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Abstract. We approximate, in the sense of I'-convergence, one-dimensional free-discontinuity
functionals with linear growth in the gradient by means of a sequence of non-local integral func-
tionals depending on the averages of the gradient on small intervals.
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1 Introduction

In the variational approach to many problems in computer vision, such as image segmentation or
signal processing, an important role has been recently played by the method of “curve evolution”.
In this framework, a segmentation functional depending on the L'-norm of the gradient of the
unknown function « (which represents the smoothing of the input image) has been proposed: see,
e.g. [10], [9] and [1]. In the one-dimensional setting, this gives rise to integral functionals of the

type

b
F(u) :/ ol (@))dz + D f(lut(2) —u” ()]) + col Dul(a,b),

€S,

where ¢ is a positive increasing convex function with linear growth, f is a positive concave function,
and u varies in the space BV (a,b) of the functions of bounded variation. Thus, S, stands for the
set of discontinuity points of u, the term |u™(x) —u~ (z)| is the jump of u at the point x, and | D ul|
is the total variation of the so-called Cantor part of the distributional derivative of u.

The main difficulty in the study of F' is the presence of the term containing the discontinuities
of w. So it is natural to try to approximate F' by simpler functionals defined on Sobolev spaces.
We notice that it is not possible to obtain a variational approximation of F' by means of local
integrals, leading to the convergence of minimum points; indeed, if such an approximation existed,
the functional F’ would also be the variational limit of the convex functionals obtained by considering
the convex envelope of the integrand functions, in contrast with the lack of convexity of F. This
difficulty has been overcome in [1] by introducing an auxiliary variable on the line of [3]. We pursue
here the same method introduced in [6] for the Mumford-Shah functional, i.e. the use of non-local

integrals of the form
1 b
rw=: [ (e f o (9)dy | da
€ Ja (z—e,z+e)N(a,b)

on Whi(a,b). We will prove the existence of a suitable family (f.) of convex-concave integrand
functions for which the I'-convergence of (F.) to F in the L!-topology holds as ¢ — 0.

Similar results are contained in [8], where the approximation is given by a finite difference
scheme.



2 Notation and preliminaries

Functions of bounded variation. For the general theory of functions of bounded variation we refer
the reader to [2]. Here we just recall some definitions and results we will need.
Let I = (a,b) be an open interval of R, and u: I — R. We define:

n—1
pV(u,I) = {Z lultion) —u(t)]: n>2 a<t; <...<ty< b} :
=1

and
eV(u,I) =inf{pV(v,I): v=wua.e. inT}. (2.1)

Assume u € L'(I); we say that u is a function of bounded variation if eV (u,I) is finite. This is
equivalent to the property that the distributional derivative Du is a finite Radon measure in I;
moreover, it turns out that the total variation |Du|(I) coincides with eV (u, I).

It can be proved that for any v € L'(I) the infimum in (2.1) is attained. If u € BV (I) any
representative u of u with the property that

pV(u,I) =eV(u,I)

will be called a good representative of u. Let S, be the set of atoms of Du, i.e. t € S, if and only if
Du({t}) # 0. Then any good representative @ is uniquely defined and continuous in I\ S,, and has
a jump discontinuity at any point of S,. Thus the left and right traces u™(z) and u™(x) are well
defined at every x € (a,b).

For any u € BV (I) the measure Du, as any Radon measure on R, can be split into three parts:
an absolutely continuous one D%u (with respect to the Lebesgue measure), a purely atomic one
Diu (the jump part), and a diffuse (i.e. without atoms) singular one Du (the Cantor part). The
density of D*u with respect to the Lebesgue measure is denoted by u'.

We say that a function v € BV (I) is a special function of bounded variation (v € SBV (I)) if
|Deul|(I) = 0.

We say that a function u € L1(I) is a generalized function of bounded variation (u € GBV (I))
if uT = (=T) Vu AT belongs to BV (I) for every T > 0.

Since (u?) = (uM) a.e. in {|u| < T} if T < M, if we set v’ = (u?)’ on {|u| < T} we obtain a
function which is well defined a.e. on I.

Clearly, if u € GBV(I), for every x € I the functions of T

@)™ (@), @) @), | =) (@)

are monotone. The same holds for the set function T' +— S,r. Therefore, we have an at most
countable set S, of discontinuity points, given by S, = U~y Sur; and for every x € S, we can
define the traces: B

(@)= Jim @), wte) = Jim (@) ().

If w € GBV(I), the Cantor part of the derivative can be defined as the least upper bound of
the measures |D°u”|. It turns out that for every Borel subset B of I:

|DCu|(B) = DuT|(B).

lim |
T—+oo
Finally, we recall an important compactness theorem in BV.

Theorem 2.1 FEvery sequence (uy) in BV (I) satisfying

sup{/l |up (z)|dx + |D’LLh|(I)} < 400

heN

admits a subsequence converging in L'(I) to a function u € BV (I).



Relaxation. We recall that the relazed functional F of a given functional F is the largest lower
semicontinuous functional smaller than F. We will need the following relaxation theorem, which
can be easily obtained from the results contained in [4] (see, in particular, the proof of Theorem
3.1):

Theorem 2.2 Let ¢, f: R — [0,400) be lower semicontinuous functions with ¢(0) = f(0) = 0.
Assume that ¢ is convexr and f is concave, and

lim @: lim @zco>0.
t—+oco t—0+t ¢

Let (a,b) be a bounded open interval, and consider the functional F': BV (a,b) — [0, +00] defined by

xESu

b
/ S| (@)))dz + Y f(lu"(2) —u (2)])
= if u e SBV(a,b) and #5S5, < +o0

F(u)

+00 otherwise.

Then the relaved functional F: BV (a,b) — R of F with respect to the L-topology is given by
b
F(u) :/ $(|u'(x)))dz + Y f(|u" (@) —u” (@)]) + co| Dul(a,b).
a €S,

I-convergence. For the general theory see [7]. Let (X,d) be a metric space. Let (Fj)jen be a

sequence of functions X — R. We say that (F;) T'-converges, as j — +o0, to F': X — R, if for all
u € X we have:

i) (lower semicontinuity inequality) for every sequence (u;) converging to u

F(u) < liminf Fj(u;);

J—+oo

i) (existence of a recovery sequence) there exists a sequence (u;) converging to u such that:

F(u) > limsup Fj(u;);

j—+oo

The lower and upper I'-limits of (F;) in u € X are defined as

! o . . . . . .
F'(u) = 1nf{1]1gl_&rolofF](uj) D uj = uf, (2.2)
F"(u) = inf{limsup F};(u;) : uj — u}, (2.3)
Jj—4o00

respectively.

We extend this definition of convergence to families depending on a real parameter. Given a
family (F.).~o of functions X — R, we say that it I'-converges, as e — 0, to F': X — R if for every
positive infinitesimal sequence (¢;) the sequence (F,) I'-converges to F.

If we define the lower and upper T-limits of (F;) as

F'(u) = inf{liminf F,(uc) : ue — u}, (2.4)
e—0

F"(u) = inf{limsup F.(u.) : u. — u}, (2.5)
e—0

respectively, then (F.) I'-converges to F' in w if and only if F'(u) = F"(u) = F(u). Both F’ and
F" are lower semicontinuous on X. In the estimate of I’ we shall use the following immediate
consequence of the definition:

F'(u) = inf{lim_ganEj (uj) : g5 — 0%, u; = u}. (2.6)

j—+o0



It turns out that the infimum is attained.

We will also use the fact (see [7], Proposition 6.11) that the lower and upper I'-limits of a
sequence of functionals coincide with the lower and upper I'-limits, respectively, of the sequence of
the corresponding relaxed functionals.

An important consequence of the definition of I'-convergence is the following result about the
convergence of minimizers (see, e.g., [7], Corollary 7.20):

Theorem 2.3 Let Fj: X — R (j € N) be a sequence of functions which T-converges to some

F : X — R; assume that inf,ex Fj(v) > —oo for every j. Let () be a positive infinitesimal
sequence, and for every j let u; € X be an e;-minimizer of F}, i.e.

Fi(u;) < inf F; .

j(u) < 5 i(v) +¢j

Assume that u; — u for some u € X. Then u is a minimum point of F', and F(u) = ‘liT Fj(uy).
j——+oo

REMARK 2.4 We also point out the following property, which is a direct consequence of the defini-

tion of I'-convergence: if F. L F then F.+G LF + G whenever G is continuous.

In conclusion we recall the following useful result, which can be found in [5].

Lemma 2.5 (supremum of measures) Let Q be an open subset of R™ and denote the family of
its open subsets by A(Q). Let X be a positive Borel measure on Q, and p: A(Q) — [0,4+00) a set
function which is superadditive on open sets with disjoint compact closures (i.e. if A, B CC  and
ANB =10, then u(AU B) > pu(A) + u(B)). Let (¢;)ier be a family of positive Borel functions.
Suppose that

u(A) > / Pid\  for every A e A(Q) and i € I;
A

then
w(A) > / sup¢;d\  for every A € A(Q).
A i

3 Setting of the problem and main results

Let (a,b) be a bounded open interval of R and consider the functional F : L'(a,b) — [0, +o0]
defined as follows:

b
/ o[/ (x))dz + > f (Ju'(x) — u™ (2)]) + co| Dul(a, b)
a TES,

F(u) if u e GBV (a,b),

400 otherwise,
where ¢, f : [0,400) — [0, +00) satisfy the following conditions:
(A0) ¢ is convex and f is concave, with ¢(0) = f(0) = 0 and there exists ¢y € R, with ¢y > 0, such

that .
lim LS( ) = lim —f(t) =
t—+oo ¢ t—0+ 1t
By Theorem 5.4 in [2] (see also, e.g., [5] §2.4), F is sequentially lower semicontinuous in the L-
topology.
We will prove an approximation result for F' by means of a family (F.).so of functionals
L(a,b) — [0,+00] of the form:

1 b
f/ fe (5 ][ |u'(y)|dy) dz if w € Whi(a,b),

FE(U) — € Ja (x—e,z+e)N(a,b) (31)
400 otherwise,

where f. is requested to satisfy the conditions (A1)-(A3) below.



(A1) For every e > 0, f.: [0,4+00) — [0, +00) is a non-decreasing continuous function with f.(0) =
0; moreover, there exists a. > 0 such that a. — 0 as ¢ — 0 and f. is concave in (a., +00).

REMARK 3.1 It can be easily checked that a non-decreasing and non-negative concave function on
[0,400) is subadditive. Hence, f is subadditive, and assumption (A1) guarantees that f.: ¢ —
fe(t+ag): [0,400) — [0, +00) is subadditive.

Simple heuristic remarks suggest that the volume term in the limit depends on the behaviour
of f. near zero. Then we require that f. behaves as a suitable rescaling of ¢ in a neighborhood of
zero; more precisely, we assume that:

fe(t)

(e.t)3(0,0) £ (L)

(A2)

For reference convenience we point out that, in particular, (A2) implies:

lim 7f€(68)

= ¢(s) for every s>0; (3.2)
e—=0 £

moreover, for every & > 0 there exist ts > 0 and €5 > 0 such that:

fs(t) > (1 - §)€¢(t/€) ) (33)
whenever 0 <t <ts and 0 < € < g4.
Analogously, we expect that the jump term in the limit depends on the pointwise behaviour of
fe. Accordingly, we assume that:
(A3) fe(t) = f(t) uniformly on the compact subsets of [0, +00).
Given f and ¢ as above, a possible choice for f. satisfying (A1)-(A3) is:

¢ (L) if0<t<t.,
fe(t) =
ft—te) +ep() if t > t.,

where t. — 0, and t./e — +4o0o. The only non-trivial assumption to verify is (A2): since
(e/t)p(t/e) = co as (g,t) — (0,0), with ¢ > ¢., the check amounts to verify that:

f(t—t) +ep(t/e)

im
(e,t)—(0,0) t
t>te

= Cp-

This follows immediately from f(t —t.)/(t—t.) — co and (e/t.)p(t-/e) — ¢o as (g,t) — (0,0), with
t>te.

We point out two properties we will need in the sequel.

REMARK 3.2 It is easy to see that there exist sequences (cp,) and (d) of real numbers with

0<cr<c, @(t) = sup(cpt + dp) for every t > 0. (3.4)
heN

REMARK 3.3 There exists C' > 0 such that
f-(t)y <cCt for every ¢t > 0 and ¢ small enough.

Proof. For every § > 0 Assumption (A2) yields the existence of ts5,e5 > 0 such that f.(t) <
(14 6)ep(t/e) for every 0 <t < t5 and 0 < & < &4; therefore, since ¢(s) < cps, we have:

fe(t) <co(l+ )t for every 0 <t <ts and 0 < ¢ < &g;



As to the interval [t5, +00), notice that we can suppose f. concave in [t5/2, +00) for every 0 < € < &g;
thus, if m.t+ ¢. is the affine function with coincides with f; in t5/2 and ts, then f.(t) < m.t+ g. if
t > ts. The pointwise convergence of f. gives the existence of mg and gg such that f.(¢t) < mgt+ qo
for every t > t5 and ¢ small enough (independently of ¢ > t5). The existence of a linear function
majorizing f. on [0, +00) uniformly in & now immediately follows. m

Let us now state the main results of the paper. We notice that the arguments of the proof
require a “localized” version of the functionals F;; more precisely, for every open subset A of (a,b)
we set

1

S (e 7 |u’<y>|dy> d if u e Wh(a,b).
F.(u,A)={ ¢/4 (z—e,a+e)N(a,b) (3.5)

+00 otherwise.

Clearly, F. (-, (a,b)) coincides with the functional F. defined in (3.1). The lower and upper I'-limits
of (F.(-, A)) (see § 2) will be denoted by F'(-, A) and F"(-, A), respectively.

Theorem 3.4 Let (F.)eso be as in (3.1), with f. satisfying conditions (A0), (A1), (A2) and (A3).
Then (F.) T-converges, in the L'-topology, as ¢ — 0, to F: L*(a,b) — [0, +00] given by

b
[ otz +2 5 1 (Glut@) - w @) + clDuan
F(u) = e if we GBV(a,b),
400 otherwise.

REMARK 3.5 It is worth noticing that actually we will prove (see Theorem 6.1) that for every
u € GBV (a,b) the estimate

F’(u,A) > A¢(|u’(x)|)dx+2 Z f (;u"'(x) —u_(x)|) + co| DCu|(A)

z€S,NA

holds for every A open subset of (a,b).

Theorem 3.6 (Compactness) Let (¢j) be a positive infinitesimal sequence, and let (u;) be a
sequence in L'(a,b) such that
[ujlloc < M, Fej(u;) < M

for a suitable constant M independent of j. Then there exists a subsequence (uj,) converging in

L(a,b) to a function u € BV (a,b).
As an example of application of these results we consider the following corollary.

Corollary 3.7 Let (¢j) be a positive infinitesimal sequence and g € L*(a,b). For every u €
L'(a,b) and j € N, define:

b
Gj(u) = Fe;(w) + [ |u(z) - g(2)|dx,

a
and

Gu) =F(u)+ [ |u(z) —g(x)|dz.
a
For every j let uj be a oj-minimizer of G; in L*(a,b) (with o \,0), i.e. Gj(u;) < infpi(q4) G;+0;.
Then (uj) converges, up to a subsequence, to a minimizer of G in L'(a,b).



Proof. Since g € L>(a,b) and F; decreases by truncation, we can assume that (u;) is equibounded.
By Theorem 3.6 there exists u € BV (a,b) such that (up to a subsequence) u; — u in L*(a,b). By
Theorem 2.3, since (G;) I'-converge to G (recall Remark 2.4), u is a minimum point of G on L' (a, b).
[

Theorem 3.6 will be proved in the next section (Corollary 4.3) while Theorem 3.4 will be com-
pleted in § 7.
We end this section with two remarks related to the convergence of (Fy).

REMARK 3.8 The I'-convergence of (F.) easily implies the convergence of (Fg), where

- L
F.(u) = 7/ f 7/ u'(y)| dy ) dx
6( ) € Ja €<2 (I—5,1+5)ﬂ(a7b)| ( )| )

if w e Wh(a,b), and F.(u) = 400 otherwise in L'(a,b). Since F. < F., we have only to check the
inequality

lim inf st(uj) > F(u)

Jj—+oo :
whenever £; — 0" and u; — w in L'(a,b). Assume that the left-hand side is finite. Notice that
|(x —&,2+¢€) N (a,b)| > e/2 for every = € (a,b) and € < (b — a)/2; thus, if we set f_(t) = f.(t/4),
it turns out that:

- 1 rb_
Fey(uj) > */ Ie, <€j ][ |U}(y)|dy> dr.
€Ja (x—ej,x+e;)N(a,b)

By Theorem 3.4 (applied with f. in place of f.) the boundedness of (13'57. (u])) implies that u €
GBV(a,b).
Fix now o > 0; for j sufficiently large it turns out that:

~ 1 b—o 1

e, (uy) > *./ fff(?/ [y ()l dy) do = P, (u5, (a + 0,0 — ) ;
€j Jato (x—ej,z+e5)N(a,b)

since u € GBV (a,b), from Remark 3.5 we deduce that liminf; | FEJ. (uj) > F(u,(a+0,b—0)):

let now o tend to zero.

REMARK 3.9 The I'-convergence of (F.) implies the I'-convergence of the relaxed functionals (F.)
with respect to the L-topology. If u € BV (a, b) it turns out that the relaxed functional F. is given
by
F L : Du|(I b)) d
=(u) /a e (M ul(Ie(x) N (a, ))) T, (3.6)

e N (a,
where I.(z) = (x —e,x + ¢).
Proof. Denote by H. the functional on the right-hand side of (3.6), defined with value 400 on
L'\ BV. Let c-(z) = ¢/|I:(x) N (a,b)|. It is easy to prove the L!-lower semicontinuity of H. at
every u € BV. Indeed: let (up) be a sequence in L'(a,b) converging, in L!(a,b), to a function

u € BV(a,b); if liminf,_, 4o He(up) < +00 we can suppose that this lower limit is a limit, and
that each uy, is in BV; then by Fatou’s lemma and the lower semicontinuity of the total variation,

1 b
liminf H, (up) > E/ liminf f. (ce(z)|Dup|(I-(z) N (a,b))) dx

h—+oo a h—-+o0o

> i/b f. <c€(x) lim inf | Duy | (1. (2) 1 (a. b))) da

1 b
> g/a f= (ce(2)|Dul(I(z) N (a,b))) dz = H.(u).



Since H.(u) < F.(u) for all u € L!(a,b), the relaxed functional F. is estimated from below by
H. on BV(a,b). Consider now the opposite inequality. Given u € BV (a,b), if (vs) denotes the
sequence obtained from u (extended to a neighborhood of (a,b)) by standard mollification, then
vy — u in L(a,b) and

|Dog|(Ie(x) N (a, b)) — |Dul(I-(z) N (a, b))

for a.e. z € (a,b) (see, e.g., [2] Proposition 3.7 and Remark 3.8). Then by the dominated convergence
theorem (recall Remark 3.3 and that c.(x) < 2):

1 b
lim F.(vp) = g/ fe (ce(@)|Dul|(I(z) N (a,b))) do = He(u).

h—+o00

This shows that H. coincides with the relaxed functional F. on BV (a,b). m

4 Estimate from below of the volume and Cantor terms.
Compactness

The main result of this section is Proposition 4.8. Moreover, the technical Lemma 4.2 will immedi-
ately imply the compactness result of Corollary 4.3.

Let us state a preliminary result (from [6], Lemma 4.2) whose proof follows by applying the
mean value theorem for integrals to the function ), ¥(z + an).

Lemma 4.1 Let ¢ : R — R be a continuous function with compact support. For every n > 0 there
exists xg € (—n/2,n/2) such that

/R b(w)de = 3 mp(ao + an).

a€Z

This allows to estimate F.(u) by a useful integral sum (see (4.1) below).
Let us fix u € Wht(a,b), e > 0 and ¢. a cut-off function in C°(a,b) such that 0 < . < 1 in
(a,b) and . =1 in (a +€,b —€). Let 1. be the continuous function defined by

1/’5(55) = @s(x)fs (5 ]{ ton(an) u/(t)|dt>

for z € (a,b), and 0 for € R\ (a,b). Then, taking Lemma 4.1 into account, with 7 = 2¢, we have

I 1
F.(u) > g/ Ve (z)dr = - / Ve (z)dr = Z 29y (xe + 2ev) (4.1)
@ R a€l
for a suitable z. € R. Therefore, if we set zo = 25, = x. + 2ae, (o € Z), and
Jo:={a€Z: z,€(at+e,b—¢)}
we get (pe(zq) =1if a € Jo):

F(u)>2) [ (s][

acd.

Tate

u’(t)|dt> . (4.2)

a—¢&

Lemma 4.2 Let u € Whi(a,b) and § > 0; let t; and €5 be as in (3.3). Fixe < g5. With the
notation above let
Pe={(za —c,20 +€):a € J.}.



Then we can select a subfamily P. of P. such that

(i) #(P\Pl) < SFe(u)/fe(ts);

(i) Fow)>(1—6 /w (I

whenever | is an affine function satisfying | < ¢.

l\D\»—l

Since fe(ts) — f(ts) > 0, the inequality (i) states that for any given 6 > 0 we can estimate
#(P: \ P.) by F.(u)/f(ts) for € sufficiently small.

Proof. From (3.3) and (4.2), we get

R z20-0 % e f

acH, a”&

To+eE

).

Tao+e
where H, = {oz €J.: ¢ ][ [u/(¢)]dt < tg} . Let us now fix an affine function [ : R — R with
To—E

[ < ¢, and define P! = {(zq —€,24 +€): a € H.}. Then

Fou) > 2:(1-48) 3 l( ]fcwa+€u’(t)|dt>

acH, aTE

TaotE

1-5 Y /%_6 )Vt = (1—6)/Upél(|u’(t)|)dt.

acH,
Finally, from (4.2), and the monotonicity of f., it follows that

FE(U)ZQ Z fe(té)ZQ#(Je\He)fs(té)'

O(EJg\HE

Corollary 4.3 (Compactness) Let (¢;) be a positive infinitesimal sequence, and let (u;) be a
sequence in L'(a,b) such that ||u;|e < M, and F,,(u;) < M for a suitable constant M independent
of j. Then there exists a subsequence (u;, ) converging in L'(a,b) to a function u € BV (a,b).

Proof. Clearly, uj € Wh'(a,b) for every j. Since lim;_, o ¢(t)/t = co there exists ¢; € R such
that ¢(t) > cot +c1. Fix § > 0 and apply Lemma 4.2 with u = u; and I(t) = cot + ¢1; we determine
a family P; of intervals of width 2¢; covering a.e. (a +¢&;,b — ¢;), and a subfamily P} such that
#(P; \ P}) is bounded independently of j, and

Fey(uy) > (1 5)/ 1(Juj ()] da.
U®;
Then, if we define

vj(z) = { gj(l‘) zeUP

otherwise

it turns out that v; € SBV (a,b), ||vj|lcc < M, #5S,, bounded independently of j, and

(1-9¢ /l|v da::co/ v} () |dx + ¢}



with ¢; > 0. Therefore (v;) is bounded in BV(a,b) and we can extract a subsequence (vj,)
converging in L!(a,b) to a function u € BV (a,b). Since

lvj —willy < 2e; M (F#(P; \ P;) +2)

we conclude that w;, converges to u in L'(a,b). m

Corollary 4.4 Let (¢;) be a positive infinitesimal sequence and let (uj) be a converging sequence
in L*(a,b). If (F:,(uj)) is bounded, then the limit of (u;) belongs to GBV (a,b). In particular, if
F'(u) < 400 then u € GBV (a,b).

Proof. Let u be the L'-limit of (u;). For each T > 0 apply the previous Corollary to uJT =
(=T)Vu; ANT: we get (-T)VuAT € BV(a,b); hence u € GBV (a,b).m

Lemma 4.5 Let u € BV (a,b) and let (u;) be a sequence in W' (a,b) converging to u in L'(a,b)
and a.e. in (a,b). Suppose that there exists o > 0 such that for every x € Sy:

[t (z) —u (2)| <o
Then, for every j € N, there exists i; € W' (a,b) such that
F. (1) < Fe(uy) for every e >0,
@; — u in L'(a,b), and

limsup ||@; — ul|o < 0.
Jj—+oo

Proof. Let us denote by u a good representative. It is not difficult to see that for every n > 0 there
exists § > 0 such that whenever z,y € (a,b):

|z —y| <d=|u(z) —uly)| <o+n.
Indeed, suppose by contradiction that there exists 79 > 0 such that for every n € N we can find
X, Yn € (a,b) satisfying |z, — y,| < 1/n and
[u(@n) — u(yn)| = o + no. (4.3)

Up to a subsequence we can assume that (z,,) and (y,,) converge to a point g € [a, b] and, moreover,
that
wn—>x5r or z, =z, and yn—>x§ or Y, —xg.

Then by taking the limit as n — 400 in (4.3), we have a contradiction both if z( is a continuity or
a jump point of u, and if xg is an end point of (a,b).

By means of this uniform control on the oscillation of u, we truncate now u;. For any given
n € N, let d,, > 0 be such that

1
=yl < 0n = |u(z) —uly)| <o+~
whenever z,y € (a,b). Consider a finite partition P, of (a,b):

a=20<x] <Tg<- - <Tpp1 =0b

(we drop the dependence on n) with mesh size less than §,, and such that each z; (for every
i=1,...,k) is a point of convergence for the sequence (u;). Let j, € N be such that if j > j,

1
luj(z;) —u(z;)| < — foreveryi=1,...,k.
n

10



We can choose (j,) strictly increasing. Fix j € N and let j, < j < jp41. On the first and last
interval of the partition P, we define 4; with constant value w;(z1) and w;(xy) respectively. Let
now [£,n] be any of the subintervals of [z;,x;11] for i = 1,...,k — 1. Without loss of generality we
can assume u,;(€) < u;(n). Now define

(@) = [uj(x) V uy ()] Auj(n)

for every x € (¢,m). Clearly, 4; equals u; at the endpoints £ and 7, hence @; € W'1(a,b). Moreover,
for every x € [€, 1)

u(€) — 1/n < u;(€) < aj(x) < a;(n) < u(n) +1/n.
Therefore:
|i;(z) — u(z)| < oscpe yu+2/n < o +3/n.

These inequalities hold in the first and last intervals of the decomposition, too. Hence we get the
stated estimate about the upper limit of ||&; — u|leo. Since F decreases by truncation, we have
F.(@;) < F.(uj). As to the L' convergence of the sequence (@;), consider, as above, the generic
subinterval [¢,n] of the partition P,; let 1]; be the pointwise projection of u; onto the interval
[u;(§) — 1/n,u;(n) + 1/n]; since u takes values in this interval, we have:
i —u| < |i; —aj] + |af —ul <1/n+Ju;—ul, in g ).
This implies the pointwise convergence of @; to w a.e. on the compact subsets of (a,b), hence on
(a,b); the equiboundedness of the sequence gives the L! convergence. m

REMARK 4.6 Given u € L!(a,b), the set functions A — F.(u, A) are increasing and superadditive.
Consequently also the set function A — F’(u, A) is increasing and superadditive, i.e.

(i) F'(u, A1) < F'(u, Ag), whenever A1 C Ay C (a,b);
(i) F'(u, Ay U Ag) > F'(u, A1) + F'(u, As), whenever A; N Ay = 0.

These properties imply, in particular, the following result. Let u € BV (a,b) and let A be a positive
Radon measure on (a, b); suppose

F'(u,I) > /g(x)d)\
I
for every interval I C (a,b), with g a non-negative Borel function. Then
F'(u, 4) > / g()dr (4.4)
A

for every A open subset of (a,b). Indeed, every open subset A of (a,b) is a countable union of
pairwise disjoint intervals Ij,; by the monotonicity and superadditivity of F’, for every N € N we

have N N
F'(u,A) > F' <u U Ih> > F'(u,Iy) > / g(z)dA.

h=1 h=1 ner In
Passing to the limit as N — 400 we obtain (4.4).

Before addressing the main result of this section (Proposition 4.8) we need to relate (see Lemma
4.7 below) F’'(u,I), where I is an open subinterval of (a,b) and u, € BV (I), with F’(v, (a,b)),

where v is the extension of Y|, to the whole (a,b) with the inner traces on JI.
Lemma 4.7 Let I = (o, 8) be a subinterval of (a,b) and u € BV (a,b); let v € BV (a,b) defined by

ut(a) z € (a,q)
v(iz) =< u (B) x € (B,b)

u(x) otherwise

Then F'(u,I) > F'(v).

11



Proof. There exist a positive infinitesimal sequence (£;) and a sequence (u;) in W' (a, b) converging
to w in L'(a,b) and satisfying: F'(u,I) = ‘hrf F.,(uj,I). We can also suppose that u; — u a.e. in
j——+oo

(a,b). Let 0 < o < (8 —«)/2, and let 2° € (o, + o) and y° € (8 — 0,) be such that
uj(27) = u(@?),  u;(y”) = u(y”)

as j — +oo. Let

u(z?) = € (a,2%) uj(27) x € (a,27)
u’ =< u(y’) z € (y°,b) and uf =< u;(y?) = € (y?,b)
u(z) otherwise uj(z) otherwise

Then u§ € Wh'(a,b) and u§ — u” in L'(a,b) as j — +o00; hence

F/(ua) < hm inf FEJ_ (u?’ (a’ b)) = hm inf Fej (U}T, I)

j—+oo J—r+oo

<liminf F, (u;,I) = F'(u,I).

Jj—+oo

Finally, since u” — v in L'(a,b) as ¢ — 0, by the lower semicontinuity of F’ we have F’(v) <
liminf, o F'(u”) < F'(u,I).m

Proposition 4.8 For every u € BV (a,b) and A open subset of (a,b)
Flu, A) > / ol (2))dz, and F'(u, A) > co| D<u|(A).
A

Proof. Step 1. We claim that if w € BV (a,b) then: for every 6 > 0 and l;, < ¢ affine function,
with Ip(t) = cpt + dj, as in (3.4), the following inequality holds:

, 6oco b , .
F'(u) (1 + M) > (1-0) (/ (! (2)])de + c4|D u|<a,b>> ,

where t; is as in the assumption (3.3), and 0 = sup,c g, |ut(z) —u~(z)|.

Without loss of generality we can assume that there exist a positive infinitesimal sequence (g;),
and a sequence (u;) in W' (a, b) such that u; — w in L'(a,b) and a.e., and F., (u;) = F'(u) < +o0.
Let o = sup,¢g, [ut(x) — u™(z)|. Lemma 4.5 gives a sequence (@;) in W' (a,b), converging to
in L'(a,b), such that

F. (u;) < F.,(u;) and limsup |[i; — ulle < 0.
j—+o0

In particular F, (i;) — F'(u). Let now > 0 be fixed; we can suppose that ||i; —ul|o < o+ for
every j € N. As shown in the first part of the proof of Lemma 4.5, there exists v > 0 such that, if
J C (a,b), then oscyu < o + 1 whenever diamJ < +; therefore

diamJ < v = oscyu; < 3(0 +1). (4.5)

For every h € N let [,(t) = cpt +dp, as in (3.4). Let 6 > 0 be fixed; apply Lemma 4.2 with v = @;
and | = lj,. Thus, for j sufficiently large, we determine a uniform mesh (z4)acz of R with size 2¢;
and a subfamily P} of

Pj={(ra —€j,Ta + &) Ta € (ate5,b—¢;)}

with the following property

! 1 U U - ) (x)|)dx
PP < g Fei), Pl 2 0 6)/mzh<| j@hdr. (16)

12



Let ap = inf (JP;) and by = sup (|JP;); define (a.e.) v; in (ag,bo) as follows

a;(x) if z € UP;
vil#) = aj(z)dz if « € J € P; \ P
J
We consider v; extended by continuity on (a, b) with values v;-’(ao) and v; (bo). Thenv; € SBV (a,b)
and, by (4.5):
vf (z) = v} (2)]| < 3( +n)

for j sufficiently large (such that 2e; < ), for every z € S,;. Moreover, by (4.6), v; — u in L'(a,b)

and
2

S, < ——
#u; < f(ts)

F, ().

Therefore,

P i) (14 (o) 2

b
> (1-19) (/ In(|vj()])dz + co| D*v;(a, b)) — (1= 0)dn2¢; (#(P; \ P}) +2)

> (1—6)(calDujl(a,b) + din(b—a)) — (1 —8)dn2e; (#(P; \ Pj) +2),
and, as j — +oo,

660
f(ts)

F'(u) (1+ (J+77)) > (175)(ch\Du|(a,b)+dh(bfa))

b
> (1-0) (/ In(| (2)])dz + cn| DCul(a, b)) .

By the arbitrariness of 17 we conclude.

Step 2. Let u € BV (a,b); let us fix o > 0 and consider the finite set of points {z1,...,z,—1} C Sy
such that |u™(x;) —u=(2;)] > o fori = 1,....n — 1. Let a = 29 and b = x,; then for every
i=0,...,n—1,

sup [ut(2) —u™(7)] < 0.
€S, N(xi,Tiy1)

ut(z;))  z € (a,zy
’U(SC) = u_(l‘i+1) S [xiJrl,b)

Let

u(x) otherwise.

By Step 1 and by Lemma 4.7

F' (u, (27, 2i41)) <1+ f6(§2)0> > F'(v) <1+ f6(i2)0>

Ti41
>0 ([ @i + Dl o)
for every i =0,...,n — 1. Then, by Remark 4.6

/ 6co b / ¢
F'(u) (1 + MU) >(1-9) (/a In(Ju' (x)])dx + cp| D u|(a,b)> .

By the arbitrariness of ¢ > 0 and § > 0, we obtain

b
F(u) > / (! (@) )de + e D°ul(a, )

13



Again, by applying Lemma 4.7 it is easy to see that

F'(u,I) > /Ilh(\u'(x)\)dx + ¢p|DCul(I)
for every I open subinterval of (a,b). Thus, by Remark 4.6

P A)> [ (' @)de -+ e Dol (4)
for every A open subset of (a,b); we conclude that

F’(u,A)Z/Alhﬂu’(x)\)dx and  F'(u, A) > cp| D°u| (A).

Step 3. Let dy = limy— 4o (d)(t) — cot) < 0; without loss of generality we can suppose d;, > dy and
¢y, > 0. Fix u € BV (a,b); by Step 2:

F'(u, A) — do|A| > / (In(Ju'(x)]) — do)dz and F'(u, A) > cp|Du|(A) (4.7)
A
for every h and for every A open subset of (a,b). The first inequality and Lemma 2.5 yield:
F'(u,4) = dol| > [ (/@) — do)do
A

and then F'(u,A) > [, ¢(|u/(x)|)dz. By taking the supremum on h in the second inequality of
(4.7) we have F'(u, A) > co| D u|(A).m

5 Estimate from below of the jump part

Lemma 5.1 Let u € BV (a,b) and let (u;) be a sequence in W1(a,b) converging to u in L'(a,b).

Let x € Sy; then there exist J;j‘,x; € (a,b) such that xji — xF and such that

uj (@) —ut (@) =0, Ju;(z;) —u”(2)| = 0.

Proof. For all o > 0 there exists § = §, > 0 such that

438
ut () - ][ u(y)dy

o

clearly, we can assume that § < o. By the L'-convergence of (uj) there exists j, such that

| ]im%uj(y)dy ]ixMU(y)dy

for all j > j,; by the mean value theorem for integrals, for every j > j, we can find xj' € (x,z+9)

<cr
2

such that |uj(x]+) —ut(z)| < 0. For every k € N let ji be the integer j, corresponding to o = 1/k.
We can assume that ji is strictly increasing. If we select the points a:;r, defined above, with
Ik < J < jk+1, we get a sequence satisfying the required conditions. An analogous argument yields

Ij.l
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Proposition 5.2 For every u € BV (a,b) and A open subset of (a,b) we have

Fllu,A)>2 > f(;qﬁ(x)—u_(xﬂ).

r€S,NA

Proof. Step 1. We claim that for any T € S, N A
1
Pl )2 2f 31t (0) - (@)
Let (g;) be a positive infinitesimal sequence, and let (u;) be a sequence in W' (a, b) converging to
win L'(a,b) and satisfying: F'(u, A) = ‘lirf F. (uj, A).
Jj—+oo

Fix z € S, N A and let (xf) be the sequences provided by Lemma 5.1 applied with x = Z.
Assume v~ (Z) < u*(Z); thus we can suppose that u;(z;) < uj(xj) for every j. Let @; be the
continuous extension of u; from (x;,xj) to (a,b) with the constant values u;(x;) and u; (m;r)
Clearly, for j sufficiently large

Fe(j, A) > P (i3, A) = Fe, (i, (a,h)) = Fe, (7). (5.1)

J J

We can also assume that @; is non-decreasing, otherwise we replace ; by
x
(w6 + [ @enrar) o),
a

(this lowers the value of F. ). Apply now estimate (4.2) with ¢ = ¢; and u = 1 ; then

Tate;
F ) =23 1, (ej 7 a;-(t>dt> ,

acl; a=&j

where
Ii={a€l: (xa—¢cjza+e;)N(z;,x])#0}.
The convergence xji — 7 yields that (#I;)e; — 0 as j — +oo. For each a € I; let

Tate; » 1. ~
3 =g ][ 4 (t)dt = Slaj(za +€j) = @5(za — ;)] 2 0.

a—E&j

It turns out that

2360 =ui(a]) —u(ay) > ut(z) —u(2). (5.2)
a€l;
Given § > 0, we can find ¢5 > 0 and js such that (see (3.3))
fe; () = (1= 0)e;p(t/e5) (5:3)

whenever 0 <t < ts and j > js. Define
I}Z{QEIjZ6?Zt5}, I_;IZ{OéEIjI(S?<t§}.
Then
Fo(iy) >2 [ > f,69)+ Y fo,(69)
a€]§ ae]]/./

As we noted in Remark 3.1, the function f.: t — f.(t + a.): [0,400) — [0, +00) is subadditive;

hence ~
S f 69 =D fe, (68 —ac,)
OzEIJ’- ozEIJ’.
> fe, (2(6? - aej)> = /e (Z 05 — ac, (#I; — 1)).
OéEI; ocEI_;
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By (5.2) the lower bound 6§ > 5 for every o € I J’ implies that #1I J’ is bounded independently of j.
Therefore there exists C5 > 0 such that for every j € N

Zf& >faj(z 5@ CJCLg]).

aEI’ aEI’

Let #1I;/ = Nj; then, by the convexity of ¢, and (5.3)

Pacrr 05
22]%-@?)2 6)e;N; Z N; ( )2(1—5%(]\;/)2]\@5%

aEI;’ ae[”

By (5.2) we can suppose that, up to a subsequence:

Zé}-’—>51 and Zé;?‘—>32,

! 1"
aelj ozGIj

with sy + so = (u™(2) — v (&)). Then, by the uniform convergence of f., to a concave function
f, (see assumptlon (A3)) and taking into account the linear growth of ¢ (notice that Nje; — 0) we
have:

hmmff6 (Z 67 — Csay, ) > f(s1),

GI/

liminf(1 — §)¢

Jj—+oo

Zael’/ 6;)(
(]VJ&]‘] N]’Ej Z (]. - 5)0082 .

Therefore:
liminf £, (7) > 2(f(s1) + (1 — 8)eosa) = 2[f(s1) + (1 — 6) f(s2)] >

=00
(I’Lﬁ(f) 2“(@) ’

where, in the last inequality, we have used the subadditivity of f. Finally, letting § — 0, by (5.1),
we have:

> 2(1-6)f

F'(u, A) > liminf F, (a;) > 2f (W) -

Jj—+oo

Step 2. For any N € N consider a finite subset {z1,...,zny} of SyNA and let I1, ..., Ix be pairwise
disjoint intervals contained in A an such that x; € I; C (a,b) for every i = 1,..., N. By Step 1 and
the superadditivity of F’(u,-) (see Remark 4.6) it turns out that:

N

F'(u,A)ZF'<u,U i)zﬁ: (u, I;) > 2 ﬁ: ( —u (xi)|>.

i=1

Since N is arbitrary, we conclude. m

6 Estimate from below of the lower I'-limit
We are now in a position to collect the previous partial results and prove that the I'-lower limit

of (F.) is estimated from below by the functional F defined in Theorem 3.4. Taking Corollary 4.4
into account, it is sufficient to prove the folling result, which includes what stated in Remark 3.5.

Theorem 6.1 For every u € GBV(a,b) and A open subset of (a,b) the inequality F'(u,A) >
F(u, A) holds.
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Proof. Step 1. Let us first consider the case u € BV (a,b). By Propositions 4.8 and 5.2 we get
Fud)z [ old@)ds,  Fud) = alDul4)
A

and

Flud)yz2 Y 7 (5w - )

z€S,NA

for every A open subset of (a,b). Let A be the Borel measure defined by

A(B) = LY(B) + #(8. N B) + co| Dul(B)
for every Borel subset B of (a,b). Let E be a Borel subset of (a,b) \ S, with |E| = 0 and on which
|Dul is concentrated, i.e. |Du|((a,b) \ E) = 0. Then

wu(A) = F'(u, A) > / i(x)d\
A
for i = 1,2,3, and for every A open subset of (a,b), where

o(|[v'(@)]) = € (a,0) \ (Su U E)

Y1(x) =< 0 z €S,
0 reR
0 x € (a,b)\ (Sy UE)
Pa(x) = { 2f (zlu*(2) —u(2)]) z €S,
0 reFl
0 z€(a,b)\(SLyUE)
P3(x) =< 0 z €8,
corekl.
Obviously
o([u’()[) z € (a,b) \ (Su UE)
P(x) = supi(z) = ¢ 2f (3lut(x) —u (2)]) z €8,
v Co reF

and then, from Lemma 2.5 and Remark 4.6 (superadditivity of F'(u,-)):

p(A)> [ swi@ar= [ vwin = Fu.a)

K3
for every open subset A of (a,b).

Step 2. Let u € GBV(a,b); we can find a positive infinitesimal sequence (¢;) and a sequence
(u;) in Wh(a,b) converging to u in L'(a,b) and such that F'(u, A) = ljm_&nf F;,(uj, A). Define
j—+4oo

u]T:(—T)\/uj/\T7 u' = (=T)VuAT.

Since u; — u” in L'(a,b), by Step 1 we have

F'(u, A) = liminf F, (u;, A) > liminf F;, (u?,A) >

Jj—+oo Jj—+oo

> [otary @it r2 ¥ f (510 @ - () @)) + D),

.’EESuT NA

We conclude by taking the limit as j — +o00 and recalling that (see the definition of the space GBV
in § 2)
_ fuae on {ju <T}

Ty _ {O e o oy D) = Dul(4)

(u
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(uT)*(x) = uF(x) for every z € S, = U Syt -
T>0

7 Estimate from above of the upper I'-limit

In this section we conclude the proof of Theorem 3.4, proving the estimate from above of the upper
I-limit of (F;) (Theorem 7.3).

Lemma 7.1 For every u € Whl(a,b) we have

hmF /¢S|u

Proof. Extend u as a function in V[/lo’C (R). For every open subset A of R let:

F(u,A) = é/Afs <; /;ZE |u’(y)|dy> dx .

Fix o > 0; then, whenever ¢ < o,

F.(u) = F(u,(a+0,b—0)) + R(0), (7.1)

1 /
R =2 [ f(ef ()l dy ) d
€JA, (z—e,z+e)N(a,b)

with A, = (a,a+0) U (b —0,b). Since |(x — e,z +¢) N (a,b)| > € if © € (a,b), by Remark 3.3 we

have: e
C C
e wldyde< S [ [ wldyds.
€ Ja, (x—e,z+e)N(a,b) € JA, Ja—e

Consider the functions

e = f W= [ el @,

where:

b—o

F. (u,(a+0,b—0)) = é / f-(ege(2)) da,

a+t+o
o) < 20 / g (z) da
Ao

Since |u/| € L'(a,b), the sequence (g.) converges to |u'| in L(a,b) and a.e. in (a,b); by (3.2), and
since f. is non-decreasing, it turns out that

lim, fs(Ege( )) = ¢(|u'(x)])

e—0

(7.2)

for a.e. x € (a,b). Then, by Remark 3.3, we can pass to the limit under the integrals in (7.2); thus

B b—o
ali_%Fs(u, (a+0,b—0)) :/ o(|u (z)])dz ,
a+to
(7.3)

lim sup R (o) < 20/ ' (y)| dy -
Ao
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Thanks to (7.1), by the arbitrariness of o we conclude. m

Proposition 7.2 For every u € SBV (a,b) we have F"(u) < F(u).
Proof. Every u € SBV (a,b) is the L!-limit of a sequence (uy,) such that
#S,, < 400, Fup) = F(u).
Indeed, if S, = {x; : i € N}, define, e.g.
up(z) = /x o' (t) dt + Z (ut (z;) —u™ ().
a zi<z; i=1,...,h

Therefore, by the semicontinuity of F”, we can prove the stated inequality only in the case that
#5, is finite. We shall even suppose that S, consists of a single point g, since the argument
applied will be easily generalized to a finite number of jump points.

Let (¢;) be a positive infinitesimal sequence. For any x, let I;(z) = (x — ¢,z +¢;). By Remark
3.9 we have (¢; sufficiently small):

Fe,(u) < Fe, (u, (a,20 — 7)) + Fx, (u, (xo + &5, b)) + R;, (7.4)
where ) )
R, = — = | =|Du|(I; dx.
= /Ij(%)f](2 ul(1(2))) da

Let u_ be the extension of U (a.0) to the whole (a, b) with the constant value ™ (x); an analogous
a,xo
definition for u, with the value u*(zg). Then:
st (u7 <a7x0 - Ej)) S FEJ' (u,) I FEj (u7 (.’I}O + 5j7 b)) S FEJ (’U,+) :
Apply the previous lemma to u_ and u4; then:
b
limsup [, (u, (a, 20 — &) + F, (u, (20 + 5,b))] < / o(lu (2)]) da (7.5)
J—+o0 a
As to the term R;, notice that for x € I;(z)

Dul @) = [ @) de+ 1Dl (1)

I;(2)
To+2€;
< [ WOl ) - o)l
T0—2¢€;
then for any o > 0 there exists j, € N such that for every j > j, and = € I;(z0)
| Dul (I;(2)) < |u™(zo) — u™ (20)| + 0

By (A3) and the arbitrariness of ¢ we immediately conclude that

limsup R; < 2f(%|u+(xo) - u*(xo)|).

Jj——+oo

This, together with (7.4) and (7.5), yields (the upper I'-limit of a sequence coincides, as recalled in
§ 2, with the upper I'-limit of the sequence of the corresponding relaxed functionals):

b
F'(0) <timsup P, () < [ (@) do -+ 27 (G (@) — ™ (w0)]).

Jj—+o0

19



Theorem 7.3 For every u € GBV (a,b) we have F"(u) < F(u).

Proof. By the lower semicontinuity of F” and by the relaxation Theorem 2.2 we have F"' (u) < F(u)
for u € BV (a,b). Now, it sufficies to pass to the limit as T — +oo in F”(u’) < F(ul). m
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