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Abstract

In the present contribution we consider a singular phase field system located in
a smooth bounded domain of R?. The entropy balance equation is perturbed by
a logarithmic nonlinearity and by the presence of an additional term involving a
possibly nonlocal maximal monotone operator and arising from a class of sliding
mode control problems. The second equation of the system accounts for the phase
dynamics and is deduced from a balance law for the microscopic forces that are
responsible for the phase transition process. The resulting system is highly nonlinear
and the main difficulties lie in the contemporary presence of two nonlinearities, one
of which under time derivative, in the entropy balance equation. Consequently, we
are able to prove only the existence of solutions. To this aim, we will introduce a
backward finite differences scheme and argue on this by proving uniform estimates
and passing to the limit on the time step.

Key words: Phase field system; maximal monotone nonlinearities; nonlocal
terms; initial and boundary value problem; existence of solutions.

AMS (MOS) subject classification: 35K61, 35K20, 35D30, 80A22.

*Acknowledgments. The first author gratefully acknowledges some financial support from from
the MIUR-PRIN Grant 2015PASMP7 “Calculus of Variations”, the GNAMPA (Gruppo Nazionale per
I’ Analisi Matematica, la Probabilita e le loro Applicazioni) of INAAM (Istituto Nazionale di Alta Matem-
atica) and the IMATI — C.N.R. Pavia.



2 P. CoLL1 AND M. COLTURATO

1 Introduction

This paper is devoted to the mathematical analysis of a system of partial differential
equations (PDE) arising from a thermodynamic model describing phase transitions. The
system is written in terms of a rescaled balance of energy and of a balance law for the
microforces that govern the phase transition. Moreover, the first equation of the system
is perturbed by the presence of an additional maximal monotone nonlinearity. This paper
will focus only on analytical aspects and, in particular, will investigate the existence
of solutions. In order to make the presentation clear from the beginning, let us briefly
introduce the main ingredients of the PDE system and give some comments on the physical
meaning.

We consider a two-phase system located in a smooth bounded domain 2 C R3 and let
T > 0 denote a final time. The unknowns of the problem are the absolute temperature
Y and a phase parameter y which may represent the local proportion of one of the two
phases. To ensure thermomechanical consistency, suitable physical constraints on y are
introduced: if it is assumed, e.g., that the two phases may coexist at each point with
different proportions, it turns out to be reasonable to require that y lies between 0 and
1, with 1 — y representing the proportion of the second phase. In particular, the values
x = 0 and y = 1 may correspond to the pure phases, while y is between 0 and 1 in the
regions when both phases are present. Clearly, the model should provide an evolution for
x that complies with the previous physical constraint.

Now, let us state precisely the equations as well as the initial and boundary conditions.
The two equations governing the evolution of ¥ and x are recovered as balance laws. The
first equation is obtained as a reduction of the energy balance equation divided by the
absolute temperature ¢ (see [5, formulas (2.33)—(2.35)]). Hence, the so-called entropy
balance can be written in 2 x (0,7") as follows:

where ko > 0 is a thermal coefficient for the entropy flux, ¢ is a positive parameter and
F stands for an external entropy source. We point out that in the previous equation one
finds the entropy flux Q, related to the heat flux vector q by Q = q/¥, and specified by
Q(t) = —koVO(t), t € (0, 7).

In the present contribution, we assume that the entropy balance equation (1.1) is
perturbed by the presence of an additional maximal monotone nonlinearity, i.e.,

where

C(t) € A(V(t) — ") for a.e. t € (0,7). (1.3)

Here, ¥* is a positive and smooth function (9* € H?(Q2) with null outward normal deriva-
tive on the boundary) and A : L?(Q) — L?(Q) is a maximal monotone operator satisfying
some conditions, namely: A is the subdifferential of a proper, convex and lower semicon-
tinuous (l.s.c.) function ® : L*(Q) — R which takes its minimum in 0, and A is linearly
bounded in L*(€2). In order to explain the role of this further nonlinearity, we refer to [2],
where a class of sliding mode control problems is considered: a state-feedback control
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SINGULAR SYSTEM RELATED TO A SLIDING MODE CONTROL PROBLEM 3

(9, x) — u(¥, x) is added in the balance equations with the purpose of forcing the trajec-
tories of the system to reach the sliding surface (i.e., a manifold of lower dimension where
the control goal is fulfilled and such that the original system restricted to this manifold
has a desired behavior) in finite time and maintains them on it. As widely described
in [2], this study is physically meaningful in the framework of phase transition processes.

Let us mention the contributions [15,16], where standard phase field systems of Cagi-
nalp type, perturbed by the presence of nonlinearities similar to (1.3), are considered.
In [15,16] the existence of strong solutions, the global well-posedness of the system and
the sliding mode property can be proved; unfortunately, here the problem we consider is
rather more delicate due to the doubly nonlinear character of equation (1.2) and it turns
out that we cannot perform a so complete analysis. On the other hand, we observe that,
due to the presence of the logarithm of the temperature in the entropy equation (1.2),
in the system we investigate here the positivity of the variable representing the absolute
temperature follows directly from solving the problem, i.e., from finding a solution com-
ponent ¥ to which the logarithm applies. This is important, since we can avoid the use of
other methods, or the setting of special assumptions, in order to guarantee the positivity
of ¥ in the space-time domain.

The second equation of the system under study accounts for the phase dynamics and
is deduced from a balance law for the microscopic forces that are responsible for the phase
transition process. According to [18,19], this balance reads

dix — Ax + B(x) +7(x) > 0, (1.4)

where § + 7 represents the derivative, or the subdifferential, of a double-well potential W
defined as

W=73+r,
where . .
B : R — [0, +0o0] is proper, Ls.c. and convex with 5(0) = 0, (1.5)
7 € C*(R) and m = 7 is Lipschitz continuous in R. (1.6)

Due to (1.5), the subdifferential § := 90 is well defined and turns out to be a maximal
monotone graph. Moreover, as /3 takes on its minimum in 0, we have that 0 € 5(0). Note
that in (1.4) the inclusion is used in place of the equality in order to allow for the presence
of a multivalued S.

We recall that many different choices of 3 and 7 have been introduced in the literature
(see, e.g., [3,6,17,21]). In the case of a solid-liquid phase transition, W may be chosen in
such a way that the full potential (cf. (1.4))

X+ B(x) + 7 (x) — tix

exhibits one of the two minima y = 0 and xy = 1 as global minimum for equilibrium,
depending on whether ¢ is below or above a critical value 9., which may represent a
phase change temperature. A sample case is given by 7(x) = ¢J.x and by the 3 that
coincides with the indicator function Ijjj of the interval [0, 1], that is,

N 0 if 0<p<1
ﬁ(ﬂ)zf[o,u(p)z{ L=

+00 elsewhere
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4 P. CoLL1 AND M. COLTURATO

so that 3 = 0Ijp ) is specified by

<0 if p=0
r€B(p) ifandonlyif r ¢ =0 if 0<p<1
>0 if p=1

Of course, this yields a singular case for the potential W, in which f is not differentiable,
and it is known in the literature as the double obstacle case (cf. [3,6,18])

In the last decades phase field models have attracted a number of mathematicians
and applied scientists to describe many different physical phenomena. Let us just recall
some results in the literature that are related to our system. Some key references are the
papers [4-6]. Besides, we quote [8], where a first simplified version of the entropy system
is considered, and [7,9] for related analyses and results. About special choices of the heat
flux and phase field models ensuring positivity of the absolute temperature, we aim to
quote the papers [12-14], where some Penrose-Fife models have been addressed.

The full problem investigated in this paper consists of equations (1.2)—(1.4) coupled
with suitable boundary and initial conditions. In particular, we prescribe a no-flux con-
dition on the boundary for both variables:

0,9=0, dx=0 onlx(0,7), (1.7)

where 0, denotes the outward normal derivative on the boundary I' of 2. Besides, in the
light of (1.3), initial conditions are stated for In¥ and y:

InY(0) =Invy, x(0)=x0 in Q. (1.8)

The resulting system is highly nonlinear and the main difficulties lie in the treatment
of the doubly nonlinear equation (1.2). The expert reader can realise that it is not trivial
to recover some coerciveness and regularity for ¢ from (1.2), (1.3) and (1.7); morever, the
presence of both In ¥ under time derivative and the selection ¢ from A() —9*) complicates
possible uniqueness arguments. For the moment, we are just able to prove the existence
of solutions for the described problem. To this aim, we introduce a backward finite
differences scheme and first examine the solvability of it, for which we have to introduce
another approximating problem based on the use of Yosida regularizations for the maximal
monotone operators.

As far as the outline of the paper is concerned, we state precisely assumptions and
main results in Section 2, then introduce the time-discrete problem (P.) in Section 3
and completely prove existence and uniqueness of the solution. Section 4 is devoted
to the proof of several uniform estimates, independent of 7, involving the solution of
(P;). Finally, in Section 5 we pass to the limit as as 7 N\, 0 by means of compactness and
monotonicity arguments in order to find a solution to the problem (1.2)—(1.4), (1.7)—(1.8).
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SINGULAR SYSTEM RELATED TO A SLIDING MODE CONTROL PROBLEM 5
2 Main results

2.1 Preliminary assumptions

We assume 2 C R? to be open, bounded, connected, of class C* and we write || for
its Lebesgue measure. Moreover, I' and 0, stand for the boundary of 2 and the outward
normal derivative, respectively. Given a finite final time 7" > 0, for every ¢t € (0, T we set

Qt:QX(O,t), Q:QT, Et:FX(O,t), EIET
We also introduce the spaces
H=1*9Q), V=H(Q), W={uecHQ): du=0onT}, (2.1)

with usual norms || - |z, || - |lv, || - [[w and related inner products (-, )g, (-, )v, (-, )w,
respectively. We identify H with its dual space H', so that W c V. C H C V' C W’ with
dense and compact embeddings. Let (-, -) denote the duality pairing between V' and V.
The notation || - ||, (1 < p < oo) stands for the standard norm in LP(2). For short, in the
notation of norms we do not distinguish between a space and a power thereof.

From now on, we interpret the operator —A as the Laplacian operator from the space
W to H, then including the Neumann homogeneous boundary condition. Moreover, we
extend —A to an operator from V to V' by setting

(—Au,v) = / Vu-Vv, wuveV. (2.2)
Q

Throughout the paper, we account for the well-known continuous embeddings V' C L9(),
with 1 < ¢ <6, W C C°€) and for the related Sobolev inequalities:

lolly < Cellvlly and loflee < Csflvllw

for v € V and v € W, respectively, where C, depends on €2 only, since sharpness is not
needed. We will also use a variant of the Poincaré inequality, i.e., there exists a positive
constant C), such that

lolv < G (Ilelle +IVolln),  veV. (2.3)

Furthermore, we make repeated use of the Holder inequality, and of Young’s inequalities,
i.e., for every a,b > 0, a € (0,1) and § > 0 we have that

ab < aas + (1-— a)bﬁ, (2.4)
1
< da® 4+ —b°. 2.
ab < da” + 46b (2.5)
Besides, for every a, b € R we have that
by 1y 1 2
(a—b)a= 5 2b + 2((1 b)=. (2.6)

We also recall the discrete version of the Gronwall lemma (see, e.g., [20, Prop. 2.2.1]).

Poincare
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Lemma 2.1. If (ag,...,ayx) € [0,+00)¥* and (by,...,bx) € [0,+00) satisfy

then

m—1
am < agp exp(an> form=1,...,N. (2.7)
n=1

Finally, we state another useful result for the sequel.

Lemma 2.2. Assume that a, b € R are strictly positive. Then

(a—1b) < (Ina®*—1Inb*)(a+b). (2.8)
Proof. We consider a > b (if b > a the technique of the proof is analogous) and obtain
(a—b) < (Ina®> —Inb*)(a+b) =2(Ina —Inb)(a+b) =2In <%)(a—|— b).

Then, dividing by b, we have that

G-1)=m()G) -

Letting = a/b, we can rewrite (2.9) as
(x—1)<2(x+1)Inz forz>1.
Now, we observe that (2.8) is verified if and only if the function
f(z)=2(zx+1)Inz —2x+1 is nonnegative for every z > 1. (2.10)

Since f(1) =0 and f'(x) > 0 for every x > 1, we conclude that (2.10) holds. Then, the
proof of the lemma is complete. [J

In the following, the small-case symbol ¢ stands for different constants which depend
only on €2, on the final time T, on the shape of the nonlinearities and on the constants
and the norms of the functions involved in the assumptions of our statements. On the
contrary, we use different symbols to denote precise constants to which we could refer.
The reader should keep in mind that the meaning of ¢ might change from line to line and
even in the same chain of inequalities.

2.2 Statement of the problem and results

As far as the data of our problem are concerned, let ¢ and kg > 0 be two real constants.
We also consider the data F', 9%, ¥y and xq such that
Fe HY(0,T; H)NLY0,T; L=(%)),
9 e W, 9 >0 in Q,
Yo €V, ¥9>0 ae. in, Indye€ H,
Xo € W.
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SINGULAR SYSTEM RELATED TO A SLIDING MODE CONTROL PROBLEM 7

Moreover, we introduce the functions B and 7, satisfying the conditions listed below:

B:R — [0, +0c] is lower semicontinuous and convex with 3(0) = 0, (2.15)
7 € C*(R) and 7 is Lipschitz continuous. (2.16)

Since f is proper, lLs.c. and convex, the subdifferential 3 := 0B is well defined. We

denote by D(j3) and D(3) the effective domains of 3 and (3, respectively. Thanks to these
assumptions, § is a maximal monotone graph. Moreover, as [ takes on its minimum in
0, we have that 0 € 5(0). We also assume that

Xo € D(B) a.e. in €2, and there exists & € H
such that & € B(xo) a.e. in €, (2.17)

whence )
B(xo) € L'(92). (2.18) [chioc]

Indeed, thanks to the definition of the subdifferential and to (2.15), we have that

0< / Blx0) < (Eorx0) < léollzrlxoll

In the following, the same symbol g will be used for the maximal monotone operators
induced by 8 on H = L*(Q) and L?(0,T; H) = L*(Q).

In our problem, the maximal monotone operator
A:H—H
also appears. We assume that

A is the subdifferential of a convex and l.s.c. function ® : H — R

which takes its minimum in 0 and has at most a quadratic growth. (2.19) |A1-bis
These properties are related to our assumptions on A = 0®, which read

0€ A(0), 3ICs >0 such that ||y[|lg < Ca(1+||z||g) VoeH, Vye Az. (2.20) [stimad

In the following, the same symbol A will be used for the maximal monotone operator
induced on L?(0,T; H).

Examples of operators A. Let us consider the operator

= if r £ 0,

7|

sign : R — 2% sign(r) = |
& gn(r) {L&J]ﬁrz&

and its nonlocal counterpart in H, that is,

Sign : H — 2% Sign(v) = { e 0 EO
B, (0) ifv=0,
where B;(0) denotes the closed unit ball of H. It is straightforward to check that Sign
satisfies (2.19)—(2.20) and turns out to be the subdifferential of the norm function v —
||v]| . Concerning the graph sign, it is well known that it induces a maximal monotone
operator in H which is the the subdifferential of the convex function v — [, |v].
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Main result. Our aim is to find a quadruplet (¥, x, ¢, &) satisfying the regularity con-
ditions

9 € L*(0,T;V), (2.21)
¥ >0 ae in@Q and Ind e H'(0,T;V')NL>0,T;H), (2.22)
x € H(0,T; H)nC°([0,T); V) N L*(0,T; W), (2.23)
¢e L*0,T;H), ¢€L*0,T;H), (2.24)
and solving the Problem (P) defined by
O (Ind(t) + x(t)) — koAV(t) + ((t) = F(t) in V', for a.e. t € (0,7), (2.25)
Ox —Ax+ &+ 7m(x) =00 ae. in Q, (2.26)
C(t) € A(Y(t) — ") forae. t€(0,7), (2.27)
¢ € B(x) ae inQ, (2.28)
0,9 =0, 0J,x =0 in the sense of traces on X, (2.29)
InY(0) = Ind,, x(0) =xo a.e. in Q. (2.30)

Here, we pointed out the boundary conditions (2.29) although they are already contained
in the specified meaning of —A (cf. (2.2)). By the way, a variational formulation of (2.25)
reads

(DI d(E) + Ex(8)) + C(8), 0) + ko /Q Vi(t) - Vo — /Q F(t)
for all v €V, for a.e. t € (0,7T). (2.31)

About the initial conditions in (2.30), note that from (2.22) it follows that In ¥ is at least
weakly continuous from [0, 7] to H.

The following result is concerned with the existence of solutions to Problem (P).

Theorem 2.1. Assume (2.11)—(2.20). Then the Problem (P) stated by (2.25)—(2.30) has
at least a solution (U, x, (, &) satisfying (2.21)—(2.24) and the regularity properties

9 e L®0,T;V), ¢eL>0,T;H), (2.32)

X € WER(0,T; H) N HYO,T5V) N L=(0,T; W), €€ LX(0,T5H).  (233)

The proof of Theorem 2.1 will be given in the subsequent three sections.

3 The approximating problem (P;)

In order to prove the existence theorem, first we introduce a backward finite differences
scheme. Assume that N is a positive integer and let Z be any normed space. By fixing
the time step

r=T/N, Ne€N,

R Bal
o | O
o9 || 0’
N~

reg

inizialel
iniziale2
iniziale3
iniziale4
inizialeb

iniziale6

H

(]

(0]
W

rifff

reglth

reg2th
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we introduce the interpolation maps from ZV¥*! into either L>(0,T; Z) or Wh>(0,T; Z).
For (29, 2',...,2") € ZN*! we define the piecewise constant functions z, and the piece-
wise linear functions z,, respectively:

Z € LY0T:2), #((i+s)r) = 2,
Zy € WE(0,T:7), Z((i +s)T) = 2"+ s(z — 27,
if0<s<landi=0,...,N—1 (3.1) |regtrattil

By a direct computation, it is straightforward to prove that

||§7— — /Z\THLOO(O,T;Z) = i I’HE?]}\(/vil ||Zi+1 — ZzHZ = TH&ETHLoo(O,T;Z), (32) regtrattib
N-1 9
1z — /Z\TH%Q(O,T;Z) = % Z zit1 — 2% = %HataH%?(mT;zy (3.3) |regtratti6
=0
e [ TR
N1 )
< Z 72 —ZHIT_ “ < TH@ETH%Q(O’T;Z)_ (3.4) |regtratti?
i=0 Z

Then, we consider the approximating problem (P;). We set

' 1 iT
F' = —/ F(s) ds, fori=1,...,N, (3.5) |Fapp-i
(

T Ja-1)r

and we look for two vectors (9%, 9, ... 9N) € VN (x0 x1 ... xY) € WNFL satisfying,
fort=1,..., N, the system

7
-
B
|_I:.
o

¥ >0 ae inQ, InveH, 3I¢ E&eH suchthat (3.6)
729" 4+ In + O+ 7C — Tho AV = TF' + 2971 flnt 4+ Ot

a.e. in ), (3.7) |D-ini-1

X = TAY +TE () =T T ae. in Q, (3.8) [D-ini-2
e AW — %), (3.9) |[D-ini-3

¢ eB(x) ae inQ, (3.10)

00" =0,x' =0 ae. onl, (3.11)

9 =195, x"=x0 ae inQ. (3.12) |D-ini-6

In view of (2.11)—(2.14), we infer that for ¢ = 1 the right-hand side of (3.7) is an element of
H, and for any given x' (present in the left-hand side) we have to find the corresponding
V!, along with ¢!, fulfilling (3.6)—(3.7) and (3.9); in case we succeed, from a comparison
in (3.7) it will turn out that ¥ € W. Then, we insert 9!, depending on x', in the
right-hand side of (3.8) and we seek somehow a fixed point x' , together with ¢! € H,
satisfying (3.8) and (3.10). Once we recover x' and the related ¢!, we can start again our
procedure, and so on. Then, it is important to show that, for a fixed i and known data

F 9=l Ind™1 =1 we are able to find a pair (9, x*) solving (3.6)—(3.11).
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Theorem 3.1. There exists some fized value v < min{l, T}, depending only on the
data, such that for any time step 0 < 7 < 7 the approximating problem (P;) stated by
(3.6)—(3.12) has a unique solution

(W04 9N eV x W (XL oxY) e L

Let us now rewrite the discrete equation (3.7)—(3.12) by using the piecewise constant
and piecewise linear functions defined in (3.1), with obvious notation, and obtain that

20,9, + 000, + L0,%s + C. — koAU, = F, ae. in Q, (3.13)
OiXr — AX, + & +7(X,) = (0, ae inQ, (3.14)

(,(t) € A(W.(t) —9*) for ae. t € (0,T), (3.15)

€ €B(X,) ae inQ, (3.16)

0,9, =0,X, =0 ae. onX, (3.17)

9. (0) =g, X-(0)=1x0 a.e. in . (3.18)

3.1 The auxiliary approximating problem (AP.)

In this subsection we introduce the auxiliary approximating problem (APF.) obtained by
considering the approximating problem (P,) at each step i = 1,..., N and replacing the
monotone operators appearing in (3.6)—(3.12) with their Yosida regularizations. About
general properties of maximal monotone operators and subdifferentials of convex functi-
ions, we refer the reader to [1,10].

Yosida regularization of In. We introduce the Yosida regularization of In. For ¢ > 0

we set
I—(I+e)!

3

In.:R—R, In.:= (3.19)

where I denotes the identity. We remark that In. is monotone, Lipschitz continuous (with
Lipschitz constant 1/¢) and satisfies the following properties: denoting by L. = (I+&ln)™!
the resolvent operator, we have that

In.(z) € In(L.x) for all z € R,
IIn.(x)| < |In(z)], li{‘rg) In.(z) =In(z) for all z > 0.

We also introduce the nonnegative and convex functions

z v
A(z) = / Inrdr, A.(y)= / In.rdr forall >0 andyeR. (3.20)
1 1

Note that the graph x — Inz is nothing but the subdifferential of the convex function A
extended by lower semicontinuity in 0 and with value +o00 for x < 0. On the other hand,
A, coincides with the Moreau—Yosida regularization of A and, in particular, we have that

0 <A.(x) <A(z) for every x > 0. (3.21)

apprl
appr2
appr3
appr4
apprb
appr6
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Yosida regularization of A. We introduce the Yosida regularization of A. For € > 0
we define
I (I+eA)!

3

A, - H— H, A,

(3.22)

Note that A. is Lipschitz-continuous (with Lipschitz constant 1/¢) and maximal monotone
in H. Moreover, A satisfies the following properties: denoting by J. = (I +cA)~! the
resolvent operator, for all § > 0 and for all x € H, we have that

Az € A(J.z), (3.23)
|Acz ||l < || A%, ll\flf(l) |Acx — A°x||g = 0, (3.24)

where A°x is the element of the range of A having minimal norm. Let us point out a key
property of A, which is a consequence of (2.20): indeed, there holds

|Acz||lg < Ca(1+ ||z||g) forall x € H. (3.25)

Notice that 0 € A(0) and 0 € I(0): consequently, for every e > 0 we infer that J.(0) = 0.
Moreover, since A is maximal monotone, J. is a contraction. Then, from (2.20) and (3.23)
it follows that

[Aez||p < Ca(llJex||m + 1) < CalllJex — SO0l +1) < Ca(llzlz +1)
for every x € H.

Yosida regularization of . We introduce the Yosida regularization of 8. For ¢ > 0
we define
I—(I+ep)”

3

fe : R — R, Be = (3.26)

We remark that . is Lipschitz continuous (with Lipschitz constant 1/¢) and satisfies the
following properties: denoting by R. = (I +¢)~! the resolvent operator, we have that

Be(z) € B(R.x) for all z € R,
5. <15, lmp(e) = F(x) or all € D(S),

where 3°(x) is the element of the range of () having minimal modulus. We also intro-
duce the Moreau—Yosida regularization of 5. For ¢ > 0 and x € R we define

; - 1 ,
Be : R — [0, +o0], Be(z) := min {5(y)+2—5|$—y| }
and recall that
fe(x) < B(x) for every x € R.
We also observe that 3. is the derivative of 3.. Then, for every z;, x5 € R we have that

Be(x9) = Bg(m) + /12 Be(s) ds.

AlJe
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12 P. CoLL1 AND M. COLTURATO

Definition of the auxiliary approximating problem (AP.). We fix 7 and specify
an auxiliary approximating problem (AP.), which is obtained by considering (3.6)—(3.11)
for a fixed ¢ and introducing the regularized operators defined above. We set

g = TF 4 o200 gt L =y (3.27)

and note that both g and h are prescribed elements of H (cf. (3.5), (2.11), (2.13), (2.14)
and (3.6)). We look for a pair (6., X.) such that

7120, + 10,0, + TA(O. — ") — ThoAO, = —(X. + g a.e. inQ, (3.28)
X —TAX, + 76.(X,) + mm(X:) = h+ 700,  a.e. in Q, (3.29)

where In., A, and (. are the Yosida regularization of In, A and /5 defined by (3.19), (3.22)
and (3.26), respectively. Here, according to the extended meaning of —A (see (2.2)), we
omit the specification of the boundary conditions as with (3.11).

Theorem 3.2. Let g, h € H. Then there exists some fized value 7 < min{1,T}, de-
pending only on the data, such that for every time step T € (0,72) and for all £ € (0,1]

the auxiliary approximating problem (AP.) stated by (3.28)—(3.29) has a unique solu-
tion (0., X.).

3.2 Existence of a solution for (AP.)

In order to prove the existence of the solution for the auxiliary approximating problem
(AP.) we intend to apply [1, Corollary 1.3, p. 48]. To this aim, we point out that, for 7
small enough, the two operators

(721 +In. + 7A(- —9*) — TkoA] appearing in (3.28), (3.30)
[[ +76. 4+ 7n — TA] appearing in (3.29), (3.31)

both with domain W and range H, are maximal monotone and coercive. Indeed, they
are the sum of a monotone, Lipschitz continuous and coercive operator:

V21 4 In, +7A(- —9*) in (3.30), and [+ 7B + 77 in (3.31),

and of a maximal monotone operator that is —A with a positive coefficient in front. We
now check our first claim. Letting vy, vo € H, we have that

((7'1/2] +n, +7A(- —9)) (1) — (72T 4+ In. + 7A(- — 99))(vy),v1 — )

> 72|y — val|F + (Inc(v1) — Inc(vs), v1 — v3)

+ 7(Ac(vy — 9) = Ac(va — U7), (v1 — %) — (va — UY)).

Due to the monotonicity of In. and A., we have that the last two terms on the right-hand
side are nonnegative, so that

((7’1/2] +In. +7A(- —9))(vy) — (7Y 4+ In. + 7A(- — 9))(v2), 01 — vs)

> 720y — s, (3.32)
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i.e., the operator 7Y/2I +1In, + 7A.(- — ¥*) is strongly monotone, hence coercive, in H.
Next, for all v, vo € H we have that

(I + 78 +7m)(v1) = (I + 7 + 77)(v2), v1 — v2)
> [lor — wallfr 4 7(B=(v1) — B=(v2), 01 — v2) — Cr7 vy — va|F. (3.33)

where C; denotes a Lipschitz constant for 7. Since (. is monotone, it turns out that

T(Ba(vl) - 52(112)7”1 - U2) >0

and, choosing 7 < 1/2C;, from (3.33) we infer that

(L + 78 +71m)(v1) = (I + 7B + 7m)(v1), 01 — v2) > %Hm — w3, (3.34)

whence the operator I +78.4 7 is strongly monotone and coercive in H, for every 7 < 7.

Now, in order to prove Theorem 3.2, we divide the proof into two steps. In the first
step, we fix ©, € H in place of ©, on the right-hand side of (3.29) and find a solution
X, for (3.29). In the second step, we insert on the right-hand side of (3.28) the element
X, obtained in the first step and find a solution ©. to (3.28). Now, let @175 and @275 be
two different input data. We denote by X ., X, the corresponding solutions for (3.29)
obtained in the first step and by ©;., Oy, the related solution of (3.28) found in the
second step.

_ Hence, taking the difference between the two equations (3.29) written for ;. and
O, and testing the result by (X;. — X5 .), we have that

((I + Tﬁs + 7_7T) (Xl,s) - (I + Tﬁs + Tﬂ_)(XQ,E)? Xl,a - X2,5)

+ 7'/ ’v(X17€ — X2’5)|2 S TE(@LE — @2’5, Xl,a — X275). (335)
Q

Then, applying (3.34) and (2.5) to the first term on the left-hand side of (3.35) and to
the right-hand side of (3.35), respectively, we infer that

1 1 _ _
§||X1,a — Xoell% + T/ V(X1 — Xo0))? < ZLHXI,E — Xoo||f + 72O — Oa || T,
Q

whence B B
1 X1e — Xocll3 < 4720201 — Oacl%. (3.36)
Now, we take the difference between the corresponding equations (3.28) written for the
solutions X ., X, . obtained in the first step and test by (©1. — ©5.). We obtain that
(72T + In. + 7A(- = 9))(O12) — (72T +In. + TA(+ —07))(Os,),01. — Oa)

/2 S1/2
+ Tko/ V(Ore = 02)f < 575 11X1e = Xocllir + 1101 = Ol (3.37)
Q

By recalling (3.32) and using it in the left-hand side of (3.37) we infer that

62

7_1/2”61,5 - @2,6“%—] S m

”)(La_‘}(ZEH%

maxmonop2

intermezzl

ultimastep2
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Then, by combining this inequality with (3.36), we deduce that
101, — @2,6”31 < 4T£4||@1,8 - @2@”12% (3.38)

whence we obtain a contraction mapping for every 7 < 7, provided that 7 < 1/(8¢%).
Finally, by applying the Banach fixed point theorem, we conclude that there exists a
unique solution (6., X.) to the auxiliary problem (AP.).

3.3 A priori estimates on AP.

In this subsection we derive a series of a priori estimates, independent of ¢, inferred from
the equations (3.28)—(3.29) of the auxiliary approximating problem (AP.).

First a priori estimate. We test (3.28) by 7(0. — ¥*) and (3.29) by X., then we sum
up. By exploiting the cancellation of the suitable corresponding terms and recalling the
definition (3.20) of A., we obtain that

73/2||@5 — 9|3 + TA(O,) + (A (O, —¥¥),0, — %) + 721430/ IV (O, —9%)|?
Q
+ ((I + 70+ 7m)(X.) — (I + 758 + TW)(O),XE) + 7'/ VX, |?

< —72(9F, 0. — ) + TA(Y —T%O/w* — %)
+ 07(X2,9%) + 7(g9, 0. — 0%) — 7(m(0), X.) + (h, X.). (3.39)

Let us note that all terms on the left-hand side are nonnegative; in particular, recalling
(3.34), we have that

((] + T/BE + TW)(Xs) - (I + Tﬂs + TW)(0)7X€) > %HXE”%{? (340)

Due to (2.12) and the continuity of the positive function ¥, (3.21) helps us in estimating
the second term on the right-hand side of (3.39):

TA (") < TA(W") < eT. (3.41)

Since g, h € H and (2.12) holds, by applying the Young inequality (2.5) to the other
terms on the right-hand side of (3.39), we find that

—3200%, 0, — %) < 3—/2||@ — || + e, (3.42)
—TZkO/Qw*.V(@E—f&*) < 2’“0/ V(0. — 92 + e, (3.43)
(X, 0%) < —||X I3 +c7?, (3.44)

7(g,0. — ) < 3—/2”@ —19*HH+C7'/ (3.45)

1
—7(7(0), X¢) < §||X6||H+CT ;o (B Xe) < ||X I +c. (3.46)

contrazionel
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Then, in view of (3.40)—(3.46), from (3.39) and (2.12) it is not difficult to infer that
T Ocll1 + TV Ol + 1 Xellzr + 72 VX1 < (3.47)

taking into account that 7 < 7.

Second a priori estimate. We test (3.29) by 5.(X.) and obtain that

(Xo B.(X.) + 7 / BN VXL + 7 / B.(X.)
< _r /ﬂ (X)B.(X.) + ¢ /ﬂ O0.6.(X.) + /Q hG.(X.). (3.48)

Thanks to the monotonicity of . and to the condition 5.(0) = 0, the terms on the left-
hand side are nonnegative. As 7 is Lipschitz continuous, by applying the Young inequality
(2.5) to every term on the right-hand side of (3.48) and using (3.47), for 0 < 7 < 1 we
obtain that

T
—T/QW(Xa)ﬁa(Xe) < Z/QWS(XE)PH, (3.49)
e [ o) <5 [ 18.000F + 5 (3.50)
T 2 C
/Q hou(X) < 7 / 8K + <. (3.51)
Then, owing to (3.49)—(3.51), from (3.48) it follows that
18X < c(1+77Y),  sothat 78X |n < e (3.52)

Hence, by comparison in (3.29), we conclude that 7||AX.||gz < ¢ and, from (3.47) and
standard elliptic regularity results,

T Xefw < e (3.53)

Third a priori estimate. Recalling (3.25), (2.12) and (3.47), we immediately deduce
that
7[[A=(O: = 0)|[w <7 Ca(l +[|Oc][m + [[97][m) < e (3.54)

Next, we test (3.28) by In.O, and obtain that
IO ||3; + ko / In’(0,)|Ve.]* < —r%(e.,1n.0,)
0

— 7'(145(@E — "), lns@s) — (X, In.0,) + (g,In.0,).

Then, by applying the Cauchy—Schwarz inequality to every term on the right-hand side
and using (3.47) and (3.54), we infer that

IOl < 720 1sr + ¢ < e(r 4 + 1),

whence
70|y < c. (3.55)

Moreover, due to (3.55) and (3.47), by comparison in (3.28) it is straightforward to see
that 7°/4|| A, || < ¢ and consequently

/40, ||lw < c (3.56)

stima-1

stma-2

grilll

grill2

grill3

stima-12

stima-13

pier6

stima-14

stima-15



16 P. CoLL1 AND M. COLTURATO

3.4 Passage to the limit as ¢ \ 0

In this subsection we pass to the limit as € ™\, 0 and prove that the limit of subsequences
of solutions (6., X.) for (AP.) (see (3.28)—(3.29)) yields a solution (¥, x?) to (3.6)—(3.10);
then, we can conclude that the problem (P;) has a solution.

Since the constants appearing in (3.47) and (3.52)—(3.56) do not depend on &, we
infer that, at least for a subsequence, there exist some limit functions (¢, x*, L*, Z*, B)
such that

0. —¥ and X.—x' in W, (3.57)

In.(©.) =~ L', A(0.—-9")— 2" and p[.(X.)—B" in H, (3.58)

as € \( 0. Thanks to the well-known compact embedding W C V', from (3.57) we infer that
0. =Y and X.—x in V. (3.59)

Besides, as 7 is Lipschitz continuous, we have that |7(X.) —7(x")| < C:|X. —x'|, whence,
thanks to (3.59), we obtain that

(X)) — 7(x") in H, (3.60)

as € \, 0. Now, we pass to the limit on In.(0,), A.(©. — ¥*) and [.(X.). In view of a
general convergence result involving maximal monotone operators (see, e.g., [1, Proposi-
tion 1.1, p. 42]), thanks to the strong convergences in H ensured by (3.59) and to the
weak convergences in (3.58), we conclude that

L' eln(x), Z'€ AW —v*), B epK). (3.61)

In conclusion, using (3.57)—(3.61) and recalling (3.27), we can pass to the limit as £ \, 0
in (3.28)-(3.29) so to obtain (3.6)-(3.10) for the limiting functions 9" and x".

3.5 Uniqueness of the solution of (F;)

In this section we prove that the approximating problem (P;) stated by (3.6)—(3.12) has
a unique solution. Then, the proof of Theorem 3.1 will be complete.

We write problem (P,) for two solutions (9%, x%), (9%, x4) and set ¥ := 9% — 9% and
X' =Xt —xb, i =1,...,N. Then, we multiply by 70 the difference between the corre-
sponding equations (3.7) and by x* the difference between the corresponding equations
(3.8). Adding the resultant equations, we obtain that

PR3 + 7 (In ] — Indh, 9% — 93) + 72(¢ — G, 9, — 0 — (95— 9%)) +r2/ |V |2
Q

+ XN+ T/Q VX PP+ =& Xt —xo) = —7(r(x}) = 7). Xt — x8). (3.62)

Since In, A and § are monotone, in view of (3.9) and (3.10) the second, the third and
the seventh term on the left-hand side of (3.62) are nonnegative. Besides, if 7 < 1/(2C}),
thanks to the Lipschitz continuity of 7, the right-hand side of (3.62) can be estimated as

—7(r(x}) = 7(x8), i — x5) < 5lIx 1% (3.63)

d1
1d4

= =
o,
}—h
[y

cvgpigr

convoperator

|
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nuoobvauni?2



SINGULAR SYSTEM RELATED TO A SLIDING MODE CONTROL PROBLEM 17

Then, due to (3.63), from (3.62) we infer that
i iz Ly i
P+ 7 [ V0P 4 S+ [ VR <o, (3.61)
Q Q

whence we easily conclude that ¥ = ' =0, i.e., ¥} =94 and x! = x4 fori=1,..., N.

4 A priori estimates on (AP;)

In this section we deduce some uniform estimates, independent of 7 and inferred from the
equations (3.6)—(3.12) of the approximating problem (P;).

First uniform estimate. We test (3.7) by ¥ and (3.8) by (x* — x*~')/7, then we
sum up. Adding (x*, x* — x*!) to both sides of the resulting equality and exploiting the
cancellation of the suitable corresponding terms, we obtain that

T2 =9 4+ (Ind' —Ing™™ 0 + 7(¢ 0 —0) +7k0/ [V'|?
Q

i i—11|2
X — X i i i i i i i i
+7| | OO =T (VX VX = VT (X =)
H
= —7(¢0") + 7(F,0") — (m(x") =X X" = X7). (4.1)

Due to (2.6), we can rewrite the first, the fifth and the sixth term on the left-hand side
of (4.1) as

1/2/.9i i—1 qi 1/ 112 /2 i—112 T i—112
TR =9 ) = THWHH - TH@W 7 + THW — 9" g, (4.2)

i — i i i L Lo L i
X =X+ (VX VX = Vx 1)=§||>< ||2v—§||x 1||2v+§||>< X7y (43)

Moreover, since the function u — e is convex and e* turns out to be its subdifferential,
by setting u’ = In1" we obtain that

(ln,&z . ln,&i—l’ 1'91) — ('LLl . 'LLi_1, eui) > / eui . / euifl _ ”'Lgl“Ll(Q) . H'ﬁi_l”Ll(Q)' (44)
Q Q
Recalling that A is a maximal monotone operator and 0 € A(0), by (3.9) the third term on

the left-hand side of (4.1) is nonnegative. We also notice that, since 3 is the subdifferential
of B, from (3.10) it follows that

€=z [ A6 - [ A6 (4.5
0 Q
while, due to (2.3), (2.5) and the sub-linear growth of A stated by (2.20), we deduce that

—7(¢"0) < Car(L+ 19" = Il 19| < er (1 + 19| ) < er(1+ [19']|v)

< er(L+ |0y + [IVI[|r) < o7 + 7C|10"|| 1) + TEOHW’H?{, (4.6)

stimacomplel
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where we have applied the Young inequality in the last term and where the constant C
depends on Cly, [[9*]|z and C,. Due to the the boundedness of F* in L>°()) and the
Lipschitz continuity of 7, we also infer that

T(F,0Y) < 7| F| e @ 19] 1 ), (4.7)
i i1
i i i— i X —X
() — X — ) < er(L 4 Il ||H>\
H

. Xi_Xi—l 2 ,

S +7C(1+ IX'[1%), (4.8)
T H

where Cy depends on Cr, |7(0)| and |2|. Now, we apply the estimates (4.2)—(4.8) to the
corresponding terms of (4.1) and sum up for ¢ = 1,...,n, letting n < N. We obtain that

172 n1/2

—||19”||H+Z—||191 I+ 10" o) + = Z V9" 1%

\ H Flhen + Zux [ Ao

< T2 00l + ol + 1ol + / 800 + S I 1
=1

n n

+ O Tl + Co Y TNl + e (4.9)

i=1 i=1

On account of (2.13)—(2.14) and (2.18), the first four terms on the right-hand side of (4.9)
are bounded. Now, recalling the definition (3.5) of F*, we have that

n nr n—1
TZHFZHL%)WHU(Q):Hﬁ”Hm(ﬂ)/ . IF($) iy ds + Y IF w19 220
i=1 n- i=1

Thanks to the absolute continuity of the integral, if 7 is small enough (independently of
n) we have that

Cit Cor < (4.10)

ISR,

1
4

»-blH

[ POl ds

(n—1)7
Then, on the basis of (4.10), from (4.9) we infer that

172 n 12
—||19”||H+Z—||19Z O+ —||19”||L1 + 5 Z Al

i—1
4 X —X o2 oo i i—1))2 3
. EH— |+ i+ 2SIl f e

n—1
+ ZT(HF‘|!LN<Q>IIW||L1<Q> + O [0 21 +02u>aué). (4.11)
=1

stimacomple?Z
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Now, we observe that

n—1 n—1

N N
27'01§Z7'01201T, ZTC2§Z7—02:CQT.
i=1

i=1 i=1 i=1
and, according to (2.11),
n—1 N ir
S rlFleo <Y [

i=1 i=1 Y (=7

T
1P o ds = [ 1F(5) i ds <
0

Then, we can apply Lemma 2.1 and, recalling the notations (3.1), we conclude that

7'1/2”57”%00(0,7’;1{) + 7_3/2”8”97”%2(0,T;H) + ||§T||L°°(0,T;L1(Q)) + ||V§T||%2(O,T;H)
10X 201 + IXe L 0,10y + TNOXA T2 0. 707) + IBR L 0,minr0y) S € (4.12)

Since the third and the fourth term of the left-hand side of (4.12) are bounded, owing to
(2.3) we also infer that B
HﬁTHLQ(O,T;V) S C. (413)

Besides, in view of (3.9) and due to the sub-linear growth of A stated by (2.20) and to
(2.12), we deduce that

IC 20,0y < € (4.14)

Second uniform estimate. We formally test (3.8) by & and obtain
=L E) TSN < T(r(X) + 00, E). (4.15)

We point out that the previous estimate (4.15) can be rigorously derived by testing (3.29)
by B:(X.) and then passing to the limit as e \, 0. Since  is the subdifferential of 3, we
have that

(=) > / Bx) — / B, (4.16)

Moreover, due to the Lipschitz continuity of 7, applying the Young inequality (2.5) to the
right-hand side of (4.15), we deduce that

i i i Lo i i
T(r(x') + 00 &) < STl + e (L+ Xl + 19°17)- (4.17)

Now, combining (4.15)—(4.17) and summing up for i = 1,...,n, with n < N, we infer that
_ 1 — . . n . ,
L a6+ 530 < [ B0+ 3o r (N + 19E), (@
i=1 =1

whence, due to (4.12)—(4.13), we obtain that

1€ 20y < e (4.19)

Finally, by comparison in (3.14), we conclude that ||AX,| r2rm) < ¢. Then, thanks to
(4.12) and elliptic regularity, we find that

||YT||L2(O,T;W) S C. (420)
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Third uniform estimate. We introduce the function v, : R — R obtained by trun-
cating the logarithmic function in the following way:

B In(u) if u>1/n,
¥nlu) = { —In(n) if u <1/n.

It is easy to see that 1), is an increasing and Lipschitz continuous function. Then, defining
Jn(u) = / Un(s)ds, weR, and j(u)= / Insds, u>0, (4.21)
1 1

and testing (3.7) by 1, (9"), we obtain that

i|2
TR0 =9 (9) + (In ' — In 0™, (97)) + Tko/ Vo
onfwiz1/ny U
= —L(xX" = X" (9) = 7(C () 4+ T(F', ha(97)). (4.22)
Recalling that j, is a convex function with derivative v,,, we have that
P = 9 (0)) 2 7 [ ) = [ ),
Q Q
and consequently from (4.22) we infer that
?91‘ 2 ] ]
Tko/ ‘V : | < 7_1/2 / jn(ﬁzfl) . 7_1/2 / ]n(ﬁl)
onfwiz1/my U Q Q
— /(ln 9 — In "), (97 — / (" = X1 +7¢ = TE) (9. (4.23)
Q Q
Due to the properties of the subdifferential, we have that
0<j(0*) <j1)+ nv* ¥ 1) for k=0,1,...,N. (4.24)

Since Inv* € H, 9% > 0 a.e. in Q and ¥* € H, from (4.24) we infer that j(9*) € LY(Q);
consequently, passing to the limit as n — 400, we obtain that

wn(ﬂk) — Ino* in H and a.e. in €,
G = 4% in LY(Q) and a.e. in Q,

for k =0,1,..., N. Then, taking the liminf in (4.23) as n — 400 and applying the Fatou
Lemma and (2.6), we have that

i2 , } 1 ; 1 j
rko/ [V g71/2/]'(192—1)—71/2/j(z9’)+—/|1m9"1|2——/ [ 0"
0 9 Q Q 2 Q 2 Q

— 5/ |In 9’ — Iny" =12 — / (' =X +7¢ —7F") Ind". (4.25)
Q Q
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Now, sum up (4.25) for i = 1,...,k, with £ < N, and obtain that

2 k

1 1 In 9" — Inyi—* |V |?
1/2 19k Z1 ﬁk 2 - 2 - k -
P 54+ 5l i+ 530 RN
1 1 k k Xi Xi—l 2
1/2 : 1L 2 |+ 0|2 _
<7 /ijow2ulnﬁoHH+4;THmﬁHH+c;T |

k k

ey TGN+ e Y TIF - (4.26)

i=1 i=1

We observe that if 7 <1 then

k k—1

1 . 1 . 1

1 E THlnﬁlH%{ < 1 E T]\lnﬁ’|\§{+zl|\lnz9k]|§{. (4.27) |sb1s
i=1 =1

We also notice that the fourth and the fifth term on the right-hand side of (4.26) are
bounded by a positive constant ¢, due to (4.12) and (4.14), respectively. Moreover, thanks
to (2.11) and to the definition (3.5) of F, by using the Hélder inequality the last term on
the right-hand side of (4.26) can be estimated as follows:

CZTHFZH%I < CZT

1 T
- / F(s) ds
i=1 =1 T Ja-nr

k T
e [ IR ds < AP g (1.28)

k k

Then, combining (4.26) with (4.27)—(4.28) (see also (2.13) and (4.24)), we infer that

k ; 112
1 1 In¥" — Ingy!
12 [ aogky ot k2 o - 2
r /Qj(19)+4||1n?9 I +53 7 et
1=1
k , =
+ 4ko ZT/Q VO < et oy rlimd',
i=1 i=1
whence, by applying Lemma 2.1, we conclude that
7'1/2||j(57)||Lw(o,T;L1(Q)) + I, || oo 0,70y + HV191/27||L2(07T;H) <ec. (4.29)
Moreover, due to (4.12) as well, we also infer that
[9Y/2]| Lo 0,7 L2 0,mv) < € (4.30)

Fourth uniform estimate. We test (3.7) by (9° —9*"!). Then, we take the difference
between (3.8) written for ¢ and for ¢ — 1, and test by (x* — x*~!)/7. Using (2.19) and
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adding, it is note difficult to obtain that
7_1/2||,l97j _ 197,—1”%{ + (ln 192 _ lnﬂi_l ,192 _ 191‘—1) + E(Xz _ Xi_laﬁi _ 192'—1)
+ TR = 97) = TR — ) + T— (VO3 + V@ =95 = IV %)

i i—11]2 i i— i— i 2 i— i—21]2
TI[x =X Tx—xlxl—xz TIx T =X
+ - + - - —
2 T g 2 T T g 2 T H
¥ — i1 2 ‘ ‘ ) ‘ ' oyt — L
+ 2|\ VE———| +(E =& X" —x" —T£<192 —792—1,—>
T H T
T 01
F(F 90— 9 — T(ﬂxi) — (Y, u) , (4.31)
T

for i = 2,...,N. Now, we write (3.7) and (3.8) for ¢ = 1 and test the corresponding
equations by (9 —9°) and (x! —x°)/7, respectively. Since 9° = 9 and x° = o, we have
that

V2|9t — 9% + (ln 9 —In 9, 9t —9%) + (xt — X0, 9 —9°) + TR0 — )
Xl - XO 2

H

— 79 — J) + T— (Vo7 + IV @ =9 E = IVoll) + 7

T

=0
HIVOE = X5+ (€ =&, X" —x0) < -7 (W(Xl) - m(x"), —)
Y= O
+ T£<191 — 9, —> +7(F 90 = 9%) 4+ (690 + Axo — & — m(x0); X — x"). (4.32)
T

Then, we divide (4.31) and (4.32) by 7 and sum up the corresponding equations for
i=1,...,n, with n < N. Since f is maximal monotone and (3.10) and (2.17) hold, then
the eleventh term on the left-hand side of (4.31) and the ninth term on the left-hand side
of (4.32) are nonnegative. Assuming x~! = yo, we infer that

191 1|2 n
1/22 +Z (Ing —In®"~ 1 9 — 9 1) + B(9" — )
L n 19 _191 1112 1 _ 2
S e
2 — T g 2 T o
i i—1 i—1 i—22 1 01|2 n i
_ _ 1 _ _
X=X X =x N _‘ XX s lgX X
T " 2 T H Py T H
) e 1 1 .012
Do — %) + || Vol % + (€90 + Axo — &0 — T(x0) 1% + = X X
2 4 T I
-l o n Xi _ Xi—l 2
+(F"0") = (F' 00) = Y (F™H = F' ) 4+ ) Cor||F—— (4.33)
T
i=1 i=1 H

In view of (2.16)—(2.17) and noting that ¥y € V, xo € W and ® has at most a quadratic
growth (see (2.13)—(2.14) and (2.19)), the first three terms on the right-hand side of (4.33)
are bounded by a positive constant. Besides, using (2.5), (2.3) and the Hélder inequality

sommonal

sommona?2

sommonad
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and recalling (2.11) and (4.12), the fifth and the sixth term on the right-hand side of
(4.33) can be estimated as follows:

((F", )] < ™ " s < Cp||F“||H(||z9”||L1<Q> + 199 1)
n k n
< Gyl Fllongo s (19 e~ orcacay + V9" ) < 2093 + e, (4.34)

[(E, 90)] < 1FH|al[Ooller < 1F Moo,y [P0l < e (4.35)
With the help of (2.5), Holder’s inequality and (4.13) we also infer that

n—1 n . .
Fi— szl )
Z Ferl F’L 191 ZT Hﬁnfl”H
=1 =2 H
1 Fi— P 13l 1 ||Fi— Fi-1?
Q2
§§ZT - +§ZT||19HH§§ZT e H+c. (4.36)
=2 =1 1=2
Recalling (2.11) and the definition of F* (see (3.5)), we have that
Fi — il 2 1 iT 1 (i—1) 2
H— = —2/ F(s)ds — — F(s)ds
T H T Ja-1)r T J@i-2)r H
1 T 2
= ﬁ/ <F(s)—F(s—7‘)>ds
(i—1)7 H
1 1T 2 1 T s 2
< / ()~ Fls — )l ds| <& / / QF(t) dt| ds
(-7 (i—1)7 s—T H
1 T S
S ﬁ ( ) (/ ||atF(t)||%Idt) ds < _Hatl?”L2 VryiT;H)»
1—1)T S—T
so that
Fz 1112 ;
_Z H < HatFHLQ(O,T;H)' (4.37)
H

Next, we take advantage of Lemma 2.2 in order to deal with the second term on the
left-hand side of (4.33). Indeed (cf. (2.8)), we realize that

‘(191‘)1/2 . (191—1)1/2‘2 < (1m9i Il 9 — 792‘—1)’

whence

n 2

Zn: (g’ —In o' 0 =) > > 7

i=1 i=1

Collecting now (4.34)—(4.38), from (4.33) and (4.12) we infer that

(191)1/2 _ (19ﬂ—1)1/2
T

(4.38)

NI

H

T1/4||at197'||L2(O,T;H) + ||at791/2T||L2(O,T;H) + ||q)(§7 - 19*)||L°°(O,T) + ||5THLOO(O,T;V)
+ 7'1/2Hat797HL2(0,T;V) + 10X | oo 0,750y + 10X || 200,750y < e (4.39)
Therefore, thanks to (3.15) and using (2.20) and (2.12), we have that

||ZT||L°°(O,T;H) <ec. (440)

xxz3
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Moreover, by comparison in (3.13) and in view of (4.12)-(4.14), (4.19)-(4.20), (4.29)-
(4.30) and (4.39), we obtain that

||at111 19T||L2(0,T;V') < 071/2Hat197—||L2(0,T;H) + C||at)?r||L2(0,T;H)
+ el 20,0y + Roll AT 120,007y + €l Frll 20,y < e (4.41)
Furthermore, recalling (3.14), a comparison of the terms yields the bound
HAYT + ETHLOO(O:TJ‘I) S C.

Hence, by arguing as in the Second uniform estimate, we can improve (4.19) and (4.20)
to find out that B
1€ Lo 0,150) + Xl Lo 0,5m) < e (4.42)

Summary of the uniform estimates. Let us collect the previous estimates. From
(4.12)—(4.14), (4.19)—(4.20), (4.29)—(4.30) and (4.39)—(4.42) we conclude that there exists
a constant ¢ > 0, independent of 7, such that

1=z + 107 [l 0,50y + 74180l 20,5

+ | D || oo 0,70 + 0D [l 111 0,75y 0,750

+ 192, || e 0 memynzz o) + 10V 22 |l 0.2y nzzo.mvy + (Gl oe 0,m0)

+ Il 2o 0.7y + 11X [l 0. msmnm (0.0 AL 07wy + 1€l 2o 0,701y < €. (4.43)

5 Passage to the limit as 7 0

Thanks to (4.43) and to the well-known weak or weak® compactness results, we deduce
that, at least for a subsequence of 7\, 0, there exist ten limit functions ¢, ¥, A\, \, w, w,
¢, X, X, and & such that

Y, =9 in L>(0,T;V), (5.1)
9, —=*9 in L=(0,T;V), (5.2)
T4, =¥ 0 in 1(0 T;H) N L=(0,T;V), (5.3)
Ind, =* X in L>(0,T; H), (5.4)
nd, =* X in HY0,T; V)N L>(0,T; H), (5.5)
912 —~*w in L=(0,T; H)N L*0,T;V), (5.6)
912 5@ in 1(0 T, H) N L*0,T; V), (5.7)
¢, —*¢ in L™(0,T;H), (5.8)

X, =" x in L™(0,T;W), (5.9)
Xr =X in WY(0,T; H)N H(0,T; V)N L=0,T; W), (5.10)
£ —*¢ in L™(0,T; H). (5.11)

First, we observe that ¢ = ¢J: indeed, thanks to (3.3) and (5.3), we have that

19, _?/9\7'”[/2 0T:H) S —= ||3t?9 | 20,0y < cr®/4
( ) \/— )
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and consequently 0, — 57 — 0 strongly in L?(0,T; H). Moreover, it turns out that A\ = X
in fact, on account of (3.4) and (5.5) we have that

||m7— —1In 79T||L°°(O,T;V’) S 7'1/2||8t1n 797’|’L2(O,T;V’) S CTl/Q,

whence -
11{{?((1) Hln 197 —1In 197||L°°(0,T;V’) =0. (512)

Similarly, thanks to (3.3) and (5.10), we see that

—_— —_— T —_—
H791/2T — 191/27-HL2(0,T;H) S %Hatﬂl/%-HLQ(O,T;H) S CT,

which entails L
11{‘% ||’191/27— - /191/2T||L2(0,T;H) — 0 (513)

and w = w. Finally, we check that y = Y. In the light of (3.4), we have that
||Yr - X\THLOO(O,T;V) < THaﬁACTHL?(o,T;V) <ecr

and consequently
lm |3, = Xrllz ) = 0. (5.14)

Next, in view of the convergences in (5.5), (5.7), (5.10) and owing to the strong compact-
ness lemma stated in [22, Lemma 8, p. 84|, we have that

md, > A in C°[0,T]; V"), (5.15)
912w in L*0,T;H), (5.16)
X- —x in C°[0,7]; V). (5.17)

Then, by (5.12)—(5.14) we can also conclude that

Ind, = X in L®0,T;V’), (5.18)
92 s w in L*0,T;H), (5.19)
X, = x in L*(0,T;V). (5.20)

Thanks to (5.20) and to the Lipschitz continuity of 7, we have that
7(X) = 7(y) i L0, T H).

Now, we check that A = In@: in fact, due to the weak convergence of 9J, ensured by (5.1)

and to the strong convergence of In(¥,) in (5.18) (see (5.4) as well), we have that

T L T L T T
lim sup/ / (ln ﬁT) 9, = lim (Inv,,9,) = / (\0) = / / M,
T\0 0 JQ ™\0 0 0 o Ja

so that a standard tool for maximal monotone operators (cf., e.g., [1, Lemma 1.3, p. 42])
ensure that A = In?. In the light of (3.16) and of the convergences (5.11) and (5.20), it
is even simpler to check that & and y satisfy (2.28).
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At this point, recalling also (5.4), (5.5), (5.10) and passing to the limit in (3.13)
and (3.14), we arrive at (2.25) and (2.26). In addition, note that (3.12) implies that
IETS‘T(O) = Invy and X(0) = xo; thus, thanks to (5.18) and (5.20), passing to the limit as
7\, 0 leads to the initial conditions (2.30).

It remains to show (2.27). To this aim, we point out that (5.19) implies that, possibly
taking another subsequence, ¥'/2, — w almost everywhere in ). Then, using (5.1) and
the Egorov theorem, it is not difficult to verify that

_ \2
9, = (191/QT> —w? a.e. in Q and in L*(0,T; H),

as well as ¥ = w?. Details of this argument can be found, for instance, in [11, Exercise 4.16,
part 3, p. 123]. Then, as A induces a natural maximal monotone operator on L?(0,T; H),
recalling (3.15) and observing that (cf. (5.8))

T T T
limsup/ (CT,ﬁT—ﬁ*)H: lim (CT,ﬁT—ﬁ*)H:/ (g,ﬁ—ﬁ*)H,
7N\0 0 0

we easily recover (2.27). Therefore, Theorem 2.1 is completely proved.
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