SINGULARLY PERTURBED CRITICAL CHOQUARD EQUATIONS
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ABSTRACT. In this paper we study the semiclassical limit for the singularly perturbed Choquard equation

Q(y)G(u(y))dy)Q(x)g(u) in RS,

R @ —yl#

where 0 < p < 3, € is a positive parameter, V,Q are two continuous real function on R3 and G is the
primitive of g which is of critical growth due to the Hardy-Littlewood-Sobolev inequality. Under suitable
assumptions on g, we first establish the existence of ground states for the critical Choquard equation with
constant coefficients. Next we establish existence and multiplicity of semi-classical solutions and characterize
the concentration behavior by variational methods.
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1. INTRODUCTION AND RESULTS

The stationary Choquard equation

—Au+V(z)u= (/ Ju@)”
RN | —y|#
where N > 3, 0 < u < N, arises in many interesting physical situations in quantum theory and plays an
important role in the theory of Bose-Einstein condensation where it accounts for the finite-range many-body
interactions. For N = 3, p =2 and p = 1, it was investigated by Pekar in [29] to study the quantum theory of
a polaron at rest. In [19], Choquard applied it as approximation to Hartree-Fock theory of one-component
plasma. This equation was also proposed by Penrose in [23] as a model of selfgravitating matter and is known
in that context as the Schrodinger-Newton equation. For a complete and updated discussion upon the current
literature of such problems, we refer the interested reader to the guide [28]. We also mention [14], where the
fractional case is treated.
In the present paper we are interested in the existence, multiplicity and concentration behavior of the
semi-classical solutions of the singularly perturbed nonlocal elliptic equation

QG 1) orgt), B,

Rs |z —ylH

dy) [ulP~%u, in RV,

(1.1) —2Au+V(z)u = 5“73(
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where 0 < i < 3, € is a positive parameter, V, Q are real continuous functions on R3. As € goes to zero in
(1.1), the existence and asymptotic behavior of the solutions of the singularly perturbed equation (1.1) is
known as the semi-classical problem. It was used to describe the transition between of Quantum Mechanics
and classical Mechanics. For the local Schrédinger equation

—e?Au+V(z)u=g(u) inRY,

it goes back to the pioneer work [15] by Floer and Weinstein. Since then, it has been studied extensively
under various hypotheses on the potential and the nonlinearity, see for example [6,13,15,17,30-32,34] and the
references therein. Particularly, the existence and concentration of solutions for local Schrédinger equation
with critical exponent was investigated in [1,9,12,38]. For a Schrédinger equation of the form

(1.2) —?Au+V(z)u= K(z)u" ' +Q(z)u'~! in RV,

Wang and Zeng [35] proved that the concentration points are located on the middle ground of the competing
potential functions and in some cases are given explicitly in terms of these functions. Cingolani and Lazzo [10]
obtained a multiplicity result involving the set of global minima of a function which provides some kind of
global median value between the minimum of V' and the maximum of K and Q. We also mention the paper [7]
by Ambrosetti, Malchiodi and Secchi where the authors considered the case Q = 0. Among other results, they
proved that the number of solutions of (1.2) is related with the set of minima of a function given explicitly in
terms of V, K, r, and the dimension N. Ding and Liu [13] considered

(—ieV + A(z)? u+ V(z)u = Q(z) (g(Jul) + |u

for u € H}{(RY,C), where A : RN — RY denotes a continuous magnetic potential associated with a magnetic
field B, g(|u|)u is a superlinear and subcritical. Under suitable assumptions on the potentials, the authors
obtained some new concentration phenomena of the semi-classical ground states. It can be observed that if u
is a solution of the nonlocal equation (1.1), for xo € R, the function v = u(xq + ex) satisfies

Q(zo +ey)G(v(y))
R3 |z —yl~
It suggests some convergence, as € — 0, of the family of solutions to a solution ug of the limit problem

—Av + V(zg)v = QQ(xo)(/ Mdy)g(v) in R3.

Rs [T — Y[~

2*—2)

U,

—Av +V(zg +ex)v = < dy)Q(xo +ex)g(v) in R3.

Hence we know that the equation

(1.3) — Autu= (/R Mdy)g(u) in R3

s |z —yl
plays the role of limit equation in the study of the semiclassical problems. To apply the Lyapunov-Schmidt
reduction techniques, it relies a lot on the uniqueness and non-degeneracy of the ground states of the limit
problem which is not completely known for the ground states of the nonlocal Choquard equation (1.3). There
is a considerable amount of work on investigating the properties of this type equation. We refer to Lieb [19]
and Lions [20] for the existence and uniqueness of positive solutions to equation
2
(1.4) —Au+u= (/ Mdy)u in R3.
s [ — Y|
Recently, by using the method of moving planes, Ma and Zhao [22] proved that all the positive solutions of
equation (1.4) must be radially symmetric and monotone decreasing about some fixed point. Which means
that the positive solution of equation (1.4) is uniquely determined up to translations. Especially, they studied
the classification of all positive solutions to the generalized nonlinear Choquard problem
(1.5) —Autu= (/ Mdy) u[P~2u,
RN [T —y#
under some assumptions on u, p and N, they proved that all the positive solutions of (1.5) must be radially
symmetric and monotone decreasing about some fixed point. In [24], Moroz and Van Schaftingen completely

investigated the qualitative properties of solutions of (1.5) and showed the regularity, positivity and radial
symmetry decay behavior at infinity. The authors also considered in [25,27] the existence of ground states
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under the assumption of Berestycki-Lions type and studied the existence of solutions for the nonlocal equation
with lower critical exponent due to the Hardy-Littlewood-Sobolev inequality. For N = 3, 4 = 1 and F(s) = |s|?,
the uniqueness and non-degeneracy of the ground states were proved in Lenzmann, Wei and Winter in [21,33].
Wei and Winter also constructed families of solutions by a Lyapunov-Schmidt type reduction when inf V' > 0
and Q(z) = 1. Cingolani et.al. [11] applied the penalization arguments due to Byeon and Jeanjean [8] and
showed that there exists a family of solutions having multiple concentration regions which are located around
the minimum points of the potential. For any N > 3 and F'(u) = u? with % <p< 2]@/_—2“ in (1.1), Moroz
and Van Schaftingen in [26] developed a nonlocal penalization technique and showed that equation (1.1)
has a family of solutions concentrating around the local minimum of V with V satisfying some additional
assumptions at infinity. In [4,5], Alves and Yang proved the existence, multiplicity and concentration of
solutions for the equation by penalization method and Lusternik-Schnirelmann theory. The planar case was
considered by [3], where the authors first established the existence of ground state for the limit problem with
critical exponential growth and then studied the concentration around the global minimum set. In [37], Yang
and Ding considered the equation

'y
—2Au+ V() = (/ Mdy)up—l in R?,
R

s |z —yl~

and they obtained the existence of solutions which goes to 0 with suitable parameter p and u. To study
problem (1.1) variationally the following Hardy-Littlewood-Sobolev inequality [18] is the starting point.

Proposition 1.1 (Hardy-Littlewood-Sobolev inequality). Let ¢t,7 > 1 and 0 < p < 3 with
1t+p/3+1/r=2,
f € LY(R3) and h € L"(R3). There exists a sharp constant C(t, u,r), independent of f,h, such that
(16) [ [ A2 iy < ot sl
rs JR3 |33 —yl

Ift=r=6/(6—u), then

3_n 3y Tt
C’(t,u,r)=C’(u)—7rur(2 3){“;)} .

In this case there is equality in (1.6) if and only if f = Ch and
h(z) = A(Y* + | — af?)7 0712
for some A€ C,v€R\ {0} and a € R3.
Notice that, by the Hardy-Littlewood-Sobolev inequality, for u € H*(R?), the integral

)|t
[ R
gs Jrs T —y[#

6—p
— L <t<6—p.
g St<6-p

is well defined if

Thus (6 — 1)/3 is called the lower critical exponent and 6 — p is the upper critical exponent due to the
Hardy-Littlewood-Sobolev inequality, we also recall that 6 is critical Sobolev exponent for dimension 3. As
to the best knowledge of us, the existing results for the existence and concentration behavior of solutions
for the Choquard equation were obtained under the subcritical growth assumption, namely ¢t < 6 — p. It is
then quite natural to ask if the nonlinearity g(u) in equation (1.3) is of upper critical growth in the sense
of the Hardy-Littlewood-Sobolev inequality, does the ground state solution still exist? Furthermore, can we
establish the existence and multiplicity results for the singular perturbed critical Choquard equation (1.1) and
characterize the concentration phenomena around the minimum set of linear potential V(x) or the maximum
set of the nonlinear potential Q(z)? In the present paper we are going to answer the above questions and
to investigate the existence, multiplicity and the concentration behavior of the solutions of the Choquard
equation with critical exponent due to the Hardy-Littlewood-Sobolev inequality.
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The first goal of the present paper is to study the existence of nontrivial solution for the critical Choquard
equation of the form

_ viu(y)|*~" + 7F (u(y)) - T :
—Au+ ku = (/R3 P dy> (V\u|4 U+ mf(u)) in R
u € HY(R?),

where 0 < p < 3, k,v, T are positive constants and

u) = /Ou f(s)ds

Since we are interested in the existence of positive solutions, we shall suppose that f : RT™ — R verifies the
following conditions.

(1.7)

There exists p, ¢, ¢ such that

T“<q§p<6—u, S—p<(C<6—upu,

and cg, c; > 0 such that for all s € R:
[f($) < colls|® " +[sP71) and  F(u) > s (f1)
We suppose that f verifies the Ambrosetti-Rabinowitz type condition for nonlocal problems: there is o > 2
with
0 < aF(s) <2f(s)s, VsecR". (f2)
Moreover
{s — f(s)} is strictly increasing on R™". (fs)

Remark 1.2. From (f3) and (f2), we know there is ¢ > 0 such that

f'(s)s* — (1 +¢— %) f(s)s>0, VseRT. (f1)
In fact, since f'(s) >0 and f(s)s > 0, by taking c = 5(§ — 1), we obtain (fs) immediately.
The first result is about the existence of ground state for the autonomous case, that is

Theorem 1.3 (Existence of ground states). Suppose that (f1)-(f3) hold. Then, for any k,v,7 > 0, (1.7)
admits a ground state solution.

Remark 1.4. As observed for the local Schrodinger equation, the subcritical perturbation is necessary to
secure the existence of a nontrivial solution. Note that if f(u) = 0 and u is a solution, we can establish the
following PohoZaev identity

6 n 6—p
/ |Vu|*de + = / |u|2dx7—// D) luly) dzdy.
R3 JR3 |z — gy~

Then £ [, |u|*dz = 0, which means there are no solutions with « # 0.

Next we are going to study the existence of semi-classical solutions with concentration around the global
maximum of Q(z). For simplicity, we assume that V' (z) = 1 and consider

1) - et o ([ QOO FCOD) () (it L p)) w2

R3 |z —y[*

We denote
Vmax 1= Max Q(x), Q:={r€R®:Q(T) = Vmax}, Vmax > Voo = limsup Q(x) (@)

€R3 || =00
and suppose that @ : R® — R is a bounded continuous function with inf,cgs Q(x) > 0. For this case we have
the following theorem

Theorem 1.5 (Semiclassical limit I: concentration around maxima of Q). Suppose that the nonlinearity f
satisfies (f1)-(f3) and the potential function @Q satisfies condition (Q). Then, for any e > 0, equation (1.8)
has at least one positive ground state solution u.. Moreover, the following facts hold:
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(a) There exists a mazimum point x. € R® of u., such that
lim dist(z., Q) = 0,
e—0
and for some ¢,C > 0,

jue(@)] < Cexp (= Ja — ).

(b) Setting v-(z) := u-(ex + x.), for any sequence x. — xo, € — 0, v. converges in H'(R?) to a ground
state solution v of

ot = (| PO g ) (ot 4 ).

Finally we are going to study the existence, multiplicity of semiclassical solutions that concentrating around
the global minimum of V(x). We are going to study

071 + F(u(y)) 1 :
1.9 — AU+ V(z)u=er3 / [u(y)| d 4—p in R3.
(1.9) e Au+ V(z)u =e (RS Ep—" y) (Jul u+6_uf(u)> in
Assume that V : R? — R is a bounded continuous function satisfying:
0 < Kmin 1= m%% V(z), Vi={zeR®:V(2) = kmin}, Fmin < Koo = l‘irlnian(:c) < 0. (V)
aS x|—00

This kind of hypothesis was introduced by Rabinowitz in [32].

Theorem 1.6 (Semiclassical limit II: concentration around minima of V). Suppose that the nonlinearity f
satisfies (f1)-(f3) and the potential function V (x) satisfies condition (V). Then, for any € > 0, equation (1.9)
has at least one positive ground state solution u.. Moreover,

(a) There exists a mazimum point . € R® of u., such that
gii% dist(z., V) =0,
and for some c,C > 0,
jue()| < Cexp (= o~ ).

(b) Setting v-(z) := u-(ex + x.), for any sequence x. — xg, € — 0, v. converges in H'(R®) to a ground
state solution v of

vt = (/RS v(y)[®* +F(”(y))dy> (|v|4_ﬂv+ %f(v)).

|z — y|* 6—

The multiplicity of solutions for the nonlocal problem can be characterized by the Lusternik-Schnirelman
category of the sets V and Vs defined by

Vs = {z € R? : dist(x, V) < 6}, for § > 0.

Theorem 1.7 (Multiplicity of solutions). Suppose that the nonlinearity f satisfies (f1)-(f3) and the potential
function V(x) satisfies condition (V). Then, for any 6 > 0, there exists €5 such that equation (1.9) has at
least caty, (V) positive solutions, for any 0 < & < e5. Moreover, let ue denotes one of these positive solutions
with n. € R? its global maximum. Then

lim V(9:) = Kmin-

e—0
Basic notations:
e C, C; denote positive constants.
e Bp denote the open ball centered at the origin with radius R > 0.
e C5°(R?) denotes the space of the functions infinitely differentiable with compact support in R3.
e For a mensurable function u, we denote by ' and u™ its positive and negative parts respectively, given by

ut (r) = max{u(z),0} and v (z) = min{u(z),0}.
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e E:= H*(R?) is the usual Sobolev space with norm

Julls= ([ (v + u|2>dx)1/2.

e L*(R3), for 1 < s < 0o, denotes the Lebesgue space with the norms

lu|s == (/RB |u|5dz>1/

e From the assumption on V, it follows that

o= ([ v+ Vi)

is an equivalent norm on F.

e Let X be a real Hilbert space and I : X — R be a functional of class C'. We say that (u,) C X is a
Palais-Smale ((P.S) for short) sequence at ¢ for I if (u,,) satisfies

I(u,) — ¢ and I'(u,) — 0, as n — oo.

Moreover, I satisfies the (PS) condition at ¢, if any (PS) sequence at ¢ possesses a convergent subsequence.

2. AUTONOMOUS CRITICAL EQUATION

Since there are no existing results for the nonlocal Choquard equation with upper critical exponent in the
whole space, then we are going to study firstly the existence and properties of the ground state solutions of
the autonomous equation (1.7) which will play the role of limit problem for the equation (1.8) and (1.9). Let

G(u) = v|uls~* + 7F(u) and g(u) = dii"), then equation (1.7) can be rewritten as

—Au+ ku = 5 i p (/]R3 i(u(zﬁ dy) g(u) in R3,

Remark 2.1. Assumption (f3) with @ > 2 implies the existence of constant § > 2 such that Ambrosetti-
Rabinowitz condition for g holds: for every u # 0, 0 < 0G(u) < 2ug(u). Moreover, we also assume that there
is ¢ > 0 such that

g'(s)s* — <1 +¢— Z) g(s)s >0 Vs> 0. (f1)

For all u € D*?(R3) we know

D u@)P e
o N T drdy) ™" < CG3,p) 7l

where C(3, 1) is defined as in Proposition 1.1. We use Sg, 1. to denote the best constant defined by

/ |Vu|*dx
UGD”(RS)\{O} )|+ 6—pu (e
[ [ e,
R3 JR3 Il‘— ‘“

From the comments above, we can easily draw the following conclusion.

Lemma 2.2 (Optimizers for Sy 1). [16] The constant Sy, 1, defined in (2.1) is achieved if and only if

C 7b '
v (b2+lxal2> ’

where C > 0 is a fived constant, a € R® and b > 0 are parameters. Moreover,

(21) SH,L =

(2.2) SaL=————,
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where S is the best Sobolev constant of the continuous embedding DV?(R3) — L? (R3). In particular, let

Co
Uw) = —20
(=) (1+ [z]?)2

be a minimizer for S which satisfies —AU = U®, then
U(a) = S5 03, ) Ula),

is the unique minimizer for Sg,1 that satisfies

6—p
—Au = </ |u(y)ldy) lu[*"Hu  in RS,
R | — Yl

Proof. We sketch the proof for the completeness of the paper. By the Hardy-Littlewood-Sobolev inequality,
we have

|Vu|?dx g
Sup> ———— inf R3 5 - .
C(3, p)5=n ueDL2(R3)\{0} |ulg C(3, )7
On the other hand, the equality in the Hardy-Littlewood-Sobolev inequality (1.6) holds if and only if
6—p

@) =) = ¢ (rp—am) -

where C' > 0 is a fixed constant, a € R® and b € (0, 00) are parameters. Thus

Ju(@)|*#u(y) "
dxd = C(3, o=
/]R3 /]1{3 \I*y|“ ) ( /J/> ‘u|6>

o b :
a(x) _O<b2—|—m—a2> .

Then, by the definition of Sy 1, we know

if and only if

|Vu( )|2dx
Su.rL = ! R

)[6—H 6—p = CB3,p)Te |4l
(/ / |u(x \ |[u(y)| dxdy) (3, 1) 6
r3 JR3 |z — yl~

It is well-known that « is a minimizer for S, thus we get

5
C(3, )5

From the arguments above, we know that Sy, 7, on @ and (2.2) holds. By a simple calculation, we know

Su,r <

)

U(x) = S0 C(3, 1) ™7 Ua)

is the unique minimizer for Sy 1, that satisfies

6—p
—Au = </ Juty) " dy> lu[*""u in R3,
e |z —yl”

6 I U 6—p 9:7“
/ VP = /R /]R E - |EL OE" dudy = s,

which concludes the proof. O

and, moreover,

Next, repeat the proof in [16], we have one more important information about the best constant Sg .
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/ |Vul?dx
Su.() = inf

weDy? )\ {0} (// () [~ u(y )|6_dedy>61#
|z —yl*

and Sp,(Q) is never achieved except for 0 = R3.

Lemma 2.3. For every open subset Q C R3, we have

=Sur,

)

Proof. Clearly Si., < Su.1(Q) by Dy?(Q) € DV2(R3). Let (uy,) C C5°(R?) be a minimizing sequence for
Su,r. We make translations and dilations for (u,) by choosing y,, € R3 and 7, > 0 such that

u’ZrJLnﬂ'n (33) = Té/Qun(TnfL‘ + yn) € 080(9)7

/|Vu%"’7"\2dx:/ |V, [2dz
R3 R3

Yn,Tn 66—y, Yn,Tn 6 1 6 " 6—p
[ [ e T [ 0,
QJQ R3 JR3

|z — yl|~ |z — yl~

which satisfies

and

Hence Sy, () < Sy 1. Moreover Sg () is never achieved except for = R?, since U (x) is the only class
of functions with equality in the Hardy-Littlewood-Sobolev inequality. d

The energy functional associated to equation (1.7) is defined by

@K’V’T(u):%/RB(Wu\Z—i—/ﬂu\g) 6 = /]R /R |l_ Glu)Gu(z)) 4, 4,

From the growth assumptions on f, the Hardy-Littlewood-Sobolev inequality implies that ®,, ,, - is well defined
on F and belongs to C! with its derivative given by

(@), - (u), ) = / (VuVe + ruyp) dm—if / |x yﬁ)) (I)da:dy, Vu,p € E.
R3 R3 JR3 —

Therefore, the solutions of equation (1.7) correspond to critical points of the energy @ ,. . Let us denote by
N, v, the Nehari manifold associated to @, ., defined by {u € E : u # 0, (® u),u) = 0}, namely

KUT(

Newr = {u € E\{0}: / (IVul* + slul*)d “6-u /Rg /Rs Ix — :‘E‘)) (x)dxdy} 7

or equivalently N, = {u € E\ {0} : ¥, , ,(u) = 0}, where we have set

U, (u) = / (IVal + Klu)de — —— u/Rs /]R |$_y|”;)) @) rdy.

From (f3), for each u € E\{0}, there is a unique ¢t = ¢(u) > 0 such that

- (t(u)u) = max @, , - (su), t(u)u € Ny p.r-

520
Furthermore, there exists § > 0 such that
(2.3) llull >4, Vu e Ny r.
By assumption (f}), there exists o > 0 such that

<\II; VT( ) > S -0, Yu € Nﬁ,u,‘r-
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In fact, from (f2) and (f}), a direct computation yields
() =2 [ (Va4 )iz
_ L/ / g(u(y))u(y)g(u(@))u(z) + Gu(y))g' (u(z))u?(z) + Glu)g(u(@)uz) , o\
6 M JRr3 JR3

|z —y|~
G(u(y))[(1 — §)glu(@))u(z) — ' (u(x))u?(z)]
<L o gl ey
< / G(u(y))g(u(z))u(z) dedy
B r3 JR3 |z — y|» '

Therefore, if there exists a sequence (u,,) C N, , - such that (¥/. , _(u,),u,) — 0, then would we have

R, V, T

// (un(y n(x))un(x)dxdy—)(),
r3 JR3 \x—y\“

and consequently [|u,| — 0, which contradicts (2.3). Therefore, N, , » defines a natural manifold and, as it
can be readily checked, minimizing ®,, ., over N, r generates critical point of D,

To get existence of nontrivial solution by Mountain Pass theorem, we need to check that ®, , . satisfies the
Mountain Pass Geometry. For simplicity, we let x = v = 7 = 1 in the sequel. The following lemma is a revised
one of the corresponding version in [2] and we sketch here for the convenience of the readers.

Lemma 2.4. The functional ®; 1,1 satisfies the Mountain Pass Geometry, that is,

(1) There exist p,9 > 0 such that ®11,1]aB, > do for allu € OB, = {u € E: ||u]| = p};
(2) There are r > 0 and e with ||e|| > r such that ®11.1(e) <O0.

Proof. (1). From the growth assumptions on f and the Hardy-Littlewood-Sobolev inequality, we derive

1 _
P1a(w) 2 3l = CQlul* + ul26),

then (1) follows if p is small enough. (2). Fixed ug € E \ {0}, we set 1(t) := ¥ () > 0, where

llwoll
1 Glu(z)Gluly)) ;.
Y= 56— /]R3 /R3 FEr

By the Ambrosetti-Rabinowitz condition (fs),
Y'(t)
¥(t)

Integrating over the interval (1, s|lug||) where s > Hu—l()”, we find

W(suo) 2 ¥ () ol

for t > 0.

«
>
1

Therefore, for s large we get
@1’171(811,0) S 0182 - CQSa.
Since a > 2, (2) follows with e = sug and s large enough. O
By the Mountain Pass theorem without (PS) condition, there is a (PS) sequence (u,) C E such that
)4 (un) =0, @111 (un) = my,
where the minimax value m, 1,1 can be characterized by

2.4 — inf By (t inf @ .
(2.4) mi ue}g\{o}qlgg 11,1(tu) = ot 1,1,1(w)

By using the Ambrosetti-Rabinowitz condition, it is easy to see that (u,) is bounded in E. The next lemma
establishes an important information involving (PS) sequence which will be crucial later on.
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Lemma 2.5 (Nonvanishing energy range). Assume that (u,) C E is a (PS).-sequence with

5—p [ S=o
— Sy k.
2(6 — )~ 1F

Then (uy) cannot be vanishing, namely there exist 7,6 > 0 and a sequence (y,) C R such that

liminf/ || ?dz > 6.
Br(yn)

O0<ce<

n—00

Proof. By contradiction, if (u,) C E is vanishing, then [36, Lemma 1.21] yields
u, — 0 in L"(R?),

as n — 0o, where 2 < r < 6. Choose t, s close to % satisfying
1t+p/3+1/s=2.

Applying the Hardy-Littlewood-Sobolev inequality, we know

u" 6 #f Un T
‘/R /RSI )l (@)un(2) dy‘ < Clun [ o (il + unl2,),

|z — yl|~

from where it follows

[ [ W f @) o [ ] =t I E () 0

|z —y|» |z —y|»

as n — oco. Similarly,

/}Rs/ﬂw (un (y |x_y|(#))un( )dxdy_>0 /Rg/m un|x_y|# (x))dxdyﬁo’

as n — co. Then, since (u,,) is a Palais-Smale sequence for ®1 11 with @11 1(u,) — ¢, we get

1 |un (2)|°~#un (y)|°~*

2.5 c:fun2 / / dxdy + o,(1
(25 O g I R e y+ 0n1)
un 6 Mun 6—pun

(2.6 = [ [ PO gy 4o, 1),

If ||un|| — 0, then it follows from (2.5) and (2.6) that ¢ = 0, which is a contradiction. Then |lu,|| /4 0 and, by
virtue of formula (2.6), we obtain

(2.7) lunl® < St 2 lun P07 + 04 (1)

So in light of (2.7) we get

lim inf [[u,||% > 361/ G-,
n—oo ?

Then from (2.5) and (2.6) we easily conclude that ¢ > (5 — u)/(2(6 — u))S}?’_L“)/w_“), contradiction the
assumption. Hence, there exist 7,6 > 0 and (y,,) C R? with liminf,, fBT(Un) |up |2dx > 6. O

Lemma 2.6. Suppose that (f1)-(f3) hold. Then there exists ug € H*(R?)\ {0} such that

B 11 (tug) < ——F g7+
su U —_— .
t>p 1,1,1 0 (6—#) H,L

Proof. For every € > 0, consider
x
Ud(z) == VU (g) L ue(z) = (@) Ue(z), =R,

be the functions in formula (7.1) in the Appendix, where ¢ € C§°(R?) is such that ¢ = 1 on B(0,§) and
¥ =0 on R3\ B(0,26) for some § > 0. From Lemma 7.1 and [36, Lemma 1.46], we know that

/RS Jue [ di = C(3,u) 77 85, + O(e%),
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(28) [, 19uclds = 00T 5, + 000,
(2.9) [ fuePds =060,
g
(2.10) /R /R [ue (@ ||i i'ZVE D ey > C3,1)3 8,7 —o( ;)
(2.11) /R/R Juc(@ |m|_|“|1 DI 4, dy > O(e5~ ﬂ*C)—o(sﬁ’T“), if S < ¢ < 6— .

Then the estimates (2.8)-(2.11) imply

£2 t2(6 2 Jue ()]0 H ue (y)|*+
(0] t < — \Y% dxd
) < 5 [ Vel uhte = g [ [ ARy
C ¢
/ / |ue (x | |u5 )l [AE)T W) Gy
R3 JR3 |z —yl~
t2 3 3 t2(6*#) 3 6—u 6-p
< 5(0(3#)6*“ 2Si . +0(e)) = M(O(&U)2SH2L ~-0(e2))
26 6=

Then h(t) — —oo as t — +oo, h(0) = 0 and h(t) > 0 as t — 0. In turn, there exists t. > 0 such that supg+ h
is attained at t.. Differentiating h, we obtain

6—u m

(CE.WT TS5 +O(e)) — 1201 2(C(3, 1) 8,7, — O

6—p

)) =220+ ) — 0 7).

Since 0 < p<3and5—p<¢<6—pthen 6 —pu— ¢ < (6—p)/2. Hence, as € — 07 we have
1

3 TE—=3

CBWTISE, +0@E)\

S—_p 6—p
=)

and there exists tg > 0 such that, for € > 0 small enough, ¢. > ¢y. Notice that the function

te < Su,p(e) =

C(3,1)2 57, — Ole

Lo w5t 10 Lo o ESy — 0"
i 2(6—pn) §2 - 2 — 2
t’_> 2 ( ( 7:U/> H,LJ'_ (E)) 2(67/14)( ( M) (E ))
is increasing on [0, Sy 1 (€)], thanks to tg < t. < S 1(€), we have
3 3 575
— C3,u)26e-m Sz, +0(e —u
1’%135{@1,171(75’1115) S 2(56 M) ( ,u) s L ( ) 1 O( oo C) +O( 2 )
> 4 3 % 6—p 6—n
(CEwis - 0E=)
< DTG L O(e) — O ) + 05
“206—p) "

Since 0 < p<3and b —pu < ¢ <6—pu, we know that 6 — u — ¢ < 1, and therefore

1%12::18( Dy 1(tu.) <

if € is small enough. The proof is completed. O
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3. PROOF OF THEOREM 1.3.

By Lemma 2.4 and Lemma 2.6 and the Mountain Pass Theorem without (PS) condition (cf. [36]), there
exists a (PS)m, , ,-sequence (u,) C E of ®; 1 with

5—p S=e
s
2(6 —p) "

Furthermore, by Lemma 2.5, there exist r,§ > 0 and a sequence (y,,) C R? such that

my11 <

lim inf |, |?dx > 6.
n—oo B’V‘(y"l)

Since ®; ;1 and @7 ; ; are both invariant by translation, without lost of generality we let y,, = 0 and

(3.1) / |2z > 2.
B.(0) 2

Since (uy) is also bounded, we may assume u, — u in E, u,(z) — u(z) a.e. in R?, u, — win LI
and v # 0 by (3.1). We first check that if u,, — v in F, then

(3.2) /]R3 /R3 Jtn (9)|°~H un () [*~Pup (2) dmy_>/Rg /Rg Y) |8 ju(x )|4_“u(m)¢(x)dxdy7

|z — yl~ |z — yl~

(R®),p<6

for any ¢ € F, as n — 4+o00. By the Hardy-Littlewood-Sobolev inequality, we have

6
If |z —y|™"e <C|f| s, forall fe _——.
m 6—p 6_/'1/

Choosing f,(y) := |un(y)[** € L77 (R3), we get
[un ()|°~ 5 2 =y |5 < Clunls < C.

Therefore, by Holder inequality with exponents % and %7 the sequence

(lun @)1 5 & = 1) [ (@)t (1)

is bounded in L%°(R?). Then, as n — -+o0, by duality we have
[ sy — [ O eyt n @)
R3 |x—y|ﬂ 3 |x—y|ﬂ
as n — +o00. Then (3.2) follows for every p € E C L5(R3). For ¢ € C§°(R?), notice that
1 G(u(y))g(u(z))e(z) / / |u(y)*~" + F(u(y)) a- 1
dxdy = d " d
s [ o) g, [ ([ OO ) (o) + ot ot

since f is subcritical in the sense of the Hardy—Littlewood—Sobolev inequality, it is then easy to prove

/RS /R el E _u;];(») Ly —>/RB /R |m_y|a;)) ) vy,

Then u is a nontrivial critical point for ®; ; 1. By Fatou’s Lemma, since g(s)s — G(s) > 0 for all s, we get

1
mii1 < @ra(u) — 5@/1,1,1(“),@

1 (9(u(@))u(z) — G(u(x)))G(u(y)) .
= 2(6 — 1) /Rs /Rs |z — y|» drdy
: 9(un(2))un(z) = G(un(2))) G (un(y))
< nh—>nolo — ) /Rg /R:s |z — y|* dedy
= Qq,1,1(un) — %<(I)I1,1,1(Un)»un> — M1,1,1,
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we know @1 1 1(u) = mq 1,1, which means that u is a ground state solution for ®; ;1. Rewriting the equation
(1.7) in the form of

H
—Au+u = < (u(y))u(y)dy) K(u) inR3
re |z =yl
where
b= F 1
H(u) := w K(u) := |u|*"u + mf(u) € L5 (R?) + L5 (R?).

By [25, Proposition 3.1], we know u € LP(R?) for all p € [2,18/(3 — p)). Using the growth assumption of f
and the higher integrability of u, the Hardy-Littlewood-Sobolev inequality yields, for some C' > 0,

G
/ (v ”dy\ < Ollal® + [ul? + ful?| = < O(JulSy + luly + s, ).
R3 “/I; |M 3—n 3—p 3—pn

which is finite since the various exponents live within the range [2,18/(3 — p)). Thus,
4 L 3
—Au—l—uSC(M ”u+67f(u)) in R°.
—p

By the Moser iteration, the solution u of (1.3) is classical, bounded and it decays to zero at infinity. |
Lemma 3.1. There are C, > 0 such that the ground state solution satisfies |u(x)| < Ce=P1*l for x € R3.

Proof. By the previous discussion, we have

1 1
—Au+ U < C(Jul*Fu+ flu)) — Fu-

Since u(x) — 0 uniformly as |x| — 400, we find pg > 0 such that for |z| > po the right hand side is negative.
It is then well known that —Awu + u/2 < 0 yields an exponential decay on R3. ]

The following is a comparison result for the mountain pass values with different parameters «,v, 7 > 0,
useful in proving the existence result for (1.1) when e is small enough.

Lemma 3.2 (Monotonicity of energy levels). Let k;,v;,7; > 0, ¢ = 1,2, with min{xs —k1,11 —va,71 — T2} > 0.
Then

m’il sV1,T1 S m’{21l’277—2 °

If additionally, max{ky — k1,11 — V3,71 — T2} > 0, then the inequality is strict.

Proof. From Theorem 1.3, let u be a weak solution of problem (1.7) with coefficients kg, Vo, 7o at the energy
level @y, 1, rp (W) = Mgy vy 7. By (f3), we know there is a unique ¢ = ¢(u) > 0 such that

D@y vy (Hu)u) = I?ggi Dy inmo (SU), t(u)u € NnQ,Vg,m'

Since u € Ny 1y 0, Wwe know t(u) =1 and so

¢W27V2,72 (u) - I?BX (bfiz,l/m‘rz (tu)

Similarly, there exists ¢y > 0 such that ®,, ., -, (fou) = max;>o Px, vy, (tu). Then

m = inf max® tw) < max P tu
K1,V1,T1 U}GE\{O} t>0 "517”1,7—1( ) t>0 K1, V17Tl( )

= q)ﬁlﬂflﬂ'l (tou) < (I)Hz,l’z,‘l'z (toU) < (bfiz,lfz,‘rz (u) = Mky,vp,725

which concludes the proof. The proof of the strict inequality is similar. O
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4. CRITICAL EQUATION WITH NONLINEAR POTENTIAL

In this section we will consider the existence and concentration of the solutions of equation (1.8). Consider

1 ~Autu=
(scCi) u+u 6_M(Rs T

where we still use the notions G (u) = |u|®~# + F(u). By changing variable, it is possible to see that the above
equation is equivalent to equation (1.8). The energy functional associated to (SCC1) is

L) =g [ (VP 4 aP)de = b, i) i= gt [ QEICRIEEC)

The Nehari manifold associated to I, will be denote by N, that is, A, = {u €EE:u#0,I(u),u) = 0} and
there exists a > 0, independent of &, such that
lull > «, YueN:..

Similar to Lemma 2.4, we know I, also satisfies the Mountain Pass Geometry and assumption (f3) implies
that the least energy can be characterized by

(4.1) Ce = ulenjffg I.(u) = uelEn\f{O} max I (tu),

dxdy.

and there exists ¢ > 0, which is independent of €, such that ¢, > c.
4.1. Truncating techniques. For d € [Vmin, Vmax|, We set

Q%(ex) := min{d, Q(cx)}
and introduce the first auxiliary problem for equation (SCC1) by considering

1 Q4(ey)G(u(y)) d

d .
e ey )@ ()
The associated energy functional is defined by

o L o g ! Qen)Cuw)Q er)Glulz) |
IE(“)_2/RS (vl + uf*)d 2(6#&)/]1@3 . [ — dady.

The associated Nehari manifold is N = {u € E : u # 0, ((I2)'(u),u) = 0} and the least energy is 2.
Lemma 4.1. Suppose that f satisfies (f1)-(f3). Then

—Au+u=

lim sup cg < My Qd(0),Q4(0)-
e—0

Proof. Let u be a ground state solution of (1.7) with coefficients (1,Q%(0), Q%(0)), that is

D1 a(0),04(0) (1) = M1,Qd(0),04(0)-

Then there exists a unique . = t.(u) > 0 such that t.u € N¢ and ¢ < I9(t.u). From the boundedness
of Q, by the arguments in Lemma 2.4, there exists 7' > 0 independent of ¢ with I¢(su) < 0 for all s > T.
Consequently, t. < T and we may assume that t. — ty. Observe that

d dex) — Q? d U u(x
I4(tou) = @1 a0y 00y (lett) — ﬁ/w /&3 [Q%(ey) Q" (ex) — Q7(0)Q*(0)]G (u(y)) G (u( ))dxdy.

|z — yl|~

Once that @ is bounded and t. — tg, applying the Lebesgue’s Dominated Convergence theorem, we know

limsup ¢? < lim sup I%(¢.u)
e—0 e—0

= lim S(l)lp ((I’LQd(())’Qd(O) (teu) + 08(1)>

E—r
= 01,ga(0),01(0) (torr) < P1,ga(0),02(0) (1) = M1,4(0),Q4(0)>
which concludes the proof. O

Next, we prove an upper bound for the Mountain Pass level ¢, in (4.1).
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Lemma 4.2. There holds

limsup ce <M1 ppas vinax-
e—0

Proof. If d = Vpayx, then Q4(ex) = Q(ex). Consequently, c? = c.. Then, by Lemma 4.1,

hm sup Ce S ml,Vmax sVmax *
e—0

This completes the proof. (|
To consider the existence of solutions concentrating at the nonlinear potential, we will partially truncate the

nonlinear potential @ in front of the subcritical term and introduce the second auxiliary problem for equation
(SCC1). For € € [Vmin, Vmax), We set Q°(ex) := min{e, Q(ex)} and consider

Qey)lu(y)*" + Q°(ey) F(uly)) ,
R3 |z —yl~
The associated energy functional is defined by

B = [ vty [ [ QO G Qe + PP,

|z — y[»

Q°(ex)
6—p

fAquu:( y)[Q(ex)|u|4f”u+ f(w)] in R

the corresponding Nehari manifold and least energy are J\7§ and ¢¢. Related to the above functional, we have
an important lower bound for the level ¢¢.

Lemma 4.3. ¢Z > mi . .-
Proof. Since Q°(ex) < e and Q(ex) < Vmax, from the characterization of the value mq . ., we know

inf max IZ(tu) > inf max @y, . (tu),
wEE t>0 wEE >0

namely the assertion. O
4.2. Existence for Theorem 1.5. In this subsection, we will prove Theorem 1.5.

Lemma 4.4. Suppose that the potential function Q satisfies (Q) and the nonlinearity f satisfies (f1)-(f3).
Then the minimaz value c. is achieved if € is small enough. Hence, problem (SCC1) admits a least energy
solution if € is small enough.

Proof. From Lemma 4.2, there holds

lim sup e < 1M1 vy v
e—0

Furthermore, we know
6—p

= =
M o Vimax < 2(6 — M) Vm;x“slsf,f'

Since the least energy c. can be characterized by

= T

we can choose a minimizing sequence (u,) C M. of I. such that I.(u,) — c.. By Ekeland’s variational
principle [36], we may also assume it is a bounded (PS) sequence at c¢.. Without loss of generality, we assume
that u, — u. in E with I’(us) = 0. To complete the proof, we need to show that ue # 0 if € is small enough.
On the contrary we assume that there exists a sequence ¢; — 0 with u.; = 0. For each fixed j, let (u,) C NEJ.
be a (PS) sequence of I, at ¢e; such that u, — u., = 0in E. Select vpin < € < Vpax and consider the
functional I~§j. Note that for each u,, there is a unique ¢,, such that t,u, € /\N/'fj , we claim that the sequence
(tn) is bounded. Indeed, suppose by contradiction that ¢, — oo as n — oco. Since (u,) is bounded and
lun||?> > @, we know that there exist (y,) C R? and r,6 > 0 such that

/ |un|?dz >0, neN.
Br(yn)
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Otherwise, u,, — 0 in L3(R3), 2 < s < 6, and we can get
1 5— Qi) |[un ()5 Q(e ) |un ()6~
Isj(un)_7<-[é.(un);un>: M / (.] )‘ ( )‘ (] )‘ ( )‘
20 2(6 — ) Jgs Jps |z — gy~
Notice that (u,) C N, is bounded minimizing sequence at c.;, we have

dzxdy + 0, (1).

1 1 . n 6—p ) n 6—p
w2 L [ [ el ey,
2 2(6 — 1) Jrs Jrs |z —yl~ !
. 6—p . 6—p
R3 JR? |z —y|»
And so we get
6 “w 6—p
(4.4 funlP < 02 [ [ PO iy < 02, s 200
R3 |z —y|~

6—u
2(5 M)

If [[uy|| — 0, then c., = 0, a contradiction. Consequently, ||u,|| - 0. So by (4.4) we get |lu,|| > Vmafx “Su
Then from (4.2), (4. 3) and (4.4) we easily conclude that
5 — 14 52u 6:u

CEJ = m%nax 515{’57

which contradicts with the assumption. Hence (u,,) is non-vanishing. Thus, v, (x) = u,(x + y,) is bounded in
E and its weak limit v € FE is not zero, namely v # 0. Hence, there is Q C R? with |Q| > 0 such that v(z) > 0
for all x € Q. Since (u,) and V are bounded and inf3 Q(ex) > 0,

¢
t2 "U ||2 > tQCC/ / |Un | ‘Un )| dl‘dy,
R3

which implies that (¢,) is bounded. In what follows we assume that ¢, — to > 0 as n — co. Hence,
Qe )" [Qesw) = QeI P @),
R JR3 |z — yl#

1 [Q(E;y €jT ) Q% (g;9)Q° (g2) | F (un () F(un(y))
+ 64 /R3 /R3 dxdy.

|z — gy~

é. < jfj (thun) = IEj (tnun) +

€j

Notice that u, — u., =0 in E and u,, — 0 in L]

loc
Lt+p/3+1/s=2
and apply the Hardy-Littlewood-Sobolev inequality, we know

‘/ Q(ey)|un (W) |°~"Q(e;2) — Q°(g;2)]F (un(x)
R3 JRR3

|z —y|»

(R3) for ¢ subcritical. Choose ¢ and s close to % with

Dazdy| < Clunlf Q) - @ ()P ()]s
Observe that

| Nt - @) da = [ [Q(e2) — el Fun)*de = 0a(1),
R3 {z:Q(ejz)>e}
since {z : Q(e¢jz) > e} is bounded and f(s) is of subcritical growth, we know
[ ] Qe — @ I gy 1)
R3 JR3

|z —y[»

Similarly,

[ ] Qe = T D0 gy — 1
r3 JR3 |z —y|»
From the above arguments and the fact that I, (t,u,) < I, (uy), since (u,) C J\/Ej, we know

& < I (tatn) + 0n(1) < I, (un) + 0n(1).
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Hence cgj < ¢e; as n — oco. From Lemma 4.3, since there holds ¢ > m1 4, e, We know mq . o < Ce-
Taking the limit j — 400 and using Lemma 4.2, we get m1 . .e < M1 upae,vmax s 2PPlying Lemma 3.2 with
the fact that e < vpax, this yields a contradiction that is u. # 0. Then, repeat the arguments in section 3, we
know I.(uc) = ¢. which finishes the proof. a

The following Brezis-Lieb type lemma, here specialized for N = 3, for the nonlocal term is proved in [16].

Lemma 4.5. Let 0 < pu < 3. If (uy,) is a bounded sequence in LS(R3) such that u,, — u almost everywhere in
R3, then the following hold,

[ el P an P = [ (ol = 0l =l Pz [ (a7 ul® )l
R3 R3 R3
as n — oo.

Lemma 4.6. Let (u,) be the sequence of solutions obtained in Lemma 4.4 with parameter €, — 0. Then,
there is y, € R such that

lim dist(e,yn, Q) =0,

n—oo
such that the sequence v, (x) := up(x + yn) converges strongly in E to a ground state solution v of

—Av 4 v =2 (/R3 lo(y) |6+ + F(v(l/))dy> <|v|4_“v i ﬁf(v)) in R3.

e o= o

Proof. Let (uy) be the sequence of solutions obtained in Lemma 4.4 with parameter ¢, — 0. It is easy to see
that (u,) is bounded in E. Moreover, repeat the arguments in Lemma 4.4, we know that there exist r,d > 0
and a sequence (y,) C R? such that

(4.5) lim inf/ [y, |2da > 6.
Br(yn)

n—oo
Setting v, () := up (@ 4 yn) and Q., (z) := Q(en(z + yn)), we see that v, solves problems

dvboe L ([ QWG

G—M( g |z —yl* dy)éfn(f”)g(v(w)) in R3.

We shall use I, to denote the corresponding energy functional. Since v, () := u,(z + ,) is also bounded,
from (4.5), we may assume that v, — v in E with v # 0 and v > 0. The sequence (¢, y,) must be bounded
and up to sequence €.y, — yo € Q. Argue by contradiction, we assume that e,y, — 00, as n — 00, we may

suppose that Q(e,yn) = Qo < Vmax. Since (IL (v,), @) = 0 for any ¢ € C§°(R?), equivalently, we have
( Qe, ()G (va(y))
R3

iz — y| dy) Q.. (2)g(vn(z))p(x)dz = 0.

1
(4.6) / (Vv Vo +vpp)de — ——
R3 6 — 1 Jrs

From the regularity arguments in the section 3, we know

JRECN
R

s |z —ylr

< C(JonlS ) + [val’s + vl ),
[ee)

3—u 3—p 3—p
thus _
G
g | [ B0G0) )
neNzeRr? | Jps |z —yl#

Whence, we have

)G (vn(y))

e é%%dy) (@ (@a(va(e)) = Qugto(@)) pla)da] < €| [ (Qu(@lgton(a)) = Qualot@)))iola)dal.

— y|;uf
Then, since

[ (@ert@)gtonla)) = Quato@) ) pla)ds 0. Vo€ OFF(RY),

we have

[ ([, 080D ) (6, @gten o)~ Quotee)etwrie] 0, o G ()

|z — yl~



18 C.0. ALVES, F. GAO, M. SQUASSINA, AND M. YANG

Repeating the arguments in the proof of Theorem 1.3, we obtain

M&<RJ%MWWMD—%QMW

|z — yl~

dy)g(v(a:))@(x)d:c‘ — 0, Ve CF(R?).

Taking the limit in equation (4.6), we get that v is nothing but a solution of the equation

“Av 4= Q(Q) (/R3 |U(y)|7x“_—|:y|FM('U(y))dy> <|’U|4_#’U + ﬁf(,u)) in RS

Observe that I, (u,) = L., (v,), and by Fatou’s Lemma and Lemma 3.2, we can get

mlﬂ/max;’/max < m17Q07Q0 S QlaQonO (U)
1

= 01,00,Q0 (V) — m< /1,Q0,Q0 (v),v)
_(r_ 1 " Q3 G(v(y))[29(v(x))v(z) — 0G(v(2))] |
-G e L drdy

2 0(6- |z =yl

. 1 1 1 Qe ()G (0n(y)) Qe (2)[29(vn(2))vn(z) — OG (vn(2))]
<timinf { (5 - 006 — u)) lenll® + 55— /R - o — g|r drdy}
= linrggf {I;n (vn) — 9(%—/1)“11 (vn), vn>} = linnigf Ce, -

This contradicts to Lemma 4.2 which says

limsupe., <M.,
n— o0

Vmax *

Thus (£,yn) is bounded and we may assume that €,y, — yo. Next we are going to prove yg € Q. If yo ¢ Q,
by the definitions of Q, then it is easy to see

M vmas Vmax < T1,Q(0),Q(yo) -
Let v be the weak limit of the sequence vy, (z) := u,(x 4 y,) then v satisfies

(4.7) — Av+v=Q(y)? (/R3 v<y)|7;u_+y|1:(v(y))dy> <|v|4_”v + ﬁf(@)

and
M e Vmax < M1,Q(0),Q(yo) < Hminfee, .

which contradicts Lemma 4.2, since

limsupc.,, <M1 e vmax
n—oo

Therefore yo € Q, which means dist(e,y,, Q) — 0. By repeating the arguments in Lemma 4.1, we get
nlggo I, (vn) < M1,Q(y0),Q(yo) = M vmax,Vmax>
consequently,
D1 1o Vmax (v) = (I)l,Q(yo),Q(yo)(v) = M1, vmax,Vmax s
and so v in fact is a ground state solution of the equation (4.7) with Q(yo) = Vmax. Finally we show that (vy,)
converges strongly to v in E. Since @ is uniformly continuous, using Lemma 4.5,

jzsn (v, —v) = jzsn (Un) = @1 s venan (V) F 0n(1).
Since

lim jan (vn) = P v Vina (v),
n—0o0

it follows that I., (v, —v) — 0. Similarly, Izn (vp, —v) — 0, which implies

. =3 _ _ —
nh_}rr;oﬂen (v —v),v, —v) =0.
Hence,
. 1 .
||Un - ’UH2 S Onh—>ngo (I&‘n (’Un - U) — 0(67—#)<Ié" (’Un — U), Un — ’U>> = O7
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showing that v, — v in E. This ends the proof. O

Lemma 4.7. Let (v,) be the sequence obtained in Lemma 4.6. Then, there exists C' > 0 independent of n
such that |vp|ee < C and vy (x) — 0 as |x| — oo, uniformly in n € N. Furthermore there are C, § > 0 with

v, (2)| < Cexp(—Blz|), Vae R

Proof. From Lemma 4.6 we know that €,y, — yo € Q as n — oo and the sequence v, (z) := u,(x + yn)
converges strongly to a solution v of the equation

—Av+v = Q(y)? </Rs Ll F(U(y))dy> <|v|47“v + %Mf(v)) in R®

|z — yl# 6

From the regularity arguments in section 2,

Q= ()G (valy)

sup su
e 4 R3 |z — y[*

neN xeR3

d ‘ < 00,

and v,, € LI(R3) for all 2 < ¢ < co. Furthermore, the elliptic regularity theory implies that v, € C?(R?) and
—Av, < h(v,) in R3,

where h(v,) € L'(R3), t > 3. Then, we learn that |v,|e < C and

‘ l‘im Up(x) =0 uniformly in n € N.
T|—00

Recall that by (4.5),

5 < / e,
Br(yn)

S< [ oaPde < Bl
0)

T

then we obtain

from where it follows |v,|e > 0’. That means there exists 6’ > 0 such that |v,|e > ¢’ for all n € N. The
exponential decay property follows from a standard comparison arguments. O

4.3. Concentration behavior. If u., is a solution of problem (SCC1), then v,(x) = u., (z + y») solves

1 ( Q-, ()G (va(y))

_A —
SR |z —yl#

dy) éen (x)g(v,) in R3,

with Qe () = Q(en + £,yn) and (y,) C R? given in Lemma 4.6. Moreover, up to a subsequence,
v, = v InE, g, =y €9,

where 4, = €,yp. If b, denotes a maximum point of v,, from Lemma 4.7, we know it is a bounded sequence
in R3. Thus, there is R > 0 such that b,, € Bg(0). Thereby, the global maximum of u., is z., = by + y, and

EnZe, = enbpn + EnYn = enbn + Un.-

From boundedness of (by,), we get the limit hm €nZe, = Yo, therefore hm Q(enze, ) = Qyo). We also point

out that for any € > 0 the sequence (5,25) is bounded where z. is the maximum point of the solution wu,
obtained in Lemma 4.4. In fact, if there exists ¢; — 0 and z.; of u., such that €;z., — oo. However, from the
above arguments,

EjRe; = 5jbej + €jYe;s
where y.; is obtained in (4.5) by non-vanishing argument with (¢;y.,) bounded, and b, is the maximum point
of of ve; = u, (x 4+ ysj). Consequently, €2, — €Y., = €jb; — 00. which contradicts with the fact b, lies in
a ball Br(0). From Lemma 4.4, there is a positive solution for (SCC1) for € > 0 small enough. Therefore,
the function w, (z) = u-(£) is a positive solution of (1.8). Thus, the maximum points . and z. of w. and u,
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respectively, satisfy the equality x. = ez.. Setting v.(z) := we(ex + z), for any sequence x. — xg, € — 0, it
follows from Lemma 4.6 that, lim._,¢ dist(z., @) = 0 and v, converges in E to a ground state solution v of

Autu- gr%a; (/. f;;(“(;’f,? dy)g(u).

From Lemma 4.7, for some ¢, C > 0, |w.(z)] < Cexp ( — o — xa|>

5. CRITICAL EQUATION WITH LINEAR POTENTIAL
Finally, to study the existence of solutions for the following equation
b—r 4+ F 1
(SCC2) ~ Au ot V(er)u = (/ [uly)P™" + (u(y))dy> (jul*ut = fw) i R,
R3 |z —yl» 6—pn

we introduce the energy functional associated to (1.9) be J.. The Nehari manifold associated to J. will be
still denoted by N, that is,

N = {u CE:u#0,(J (u),u) = o}.
Similar to Lemma 2.4, J. also satisfies the Mountain Pass Geometry and assumption (f3) implies that the
least energy can be characterized by

I R I

moreover, there exists a > 0 which is a constant independent of ¢ such that c¢. > a.

5.1. Compactness criteria. Let (u,) be any (PS) sequence of J. at ¢. Then, it is easy to see that (u,) is
bounded and ¢ > 0. Hence, without loss of generality, we may assume u, — v in E and u,, — u in Lj (R?)
for 1 < s < 6 and u,(z) — u(z) a.e. for x € R3. Furthermore, arguing as in the proof of Theorem 1.3. we

have the following lemma

Lemma 5.1. One has along a subsequence:
(1). Je(up —u) = c— J(u);
(2). JL(up —u) — 0.
Lemma 5.2. Suppose that (f1)-(f3) and (V) hold. Consider a (PS). sequence (uy) for Je with
5—p =
206 — )
Suppose that u, — u in E. Then either u, — u in E along a subsequence or

c—Je(u) > myp 11,

)

c <

where my__ 1.1 is the minimaz level of ®,__ 11 given in (2.4) with k = Koo, pp =7 = 1.

Koo

Proof. Define v,, = u,, —u, from Lemma 5.1 we know that (v,) is a (P.S) sequence at ¢ — J(u) with J.(u) > 0.
Now we suppose that v, - 0 in E. From condition (f3), for each u,, there is unique ¢,, € (0, 00) such that
(tnvn) C N, 1,1. We divide the proof into three steps.

Koo

e Step 1. The sequence (t,,) satisfies
limsupt, < 1.

n—oo
In fact, suppose by contradiction that the above claim does not hold. Then, there exist § > 0 and a subsequence
of (t,), still denoted by itself, such that

t, >1+6 forall neN.

Since (JL(vy,),vn) = 0, (1) and (t,v,) C Ny 1,1, we have

Jonll2 = / / (n @I @)0n®) ) 1 o1

\x —yl~
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2 2 2 _ G (tnvn(y))g(tnvn(z))tnon(z)
tn/RB(|an| + Koo|Un| )da:—/Rg /]R3 dxzdy.

|z —y|»

and

Consequently,

_ Nl 2de - o _ G(tnvn(y))g(tnvn(x))tnvn(x) o G(vn(y))g(vn(x))vn(x)
[ e =Vl on = [ [ " r=

Given £ > 0, from assumption (V'), there exists R = R(£) > 0 such that
V(ex) > koo — &, for any |z| > R.
Using the fact that v, — 0 in LP(Bg(0)), we conclude that

2z —ylr |z —y|»

)da:dy.

where C' = sup,,cy |vn|3. Notice that (v,,) is (PS) sequence at ¢ — J-(u). We claim that there exist (y,) C R3

and 7,0 > 0 such that
/ |v,|?dx > 6, neN.
Br(yn)

vy, — 0in L*(R3), 2<s<6, as n— oo.

Otherwise,

By repeating the arguments in Lemma 4.4, we have

1 [on (@)~ #[va ()| *~*
(5.1) §an||§ 6= /RS /R3 P dxdy — ¢ — Je(u)
and
[on () |°~*]on (y)°~*
(5.2) otz = [ [ 2 |x_y'|LM dady + oq(1).
Hence,
6 n 6—p
(5.3) oiz< [ [ [onl ||x _'ZTIE D Gy + 0n(1) < S5 0alZ¢ + 0,(1).

6—p
Since [|v, || = 0, by (5.3) we get [lvnll- > S5 Then from (5.1), (5.2) and (5.3) we easily conclude that

o—p
—J > L gk
R ML
which contradicts with our assumption that
O—p o o=u
c< —S 1.
2(6 — p)F

Thus there exists (y,) C R3 and r, 8 > 0 such that

/ |vp|?dz > B.
Br(yn)

If we define ¥,, = v,(z 4 yn), we may suppose that, up to a subsequence, ¥, — ¥ in E. Moreover, using the
fact that v, > 0 for all n € N, there exists a subset 2 C R? with positive measure such that o(z) > 0 for all
x € Q. Consequently, from (f3), we get

[ [ e |[G«l+5>@n<y>>g<<1+6>@n<x>><1+5>an<x> G 1,

A (14 0)[on ()] + 0)[5n )] 5a(9)[5n )]
[ ] (Gl D)oL i+ i) _ GO in (),
(1+ 67w — ol [z~ gl

<EC +o,(1)
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Letting n — oo and applying Fatou’s lemma, from the monotone assumption (f3), it follows that

(1+8)5())g((1+6)9(@)(1 +8)d(z)  G(B(y))g(v(x))i()
0<// ( (1 + )%z — g - Py >d;z:dy§§0

which is absurd, since the arbitrariness of &.

e Step 2. The sequence (t,,) satisfies

limsupt, = 1.
n—oo

In this case, there exists a subsequence, still denoted by (t,,), such that ¢, — 1. Since my__ 1.1 < P 1,1(tnvn),
we know

¢ — Je(u) + on(1) = Je(vn) = Je(vn) + M 1,10 — Proe,1,1 (Enn).
Given £ > 0, from assumption (V') there exists R = R(§) > 0 such that
V(exr) > Koo — &, for any |z| > R.

Since

(1- t%) 2 1 2 t 2
Je(vn) = @ 1.1 (tnvy) = ——= |an| dx + — Vex)|vp|*dx — 5 Koo |Un | dx
R BN

G(tnvn(y))G(tava(z))  G(Ua(y))G(vn(2))
6 u ~/R* /]R'f B

2|z —y|» |z — y|#

) dxdy,

from the fact that (v,) is bounded in F and v, — 0, we derive
c— Je(u) + o, (1) = Je(vp) > mus 11 — EC + 0n(1),
consequently, ¢ — Jo(u) > my 1,1

e Step 3. The sequence (t,,) satisfies
limsupt, =ty < 1.

n—oo
We suppose that there exists a subsequence, still denoted by (t,,), such that ¢, — to < 1. Since m,__ 11 <
D, 11(tyvy) and (P! (tnvn), trvn) = 0, we get

Koo,yl,1

My 11 < Pro 1.1 (Envn) — <<I>’ o1 (t Un )y tnUn)
B (tnvn(y)g(tnvn (2))trvn () — G(tnon (¥))G(tnvn(2)) .
S 2(6-p) /R3 /]RB |z — y|» drdy
_ [ S (0) GGl
- 6 1% R3 JR3 ‘JZ‘ - y|,u

1
= J.(vy) — §<Jé(vn),vn> =c— J:(u) 4+ 0,(1).
From this, the conclusion then follows. O

By an immediate consequence of Lemma 5.1, we have
Lemma 5.3. Suppose (f1)-(f3) and (V') hold. Then J. satisfies (PS). condition for all ¢ < my__1.1.
Corollary 5.4. Suppose (f1)-(f3) and (V). Then J.|n. satisfies (PS). condition for all ¢ < m,,__11.

Proof. Let (u,) C N be any sequence such that J.(u,) — ¢ and || J.(uy)|l« — 0. Since AL is a natural
constraint, we know that (u,) is a (PS), sequence with ¢ < m,__ 11. The conclusion follows from Lemma
5.3. 0



SINGULARLY PERTURBED CRITICAL CHOQUARD EQUATIONS 23

6. EXISTENCE AND MULTIPLICITY

In this section, we are going to prove the existence and multiplicity of solutions. First we have the following
existence result.

Theorem 6.1 (Existence of ground states). Suppose that the nonlinearity f satisfies (f1)-(f3) and the
potential function V() satisfies condition (V). Then, there exists eg > 0 such that problem (SCC2) has a
positive ground state solution ug, for all e < gq.

Proof. Tt is easy to check that J. also satisfies the Mountain Pass geometry. Let

me = inf maxJ.(tu) = inf J.(u).
u€E\{0} t>0 uEN

Then, we know there exists a (P.S) sequence at me, i.e.,
J(up) =0 and  J.(up) — me.

Thus, by Lemma 5.3, if m. < m,__ 1,1, then the existence of ground state solution is guaranteed. In what
follows, we fix y > 0 and ¥, € C§° (]Rd) such that

P 1,1 (V) = max P, 1,1(EV) and @y 1 1(Vy) <M1 — -

By a direct computation,
limsupme < @011 (Vy) < M1 =7 < M 1,1
e—0

Therefore, there is 9 > 0 such that m. < m,__ 11 for all € € (0,&p). O

Next, we are going to show the existence of multiple solutions and study the behavior of their maximum
points in relation to the set V. Let 6 > 0 be fixed and w be a ground state solution of problem (1.7) with
A = Kpmin. Define 7 to be a smooth non-increasing cut-off function in [0, c0) such that n(s) =1if 0 < s < g
and n(s) = 0if s > 4. For any y € V, let us define

Ve (@) = nler —ylw (=),

t. > 0 satisfying

I&ax[ (W) = I(t P, ),

and II. : V — N; by IL.(y) = t. ¥ ,. By construction, II.(y) has compact support for any y € M.
Lemma 6.2. The function Il has the following limit
lir% Je(I(y)) = my,,.11, uniformly iny € V.
E—
Proof. By contradiction, there exist dp > 0, (y,) C V and €, — 0 such that
(6.1) | e, (e, (Yn)) — Misyyin1,1] = S0

From Lebesgue’s theorem,

lim (IV(te, Ve, "Yn )‘2 + V(eno)lte, Ve, Yn

n— oo R3N

)dﬂc:/ (IVw]? + Volw|?)dz
R3

and

lim
n—o0 Jps JRs |z —yl~
Since t., Ve, ,. € N, , it is easy to see the sequence t., — 1. In fact, from the below equality

1 G(t., ¥ te, ¥ te, ¥
2, [ 90 Vi, Pt = o [ ool Ve e Ve g,
R3 6_[1/ R3 JR3 \x—y|/‘

te, U t., U
||w||5 — hm / / En En;yn)g( En 5n1yn) En = EnyYn dxdy
rs JR3 2 |z =yl

e Few )t Vo) g — [ [ SO
R3 JR3

|z — yl~

we derive
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Now, using the fact that w is a ground state solution of problem (1.7) together with (f}), we get that t. — 1.
Now, note that

2
1 (0, () = / Viatlens@) e+ 5 [ Ve mlinenslyo) s

2
[ [ Slanlehe)6nurhote)
6 1) Jre Jrs |z — yl#
Letting n — 0o, we get lim, o0 Je, (ILe, (Yn)) = Miy,,1,1, Which contradicts with (6.1). O

For any 6 > 0, let p = p(§) > 0 be such that Ms C B,(0). Let x : R* — R? be defined as
pz

||

x(x):=x for|z|<p and x(z) = r|z| > p.

Finally, let us consider 8, : N. — R3 given by

[ xlenlulas
RS

/ |u|?dx
R3

Using the above notations, by the Lebesgue’s theorem permits to show the following lemma

Be(u) :=

Lemma 6.3. The function 11, verifies

lim B (Il (y)) =y, wuniformly iny € V.

e—0

Let h : RT — RT be a positive function tending to 0 such that h(e) — 0 as € — 0 and let
Ne={ue Nzt Je(u) < mye11 + hi(e)}.

From Lemma 6.3, we know N. # (.

Lemma 6.4. Let § > 0 and Vs = {z € R3 : dist(x,V) < 6}. Then

lim sup inf —y|=0.
e—0 EAE;EyEV6 |ﬂ€( ) y|

Proof. Let e, — 0. For each n € N, there exists (u,) C Nz, , such that
inf —y| = inf - 1).
Jnf 1B () =l = sup inf [, (1) =]+ 0,(1)

u€Ne,
Since (un) C Nz, C N, , it follows that m,, 1.1 < me, < Jo, (un) < My, 1.1 + h(en), which means that
Je
By repeating the arguments in Lemma 4.4, there exist (y,) C R3 and r, 6 > 0 such that

/ |un|?dz > 6, neN.
Br(yn)

(U/n) - mfimixnlxl and (U/n) - 'A/'En'

n

Setting v, (z) = un(z + y,), up to a subsequence, if necessary, we can assume v, — v #Z 0 in E. Let ¢, > 0 be
such that v, = t,v, € Ny, 1,1. Then,

Kmin,
mKAminJ;l S (Dﬁmin)]wl(ﬁn) = q)/iminJ;l(tnun) S Je(tnun) S Ja(un) - mﬂmiua171

and so,
P, 1,1(On) = My 11 and (05) C Nogi 11
Then the sequence (,,) is a minimizing sequence, and by Ekeland’s variational principle [36], we may also

assume it is a bounded (PS) sequence at m, ;. 1,1. Thus, for some subsequence, ¥,, = ¥ weakly in E with
0 #0and @ () =0. Then we can obtain that

¢Nrningl71(v —17) =0, P, 1(0n — ) — 0.

Kmin, 1,
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Hence,

s 1 o
D) = 55—y Prmmta(Fn = 8,5 = 8)) =0,

showing that ¥,, — ¥ in E. Since (t,) is bounded, we can assume that for some subsequence t,, — to > 0, and
so, v, — v in E. Now, we will show that (e,y,) has a subsequence satisfying €,y, — y € V. First we claim
(€nyn) is bounded in R3. Indeed, suppose by contradiction there exists a subsequence, still denoted by (£,%y),
such that |e,y,| — co. Since ¥, — 0 in F and Kmin < Koo, We have

50 = 11* < C lim (@ (Fn —
n— oo

M 1,1 = Py, 1,1(0) < P 1,1(0)

1 N 1 _ 1 G(0y(y))G(Un(2))
< lim inf 7/ Vi 2da:+7/ Vienz + enyn)|tn 2d:c—7/ / dxdy
{2 RJ | 2 Jps ( JIon] 2(6 — 1) Jgs Jgs

n— 00 |JJ - y|ﬂ
2 2
n—oo | 2 Jgs 2 Jrs 2(6 — p) Jrs Jro |z —y|»

< liminf Jo | (un) = Mippin,1,15
n—oo

which does not make sense, showing that (£,y,) is bounded. Thus there exists a sequence (y,) C R3 such
that v, (2) = up(z + y,,) has a convergent subsequence in F and up to a subsequence, €,y, — y € V. Thus,

/RS x(en)|uy 2dz
Be, (un) =
/ |y, |2 d
RS

/ X(en + enyn)|un (T + yn)|2dm / [X(Enx + EnlYn) — Enyn]|vn(w)|2dx
R3 R3

- :Enyn"_
/ (@ + yo) e / o ()
R3 R3

Consequently, there exists €,y, € Vs such that

—yEeV.

lim |, (un) — enyn| = 0,

n—oo

finishing the proof of the lemma. O

Theorem 6.5 (Multiplicity of solution). Suppose that the nonlinearity f satisfies (f1) — (f3) and the potential
function V' satisfies condition (V). Then for any § > 0 there exists £5 > 0 such that problem (SCC2) has at
least caty, (V) positive solutions, us for all € < e5.

Proof. We fix a small ¢ > 0. Then , by Lemma 6.2 and 6.4, 3. o Il; is homotopic to the inclusion map
id: VYV — Vs and so,

cat g (N.) > caty, (V).
Since that functional J. satisfies the (PS). condition for ¢ € (M, .11, Mimn,1,1 + R(€)), by the Lusternik-
Schnirelman theory of critical points [36], we can conclude that I, has at least caty, (V) critical points on N..
Consequently, J. has at least caty, (V) critical points in E. a

Concentration behavior. Let €, — 0 and (u,,) be a sequence of solutions obtained in Lemma 6.5, then there
exists a sequence (y,,) € R? such that e,y, — y € V and v,,(2) = u,(x + y,) has a convergent subsequence
in E. Similar to the arguments in Lemma 4.7, we know that there exists C' > 0 independent of n such that
|vn]eo < C and

lim v, (z) = 0 uniformly in n € N.
|z|—o00
Furthermore there exist C', 3 > 0 such that |v,(z)] < Cexp(—p|z|). Similar to the analysis in section
3, by Theorem 6.1 and 6.5, we know the existence and multiplicity of positive ground state solutions for
equation (SCC2) for € > 0 small enough. Therefore, the function w.(z) = u.(%) is a positive solution of

g
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(1.9). Thus, the maximum points x. and z. of w. and u. respectively, satisfy the equality x. = ez.. Setting
ve(z) := we(ex + x,), for any sequence x. — xg, € — 0, it follows from Lemma 4.6 that,

lim dist(z., V) =0

e—0

and v, converges in E to a ground state solution v of

st i = ([ 2 gy )g )

Moreover, for some ¢, C > 0, we have |w(z)| < Cexp (— £|z — z.]).

7. APPENDIX: ESTIMATES

In R3, we know that
31/4

T+ PP

is a minimizer for S, the best Sobolev constant. By Proposition 2.2, we know that U(x) is also a minimizer
for Sy, 1. Consider a cut-off function ¢ € C§°(R?) such that

P(x)=1, |z] <4, W(x) =0, |z > 26,

Uz) =

where d > 0 is given in Lemma 2.6. We define, for € > 0,
(7.1) us(x) = p(z)U-(x), where U(z) := e V2U (g)
Then, we have

Lemma 7.1. If 6_7“ < q < 6 — u, then there holds

q —
/JRJ /Rs el | _|u5 ) dxdy > 0(567#7(1) - O(EGT)a

and

6 ® 6— K 3 G*J 6—p
/ / e @™ W) ) 0 > o, WiS7 — 0 ).
R3 JR3

|z — yl~

Proof. To estimate the convolution part, we know

q
// [us (= \us |dxdy>/ / [ue (@)|?ue (y)| = dady
R3 JR3 |l‘— Bs J Bs |$— ‘M
[ [ e,
Bs JBs -
(7.2) / / IU )| IU drdy 72/ / z)||Ue(y)]4 [We@PUW 4
Bas J Bas \x—y|“ Bas\Bs J Bs |3U— ylr
q
o [ACTIATT
Bas\Bs J Bas\Bs \l‘—y|”
—2B —C,
A / / )| |U 1U:@)"|U:()I* dy.
Bas J Bas |JE*
pef [ Lol B O g
Bos\Bs JBs 1T — Y|V

q
C o= / / |Ue(2)|9|U=(y)]* U@ VW), o,
B2s\Bs J Bas\Bs |z — yl~

where



SINGULARLY PERTURBED CRITICAL CHOQUARD EQUATIONS

We are going to estimate A, B and C. By direct computation, we know, for ¢ < 1,

1
AZE_QC/ / —5 7 ——dxdy
Bs JB; (L +|217)2 |w —ylt(1+ [£?)2
1
= 0567”7"/ / —dxdy
B /Bs (1+]2?) )3l —ylr(1+[yl?)3

> 6 n—q / / 1 Y dy—(’)(56_“_q),
Bs /s (L4 [2]2)2 |2 —y|r(1 + [y]?)?

1
B = EqC/ / 5 —dzdy
o\B; JB; (€% + [x[?)2 |z —y[H(e* + [yl*)2

6—p 6

1 3 1 o
coen([ L )T ([ L w)
\Bs (€2 + [z[?)5F Bs (g2 + [y[?) o=~

for each ¢ > 677” and

1
C= €q0/ / dzxdy
Bs5\Bs 7 B2s\Bs (e2 + ‘xlg)% ‘CE - y|“(52 + |y|2)%

1
< eqc/ / e dudy = O(eY).
Bas\Bs J Bas\Bs |[T19]T — y|[y[4

(7.3)

From (7.2)-(7.3), we have

/ / el |z |_|“|s“ 9l dady > O(57~9) — O(e"3") — O(e?)
= 00— O,

Next, concerning the second assertion, we have

/ |UE(I)|67u|u6(y)|67#dzdy
R3 JR3

Iw—yl“
6 n 6—p
Bs B(; |x—y\”
. LA D)
R3 JR? |z —y|» v R3\B;s J B |z — gy~ Y
5 S5

U. (a)[6~ U (y)[6~»
- / AT AT
R3\35 R3\ Bs |z —yl|~

= C(3, u)aSHfL — 9D —E,

where

6 n 6—pn 6 o 6—p
po [ [ WAy [ GG,
R3\B; J Bs |z — y|~ R3\B; JR3\ B; |z — yl~

27
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By direct computation, we know

6 ”w 6—p
b [ WO,
R3\B; J B; |z — yl|~

1
=6 “C’/ / T s dxdy
RA\B, JB; (€2 + [x[?) 7 [v —ylr(e? + [y[?) =

S—n 6—pn

1 ° 1 o
<O s / — dx (/ —d )
EN Jors, @ PP o, T PRV

1 0 7"2 ° 6—p
< O(e5 / . / _" | <o)
R 0 (

3\ B ‘.’E|6 g2 +T2)3
and
6 °w U 6—pn
e[ | o)
R3\Bs JR3\ Bs |z —y|»
(7.5) = eb~rC / / —dxdy
R\Bs JRA\B; (2 + 2|2 ) o~ yl”(82 + |y ="
< 6~ uc/ / dxdy = O(e57+).
R\ By JR3\ B, |7[0T “|37_ |1 ]y[6—+
It follows from ( 7.5) that
)6+ 6—p 6—n —u
/1/‘% DR gy > 03,3858 - 0*5*) — 0(5)
R3 JRS |z — y[~ ’
165 ot
= CB.WES,E —0E"T).
This concludes the proof. O
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