.
0B,

So we infer ug # 0 for all ug blow-up functions in a point of I'y 4 (u).
So, in view of Propositions and |13 Proposition 5.5] we can deduce the following result of
the classification of blow-ups.

Proposition 5.5 (Classification of blow-ups). Let u be a solution of the Problem (0.3). Let ug be a
blow-up of u in point xg € T'144(u). Then there exist a constant A > 0 and a vector e € S"~2 such that
Upg = A he.

5.4 The blow-up method: Uniqueness of blow-ups

By summarizing what we have been showing so far, due to estimate and to Theorem for all
zo € T'14s(u) and for all sequences r, — 0 there exists at least a subsequence (that we do not relabel
in what follows) such that ug, , — us, in H'(Bi, f1,) for some nontrivial functions u,, € H' (B, ita)-
It is easy to prove that uy, is a solution of Problem . Furthermore u,, is (1 4+ s)-homogeneous.
According to Proposition the result of the classification of blow-ups, we obtain u,, € $14s.

With the next Proposition we prove that the blow-up is unique, i.e. for all 2y € T'14(u) there
exists a function u,, such that for all rj, — 0 the sequence (uz, . )ren converges to uy, in L?(Bi, fia)-
This is again a consequence of epiperimetric inequality. In particular, the epiperimetric inequality
provides an explicit rate of convergence of the rescaled function ugz, ..

Proposition 5.6 ( |25, Proposition 4.8]). Let u be a solution of the Problem (0.3) and let K CC Bj.
Then there exists a positive constant C > 0 such that for all xg € T'145(u) N K the following inequality
holds:

ol
2

/ |u3?077’ - uro| |$n|a danil < Cr )
631

where v > 0 is the constant defined in Proposition[5.3 In particular the blow-up is unique.

6 The regularity of the free-boundary

Thanks to the uniqueness of blow-ups following the proof of |25, Proposition 4.10] it is possible to give
a proof of the OV regularity of I'1,s(u) the subset of the free-boundary with lower frequency.

Theorem 6.1. Let u € H'(By, j14) be a solution of the Problem (0.3). Then, there exists a constant
a > 0 such that for all zg € T145(u) there exists a radius r = r(xq) for which T'14s(u) N Bl.(xzg) is a
CY2 regular (n — 2)-submanifold in Bj.

A Appendix

In this Appendix we report a result of structure of a (1 + s)-homogeneous solution of due to
Garofalo, Petrosyan, Pop and Smit Vega Garcia [30, Lemma A.3]. Recently Focardi and Spadaro
in |26 Proposition A.3] extended this result analysing the structure of A-homogeneous solutions of
(also with different contact set) with A € {m,m + s,m+2s : m € Nt X\ >1+ s}.

Lemma A.1. Let is zoo a (14 s)-homogeneous solution of

Lazoo =0 B1 \ B/f_ (Al)
Zoo =0 B,
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even symmetric w.r.to {x, = 0}. Then there exist real constants ag, ..., an—_o such that

n—2

Zoo = agh + (Z aixi) (1/.%7211 + a2 + xn_l) , (A.2)
i=1

or rather zoo € Th$H14s.

Proof. For all multi-indices o € N*~2 the derivative d, 2o is the solution of

— /1,
{ LiOazeo =0 B\ B; (A.3)

Opzoo =0 B,

According to |19, Lemma 2.4.1] and |13, Proposition 2.3| the derivative 0,2 are bounded in B,
thanks to [19, Theorems 2.3.12 and 2.4.6] they are also continuous in By, \ {z,—1 =z, = 0}. We
consider the second derivative 0;j2z0c with 4,5 =1,...,n — 2: since 2z, is (1 + s)-homogeneous, the
function 0;;2. is (s —1)-homogeneous; as 0 < s < 1 from the boundedness of the derivative we deduce

8@‘200 =0 m Bl Vi,j: 1,...,n—2. (A4)

The solution z., is a smooth function in B;r/Q and B1_/2 because the coefficients of the strictly elliptic
operator L, are smooth in these domains. Thus, fixed x,,_; and x,,, we can write the first order Taylor
polynomial of 2o (*, Tpn_1, @) in (0, 2,1, 2,)

n—2

Zoo(x/a xn—lvxn) = CO(-Tn—hxn) + Z Ci(l‘n—hxn)xia
i=1

with co(n_1,%n) = 200 (0, Tn_1, Zn) and ¢;(Tn_1,Tpn) = 0200 (0, 2y _1, 2, ). By definition the function
co(Tp—1,2n) is (1 + s)-homogeneous and the functions ¢;(z,—1,x,) are s-homogeneous. Since z.,
and 0;z, are continuous in By \ {z,—1 = 2, = 0} the function co(z,—1,2,) and ¢;(p_1,2,) are
continuous in By \ {@n—1 = 0} with By/s := {(#p—1,2,) € R* : 22_; + 22 < 1/4}. Thanks to
homogeneity with positive degree co(2n—1,%,) and ¢;(z,—1,2,) are continuous in By ;.

Taking into account (A.4)), for all i = 1,...,n — 2 we obtain

ci(xn—ly xn) = azzoo (37/, Tn—1, xn)

co(Tn—1,2n) = 2oo (@', Tn_1,Tp),
thus ¢;,co € H' (Bf[/Q, |7,|% £2) and are solutions of on Bli/2.
there exist some constants (&;);=1,....n—2 such that ¢;(z,—1,0) = @;x{_; when z,_1 > 0 and similarly
since ¢o(n—1,y) is (1 4+ s)-homogeneous, there exists a constant ag such that co(x,—1,0) = aoxs_,
when x,,_1 > 0.
We show that

Since ¢;(p—1, Ty ) is s-homogeneous

a; s
ci(Tp_1,Tn) = > (:17n+1 +1/22 |+ x%) ) (A.5)

Passing to polar coordinates we can write ¢;(z,—1,2,) = d;(r,0) = r°p;(0). From L,c; = 0 we deduce
that the function ¢; is the solution of the following second order ordinary differential equation

sin Opgg + acos g + (a(l+ s)x + (1 + s)?)sinfp =0 in (0,7)
(0) = 5
p(m) =0,

and so it has a unique solution. Resorting to a direct calculation, we can verify that the function

vi(0) = %(COSQ +1)°
is solution for all @ € [0, 7]. So the function ¢;(z,—1,x,) satisfies (A.5)).

By proceeding in the same way we prove that the function co(x,—1,2,) can be written as

d S
co(Tn_1,2n) = Wo_l) (l“nﬂ +y/Tn_g + x%) ($n+1 —\JTh o+ x%) ;

and this provides the conclusion to the proof of the step. O
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