A NOTE ON RELAXATION WITH CONSTRAINTS ON THE
DETERMINANT

MARCO CICALESE AND NICOLA FUSCO

ABSTRACT. We consider multiple integrals of the Calculus of Variations of the form E(u) =
[ W(z,u(z), Du(z)) dz where W is a Carathéodory function finite on matrices satisfying an
orientation preserving or an incompressibility constraint of the type, det Du > 0 or det Du = 1,
respectively. Under suitable growth and lower semicontinuity assumptions in the u variable we
prove that the functional [ W?°(z,u(z), Du(z))dz is an upper bound for the relaxation of E
and coincides with the relaxation if the quasiconvex envelope WI¢ of W is polyconvex and
satisfies p growth from below for p bigger then the ambient dimension. Our result generalises
a previous one by Conti and Dolzmann [2] relative to the case where W depends only on the
gradient variable.
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1. INTRODUCTION

In a recent paper [2] Conti and Dolzmann proved an interesting relaxation result concerning
functionals of the type

E(u):/QW(Du(a:))da:,

where the function W : R®*" — [0, 400 is finite and continuous on the set of n X n matrices
with positive determinant R*" := {F € R"*" : det M > 0} and W = 400 elsewhere. Under
suitable assumptions on the behaviour of W (F) as |F| — +o0 or det /' — 0, they prove that
the L! relaxation of E on W1P({; R") is given by

E*(u) = / W(Du(z)) dx,
Q
provided that the quasiconvex envelope

WI(F) = inf{ W(Dp(z))dz : ¢ € WH°(B,R"), p(z) = Fx for z € 631} )

B1
is indeed a polyconvex function. As far as we know, this is the first relaxation result where the
energy functional takes into account the orientation preserving constraint det Du > 0. The im-
portance of such a constraint is evident in the theory of nonlinear elasticity where it is assumed

as a replacement of the more complicated requirement of the injectivity of the deformation u
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along with the condition that the potential energy diverges as the determinant of u is positive
and converges to zero. The authors also prove a similar result in the case that det Du = 1 is
assumed to hold almost everywhere.

In this note we extend the previous result to the case where W is a Carathéodory function
depending also on x and u. More precisely, as in [2], we first prove that the L' relaxation of E
on WHP(€;R™) can be bounded from above as follows

B (u) < /Q Wz, u(x), Du(z)) dz, (1.1)

provided that W is controlled by |u|P + |F|P 4 6(F) for some p > 1 and 0 : R*™ — [0, +00) is
a continuous function satisfying the following sub-multiplicative inequality (see [1])

0(FG) < Co(1 + 0(F))(1 +6(G)), VF,G € R™™,

To prove (1.1) one has to construct a sequence of WHP(Q; R™) functions u; converging to u in
LY(©;R™) and such that

limjsup/QW(x,uj(:c),Duj(x))d:n</QW‘IC(%u(:B),Du(x))d:B.

Such a sequence cannot be obtained by adding small variations to u since this operation would
not preserve the determinant constraint. Instead, following [2], one has to construct u; by com-
posing u with inner variations ¢; having positive determinant. Note that, if W were continuous
in the gradient variable uniformly with respect to (x,u) the proof of (1.1) would go exactly as
in [2]. Therefore in our case the idea is to try to reduce to this case by finding two compact sets
K C Q, H C R" such that |2\ K| is small, W is continuous in K x H x RI*", ul . s continu-
ous and u(K) C H. Then the upper-bound could be proved by constructing an approximating
sequence u; converging uniformly to v in K and such that u;(K) C H. However if u; = u o ¢,
the last inclusion does not hold. Therefore, in order to restore this kind of argument, one needs
to rely on more delicate density estimates (see Lemma 3.2).

Finally, the matching lower bound required to complete the proof of the relaxation formula
follows by standard lower-semicontinuity results under the assumptions that p > n, W is
polyconvex and §(F') > n(det F') for some convex function 7 : R — (0, 4+00] with lim,_,q+ n(t) =
+00.

2. SETTING OF THE PROBLEM AND PRELIMINARY RESULTS

We denote by 2 C R™ an open bounded set with Lipschitz boundary. Given a measurable set
E C R™ we denote by |E| its n-dimensional Lebesgue measure. For x € R™ and r > 0 we denote
by B, (x) the open ball of radius r centred at z and we set B, := B,.(0). Given f € L}, (R") we
define its precise representative at = to be f(x) at every Lebesgue point and 0 otherwise. Given
a measurable set £ C R"™ we say that F has density one at x € R" if = is a Lebesgue point
for the characteristic function x, of E. Throughout the paper we shall denote by C a positive

constant whose value may change from line to line.

We assume that W : Q x R" x R}7*™ — [0, +00) is a Carathéodory function, that is such that
for a.e. x € Q W(x,,-) is continuous and for all (u, F') € R™ x R*"™ W(-,u, F) is measurable.
We assume that W satisfies the following set of assumptions: there exist Cy > 0 and p > 1 such
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that
1
roh (JulP + |F|P+ 6(F)) < W(z,u,F) < Cy(1+ |[ulf + |F|P 4+ 6(F)), (2.2)
0

where 6 : R}*™ — [0, +00) is a continuous function such that for all F,G € R*"
0(FGQ) < Co(1+6(F))(1+6(G)). (2.3)

In what follows we will make use of a characterisation of Charathéodory functions due to Scorza-
Dragoni (see [3, Chp. VIII, Sec. 1.3]).

Theorem 2.1. [Scorza-Dragoni] Let E C R™ be a Borel set. A mapping f : Q x E — [0, +0o0]
1s a Carathéodory function if and only if for all compact sets K C Q) and all € > 0, there exists
a compact set K. C K such that |K \ K| < e for which the restriction of f to K. x E is
continuous.

In the following we shall always assume that W is extended outside R™ x R’} by setting
W(z,u, F) := 400 for all (z,u) € Q@ x R™ and F such that det " < 0.

Given (xg,up) € QxR"™, we denote by W€ : Q@ x R" x R™*™ — [0, +0o0] the quasi-convex envelope
of W defined as

W (g, ug, F) = inf{ W (0, u0, Dp(z)) dz : ¢ € WH°(By,R™), p(z) = Fx for z € 831} .

(2.4)

B

Note that if det F' < 0 then W¢(xg, ug, F) = +o0.
The next result is proved in [2, Lemma 3.1] and generalises the continuity properties of the
convolution operator between LP spaces.

Lemma 2.2. Let p € WY(B,;B,), g € LY(B,), f € L'(Ba.(x0)), for some o € R" and
r > 0. Then there exists a measurable set E C B,(xg) of positive measure with the following
property. For any yo € E the function

f(@) = f( (@ = yo) +yo)g(x — o)
belongs to L*(B,(yo)) and

~ 1
£l (B, (o)) < B, £l 21 (Bar oy 191 L1 (B,)- (2.5)

3. THE ORIENTATION PRESERVING CASE

In this section we state our main result in the orientation preserving case.

In the next lemma we prove some of the main properties of the quasiconvex envelope W4 of W.

Lemma 3.1. Let W satisfy the assumption (2.2) and (2.3). Then there exists a Borel function
Wae: Q x R" x RY*™ — [0, +00) such that for almost every x € Q@ W(x,-,-) = W(x,-,-),

(u, F) € R" x RP"™ — W/qc(az, u, F') is upper semicontinuous

and for almost every x € Q, u € R and F € RY™ it holds

1 —
o (ul? + |F + 695(F)) < Wz, u, F) < Co (1 + [ul + |FI” + 6(F)) (3.6)
0
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where Cy is the constant in (2.2). Assume moreover that for almost every xo € Q and all up € R™
there exists a modulus of continuity wy : (0,400) — (0,+00) such that for all v € R™ and for
all F e RP*"

W (o, uo, F) < W(xo,u, F) + wo(|u — up|) (1 + W(zg, u, F)). (3.7)
Then W€ is a Carathéodory function and satisfies (3.7).

Proof. Since W is a Carathéodory function, by Theorem 2.1 there exists an increasing sequence
of compact sets K; C Q such that |\ {J; K;| = 0 and W is continuous when restricted to
Ki x R" x R™. As a result, in order to prove the first part of the lemma, it is enough to show
that the function W9¢(x, u, F')x K, is upper semicontinuous on £ x R™ x R} for all i € N and
to set

W(z,u, F) ifxelJ2, K;

Wz, u, F) = :
0 otherwise.

Let (zp,up, F) — (z,u, F). Note that the upper semicontinuity of W%y, follows trivially if
xp & K; for h large. Hence, without loss of generality we may assume that z,xp € K; for all
h € N. Fix p € WH*(By,R") such that ¢(z) = Fx on dB;. Without loss of generality we may
assume that fBl W (x,u, Do(y))dy < C. Then, given v > 0 we can write

W (zh, un, FR,F ' Do(y)) dy — + W(z,u, Dp(y)) dy
B1 Bl

1 _
= (W (zp, un, Fn F ' Dp(y)) — W (z,u, Do(y))) dy
|Bl| Bin{det Dp<~}
1

— (W (@h, un, FnF "' Do(y)) — W (z,u, Do(y))) dy.
’B1| Bin{det Dp>~}

Observe that the first integral on the right hand side is controlled by

C (1 + W(z,u, Dp(y))) dy,
Bin{det Dp<~}
hence it converges to zero, uniformly with respect to h as v — 0. The second integral tends to
zero thanks to the uniform continuity of W on the compact subsets of K; xR"™ xR!,*". Therefore,
taking first the limsup as h — 400 and then letting v — 0 we have

lim sup W% (zp,, up, Fi,) < limsup + W (zp, up, F, F ' Dp(y)) dy < W(z,u, Do(y)) dy.
h h B1 By

Taking the infimum over ¢ the upper semicontinuity follows by the definition of quasiconvex en-
velope in (2.4). Again using definition (2.4) we have that inequality (3.6) follows from (2.2). Sim-
ilarly, if W satisfies (3.7), the same holds for W%. In order to prove that W% is a Carathéodory
function it is enough to show that for a.e. x € Q the function (u, F') — W%(z,u, F) is lower
semicontinuous. This property follows by combining (3.7) for W9 with the fact that for a.e.
x € Q and for all u € R” the function W%¢(x, u, -) is quasiconvex in R} hence continuous ([2,
Lemma 3.4)). O

In what follows we shall assume that the function 8 satisfies
O(F) < C(1409(F)), (3.8)

for some C' > 0. The next lemma provides the key ingredients to prove the upper-bound estimate
on the energy in (3.21).
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Lemma 3.2. Let W : Q x R" x R™ — [0,4+00) be a Carathéodory function satisfying (2.2)
and (2.3) and such that W is Carathéodory too. Let K C Q be a compact set such that W and
W4 are both continuous in K x R™ x R*™ and that Ul s continuous. Assume moreover that
there exists M > 0 such that for a.e. x € K

1
> —.
- M
Given € > 0, for a.e. g € K there exists rg € (0,1) such that for all 0 < r < r¢ there exist
Yo € By(w0), 2 € WYP(Ba,(20); R™) with 2 = u in Ba.(x0) \ By(y0), such that

|u(x)| + |Du(z)| < M, det Du(z)

/ W(z,z(x), Dz(z)) dx < / (W(z,u(z), Du(x)) + ¢) dz, (3.9)

B'F(yo) B'r(yO)

/ |2(x) —u(z) P dx < C’lrp/ (1+ W(z,u(z), Du(x))) dz, (3.10)
Br(yo) Br(yo)

where Cp > 0 is a constant depending only on n,p and Cp.

Proof. In what follows we will explicitly indicate the dependence of the constants on the various
parameters by a subscript. Let zp € K be a a Lebesgue point for u, Du and #(Du) where K
has density one. We set ug = u(xg) and F = Du(xg). Let p. € WH°(B;R") be such that
ve(z) = Fz on 0B; and

W (zo, uo, Dp:(y)) dy < W (zo,uo, F) + €. (3.11)
By

For r > 0 we set o, () = rp-(%£). Clearly we have that

r
| D¢erllpoe(B,) < ce (3.12)
for some c. > 0 independent of r. Given § > 0 there exists rs > 0 such that for all 0 < r < rs

]{9 ( (X (2) = 1 + u(@) — uol” + [Du(z) — FIP + [0(Du(z)) — 0(F)[)dz < 6. (3.13)

We now apply Lemma 2.2 with f(z) = |u(z) — w|P + |Du(x) — F|P + |0(Du(x)) — 6(F)|),

g=1+0(F 'Dp.,) and v = F~ly.,. Note that by [1, Theorem 1] ¥)(B,) C B,. Using the
uniform bound (3.12) and the assumption (2.3) we have that ||g||1(p,) < C:|By|. Therefore
thanks to (2.5) we get the existence of yg € B, such that

£,01+0(Du(a))(u(w(a)) = wl? + [Duo(w)) = FP + 18(Dulv(a)) — 0(F)]) da < Ceb. (3.14)
where B = B, (yo) and where we have set

o() = Flor(x —yo) + 3o if € By(yo)
u if z e Q\Br(y0)~

Define z € W1P(£;R") as z(x) = u(v(z)) and choose v = ~. > 0 such that

/ (14 6(Dg.r(x))) do < =|B,], (3.15)
B,n{det Dy <7} Cg

for all » < 1, where C. > 0 is a constant that will appear below. Note that this choice of v
independent of r is possible since ., (x) = r¢:(7) and thanks to (3.11), (2.2) and (2.3). In
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what follows, to shorten notation we set ¢ ,(z) = ¢cr(z — yo). We now split the difference of
the two integrals in (3.9) as follows

/BW(a:, z(x), Dz(x)) — Wz, u(x), Du(z)) = / W(z,z(x), Dz(x)) — W(xo, ug, Dz(x))
/W xg, ug, Dz(x)) — W(xo, up, Dpe r( /on,uo,Dgow( ) — W9 xo,ug, F)
/ W (xg, ug, F') — W%z, ug, Du(x / W (xg, up, Du(x)) — Wz, u(x), Du(x))
=N +Vi+Vo+V3+ No.
Note that the terms V; in the previous chain of equalities already appear in the proof of |2,

Lemma 3.2] and can be treated as therein. Thus we start by estimating the terms N; which are
produced by the dependence of W on z and u. To this end we set for o € (0, 1)

E, ={z e Q: |u(v(z)) —ul’ + |Du(v(z)) — F|° < o}.

In order to estimate N7 we split B ianour mutually disjoint subsets as follows. First, using (2.2),
(2.3), (3.14) and (3.15) there exists C. > 0 depending on € but not on r and ~, such that

[ W) Dsta)) W, un, De(a)) da
Bn{det Dgc,r<7v}
< C. [ Ju(ol@) = wol + [Du(o(a)) = FI" + 0(Du(u(a))) - 0(F)| o (3.16)

(1+6(Dpe(x))) do < C.6|B| +¢|B|.
Bn{det D¢, <~}

Observe now that there exists o. depending only on v (hence on ¢) such that if 0 < o < o,
on the set BN K N {det DY., > v} N E, we have that det Dz > /2, |Dz| < C.M, |z| < 2M.
Therefore by the uniform continuity of W on compact subsets of K x R"™ x R*", there exists
r. such that for 0 < r < r. and for o, sufficiently small

/ W (z, z(x), Dz(x)) — W(zg, up, Dz(z))| dx < ¢|B|. (3.17)
BAKN{det Dg. »>y}NEqy

Arguing as in the proof of (3.16) we have

/ ) |\W(z, 2(x), Dz(z)) — W(xg, ug, Dz(x))| dx (3.18)
BNnKN{det D¢, r>v}\Es

<G o (1+60(Dv(@)))(1 + |u(v(@)) = uol® + [Du(v(z)) = FI +[0(Du(v(x))) = 0(F)|) do

< % s (1+6(Dov(@)))(0 + [u(v(@)) = uol” +[Du(v(z)) — FI” + |8(Du(v(z))) — 6(F)|) dz
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where the last inequality follows from (3.14) and the fact that o < |u(v(z)) —uo|P +|Du(v(x)) —
F|P for x € Q\ E,.

/ \W (z, z(x), Dz(x)) — W (g, ug, Dz(x))| dx (3.19)
B\Kﬁ{det D@EJ‘Z'Y}

< Ce /B(l +0(Dv(x)))(Ju(v(x)) = uol” + |Du(v(z)) — FIP + [6(Du(v(x))) — 6(F)]) dz

+C (1 + 0(Dv(x))) dx < C-8|B| + C.|Bay(z0) \ K| < C.5|B|
B\KN{det Dp. 27}

where in the last two inequalities we used first (3.13) and then (3.14). Combining the previous
estimates, for all 0 < r < min{rs,r.} and for all 0 < o0 < 0. we have that

C
N1 < |B|(C:d + 26 + —=9).
o
In order to estimate No we split it in two terms

Ny = / W9 (0,0, Du(x)) — W (x, u(z), Du(x)) dz (3.20)
B\K

+ W (xgy, ug, Du(z)) — Wz, u(x), Du(z)) dzx
BNK

The first integral in (3.20) is estimated by

C (1 + |u(x) — uo|? + |Du(x) — F|P + |0(Du(z) — 6(F)|) de < C4|B|
B\K
thanks to (3.13). We recall that on K we have that |u(z)| + |[Du| < M, that det Du > +;
and that Ul is continuous. Therefore, by the uniform continuity of W9 on compact subsets of

K xR" x R*™, the second integral can be estimated by | B| provided 0 < r < r. for a suitable
re. In conclusion we have that, if » < min{r., s}

We now turn to the estimates of the V; terms. To estimate V it is enough to split the integral
into the three sets BN {det ¢, < ~}, BN{det g, >y} N{z € Q: [Du(v(z)) — F|P < o} and
Bn{detg., >vyN{zx € Q: |Du(v(x)) — F|P > o}. The integral on the first set is estimated
as in (3.16). The second one is estimated as in (3.17), using the continuity of W (z, uo,-) and
the third one as in (3.18) and the third one is estimates inside and outside K as in (3.18) and
(3.19). In conclusion there exist o, and 7 such that if 0 < r < min{rs, 75} and 0 < 0 < 0. we
have

5
Vi < (Cgé e+ Ceg> IB].

By (3.11)

Vo < ¢|B|.
The term V3 can be estimated by splitting B into the three sets BOKN{x € B : |Du(z)—FP <
o}, BAKN{zx € B : |Du(z)—F|P > o} and B\ K. Recalling that on K it holds that | Du(x)| < M,
det Du > ﬁ, by the uniform continuity of W9 (xo, uo,-) on compact sets of R*" we conclude
that the integral on BN K N{z € B: |Du(x) — F|P < o} is controlled by ¢|B| provided o < o,
for o, sufficiently small. The integral on the set BN K N{x € B : |Du(x) — F|P > o} can be
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treated as in (3.18) and hence estimated by C §|B | if 7 < rs. Finally the integral over the set
B\ K is estimated by

C | (1+|Du(z) — FP +|0(Du(z)) — 0(F)|) da: < C|B|
B\K

for 0 < r < rg. On gathering together all the previous estimates, we eventually deduce that for
0 < r < min{re,rs} and for 0 < o0 < 0. we have

/BW(:E, 2(z), Dz(z)) — Wiz, u(x), Du(z)) dx < <C'55 + 7e+ C€j> |B|.

On choosing o = v/d and § < o? sufficiently small we get that there exists a radius rg, ultimately
depending only on ¢, such that, if < ry (3.9) holds with € replaced by Ce for some constant C'
independent of €. Finally (3.10) is a consequence of Poincaré inequality and of (2.2). O

Theorem 3.3. Let W : Q x R" x R}Y*™ — [0,400) be a Carathéodory function satisfying as-
sumptions (2.2) and (2.3) and such that W9¢ is Carathéodory too. Assume that (3.8) holds. Then
there exists a sequence uj € WIP(Q;R™) such that uj —u € Wol’p(Q;R"), u; — u weakly in
WP(Q;R™) and such that

limjsup/gW(m,uj(x),Duj(x))dxg/QW‘IC(@«,U(Q:),Du(x))da:. (3.21)

Proof. Throughout the proof we may assume that W (-, u, Du) € L*(£2), otherwise by (3.8) and

Lemma 3.1 also the right hand side of (3.21) equals +o0.
Given ¢ > 0, to prove the theorem it is enough to construct a function u. such that

/QW(x,ua(a:),Due(x))da: < /QWqC(:c,u(:c),Du(x))d:U—i—CE,
/Q ue(2) —u(@)[P dz < e (/Q 1+ W (x,u(x), Du(z)) d:p) :

Let E := {z € Q: |u(z)| + |[Du(z)| < M, det Du(z) > <} where M > 0 is chosen so that
|2\ E| < |Q]/8. Since both W and W% are Carathéodory functions there exists a compact set
K C E with |\ K| < [Q|/8 such that W, W% are continuous in K x R™ x R}*™ and u, is
continuous too. By applying Lemma 3.2 there exists a null set N such that for all z € K\ N there
exists r, such that C1rh < e with the property that for all 0 < r < r, there exists y € B,(z)
and a function z € W1P(By,.(x);R"), 2 = u on Bay.(z) \ B,(y) and such that (3.9) and (3.10)
hold.

Set F := {Ba(z): # € K\ N, By (z) CQ, 0<r <r,}. By Vitali-Besicovitch covering theo-
rem there exists a sequence of pairwise disjoint balls Ba,(x;) € F such that |[K\[J ; Boy,(25)| =
0. We denote by y; and z; the corresponding points and functions obtained via Lemma 3.2
applied to the ball By, (x;). We fix m € N such that [K \ i, Bay,(z5)| < 19]/8 and we set

Cr=UL, B, (y;)- Denote now by wi € Wy ,(€;R"™) the function defined as follows

w1<x>:{%‘<x> v € By, (y;)
u(z) xeQ\Ch.
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Note that by construction w; = u on 92 and

W (x,wi(x), Dwi(z))dx < / (W(z, u(z), Du(x)) + €) du, (3.22)
C1 Cl
/ |wi (z) — u(x)|Pdx < 5/ 1+ W(z,u(z), Du(x)) dz. (3.23)
01 Cl
Finally we observe that
|Q\C’]<|Q\K|+‘K\OB m? e <@ 128 30 (504
1] = 27’]-(:17] U 2r; ‘Tj \ + 3 + 5 4’ | ( . )

j=1

We now iterate the previous construction in 2\ C; thus finding a compact set Cy C Q\ C7 with
o\l < fleval < (2)

and a function wy € WLP(Q\ C;) with wy = u on 9(Q \ C4) satisfying (3.22) and (3.23) with
C1 replaced by Cs. Further iterating this argument k times we eventually find compact sets
Cj C Cj_l for j € {3,. . .,k} with

\Q\Uc\<()|m

and functions w; € WLP(Q\U] C;) with w; = u on a(Q\U C;) satisfying (3.22) and (3 23)
with C replaced by Cj. Setting ug( ) = wj(z) for x € Cj, and ug( ) =u(z) for z € Q\Uj:1

we have
/ lue(z) — u(z)|P dx < 8/ 1+ W(z,u(z), Du(x)) dx
Q Q

and

k
/Q W (a, u. (2), Duc(z)) dz ; /C W), D) o+ /Q o, V(e Dula)

g/95+Wf16(x,u(x),pu(a;))dx+s

provided k is chosen so large that the measure of € \ U§:1 C; is sufficiently small. O

By combining the previous theorem with well-known lower semicontinuity results we obtain the
following relaxation theorem.

Theorem 3.4. Let p > n and W : Q x R" x R} — [0,4+00) be a Charathéodory function
such that (2.2),(2.3), (3.7) and (3.8) hold. Assume moreover that there exists a convex function
n: (0,400) — (0,400) with

lim n(t) = +o0. (3.25)

t—0t+

such that for all F* € R™ x R}
O(F) > n(det F).
Set W := +o0 outside R'*™ and define W9¢ as in (2.4). Finally set for all u € L'(;R")

:/W(x,u(x),Du(:c)) dx and E*(u):/ch(x,u(x),Du(x))dx.
Q Q
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If for a.e. x € Q and for all uw € R™ the function W9 (x,u,-) is polyconvex, then E* is the
relaxzation of E with respect to the L' convergence, i.e.,

E*(u) = inf{liminf E(u;) : u; — u in L' (Q;R™)}.
J

Proof. Thanks to Theorem 3.3 to prove the representation formula for E* it is enough to show
that given uj, u with u; — u in L'(Q; R™) then

/ Wi (z,u, Du) dx < lim'inf/ W (x,uj, Duj) de. (3.26)
Q J Q

To this end we may assume that the liminf on the right hand side is actually a limit and that
it is finite. Then, thanks to (3.6), (3.8) and recalling that W%(x, u, F') = 400 if det F' < 0, the
sequence u; is bounded in W1(Q;R™) and det Du;(z) > 0 for a.e.x € Q. Therefore, by a well-
known result in [5], we have that det Du; is bounded in Llog L(2) and thus, up a subsequence
we may assume that det Du; converges weakly in LY(2) to det Du and that the same holds true
for all the lower order minors. Observe also that from assumption (3.25) we have also that

/ n(det Du(x)) dx < oo,
Q

hence det Du(x) > 0 for a.e. x € Q.

Recall that by assumption on W9 and by Lemma 3.1 we know that there exists a Carathéodory
function g : @ x R" x G where G = R¥ x (0, +00) and k is the number of all minors of order
1 <i < (n—1) of an n xn matrix with g(x, u, -) convex for almost every x € 2 and for all u € R™.
At this point (3.26) follows from well-known lower semicontinuity results (see for instance [4,
Theorem 4.5]). Note that this theorem is stated in the case G = RY. However it is easily checked
that the same proof holds also in our setting with the only modification needed in the proof of
[4, Lemma 4.3] where the function 2 must be replaced by

I z if|z| < L
Z =
zp  otherwise,

for a fixed zy € B. O

4. THE INCOMPRESSIBLE CASE

In this section we consider the incompressible case.

We denote by ¥ C R*" the set of n x n matrices F' with det F/ = 1. In this section we will
consider an integrand W : Q x R x R} — [0, +o00] such that W(z,u,F) = +oo if F ¢ X.
Moreover we will assume that W restricted to 2 x R™ x ¥ is a Carathéodory function and that
there exist Cy > 0 and p > 1 such that for almost every x € 2 and for all (u, F') € R™ x

1
o, (el +HIFP) < Wiz, F) < Gy (1+ Jul” + |FIF). (4.27)

We now observe that on defining W9¢ as in (2.4), we get that for almost every x € Q and for
all u € R", Wi(x,u, F') = 400 if and only if F' ¢ ¥. Indeed, if F' ¢ ¥ there exists no Lipschitz
function ¢ such that ¢(z) = Fa on 0By with det p(z) = 1 for almost every x € By. On the
other hand, if F' € ¥, W9(z,u, F) < W(z,u, F).

The next lemma can be proved with the same arguments as in the proof of Lemma 3.1.
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Lemma 4.1. Let W : Q x R" x ¥ — [0,400) satisfy the assumption (4.27). Then there exists
a Borel function W% : Q x R" x & — [0,4+00) such that for almost every x € Q, ch(x, ) =
W (z, -, ),

(u, F) eR" x ¥ — ch(x, u, F') is upper semicontinuous
and for almost every x € Q, uw € R® and F € ¥ it holds

1
o, Ul +|FP) < Wz, u, F) < C2 (1+ [ul” + [FI7),
2

where Cy is the constant in (4.27). Assume moreover that for almost every xo € 0 and all
ug € R™ there exists a modulus of continuity wo : (0,4+00) — (0,+00) such that for all w € R™
and for all F € %

W (o, uo, F') < W(xo,u, F') +wo(|u — uo|)(1 + W(zo, u, F)). (4.28)
Then W9 is a Carathéodory function and satisfies (4.28).

The next Lemma is the analogous of Lemma 3.2, which in the incompressible case simplifies
both in the statement and in the proof.

Lemma 4.2. Let W : Q x R" x ¥ — [0, +00) be a Carathéodory function satisfying (4.27) and
such that W9 is Carathéodory too. Let K C ) be a compact set such that W and W9 are both
continuous in K X R™ x 3 and that ul is continuous. Assume moreover that there exists M > 0
such that for a.e. v € K

[u(@)] + [Du()| < M.
Given € > 0, for a.e. g € K there exists rg € (0,1) such that for all 0 < r < rq there exist
Yo € Br(70), 2 € WYP(Bag,(20); R") with z = u in Ba.(w0) \ Br(vo), such that

/ W (z, 2(x), D=(x)) dx < / (W (a2, u(z), Du(x)) + ) dx, (4.29)
Br(yo) Br(yo)

/ |2(2) — u(@)P? dz < Cyr? / (1+ W(a, u(z), Du(x))) dz,
Br(yo)

Br(yo)
where C3 > 0 is a constant depending only on n,p and Cs.

Proof. The proof goes as for Lemma 3.2 and it is actually simpler.
Let g € K be a point where K has density one and a Lebesgue point for u, Du such that
F = Du(zg) € . We set ug = u(xq). Let ¢. € W°(B1;R") such that ¢.(x) = Fz on B, and
W (xo,uo, De:(y)) dy < W(xo,uo, F) + €
B
For 7 > 0 we set ¢ (z) = r¢(7). Clearly we have that
| Derllpoes,) < ce

for some ¢, > 0 independent of r. Given § > 0 there exists rs5 > 0 such that for all 0 < r < rs

][ (IXfg (@) = 1] + |u(z) — ug|? + |Du(x) — F|P) dx < 6. (4.30)

By (zo)

Set for x € B,(z0), v(z) = F 1. ,(z — x0) +xo. Thanks to [1, Theorem 1], v(B;(z0)) C By (o).
Therefore there exists a constant C. such that for all 0 < r < rs

]{B lu(v(x)) — ug|? + |Du(v(z)) — F|P de < C.9, (4.31)
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where B = B,(7g). We define z € W1P(Q;R") as z(z) = u(v(x)) if z € B and as 2(x) = u(x)
for x € 2\ B. To shorten notation we set ¢.,(x) = @er(x — x9). We now split the difference of
the two integrals in (4.29) as follows

/ W(x, 2(x), D(x)) — Wz, u(x), Du(z)) = / W(x, 2(x), D2(x)) — W (20, 0, D2(x))
B B
+ /B W (xo,uo, Dz(x)) — W(zo, uo, Dder(x)) + /B W (zo, w0, Dper(x)) — WI(x0,uo, F)

+/ W(xg,ug, F) — W9 (x0,up, Du(z)) +/ W(xg, ug, Du(z)) — Wz, u(x), Du(zx))
B B
:P1+P2—|-P3+P4—|-P5.

We give the details of the estimates of P; and Ps, since the remaining terms are treated as in
Lemma 3.2. Given o € (0,1) we set

E, :={x € Q: |u(v(x)) —uol? + |Du(v(z)) — F|P < o}.

In order to estimate P; we split B in three mutually disjoint subsets as follows. Observe now
that on the set BN K N E, we have that |Dz| < Cc.M + 1, |z|] < M + 1. Therefore, thanks to
the uniform continuity of W on compact subsets of K x R™ x ¥ there exists 0. and r. such that
for0<o<o.and 0<r<re

/ |W (z, z(x), Dz(x)) — W (xg, up, Dz(x))| dx < €|B|.
BNKNE,
Arguing as in the proof of (3.16) we have

/ W (z, z(x), Dz(x)) — W (g, ug, Dz(x))| dx
BNK\E,

< C. 1+ u(v(z)) — upl? + |Du(v(z)) — F|P dz
B\E,
C. Ce
< == o+ lu(v(x)) —uwlP + |Du(v(x)) — F|P de < —§|B],
g B\E(, g

where the last inequality follows from (4.31) and from the fact that o < |u(v(z)) — ugl? +
|Du(v(z)) — F|P for z € Q \ E,. Finally we estimate

/ |W(x, z(x), Dz(z)) — W(xo,uo, Dz(x))| dz
B\K

< C; 1+ |u(v(z)) — upl? + |Du(v(z)) — F|P dx < C.0|B]
B\K

where in the last two inequalities we used first (4.30) and then (4.31). In order to estimate Ps
we first split it in two terms

P = W(xg,uo, Du(x)) — Wz, u(x), Du(x)) dz (4.32)
B\K

+/ W (xg, up, Du(x)) — W (z,u(x), Du(x)) dx
BNK
The first integral in (4.32) is estimated by

C (I+ |u(x) —uol? + |Du(x) — F|P dx < C6|B|
B\K
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thanks to (4.30). We recall that on K we have that |u(z)[+[Du| < M and that u| is continuous.
Therefore, by the uniform continuity of W9 on compact sets of K x R™ x ¥, the second integral
can be estimated by ¢|B| provided 0 < r < r. for a suitable r.. Therefore we have that if
0 <r < min{rs,r.}

Py < (Céd+¢)|B].
Estimating the other terms as in Lemma 3.2 we conclude that if 0 < r < min{rs,r.} and
0 < o < 0. we have

)
/ Wz, z(z), Dz(x)) — W (z,u(x), Du(x)) dx < (C’gé + Ce + C'ga> |B].
B
To conclude the proof we argue as in the final part of Lemma 3.2. ]

By repeating the same construction as in Theorem 3.3 we get

Theorem 4.3. Let W : QxR" x ¥ — [0, +00) be a Carathéodory function satisfying assumption
(4.27) and such that W% is Carathéodory too. Then there exists a sequence uj € WHP(Q; R")

such that u; —u € Wol’p(Q;R”), u; — u weakly in WHP(Q;R™) and such that
lim sup/ W(z,uj(x), Duj(z)) dr < / Wiz, u(x), Du(z)) dx.
J Q Q

As in the previous section we can now give the following relaxation result in the incompressible
case.

Theorem 4.4. Let p > n and W : Q x R" x ¥ — [0,+00) be a Charathéodory function such
that (4.27) and (4.28) hold. Define WI¢ as in (2.4) and extend W and W9 to +oo outside X.
Finally set for all u € L1 (£;R")

E(u)—/ﬂW(:c,u(x),Du(m)) dx and E*(u)—/Qch(a;,u(a:),Du(x))da;.

If for a.e. x € Q and for all w € R™ the function W9 (x,u,-) is polyconvex, then E* is the
relaxzation of E with respect to the L' convergence, i.e.,

E*(u) = inf{liminf E(u;) : u; — u in L' (Q;R™)}.
J
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