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ABSTRACT. We prove the existence of multiple solutions for a quasilinear elliptic equa-
tion containing a term with natural growth, under assumptions that are invariant by
diffeomorphism. To this purpose we develop an adaptation of degree theory.

1. INTRODUCTION

Consider the quasilinear elliptic problem

11) { —div [A(z, u)Vu] + B(z,u)|Vul? = g(z,u) in Q,
u=">0 on 0f),
where () is a bounded, connected and open subset of R™ and
A B,g: QO xR—=R
are Carathéodory functions such that:

(h1) for every R > 0 there exist Sr > 0 and vg > 0 satisfying
VRSA(xas)SﬁRv |B(m73)|SBRa |g($,3)|§ﬁ]{|s|,
for a.e. x € Q and every s € R with |s| < R.
The existence of a weak solution u € W,*(Q) N L=(Q) of (1.1), namely a solution of

(1.2) /Q[A(x,u)Vu-Vv+B(x,u)|Vu\2v] d:c:/gzg(a:,u)vdx

for any v € W,2(Q) N L>¥(Q),

follows from the results of [6, 7], provided that a suitable a priori L>-estimate holds,
possibly related to the existence of a pair of sub-/super-solutions (see e.g. [6, Théoréme 2.1]
and [7, Theorems 1 and 2]). Moreover, each weak solution u € W,*(Q) N L>(Q) is locally
Hoélder continuous in € (see e.g. [10, Theorem VIIL.1.1]).

The existence of multiple solutions, in the semilinear case and under suitable regularity
assumptions, has also been proved for instance in [2]. Here we are interested in the exis-
tence of multiple nontrivial solutions, as (h;) implies that g(z,0) = 0, under assumptions
that do not imply an a priori W>-estimate. Let us state our main result.
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Theorem 1.1. Assume (hy) and also that:
(hy) there exist M < 0 < M such that

g(x, M) > 0> g(z, M) for a.e. x € Q;

(h3) the function g(x,-) is differentiable at s =0 for a.e. x € €.
Consider the eigenvalue problem

{ —div [A(z,0)Vu] — Dsg(z,0)u = Au in ),

1.3
(1.3) u=>0 on 0N,

and denote by (\), k > 1, the sequence of the eigenvalues repeated according to multi-
plicity.

If there exists k > 2 with A, < 0 < A\g41 and k even, then problem (1.2) admits at least
three nontrivial solutions uy, uy, us in Wy>(Q) N L®(Q) N C(Q) with

up <0mQ, wuy>01in, wuz sign-changing.

If A is constant and B = 0, the result is essentially contained in [3, 15], which in turn
developed previous results of [4]. Actually, in those papers it is enough to assume that
Ay < 0, because in that case (1.2) is the Euler-Lagrange equation of a suitable functional
and variational methods, e.g. Morse theory, can be applied.

In our case there is no functional and also degree theory arguments cannot be applied
in a standard way, because of the presence of the term B(z,u)|Vu|?. Let us point out
that our assumptions do not imply that the solutions u of (1.2) belong to W1>(£), so
that the natural growth term B(z,u)|Vu|? plays a true role.

Let us also mention that our statement has an invariance property.

Remark 1.2. Let ¢ : R — R be an increasing C?-diffeomorphism with ¢(0) = 0. Then
the following facts hold:

(a) the functions A, B and g satisfy the assumptions of Theorem 1.1 if and only A,
B¥ and ¢%, defined as

A?(z,5) = (¢'(5))* Az, 0(5))
B#(x,5) = ¢'(s)¢" (s)Alz, (5)) + (¢ ()’ B(, ¢(s))
g% (@, s) = ¢ (s)g(z, ¢(s)),
do the same; in particular, we have
A?(2,0) = (¢'(0))* A(z,0),  Dyg?(2,0) = (¢'(0))* Dsg(z,0);
(b) a function u € W,?(Q) N L=(Q) is a solution of (1.2) if and only if ¢~ (u) is a
solution of (1.2) with A, B and g replaced by A?, B¥ and ¢¥, respectively.

From the definition of B¥ we see that the term B(z,u)|Vu|? cannot be omitted in the
equation, if we want to ensure this kind of invariance.

When (1.2) is the Euler-Lagrange equation associated to a functional, the question
of invariance under suitable classes of diffeomorphisms has been already treated in [14],
where it is shown that problems with degenerate coercivity can be reduced, in some cases,
to coercive problems.

In the next sections we develop an adaptation of degree theory suited for our setting
and then we prove Theorem 1.1 by a degree argument. Under assumptions that are not
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diffeomorphism-invariant, a degree theory for quasilinear elliptic equations with natural
growth conditions has been already developed in [1]. Here we find it more convenient
to reduce the equation (1.2) to a variational inequality possessing as obstacles a pair of
sub-/super-solutions, according to an approach already considered for instance in [12].

2. TOPOLOGICAL DEGREE IN REFLEXIVE BANACH SPACES
Let X be a reflexive real Banach space.

Definition 2.1. A map F': D — X', with D C X is said to be of class (S) if, for every
sequence (ug) in D weakly convergent to some u in X with

thllp <F(uk)7 U — 'LL> < 07
k
it holds ||ux — u|| — 0.
More generally, if T is a metrizable topological space, a map H : D — X', with

D C X x T, is said to be of class (S), if, for every sequence (uy,t;) in D with (uy)
weakly convergent to u in X, (¢;) convergent to t in 7" and

lim sSup <Htk (uk)v Uk — U> <0 )
k

it holds |Jur — u|| — 0 (we write Hy(u) instead of H(u,t)).

Assume now that U is a bounded and open subset of X, F : U — X’ a bounded and
continuous map of class (S)y, K a closed and convex subset of X and ¢ € X’. We aim
to consider the variational inequality

ue K,
(2.1)
(F(u),v—u) > (p,v—u) Vve K.
Remark 2.2. It is easily seen that the set
{ueU: uis asolution of (2.1)}
is compact (possibly empty).
According to [8, 11, 13], if the variational inequality (2.1) has no solution u € 9U, one

can define the topological degree
deg((F, K),U,¢) € Z.

Let us recall some basic properties.

Proposition 2.3. If (2.1) has no solution u € U, then
deg((Fa K)7 U7 @) = deg<<F A K)v U7 O) :
Proposition 2.4. If (2.1) has no solution u € OU, ug € X and we set

U ={u—wuy: ueU},

~

K ={u—wu: ueK},
F(u) = F(ug +u),

then L
deg((F, K),U, ) = deg((F, K),U, ).
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Theorem 2.5. If (2.1) has no solution u € U, then deg((F, K),U, ) = 0.

Theorem 2.6. If (2.1) has no solution v € OU and there exists ug € K NU such that
(F(v),v —ug) > {p,v — ug) for anyv e KNoU,
then deg((F, K),U, ) = 1.

Theorem 2.7. If Uy and Uy are two disjoint open subsets of U and (2.1) has no solution
ue U\ (Uyuly), then

deg((F7 K)? U, 90) = deg((F> K): U07§0> + deg((F7 K), Ulv@) .

Definition 2.8. Let K, K be closed and convex subsets of X. The sequence (Kj}) is
said to be Mosco-convergent to K if the following facts hold:
(a) if kj — o0, up; € Ky, for any j € N and (ug,) is weakly convergent to u in X,
then u € K
(b) for every u € K there exist k € N and a sequence (uy,) strongly convergent to u
in X with u; € K}, for any k > k.

Theorem 2.9. Let W be a bounded and open subset of X x [0,1], H : W — X' be a
bounded and continuous map of class (S); and (K;), 0 <t < 1, be a family of closed
and convez subsets of X such that, for every sequence (tx) convergent to t in [0,1], the
sequence (K3, ) is Mosco-convergent to K.

Then the following facts hold:
(a) the set of pairs (u,t) € W, satisfying

u € Ky,
(2.2)
{(Ht(u),v—u)2<g0,v—u> Vv e Ky,

is compact (possibly empty);
(b) if the problem (2.2) has no solution (u,t) € Oxxp W and we set
Wy={uveX: (ut)eW},
then deg((Hy, Ky), Wy, ) is independent of t € [0, 1].

Proof. Tf (uy, t;) is a sequence in W constituted by solutions of (2.2), then up to a subse-
quence (uy) is weakly convergent to some u in X and (t;) is convergent to some ¢ in [0, 1].
Then u € K; and there exists a sequence (1y,) strongly convergent to u in X with u;, € K, .
It follows
(Hy, (ur), ue — w) = (Hy, (wr), e — u) + (Hy, (ur), we — )
< (Hy, (ue), e — w) + (o, ue — ) ,
whence

lim sup (Hy, (ug), up —u) < 0.
k

Then [Juy, —u|| — 0 and (u,t) € W. For every v € K, there exists a sequence (v;,) strongly
convergent to v in X with v, € Ky, . From
(Hu (uk), ve — u) = (@, v — up)

it follows
(Hi(u),v —u) > {p,v —u)
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so that the set introduced in assertion (a) is compact.

Assume now that the problem (2.2) has no solution (u,t) € dxxp, W. It is enough to
prove that {t — deg((H;, K;), Wy, )} is locally constant.

Suppose first that K; # () for any ¢ € [0, 1]. By Michael selection theorem (see e.g. [5,
Theorem 1.11.1]) there exists a continuous map v : [0,1] — X such that v(t) € K; for
any t € [0, 1].

If we set

W ={w=10).0): (w1)eW},
K ={u—r(): ue K},
Hiy(u) = Hy(y(t) + ),
then W, I?t and H satisfy the same assumptions and
deg((Hy, K0), W, ) = deg((Hy, K1), Wi, o)

by Proposition 2.4. Moreover 0 € l?t for any ¢ € [0, 1]. Therefore we may assume, without
loss of generality, that 0 € K for any ¢ € [0, 1].
Given t € [0, 1], there exist a bounded and open subset U of X and § > 0 such that

Ux([t—=46t+46N[0,1]) W
and such that (2.2) has no solution (u,7) in
WA\ (U x[t—4,t+4])
with t — 0 <7 <t + 4. From Theorem 2.7 we infer that
deg((H., K;),W., ) = deg((H+, K,),U, ) for any 7 € [t — 6, + ).

From [11, Theorem 4.53 and Proposition 4.61] we deduce that {7 — deg((H,, K,),U, ¢)}
is constant on [t — d,t + 4.

In general, given ¢ € [0, 1], let us distinguish the cases K; # () and K; = .

If K; # (), by the Mosco-convergence there exists § > 0 such that K, # ) for any
T € [t — 6,t + 0]. By the previous step we infer that {7 +— deg((H,, K,),W,, @)} is
constant on [t — §,t + ¢].

If K; =0, from Theorem 2.5 we infer that deg((Hy, Ky), Wy, ¢) = 0. Assume, for a con-
tradiction, that there exists a sequence (¢j) convergent to t with deg((Hy, , Ky, ), Wi, , @) #
0 for any £ € N. Again from Theorem 2.5 we infer that the problem (2.2) has a solution
(up, ty) € W, in particular u;, € K, , for any k € N. Up to a subsequence, (uy,) is weakly
convegent to some u, whence u € K; by the Mosco-convergence, and a contradiction
follows. 0

Now let €2 be a bounded and open subset of R", let T be a metrizable topological space
and let

a:QAx(RxR*"xT)—R",
b:Ox (RxR"xT)—=R

be two Carathéodory functions. We will denote by || ||, the usual norm in L? and write
0w, 5,€), bz, ,€) instead of a(z, (5,€,1)), b(z, (5,£,1).
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In this section, we assume that a, and b, satisfy the controllable growth conditions in the
sense of [10], uniformly with respect to ¢. In a simplified form enough for our purposes,

this means that:

(UC)  there exist p €]1,00[, o € L'(Q), oV € LY (Q), B> 0 and v > 0 such that

la(z,5,6)] <aV(@)+ B+ B8P,
bi(z,5,6)] < aW(x)+Bs + 8¢,

ai(z,5,€) - € > Vgl — aO(z) — Bsl7,

for a.e. x € Q and every s e R, £ €e R*, t € T'; such a p is clearly unique.

It follows
ai(z,u, Vu) € LP(Q)
{ b(z,u, Vu) € LV () C W17 (Q)
and the map H : Wy *(Q) x T — W% (Q) defined by
Hi(u) = —div [a(z, u, Vu)] + by(z, u, Vu)
is continuous and bounded on B x T, whenever B is bounded in W,"(Q).

Theorem 2.10. Assume (UC') and also that:
(UM) we have

for any t € T and u € Wy (Q)

CLt(J],S,f) - at(x787é) ' (5 - é) >0

for a.e. x € Q and every s € R, §,é eR" teT, with £ # é
Then H : Wy P(Q) x T — W= (Q) is of class (S).

Proof. See e.g. [13, Theorem 1.2.1].

3. QUASILINEAR ELLIPTIC VARIATIONAL INEQUALITIES WITH NATURAL GROWTH

CONDITIONS

Again, let €2 be a bounded and open subset of R" and let now
a:Qx (RxR")—R",
b: 2 x (RxR") - R

O

be two Carathéodory functions. In this paper we are interested in the case in which a
and b satisfy the natural growth conditions in the sense of [10]. More precisely, we assume

that:

(N) there exist p €]1,00| and, for every R > 0, a%?) e LY(Q), ag) e L¥(Q), Br >0

and vg > 0 such that
(e, 5,6)| < ol (x) + BrlEP

[b(z, 5,€)] < ol () + BrlE”,

a(z,5,6) - € > vg €] — o (),
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for a.e. x € Q and every s € R, £ € R™ with |s| < R; such a p is clearly unique;
(M) we have

[a<x737§) - a(x,s,é’) ’ (f - é) >0

for a.e. x € Q and every s € R, 5,5 € R™ with £ # f
Then we can define a map

F WP (Q) N LP(Q) — W (Q) + LY(Q)
by
F(u) = —div [a(z, u, Vu)| + b(z, u, Vu) .

Remark 3.1. Assume that @ and b also satisfy (N) and (M). An easy density argument
shows that, if

/ [a(x, u, Vu) - Vo + b(z, u, Vu) v] dr = / [d(ac, u, Vu) - Vo + l;(a:, u, Vu) v] dx
Q Q

for any u € Wy ?(Q) N L®(Q) and any v € C>°(Q),
then

/ [a(z,u, Vu) - Vv + bz, u, Vu) v] do = / la(z,u, Vu) - Vv + b(z, u, Vu) v] dx
0 Q
for any u € WyP(Q) N L=(Q) and any v € W,?(Q) N L>®(Q).

Consider also a p-quasi upper semicontinuous function u :  — R and a p-quasi lower
semicontinuous function w : 2 — R, and set

K= {uEWOLP(Q)ﬂLOO(Q): u<a<u p-qe. inQ},

where 4 is any p-quasi continuous representative of u (see e.g. [9]).
We aim to consider the solutions of the variational inequality

ue K,
(V1) /Q[a(x, u, Vu) - V(v — u) + b(z,u, Vu) (v — u)] dz > 0

for every v € K .

We denote by Z''(F, K) the set of solutions u of (V). We will simply write Z**, if no
confusion can arise.
For every u € K, we also set

T.K = {v e WyP(Q)NL®Q): & >0 pqe. in {i=u} and
0 <0 p-qe. in{a= ﬂ}} .
Proposition 3.2. A function uw € K satisfies (VI) if and only if

/ [a(m, u, Vu) - Vo + b(x, u, Vu) U} dr >0 for everyv € T, K .
)
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Proof. Assume that u is a solution of (V1) and let v € T, K with v <0 a.e. in §. Since
max{k(u—1),?} is a nonincreasing sequence of nonpositive p-quasi upper semicontinuous
functions converging to ¢ p-q.e. in 2, by [9, Lemma 1.6] there exists a sequence (vy) in
Wy P (Q) converging to v in Wy () with @, > max{k(u — @), 0} p-q.e. in Q. Without
loss of generality, we may assume that v, <0 p-q.e. in €.

Then it follows that u + % v € K, whence

/ la(z,u, Vu) - Vg, + b(z,u, Vu) v, dz > 0.
Q
Going to the limit as k — oo, we get
/ la(z,u, Vu) - Vv + b(z,u, Vu)v] dz > 0.
Q

If veT,K with v > 0 a.e. in (), the argument is similar. Since every v € T,K can be
written as v = v — v~ with v*, —v~ € T, K, it follows

/ la(z,u, Vu) - Vv + bz, u, V) v] dz >0 for every v € T, K .
Q

Since K C u + T, K, the converse is obvious. O

We are also interested in the invariance of the problem with respect to suitable trans-
formations.

Let us denote by ® the set of increasing C?-diffeomorphisms ¢ : R — R such that
©(0) = 0 and by © the set of C''-functions 9 : R —]0, +o0.

For any ¢ € ® and 9 € O, we define

F?, Fy: WyP(Q)NL2(Q) — W (Q) + LY(Q)
by
F(u) = F(e(u), Fy(u) =0(u) F(u).
If we define the Carathéodory functions
af,a9: I x (RxR") —R", b9,y : 2 x (RxR") —» R

by
a®(z,s,€) = ¢'(s) a(z, ¢(s), ¢'(5)€) ,
B (,5,€) = ¢'(5) al, 0(5), £ (5)6) - € + ¢(5) (e, (s), £/ (5)€)
ap(z,s,&) =9(s)a(z,s,§),

it easily follows that
F?(u) = —div [a?(z, u, Vu)] + b (z,u, Vu) ,
Fy(u) = —div [ay(x, u, Vu)] + by(z,u, Vu) .

We also set u? = ¢~ !(u) for any u € K and E¥ = {u?: u € E}, whenever F C K.
It is easily seen that

(aso)w — awow, (ag)g = ay,, (uso)w — ucmb?

for every o, € ® and ¥, p € O.
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We also say that (a,b) is of Euler-Lagrange type, if there exists a function
L:QOxRxR"—R

such that

(a) {x — L(z,s,&)} is measurable for every (s,£) € R x R™;
(b) {(s,&) — L(x,s,£)} is of class C! for a.e. z € Q;

(c) we have
a(x,s, &) = Vel(x,s,§), b(x,s,&) = DsL(x,s,§),
for a.e. z € Q and every (s,£) € R x R™.
Taking into account Proposition 3.2, the next two results are easy to prove.

Proposition 3.3. For every ¢ € ®, the following facts hold:
(a) the functions a¥,b® satisfy (N) and (M) with the same p;
(b) we have
K?={uce WP Q) NL®Q): w? <a < p-ge. in Q}

and u? : Q0 — R s p-quasi upper semicontinuous, while u? : Q — R s p-quast
lower semicontinuous;

(¢) u is a solution of (V1) if and only if u® is a solution of the corresponding varia-
tional inequality with a, b and K replaced by a¥, b¥ and K¥, respectively;

(d) the pair (a,b) is of Euler-Lagrange type if and only if the pair (a¥,b%) does the
same; moreover, if L is associated with (a,b), then

L#(x,s,8) = Lz, (s), ¢'(5)¢)

is associated with (a?,b?).

Proposition 3.4. For every 9 € O, the following facts hold:

(a) the functions ag,by satisfy (N) and (M) with the same p;
(b) w is a solution of (VI) if and only if the same u is a solution of the corresponding
variational inequality with a and b replaced by ay and by, respectively.

Remark 3.5. Let ¢ € ® with ¢’ nonconstant, let w € L?(Q2) and let a(z, s, &) = ¢'(s)&,
b(I, 875) - —U}(l’)
Then (a,b) is not of Euler-Lagrange type. However, if we take ¥(s) = ¢/(s), then
(ayg,by), which is given by
ap (2,5, = [ (5)%€, by (x,5,€) = ¢ (s)¢"(s)[€]° — w(x)¥'(s),
is of Euler-Lagrange type with

L, 5.6) = 5 [P (S)IEP — wl@)e(s).

Therefore the property of being of Euler-Lagrange type is not invariant under the trans-
formation induced by ¥, which plays in fact the role of “integrating factor”. By the way,
if then we take ¢ = ¢!, we get

(a’ﬁ)w(‘xa S 5) = 57 (bﬁ)w(l‘, S, f) = —w(:c) )

which are simply related to

Lz, 5,6) = 5 [€* ~ w(z)s.
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Proposition 3.6. For every R > 0 there exist 91,95 € © and ¢ > 0, depending only on
R, Br and vg, such that

6791 (I‘, 5, 5) S Cag)(x) )
b’l92 (ZB, S, 6) > —cC CVE:?)(ZU) >
for a.e. x € Q and every s € R, £ € R™ with |s| < R.
Proof. 1f we set 9(s) = exp(ys) with yvg > g, we have
by(z,5,8) = [ya(z,s,§) - §+ bz, s,8)] exp(vs)
0 0
> |yvp 6P — v ol () — ol (x) — Br [P | exp(ys)
> —(y+1)exp(yR) oy (),
whence the existence of 5. The existence of ¥; can be proved in a similar way. O
4. QUASILINEAR ELLIPTIC VARIATIONAL INEQUALITIES WITH NATURAL GROWTH
CONDITIONS DEPENDING ON A PARAMETER

Again, let 2 be a bounded and open subset of R™ and let now 7" be a metrizable
topological space and

a:Qx(RxR"xT)—R",
b:Ox(RxR"xT)—R

be two Carathéodory functions satisfying (N) and (M) uniformly with respect to ¢t € T'.
More precisely, we assume that a; and b, satisfy (UM) and:
(UN) there exist p €]1,00[ and, for every R > 0, aﬁ? e LY(D), ag) € LY (Q), fr >0
and vg > 0 such that

|ar(z, 5,€)] < afy (z) + BrlE[PT,
be(,5,6)| < P (x) + Br €,

a(z,5,€) - € > vplelP — oW (@),

for a.e. x € Q and every s € R, £ € R" and t € T with |s| < R; again, such a p
18 clearly unique.

Then we can define a map
H: [WrPQ)NL®(Q)] x T — [W‘l’p'(Q) + L1<Q)]
by
Hi(u) = —=div [a(z, u, Vu)] + be(z,u, Vu) .

Consider also, for each t € T', a p-quasi upper semicontinuous function u, : Q — R and a
p-quasi lower semicontinuous function u; : €2 — R, set

K,={ueWy?(Q)NLQ): v, <a <7 pqe inQ}
and assume the following form of continuity related to the Mosco-convergence:
(MC) for every sequence (t) convergent to t in T, the following facts hold:
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o if (ug) is a sequence weakly convergent to w in Wy (Q), with uy € Ky, for
any k € N and (uy) bounded in L>®(Q2), then u € K;;
o for every u € K, there exist k € N and a sequence (uy,) in Wy P (Q) N L®(Q)
which is bounded in L>*(2) and strongly convergent to u in Wol’p(Q), with
up € Ky, for any k > k.
Then consider the parametric variational inequality

(u,t) € WP (Q) N Le(Q)] x T,

UGKt,

PVI <
( ) /Q[at(:t,u, Vu) - V(v —u) + by(z,u, Vu) (v —u)| dz >0

for every v € K.

\

Theorem 4.1. Let (ug,t;) be a sequence of solutions of (PVI) with (uy) bounded in
L>(Q2) and (tx) convergent to some t in T with K; # 0.

Then (ug) admits a subsequence strongly convergent in W, *(Q) to some u and (u,t) is
a solution of (PVI).

Proof. Let w € K; and let (wy) be a sequence strongly convergent to w in W, ?(Q), with
wy € Ky, for any k£ € N and (wy) bounded in L>(§2). If we set
T =NU{cc},
dk(x7 S, f) = atk<x7 wk(x) + s, vwk<x) + 6) ’
(oo (2, 8,8) = ay(x, w(x) + 5, Vw(r) +§),
be(,5,€) = by, (z, wi(x) + 5, Vg () + €)
boo (1, 5,€) = by, w(w) + s, Vw(w) +€),
Uy, = Wy, — W, Uy = Uy — W,
Uy, = Ty, — Wy, , Uso =Ty — W,
U = U, — Wk,
and define K ) - Koo accordingly, it is easily seen that all the assumptions are still satisfied
and now 0 € Kj. Therefore, we may assume without loss of generality that 0 € K, for

any k € N.
Let R > 0 be such that ||ug|lcc < R for any k € N. We claim that (u}) is bounded

in VVO1 P(2). Actually, by Propositions 3.4 and 3.6, we may assume, without loss of gen-
erality, that

b(x,s,&) > —cozgg)(x) whenever [s| < R.
Then the choice v = —u, in (PVI) yields

0> / lag, (z,wf, V) - V) + by, (z,uf, Vb ) uf] de
Q

ZVR/|Vu,j|pd:v—/ag)dx—c/agg)u:{dx,
Q Q Q

which implies that (u}) is bounded in Wy*(Q).
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In a similar way one finds that (u;) is bounded in W, (), so that (uz) is weakly
convergent, up to a subsequence, to some u in Wy?(Q) and v € K,. Let (z) be a
sequence strongly convergent to u in VVO1 P(Q), with 2z, € Ky, for any £ € N and (z)
bounded in L>®(f).

Let ¢ : R — [0, 1] be a continuous function such that ¢ (s) = 1 for |s| < R and ¢(s) =0
for |s| > R+ 1. Then, let

ay(x,5,6) = 1(s) ay(w,5,8) + (1 —¥(s)) [£]P3€,

bi(x,s,&) =(s)by(x,s,£).
It is easily seen that each (uk,tk) is also a solution of (PV'I) with a; and b; replaced
by a; and b,. Moreover, G; and b, satisfy both the assumptions (UN), (UM) and the

assumptions of [1, Theorem 4.2]. In particular, there exist o® € L*(Q), 8> 0 and v > 0
such that

ét(x78’§) f > v |§|p - a(O)(x) ) |Bt(I7S7§)| < O‘(O)<x) + 6 |€|p

forae. x € Qandevery sec R, E e R"and t € T.
Now, if p < n, the proof of [1, Theorem 4.2] can be repeated in a simplified form, as
(ug) is bounded in L*>(€2). We have only to observe that, if ¢ : R — R is the solution of

B
Pls) =1+ le(s)],
90(0) =0,
then there exists 7 > 0 such that

0 < 7sp(s) < s whenever |s| < R+ sup |2k ,
k

so that
up, — 7 o(u — 21) € Ky, for any k € N.
It follows

/ [dtk (2, ug, Vug) - V(o(up — 21)) + l;tk (2, ug, Vug) o(uy — zk)} dr <0
Q

and now the proof of [1, Theorem 4.2] can be repeated with minor modifications, showing
that (uy) is strongly convergent to u in Wy*(Q). If p > n, the argument is similar and
simpler.

It is easily seen that (u,t) is a solution of (PVI). O

Remark 4.2. In the previous theorem the assumption K; # ) is crucial to ensure that
(ug,) is bounded in Wy (€).

Consider  =|0, 1], ay(x,s,&) = &, b(x,s,) =0, u, = z —t and W@, = z + ¢, where
z € C.(J0, 1) \ Wy (10, 1]).

If ¢, — 0 with ¢, > 0 and (uy, tx) are the solutions of (PVI), then the sequence (uy) is
unbounded in W, ().
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5. TOPOLOGICAL DEGREE FOR QUASILINEAR ELLIPTIC VARIATIONAL INEQUALITIES
WITH NATURAL GROWTH CONDITIONS

Consider again the setting of Section 3. Throughout this section, we also assume that:
(B) the functions u and u are bounded.
It follows that Z'* is automatically bounded in L>(f2).

Theorem 5.1. The set Z' is (strongly) compact in Wy (Q) (possibly empty).
Proof. If K = (), we have Z%" = (). Otherwise the assertion follows from Theorem 4.1. [

Definition 5.2. We denote by Z(F, K) the family of the subsets Z of Z*" which are both

open and closed in Z%" with respect to the I/VO1 P(Q2)-topology. We will simply write Z, if
no confusion can arise.

Fix a continuous function ¢ : R — [0, 1] such that
P(s)=1 fors<1, P(s) =0 fors>2,
then set, for any ¢ € [0, 1] and s € R,
Wy(s) = b(tls]) s
If we consider T' = [0, 1] and define
ar(x,5,€) = Y(t]s]) a(z, s,6) + [L = (t[s])] [€]7€,
bt(xys,ﬁ) =, (b(z, 5,€))
it is easily seen that a;,b; satisfy (UN) and (UM). Moreover, for every t €]0, 1], they
satisfy (UC), if t is restricted to [t,1]. In particular, we can define a continuous map
H: W,P(Q)x]0,1] = W=17(Q) by
Hi(u) = —div [ay(z, u, Vu)] + b(z, u, Vu)
and, by Theorem 2.10, this map is of class (5).

Proposition 5.3. For every Z € Z, the following facts hold:
(a) there exist a bounded and open subset U of WyP(Q) and T €]0,1] such that

Z2=7""NU=2""NnU,

while the wvariational inequality (PVI) has no solution (u,t) € U x [0,t]; in
particular, the degree deg((Hy, K),U,0) is defined whenever t €0, |;
(b) if Yo, 1 : R — [0,1] have the same properties of 1 and Uy, to and Uy, ¢ are as
n (a), then
deg((H:, K), U,
for every t €]0,%] and T €]0,7 ]
(c) if & and b also satisfy (N), (M) a

/ [a(z, u, Vu) - Vv + bz, u, Vu) v] dz
0

) deg<<HT>K)>U170>

= / [a(z,u, Vu) - Vv + b(z, u, Vu) v] dx
Q

for any u € WyP(Q) N L®(Q) and any v € C2(Q),
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then we have R N
deg((Hy, K),U,0) = deg((H,, K),U,0)
for every t €]0,%] and T €]0,1], provided that U, T, U,
to a,b and a,b, respectively.
Proof. By definition of Z, there exists a bounded and open subset U of W, () such that
Z=2"NU=2"nU.
If (ug,tr) is a sequence of solutions of (PVI) with uy € OU and t;, — 0, then (uy) is
bounded in L>*(2) by (B). By Theorem 4.1, up to a subsequence (uy) is convergent to
some u in W, () and u is a solution of (VI). Then u € dU and a contradiction follows.
Therefore, there exists ¢ €]0, 1] such that (PVI) has no solution (u,t) € OU x [0,{] and

assertion (a) is proved.
To prove (b), define

t are as in (a) with respect

U= (1= p)tho + i
and H,, accordingly. Arguing as before, we find ¢ > 0 with ¢ <¢;, j = 0,1, such that

ue K,
(Hip(u),v—u) >0 Vv e K,
has no solution with v € (Uy \ U1) U (U \ Up), t € [0,2] and p € [0, 1].

From Theorem 2.7 we infer that
deg((Ho, K), Up, 0) = deg((Hzo, K),Uo N Uy, 0),
deg((Hyq, K),Uy,0) = deg((Hyq1, K), Uy N Uy, 0) .
On the other hand, we have
deg((Hyo, K), Uy N U, 0) = deg((Hyq, K), Uy N UL, 0)

deg((HLO,K),UO,O) = deg((Ht70,K),U0,0) Vi E]O,%O] ,
deg((HLl,K),Ul,O) = deg((HT,l,K),Ul,O) VT E]O,l_fl] s
by Theorem 2.9. Then assertion (b) also follows.
The proof of (¢) is quite similar. O

Definition 5.4. For every Z € Z(F, K), we set
ind((F,K),Z) =deg((H;, K),U,0),

where 1, U, t are as in (a) and 0 < ¢t < ¢. We will simply write ind(Z), if no confusion
can arise.

Proposition 5.5. Assume that a and b satisfy, instead of (N), the more specific control-
lable growth condition:

(C) there exist p €]1,00[, /¥ € L}(Q), oV € L¥(Q), B> 0 and v > 0 such that
la(a,5,6)] < aW(z) +BlsP~ + B[

b, 5,€)| < a(@) + BsP~ + plel

of,5,€) & 2 VIEP — () = Bl
for a.e. x € Q and every s € R, £ € R™.
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Then the map F : WyP(Q) — W (Q) is continuous, bounded on bounded subsets and
of class (S)y. Moreover, if U is a bounded and open subset of W,*(Q) such that (V1)
has no solution v € OU and

Z ={u€U: wuisa solution of (VI)},

then Z € Z and
ind(Z) = deg((F, K),U,0).

Proof. 1t is easily seen that this time a; and b; satisfy (UC') and (UM), for t belonging to
all [0, 1].

Then the assertions follow from Theorems 2.10 and 2.9. O
Theorem 5.6. Let Z € Z with ind(Z) # 0. Then Z # 0.

Proof. Let U and t be as in (a) of Proposition 5.3. If Z = (), from Theorem 4.1 we
infer that there exists ¢ €]0,¢] such that (PVI) has no solution (u,t) with u € U. From
Theorem 2.5 we deduce that

ind(Z) = deg((Hy, K),U,0) =0
and a contradiction follows. O

Along the same line, the additivity property can be proved taking advantage of Theo-
rems 2.7 and 4.1.

Theorem 5.7. Let Zy, 7, € Z with ZyNZ, = 0. Then ZyU Z, € Z and
ind(Zy U Z;) = ind(Zp) + ind(Z7) .
Theorem 5.8. Let
a:Qx (RxR"x[0,1]) —» R",

b: O x (RxR"x[0,1]) > R

be two Carathéodory functions satisfying (UN) and (UM) with respect to T = [0, 1] and
set

Hi(u) = —div [a(z, u, Vu)] + be(z,u, Vu) .
Let also, ﬁ)r each t € [0,1], u, : @ — R be a p-quasi upper semicontinuous function and

;- 2 = R a p-quasi lower semicontinuous function, define K; as in section 4 and assume
that:

e the functions u,,u; are bounded uniformly with respect to t € [0, 1], we have Ky # ()
for any t € [0,1] and assumption (MC') is satisfied.
Then the following facts hold:
(a) the set
Ztt = {(u,t) € WP () N L=(Q)] x [0,1] = (u,t) is a solution of (PVI)}
is (strongly) compact in Wy*(Q) x [0, 1] (possibly empty);
(b) if Z is open and closed in Z'' with respect to the topology of Wol’p(Q) x [0,1] and
7, = {u e WIP(Q)NL¥(Q) : (u,t) € 2} ,

then Z, € Z(H, K;) for any t € [0,1] and ind((H,, K;), Z) is independent of
t €10,1].
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Proof. First of all, the set Ztot is compact by Theorem 4.1. To prove assertion (b), let W
be a bounded and open subset of Wy (2) x [0,1] such that

Z=27""NW=2Z"nW.
In particular, we have Z, € Z(Hy, K;) for any t € [0, 1].
Let T = [0,1] x [0, 1], let
e (2,8,€) = ¥(7lsl) anlw,s,) + [1 = ¥(rls])] €77,
bt,7($7 S, 5) - \IIT(bt<J;’ S, 5)) )
for (t,7) € T and define
Hi . (u) = —div]a;,(x, u, Vu)| + by (x,u, Vu) ,
Kt,T - Kt .

It is easily seen that a;, and b, satisfy (UN) and (UM) with respect to T, so that we
can consider the problem

((u, (t, 7)) € WP (Q) N L=(Q)] x T,

uc Kt,‘ra

5.1
(5:1) /Q[at,f(a:, u, Vu) - V(v = u) + by (z,u, Vu) (v — u)] dz > 0

\ for every v € K, .

Since [0, 1] is compact, by Theorem 4.1 there exists 7 €]0, 1] such that (5.1) has no solution
(u,(t,7)) with (u,t) € OW and 0 < 7 < 7.
By Definition 5.4 we infer that

ind((Hy, Ky), Z) = deg((Hy 7, K;), Wy, 0)  for any ¢ € [0, 1]
and the assertion follows from Theorem 2.9. O

Remark 5.9. By Theorem 5.8 and Proposition 5.5, ind((F, K), Z) can be calculated also
by other approximation techniques, with respect to the one used in Definition 5.4.

Theorem 5.10. If K # (), then ind(Z"") = 1.

Proof. Define, for 0 <t <1,
0u(,5,€) = ta(r, 5, ) + (1— ) g€
bt(x7 S, f) = tb(l‘7 S, 5) .

It is easily seen that a; and b; satisfy assumptions (UN) and (UM), so that Theorem 5.8
can be applied. If we take Z = Z' we get

ind(Z"") = ind((Hy, K), Z,) = ind((Ho, K), Zy) .

Let ug € K and let
U={ueW?Q): |[Vul2 <r},

with r large enough to guarantee that ug € U, Z) C U and

/ |Vu[P~2Vv - V(v — ug) doz > 0 for every v € 9U .
Q
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From Proposition 5.5 and Theorem 2.6 we infer that
ind((Ho, K), Zy) = deg((Ho, K),U,0) = 1
and the assertion follows. O

Proposition 5.11. Let Z € Z(F,K) and let ¢ € ® and ¥ € ©. Then Z¥ € Z(F?, K¥),
Z € Z(Fy,K) and

ind((F,K),Z) =ind((F¥,K¥),Z%?) = ind((Fy, K), Z) .
Proof. 1f we set
pi(s) = (L —=t)s+tp(s),  Uils) = (1 —1) +t(s),

the assertion follows from Theorem 5.8. O

6. PROOF OF THEOREM 1.1

We aim to apply the results of the previous sections to

(l(ZL‘, S, 5) = A(‘T’ 8)5 ) b(l‘7 Sy g) = B(ZL‘, S)|£|2 - g(%, 3) :
By hypothesis (hi), assumptions (V) and (M) are satisfied with p = 2. Moreover, if M
and M are as in hypothesis (hy), then u = M and @ = M satisfy assumption (B).
Denote by (Ax), £ > 1, the sequence of the eigenvalues of (1.3), repeated according to

multiplicity, and set, for a matter of convenience, \j = —oc.
Finally, define F', K, Z'", Z and ind(Z) as before, observe that K # () and set

Zy={ueZ""\{0}: u>0ae inQ},
Z_={ueZ""\{0}: u<0ae inQ}.
It is easily seen that
a?(z,5,8) = A%(z,5)6,  b(x,5,6) = B?(x,3)[¢]" — g°(,5).
Let us also set
Ay(z,s) =1(s) A(z, s), By(x,s) =9 (s) A(z, s) + 9(s) B(x, s),
go(x,s) = 0(s) g(, ),
so that
ag(w,s,€) = Ag(x,5)s,  bo(w,s,6) = By(w,s)IE]" — go(,5).

Proposition 6.1. For every R > 0 there exist 91,75 € O, depending only on Br and vg,
such that

By, (z,s) <0< By,(z,s) for a.e. x € Q and every s € R with |s| < R.
Proof. 1t is a simple variant of Proposition 3.6. U

Proposition 6.2. Let
J:OxR—=R
be a Carathéodory function such that for every R > 0 there exists fr > 0 satisfying
|g(x, s)| < Br for a.e. x € Q and every s € R with |s| < R

and such that o
G(z, M) >02> g(x, M) for a.e. x €.
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If u is a solution of the variational inequality (V1) with

a(a:, 575) = A(l‘, 8)£> b(‘% Své) = B(l‘, 5)|£’2 - g(xv‘S) )

then u satisfies the equation

/Q[A(:v, w)Vu - Vo + B(z,u) |[Vul* v] dz
= /Qg(x, u)vdz for any v € Wy (Q) N L=(Q).
Proof. Let v € Wy *(Q) N L=(Q) with v > 0 a.e. in Q, let ¢ > 0 and let
uy = min{u + tv, M} .
Since u; € K, it follows

%/A(x,u)Vu~V(ut—u)dx
Q

U — U U — U

dx

>~ [ B VP "ot [ g
Q Q

= _/ B(z,u) |Vul? ut_uda:+/ g(x,u)
{u<M} {u<M}

On the other hand, we have

U — U

dx .

% / A(z,u)Vu - V(uy — u) dz
Q

1
= / A(z,u)Vu-Vodr — - / Az, u)|Vul? dz
{utto<M}

{ut+tv>M}

< / A(z,u)Vu - Vodz,
{ut+tv<M}

whence

/ A(z,u)Vu - Vodz
{ut+to<M}

>~ [ B |V
{u<M}

U — U U — U

dx + / g(z,u) dx .
{u<M}
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Since 0 < u; — u < tv, we can go to the limit as t — 01, obtaining

/ A(x,u)Vu-Vodr = / A(z,u)Vu - Vodz
Q

{u<M}

> —/ B(x,u) |Vu|21)dx—|—/ g(x,u)vdx
{u<M}

{u<M}

:—/B(x,u)|Vu|2vdx+/§(x,u)vdx
Q Q

—/ G(z, M)vdx
{u=T1}
2—/B(m,u)|Vu|2vdx+/§(x,u)vda:.

Q Q

Arguing on u; = max{u — tv, M }, one can prove in a similar way that

/A(:B,u)Vu-Vvd:US —/B(x,u)|Vu|221d:£—l—/§](x,u)vd:v,
Q 0

Q
whence

/ [A(z,w)Vu - Vv + B(z,u) |[Vul|*v] doe = / g(x,u)vdx
Q Q

for any v € W,*(Q) N L>(Q) with v > 0 a.e. in Q
and the assertion follows. O
Proposition 6.3. Let Q0 be connected and assume that u € Wol’z(Q) N L>(Q) satisfies
u >0 ae mQ, u>0 onaset of positive measure and

/Q[A(x, w)Vu - Vo + B(z,u) [Vul* v] dz

> / g(z,u)vdx for any v e W,(Q) N L=(Q) with v >0 a.e. in Q.
0

Then we have
esscinf u > 0 for every compact subset C' of €).
Proof. By Propositions 3.4 and 6.1, we may assume without loss of generality that
B(z,s) <0 for a.e. € Q and every s € R with |s| < [|u/s -
Then for every v € W, *(Q) N L®(Q) with v > 0 a.e. in Q, we have

/ A(z,u)Vu - Vodr > / g(z,u)vdr = / v(z, u) uv dx
Q Q Q
with y(z,u) € L*(Q).
From [11, Theorem 8.15 and Remark 8.16] the assertion follows. U

Lemma 6.4. Assume that ) is connected and that A\ < 0. Moreover, according to (hy),
let B > 0 be such that

lg(x, s)| < Bs] for a.e. € Q and every s € R with M < s < M.
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Let also ¢ : R — [0,1] be a continuous function, with ¢(0) > 0 and ¢(s) = 0 outside
|M, M|, and consider the problem

(u,t) € K % [0,1],

(6.1) /Q[A(a:,u)Vu V(v —u) + Bz, u) [Vul]* (v — u)] dv > /Qgt(x, w)(v —u)

for every v € K,

where
9e(x,8) = g(x,s) +1(¢(s) + B 7).
Denote by Z'* the set of solutions (u,t) of (6.1) and let

7 = {(u, e Z": u>0ae inQandu>0 on a set of positive measure} :

Then there exist 0 < r; < ro such that

Zz{amge?mz/m)%M<r%a§</hﬁV@}
Q Q

= {(u,t) e 7. /(u_)2 dr <r? <ry < /(u+)2 dx} .
Q Q
Proof. 1f we set

at(l’, S, 5) = A((L’, S>§7 bt(xu S, g) = B(.I‘, S)|€|2 - gt(‘ra S) )
it is easily seen that assumptions (UN) and (UM) are satisfied. From Theorem 5.8 we
infer that Z'" is compact in W, ?(Q) x [0, 1].
First of all, we claim that there exists ro > 0 such that

ZC {(u,t) ez 2 < /(u+)2dx} :
Q
By Propositions 3.4 and 6.1, we may assume without loss of generality that
B(z,s) >0 for a.e. x € Q and every s € R with M < s < M.

Assume, for a contradiction, that (u,ty) is a sequence in Z with |Jug||2 — 0. Then we
may suppose, without loss of generality, that (uy) is convergent to 0 in W, 7(Q) and a.e.
in 2 and that (¢;) is convergent to some ¢ € [0, 1]. Let uy = 72 with 7, = ||[Vuy||2 and,

up to a subsequence, (z;) weakly convergent to some z in W, *(Q).
If v e K\ {0} with v >0 a.e. in Q, we have

/Q[A(x, up) Ve - V(v —w) + 7 B(w,ug) [Va]* (v — )] da
> /Q g(l', Tka) (’U . uk) dx + t_k g w(uk)(v — uk) da:’

- Tk Tk

which implies that (¢;/7%) is bounded hence convergent, up to a subsequence, to some
o> 0.
Then we also get

/ A(z,0)Vz - Vodr > / Dyg(z,0)zv dx + o (0) / vdr  forany v € K,
Q Q Q
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whence

/Q [A(z,0)Vz - Vv — Dsg(z,0)2v] de = o 1)(0) / vdx

Q
for any v € W,2(Q) N L>(Q).

If we choose v = ¢, where (; is a positive eigenfunction of (1.3) associated with A; < 0,

we get
A\ /zgol dx = o1)(0) /gpl dr ,
Q Q
whence z = 0.

Finally, the choice v = 0 in (6.1) yields
/ Az, ug)| V| do < / [A(z, w) |Vl + 7 Bz, wy) [Va|? 2] do
0 Q

t
Q Tk Tk Ja

We infer that | Vz;||s — 0 and a contradiction follows.
With this choice of 15, we also have

ZC {(u,t) € 7M. /(u_)2 dr <r?<ri< /(uﬂ2 dx}
Q Q

c{uneze: [wrwsi<ns |
Q

Q

(u™)? da:'}
for every r; €]0,73]. Now we claim that there exists 1 €]0, ro[ such that

{(u,t) e 7! . /(u‘)2 dr <r?<ri< /(uﬂ2 dx} CcZ.
Q Q
By Propositions 3.4 and 6.1, now we may assume without loss of generality that
B(z,s) <0 for a.e. x € Q and every s € R with M < s < M .

Assume, for a contradiction, that (uy, tx) is a sequence in the set at the left hand side with
(u, t) & Z and llug, []2 = 0. Then, up to a subsequence, (uy) is convergent to some u € Z
in W,"(Q) and a.e. in ©, while (¢;) is convergent to some t € [0, 1]. By Propositions 6.2
and 6.3 we have u > 0 a.e. in Q. If we write u;, = 7,2, with 7, = |[Vu, ||2, we have that
(21) is weakly convergent, up to a subsequence, to some z in W,(€Q) and, on the other
hand, (2) is convergent to 0 a.e. in 2, as u > 0. The choice v = | in (6.1) yields

/ [A(z, we)Vuy, - Vuy, + Bz, we) [Vug|* v, | dae
0

z/ﬂg(x,uk)u,;dqutk/Q[@/)(uk)—i-ﬁuﬂ u,, dx,

whence

—/A(x,uk)|Vzk|2dx2/Mzkdaz.
Q 0

Tk
We infer that [|[Vzx|l2 — 0 and a contradiction follows. O
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Proposition 6.5. If € is connected and Ay < 0, then we have Z,,7Z_ € Z and
ind(Z;)=ind(Z_) =1.

Proof. Let g, Zt°t, Z, r1 and 75 be as in Lemma 6.4. We aim to apply again Theorem 5.8

with

at($7 S, 5) = A(l‘, 5)67 bt(xa S, 5) = B(ZL’, S)|€|2 - gt(xv S) .

By Lemma 6.4 the set 7 is open and closed in Z't. From Theorem 5.8 we infer that
Zy=7y€ Z(Hy,K)=Z

and that

ind (Z,) = ind ((HO, K), ZO) — ind ((Hl, K), Z1> .
Now we claim that Z; = Z!°'(H,, K). By Propositions 3.4 and 6.1 we may assume without
loss of generality that
B(z,s) <0 for a.e. z € Q and every s € R with M < s < M.

If we take v € K \ {0} with v > 0 a.e. in Q in (6.1), we see that 0 ¢ Z'"'(Hy, K).
Moreover, if u € Z"(H;, K), the choice v = u™ yields (v — u) = u~, hence

— / Az, uw)|Vu™ > do > / [A(z,w)Vu - Vu~ + B(z,u) |Vul*u™ | do
0

Q
> / g1(z,uw)u”dx > 0.
Q

Therefore ©~ = 0, whence u € 21 and the claim is proved.

From Theorem 5.10 we infer that

ind ((Hl, K), 21) = ind ((H;, K), 2% (H,, K)) = 1

and the assertion concerning Z, follows.

The assertion concerning Z_ can be proved in a similar way. 0
Proposition 6.6. If there exists k > 0 with Ay < 0 < A\gy1, then {0} € Z and

ind ({0}) = (—1)F.

Proof. If we set
At(ZL‘,S) :A<J},t8), Bt(ZL’,S):tB(lL‘7tS),

9z, ts) if0<t<1,
gi(z,s) = t
Dsg(x,0)s ift=0,

at(x,s,&) = Az, 5)E, bi(z,5,&) = By, 8)|€]* — gi(z, 5),
it is easily seen that assumptions (UN) and (UM) are satisfied. We aim to apply Theo-
rem 5.8.

We claim that there exists r > 0 such that, if (u,t) € Z* and ||[Vulls < r, then
u = 0. Assume, for a contradiction, that (ux,?;) is a sequence in Ztt with ur # 0 and
|Vuglla = 0. Let up = 72, with 7, = ||Vugll2 and, up to a subsequence, (z;) weakly
convergent to some z in W,*(Q) and (t) convergent to some ¢ in [0, 1].
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Given v € K, if t;, > 0 we have

(6.2) / (A, tyun) Vag - V(0 — wg) + b Bla, tyw) [Vl (v — )] do
Q
> / g(xatkuk) (U _ Uk) dz
Q 173
whence

/ [A(z, thue) Vg, - V(v — wg) 4+ ity Bz, tewg) Vi |* (v — wy) ] da
Q

>/M(U_uk)dx,
Q

N Trtk
Going to the limit as k — oo, we get

/ A(z,0)Vz - Vvdx > / Dyg(z,0)zv dx for any v € K.
Q Q
If t, = 0, we have

/QA(QE, 0)Vz - V(v — ug) dx > /QDsg(x, 0)zk(v — ug) de

and the same conclusion easily follows.
Then we infer that

/ A(x,0)Vz - Vvdr = / Dyg(x,0)zv dx for any v € W,2(Q) N L>(Q),
0 Q

whence z = 0, as 0 is not in the sequence ().
By Propositions 3.4 and 6.1, we may assume without loss of generality that

B(z,s) >0 for a.e. x € Q and every s € R with M < s < M.
If t; > 0, the choice v = —u,, in (6.2) yields

/ A, tug) [V 2 P dao < / [Az, thu) V212 + Tty B, tewy) [V 27 ] da
0 Q

</Mz+dx
Q

9

Tilk k

which implies that ||[Vz |l = 0. If ¢, = 0 the argument is analogous and simpler. In a
similar way one can show that || Vz, || — 0 and a contradiction follows. Therefore, there
exists 7 > 0 with the required property.

In particular, we can apply Theorem 5.8 with

Z = {0} x [0,1],
obtaining R
(V=27 € ZH,K)=Z
and
ind ({0}) = ind ((H, K), Z1) = ind ((Ho, K), Zo ) = ind ((Hy, K), {0}) .
On the other hand, if we set
U={ueW?Q): |Vullz <r},
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from Proposition 5.5 we infer that

ind((Ho, k), {0}) = deg((Hy, K), U, 0).

Now, if we set

T K if0<t<1,

K pu—
) W) ift=0,

from [11, Theorem 4.53 and Proposition 4.61] we deduce that

deg((Ho, K), U, 0) = deg((Ho, Wy™*(2)), U, 0) .

Finally, from [13, Theorem 2.5.2] it follows that

deg((Ho, Wy*(92)),U,0) = (—1)*.

Proof of Theorem 1.1.
From Proposition 6.5 we know that

ind(Z,)=ind(Z_)=1.

By Theorem 5.6 and Propositions 6.2 and 6.3 we infer that there exist at least two solutions
w € Z_ and up € Zy of (1.2) with

esssup u; < 0 < ess Cinf us for every compact subset C' of €.
c

Assume, for a contradiction, that

Zt = 7_u{0}uU Z,

with ind ({0}) = 1 by Proposition 6.6. From Theorems 5.10 and 5.7 we infer that

1 =ind (Z"*") =3

and a contradiction follows. Therefore there exists

us € 2\ (Z_u{0}uU Z,) .

By Proposition 6.2 uz is a sign-changing solution of (1.2). According to [10, Theo-
rem VIL.1.1], each wu; is locally Hélder continuous in €. U
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