GROUND STATES FOR FRACTIONAL KIRCHHOFF EQUATIONS
WITH CRITICAL NONLINEARITY IN LOW DIMENSION

ZHISU LIU, MARCO SQUASSINA, AND JIANJUN ZHANG

ABSTRACT. We study the existence of ground states to a nonlinear fractional Kirchhoff equation
with an external potential V. Under suitable assumptions on V', using the monotonicity trick and
the profile decomposition, we prove the existence of ground states. In particular, the nonlinearity
does not satisfy the Ambrosetti-Rabinowitz type condition or monotonicity assumptions.
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1. INTRODUCTION AND RESULTS

1.1. Overview. In this paper we are concerned with the existence of positive ground state
solutions to the following nonlinear fractional Kirchhoff equation

<a+b/RN |(—A)%‘u|2dx) (—=A)u+ V(z)u = f(u) inRY,

ue H*RY), u>0 inRY,

(K)

where a, b are positive constants, « € (0,1) and N > 2a. The operator (—A)® is the fractional
Laplacian defined as . ~1(|¢|?*.% (u)), where . denotes the Fourier transform on RY. When a = 1
and b = 0, then (K) reduces to the following fractional Schrodinger equation

(1.1) (=A)u+ V(x)u = f(u) inRY,
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which has been proposed by Laskin [18] in fractional quantum mechanics as a result of extending
the Feynman integrals from the Brownian like to the Lévy like quantum mechanical paths. For
such a class of fractional and nonlocal problems, Caffarelli and Silvestre [8] expressed (—A)* as
a Dirichlet-Neumann map for a certain local elliptic boundary value problem on the half-space.
This method is a valid tool to deal with equations involving fractional operators to get regularity
and handle variational methods. We refer the readers to [14,31] and to the references therein.
Investigated first in [11,12] via variational methods, there has been a lot of interest in the study of
the existence and multiplicity of solutions for (1.1) when V and f satisfy general conditions. We
cite [10,29,30] with no attempts to provide a complete list of references.
If & =1, then problem (K) formally reduces to the well-known Kirchhoff equation

(1.2) - (a + b/RN |Vu|2dx> Au+V(z)u= f(u) inRY,

related to the stationary analogue of the Kirchhoff-Schrédinger type equation

2

?’9;; - (a—l— b/Q |Vu|2dx)Au = f(t,z,u),

where Q is a bounded domain in RV, u denotes the displacement, f is the external force, b is
the initial tension and a is related to the intrinsic properties of the string. Equations of this type
were first proposed by Kirchhoff [17] in 1883 to describe the transversal oscillations of a stretched
string. Besides, we also point out that such nonlocal problems appear in other fields like biological
systems, where u describes a process depending on the average of itself. We refer readers to Chipot
and Lovat [9], Alves et al. [1]. However, the solvability of the Kirchhoff type equations has been
well studied in a general dimension by various authors only after J.-L. Lions [21] introduced an
abstract framework to such problems. For more recent results concerning Kirchhoff-type equations
we refer e.g. to [4,15,24,26,35,37].

In [20], by using a monotonicity trick and a global compactness lemma, Li and Ye proved that for
f(u) = [ulP~2u and p € (3,2N/(N — 2)), problem (1.2) has a positive ground state. Subsequently,
Liu and Guo [23] extended the above result to p € (2,2N/(N —2)). Fiscella and Valdinoci, in [13],
proposed the following stationary Kirchhoff variational equation with critical growth

M </]RN |(—A)3u‘2dx> (—A)u = Af(z,u) + |u|23_2u in 0,

u=0 in RV \Q,

(1.3)

which models nonlocal aspects of the tension arising from measurements of the fractional length
of the string. They obtained the existence of non-negative solutions when M and f are continuous
functions satisfying suitable assumptions. Autuori, Fiscella and Pucci [3] considered the existence
and the asymptotic behavior of non-negative solutions of (1.3). Pucci and Saldi [27] established
multiplicity of nontrivial solutions. Via a three critical points theorem, Nyamoradi [25] studied
the subcritical case of (1.3) and obtained three solutions. See also [28,36] for related results.

To the best of our knowledge, there are few papers in the literature on fractional Kirchhoff
equations in RY. Recently, Ambrosio and Isernia [2] considered the fractional Kirchhoff problem

(1.4) (a—i—b/RN |(—A)%u\2dx> (=A)u = f(u) inRY,

where f is an odd subcritical nonlinearity satisfying the well known Berestycki-Lions assumptions

[6]. By minimax arguments, the authors establish a multiplicity result in the radial space HY j(RY)
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when the parameter b is sufficiently small. As in [20], Teng [33] also searched for ground state
solutions for the fractional Schrédinger-Poisson system in R? with critical growth

(—A)u + V(2)u + ¢pu = plu|9%u + |u|?>>"2u  in R3,
(—A)lp = u? in R3.
We point out that, in [20,33] the corresponding limit problems play an important role. In order to

get the existence of ground state solutions of the limit problems, the authors used a constrained
minimization on a manifold M obtained by combining the Nehari and Pohozaev manifolds.

1.2. Main results. Motivated by the works above, in this paper we aim to study the existence
of positive ground state solutions to the fractional Kirchhoff equation with the Berestycki-Lions
type conditions of critical type, firstly introduced in [38].

1.2.1. Assumptions on V. On the external potential we assume the following:

(V1) V € CY{(RY,R) and, setting W (z) := max{z - VV(x),0}, we assume

JIRCNERRE N
|14 < 2aaS,, Sy = inf RY =y 25 = s
H HL%(RN) (07 o uGDO"Q(RN) ( |u|2;d1:>2 20 « N — 20(
u#0 RN

(Va) there exists Vi € R such that
V(z) < lim V(y) = Ve, forall zecRY;

ly|—o00

(V3) the operator a(—A)* + V(z) : H*(RN) — H~*(RY) satisfies
/ (a|(=A)2ul? 4+ V(z)u?)dz
RN

inf > 0.

“ei;ﬁm /RN |lu|?dx
1.2.2. Assumptions on f. We assume that f(t) =0 for all ¢ <0 and
1+ N () .
(f1) fe C'(RT,R) and};n& : ;
(fa) lim L8 —1;

%
{00 t2a~!

(f3) there are D > 0 and 2 < ¢ < 2% such that f(t) > t%«~1 4+ Dt9=! for any ¢ > 0.

Now we state our first result.

Theorem 1.1. Assume (V1)-(V3), (f1)-(f3) and N =2 with a € (3,1) or N = 3 with o € (3,1).
(i) If ¢ € (2,2%), there is Dy > 0 such that, for D > D1, (K) admits a positive ground state
solution.
(ii) If q € (N4f‘2a, 2%), for any D > 0, (K) admits a positive ground state solution.

We point out that without any symmetry assumption on V', the ground state solution obtained
above maybe is not radially symmetric. In the following, we impose a monotonicity assumption of
V and show that (K) admits a radially symmetric solution.

Assume now that V is radially symmetric and increasing, that is

(V4) for all z,y € RV: ] < ly| = V(z) <V(y).

Theorem 1.2. Under the assumptions of Theorem 1.1 and (Vy), (K) admits a radially symmetric
positive solution at the global (unrestricted to radial paths) mountain pass energy level.



4 Z. S. LIU, M. SQUASSINA, AND J. J. ZHANG

As a main tool to prove Theorem 1.1 we shall give the profile decomposition of the Palais-Smale
sequences by which we can derive some compactness and get a positive ground states for (K).
The main tool for the proof of Theorem 1.2 is a symmetric version of the monotonicity trick [32].
We recall that Zhang and Zou [39] studied the critical case for Berestycki-Lions theorem of the
Schrodinger equation —Aw + V(z)u = f(u). They obtained positive ground state solutions when
V satisfies similar assumptions as (V1)-(V3g), f satisfies (f1)-(f3) and

(1) |f'(t)] < C(1 + [t|¥=2), fort >0 and some C > 0.
We should mention that in the present paper, (f1) is removed.

1.3. Main difficulties. We mention the difficulties and the idea in proving Theorem 1.1.
Firstly, without the Ambrosetti—-Rabinowitz condition, it is difficult to get the boundedness of
Palais-Smale sequences. In order to overcome this difficulty, inspired by [20], we will use the
monotonicity trick developed by Jeanjean [16], introduce a family of functionals I and obtain a
bounded (PS)., sequence for I for almost all A in an interval J, where c) is given in Section 3.
Secondly, by the presence of the Kirchhoff term, one obstacle arises in getting the compactness
of Iy, even in the subcritical case. Precisely, this does not hold in general: for any ¢ € C§°(RY),

L8 wPde [ (a)Fun-a)fede = [ 1-8)Fude [ (-A)Fu(-a)Fpda,

where {u, }nen is a (PS)-sequence of I satisfying u,, — uin H*(RY). Then, even in the subcritical
case, it is not clear that weak limits are critical points of Iy. In [2], for (1.4) the compactness was
recovered by restricting Iy to the radial space H%4(RY), which is compactly embedded L*(R™)
for all s € (2,2}). For the related works in the bounded domains, see e.g. [13,27, 36].

In the present paper, we do not impose any symmetry and just consider (K) in H*(R"). So
the arguments mentioned above cannot be applied. Inspired by [20], in place of I, we consider a
family of related functionals Jy, whose corresponding problem is a non Kirchhoff equation.

Thirdly, the critical exponent makes the problem rather tough. The (PS)-condition does not
hold in general and to overcome this difficulty, we show that the mountain pass level c) is strictly
less than some critical level ¢§. For —Au + V(z)u = \f(u) with critical growth, if S is the best

constant of DL2(RN) < L2"(RY), one can show that [7]
N 1 ~ 2w~
cy = NS TN 2 .
For — (a +b [gs |Vul?dz) Au+ V(z)u = Af(u) in R? involving critical growth [19,22]
ab

3
o= Lgsy (1284 + 4 aS)2 n b35’6'
4\ 24)\2 24\2

However, for fractional Kirchhoff equations, to give the ezact value of ¢y is complicated, since
one cannot solve precisely a fractional order algebra equation. A careful analysis is needed at
this stage. With an estimate of ¢y, inspired by [39], we establish a profile decomposition of the
Palais-Smale sequence {uy, }neny (Lemma 5.4) related to Jy. Thanks to this result, for almost every
A € [1/2,1] we obtain a nontrivial critical point u) of I at the level ¢y. Finally, choosing a sequence
An C [1/2,1] with A, — 1, thanks to the Pohozaev identity we obtain a bounded (PS).,-sequence
of the original functional /. Using the idea above again, we obtain a nontrivial solution of problem

Throughout this paper, C' will denote a generic positive constant.

The paper is organized as follows.

In Section 2, the variational setting and some preliminary lemmas are presented.
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In Section 3, we consider a perturbation of the original problem (K). Then using the monotonicity
trick developed by Jeanjean, we obtain the bounded (PS).,-sequence {uy}nen for almost all .
In Section 4, an upper estimate of the mountain pass value is obtained and the limit problem is
discussed. In Section 5, we give the profile decomposition of {u,}nen. In Section 6, Theorem 1.1
and 1.2 are finally proved.

2. VARIATIONAL SETTING

In this section we outline the variational framework for (K) and recall some preliminary lemmas.
For any « € (0, 1), the fractional Sobolev space H*(R3) is defined by

HYRN) = {u € L*(RY) W e L*(RY x RN)} .
T —y| 2

It is known that

Ju(2) — u(y)[? B i o
/RQN Wﬁlwdy =2C(n, ) /RN [(=A)zuld,

B 1—cos(y -1
C(?’L,Oé)— (/RN Wd<> .
We endow the space H*(R"Y) with the norm

. 1/2
fullgogery = ([ oPdo+ [ 1-8)RuPdz)

H*(RY) is also the completion of C$°(RY) with | - || g ny and it is continuously embedded into
LY(RN) for q € [2,2%]. The homogeneous space D*?(R™) is

where

DY2(RNY = {u e L%(RN) W e L*(RY x ]RN)},
x—y| 2

and it is also the completion of C§°(RY) with respect to the norm

o o \1/2
il pea gy == </sz TENE dw) |
Lemma 2.1 (Norm equivalence). Assume (V2)-(V3). Then there exist e > 0 and w > 0 with
/ (a - &)(—A) S ul? + V(z)u?)dx > w/ lu|?de,
RN RN
for every u € HY(RY) and all € € (0, e9).
Proof. By contradiction, for g = w = 1/n there exist €, — 0 and {uy }neny € H*(RY) with
a 1
/RN (@ = en)l(=2) Fun > + V() ) do < /RN 2.
Then, up to a standard nomalization, we may assume that ||uy||ga@yy =1 and
a 1
[ (=l (=8)Funf* + V@)ud)do < .
RN n

In view of (V3), we get ||uy|l2 — 0, which implies from (V2) and the above inequality that {uy, }nen
goes to zero in D%2(RY). Therefore u, — 0 in H¥(R"), which contradicts the normalization. [
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Let

H = {u e HY(RY) : V(z)uldr < oo}

RN
be the Hilbert space equipped with the inner product

(u,v)y ::a/ (=A)zu %vdm—i—/ x)uv dx,
RN

and the corresponding induced norm

Jull = ([ a3+ [ v m)“.

From Lemma 2.1, it easily follows that the above norm is equivalent to || - [|go. A function u € H
is a (weak) solution to problem (K) if, for every ¢ € H, we have
<a+b/ 2u\2dx>/ (—A)O‘/Qu(—A)O‘/Qgpdw—l—/ V(z)updzx :/ f(u)pde.
RN RN RN

We stress that, under assumptions (V1)-(V3) and (f1)-(f3), if u is a weak solution to the above
problem, then w is globally bounded and Hélder regular allowing the pointwise reppresentation of
(—A)%u by the results of [12]. In particular u > 0 a.e. wherever u > 0.

Lemma 2.2 (Lions lemma, see [29]). Assume that {u,}nen is bounded in H and

lim sup / | |*dz = 0,
r(y)

n—00 yeRN

for some v > 0. Then u, — 0 in L*(RY) for all s € (2,2%).

The energy functional associated with (K), I : H — R, is defined as

1 b o 2
I(u) = fHuHZ + - (/ |(—A)2u\2daz> — F(u)dz, ueH,
4 RN RN
with F(u) = [;' f(t)dt. Obviously I € C1(H) and its critical points are weak solutions to (K).

3. THE PERTURBED FUNCTIONAL

Since we do not impose the well-known Ambrosetti- Rabinowitz condition, the boundedness of the
Palais-Smale sequence becomes complicated. To overcome this difficulty, we adopt a monotonicity
trick due to Jeanjean [16].

Theorem 3.1 (Monotonicity trick [16]). Let (E,|| - ||) be a real Banach space with its dual space
E' and J € Rt an interval. Consider the family of C' functionals on E

Iy = A(u) — AB(u), VA € J,

with B nonnegative and either A(u) — 400 or B(u) — +00 as ||u|| — oo, satisfying 1,(0) = 0.
We set
Ix:={y e C(0,1], E) | 7(0) = 0, I\(y(1)) <0}, forall A€ J.

If for every A € J, I'y is nonempty and

= inf I
O H G hOE =0

then for almost any A € J, I\ admits a bounded Palais-Smale sequence {un}nen C E, namely
SUPpen ||Uunl| < 00, In(un) — cx and I\ (uy) — 0 in E'. Moreover X — ¢ is left continuous.
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Set J :=[3,1], E:= H and

Lz b g oo\’ ._
Aw) = Sl + 5 (/RN (—A)5 dx) B = /RN Plu)da.
We consider the family of functionals Iy : H — R defined by I (u) = A(u) — AB(u), that is

Iy(u) = lull® + g (/RN y(—A>‘5u|2dx)2 - )\/RN Pu)da.

It is easy to see that B(u) > 0 for all u € H and A(u) — +o0 as ||ul| — oo.
In the following H denotes a closed half-space of RY containing the origin, 0 € H. We denote by
A the set of closed half-spaces of RY containing the origin. We shall equip . with a topology
ensuring that H, — H as n — oo if there is a sequence of isometries i, : RY — R such that
H, = i,(H) and 4, converges to the identity. Given 2 € RY, the reflected point oy (x) will also
be denoted by /. The polarization of a nonnegative function u : RV — R, with respect to H is
defined as
i {max{u(x), u(og(z))}, forxz e H,
u’(z) =13 .

min{u(z),u(ocy(z))}, forz e RN\ H.
Given u, the Schwarz symmetrization u* of w is the unique function such that w and u* are
equimeasurable and u*(x) = h(|z|), where h : (0,00) — Ry is a continuous and decreasing function.

We set HT := {u € H :u > 0}. Now we state a symmetric version of Theorem 3.1.

Lemma 3.2 (Symmetric monotonicity trick [32]). Under the assumptions of Theorem 3.1 for
E =H, assume that I\(|u]) < Ix(u) for any A € J and v € H and

L(u)y < I\(u), forany A€ J,ucH and H € .

Then, for any p € [2,2%], In has a bounded Palais-Smale sequence {un}neny C H with
[un — |un|*[lp — 0.

Lemma 3.3 (Uniform Mountain-Pass geometry). Assume that (f1)-(f3) and (V1)-(Vs) hold.
Furthermore let N = 2 with o € (3,1) or N =3 with o € (3,1). Then we have:

(1) T\ # 0, for every A € J;

(2) there exist r,n > 0 independent of X, such that ||u|| = r implies I\(u) > n. In particular cy > 1.

Proof. (1) For every ¢ € HT \ {0}, taking into account of (f3), we have
1 b o > D 1 .
In(p) < = 27/ —A2d>— qd——/ Zady.
(@) < Sllell” + 5 ( o (APl ) =50 | 10T = Sor fon 0

Under the assumptions on N and «, it follows that 2}, > 4. Then there exists tp > 0 sufficiently

large, independent of A € J, such that I)(tgp) < 0. Setting w := typ € H, we have Iy(w) < 0 and

we can define the corresponding I'y. Then, setting v(t) := tw, we have v € Ty # () for every A € J.

(ii) (f1)-(f2) imply that, for any € > 0, there exists C. > 0 such that
|F(s)| < els|> + Cc|s|?, forall s € R.
Then there exist 01,09 > 0 such that
L(p) > aillell” = ollel*,  for every ¢ € H.

Hence there exist r,n7 > 0, independent of A, such that for ||u| = r, Ix(u) > n (and Ix(p) >

as soon as ||¢| < r with ¢ # 0). Now fix A\ € J and v € I'y. Since v(0) = 0 and Iy(v(1)) <
‘ p—

certainly [|7(1)|| > r. By continuity, we conclude that there exists ¢, € (0, 1) such that ||y(t,)l||
Therefore, for every A € J, we conclude ¢y > inf,cr, In(y(t,)) > n > 0. O

i

0
0
7.
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Lemma 3.4 (I, decreases upon polarization). Assume (V4) holds. Then for any X\ € J, for all
uw € HY and H € A there holds I)(u'?) < I\(u).

Proof. Tt is known (see [5, Theorem 2]) that

[u' () — u" (y)|? Ju(z) — u(y)® +
/]RQN |$ — y|N+2a dl'dy S /RQN dedy, for all u eH".

Furthermore, we have (see [34])
F(uf)de = F(u)dz, forallueH™,
RN RN

and, by the monotonicity assumptions on V,

/ V(z)(uf)2da < / V(x)uldz, foralluc HT,
RN RN

which concludes the proof by the definition of 1. O

Assume (V1)-(V3) and (f1)-(f3). As a consequence we now get the following result.

Corollary 3.5 (Bounded Palais-Smale with sign). For almost every A € J, there is a bounded
sequence {unneny C HT such that In(un) — cx, I} (un) — 0. Furthermore, ||up — [up|*||2s — 0 if
(Va) is assumed.

Proof. For a.a. A € J, a bounded (PS)-sequence {uy}neny C H for I is provided by combining
Theorem 3.1 with Lemmas 3.3 and 3.4. Furthermore, if (V4) holds, using Lemma 3.2 in place
of Theorem 3.1, we also get ||u, — |up|*||2x — 0. Next we show that we can assume that u, is
nonnegative. Indeed, we know that (I} (uy),u,,) = (tn,u;, ) with g, — 0 in H' as n — oo, with
u, = min{uy, 0}, namely (f(s) =0 for s <0)

(a+b/ A)Zuy| d:c) /RN(—A)O‘unu;d:U+/RN V(x)|u, [2dz = (pn,u,).

As it is readily checked, for all z,y € RY, we have

(n (@) = un(y))(up, (2) = uy () > (05, () = upy (9))?
which yields that

QC(n,a)_l/

R3

A = [, D)= ) )

(1. 5) = 1 ()? 1
> [ g dady = 20(n,0) g e

Thus |lu,| = on(1), which also yields that {u; },en is bounded. We can now prove that
Iv(u;) — ¢y and I5(u;7) — 0. Of course ||u,]|? = ||u;||* 4+ 0, (1) and

([ teasmpar) = ([ 1 pa) +o

Notice that from (f1)-(f2), we get

/Fundx—/F )dx

2; = on(1).

<C [ (ual + funl | < Clly s+ Clluy
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This shows that I)(u;7) — cx. We claim that I§(u,}) — 0. Setting wy, := I§(un) — I} (), it is
enough to prove that w, — 0 in H'. For any ¢ € H with ||¢|| < 1, we have

(wn, ) = <a+b/RN |(—A)3un|2dq;) AN(—A)“/Zun(—A)“/dex
- <a+b |(—A)‘5u;|2dx) /RN( A2yt (= A 2 pd
+/ z)u ‘de_A/ (f (un) = f(usy))pd
= (o0 [, 125 P )/RN )y (~8)* P pde
+/ V(w ncpd:z—)\/ F )odz + (En, ),

for some &, — 0in H'. Then, by (f1)-(f2), |(wn, ¥)| < C|lu;, ||%+/&nll2, proving the claim. Observe
now that by the triangular inequality and the contractility property of the Schwarz symmetrization
in LP-spaces (i.e. [|w* — 2*||, < ||w — 2]|, for all w,z € LP(RY) with w, 2 > 0), we get

et = ()"l = llun — a2,
< g + ()™ = lun[*)ll2g, < 2+ 1(u)™ = funl™[l2g
< g ll2g, + Nl = Junlll2g, = 2lluy ll2 < Cllug 2 = on(1).
Since ||ty — |un|*||2: — 0, we have |lu;} — (u;})*[l2x — 0 as n — oco. This ends the proof. O

4. UPPER ESTIMATE OF c¢) AND LIMIT PROBLEMS

In this section, we give an upper estimate of the mountain pass value c). Moreover, the
corresponding limit problem is discussed.

4.1. An energy estimate. Next we provide a crucial energy estimate for c,.

Lemma 4.1 (Energy estimate). Suppose that (f1)-(f3) and (V1)-(V3) hold. For any X € [3,1],
assume that

4 4
qc (N _a2a, 2Y) or qe€ (2 f%] with D large enough.
Then we have
aSa N2 bS 2N —4 AN
* * . Do ay Pap a_ 2
cx < ¢y, C) 5 1 or

[0}

where T'=T(X) > 0 continuously depends on .

Proof. Let n € C§°(R3) be a cut-off function with support in By(0) such that =1 on B;(0) and
n € [0,1] on B2(0). It is well known that S, is achieved by

N—-2

T(z) = n(/ﬁ + |z — xg\z)i 2

for arbitrary x € R, i > 0 and zy € R. Then, taking zq = 0, we can define

_ _ N, o T/
Ve () = n(@)ue(v), ue(z)=¢ u(z/e), u(w):= T
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2* ﬂ
58 = S4*. As in [30], we have

R

Then (—A)%u, = \%\2:‘72% and [[(—A)

uell3 =
a N
(4.1 Acim [ I(-8) S (o) Pdo = S37 + OV 22),
R

On the other hand, for any ¢q € [2,2}), we obtain

S S N-1
N— (N—2a)q _ N 1/(2a) T
L el = eSS R TS $07) [ o5t v

i 0 (W2 +r2) 2

where Sy _1 is the unit sphere in RY. Observe that, as € — 0,

— c € (0,00), ifQ>%mv

R S N—1
1/(2a) T .
= (N—2a)q dr - O(log (%))? lf q= N]_V2a7
0 (L2 +12)" 2 N
per = 0(5(N_2a)q_N)a if ¢ < §o5q

Then
_ (N—2a)q .
O(EN 2 ()]7v . if ¢ > 7N£V2a,
_ (N—2a)q )
(42) C. = /RN ”UE’qdl' > O(log(%)gN 2 )7 if ¢ = ﬁ’

(N—2a)q . N
O(E 2 s if q < N—9a"

Since 2 < ﬁ,
/ lve|2dx > O(eN729).
RN

Similar as above,

2
2 20,2 —2 N/(2a) [ est/2) r N-2
L el < 2 T2 SN [T < 0N ),

So that we have
(4.3) B. = / lve|2da = O(N 2,
RN
As can be seen in [30], it holds
. N
D. = / o2 de = 83 + O(N).
RN
Step 1. For any € > 0 small there exists ¢9 > 0 such that Iy(7-(t0)) < 0, where .(t) := v-(-/t).
Indeed, by (V2) and (f3), for any ¢ > 0,

a

2
Boe) <5 [ 18 @Pde+ 5 ([ 1-8)E(0Pde )

23 q
+%°/ "Vs(t)|2d$—)\/ [|7€(t)| +D|'7€(t)’ 1(11:
2 JrN RN 2% q

(4.4) _ e N oga bA2 oN-a N (VOOBE _AD. )\DCE> N
| 2 4 2 25 q '

Noting that 2a < N < 4a, we have 0 < 2N — 4a < N. Then by (4.3),

N

Voo B AD ASZ
oE 6—>—7a,ass—>0.
2 2% 2%

«




GROUND STATES FOR FRACTIONAL CRITICAL KIRCHHOFF EQUATIONS 11

So it follows from (4.1) that for any € > 0 small enough, I(7:(t) = —oo0 as t — +o00. Then there
exists t9 > 0 such that I)(y:(t0)) < 0.

Step 2. Notice that, as t — 0T, we have
L 2200 + @] do = #4724, 4+ VB, - 0

uniformly for ¢ > 0 small. We set 7.(0) = 0. Then ~.(to:) € 'y, where T'y is as in Theorem 3.1
and

ex < sup Iy (7e(t)).
>0

Recalling that ¢\ > 0, by (4.4), there exists t. > 0 such that
sup I (7:(t)) = Ix(7:(te))-
>0
By (4.1), (4.2) and (4.4), we get I\(7-(t)) — 0T as t — 01 and I,(7:(t)) - —o0 as t — +o0

uniformly for ¢ > 0 small. Then there exist ¢1,ty > 0 (independent of £ > 0) such that t; < t. < to.
Let

A bA? \D
Jg(t) = %thQa + T6752N—4o¢ N 2*5751\77
@

then

VooB: ADCE> o~

€\ < sup J&(t) + ( 2 q €

>0
By formula (4.2), for any ¢ € (2,2}), we have

(N—2a)
N—{N=2a)q

C.>0(e ).

Then by (4.3), we conclude that

(N—20)
ex < sup Jo(t) + O(eN720) — O(DNTEH),
>0
Noting that N — 2a > 0 and N — (N — 2a)q/2 > 0, we have sup;>q J=(t) > cx/2 uniformly for
e > 0 small. As above, there are t3,¢4 > 0 (independent of ¢ > 0) such that sup;>qJ-(t) =

SUDte|t3,t4] Je(t). By (4.1),

1 —2a)
(4.5) ex < sup K(S2°8) + O(eN=20) — O(DN =55,
>0
where
aSa ,N_24 bSC% ON—4a AN
K(t) = —=%¢ —ay - V.
( ) 2 + 4 2%

[0}

Observe that for ¢ > 0,

N -2 N—-2a—-1 _ 5
( oc;t K(t), where K(t) := aSq + bS2t¥ 72 — \?*,

and K'(t) = tN*QO‘*l(ng(]Y —2a) — 2 at**~N). Since 4a > N, there is a unique 7' > 0 such that
K(t)>0ift € (0,7) and K(t) < 0 if ¢ > T. Hence, T is the unique maximum point of K. Then
by (4.5),

K'(t) =

(4.6) ex < K(T) + O(SN—QCM) o O(DEN_W)_
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If ¢ > 4a/(N — 2a), then 0 < N — (N — 2a)q/2 < N — 2a, which implies by (4.6) that for
any fixed D > 0, ¢y < K(T') for ¢ > 0 small. If 2 < ¢ < 4a/(N — 2«), for € > 0 small and
D > e(N=2a)a/2=2a=1 then also in this case ¢y < K(T), which completes the proof. ]

4.2. The limit problem. Note that V(z) — Vi as |z| — co. For any A € [1/2,1], we consider
the problem

(a + b/N |(—A)%‘u|2dx) (AU + Vaow = Af(u) in RY,
R
we H*RY), u>0 inRY,

whose energy functional is defined by

oo,y ._ L 2 9 2 b a oo\’
o) = 5/RN(a|(_A)zu| Vo) 4 (/RN (—A)3u) d;v) _ )\/RN Fu)da.
We will use of the following Pohozaev type identity, whose proof is similar as in [10].

Lemma 4.2 (Pohozaev identity). Let u be a critical point of IS° in H for A € [3,1]. Then
Py(u) =0,

N -2« a1 N —2a a 0. \?
-7 /RNa\(—A)2u\da:+ . b(/RN\(—A)zu\da:>
N 2
—/ Voou“dx — N X F(u)dz.

RN

2 RN
(u(-/t)],_;-

+
Notice that Py(u) = %Iﬁo
Lemma 4.3. For A € [3,1], if wy € H\ {0} solves Py(wy) = 0, then there exists v» € C([0,1],H)
such that vx(0) = 0, I7(7a(1)) < 0, wx € 1A([0,1]), 0 & 7((0,1]) and

mase (1) = I ().

P)\(u) .

(4.7)

Proof. Note that

N—2« 2N —4a 2
(/1) =" [ al-a)RunPde+ "= ([ 1-2) s Ps )

RN 4

which, by (4.7), yields

lim I{°(wy(-/t)) < 0.

t—o00
Then there is ty > 0 such that I3°(wx(-/tp)) < 0. Let yA(t) = w(-/tty)) for 0 < t < 1 and
2(0) = 0. Then 5 € C([0,1],H), wx € 7([0,1]) and maxyc(o1) I3° (1 (1)) = I (wy) as t = tgl is
the unique maximum point of t — I3°(yx(t)) by Lemma 4.2. O

5. BEHAVIOUR OF PALAIS-SMALE SEQUENCES

By Corollary 3.5, for almost every A € [1/2,1], there exists a bounded Palais-Smale sequence
{un}nen C H for Iy at the level c). Then there exists a subsequence of {uy, }nen, still denoted by
{tn }nen, such that u, — ug in H and u, — ug a.e. in RY as n — oco. Let

1

Un

= Up — UQ-

Then v} — 0 in H and v} — 0 a.e. Notice that, since u,, > 0, the dominated convergence theorem
implies that (vl)™ — 0 in LY(RY) for any 2 < ¢ < 27,
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5.1. Splitting lemmas. Let us set

t
o(t) = 10 = ()5 GO = [ gls)ds.
In order to get the profile decomposition of {uy },cn, we state the following splitting lemmas.

Lemma 5.1 (Splitting lemma I). We have

(5.1 [ (9lw) = glu0) = g(v3))

<on(Dell;

where 0, (1) — 0 as n — oo, uniformly for any ¢ € C§°(RY).
Proof. For each n > 1, there exists 6,, € (0,1) such that

(5.2) 19(un) — 9(01)] < |9/ (01 + Out0)] o]
In view of (f;)-(f3), for any & > 0, there exists D > 0 such that
(5.3) lg(t)] < elt|>»~L, for|t| > D/2.

Let Q,(D) := {z € RN : |u,(z)| > D} and for r > 0, B, := {z € RV : |z| < r}, BS := RV \ B,(0).
Since up € H, we have |B% N {|ug(x)| > D/2}| — 0 as R — oo. Then for € given as above, there
exist R > 0 and Qr C RN with |Qp| < A. such that |ug(x)| < D/2 for x € B\ Qp, where A. > 0
will be chosen later small enough. Then, by Hoélder’s inequality, (5.2) and (5.3), we have

L lgtwn) = gobllplds
BE\Qr

S/ _g(un) — g(vp)|pldz + g(un) — g(v})|ldz
(BS\2R)N (D) (B5\2p)N% (D)

2*_1 2*_1 1/2
T bl Dol + max (9@ [ wd@)d) el
o @ [t|<2D B,

(5.4)

< eC([lun

It follows from (f;) and (f2) that, for ¢ > 0 given, there exists C: = C:(f) > 0 such that
[ lgtun) = g(@h)lelds
Qr

(5.5) ga/ (Jun |~ + |v}1|22*1)\¢yda:+ce/ (lun| + |vp ]|z
Qg Qr

251

27 —1
< eC(llunllyz ™ + llvgllas

2a
22 el + Ce|Qr[ ™ ([[un

2 + llvnll2z) e

2% -

By (5.4) and (5.5), by choosing A, such that CEAEC“/N < ¢, there exists C' > 0 with

(5.6) /B |9(un) = g(vp))lleldz < Cellg].

R

Moreover,

% p|dz

[ Jotwollieldr < ¢ [ fuolleldr+ [ fug
B¢ Bf{ Bf{

(5.7) ’ L N1/ b \(2am1)/2
<c( [ tulde) el +C( [ fuoldo) el
By By
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It follows from (5.6) and (5.7) that, for ¢ > 0 above, we choose R > 0 above large enough such
that

(5.9 ], (glun) = gluo) = (0}

c
R

< Cellel,

where C' is independent of n, € and ¢ € C$°(RY). On the other hand,

* * (2271)/22 * 1/22
[ lgtun) = gluollplde < ([ lgtun) - glug) /% Vo) ([ rep=) "™
B B B

R R R

Observe that s
920/(2a71) (t)

AT m o O e

Then |g(u,) — g(ug)|?*/3a=1) = 0 in L*(Bg). Hence, we deduce
(59) [, lotun) = g(uo) el < on(1) el
Similarly, we also obtain that
(5.10) [, lowhipdz < on(1) )
for any ¢ € C°(RYN). Tt follows from (5.8), (5.9) and (5.10) that (5.1) holds. O
Lemma 5.2 (Splitting lemma IT). We have

L (a2 = ol 20 = [oh 201 da| < on(D)le

where 0, (1) — 0 as n — oo, uniformly for any ¢ € CC(RN).

Proof. For any € > 0, there exists R = R(e) > 0 such that

/RN\B 0 (\un’22—2un — |U0!22_2u0 _ ‘UM%_Q%) odz
R

(5.11) <

+

Lo (52— b P20l ) da| + | [ ol Pupda
RM\BR(0) RN\Bg(0)

<C

(Ian 2272 4 op 22 fuopldo+ [ ol plde < Celg].
RN\Bg(0) RN\Bg(0)

On the other hand, for every r» > 0, we have

‘ J N e T T e e I
R

<

[un 252y, — o % g — up %2 ~2u}| pda

/BR(O)H{I?)}LIST}

—i—/ |t ?e 21y — |uo|® 2ug — ]v,ll|2372v71l' wdr =: I1 + Is.
Br(0)n{|v}|=r}

Now, there exists r = r(R) such that r|Bg(0)|'/%¢ < e. Therefore, we have

(5.12) n<c (lunl?572 + Juo 222 + [0} [2572) uholda
Br(O)n{lu}|<r}

< Cr|Br(0)'* ¢l < Cellg].
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For such r, R fixed above, u,, converges to u in measure in Br(0), i.e. |Br(0) N {|v,| > r}| — 0 for
n — 0o0. Therefore, for n > 1 large,

(5.13) I, <C a2 4 |U}L|2Z_2)]uog@|dx

(lunl?
Br(0){|vi |27}

+ ol plde < Celgl|
Br(0)"{|vp|2r}

Then (5.11), (5.12) and (5.13) yield the assertion. O
Lemma 5.3 (Splitting lemma III). We have

[ fmunds = [ p@hobde+ [ fluo)uods +0,(1),

RN RN RN

where o,(1) = 0 as n — co. Furthermore

Fup)dz = / 1) +/ (uo)d + on(1).
RN

Proof. Since f(t) = g(t) +t?~! for t > 0, by the standard Brezis-Lieb lemma, it suffices to prove
/ g(up)updr = / g(vhvldzx —I—/ g(uo)uodz + o, (1),
RN RN RN
where 0,(1) — 0 as n — oo. Fixed ¢ > 0, there exists C. > 0 such that

(5.14) lg(t)| < et?>~L 4 Ct, t>0.
Then there exists R = R(g) > 0 large enough such that

/RNg(uo)v}Ldaz §/ lg(up)v n]das—f—/ g(up)v n\dw
(5.15)
S/B (eluol*> ™" + Ccluol)|vplda + e([[ogll2 + llvpllaz) < Ce + Ceon(1).
R
and
[ otwhuode| < [ Jg(ehunlda+ [ lg(o}uolda
R R
(5.16) 1251 1 1251 1
< ( nl +C€|Un|)‘u0|dl'+ (€|Un’ ¢ +C€‘Un|)|u0|d‘r
Br B,

< Ce+ Ceon(1).
It follows from (5.15), (5.16) and Lemma 5.1 that

[ (oum)un — g(uo)uo — g(vohyuh)d
R

< [ o) = gluo) = g )unlda+ [ lg(whyuolda+ [ lg(uo)ojde
< on(V)]Jun]| + Ce + cgon( ).

Letting n — oo and € — 0T completes the proof of the first assertion. The second assertion follows
from the standard Brezis—Lieb lemma and

/RN G(up)dx = /R dac —|—/ (uo)dz + 0 (1),

whose proof is left to the reader. O
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5.2. Profile decomposition. In the following, we give the profile decomposition of {uy}nen,
which plays a crucial role in getting the compactness. Since ¢y > 0, for some B > 0 we have

/ [(=A) 2w, [2dz — B2, as n — oo.
RN
Now, for any u € H, let
bB? o 1
Ta(u) = ° +2 /RN (- 8)Fufdz + /RN Via)lufds - [ F(u)ds
and B
a+ bB?

a 1
INOEES /RN (- 5updr + /RN Vi |uf?de — A/RN F(u)dz,

which are respectively the corresponding functional of the following problems
(a+bB*)(—A)*u+ V(z)u = f(u), (a+bB*)(—A)*u+ Vaou = f(u), u € H.

Here we point out that in contrast with the original problem (K), the problems above are both
non Kirchhoff. Now we take advantage of this to get the profile decomposition of {uy, }nen.

Lemma 5.4 (Profile decomposition). Let {u,}nen C H be the sequence mentioned above and
assume that conditions (V1)-(V3), (f1)-(fs) hold and N < 4. Then J3(uo) = 0 with ug > 0, and
there ezist a number k € N U {0}, nontrivial positive critical points w',...,w* € H*RN) of J5°
which decay polynomially at infinity as w (z)|z|VN T2 = O(1), such that

(i) |y = +oo, [yh —yb| = +oo  ifi#j, 1<i,j <k n— oo,
. 54 k ,
(i) ex + 2 = Ja(uo) + '21 I3 (w?),
]:
k . .
(i) [lun —uo — Zl w! (- —yj) || =0,
j:
_ N k o
(iv) B? = [|(—A)2uol3 + Zl [(=A)zwl||3.
j:

Moreover, we agree that in the case k = 0 the above holds without w’. In addition, if (V4) holds,
then k =0 and ug € H 4(RY).

rad

Proof. Observe that, from I)(u,) = cx + on(1) and I} (u,) — 0 in H’', we obtain

bB4 ! . !/
Ix(up) :C’\+T+On(1)’ J\(up) =0 in H'.
Then, it is standard to get J4(ug)p = 0 for all ¢ € H. From Lemma 5.3, we get
1 — —
/RN F(v,)dx = /RN F(up)dx . F(up)dz + 0, (1),

/ f(vi)vidx = / f(up)upde — / f(up)updx 4 0, (1).
RN RN RN
It follows that

(5.17) Ja(un) = Ja(vy) + Jx(ug) + on(1),
(5.18) Ji (bt = T4 (un)un — J5 (uo)uo + 0 (1) = 0, (1).
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On the other hand, by a slight variant of [10, Proposition 4.1], ug satisfies the Pohozaev identity

N—2 ]
O‘(a+b32)/
RN

a 1
|(—A)5u0|2d$+7/ VV(z) - xuids
2 JrRN

N 2
+ 5 /RN V(z)ujde — NA . F(up)dz = 0.

Then by (Vi) and N < 4a, we have

NJ)\(U()) = a(a + bBQ)/

a 1
[— 2 2 _— — . 2
. [(—A)2up|“dx 5 /]RN VV(x) - xuyde

_ a 1
> ala+bB) [ I(-A)2uolde — Z[W]lx uol3,
RN 2 2a ]
> afa+ bB2)/ [(—A) 2 ug|?da — aa/ [(=A) 2 up|?da
RN RN

_ abB2/ (=) S ug|2dz > 0,
RN
which implies that
bB? o
(5.19) In(ug) > — [(—A) 2 ug|*d.
4  JrN
We claim that one of the following conclusions holds for v,.:
(vl) v} —0in H, or
(v2) there exist ' > 0, ¢ > 0 and a sequence {y.}},en C RY such that
(5.20) lim inf lvp|2dx > o > 0.
"0 B (yh)
Indeed, suppose that (v2) does not occur. Then for any r > 0, we have
lim sup / v} |2da = 0.
r(y)

n—)OOyERN B

Therefore, it follows from Lemma 2.2 that v} — 0 in L*(RY) for s € (2,2%). It follows from (5.14)
that for any € > 0, there exists C; > 0 such that

/ lg(vh)vl|de < 5(/ lus|? + v 23)daz + C’a/ v} |9d.
RN RN RN
So from v} — 0 in L9(RY) and the arbitrariness of &, we can easily obtain that
fodvids = [ ((0h)*)¥dz + 0,(1).
RN RN

Furthermore, from J§ (v})vt = 0,(1) in (5.18), we have

(5:21) b+ 08 [ I~y FublPde = Mo I +on1).
R [e3
In view of conditions (V3)-(V3), we can check that Vo, > 0. And so we can also get
[ V@lilde = [ VF@lolPda +o,(1).
RN RN

which, together with the definition of S, and (5.21), implies that

2

4
(5.22) aSeq (/ U}L|23d1‘> oy bS? (/ |U71L|2:‘d$> < )\/ [uk [2adz + o, (1).
RN RN RN
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Let £ > 0 be such that [ [v}|?2dz — ¢N. If £ > 0, then it follows from (5.22) that

(N —2a)¢1

K'(¢) = (aSa N 729 4 pS2 2N~ _ \N) <0,

where K has been defined in Lemma 4.1. This also implies that ¢ > T (T is the unique maximum
point of K). On the other hand, by (5.17) and (5.19), we have

bB* a+ bB? a 1 A .
at = ( (=2)203 + SV @)oh? - *<<v;>+>2a> i+ Jy(uo) + 0n(1)
RN 2 2 2%

a bB? o 1 A . LB
> 2 V(=AY 2 = 112 A o 125 (1
> /RN <(2 +2 )\( )2u,|" + 2V(:L‘)]vn] 22((1)”) ) dw+74 + on(1),
which, together with (5.21) and the definition of Sy, implies that

L1 o 12 L1 o 12 )2
> - — — — R — —
c,\(2 23)@/RN|( A)2v) dw+(4 2*>b</RN]( A)zuy|dr ) + o0,(1)

o
2 4
1 1 * 2% 1 1 * 2%
= (3 a) 0o (L) o (3 57) 058 ([ oo ontt)
Thus, combining [ [vi|?«dz — (N and £ > T, K'(T) = 0, we have
11 N—2 11 2 2N—4
> = — = o - = a
ey > (2 2*>aSa€ + (4 23)1)5&6

. (1_ 1 ) aSaTN2a+<1 1) ps272N—to

2 2 4 2
1 _ 1 _ A "
= §CLSQTN 2a + ZbS§T2N dor gTN = C)\,

contradicting ¢y < c%. Hence, ¢ = 0. It follows from (5.21) that |[v}|| — 0, that is, u, — uo in
H. Then Lemma 5.4 hold with £ = 0 if (v2) does not occur. In particular, if we assume (V)
holds, then by Corollary 3.5, |[un — |up|*||25 — 0. Obviously, {|un|*}neny C HSq(RY) is bounded
and [|u, — |u,|*|lq = 0 for ¢ € (2,2%). Since {|un|*}nen has a strongly convergent subsequence
in LYRY) for ¢ € (2,2), without loss of generality, we assume that u, — ug in LI(R") for
q € (2,2%) and up = uj. As a consequence, (v2) does not hold and as above, u, — ug in H.

In the following, otherwise, suppose that (v2) holds, that is (5.20) holds. Consider v} (- + y}).
The boundedness of {v}},en and (5.20) imply that v}(- + yt) — w! # 0 in H. Thus, it follows
from v} — 0 in H that {y!},en is unbounded and, up to a subsequence, |yl| — +oo. Let us
prove that (J°) (w!) = 0. It suffices to show that (J5$°) (vi(- +yL))e — 0 for any ¢ € C°(RY).
Combining Lemma 5.1 and Lemma 5.2, we obtain

|5 (un)p = JA(uo)e = Ty(vn)el < on(D)]lell, Ve € CG°(RY),
which implies that |J5(vi)e| < on(1)]¢]|, for all ¢ € C§°(RY), as n — co. Notice that

n, o _ vl(z) — vl r—qyl) — — L
T whe(- — yb) :C(’)(aerBz)/RQN (v () n(y)&(sﬁ(y']wy;;) 2w =) gy

2
+ [ V@rk@e—yidz = [ gloh@)ela -y
—A

RN((U%(%))*)%”@O(OE = y)dz = on(1)lle(- = yn)ll = 0n(1) ]|
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Thus, as n — o0, it follows that

C(n,«a — vi(z+yl) — vy +yh x) —
(2 )(a+b32)/R2N( (z +yn) ‘xiy ‘Nzig)cz(sO( ) = WD) 4+
(5.23) Viz+yh)vl(x+yl)e d:p—)\/ vp(z + yp))e(z)da
RN

= [ (@t + g (e = on(1) el
Since |y}| — oo and ¢ € C$°(RY), we obtain
(5.24) [ V@t 4) = Ve)uh(a + yhpla)da — 0.
R

Thus, combining (5.23) and (5.24), we have for any ¢ € C§°(RY),

n,«o — ’U1 X 1 — U 1 xXr) —
s e =2 0 /me + 1) |xn£nyNyjz>3<so<> W) 4oy

+ [ Varhla+ue@)de = A [ goh(o+y)pla)da
X [ (e yh) ) () = 0u(1).
Then, (J5°) (w!) =0, w! > 0 and w!(z)|z|VT2 = O(1) as |z| — co. Finally, let us set

(5.25) (@) = vp(x) —w'(z — ),

then v2 — 0 in H. Since V(z) — Vi as |z| — oo and vl — 0 strongly in L?

loc (RN)7 we have
[ (V@) = Vi) @) = o0(1)

It follows that
(5.26) / V(m)|vg|2dx:/ V(x)|v;|2dm+/ V(e +yb)|w' (z)Pde
RN RN RN
2 [ Vet gl + e @)do
R
:/ Voo|un|2d:c—/ Voo|uo\2dx—/ Vi [w! [2dz + op(1)
RN RN RN
:/ V(x)|un|2d:v—/ V(J:)|u0]2dx—/ Vio|w![2d + on(1),
RN RN RN

and (it is easy to see that ||(v2)™||2z) = on(1)) also

—A) 202|132 = |[(=A) Zun|l3 — [[(=A) Zup||2 — |(—=A) Zw! ||2 + on(1),
(5.27) { I(=A)zvnllz = [(=2)2uallz = I( 12 =11 2

2 2
12) )58 = llun 25 +on(1),

2% — luoll3s — [l

(5.28) G(v2)dx = /RN G(up)dz — /RN G(ug)dr — G(wh)dz.

RN RN
It is readily checked that we also have

629) [ adede= [ guedz— [ glupde = [ g = yh)eds +ou(Dlel.
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for any ¢ € C§5°(RY). Combining (5.26), (5.27), (5.28) and (5.29), we deduce that
(1) Ia(on) = Ja(un) = Jxa(uo) — J°(w") + 0n(1),
(2)  JA(on)e = JA(un)p — J3(uo)e — (J°) (W' (- = yn))@ + on (Dol = 0n (1)l
(3) JR(vn) = IR (vy) = IR (w') + on(1)

for any ¢ € C5°(RY). Thus {v2},cy is a Palais-Smale sequence and we get

bB* bB4
J)\(U2) _C)\—FT—J)\(U()) Jf\o(’wl)—FOn(l) <C>\+T

Remark that one of (v1) and (v2) holds for v2. If v2 — 0 in ‘H, then Lemma 5.4 holds with k = 1.
Otherwise, {v2} is non-vanishing, that is, (v2) holds for v2. Similarly, we repeat the arguments.
By iterating this procedure we obtain sequences of pomts {y}}  RY such that |y)| — +oo,
[yl =y = +ooif i # j as n — +oo and v, = v}~ —w/ ™ (z —y) ") (like (5.25)) with j > 2 such
that v{ — 0 in H, (J5°)'(w?) = 0. Using the properties of the weak convergence, we have

(@) Junl® = fJuol® ~ Z lw? (- = yI)II* = lun — uo — ij yh)|I* + on(1),

k
(b)) Ia(un) = Jauo) + D I (w!) + I (vp ™) + 0a(1).
j=1

(5.30)

Note that there is p > 0 such that ||w|| > p for every nontrivial critical point w of J3° and {uy, }nen
is bounded in H. By (5.30)(a), the iteration stops at some k. That is, v¥T! — 0 in H. We stress
that the polynomial decay of the limiting profiles w’ can be justified as in [12, Theorem 3.4 and
Theorem 1.5]. The proof is now complete. O

6. PROOF OF THE MAIN RESULTS

In order to obtain the existence of ground state solutions of problem (K), our strategy is that
we firstly obtain the existence nontrivial solutions of the perturbed problem, then as A goes to 1,
we get a nontrivial solution of the original problem. Finally, thanks to the profile decomposition
of the (PS)-sequence, we obtain the existence of ground state solutions of problem (K).

6.1. Nontrivial critical points of I,.

Lemma 6.1. Assume that (V1)-(V3) and (f1)-(f3) hold. For almost every A € [1/2,1], there exists
uy € H\{0} such that I)(uy) = cx and I} (uy) = 0. In addition, if (V4) holds, then uy € HZ 4 (RYN).

rad

Proof. For almost all A € [1/2,1], there is a bounded sequence {uy }neny C H such that Iy (u,) — cx,
I} (un) — 0. From Lemma 5.4, up to a subsequence, there exist ugp € H and B > 0 such that

o
n—ug inH, / 2un]2dx—>B2 asn — 00

and J4(up) = 0. Furthermore, there exist ¥ € NU {0}, nontrivial critical points wh, ..., wk of J¥
and k sequences of points {yJ} C RV, 1 < j <k, such that

k
un — 1o — Y w (- = yh)
j=1

b4 k

=0, cx+—=J\(uw -I-ZJ)\ wj)

(6.1) :
7j=1
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and

(6.2) = [I(=A)Zuoll3 +Z I(=2)%w’|3.

Now we claim that if ug # 0, then by N < 4a,

bB? N
(6.3) In(ug) > — |(—A)5u0|2daz.
4  JrN

Indeed, since J4(ug) = 0, similar as in [10], we get

(a +b32)/

RN

_ N — 2a
Py (up) :=

(=) S uo|?dz + ~ / V(e)uldz
+ — / (VV(x d:z—N)\/ F(up)dz = 0.
By hypothesis (V1) we have

_ o P ANZ 1 ) Q. 52 CANE, 2
J)\(uo)—N(a—ka)/RNK A)S ug|?d N/RNVV(x) vuids > S8 /RN|( A)S uo|de,

which implies that (6.3) holds. For each nontrivial critical point w’, (j = 1,..., k) of J§°,
N — 2«

— o N . . )
(a+ bBQ)/ [(—=A) 2w |*dx + 5 / Vol |*dac — N)\/ F(w!)dx = Py°(w’) = 0.
RN RN RN

Then it follows from (6.2) that

(N_QO‘)/ I(— )zwﬂ\dm+b(N2_2a)(/RN\(—A)3wj!2d¢v>2

2/ V\w]\d:t:—N)\/ Ydz < 0.

Then there exists ¢; € (0, 1] such that

tN—?a 2N -4«

7(N—2a)/RN]( A)S wi| dﬂc—i—btz(N—Qa) (/R

N

a . 2
](—A)2w]]2dx)
(6.4)

5 / Vo | |?d — NtN)\/ F(w!)dz = 0.

That is, w/(-/t;) satisfies the identity Py(u) = 0 and it follows from Lemma 4.3 that there exists
Yx € C([0,1],H) such that v5(0) = 0, I5°(yA(1)) < 0, w? € 72([0,1]) and

(1)) = mae I (1),

By hypothesis (V2), we have maxycpo 1) I3°(7a(t)) = maxyejo 1) Ia(7a(t)), which, by the definition
of ¢y, implies that I§°(w7(g)) > cy. In particular, if V(x) # Vi, then

(6.5) I (W (-/t)) > en.
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So by (6.4) we have

IR () = () = L PR() = @+ 887) (5 - 50 ) [ (-8 8w Pda

o L 2 2%
2(2—23)a/ (~)3w/(2)2dn

x
RN t;

2 52
LAY I (2 LLE TRUNT e
NG dz) o MG SEEE

. B2 a .
= () — =Pyl () + B[S ud e
A tj N A tj 4 RN

= (D) + = [, AT Pde

and then we conclude that

where the inequality is strict if V(z) # V. Then by formulas (6.2)-(6.3),

bB* i : bB*
(6.7) et — :J)\(uo)—i-ZJAOO(wJ) zkc)\—i—T,
j=1
with strict inequality if V' (z) # Vi or ug # 0.
o If k = 0, we are done. If condition (V4) holds, then & = 0 and wug is radial. Then it follows

that I)\(U()) == J)\(U()) — bB4/4 = ¢y and I&(UO) = J//\(U()) =0.

o If k=1and V(z) # Vy or up # 0, then (6._7) yields a contradiction
e If k=1 and V(z) = Vi and ug = 0, then B? = ||[(—=A)2w||3 and it follows from (6.1) that

bB* b a
o= ') - - = ) - A = hw!), ') =0,
as desired. Hence, in any case, the assertion follows. O

6.2. Completion of the proof. Choosing a sequence {\,}nen C [%,1] satisfying A\, — 1,
we find a sequence of nontrivial critical points {uy, tnen (still denoted by {u,}nen) of Iy, and
I, (up) = cy,. In particular, if (V4) holds, then {u, }neny C H24(RY). Now we show that {u,} is
bounded in H. Remark that u,, satisfies the Pohozaev identity as follows

5 /RNa|(—A)2un]dx+ . b(/RN\(—A)2un|dx>

N
2 JrN

+ V(z)uldr + 1/ VV () - xuldr — N)\/ F(uy)dz = 0.
2 Jrv RN

It follows that

_ CAVS, 2 _LV CAVE, 2 _ a2
Nb\n(un)—oz/Na\( A) 2 uy| d:n—|—<oz 4>b</N|( A)2uy| dm) 5 NV[/(J:) T u,dz.
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Since ¢} is continuous on A, I, (un) = ¢, +0,(1) < ¢} . It follows from (Vi) that there is a
positive number x € (0,2ac) such that |W|| x» < kS,. Hence,
2a

K

<aa—2) /RN|(— V3 un|2dz < N1y, (un),

which implies that [px a|(—A)2u,|?dz is bounded from above. By (V3), (f;)-(f2) and I§ (un)un =
0, there is v > 0 such that for any € > 0, there exists C. > 0 with

o[ e < [ ale-m)Sudn s [ Viendde<z [ ddesc [ e
RN RN RN RN

which yields that {u, }nen is bounded in L?(R™). Then {u,}nen is bounded in H. By Theorem
3.1,

n—oo

lim I(u,) = Jim (b\n(un) + (A — 1)/ F(un)dac) = lim ¢\, =1

and for any ¢ € C°(RY),

Jim )=l (55, e+ On = 1) [ Flu)pde) =0,

That is, {un }nen is a bounded Palais-Smale sequence for I at level ¢;. Then by Lemma 6.1, there
is a nontrivial critical point ug € H (radial, if (V4) holds) for I and I(ug) = ¢1. Set
v=inf{I(u):ueH\{0}, I'(u) =0}
Of course 0 < v < I(up) = ¢1 < oo. By the definition of v, there is {up}nen C H with I(u,) — v
and I'(u,) = 0. We deduce that {u,},en is bounded in H. Up to a sequence, for some B > 0,
/ (=A)Su,2dx — B
RN

Let us set J(u) := Ji(u) and J*®(u) := Ji°(u), for any v € H. From Lemma 5.4 there exists
ug € H such that u,, — up in H and J'(up) = 0. Furthermore, there exist £ € NU {0}, nontrivial

critical points w', ..., w* of J> and k sequences of points {y/},eny C RV, 1 < j < k, such that

LI . bB4 k .
(6.8) Hun—uo—ij(-—yﬁl)H—)O, V+T:J(u0)+ZJ°°(wJ)

j=1 j=1
and
== %UOHerZII A)zwl|f3.
If £k =0, we are done. If k£ > 1, assume by contradlctlon that ug # 0. Then, as in Lemma 6.1,
bB? o
(6.9) J(uo) > —— | [(=A)2uol*da,
4 JrN
for each j there is t; € (0,1] such that I°°(w’(-/t;)) > c1, which is strict if V(z) # Va0, and
bB? a
J¥(w!) > 1+ — [ |(=A)2w![Pde,
4 JrN

where the inequality is strict if V(z) #Z V. Then by formulas (6.8)-(6.9) and v < ¢1, we get

bB4 bB4 k . bB4
- > = 0 (2] =
c1+ 1 > v+ 1 J(uo)+j§:1J (w?) > ke + 1
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a contradiction. Hence ug = 0 and k& = 1, in which case a contradiction follows as in the proof of

Lemma 6.1. The proof is complete. g
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