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Abstract

We study the functional considered in [I3], 14, [T6] and a continuous version of it, analogous
to the one considered in [I8]. The functionals consist of a perimeter term and a non-local term
which are in competition. For both the continuous and discrete problem, we show that the
global minimizers are exact periodic stripes. One striking feature of the functionals is that the
minimizers are invariant under a smaller group of symmetry than the functional itself. To our
knowledge this is the first example of a model with local/nonlocal terms in competition such
that the functional is invariant under permutation of coordinates and the minimizers display a
pattern formation which is one dimensional.

1 Introduction

In this paper we study a discrete local/nonlocal functional considered in a series of papers by
Giuliani, Lebowitz, Lieb and Seiringer (cf. [13], 14], 16]) and a continuous version of it.
The discrete functional is the following: given E C Z¢

FIEE) =T Y > Ixe@) —xe@Wl- > ‘XE(EC)__;TE@)” (1.1)

x€[0,L)d y~r, z€l0,L)4, yez4
zF#y

where p > 2d, d > 1, y ~ x if x and y are neighbour points in the lattice, and

() 1 ifxek,
T) =
XB 0 otherwise.

In the continuous setting we consider the following functional: for E ¢ RY, L > 0,

Fro(E) = %(JPerl(E) - /[0 . ’X(‘Ex(_) _‘ﬁ() Dl g dy) (1.2)
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where

d
Per (E) ::/ WP (@)1 dH N (2), |zl = |ail
OEN[0,L)4

=1

and v¥(x) exterior normal to F in x, with d > 1, p > 2d. The Per; is the so-called 1-perimeter
of E. This functional is analogous to the one considered in [I§], differing only in the choice of the
kernel K(¢) = m instead of K\pﬁ This choice, as we will explain in Remark (3.1}, is done only
for simplicity oé calculations but does not change the physics underlying the problem. Since all the
results in [I8] that we will use remain true for this kernel, in this introduction we will assume them
to hold also for the slightly modified functional.

The objective is to study the structure of the minimizers of the two functionals.

Both of the models describe systems of particles in which there is a strong short-range attracting
force (the perimeter) and a weak repulsive long-range force (non-local term). The competition
between short-range and long-range forces is, in several areas of physics and biology, at the base of
patterns formation (see e.g. [11}, 19, 22, [7, 26]). However, to prove patterns formation is a difficult
problem which is rigorously proved in very few models: in the discrete case, to our knowledge, only
in 16}, 28, [6], and, in the continuous setting, in [I5]. On the general issue of crystallization see [5].
In the continuous setting, the closest and most famous model is the sharp interface version of Ohta-
Kawasaki [25]. This functional is well-studied (e.g. [8 10} 20} 2, 26], 24], 9l 17, 21, 23]). Even though
periodic pattern formation is expected due to physical and numerical simulations (e.g.[27, []]), the
problem is still open.

In order to make our problem well-posed we impose periodic boundary conditions, namely we
restrict the functional to [0, L)%-periodic sets.

For both the discrete and continuous problem, there exists a critical constant J3¢ (J. respectively)
such that if J > J¢ (respectively J > J.), then the global minimizers are trivial, namely either
empty or the whole domain. The critical constants J%¢ and J, are

Jdse . N d Jc::/ SR
¢ 2 W+ yepr M ra ([C]+1)P ¢

y1>0,yLezd-1

When J = J&¢ — 7 (resp. J = J. —7) with 0 < 7 < 7 for some 7 > 0 small enough, it has
been conjectured that the minimizers should be periodic stripes of optimal period. By stripes we
mean in the continuous setting a [0, L)%-periodic set which is, up to Lebesgue null sets, of the form
ei + Ee; for some i € {1,...,d} and E = U, (t;,5;) C R, where {¢;}%, is the canonical basis
and ef- the (d — 1)-dimensional plane orthogonal to e;. A stripe is periodic if 3h > 0, v € R s.t.
E = UN (2kh + v, (2k + 1)h + v). In this case we write Ej, = e + Eeq, with v = 0 in E. In the
discrete setting the concept of stripe is the same, up to intersecting with the discrete lattice.

We will show that this conjecture holds both for the discrete and continuous setting. Indeed, our
method applies also requiring, instead of periodic boundary conditions, optimal stripes—Dirichlet
boundary conditions, namely asking that the sets F are, outside [0, L)¢, periodic stripes of optimal
period. We prefer periodic boundary conditions since the problem is invariant under coordinate
exchange, and then we are not pre-selecting a certain direction.

In order to formulate the precise results, we notice, as in [18], that stripes with optimal energy for
]}g% (respectively F 7.1) have width of order 7= 1/P=d=1 and energy of order 7(»~4/(=d=1) Then it



is natural to rescale the functional in such a way the the width and the energy of the stripes are of
order 1 for 7 small. The new functionals are respectively called ]-"gsf and F- 1, (see §[2/and §.
For the continuous setting, our main theorems are the following:

Theorem 1.1. Ford > 2, p > 2d, L > 0, there exists T > 0 s.t. VO < 7 < 7 the minimizers of
Fr.1 are periodic stripes.

Theorem 1.2. For every 0 < 7 < 7, there exist hl > 0 such that the width h, of the minimizers
of Fr 1 satisfies
1
W= hel S 7 (1.3)
Moreover, for L € 2hiN, Epx is the unique minimizer, up to translations and exchange of coordi-
nates.

For the discrete setting, we prove equivalently:

Theorem 1.3. Ford > 2, p > 2d, L > 0, there exists T > 0 s.t. VO < 7 < T the minimizers of
]-";i’sf are periodic stripes.

Theorem 1.4. For every 0 < 7 < 7, there exist hX > 0 such that the width h, of the minimizers
of Ff‘SLC satisfies

1
* _ < -

Moreover, for L € 2hxN, Epx is the unique minimizer, up to translations and exchange of coordi-
nates.

For the discrete problem, the strongest result known prior to this paper is contained in [16]. Their
setting is different from ours, thus a direct comparison is difficult to make. Indeed, they do not
restrict the sums w.r.t. z in the functional to [0, L)%, but they allow x to run over Z¢. In this way
the energy is in general not well defined if E is unbounded, but one can make sense of the problem,
introducing the following concept: a set E C Z% is a ground state whenever any local perturbation
“increases” its energy. In order to define “increase” in the energy, one has to disregard contributions
in the functional coming from the interactions at infinity. Then, they show that periodic stripes of
a certain width h* are ground states. From the definition, in principle, two ground states which
differ on an infinite set are not comparable.

In order to partially overcome this problem we impose periodic boundary conditions, thus giving
a meaning to the functional, and we consider global minimizers of the energy. In this setting, we
prove not only that optimal periodic stripes are minimizers, but also that all minimizers must have
that form.

One key element that is used in [13| 14} 16], is the concept of “angles” (for the exact definition
see [13), [14), 16]). Intuitively “angles” are what are what you would expect for a discrete set. They
can be thought as the obstructions from being union of stripes. Due to a minimal size of the
“angle”, they carry a strictly positive energy which is bounded from below (depending on the step
of the lattice). Thus from energetic arguments one can show an upper bound on “the number
angles”.

In the continuous setting, using different ideas, it was proved (see [18] or Section that, as 7 tends
to 0, the minimizers of F; j almost-Hausdorff converge (see Definition to periodic stripes of



period h. Moreover, h is close to some h* not depending on L (in the spirit of Theorems and
).

In this paper we first show that the I'-convergence result of [I8] can be extended to the discrete
setting. Thus, in both cases, when 7 is sufficiently small, minimizers are almost-Hausdorff close
to periodic stripes. Our strategy is then to show that, once in this configuration, deviations from
being exactly a stripe increase the value of the functionals.

This paper is organized as follows: in Section [2| we explain the setting and some preliminary result
that will be used in the following; in Section |3| we show that for 7 > 0 if one minimizes FfSLC
or F, 1, among sets composed of stripes then the minimizers are periodic stripes (this is done f)y
the so-called reflection positivity); in Section 4, we show analogous results to [I8] for the discrete
setting; in Section [5 we finally prove Theorems[1.1

2 Setting and Preliminary results

In this section, we set the notation and recall some preliminary results on the functional
proven in [I8] which will be used in the proof of our main theorems.

In the following, we let Qp = [0, L)%, |z|; = Z?:l |z;| the 1-norm of z € R? and |z| its Euclidean
norm. We let (eq,...,eq) be the canonical basis in R and, for z € R%, ¢ = ((1,...,¢s) € R? and
i€ {l,...,d}, welet x + ¢ =z + Gies, G- = ¢ — Ges. HO L is the (d — 1)-dimensional Hausdorff
measure. Given a function f : R — R, Df denotes its distributional derivative. For a measure p
on R? we denote by |u| its total variation. For z € R?, A C RY, d(z, A) denotes the usual Euclidean

distance of z from the set A.

Definition 2.1. Let A, B C [0, L)%. N.(A) (resp. N=(B)) are the Buclidean s-neighborhoods of A
(resp. B) and dy(A, B) = sup{inf{e > 0: A C N:(B)}, inf{e > 0: B C N-(A)}} is the Hausdorff
distance between A and B.

Moreover, let A, B C R? such that H™'(A), H* 1 (B) < +oco. We say that A, B are e-almost close
in the Hausdorff distance if there exists A’ C A and B' C B such that H¥ 1 (A\ A') < ¢ and
HI~Y(B\ B') < ¢ such that dig(A’, B") < ¢.

Given a sequence (A,) C R such that sup,, HY "1 (A,) < +oco. We say that A, almost-Hausdorff
converges to A if for every e > 0, there exists N such that for every n > N one has that A,, and A
are e-almost close in Hausdorff distance.

For an L-periodic set E C R, E is of finite perimeter if £ N[0, L) = UY,I;, where N € N and I,

are disjoint intervals. We let Per(E) be the relative perimeter of F in [0, L), namely
Per(E) := Per(E,[0,L)) = 2N
For a Q-periodic set E C R%, the definition of set of finite perimeter is the following

Definition 2.2. A Qp-periodic set E is of finite perimeter if the distributional derivative of xg
is a locally finite measure. We let OF be the reduced boundary of E, namely the set of points
x € spt(Dxg) such that the limit

lim Dxg(B(z,r))
0 |Dxg|(B(z,1))

exists and satisfies v (x)| = 1. We call v¥ the exterior normal to E. In particular, Dxgp =
—vEHILOE.

vp(z) =



We define
Peri(E) := / WP ()| dHET ()
OENQy,
and, for i € {1,...,d}
Pery;(F) = / |VE (z)| dHI (),
OENQyL
thus Per;(E) = 3% | Pery;(E).
Because of periodicity, we always assume that |Dxg|(0QL) = 0.

Fori € {1,...,d}, z+ € [0, L)' we let #; the point in e with coordinates ;- and for E C Q,
we define the 1-dimensional slices

E,={te[0,L): te; + 3" € B}.

The following slicing formula holds for every i € {1,...,d}
Pery; () = / V2 ()| A () = / Per(E,. ) k.
OENQL [07L)d_1 ’

Let 7:=J.— J for J < J.. We let

1 1
(G N (Rl Ty

Ki(¢) =

Then,

- 1 d

FanlB) = 1a(~rPer(B.Qu+ [ 10O [ S W@ @)= [ xple)xplao)] da] ).
Rd OENQL =1 QL

We recall now the crucial observation made in the proof of [18, Lemma 3.2]

Ixe(z) — xE(®+ Q)| = |xB(z) — XE(2+6)| + |XE(® + &) — XE(2 + Q)|
—2|xe(z) —xe(r+ G)lIxe(z + G) — xe(z+ ()] (2.1)

Inserting it in the expression for F 7.1, and assuming F = E}, is made of periodic stripes of width h
in the direction e;, up to relabeling coordinates we can assume that i = 1, thus Ej, = Ej, x [0, L)9 1

and
Gl 1

F11(Ep) = —% +/ K1(C)(T T 7d /[o,L)d IXE, () — xB, (z + (1)] dm)d(.

Rd

As in [I§], it is possible to compute the energy J—:.J,L(Eh) to get
.ﬁ:LL(Eh) ~ —% + p =)

Optimizing in h, one finds that the optimal stripes have a width of order r~Y=d=1) and energy
of order —7®=d/(P=d=1) Tetting 8 := p — d — 1, this motivates the rescaling

T = Tfl/ﬁf, L:=7"YPL and ]:"J7L(E) = T(pfd)/ﬁ}"ﬂi(ﬁ). (2.2)



In these variables, the optimal stripes have width of order one.
Making the substitutions in (4.4]) letting also ¢ = 7=Y8¢ and in the end dropping the tildes, one
has

FoilB) = g (—Pen(B)+ [ K0 /M S WE iG] e ) /Q X (@)~ X8 (0+C) | dz | dC ).

NQL ;=1
(2.3)
Let us now recall an important estimate from below for F, j, (see [18, Lemma 3.6]).
First, notice that (2.1]) implies
| KOke(@) -xete +Oldod < | Zm ple + )| dade
QrLxRd Q1 de
2
-2 Z\XE X+ GlIxe(e) — xule + )l do dC
QLXRd
(2.4)
Then define, for ¢ € {1,...,d},
V= [ R WE@IG @) - [ ete) e+ 6l do] dc,
R 8EOQL Qr
where K.( = [ri1 z()|+rl/(p =T d¢ and
i 2
B =3 [ Ke(Ole(e) - xpo + G)lxe(e)  xpo + G do de
d QrxRd
Estimate ([2.4)) implies
1 <
FralB) = 25 ( Per(E) + Zg ;1;L(E)). (2.5)

Before introducing the second key estimate, let us set some notations.
Let E = J;cz(si,t;) be a set of finite perimeter. We will denote by

h(tl) = h(sz) = tz‘ — S; g(ti) = Si41 — ti g(si) = 8; — ti—l-
For z € R, and i € Z, we define
n(ti, z) := min(zy, h(t;)) + min(z_, g(t;))

and
n(si, z) := min(z4, g(s;)) + min(z_, h(s;)).

Moreover, given a @r-periodic set E of finite perimeter, then the functions g,., h,1 and 7, . are
defined as above for the slices £_. .



The estimate we need is the following (see Lemma 3.4 of [I8]): for every L-periodic set E of finite
perimeter and every z € R,

L
/0 xp@) —xpe+ < S n(,2). (2.6)

x€IEN[0,L)
For every 7 > 0, ¢ € R?, Qp—periodic set E of finite perimeter and i € {1,...,d}, by integrating

one has that

/ K- (Qlxe(@) —xp(z+G)|dzdC g/
Qr xRd

OENQy,

PE @) [ Ko @G (@), (27)

Notice now that
i (F) = / GI4, (B, . )du?,
’ [0,Ld=1y g
where .
Gl (E) = / R () (Per(B) 2] - / xi(@) — Xu(r + 2)|dr) dz
R 0

and that, as a consequence of (2.7), ; L (E) >0.
More precisely, one has the following estimate from below for g;dL (see [18, Lemma 3.7]): for every
L-periodic set E of finite perimeter (recall that § =p —d — 1),

GIL(E) 2z > min(h(z)™? 77" + min(g(x) 7,77 (2.8)
2€DEN[0,L)
Moreover, for every § > 71/8,
Per(E) — 1 < L' + 067G (E). (2.9)
These estimates hold also for the new kernel due to the simple observation
1 1 1

S <K (<O 2.10
clcp o =M= O (210

In particular,

1 /<& d
FralB) 2 =1+ 25 (D0 (B) + Y 1L(B)) (2.11)
i=1 i=1
and

Pery(E) < L4max(1, Fp1(E)). (2.12)

Combining these estimates with measure-theoretic density arguments, it is proven in [I8] that the
sets of Fy r-finite energy are 1-dimensional sets of finite perimeter and the following I'-convergence
result

Theorem 2.1 ([I8, Theorem 1.1]). Let p > 2d and L > 0. Then one has that F. 1, I'-converge in
the L'-topology as 7 — 0 to the functional Fo 1 which is finite on sets of the form E = F x Rd-1
where F' C R is L-periodic with #{0F N[0, L)} < oo, defined by

L
S il [ e - et de] dc). (213)

2€AFN[0,L)

Foul) = 7 (—#ornp.Op [ o

7



Moreover, if there exists M such that for every T one has that Fr(ET) < M, then up to a
relabeling of the coordinate axes, one has that there is a subsequence which converges in L' and
almost-Hausdorff converges to some set E = F x R with #{0F N[0,L)} < oo.

In the second part of the statement we underline the almost-Hausdorff convergence of sets of
uniformly bounded energy to the sets of finite action for Fq . This fact is contained in the proof
even though not explicitly stated in [18].

3 The 1-dimensional problem

In this section we consider the 1-dimensional functional

Fam =1 (~pa)+ [ [ e~ [ o) - xte+ 2l ir] )

on an L-periodic set £ C R of finite perimeter.
Computing the (d — 1)-dimensional integral, one obtains

Fa) = 1 (PB4 0, [ b P~ [ o) xute + 9] )

where ¢ :=p —d+ 1.
Analogously to Theorem 6.4 in [I8], our aim is to show the following

Theorem 3.1. For every T >0, 3h% > 0 s.t., for every L > 0, the minimizers of leL are periodic
stripes of period h for some h,y > 0 satisfying

1

T

Moreover, for L € 2h;N, Epx is, up to translations, the unique minimizer.

‘hT_h;k- S}

From the I'-convergence result of Theorem due to the L-periodicity of the sets E},_, one also
has the following

Corollary 3.1. For every L > 0, there exists 7, > 0 such that, for all 0 < 7 < 71, h, = h, where
h is the width of stripes minimizing ]-'57 L

In order to prove Theorem we proceed using the method of reflection positivity as in [I§]. We
go along the same path, stating lemmas analogous to those used in [I8], adapted to the setting
7 > 0. Instead of providing complete proofs, we point out only the differences with respect to the
case T = 0.

For h > 0, recall that Ej, := Ugez[(2k)h, (2k + 1)h]. Then, define

eoo,r(h) 1= Fron(Bn) = lim F7 [ (Ep).
L—+o00
Analogously to [I8, Lemma 6.1], one can see that
1 _
eoor(h) = —7 + Cq,Thi(qil)a (3.1)

h

which has a positive minimizer .
The main ingredient to prove Theorem is the following estimate, which recalls [I8, Lemma 6.3].



Lemma 3.1. For every L—periodic set E of finite perimeter, it holds

Fer(B)> 5 S h(@)esor(h(x)) + g(r)encr (o). (32)
x€OEN[0,L)

Theorem follows from in a few lines as in [I§].

Lemma is a direct consequence of the following two Lemmas.

The first, analogous to [18, Lemma 6.8], rewrites the second term of the functional .7-"7{ 1, as a Laplace
transform.

Lemma 3.2. For every E € [0,L), T > 0,

1 e —
Fr(E) = —Per(E)( —1+C, / CFEG )
400 C.af 16—047'6 /
- - T) — e dz dy) da, 3.3

where I' is the Fuler’s Gamma function.

Proof. Notice that, in comparison with the functional .7-"&7 ;. studied in [I8], the part of 7, ; which

multiplies the perimeter of E has finite energy (due to the presence of 77 in the kernel) and then
it does not need to be transformed through Laplace transform together with the last term.
For the last term, it is sufficient to recall that, for s > 0,

+
1 = 1 / Ooozqflefas da
0

s? - T(q)
and the rule that expresses the translate of a Laplace transform
1 1 [t
= / ot le=ot’o=os g
(s+78)  T(q) Jo

O]

Remark 3.1. The reason why we have chosen as a kernel for the original functional W instead
of W’ﬁ 1s that the translate of a Laplace transform is easier to calculate and its inverse Laplace

transform stays positive whenever the inverse of the original function is positive (in this case ad*
becomes aq_le_mﬂ). This is used to deduce Lemmafrom (3.3) and the next Lemma.

Lemma 3.3 ([I8, Lemma 6.10]). For every a > 0 and every L—periodic set E

—

2
2€IEN0,L)

_ /[0 L Ixe(x) — XE(y)|e—a|a:—y|dxdy > = Z h(2)ea.00(M(z)) + g(T)eac(g(z)). (3.4)
where, for o, h > 0,

1 2h N 1
— _ —alz—yl _ 13 _ —alz—y|
Ca,o0(h) : o, /R|XEh(l‘) XE, (y)le Ll_lgloo L/[()L]XR|XEh($) XE, (y)le :



For the proof of this result, based on the so-called reflection positivity technique, see [I8, Lemma 6.10].

Remark 3.2. Using the same ideas and the reflection positivity technique in the same way, one
can prove a result like Theorem [3.1 for the following discrete 1-dimensional functional. For T > 0
and E C 7Y/PZ N R L-periodic, let

Arm =1~ X e - xew)]

z€[0,L)Nr1/BZ Yy~

1
+ > W[ > Y@l - Y e) - xs@+2)]).

(2,0)eTt/PZ glo,L)nrl/Bzy~x x€[0,L)NT1/BZ

Then, there exist hY and h, positive numbers with the same properties as in Theoremfor ]-"Tl’gsc.

4 Discrete I'-convergence Result

In this section, we will show how to adapt the proof of [18, Theorem 1.1] in order to obtain the
same result for the discrete setting.
Let E C eZ?. We define

E€::U(¢+[g/2,g/2)d). Perio(B.Qu) = . Y@ —xs@E" 4

i€eE z€[0,L)4Nezd y~x

We call Pery . the (1,¢)-perimeter. From the above definitions, it is clear that

Per; .(E,Qr) = Pery(E5,Qp).

The discrete functional can be rewritten as

]_—dSC( )= (JPerll(E Qr) / Z Ki(¢C ‘XEl (x+¢) — XEl(SU)|dl‘>,

XR(Zd

cd/B

where K1((¢) := for some p > 2d. We will also denote by K ({) := S B=p—d-—1.

- \CI”
Lemma 4.1 ([I8, Lemma 3.2]). For every Qr—periodic set E C €Z%, it holds

> K(Q)lxpe (@) — XEE$+de<Z/ > K(Q)lxpe (@) = xpe (@ + G)| da

QL zd 1 QL zd
Cee 1= Cee (4.2)

Z/ D K(Qlxge () = Xpe (@ + G)lIxge () = X (2 + )| d.

i=1" QL ¢eezd

Proof. The proof is analogous to the one of (2.4) in [I8]. The idea is to apply (2.1) and use
periodicity in order to obtain the claim. O

By considering the set E¢, we define h, g and 7 as in the continuous setting. Recalling (12.6)), we
also have

10



Lemma 4.2 ([I8, Lemma 3.4]). For every Qr-periodic set E C €Z¢ of finite (1,¢)-perimeter,

S KOl (@) = xpe (@ + )| dr < / WY K(Qns () R @) (43)

Qr ¢cezd 3E50QL ¢eezd

Let 7 := Jd¢ — J for J < J%¢. One can, as well as in the continuous case, estimate the energy of
periodic stripes Fj, of period h to get

J—_-dSC( ) _% + hf(pfd)'

After optimizing in h, we find that the optimal stripes have a width of order r~Y(—d=1) and energy
of order —7®=d/(P=d=1)  Tetting 8 := p — d — 1, this motivates the rescaling

=77 L:=7YPL and fdsc( )= T(pfd)/ﬁfj%(ﬁ)a (4.4)

where now E c 71/8z74
In these variables, the optimal stripes have width of order one. We would now like to proceed with
the scaling of the functional. We denote by x = 7/7.

Lemma 4.3. For every Qp—periodic set E C kZ%, we have

1 "
FEAE) = 7 ( = PenaBQu)+ 3 KO [ S @l - a)

Cerzd ErNQL 52

[ Wgele) = xgulo+ Q) de] ).
QL
Proof. We start by noticing that
JPery 1(E,Qr) = —Per11(E,QL) + Y _ Ki(Q) / Z|VE1 |G dH (),
¢ezd OE'NQr =
thus we have that

]_—dSC( ) = E(_TPerl 1(E,Qr) + Z Ki(¢ /8E1 Z|y HC@’de 1< )

¢ezd NQrL j—1
- [ @) - xaa o+ o)),
L
Let E := 7:\1/ BE, hence E c kZ° Making the change of variables given in (4.4)) and letting also
¢ := 77 YB¢, we obtain

F-d)/B

FaulB) = 7= (= Peru(E 0+ Y Kl O [ 1., 1 NGl

=1 fexzd

= [ hgr® - xp(E+ Ol dal ).

L

11



Hence notice that, for E C kZ% Qp-periodic, ]:fsf(E) differs from F; 1 (E*) only from the kernel
(a discrete sum over xZ? in the discrete case and an integral over R? in the continuous case).
Therefore, in what follows, the only difference w.r.t. the continuous case consists in showing that
the new kernel has the same properties that are useful in the continuous case. The results on the
terms not containing the kernel are then exactly the same for the sets E*.
Let us define

d

K(¢) = Tyl
5; (ICP + ey

Notice that as in the continuous case, for z € kZ%, we have that

1 K4 1
< <
“dH T o (p—d+1)/B ~ > 3 Np/2 ~ L p—dtl 4 ~(p—dt1)/B’ (4.5)
[P + 7P cenzit (|22 + £]2)P [P + 7P
thus
R~ — 1

where ¢ := p—d+ 1. Estimate (4.5] is the crucial condition for the kernel analogous to that needed
in the continuous setting.
Fix i € {1,...,d}. For any E C xZ% we denote by

zdsc Z K CZ |:/8EKQQL |VZEH($)H<1’ded71(‘T) — /QL ‘XEK($) - XEH(JT + Cz)‘ dx )

(ierRZ

and

LY == /Q (O () = Xw (@ + G)x e (2) = X e (& + G|
L CEHZd

135(8) = dZ [ 3 KO ) = X @l ) — X+ G

L CEﬁZd

From Lemma one has that for E € kZ% it holds

];-dsc( ) 1 ( Per1 I{(E QL +Zgzdsc I;L-:C[l/SC(E)>

Ld

Equation (4.3]) implies that for every ¢ and ¢ € {1,...,d}, one has that

[ @Il @) - [ (o) = el Gl do 2 0 (47)
OEFNQL QL
Let E C kZ, L—periodic and of finite (1, k)-perimeter. We define the one-dimensional functionals
L
G (B) i= 3, Kol (Per(EX, 0, L)]2] = [ o) = ol 4 2] d).
zeERZ 0

12



By Fubini theorem, it holds

)

GirE) = [ OBt
[0.Ld=1)

Let I(r)=(t —r,t+7) CR.

Lemma 4.4 ([I8, Lemma 3.7]). Let E C kZ be an L—periodic set of finite (1, k)-perimeter and let
B:=p—d—1. Then, for every T >0,

gidL’dsc(E) z Z min(h(z) ™7, 77 + min(g(z)7?,771).

, . (4.8)
c€dEFN[0,L)
As a consequence, if gld dSC(E) <77, then
min  min(h(x),g(z)) 2 Gry ()P, (4.9)
x€OE*N[0,L)
For L>r >0 andt € [0,L). Then, for every § > T8,
Per(E", I(r)) — 1 S ré ' + 6715 (B). (4.10)

Proof. The proof is contained in [I8]. The basic ingredient to deal with the discrete kernel is to
use (4.6)). O

Lemma 4.5 ([I8, Lemma 3.8]). Let E C kZ% be an Qp-periodic set. Then we have that

FEE) 2 -1+ —(Zgz P(B) + L)) (4.11)

and
Pery «(E, Q1) < L max(1, F&E(E)). (4.12)
Proof. The proof is obtained from (4.10) as in [I8, Lemma 3.8]. O

Lemma 4.6 ([I8, Lemma 3.9]). Let E C kZ% be a Qr-periodic set. Then for every m € N, m > 2,
tel0,L), L>r>0andi€{l,...,d}, one has that

~ . N 1 p—d
{zi €[0,L)"" : Per(EF, (t—7/2,t+71/2)) =m} < G L (E")L" (1) . (4.13)
Proof. The proof uses (4.10) again, as in [I8, Lemma 3.9]. O

We now recall the rigidity proposition contained in [1§].

Proposition 4.1 ([I8, Proposition 4.3]). Let E be a Qp—periodic set of finite perimeter such
that 34, Q&L(E) + Ip(E) < +o0o. Then, E is one-dimensional, i.e. up to permutation of the

coordinates, £ = E x RI-1 for some L—periodic set E.

13



4.1 The Gamma-convergence result

In this section we obtain the discrete-to-continuous limit for the discrete problem.
Recall the definition of Fq f,

1(—Per(E,[0,L)) + gé‘iL(E)) if £ = E x R for some L—periodic
Fo.L(E) = set E of finite perimeter,

+00 otherwise.

Theorem 4.1.

(i) Let {E;}r~0, E; C kZ% be Qp-periodic sets such that sup, ]:dsc( 1) < 4o00. Consider {Ef}
defined in 1D Then up to subsequences there exists an one-dimensional, Q) -periodic set
Eq such that E¥ converges in the almost-Hausdorff sense and in L' to Ey. Moreover

limi%nf FEE(Ey) > Fo(E). (4.14)

(ii) For any E C R? which is Qr-periodic with Fy ,(E) < 400 there exists a sequence B, C kZ%
such that E“ converges to E in L' as 7 | 0 and such that

limsup]:dsc( ) < Fo.r(E). (4.15)

T7—0

Proof. This proof will follow the continuous version contained in [I8, Theorem 1.1]. Let E, C xZ¢
be such that sup, ]-"isLC(ET) < +00.

Because of , one has that sup, Per(E¥,Qr) < 4oco. Hence one can extract a sequence
converging to some (Qr—periodic set E of finite perimeter. Let us initially show that for any
i€ {1,...,d}, one has that

lim 1nf g’ dsc( E.) > Q&L(E) and liminf I 1, (E;) > 0. (4.16)

7—0 70

Because of (| and Proposition one has that E is one-dimensional. Let us 1n1t1a11y show

the 1nequahty for QZ cfc The proof for lower bound of I, is similar. Because K, < K, whenever

7 > 7/, and because of ., one has that
gii%SC( ) < g’L dSC( )

Without loss of generality let i = 1. Now, if 7 is fixed, by Fatou,

11m$nfg1/dgc Z K. (¢1) hmﬂu&f [/ / |1/1~K/ (2)||¢1 | dHT (z) — / X () = X (x + C1)| d
Gez 8EN NQr QL
> K(G) [ / W ()]G dHT () - / XE@) — xe(@ + )| dx]
(1EZ ENQL QL

d
i,’LSC(E );
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where we have used that for fixed (1, [ypn0, WE (2)||¢1] dH (2) — Jo, IXE(z) = xE(z +C)|dz is

lower semicontinuous with respect to L' convergence. Finally, using again (4.7) and the monotone
convergence theorem, we have

hmlnfgl,dLSC(E ) > hm gl SSC( E) = gé,L(E)a

'—0

which proves (4.16)). From (4.16[), in order to show the lower bound (4.14)), we are left to check that
liminf —Per; ,(E;,Qr) > —Peri(E, Q).
T7—0

By Fatou and slicing, it is enough to prove that for i € {1,...,d} and a.e. z;- € [0, L)?~1

hm 1nf —Per(E, [0 L)) > —Per(ExiL, [0,L)). (4.17)

Because of Qld dbc( »L) is bounded by a constant (z;- dependent) for a.e. a3 € [0, L)4!
Hence, because of -, one has that

T T >
teggn ) min (A7 - (t )’gfff () = Cols (4.18)

T,T7
(3

for some constant c,. > 0. Consider the section E__.. From the L'-convergence of Ef, we

e

have that E’“ ot converges in L' to E vt for a.e. xZL Because of -, we have that E”‘

converges to E L in Hausdorff distance and in partlcular since E” e R, that for 7 small enough

Per(E" |, [0, L)) = Per(E, 1, [0, L)), which yields (4.17).
Moreover this also implies that 8E” converges to OF almost-Hausdorff.
The proof of ( is almost immediate. Indeed because of the definition of go 7, one has that I

is union of strlpes. Hence by taking the as E, such that E’T’” approximates in Hausdorff distance E
one has the desired result. O

5 Structure of minimizers

In this section we prove Theorems and H asserting that minimizers of F, 1, resp. ]-"fSLC, are
periodic stripes, provided 7 is small enough.

Then, we provide a short proof of Theorems and dealing with the width of the optimal
stripes.

Lemma 5.1. Let E C R% be a Qp-periodic set of finite perimeter and S be a set composed of
perwdzc stripes, i.e. (up to exchange of coordinates and translations) there exists E C R such that
S =F xR gnd

E = | J[2ih, (2i + 1)h),

ez
for a suitable h.
Denote by

H(E,S,e):={x e E\S: d(z1,hZ) >} U{z e S\ E: d(z1,hZ) >¢€}.

15



There exists € > 0, such that, for all e < &, there exist () > 0 and 7(¢) > 0 (independent on E)
such that if |H(E, S,e)| < d(g) and T < 7(¢), one has that

d

d
—> Perii(E,Qr)+ Y _GL(E)+ I (E) > 0. (5.1)
=2

= i=2
Moreover, the left hand side of (5.1)) is equal to zero if and only if E is union of stripes.
Proof. As E, S and ¢ are fixed, we denote by H = H(E, S,¢).
Let i € {2,...,d}. Then,

~Pery(E) + G4 (E) = [

- | = #OB,) + G (E,)| drt = (dai).

For ,

—Per;(E) + g;L(E) 2/ Z -1+ Cmin(hxil (t)_fB,T_l)

0L veom |
+C min(gajl; (t)~7, 7'_1)]. (5.2)
Consider the following decomposition

[0, L)1 = Aj(m) U Ay U A5(m),

where
Aj(n) = {a7 €[0,L)"": min (b1 (1), 9,1 () = 0} (5.3)
teaEz; 2 i
Ay = {z1 € [0,L)" ! 0B, = 0}; (5.4)
Al(n) = {at €0,L)1: 3t € OB, 1 s.t. hyi(t) <nor g, (t) <n} (5.5)
and I
0<n=sup{s>0: —1+Cmin(s?,771) > g} (5.6)

To show that such an 7 exists, notice that —14Cs™? > L/s a soon as s < 1 for a sufficiently small
n (since § > 1). Then, by choosing 7 < n?, which we can always assume since the result we want
to show has to be valid for 7 < 7, the inequality in (5.6]) holds.

Observe then that, if ;- € A%, then the integrand in the r.h.s. of (5.2)) is zero, if zi- € Ai(n) then
it is bigger or equal than —% and if 2} € A%(n) then thanks to (5.6) it is strictly bigger than 0.
Hence,

— Peryy(E) + G, (E) > —f;Hd—l(Ai(n)) + H (AL () (5.7)

for some ¢ > 0.
We will proceed now to show that I;L(E) > Q%del(Ai (n)). In order to do so, we will estimate

via disintegration the contribution in I ; 1 (E) for fixed - € Al and show that it is larger than 2%
for a certain choice of parameters ¢, and 7.
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Let us now estimate I; 1 (E). Recall that

— / / / Ko (O)fp(at,z, Gr ) day da e dci-
ri-1 JrR Jj0,0)¢-1 Jjo,L)

where

felad, 2, G G) = Ixe(ad + 2+ G) — xe(@i + 27| Ixe(ei + 2+ G — xe(@i + 27|

Let us now fix z;- € A%(n). Because of the definition of A(n), there exists t € E, 1 such that one
of the followings hold '

(i) (t—n,t) C E,. and (t,t+n) C E;iL
(ii) (t—n,t) C E7, and (t,t4+n) C E 1 .
Without loss of gen;rality we may assume that the first item above holds. Then if
i€ (t—mnt), zi+GE@t+n) and e {z eRII <z <25, 2+ 2 € SC\E},

one has that
1

folei @G G) =1 and K2 g

Thus, letting H,, ¢, = HN{z € R : z; = z; + G},

1
Lok A detE > 2 pd-l
/R/Rdl 0.0) fE(-Tl >$17€1 7€z)Kr(C) dx; d¢; dCz =N erTﬁpE

- 1
H d¢; d
Coep 7‘57’ /t n/t (Haire,) des dri

(5.8)
On the other side, by integrating we have that

t+n—x; i1 775
€p+7-ﬁp/t n/t A (i) dG dvy < P+7—6p/t 77/ H (H,, +¢) dGidx; S o 1 B’

where in the last inequality we have used that |H| < §. Integrating both sides of (5.8)) with respect
to d:[;f, we obtain that

2.d—1

j ne no d—1¢ gi

7 > .

P G =) LA CHC)))

For any ¢ we can choose § such 72?1 — né > n?c4~1/2 and moreover choose ¢, 7 such that

1 772511—1
———— > L/n.
2P + 70p /n

Hence we have just shown that for §,e, 7 small enough one has that, for i > 2,
—Pery;i(E) + GL 1 (E) + I (E) > 0.

Summing over i, we obtain have the first part of claim. In order to obtain the last part of the claim
it is enough to notice that the above is null if and only if H4~!(A%(n)) = 0 and HI~1(A%(n)) = 0
which implies that F is composed of stripes. ]
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Proof of Theorem[1.1]. Before proceeding to the proof, let us explain the strategy of the proof. In
the first step of the proof we will show that the minimizers are almost-Hausdorff close to some set S
that consists of optimal priodic stripes. Without loss of generality let us assume that S = E xR,
where

E =2, (2i+1)h).
i€l
Once in this configuration, we will do a slicing argument. Namely, we will split the contributions
of the functional in two parts

- /[0 o P aat ¢ /[0 I TCRIE R (5.9)

and one which is larger than

d d d
— > Per(B)+ Y GLp(BE)+ ) Il (E). (5.10)
=2 =2 =2

Afterwards, we will notice that optimal stripes minimize the first term (5.9) and both the second
part of F; 1, and are equal to zero. On the other side, for anything that does not consists
of stripes and is almost-Hausdorff close to S, one has that the contribution given from is
strictly positive. Thus optimal stripes are optimizers for F; . To prove the positivity of in
case of non-optimal stripes, we will use Lemma [5.1

Step 1: From the I'-convergence result, we have that for every ,0 > 0, there exists a 79 = 79(g,0) >
0 such that, for every 0 < 7 < 79 and for every minimizer F, of F; r, one has that

1. E, is e-almost close to S, where S is a periodic stripe of size 2h. Without loss of generality,
we may assume that S = E x [0, L)1, where

k
E = | J[2ih, (2i + 1)h).
=0

2. |[H(E:s.)| < 0, where similarly to Lemma we denote by

H(E;, S,e) ={x € E.\S: d(z1,hZ) >} U{x € S\ E;: d(z1,hZ) > ¢}.

We fix e <&, § < d(e) and 7 < min{7(g), 70(e,6)} where £, 6(¢) and 7(¢) are given in Lemma[5.1]
Step 2: Let us consider the original functional F; 1, for 7 < 7 as in Step 1 and set I = E..
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Remember, with the help of (2.1]), that

Frn(B) = =~ Peni(B) + dm(@[/@ , iﬂg—/@ xe(@) = xp(@+¢))
NQL =1 L

:ﬁ( Pern(E /K /80 \V1||Cl|—/Q |XE($)—XE(:E+C1)D (5.11)
+%(Z —Pery;(E /K / Z!VEIIQI—/QL !xE(:v)—xE(er(%)} (5.12)

i>2 OENQL ;>

2 /R K Q) / (@) = xa( + G)llxe() - e (5.13)

Z%( Peryy (E /K / QL\'/fEHCll—/Q |XE(SU)—XE($+<1)D

d
— ) Peri;(E) + Z G L (E) + Z Il [ (B). (5.14)
1=2 =2 =2

One notices immediately that, thanks to Theorem 1] if E = E, x [0, L)% with E, 1-dimensional
periodic set of period h., then the first term of F; 1, is minimized, while the second terms
(5.12), (5.13) and ((5.14) are equal to zero.

On the other hand, from Lemma if a minimizer F does not have such a structure, or more in
general F is not a stripe in direction e, then the last term is strictly positive.

O]

Proof of Theorem[1.3 The proof of Theorem|[L.3]is a minor modification of the proof of Theorem|[L.1]
by considering E* with x = 77. Indeed, Step 1 follows in the same way from the I'-convergence
result of Theorem For Step 2 one uses the analogous results developed in Section [4 ]

Proof of Theorems and[1.} This result is already contained in the second step of the proof of
Theorem where the 1-dimensional result of Theorem determines the width of the optimal
stripes.

Analogously, thanks to Remark one obtains analogous features for the optimal width of the
optimal stripes in the discrete case.

O]
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