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Abstract
We prove quasi-monotonicity formulae for classical obstacle-type problems with quadratic
energies with coefficients in fractional Sobolev spaces, and a linear term with a Dini-type continuity
property. These formulae are used to obtain the regularity of free-boundary points following the
approaches by Caffarelli, Monneau and Weiss.

1 Introduction

The motivation for studying obstacle problems has roots in many applications. There are examples in
physics and in mechanics, and many prime examples can be found in [11}20,28.|30,/41]. The classical
obstacle problem consists in finding the minimizer of Dirichlet energy in a domain 2, among all
functions v, with fixed boundary data, constrained to lie above a given obstacle 1. Active areas of
research related to this problem include both studying properties of minimizers and analyzing the
regularity of the boundary of the coincidence set between minimizer and obstacle.

In the ’60s the obstacle problem was introduced within the study of variational inequalities. In
the last fifty years much effort has been made to understand of the problem, a wide variety of issues
has been analyzed and new mathematical ideas have been introduced. Caffarelli in [7] introduced the
so-called method of blow-up, imported from geometric measure theory for the study of minimal surfaces,
to prove some local properties of solutions. Alt-Caffarelli-Friedman [1], Weiss [45] and Monneau [36]
introduced monotonicity formulae to show the blow-up property and to obtain the free-boundary
regularity in various problems. See [6}/9}20L/30}|40,|41] for more detailed references and historical
developments.

Recently many authors have improved classical results replacing the Dirichlet energy by a more
general variational functional and weakening the regularity of the obstacle (we can see [10L[14H17,[35]
37.[43/44]). In this context, we aim to minimize the following energy

Ew) = / ((A(z)Vu(z), Vo(z)) + 2f (z)v(z)) dz, (L.1)
Q
among all positive functions with fixed boundary data, where {2 C R" is a smooth, bounded and open

set, n > 2, A : Q — R"™ " is a matrix-valued field and f : Q — R is a function satisfying:

(H1) A € WITsP(Q;R"¥") with s > % and p > Wﬁ)—l A n; where the symbol A indicates the

minimum of the surrounding quantities;

(H2) A(z) = (aij(2)); j—, ., symmetric, continuous and coercive, that is a;; = a;; L™ a.e. { and for
some A > 1 i.e.

ATHEP < (A(x)€,€) < AJEP L™ ae. Q, VEe€R™ (1.2)

(H3) f Dini-continuous, that is w(t) = sup|,_, <, |f() — f(y)| modulus of continuity f satisfying the
following integrability condition
1
t
/ “0) g1 < oo, (1.3)
O t

and exists ¢y > 0 such that f > ¢g.

(H4) f satisfies a double Dini-type condition: let w(t) = supj,_, < |f(z) — f(y)| be the modulus of
continuity of f and set @ > 1 it holds the following condition of integrability

1
/ wgnr) |logr|® dr < oo, (1.4)
0

and exists ¢y > 0 such that f > ¢g.



In Remark we will justify the choice of p in hypothesis (H1). We note that we are reduced to
the 0 obstacle case, so f = —div(AV).

In the paper we prove that the unique minimizer, which we will indicate as u, is the solution of an
elliptic differential equation in divergence form. With classical PDE regularity theory we deduce that
u and Vu are Holder continuous and V2w is integrable. To prove the regularity of the free-boundary
I, = 0{u=0}NQ, we apply the method of blow-up introduced by Caffarelli |7]. For all zg points of
free-boundary T',, = 9{u = 0} N we introduce a sequence of rescaled functions and, through a C!+Y
estimate of rescaled functions (for a suitable v € (0,1)), we prove the existence of sequence limits;
these limits are called blow-ups. To classify the blow-ups and to prove the uniqueness of the sequence
limit, for all points of I',,, we introduce a technical tool: the quasi-monotonicity formulae. To simplify
the notation we introduce, for all zy € ', an opportune change of variable for which, without loss of
generality, we can suppose:

xg =0 €Iy, A(Q) = I, f(Q) =1 (15)
As in [17] we introduce the auxiliary energy “a la Weiss”

X

O(r) := /B ((A(re)Vu,(z), Vur(2)) + 2f (re)u, () do + 2/ <A(mc)|x|, |i|

" ) i) a4 o),

and prove the main results of the paper:

Theorem 1.1 (Weiss’ quasi-monotonicity formula). Assume that (H1)-(H3) and (1.5 hold. There
exist nonnegative constants Cs and Cy independent from r such that the function

51— r n t 51—
ris d(r) e © 40y / <t_@ + Li )> et C at
0

with the constant © given in equation (5.16)), is nondecreasing on the interval (0, dist(0, 0) A 1).
More precisely, the following estimate holds true for L'-a.e. r in such an interval:

_ _n r . - 1_n
& (‘I’(T) e / (t_@ + W(t)) o dt)
dr 0 t

266”17%

un 2 (1.6)
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In particular, the limit ®(07) := lim,_ o+ ®(r) exists and it is finite and there exists a constant ¢ > 0
such that

a(r) - B(0%)
> o) eS8 4oy /O <t8 +w7(ft>) S Gy (0t — o <r1g) +/0Tw(t) dt) (1.7)

t
Theorem 1.2 (Monneau’s quasi-monotonicity formula). Assume (H1), (H2) and (H4) with a > 1 and
(1.5). Let uw be the minimizer of £ on K, with 0 € Sing(u) (i.e. (7.4) holds), and v be a 2-homogeneous,

positive, polynomial function, solution of Av = 1 on R™. Then, there exists a positive constant
Cs = Cs(\, ||Allws.») such that

s T t
r— (uy —v)2dH" ' + Cs (Tl_g +/ w(t) dt +/ @/ w(s) dS) (1.8)
9B, o 1t o tJo s

is nondecreasing on (0, dist(0,0) A 1). More precisely, L-a.e. on such an interval

r r t
d(/ (uy —v)*dH" ' + C; (rl‘" +/ @dw/ ﬂ/ w(s) ds))
dr \ Jop, o t o tJo s

> 2(603 r=6 O(r) + 04/ 663#*9 <tg + wit)) dt — \111,(1)).

r 0

0]

(1.9)

where W,(1) = [ (IVo]* +2v) dz =2 [, v* dH" !

These theorems generalize the results of Weiss [45] and Monneau [36]. The Weiss monotonicity
formula was proven by Weiss within [45] for the case where A = I,, and f = 1; in the same paper he
proved the celebrated epiperimetric inequality (see Theorem [8.2) and gave a new way of approaching



the problem of the regularity for the free-boundary. In [39] Petrosyan and Shahgholian proved the
monotonicity formula for A = I,, and f with a double Dini modulus of continuity (but for obstacle
problems with no sign condition on the solution). Lederman and Wolanski [31] provided a local
monotonicity formula for the perturbated problem to achieve the regularity of Bernoulli and Stefan
free-boundary problems, while Ma, Song and Zhao |34] showed the formula for elliptic and parabolic
systems in the case in which A = I,, and the equations present a first order nonlinear term. Garofalo
and Petrosyan in [24] proved the formula for the thin obstacle problem with a smooth obstacle.

Garofalo, Petrosyan and Smit Vega Garcia in |25] proved the result for Signorini’s problem under
the hypotheses A € W1 and f € L>. Focardi, Gelli and Spadaro in [17] proved the formula for the
classical obstacle problem for A € W1 and f € C%® for a € (0,1). In the same paper (under the
same hypotheses of coefficients) the three authors proved a generalization of the monotonicity formula
introduced by Monneau [36] to analyze the behaviour near the singular points (see Definition .
In [37] he improved his result; he showed that his monotonicity formula holds under the hypotheses
that A = I, and f with a Dini modulus of continuity in an L? sense. In |24] Garofalo and Petrosyan
showed the formula of Monneau for the thin obstacle with a regular obstacle.

In our work (inspired by [17]) we prove the quasi-monotonicity formulae under the hypotheses, (H1)-
(H4) improving the results with respect to current literature. As we will see in Corollary ifps>n
the embedding W' tsP — W1 holds true. Consequently, we assume sp < n and we obtain an origi-

nal result not covered by |17] if p > n(”iz)_l/\n. (We can observe that (n( An) < % forall s € R.)

’I’L2
T+ TH+s)—1

Weiss’ quasi-monotonicity formula allows us first to deduce that blow-ups are homogeneous of
degree 2, and second (using also the nondegeneracy of the solution proven in an even more general
setting by Blank and Hao [4]) to show that the blow-ups are nonzero. Thanks to a I'-convergence
argument and according to Caffarelli’s classification of blow-ups, in the classical case (see [6Hg|), we
can classify the blow-up types and so distinguish the points in I',, as regular and singular (respectively
Reg(u) and Sing(u), see Definition [6.6).

Following the energetic approach by Focardi, Gelli and Spadaro [17] we prove the uniqueness of
blow-ups for both the regular and the singular cases. In the classical framework, the uniqueness of
the blow-ups can be derived, a posteriori, from the regularity properties of the free-boundary (see
Caffarelli |7]). In our setting we distinguish two cases: zg € Sing(u) and o € Reg(u). In the first case,
through the two quasi-monotonicity formulae and an “absurdum” argument, we prove the uniqueness
of blow-ups providing a uniform decay estimate for all points in a compact subset of Sing(u). In the
second case, we need to introduce an assumption, probably of a technical nature, on the modulus of
continuity of f: (H4) with a > 2 (more restrictive than double Dini continuity which is equivalent to
(H4) with a = 1, see |37}, Definition 1.1]).

So, thanks to the epiperimetric inequality of Weiss |[45] we obtain a uniform decay estimate for the
convergence of the rescaled functions with respect to their blow-up limits. We recall that Weiss [45]
proved the uniqueness for regular points in A = I, and f = 1. Focardi, Gelli and Spadaro [17] also had
proved our same result for A Lipschitz continuous and f Holder continuous. Monneau [37] proved the
uniqueness of blow-ups both for regular points and for singular points with A = I,, and f with Dini
continuous modulus of mean oscillation in LP. Therefore, without further hypotheses, in the regular
case and adding double Dini continuity condition on the modulus of the mean oscillation, Monneau
gave a very accurate pointwise decay estimate, providing an explicit modulus of continuity for the
solution.

These results allow us to prove the regularity of free-boundary:

Theorem 1.3. We assume the hypothesis (H1)-(H3). The free-boundary decomposes as T',, =
Reg(u) U Sing(u) with Reg(u) N Sing(u) = 0.

(i) Assume (H4) with a > 2. Reg(u) is relatively open in 0{u = 0} and for every point xy € Reg(u).
there exists 7 = r(xg) > 0 such that T, N B,.(z0) is a C hypersurface with normal vector s is
absolutely continuous with a modulus of continuity depending on p defined in (8.15)).

In particular if f is Holder continuous there exists r = r(xg) > 0 such that 'y N B,(z) is C1P
hypersurface for some universal exponent 5 € (0,1).

(ii) Assume (H4) with a > 1. Sing(u) = U}Z3 Sk (see Deﬁm‘tion and for all x € Sy, there exists
r such that Sy N B, (x) is contained in a regular k-dimensional submanifold of R™.

In order to justify the choice of regularity of the coefficients of A and f we discuss the hypotheses
(H1) and (H3).



The hypothesis (H3) turns out to be the best condition to obtain the uniqueness of blow-up (we
need of (H4) with a > 1 in the case of singular points and a > 2 in the case of regular points). In fact
when condition is not satisfied, Blank gave in [2| an example of nonuniqueness of the blow-up
limit at a regular point. Monneau observed in [36] that using the symmetry = — —uz, it is easy to
transform the result of Blank into an example of nonuniqueness of the blow-up limit at a singular
point when condition is not satisfied.

Before taking into account hypothesis (H1) we need to clarify the relationship between the
regularity of coefficients A, f and the regularity of the free-boundary. Caffarelli [6] and Kinderlehrer
and Nirenberg [29] proved that for smooth coefficients of A and for f € C! the regular points are a
Cl®-manifold for all « € (0,1), for f € C™" Reg(u) is a C™ 1 *-manifold with a € (0,1) and if f is
analytic so is Reg(u). In |2] Blank proved that, in the Laplacian case with f Dini continuous, the set
of regular points is a C'*-manifold, but if f is C°, but is not Dini continuous, then Reg(u) is Reifenberg
vanishing, but not necessarily smooth. In [17] Focardi, Gelli and Spadaro proved that if A € W1
and f € C% with a € (0, 1), then Reg(u) is a C*#-manifold with 8 € (0,a). A careful inspection of
the proof of |17, Theorem 4.12] shows that in the case of A € W and f =1 the regular set turns
out to be a C#'-manifold with g’ € (0, %), so, despite the linear term being constant, the regularity
improves slightly but remains in the same class. Blank and Hao in [3| proved that if a; ;, f € VMO,
any compact set K CC Reg(u) N 31 is relatively Reifenberg vanishing with respect to Reg(u) N B1.
So the regularity of the regular part “of the free-boundary turns out to be strictly related to regularlty
of coefficients of matrix A and the linear term f. Under the hypotheses (H1) and (H2) we prove that
if f is Holder continuous we obtain that the regular part of the free-boundary is a C''*#-manifold for
some f3, while if f satisfies hypothesis (H4) with a > 2 we prove that Reg(u) is a C'-manifold.

So the process of weakening the regularity of coefficients goes along two directions: to obtain a
strong or a weak regularity of the regular part of the free-boundary. Our work forms part of the
first way and with the technical hypothesis (H4) wiht a > 2 for f, which is better than the Holder
continuity, and by hypothesis (H1) of matrix A, we improve the current literature. The best regularity
for A that allows us to have a strong regularity of Reg(u) still remains, to our knowledge, an open
problem. Regarding the best regularity for f, from |2| we know that it is the Dini continuity; we do
not reach it but we improve the already investigated condition of Hélder continuity.

The natural sequel of these results is the study of obstacle problems for nonlinear energies. The
future developments aim at the same direction as |18| where the author, Focardi and Spadaro prove an
exhaustive analysis of the free-boundary for nonlinear variational energies as the outcome of analogous
results for the classical obstacle problem for quadratic energies with Lipschitz coefficients.

To conclude, the paper is organized as follows. In Section 2 we fix the notation of fractional Sobolev
spaces. In Section 3 we prove the existence, the uniqueness and the regularity of the minimizer wu.
In Section 4 we introduce the sequence of rescaled functions, prove the existence of blow-ups and
state a property of nondegeneracy of the solution of the obstacle problem. In Section 5 and 7 we
respectively prove the quasi-monotonicity formulae of Weiss and Monneau. In Section 6 we prove the
2-homogeneity and the nonzero value property of blow-ups, classify blow-ups and distinguish the point
of the free-boundary in regular and singular. In Section 8 we deduce the uniqueness of blow-ups in
the case of regular and singular points. In Section 9 we state the properties of the regularity of the
free-boundary.

2 Preliminaries: Fractional Sobolev spaces

In order to fix the notation, we report the definition of the fractional Sobolev spaces. See [12,/33] for
more detailed references.

Definition 2.1. For any real A € (0,1) and for all p € (0,00) we define the space

WHP(Q) := {v € Lr(Q): w € LP(Qx Q)} : (2.1)

i.e, an intermediary Banach space between LP() and W1P(Q), endowed with the norm

1
llv|lyw > = \v\p dx + W) drdy )
e = axQ |17 - \"J”Ap )

If A > 1 and not integer we indicate with |A] its integer part and with o = XA — | A| its fractional part.
In this case the space W*P consists of functions v € WLA? such that the distributional derivatives



D% € WP with |a| = [A]
[D*v(x) — D™ ( )|
o —y|7 ™

WAP(Q) = {v e whlrQy . € LP(2 x Q), Ya such that |a] = L)\J}

WXP(Q) is a Banach space with the norm

lollwariy = | 1ol im@ + Do 1P 0lenq)
le]=[A)

We state three results on fractional Sobolev spaces useful for the follows. Theorems [2.2| and [2.4] are
proved, respectively in [38] and [42], for Besov spaces; thanks to [42, Remark 3.6] and [32, Theorem
14.40] we can reformulate these results in our notation. Theorem is obtained combining classical
Morrey theorem, |12, Theore 8.3] and Theorem

Theorem 2.2 (Embedding Theorem [38, Theorem 9] and [12, Theorem 6.5]). Let v € WAP() with
A>0,1<p<oo, pA<n and Q CR™ be a bounded open set of class CO'. Then for all 0 < t < X
there exists a constant C = C(n, A\, p,t,Q) for which

ol ) <

If t = 0 there exists a constant C = C(n, A\, p,Q) for which
[[v]l

Theorem 2.3 (Embedding Theorem). Let p € [1,00) such that sp > n and Q@ C R™ be an extension
domain for WP, Then there exists a positive constant C = C(n,p, \,Q), for which

< Clvllw». P (Q)-

<C ”U”WNP(Q)-

Ln )xp (Q

[vllere < Cllvllwaro), (2.2)
for allv € LP(Q) for some o € (0,1) and h integer with h < m.
Theorem 2.4 (Trace Theorem [42, Theorem 3.16]). Letn >2,0<p < oo, A > % and U a bounded

C* domain, k > X in R™. Then there exists a bounded operator
Yo : WAP(U) — W5 2(9U; H' ), (2.3)
such that vo(v) = vjgu for all functions v € WAP(U) N C(U). 7o is called trace operator.

Remark 2.5. Let p, A be exponents as in theorem pA <mnand o:=A—|\|. f U = B,, we see how
the constant of the trace operator changes when the radius r changes.
By taking into account Theorem [2.4] and [2.2] we have the following embeddings

WAP(B,) < WA™5P(B,; 1" ) < LY (0B, 1" ).
Then, setting v, (y) = v(ry)

/ o (0) ()| dHP1 V22T =t / o (1) ()] M
OB,

9B

|Ur UT( )| )
v, (y pdx+// dy dz
( Z /Bl ) B1xBi \y—z|”+‘”’

lo| <A

_u . p »
=" ¢e(1)r" Ly ( Z / | D%v( |pda:+7““p// n(+g)| dx dw)
ol <1 B, x B, \x—w| P

< Ot ollwas s,)-

D=

For which
Y0() 108, mm-1) < CT™ 1 r 7% ullwan(s,)- (2.4)

prgn,let%p_t)p<t<)\,i.e. AL <A, ofnotethat)\>(" ’\p 1fandonly1f)\>

(n—1)p

We infer by Theorem [2.2] and by Theorem the following

Ap (e 7>L\p—t t— 7L7(:7t)p7rn— T;p—t .qyn—1 1 .qyn—1
WAP(B,) < Wha=G08 (B,) < W G505 (0B, H™ ) < LY (0B, H™ ).

Applying the same reasoning to deduce (2.4)), in particular we achieve

_ n—(A—t)p
Iv0(0) |1 (oB,smn-1) < Cr =t 1ol e =ts 5



3 The classical obstacle problem

Let © C R™ be a smooth, bounded and open set, n > 2, let A : Q@ — R™*™ be a matrix-valued field
and f: Q — R be a function satisfying assumptions (H1)-(H3) seen in the Introduction.

Remark 3.1. By (1.2), we immediately deduce that A is bounded. In particular, [|A|L~q) < A.
We define, for every open A C  and for each function v € H'(f2), the following energy:

Elv, A] = /A (A@)Vo(@), Vo) + 2f (2)u(z)) dx, (3.1)

with E[v, Q] := Ev].
Proposition 3.2. We consider the following minimum problem with obstacle:

inf €[], (3.2)

where K C H*(Q) is the weakly closed conver given by
K:={ve H(Q)|v>0L"aec. on, y(v)=gondQ}, (3.3)

with g € H: (09) being a nonnegative function.
Then there exists a unique solution for the minimum problem (3.2)).

Proof. The hypotheses (H1)-(H3) imply that the energy £ is coercive and strictly convex in K. Thus,
£ is lower semicontinuous for the weak topology in H'(£2), and so there exists a unique minimizer that,
as we stated in the introduction, we will indicate by u. O

Now, we can fix the notation for the coincidence set, non-coincidence set and the free-boundary by
defining the following;:

A, = {u = O}7 N, = {U > 0}, Iy =0A, N (34)

Actually, the minimum u satisfies the partial differential equation both in the distributional sense
and a.e. on (). Therefore it shows good properties of regularity:

Proposition 3.3. Let u be the minimum of £ in K. Then

div(A(z)Vu(z)) = f(2)X{u>0} () a.e. on Q and in D'(Q). (3.5)
Therefore,
(i) if ps <n, called p*(s,p) = p* = ", we have u € w2 0ot (Q);

(i) if ps = n we have u € W24 N CY174(Q) for all 1 < ¢ < co.

Proof. For the first part of proof we refer to |17, Proposition 2.2] and |18, Proposition 3.2].
Now, based on equation (3.5, we can prove (i), the regularity of u if ps < n. From Theorem

Witsr(Q) — WP (Q) with p* = nﬁ’;p. We also note that by the hypothesis (H1) p* > n, so by

Morrey theorem A € C%'7# (). Since u is the solution of (3.5), and thanks to |27, Theorem 3.13],
u € Cl’l_F(Q). We consider the equation

loc

., . Ou
Tr(AVZ0) = X {us01 — E le(a])ai = (3.6)
J

Zj

where the symbol Tr is the trace of the matrix AV?v and a/ denotes the j-column of A. Since
Vu € L2, () and div(a?) € LP (Q) for all j € {1,...,n} then ¢ € L} (Q). So, from [22, Corollary

9.18] there exists a unique v € W2P () solution of (3.6). We observe that the identity Tr(AV2v) =
div(AVv) — >, div(a? )(%‘j is verified. So, if we rewrite (3.6]) as follows

div(AVY) — Zdiv(aj)% =, (3.7)
j J

we have that u and v are two solutions. Then by [22, Theorem 8.3] we obtain u = v and the thesis
follows. Instead, if ps = n from |12, Theorem 6.10], A € W9 and so u € W4 N CH'~%(Q) for
all 1 < ¢ < co. Applying the same reasoning to deduce the item (i) we obtain the item (ii) of the
thesis. O



We note that thanks to continuity of u the sets defined in (3.4) are pointwise defined and we can
equivalently write I, = 0N, N Q.

Remark 3.4. The assumption f > ¢o > 0 in (H3) is not necessary in order to prove the regularity
of u and that the minimum wu satisfies the equation (3.5) (cf. [18, Proposition 3.2, Theorem 3.4,
Corollary 3.5]).

4 The blow-up method: Existence of blow-ups and nondegen-
eracy of the solution

In this section we shall investigate the existence of blow-ups. In this connection, we need to introduce
for any point xg € ', a sequence of rescaled functions:

u(xo + 1)

S (4.1)

Uzo,r +=

We want to prove the existence of limits (in a strong sense) of this sequence as 7 — 07 and define these
blow-ups. We start observing that the rescaled function satisfies an appropriate PDE and satisfies
uniform W?2P" estimates. We can prove this thanks to the regularity theory for elliptic equations.

Proposition 4.1. Let u be the solution to the obstacle problem (3.2)) and xo € T'. Then, for every
R > 0 there exists a constant C' > 0 such that, for every r € (0, W)
Uz, rlw2p* (Br(z0)) < C- (4.2)

n

In particular, the functions us, , are equibounded in o fory <~vy:=1- o

Proof. From (4.1) and Proposition it holds

div(A(zo + r2)Vug, r(2)) = f(2o + 7%)X{u,, >0} () a.e. on Big(wo) and on D'(Bagr(z0)), (4.3)

and ug, , € W2r' N CY(Bygr(z0)). We have zg € 'y, then uy, ,(0) = 0. Since uy, , > 0, from [22]
Theorems 8.17 and 8.18| we have

L*>(Bar(z0)) < C(R7 xO)”fHLOQ(BALR(ZEO))' (44)

Hufroﬂ"

Thanks to |22, Theorem 8.32] and (4.4) we obtain

|CI*W(B2R(900)) <C (Huwo,r||L°°(B4R(Io)) + ‘|f||L°°(B4R(IO))) < C/||f||L°°(B4R(IO))' (45)

||ua:0,7‘

We observe that, as in Proposition Ug,,r is solution to

. i 0 To,T
Tr (A(mo + Tm)V2uw07T(m)) = f(xo—&-rx)X{uIO,po}—r Z div (a7 (zo + rx)) gTo(m) =: p.(x), (4.6)
- j
j
with ¢, € LP" (Bagr(20)). Then from |22, Theorem 9.11]
l|tg |W2vp*(BR(xo)) <C (||Uoco,r||Lp*(BQR(x0)) + H(pT||LP*(BQR(acO))) . (4.7)

We define div(A) := (div(a’));, namely the vector of divergence of the vector column of A. Then by

(14.5)

lerllF or (B mao)) = / | (rz) X u,>0p — T{divA(ra), Vau, (2))[" do
Bar(zo0)

p* *—n
= C||f||Lm(B4R(zO))<1 o Lz -r(x0)

- dist (zg, 0Q)\P" =7 . .
< CU ey (14 (TG ) IAD )

So |[tugy,r|lww2r (Br(zo)) < C, where C' does not depend on 7. O

(divA(y) P dy>

Corollary 4.2 (Existence of blow-ups). Let x¢ € T',, with u the solution of (3.2). Then for every
sequence 1y, | 0 there exists a subsequence (ry,); C (rx)x such that the rescaled functions (Uzo,rkj)j

converge in C17. We define these limits as blow-ups.



Proof. The proof is an easy consequence of Proposition [£.I] and the Ascoli-Arzela Theorem. O

Remark 4.3. Recalling z¢ € T, we have u(xg) = 0 and Vu(zg) =0 so
HuHLoo(BT)(IU) < Cr? and ||VU||L00(BT(ID)) <(Cr. (4.8)

We note that the constant in (4.8) only depends on the constant C' in (4.2)) and is therefore uniformly
bounded for points zy € I', N K for each compact set K C ().

As in classical case, the solution u has a quadratic growth. The lacking regularity of the problem
does not allow us to use the classic approach by Caffarelli [8] also used by Focardi, Gelli and Spadaro
in |17, Lemma 4.3]. The main problem is that div(a’), that is a WLP" function, is not a priori pointwise
defined, so the classical argument fails. We use a more general result of Blank and Hao in [4, Chapter
3.

Proposition 4.4 ( [4, Theorem 3.9]). Let zo € I, and u be the minimum of ([3.2)). Then, there exists
a constant 6 > 0 such that
sup u > 0712 (4.9)
0B (o)

To proceed in the analysis of the blow-ups we shall prove a monotonicity formula. This will be a
key ingredient to prove the 2-homogeneity of blow-ups and that blow-ups are nonzero. Therefore it
allows us to classify blow-ups. This result will be the focus of Section [6 while the quasi-monotonicity
formula will be the topic of Section [f]

5 Weiss’ quasi-monotonicity formula

In this section we show that the monotonicity formulae established by Weiss [45] and Monneau [36] in
the Laplace case (A = I,,) and by Focardi, Gelli and Spadaro [17] in the A Lipschitz continuous and f
Holder continuous case, hold in our case as well.

As in [17] we proceed by fixing the coordinates system: let x¢ € T',,, be any point of free-boundary,
then the affine change of variables

1

T — 20 + f(xo)*%Az (xo)xr = xo + L(z0)x (5.1)

leads to )
Elu, Q) = 177 (o) det(AZ (20)) EL(ze) [UL(0)» M(ze)];

with the following notations:

gL(mo)[va} = / (<(CZL’()VU7 vv> + 2fL(xO)U> dx VAC Q]L(mo)v
A f(x())

Q]L(zo) = L(l‘o)_l(ﬂ — .T())7
uL(mU)(x) = u(xo + L(zo)x),

(5.2)
fr(ze) == f(wo + L(z0)2),
Cay 1= A7 (0)A(z0 + L(zo)2)A™ 2 (20),
u(xo + rL(20)y)
UL (z0),r(Y) 1= - 2
We observe that the image of the free-boundary in the new coordinates is:
Lo,y = L(xo) ™ (Tu — 20) (5.3)

and we see how energy & is minimized by w, if and only if, the energy &) is minimized by uy,z,)-
Therefore, for a fixed base point zy € I, we change the coordinates system and as we stated before

Q € FUL(mg) (Cmo (Q) = In f]L(IO)(Q) = f(fvo)

The point of the choice of this change of variable is that, in a neighborhood of 0, the functional
EL(z0)[v, Q] is a perturbation of fﬂ(|Vv|2 + 2v) dx, which is the functional associated with the classical
Laplacian case. We identify the two spaces in this section to simplify the ensuing calculations, then
with a slight abuse of notation we reduce to :



We note that with this convention 0 € Q. In the new coordinates system we define

v(z) = L for x #£ 0, w(x) = { (Az)v (), v(z)) itz 70 (5.4)

|| 1 otherwise.

We note that x4 € C°(Q) by (H1) and (1.5). We prove the following result:
Lemma 5.1. Let A be a matriz-valued field. Assume that (H1), (H2) and (1.5)) hold, then

pewhin ot (Q) Vg < p*, (5.5)

and
At <pz) <A Vo € Q. (5.6)

Proof. We prove that u € Wb for any q < p*.

We use a characterization of Soblev’s spaces (see |5, Proposition 1X.3]): u € Wh4(Q) if and
only if there exists a constant C' > 0 such that for every open w CC Q and for any h € R™ with
|h] < dist(w, 99) it holds

[Tt = pll Loy < CAl.

For the convexity of the function | - |?, remembering that A is (1 — p%)—Hélder continuous and since for

all z € R™ and h # —x the inequality |(z + h) ol x‘ < 2|h| holds, we have

o]
. - x+h x+h z x|
||Th#N|Lq(w)L‘<A(z+h)w’w><A(x)|ﬂ’m> dx
_ T — x $+h x+h x) — $+h i l’—f—h_i ! X
= [[waeen st i+ e -s0 (i) (e ) ¢
q—1 T — A(x)|9dx qwq x 2] *l'q
<2 (/{JA( +h)—A(z)|?d +/w2 7] ( +h)|x+h| >

1
§ﬂ1GWMAWW/|qu>:CW%
w x| P*

vq

where in the last equality, we rely on |z|7;* being integrable if and only if ¢ < p*. By Sobolev
embedding theorem, we have p € C%1=% for any ¢ < p*.

Thanks to the structure of y we can earn more regularity. In particular p € C%7 with v =1 — p%.
We start off proving the inequality when one of the two points is 0:

€T €T X €T X €T

) 1] = |5 D) -

][]

)

mw—umn:kA@>

2] ||

- [t - @) E 2] = o

@] |z
Let us assume now that x,y # 0 and prove the inequality in the remaining case. Let z = \y“i—‘ then

(@) — p(y)| < (@) — p(2)| + |p(z) = py)l.

|mw—uw>=MMm—Au»m mﬂsMbmu—ﬂn

x| ||

< (4 - 4002 D]+ [ a0, 2) - .

r’r r’r r’r
y 2ty z2-y N 'l Y
< [Alon |z = 3l" + [((Aly) = A0) ——, — )| < [Alcos | |z =yl +2—77— =~y
< Wlonn (|2 = 917+ 270 =47} < Cltfonaz — ol
Therefore, since |z — z| = ||z| —|y|| < |z —y| and |z —y| < |z — 2|+ |z — y| < 2|z — y| we have the thesis

lu(z) — p(y)| < ClA]gon |z —y[7.



We introduce rescaled volume and boundary energies

£(r) = E[u, B,] = / (A@)Vau(z), Vu(@)) + 2f (2)u(z)) do

By

(5.7)
= r"+2/ ((A(rz)Vu,(z), Vu.(2)) + 2f (ro)u.(z)) dz
By
H(r) = / w(x)u?(z) dH" ™ = r"+3/ p(re)u?(z) dH™ 1. (5.8)
OB, dB;
We now introduce an energy “a la Weiss” combining and rescaling the terms above:
O(r) :=r""2E(r) — 20 "3 (r). (5.9)

Remark 5.2. By (L.5), (5.7), (5.8) and Proposition [4.1] we have

£0)= [ (Vi + 2wy o + O szemn0) B oz
B - (5.10)
H(r) = /8 =t o) B o),

Hence, the choice of the renormalized factors in ([5.9)).
To complete the notation in (5.2)) we show the trasformed version of (5.4) and (5.9):

HL (o) (¥) :=(Cay (W)v(y), v(y)) ¥y #0, ML (20)(0) := 1,
(I)]L(gcg)('r) = /Bl (<(Cx0 (Ty)vul(wo),r(y)v vuL(xo),r(y)> +2 WUL(x(J),T) dy (5.11)

-2 / /1’]14(3?0) (Ty) ui(zo),r(y) dHnil
0B,

Remark 5.3. We can note by the definition above and in view of Lemma A2 < ul(fo)(y) < A2
and fir(z,) € C%7(Q).

5.1 Estimate of derivatives of £ and 7

To estimate the derivative of auxiliary energy ® we estimate the derivative of addenda £ and 7.
Starting with &, for this purpose, following Focardi, Gelli and Spadaro [17], we use a generalization of
Rellich—Necas’ identity due to Payne-Weinberger [17, Lemma 3.4] in order to calculate the derivative.

Proposition 5.4. There exists a constant C1 > 0, Cy = C1(\, C, [|Allwi+sp(q)), such that for L'-a.e.
r € (0,dist(0, 09)),

E'(r)= 2/ Ay, V)2 dH T + % / (AVu, Vu) div(p~tAz) dx
dB, B.
2 -1 2 T -1
- flp= Az, Vu) de — - (AVu, V' (1= Az)Vu) dx (5.12)
B, B

+2 fudH" " +e(r),
0B,

with |e(r)| < CLE(r) r™ ¥

Proof. For details of proof we refer to |17, Proposition 3.5]. The difference consists in the different
regularity of divA that in our case is LP" instead of L. In the estimate of £(r), made through Hélder
inequality, the factor PP appears. This is unbounded but at the same time it is integrable in r and
this will be crucial in proving the quasi-monotonicity formula. O

Remark 5.5. The term e(r) is exactly:

1
e(r) = . / pH (VA : Az ® Vu ® Vu) d.
B,

In [17, Proposition 3.5] under the hypothesis A € W1 (Q,R" x R"), Focardi, Gelli and Spadaro
showed the equality (5.12)) with £(r) as above, and proved that |e(r)| < C E(r).

10



The next step is to estimate the derivative of .#(r). By definition J#(r) is a boundary integral;
we follow the strategy of |17, Proposition 3.6] which consists in bringing us back to a volume integral
using the Divergence Theorem and deriving through the Coarea formula. The difficulty is that we
have to integrate the function divA on dB,, but by (H1) divA is a function in W*?(§2) with s > %,
and it is not, a priori, well defined on 0B,.. Then, taking into account the concept of trace we can
prove a corollary of the Coarea formula.

Proposition 5.6. Let ¢ € W P(By) with A > 7, Then, denoting by vo(p) the trace of ¢ (see Theorem
.) for L'-a.e. v € (0,1) it holds

Proof. Let (¢;); C C*(B;) such that p; — ¢ in WAP(B;). For each function g;, by the Coarea
formula for £'-a.e. 7 € (0,1) it holds that

d
(/ ©j d:r) :/ @ dH™ L. (5.14)
dr \ Jp, 8B,

By the continuity of trace and Lebesgue’s dominated convergence Theorem we have

lim wjdH"—lz/ Yo(p) dH™ 1. (5.15)
J JoB, OB,

Let us now prove that lim; < (fB ©j da:) = d(fB cpdx).

In this connection we define the function G(r) := [ @dx and the sequence G;(r) := [ ¢, da;
we can prove that G; — G in Wh1((0,1)).

We recall that by a well-known characterization, the functions in W' on an interval are absolutely
continuous functions. In order to deduce that G,G; € Wb we have to prove that for any ¢ > 0 there
exists a > 0 such that for any finite sequence of disjoint intervals (ay,br) C (0,1) the condition
>k |G (br) — Gj(ak)| < € holds if >, |by — ar| < 6.

Therefore, we estimate as follows

D 1G;(bk) = Gilar) =D
k

k

/ @; dx S/ lpjl dz <,
Bbk\Bak Uk(Bbk\Bak:)

where in the last inequality, we use the absolute continuity of the integral and
1

L™ (Uk(By, \ Ba,) = nwn/ rldr < nwn/ " dr < nw,d.

Uk (bk,ak) 1-6

The previous argument holds for G as well. Thus G and G are differentiable £!-a.e. on (0,1). On the
other hand by the Coarea formula, we can represent the weak derivative of G; in the following way:

Gi(r) = / @i dH",  G'(r) :/ QdH™ ! L'-a.e.r € (0,1).
OB 0B,

Thus

j—o0

1
16; ~Gllony = [ | [ (es= eyl ar < g, = pllrcony =50

16}~ &N oy = /]/ o) a1 dr < Jg; — pllusmyy 2750,

therefore up to subsequence G, — G" L'-a.e. (0,1); then by combining together this, ) and (5.15) -
we have the thesis.

We estimate the derivative of J2(r).

We define an exponent © = O(s, p, n,t), with ¢y € (pr(:f’f) , s) as in Remark for which the term

n

r~ o is integrable. For this purpose we define:

P ifp>n
0= @(s,p,mto) = { (np lfp <n. (516)

—(s—to)p

11



Remark 5.7. If p > n the condition is trivial. If instead p < n the condition — > n is equivalent

np
—(s—to)p

toty < s+1— % Now such a tq exists if and only if pr(Ln 5117) <s+1-12 Wthh is equivalent to requiring
that p > n(%i)—l This explains the choice of the condition (H1).

Proposition 5.8. There exists a positive constant Co = Co(||A|lyw1+s.p) such that for L'-a.e. r €
(0, dist(0, 0€2)) the following holds
n—1

20 =" ) +2 / (A, Vi) dH" + h(r), (5.17)

r B,

with |h(r)| < Co € (r)r~&, where the constant © is given in (5.16)).
Proof. From the Divergence Theorem we write J#(r) as volume integral

H(r) = %/83 uz(:c)<A(x)x, VY dH" ! = %/B div(uz(x)A(x)x) dx

2 1 1
= f/ uVu - A(x)z dx + - / u?(z)TrA do + f/ u? (x)divA(z) - z d.
B, ™ JB, " JB,

r

By taking Coarea formula and Proposition into account, we have

H'(r) =— 1f%ﬂ(r) + 2/ u{Av, Vu) dH" 1 + }/ u? TrA dH™ ! + }/ u?yo (divA(z)) -z dH" !
r 4B, T JoB, rJo

B,
-1
i) 42 / w(Av, Vu) dH™ + h(r),
r dB,
with
h(r) = ! / u® (TrA — np) dH" 41 / w?yo (divA(z)) -z dH" ™ =T+ I1. (5.18)
T JoB ™ JoB,

We estimate separately the two terms.
For the first term let us recall that the Holder continuity of A and u, the condition (4.8)) and the
fact that A(Q) = I, and p(0) = 1 hold, we have:

_ n—1
Sl

%

1| =

/aB S (Jais(x) — asi(0)] + |(0) — u()]) dH"~

< CTTEE <O A (r)
(5.19)
where in the last inequality we use (5.10)).

For the second term from the Holder inequality, by (4.8) and recalling Remark according to
which o (divA) € LY (0B, R"; H" 1) we have:

1 _ - .
e /6 W[y (diva) (@) 2] dH* 1 < Cr* o (divA) [l op,mnpen ). (5.20)

r

We can now analyze separately the two cases p > n and p < n.

We start with the case p > n. We use (2.4)), (5.10) in (5.20) to obtain
1] < C||divA|wew(p, gran-1y 1" 2075 < C||divA |y (@ nipn—1y H(r) ™0 < C A (r)r 7.

(5.21)
If p > n by (2.5) we have
1 _n=(s=tgp .
[v0(divA) (L1 (a8, rr Hn-1) < C "7 ||d1vA||WtO .
Hence, recalling (5.20) and -
n—(s—tg)
|[II| < C||divA|| ., n» ) B
w n—(s—tg)p (BT)R’VL;H’VL 1)
n—(s—tq)
< CIAN o g gy 2O T 7 (5.22)
n=(e=t0) n—(s—t0)
S C ||divA||Ws,p(Q,Rn;anl) %(T) r 0k < C%( ) - P 0P

12



So, assuming the notation introduced in ([5.16[), by combining together (5.19)), (5.22)) and (5.21)), and
recalling that © < p*, we have

n

\h(r)| < C' A (r)r~ s + CH(r)r~ 8 < Cod(r)r7 8.
O

Remark 5.9. In |17, Proposition 3.6] Focardi, Gelli and Spadaro showed the estimate (5.17) with A(r)
given in (5.18). Under the hypothesis A € W1°(Q,R™ x R"), the term divA(z) € L>=(Q,R"), so
they obtained |h(r)| < CH(r).

5.2 Proof of Weiss’s quasi-monotonicity formula

In this section we prove a Weiss’ quasi-monotonicity formula that is one of the main results of the
paper. The plan of proof is the same as |17, Theorem 3.7]. The difference, due to the lack of regularity
of the coefﬁc1ents consists in the presence of additional unbounded factors. These factors are produced
in Proposmon 4} Proposition and from a freezing argument, and they include: 7~ », r~& and
W(T . The key observatlon is that, for our hypotheses, these terms are integrable, so we are able to
obtain the formula. For completeness we report the proof with all the details.

Proof of Theorem[I.1 Assume the definition of ®(r) by (5.9):
O(r) :=r"""2E(r) — 20 "2 (r).
Then for Ll-a.e. r € dist(0, Q) we have

E(r
FL

4ofl) 2‘%}? o+ 3) 2. (5.23)

/ —
¢ (T) - rn+3 pn+4

By Proposition [5.4] we have

&'(r) E(r) 2 -1 2 9m—1 s =1
2 (n+2) o > e /a p{(Av, Vu)* dH + o /B (AVu, Vu) div(p~ Az) dz
2 -1 2 T/ —1 2 / -1
- — A de — —— A A d — dH"
o /B,. f{p Az, Vu) dz o /B( Vu, V' (™ Az)Vu) de + iz f o fudH

Cy E(r) n+2 2(n+2)
_ Tn+2 Tp% — rn+3 ‘/B<AVU7VU> dr — W/B fudl'

Then, integrating by parts and given (3.5):

/ (AVu,Vu) dx + / fudz = / (AVu, Vu) dx + / udiv(AVu) dx = / u(Av, Vu) dH" 1.
B, B, B. B, 4B,
(5.24)

Thus, applying (5.24)) in four occurrences, we deduce

&'(r) g(r) G - 2 -1 2 ga/m—1
()T > () /a i v an
1
+ ) / ((AVU, V) div(p~ Az) — 2(AVu, VT (u= Az)Vu) — (n — 2)(AVu, Vu)) dx
B

2 _ 2 4 o
- /B flu Az, Vu) do + Ttz /aB fudH" ™ — o /63 uw(Av, Vu) dH" ™ — e / fudz.
(5.25)

Instead the Proposition leads to

A (r)

7’”+3

%(T) > 202 n 8 4

= ) 2 e ) - /8 | ulhw V) dr (5.20)

+2(n+3)

13



By combining together ((5.25)) and (5.26) and since p* > © we finally infer that

2 / -1 2 gam—1
— u{(Av, Vu)* dH
el R CA

ol
vV

O (r) + (C} V Cp)®(r)r~

+ rn% /B T((AVu, Vu) div(p~ " Az) — 2(AVu, VI (1™ Az)Vu) — (n — 2)(AVa, w)) da
2 1 2 _— 4 -
- m / Pl b, e+ 2 [ | = / Y an
r”+3 / fudz + H(r) — r’;% /BBT u{Av, Vu) dH" (5.27)
= e /aB,, (v A, Vu)? +4—u — 4= (Av, V) ) 3"
+ rn% /BT(<AVu, Vu) div(u ' Az) - 2(AVu, VT (17 A2)Va) — (n - 2)(AVY, Vu) ) da

2
- rnt3 (/ f(</1,_1A.’E,VU> + TL'LL) dr —r f’LLdCE) = Rl + R2 + Rg.
B,

0B,

We can estimate the three addenda separately.

2 2
Ry = W/ u(,ﬂuw, Vu)? + 41;—2 - 4m1$<Ay, vu>) A"
) OB (5.28)

_ -1 PN S
_Tn+2~/8BTM<<M b, V) — 22 ) aun .

Since n = div(z) by (4.8) we have

IRy = rn% / (<Aw, V) div(p ' Az) — 2(AVu, VT (1 Az) V) — (n — 2)(AVu, Vu)) do
B,
= r”% /B((AVm V) div(p~tAx — x) — 2(AVu, VI (u = Az — x)Vu)) dx

C%A L _ C'A _
< W/B(\dw(u LAz — 2) + 2|V(u 1Ax—x)|> do < = /(|v(u 1Ax—x)|) dz,
We estimate |V(ptAz — z)|:
V(p Az —z)| = |V (A —id)z)| = [V(u " A — id)z + (A — id)|
=V @Az + p 'VAz + (u A — 1) < Ar(|[VA| + |Vpu|) + Cr' =5,

where in the last inequality, we have used the y-Holder continuity of A — puf,,. Thus, from Lemma [5.]

C'A _ c” _n
pal < S5 [ (90 e - o < < [ (7 VAL () o

" 1 : 1 =
com . & ((/ |VA[P" dm) (wnr™) T+ (/ IWIde)“(wnr")l‘f) <Cro,
rm B,

for each n < © < g < p*, whence

Q3

E(r _n
|Rs| < C’I“"(J"ir q.

Moreover, from (5.8)) and ( .
0< H(r)
— rn+3

2
< cllurllie <c
with a certain constant ¢ independent from 7, then

e (£ -220) 4 40

T <e®(r)r8 4er s, (5.29)

rn+2 - rn+3 Tn+3

Finally, assuming that n = divz and using the following identity, which is consequence of the divergence
theorem

/ ({z, Vu) + udivz) dz = r/ wdH" !, (5.30)
B

OB,
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we have

2 -1 n—1
Ry =~ i3 (/Brf(w Az, Vu) + nu) dx —r o fudH )
=- r”2+3 (/B (f(x) = £(0) ((p"Az, Vu) + nu) dz + f(Q)/B (0 'Az, Vu) — udivz) dx
—r aBr(f(x) — f(0)udx —r f(0) /aBTudx>
=- r”2+3 (/B (f(z) — £(0)) ((u"Az, Vu) + nu) dz + f(Q)/B ((p'Az — 2, Vu)) dz
[ ) - suan).
o8B,
Thus
2
| R3] = i3 f(0) /B,,, ((,ufle — x,Vu)) dx
+ / (f(z) = f(0)((u"Az, Vu) + nu) da — r/ (f(z) — F(0)udH" "
By dB,

) (5.31)

<o ([ nmunians [ e - s@ldeer [ 15 - slan)

T r

¢ (rn+17#" +r"w(r)) <c (T;* + w(r)) .

Si
prtl r

Now by combining together (5.27)), (5.28)), (5.29) and (5.31) we have

n n 2 2
O (r) + Cod(r) 15 + Cy (r—@ + “(T)) > / u((p hr, Tu) = 22) an" . (5.32)
T T OB r

T

Multiplying the inequality by the integral factor ¥ 7O with Cs = 1?—3& we get
e

N . S n 92 Car'~6 2
((I)(T') ngrl 6) +Cy (’I“_@ + W(T)> eCsr 7 ® > 67/ u((u_lAz/7 V’U,> _ 2%) dan—l
0B,

r ,,qn+2
whence
d iy e W c-b 2eCar' ™8 _ uN?
2 ®(r) el © C/ 176 4 N7 (Ot TE gy >7/ ( VAV 727>d"1.
dr( (r)e + Y + )¢ Z e aB,,H (u™"Av, Vu) " H

(5.33)

In particular, the quantity under the sign of the derivative, bounded by construction, is also monotonic,
therefore its limit exists as 7 — 07. It follows that ®(0") := lim, _,o+ ®(r) exists and is bounded.
Finally

2(r) = 2(0) = — [2(r) ™ F — ()| + 2(r) > ° + Oy / (t—g + wm (ot g
0

—®(0") - Cy / (t’é + wfﬁ) O3t 78 g
0

n = _n T n t o
> — |(I)(T)| c Tl*@ + (I)(,r.) 6C3r1 © + 0, / (t9 T wi)) 6C3t1 8 gt
0

—®(0%) - ¢ (rl_- +/0Tw§t)dt>
>a(r) el 8 4y /Or (t—é’ + wff)> eCat' 8 gt — B(07) — ¢ (rl_g + /0 @ dt) 7
(5.34)

o

where in the last inequality, we used the boundedness of ®(r). O
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Remark 5.10. In [17, Theorem 3.7], under the hypotheses A € WL°(Q,R" x R") and f €
C%%(Q), Focardi, Gelli and Spadaro proved that the following estimate holds true for L£'-a.e. r
in (0, 3dist(0,00) A 1):

L (o(r) e + C/rta_1 o gp) » 2 / (u 8w, V) 2u)2d7-l”‘1

— r)e e v,Vu) —2— .

dr y 0 - pnt2 aBﬂ K T
Remark 5.11. We note that from Proposition the uniform boundedness of the sequence (ug, ),
in C%7(R") follows. Moreover, for base points xg in a compact set of €2, the C%Y norms, and thus
the constants in the monotonicity formulae, are uniformly bounded. Indeed, as pointed out in the
corresponding statements they depend on [|A[|yys.»(q) and dist(xg, 02).

6 The blow-up method: Classification of blow-ups

In this section we proceed with the analysis of blow-ups showing the consequences of Theorem [I.1]

The first consequence is that the blow-ups are 2-homogeneous, i.e. v(tz) = t?v(z) for all ¢ > 0 and
for all x € R™, as it is possible to deduce from the second member of where, according to Euler’s
homogeneous function Theorenﬂ the integral represents a distance to a 2-homogeneous function set.
For a proof of the following result we refer to |17, Proposition 4.2].

Proposition 6.1 (2-homogeneity of blow-ups). Let zg € T, and (ug, r)r as in . Then, for every
sequence (r;); | O there exists a subsequence (rj, )k C (r;); such that the sequence (uz,r;, )i converges
in CY7(R™) to a function v(y) = w(L " (z0)y), where w is 2-homogeneous.

As a second consequence, remembering Proposition [4.4) we can obtain that the blow-ups are nonzero.

Corollary 6.2. Let v(y) = w(L"*(20)y) be a limit of C*7 a converging sequence of rescalings (usq v, );
in a free-boundary point xo € T'y, then 0 € Ty, i.e. w Z 0 in any neighborhood of 0.

Proof. Due to Proposition for any j € N, there exists a v; € S"~! such that Ugy,r; (Vj) > 0. From
the compactness of S"~! we can extract a subsequence (v;, )i such that v;, — v € S"1. Due to the
convergence in C7 we have that v(v) > 0, if we define & := L= (xq)v, we get w(£) > 0. As noticed
in Proposition [6.1] w is 2-homogeneous, then in any neighborhood of 0 there exists a point on the
direction ¢ on which w is strictly positive, so for any § > 0 we have w(5¢) = §2w(€) > §260, and thus
this Corollary is verified. O

Finally, it is possible to give a classification of blow-ups. We begin by recalling the result in the
classical case established by Caffarelli [6Hg].

Definition 6.3. A global solution to the obstacle problem is a positive function w € Cllo’; (R™) solving
(3.5) in the case A =1, and f = 1.

The following result occurs:

Theorem 6.4. FEvery global solution w is conver. Moreover, if w #Z 0 and 2-homogeneous, then one
of the following two cases occurs:

(A) w(y) = %((y,w Vv 0)2 for some v € S"™1, where the symbol V denotes the mazimum of the
surrounding quantities;

_ . . ' . . . . . _ 1
(B) w(y) = (By,y) with B a symmetric, positive semidefinite matriz satisfying and TrB = 3.

Having this result at hand, a complete classification of the blow-up limits, for the obstacle problem
, follows as in the classical context. Up to minimal difference the result looks like |17, Proposition
4.5] to which we refer for the proof. The main ingredients of the proof are the quasi-monotonicity
formula by Weiss and a I'-convergence argument:

Proposition 6.5 (Classification of blow-ups). Every blow-up v, at a free-boundary point xg € T, is
of the form vy, = w(L™ (z0)y), with w a non-trivial, 2-homogeneous global solution.

According to Theorem [6.4] we shall call a global solution of type (A) or of type (B).
The above proposition allows us to formulate a simple criterion to distinguish between regular and
singular free-boundary points.

ILet v : R® — R a differentiable function, then v is k-homogeneous with k > 0 if and only if kv(z) = (Vu(z), z).
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Definition 6.6. A point g € ', is a regular free-boundary point, and we write g € Reg(u) if there
exists a blow-up of u at xg of type (A). Otherwise, we say that xq is singular and write z¢ € Sing(u).

Remark 6.7. Simple calculations show that ¥, (1) = 6 for every global solution of type (A) and
W, (1) = 26 for every global solution of type (B), where ¥,, is the energy defined in (7.2)) and 6 is a
dimensional constant.

Remark 6.8. We observe that for every sequence r; N\ 0 for which uy )., = w in CY(By) with w
being a 2-homogeneous global solution then

i ®rwo) (75) = P (1)
From Weiss’ quasi-monotonicity the uniqueness of the limit follows, so ®y,,,)(0) = ¥, (1) for every

w that is the limit of the sequence (up () )r. It follows that if zq € T', is a regular point then
Pp(2,)(0) = 0 or, equivalently every blow-up at x¢ is of type (A).

7 Monneau’s quasi-monotonicity formula

In this section we prove a Monneau type quasi-monotonicity formula (see |36]) for singular free-boundary
points. The plan of proof follows |17, Theorem 3.8]. The additional difficulty is the same as Theorem
so for completeness we report the whole proof.

Let v be a 2-homogeneous positive polynomial, solving

Av=1 on R". (7.1)

Let
o 1 2 2 2 —1
U, (r) == TLH/ (|Vv]* + 20) dz — TLH/G v?dH" (7.2)

B, B,

We note that the expression of W, (r) is analogous to those of ® with coefficients frozen in 0 (recalling
(5.9)). An integration by parts, (7.2)) and the 2-homogeneity of v yields

1 ) 1 . 1 1
— dr = d —vAv)dr = —— dH" ™ — d
s /BT |Vol|* dx e /BT( iv(vVo) — v Av) d s /298T<VU7x> H T”H/B vdx

1 / 2 -1 1 / / 2 -1 /
= v dH"T — vdx = v dH T — vdx
3 Jom, rnt2 B B

U, (r)=0,(1) = / vdzr. (7.3)

B,

r

and therefore

In the next theorem we give a monotonicity formula for solutions of the obstacle problem such that 0
is a point of the free-boundary and

®(0") = ¥, (1) for somewv 2-homogeneous solution of ([7.1)). (7.4)
As explained in Definition formula (7.4)) characterizes the singular part of the free boundary.

Proof of Theorem[I.4 Set w, = u, —v. As v is 2-homogenus we have that w,(z) = w(re) - Assuming

r2
that from (1.5)) A(0) = I,,, due to the Divergence Theorem and Euler’s homogeneous function Theorem
we find

d 2 —1 / d (w(rz) -1
- dH™ _ . — dH™
dr /331 wy dH 0B, v dr < 72 H

:g/ w, ((Vw,, z) — 2w,) dH" ! = g/ w, (Vg ©) — 2u,) dH"
831 aBl

r r
2 2
:f/ w,((A(ra)Vu,, x) — 2u,) dH" '+ = / w,{((A(0) — A(rz))Vu,, x) A"t
T JoB, T JoB,
2 _n
Z;/@ w,((A(ra)Vu,, x) — 2u,.) dH" 1 - C IVur|l2 08y |lwrll 208y [Aloy ™77,
B1
thus by (4.8)
2 n
— wf dqr—t> = / wr((A(rx)Vu,, ) — 2u,) dH" ™ — Cr v . (7.5)
dr Jop, T JoB,
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Using an integration by parts, and ([7.1) we can rewrite the first term on the right as

/63 w, ((A(rz)Vu,, x) — 2u,.) dHn1

((A(rm)VUT, Vw,) +wy f(re)Xu, >0y (T / 2w, uy dH" !
B1 8Bl
:/ ((A(rz)Vu,, Vue) + up f(rz) X, oy (@ / 2uZdH"™!
Bl 6B1
- / ((A(rz)Vu,, Vo) + v f(rz) xqu, >0} (x)) dz + 2vu, dH" !
Bl 831
=) = [ ) +0 X0, 0) @) dn 42 /8 (o) - @)
- / (A(ra)Vu,, Vo) dz + 2/ v dH" !
Bl aBl

>®(r) — /B (ur +v)de — /B (Vu,., Vv) dx — / (f(rz) = £(0)) (ur + v X{u, >0} (%)) d

By

(n(rz) — p(0))uy dH" 1 + 2/ v, dH" L

- / ((A(rz) — A(0)) Vu,, Vv) dz + 2 /
By 9B,
(7.6)

0By

Recalling the y-Hélder continuity of A and p, from the Divergence Theorem, we obtain
/ w,((A(re)Vu,, x) — 2u,) dH" !
0B1

>®(r) — /B1 (up +v)dx — /B1 (Vu,, Vv)dx + 2/831 vup dH ™ — ¢ (17 +w(r))
(ur ) di — |

B

(

=
B

{ (Vu,, Vo) dz + 2/ v, dH" = (17 +w(r))

OBy

MM—WAD+/

B

=®(r) — U,(1) — /B div(u, Vo) dz + 2/63 v, dH" = (17 +w(r))

=®(r) — U,(1) — /8 up(2v — (Vo,z)) dH" ' = (17 +w(r) = &(r) — U, (1) — ¢ (r7 +w(r)).

B,
(7.7)
So, combining together (7.5 and , and assuming that v :=1— p% we deduce
_ 2 _n o w(r)
2 n—1 /
d > —(D(r) — T,(1)) — P .
dr aBle " _7“( ) @) =e <T T >

from inequality (1.7)) we deduce

2 - wt)\ -5

d n—1 > o Cg?" C / Z Cst™~ © dt
. 8;? H ( (r)e 84 6+ —2 )¢
—c (rl_g + w(t) dt) - \I/v(1)> - (T_Pn* + w(r))
o ¢t r
2 Car —% n W(t C. tl_%
z(m)a HO [ (85 ) e m—%un
—c ( 6+ U)+1/‘w@d0
T rfo t
and then set Cs = N%
d \ " w(t Tt [f
/w dH" L+ C5 rl_@—&—/ &dt—i— — w(s) ds
d’l" 9B, 0 t 0 t 0 S
2 Csr'™ 8 oo W) B
2;(@(7‘)6 S [ (PR ) e dt—\IfU(l)).
0
O
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Remark 7.1. In |17, Theorem 3.8], under hypotheses A € W1°(Q,R" x R") and f € C%%(Q), Focardi,
Gelli and Spadaro proved that the following estimate holds true for £'-a.e. r in (0, 3dist(0,9Q) A 1):

d 2 "
— (/ (up —0)2dH" 1 4+ C5 r°‘> > — (ec3 "®(r) 4+ Cy / et gt — \Ih,(l)).
dr \ Jop, r

0

8 The blow-up method: Uniqueness of blow-ups

The last remarks show that the blow-up limits at the free-boundary points must be of a unique type:
nevertheless, this does not imply the uniqueness of the limit itself. In this paragraph we prove the
property of uniqueness of blow-ups.

In view of Proposition [6.5] if z € ', the blow-up in z is unique with form

_ 2
3 (L7 (2)s(2),y) v 0) z € Reg(u)
vg(y) = .
(L (2)B, L~ (2)y, y) a € Sing(u).
where ¢(z) € S"7! is the blow-up direction at # € Reg(u) and B, is symmetric matrix such that
TrB, = %
We start with the case of singular points. Therefore, from Weiss’ and Monneau’s quasi-monotonicity

formulae it follows that:

Proposition 8.1 ( |17, Proposition 4.11]). For every point x € Sing(u) there exists a unique blow-up
limit v, (y) = w(L"(x)y). Moreover, if K C Sing(u) is a compact subset, then, for every point x € K

HU]L(I)Ja — wﬂcl(&) < og(r) Vre (0,rk), (8.1)

for some modulus of continuity o : R™ — R* and a radius rg > 0.
Next, we proceed with the case of the regular points.

We extend the energy defined in (7.2)) from 2-homogeneous functions to each function £ € W12(B;) by

qu(l):/B (VeP+2e)da— [ 2anr

We state Weiss’ celebrated epiperimetric inequality [45, Theorem 1] (recently a variational proof for the
thin obstacle problem has been given in [19], and with the same approach, for the lower dimensional
obstacle problem has been given in [21]):

Theorem 8.2 (Weiss’ epiperimetric inequality). There exist § > 0 and k € (0,1) such that, for every
¢ € H'(By), 2-homogeneous function, with ||¢ — w1 g,y < 8 for some global solution w of type (A),
there exists a function & € H*(By) such that £pp, = ¢jop,, £ >0 and

Ve(l) =0 < (1 - k) (Vp(1) - 0), (8.2)
where § = W,,(1) is the energy of any global solution of type (A).

As in [17] we prove a technical lemma that will be the key ingredient in the proof of uniqueness.
With respect to [17, Lemma 4.8] the lack of regularity of A and f in (H1)-(H3) does not allow us to
use the final dyadic argument; for this reason we introduce a technical hypothesis (H4) with a > 2.
For a clearer comprehension on behalf of the reader, we report the whole proof:

Lemma 8.3. Let u be the solution of (3.2) and we assume (H4) with a > 2 and (L.5). If there exist
radii 0 < pg < rg < 1 such that

inf |lurjop, —wllm @8, <9 V0o <7 <o, (8.3)

where the infimum is taken on all global solutions w of type (A) and § > 0 is the constant of Theorem
[8-3, then for each pair of radii o,t such that oo < o <t < ro we have

/63 lup — up| dH™ ™ < C7 p(1), (8.4)

with C7 a positive constant independent of r and o, while p(t) is a growing function vanishing in 0.
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Proof. From the Divergence Theorem, (5.10) and (5.26]) we can compute the derivative of ®'(r) in the
following way:

&'(r) gr) () A (r)
' (r) = o —( +2)M+3 —2-053 +2(n+3) e
> AVu, Vu) + 2 fu) dH" ) &
_Tn+2 9B (< u, u> + fu) H - (n+ )Tn+3 + T’n+4 (’I")
4 n—1 -z
—M/BBTu(AmVWdH —Cr™s
1 2 n—1 _ (n+2) _ 2(n—2) / 2 Jq/n—1
i /(93T(|Vu| +2u)dH . d(r) ] 8Bru dH
4 n—1 -z w(r)
—TnJrg/aBru(V,de’H C’(r 5 + " )
=-— M‘I>(1") + 1/ (((1/, Vu,) — 2ur)2 + [0 up | 4 2u, — 2nu$> dH" 1
T T 8B,
—C(r &+ L(r)
r )

where we denote by 0,u,, the tangential derivative of u, along dB;. Let w, be the 2-homogeneous
extension of u,9p,. We note that if ¢ is a 2-homogeneous function, then we have

/B1 p(z)de = /01 /6& o(y) dH" " (y) dt = /01 gt /331 o(y) A1 (y)
1

= /831 o(y) dH" " (y).

(8.5)

Then a simple integration in polar coordinates, thanks to Euler’s homogeneous function Theorem and

(8.5) which give
/ (|0-ur? + 2u, — 2nu2) dH" ! = / (|0-w,|? + 2w, + dw? — 2(n + 2) w?) dH™
0B 0By

:/ (IVw,|* + 2w,) —2(n + 2)/ w? dH" !
8B1 6Bl

=(n+ 2)/ (|Vw,? + 2w,) dH" ™' — 2(n +2) / w? dH" 1 = (n+2)¥,, (1).
Bl aBl
Therefore, we conclude that

o) 2 "D (0,0 - 0) 41 [ ((0vu) -2u) e~ (8 20 s

r r

We can also note that, being w, the 2-homogeneous extension of u,|9p1, thanks to (8.5) and (8.3)),
there exists a global solution w of type (A) such that

1
lwr — wl[z1 (s, < ﬁ”wraBl —w| g1 aB,) <0

Hence, we can apply the epiperimetric inequality to w, and find a function ¢ € w, + H}(B)
such that

We(1) =0 < (1—k)(W,, (1) — 6). (8.7)
Moreover, we can assume without loss of generality (otherwise we substitute { with w,) that We(1) <
U, (1). Then, from the minimality of w, in & with respect to its boundary conditions and lemma
£l we have that

We(1) :/ (IVE* +2¢) dx — EdHmt
B

0B,

> /B1 ((A(TI)V§7 V€> + 2f(7"1‘)£) dx — / /l(’l"l‘) 52 d%nfl

0B1

-C (TH’*@ + w(r)) / (IVE]? +2¢) dz — C 17 durt (8.8)
B 0B1

>®(r) — C (7«1*# + w(r)) /B (IVER +28) dw — Cr7 . €2 qHn!

20



From (8.7) and (8.8) we get

(8.9)

¥ > 2w -0 - o (e 2. (5.10)
Let now Co € (0, (1 — 2) A (n + 2)7%), then

<(<I>(r) - 9)7“_55>I >_C (r—8—55 ) ) . (8.11)

Indeed, by taking into account (8.10)

(@)= 0)r=5) = /()= — G (0(0) — 0) 700

<n j 2 1 f k(@(r) -0)-C (T—g + w(r) )7“_56 — Co (®(r) — ) r— !

Y

<

> (®(r) — 0)r—Co—1 ((n + 2)% - 56> —C (7"_ )
> -—C (r856 Ly > .

/r1+56

als
_|_
&
=
~~——
\BI
™
[=]

By integrating (8.11) in (¢,79) with ¢ € (sg,7¢) and multiplying by % we finally get

To

R L A e R LAY
t ¢ 1+Co

whence

D(t)— 0 < C(/ <r856 L) ) dr + 1>t56
t ri+Ce

~ . pTo ~ o
gc(rl—?—é +tcﬁ+tc6/ w(r) dr) < Ot (/ w@dr+l>~
p T1+C6 t 7'1+C6

Consider now gy < p < ro and estimate as follows
td
/ [ —u,) dH" ! :/ / — <u(7“2x)) dr' dH"t
8B1 8B1 o dr r
t u(rz) t
S/T*Q/ (Vu(rz),z) —2——=| dH" 1 dr = /ril/ {(Vu,(z), ) — 2u,.(x)] dH" " dr
o 0B/ r 0 0B
t 3
§\/nwn/ ro2 <r_1/ [(Vup(z), 2) — 2u,(z)) dH"_1> dr.
4 0B1
Combining ([1.7)), , , (8.12) and the Holder inequality we have

/631 g — gl dH" ! < C/Qtr—é (q,/(r) Lo (wg . wir)) )édr
<c <log Z)) <<I>(t) ~0(g)+C (tlg ey / w(r) dr));

1 ((@(t) —0)+ (6 D(0)) +C (tl-s . / ) d>>

r

0
% ~ ~ To t t
o) (P [ B [ S [0
e t  ritCe o T o T

(8.12)

(8.13)

N|=

IN
Q
N
o
o
| =~
N———
|

[N
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The function |log#|* is decreasing if ¢ € (0, 1] and it is easy to prove that t55| logt|* \(0. If rp << 1

then we have .
~ To To 1 t a
tCB/ w(r~) dr+/ w(r) dr < \logt\*“/ 7w(r)| og1| dr.
¢ ritCe o T 0 r

Therefore thanks to the hypothesis (H4) with a > 2, if 1y << 1 for every 0 <t < r¢, then we achieve
(w(t) V%) < |logt|=@. Then the following holds

1 1 1
t\ 2 “ 70 1 a 2 t\?2 o
/ lup — up| dH" ™t < C (log ) |logt|™2 (1 +/ w(r) [togr|* dr) <C (log ) |logt|~2.
9By 0 0 r 0
(8.14)

A simple dyadic decomposition argument then leads to the conclusion. If p € [2_’“,2_’“‘1) and
t € [27" 277+ with h < k, applying (8.14)

k e’}
s a ].
/ Jue — up| dH"H < C Y "log(2)7F < C7 Y 5 =: Crp(t),
0B, — =nJ?

j=h
with
p(t) ::Zé if te27h 27htl), (8.15)

By taking (1.4) into account we have a > 2, therefore, the function p(t) is growing and infinitesimal in
0, from which the conclusion of the lemma follows. O

Checking the hypothesis of Lemma [8:3] it is possible to prove the uniqueness of the blow-ups at
regular points of the free-boundary:

Proposition 8.4 ( |17, Proposition 4.10]). Let u be a solution to the obstacle problem with f
that satisfies (H4) with a > 2 and x¢ € Reg(u). Then, there exist constants ro = ro(xg), 10 = 1o (o)
such that every x € T'y, N By, (o) is a regular point and, denoting by v, = w(L™"(z)y) any blow-up of
u in x we have

/ g oy — w| K™ (y) < Crplr) V€ (0,70), (8.16)
0B

where C7 is an independent constant from r and p(r) a growing, infinitesimal function in 0. In
particular, the blow-up limit v, s unique.

Remark 8.5. If f is a-Hélder we can prove Lemma and Proposition with p(t) = t6 where

CG = LGZAQ.

9 Regularity of the free-boundary

In this last section we state some regularity results of the free-boundary of u, the solution of (3.2). If
the matrix A satisfies the hypotheses (H1)-(H2) and the linear term f satisfies the hypothesis (H4)
with a > 2 we obtain differentiability of the free-boundary in a neighborhood of any point = € Reg(u).
In particular if f is Holder we establish the C'*# regularity as in [17] where A is Lipschitz continuous.

Since the arguments involved are those used in [17] together with the preliminary assumption
developed in the previous sections we do not provide any proof.

Theorem 9.1 ( |17, Theorem 4.12]). Assume hypotheses (H1), (H2) and (H4) with a > 2 hold. Let
x € Reg(u). Then, there exists r > 0 such that ', N B,.(z) is hypersurface C1 and n its normal vector
is absolutely continuous with modulus of continuity depending on p defined in .

In particular if f is Holder continuous there exists r > 0 such that T, N B,.(x) is hypersurface C*#
for some universal exponent 8 € (0,1).

We are able to say less on the set of singular points. We know that under the hypotheses (H1),
(H2) and (H4) wiht a > 1, the set Sing(u) is contained in the union of C'' submanifold.

Definition 9.2. The singular stratum Sy of dimension k£ for k = 0,1,...,n — 1 is the subset of points
x € Sing(u) for which Ker(B,) = k.

In the following theorem we show that the set Sing(u) has a stronger regularity property than
rectifiabilty: we show that the singular stratum Sj is locally contained in a single submanifold.
Moreover that UZ;; Sy is a closed set for every [ =0,1,...,n — 1.

Theorem 9.3 ( |17, Theorem 4.14]). Assume hypotheses (H1), (H2) and (H4) witha > 1. Let x € Sk.
Then there exists r such that Sy N B,.(x) is contained in regular k-dimensional submanifold of R™.
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