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Abstract

The paper deals with one-dimensional networks of finite length in Rn min-
imizing average distance and maximum distance functionals subject to con-
straint on the length. We prove that under natural conditions on problem
data such minimizers must use maximum available length, cannot contain
closed loops (homeomorphic images of a circumference S1) and have some
mild regularity properties.

1 Introduction

Let A: R+ → R+ be a given nondecreasing function and ϕ be a given finite nonneg-
ative measure with compact nonempty support in Rn. We define then the functional
Fϕ over all compact connected subsets Σ ⊂ Rn by the formula

Fϕ(Σ) :=

∫
A(dist (x,Σ)) dϕ(x),

where dist (x,Σ) stands for the distance between x ∈ Rn and Σ, i.e.

dist (x,Σ) := inf{|x− z| : z ∈ Σ},

| · | standing for the Euclidean norm. One may pose then the following problem.

Problem 1. Given a number l > 0, find a compact connected set Σopt ⊂ Rn mini-
mizing the functional Fϕ over all compact connected Σ ⊂ Rn satisfying H1(Σ) ≤ l
(H1 standing for the one-dimensional Hausdorff measure).

This problem will be further referred to as average distance problem, while the
respective minimizers will be called average distance minimizers.

The average distance problem in the above setting stems from many different
applications (for an overview the reader may consult [4]). The most easy interpre-
tation is as follows: suppose that ϕ stands for the density of population in some
geographical area, and let the function A represent the cost of movement for each
single citizen, so that the cost for covering distance t is given by A(t) (hence the
monotonicity condition on A becomes quite natural). If Σ represents some trans-
portation network (i.e. a set of traffic lines), then Fϕ gives the cost of reaching the
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network calculated for the whole population (and hence proportional to average
cost of reaching the network for the population). Solving Problem 1 amounts then
to choosing the “best possible” transportation network of length not exceeding a
given l > 0 (usually determined by a budget for construction), in the sense that the
network has to be chosen so as to minimize the average cost of reaching it for the
whole population.

We might as well be interested in another problem, which in a certain sense is
similar to Problem 1.

Problem 2. Given a compact set M ⊂ Rn, and a number l > 0, find a compact
connected set Σopt ⊂ Rn minimizing the functional FM defined by the formula

FM (Σ) := max
x∈M

dist (x,Σ)

over all compact connected Σ ⊂ Rn satisfying H1(Σ) ≤ l.

This problem will be further referred to as maximum distance problem, while
the respective minimizers will be called maximum distance minimizers.

One of the natural motivations to this problem is quite similar to the above
discussed one. Namely, suppose that M represent a populated area. One has to
construct a transportation network Σ of length not exceeding a given l, so that it
be equally accessible to all the people living in M . This means that Σ has to be as
near as possible to M in the uniform sense, i.e. it has to minimize FM .

Minimization problems for average distance and maximum distance functionals
are rather usual in economics and in urban planning, with quite similar interpreta-
tions. In particular, if, instead of fixing the length as in the above problems, one
looks for minimizers satisfying the cardinality constraint #Σ ≤ k with given k ∈ N
(# standing for the cardinality), then the respective problems are usually referred to
as optimal facility location problems (for a recent survey the reader may consult [6]
or [9]). Average distance minimizing problem with such a cardinality constraint
is also known under the name k-median (or multimedian) problem (see [6]), while
maximum distance minimizing problem with this constraint is known as k-center
(or multicenter) problem (see e.g. [10, 11]).

Average distance problems with length constraint have been considered in [2, 3,
4], while maximum distance problems with such a constraint have been considered
in [8]. Since existence of minimizers to these problems is an easy exercise, all the
above papers were mainly concerned with qualitative properties of minimizers. In
what follows we assume, as in [4] the following conditions on the function A in
Problem 1:

(α1) A is Lipschitz continuous over [0,diam suppϕ], i.e. there is a Λ > 0 such that

|A(x)−A(y)| ≤ Λ|x− y|

whenever {x, y} ⊂ [0,diam suppϕ];

(α2) for every c > 0 there is a λ = λ(c) > 0 such that

|A(x)−A(y)| ≥ λ|x− y|

whenever {x, y} ⊂ [c, diam suppϕ]. In particular, A is injective (i.e. strictly
increasing since A is supposed to be nondecreasing) over [0,diam suppϕ].

Note that the above conditions are surely satisfied, say, by the functions A(t) := tp,
p ≥ 1, so that the results we obtain regarding Problem 1 are in particular applicable
to the case of functionals

Fϕ(Σ) :=

∫
dist p(x,Σ) dϕ(x), p ≥ 1.
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In [4] it has been shown, that under such conditions average distance minimizers
possess some nontrivial qualitative properties. In particular, if n = 2, then they
cannot contain closed loops (homeomorphic images of the circumference S1) and
are Ahlfors regular (at least if ϕ has some extra summability properties). Further,
from the results of [3] it follows that when n = 2, A(t) = t, and ϕ has some
extra summability properties, then the average distance minimizer has only finite
number of (topological) endpoints and branching points, while all branching points
are triple points and, at least in some reasonably weak sense, are “regular tripods”.
Some further partial results in this direction have been proven in [4] for the more
general case, but they all involved an extra condition on the minimizer, which is
non intrinsic in the sense that it is not expressed in terms of only the problem data.
For maximum distance minimizers, Ahlfors regularity and absence of closed loops
has been proven in [8] for n = 2. In this paper we prove, in particular,

• Ahlfors regularity for maximum distance minimizers (Theorem 6.4) and for
average distance minimizers (Theorem 6.5). The latter result has been proven
under extra summability requirement on ϕ;

• absence of closed loops for both maximum distance minimizers (Theorem 5.5)
and average distance minimizers (Theorem 5.6 and Corollary 5.8). The latter
results have been proven under quite general conditions on ϕ.

All the results are proved for general space dimension n.
Finally, we consider yet another problem in a certain sense “dual” to the maxi-

mum distance minimizing problem.

Problem 3. Given a compact set M ⊂ Rn and a number r > 0, find a compact
connected set Σopt ⊂ Rn minimizing the length functional H1(Σ) over all compact
connected Σ ⊂ Rn satisfying FM (Σ) ≤ r.

This problem also admits an easy interpretation. Namely, suppose that we have
to provide a gas supply pipeline to every house located in some area M under the
condition that the gas supply should reach each house at distance not greater than
a given r > 0. The company constructing the pipeline will naturally try to minimize
its length under the above restriction, which reduces to solving Problem 3.

In [8] it has been shown that Problems 3 and 2 are equivalent when n = 2,
in the sense that they have the same set of minimizers. Here we prove this re-
sult (Theorem 4.2) for the generic space dimension n. Note that this amounts to
proving that every minimizer to Problem 2 must have maximum available length
l. We also prove the analogous result (Theorem 4.4) for average distance mini-
mizers, namely, we prove that every such minimizer, apart trivial cases, must have
maximum available length.

2 Notation and preliminaries

The n-dimensional Lebesgue measure of a set e ⊂ Rn will be denoted by Ln(e) or
simply by |e|. The measure ϕ1 is said to be absolutely continuous with respect to
the measure ϕ2 (written ϕ1 � ϕ2) whenever ϕ2(e) = 0 implies ϕ1(e) = 0.

For a Borel measure ϕ over Rn, we write ϕ ∈ Lp(Rn), if ϕ = fLn with f ∈
Lp(Rn). We write ‖ϕ‖p for the norm ‖f‖p of f in Lp(Rn). is absolutely continuous
with respect to Ln (written ϕ� Ln), and The restriction ϕxB of the measure ϕ to
the Borel set B ⊂ Rn is defined by

ϕxB(e) := ϕ(B ∩ e)

for all Borel e ⊂ Rn.
We will need the following elementary lemma (see e.g. [8] for the proof).
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Lemma 2.1 (covering). Let Σ ⊂ Rn be a bounded set. Then, given ρ > 0, there is
a finite set of points (called further ρ-lattice of Σ) {x1, . . . , xN} ⊂ Σ such that

N⋃
j=1

Bρ(xj) ⊃ Σ,

while Bρ/2(xj), j = 1, . . . , N , are pairwise disjoint.

Given an x ∈ Σ, a straight line Π ⊂ Rn such that x ∈ Π, and a number ρ > 0,
we define

βΣ,Π(x, ρ) := sup
y∈Σ∩Bρ(x)

dist (y,Π)

ρ
.

Define then the flatness βΣ of a set Σ by the formula

βΣ(x, ρ) = inf
Π
βΣ,Π(x, ρ)

where Π varies among all straight lines of Rn passing through x. The following
auxiliary technical result has been proven in [8].

Proposition 2.2 (existence of tangent lines). Let Σ ⊂ Rn be a closed connected
set such that H1(Σ) < +∞. Then in H1-a.e. x ∈ Σ there exists a “tangent” line Π
to Σ at x in the sense that x ∈ Π and

lim
ρ→0+

βΣ,Π(x, ρ) = 0.

Finally, given a set X ⊂ Rn we denote by (X)ρ := {y ∈ Rn : dist (y,X) < ρ}
the ρ-neighborhood of X.

3 Auxiliary lemmata

We start with the following technical assertion.

Lemma 3.1. Let Σ ⊂ Rn be a compact connected set with H1(Σ) < +∞ and let
ψ be a finite Borel measure on Σ. Then for all ε ∈ (0,diam Σ/4) there exists an
x = x(ε) ∈ Σ such that

ψ(Bε(x)) ≥ εψ(Σ)

2H1(Σ)
.

Proof. Let x1, . . . , xN be an ε-lattice for Σ as given by Lemma 2.1. Since Σ is
connected and ε/2 < diam Σ/2, we have Σ ∩ ∂Bε/2(xi)) 6= ∅ and hence H1(Σ ∩
Bε/2(xi) ≥ ε/2 for all i = 1, . . . , N . Thus

H1(Σ) ≥
N∑
i=1

H1(Σ ∩Bε/2(xi)) ≥ N
ε

2
. (1)

Choose now an j ∈ 1, . . . , N such that

ψ(Bε(xj)) = max{ψ(Bε(xi)) : i = 1, . . . , N}.

Therefore,

ψ(Σ) ≤
N∑
i=1

ψ(Bε(xi)) ≤ Nψ(Bε(xj))

which together with (1), gives

ψ(Bε(xj)) ≥
ψ(Σ)

N
≥ εψ(Σ)

2H1(Σ)
.

It is enough to set now x := xj to conclude the proof.
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Remark. Note that for every Borel set Σ ⊂ Rn and for every positive Radon
measure ψ in Rn one has that

Θ∗1(ψ, x) := lim sup
ρ→0+

ψ(Bρ(x))

2ρ
≥ ψ(Σ)

4H1(Σ)
(2)

for a set of x ∈ Σ of positive H1 measure. In fact, otherwise, for H1-a.e. x ∈ Σ one
would have Θ∗1(ψ, x) ≤ ψ(Σ)/4H1(Σ), and hence, theorem 2.56 from [1] gives the
contradiction ψ(Σ) ≤ ψ(Σ)/2. The estimate (2) implies that for a set of x ∈ Σ of
positive H1 measure one has

ψ(Bε(x)) ≥ εψ(Σ)

2H1(Σ)

for a sequence of ε := εν → 0+ as ν →∞.
The following lemma will be used frequently in the sequel to modify a given set

so as to decrease the distance to this set from sufficiently distant points.

Lemma 3.2. Given a ρ > 0, consider the set Kρ ⊂ Rn defined as

Kρ =

n⋃
k=1

{tek : t ∈ [−ρ, ρ]}

where {ek}nk=1 is the standard orthonormal basis of Rn.
Then

(i) Kρ is connected and 0 ∈ Kρ,

(ii) H1(Kρ) = 2nρ, and

(iii) if y ∈ Rn is given with |y| ≥
√
nρ, then

dist (y,Kρ) ≤ |y| −
ρ

2
√
n

Proof. Only the claim (iii) is nontrivial. Scaling in ρ, we may assume without
loss of generality that ρ = 1, y = (y1, . . . , yn), yk ≥ 0 for all k = 1, . . . , n, and
y1 = max{y1, . . . , yn}. Then

d(y,K1) ≤
√

(y1 − 1)2 + y2
2 + . . .+ y2

n

=
√
|y|2 + 1− 2y1 ≤

√
|y|2 − 2√

n
|y|+ 1.

By Lemma 3.3 below with α = 2/
√
n and β = 1 we conclude that if |y| ≥

√
n, then

dist (y,K1) ≤ |y| − 1/(2
√
n).

Given x ∈ Rn, we denote

Kρ(x) := x+ Kρ,

where Kρ is defined by Lemma 3.2.
The elementary lemma below is used both in the proof of Lemma 3.2 and in

that of Proposition 3.4.

Lemma 3.3. Let α, β > 0 such that α2 ≤ 4β. Then x ≥ 2β/α implies√
x2 − αx+ β ≤ x− α

4
.
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Proof. Simply note that under conditions of the statement being proven the function
f : R→ R defined by

f(x) := x−
√
x2 − αx+ β

is nondecreasing, and that

f(2β/α) = 2β/α−
√

(2β/α)2 − β
= 2β/α−

√
(2β/α− α/4)2 − α2/16

≥ 2β/α− (2β/α− α/4)
= α/4.

Another auxiliary result to be used in the sequel gives the possibility to decrease
the distance to a given set once the latter is sufficiently “flat” (the flatter is the set,
the less additional length will be used).

Proposition 3.4. Let ρ > 0, β ∈ [0, 1], r ≥ 9nρ and a, b ∈ [0, ρ], be given. Let
Rn = R × Rn−1 and consider the cylinder R := [−a, b] × B̄βρ, where B̄βρ ⊂ Rn−1

stands for the closed ball of radius βρ centered at zero. Then there exists a set
X := X− ∪X+ such that

(i) (−a, 0) ∈ X− and (b, 0) ∈ X+,

(ii) X± are compact and connected sets,

(iii) for every y ∈ Rn satisfying |y| ≥ 2r one has

dist (y,X) ≤ d(y,R)− βρ

2
− 3ρ2

2r
,

(iv) H1(X±) ≤ 8n
√
n(β + ρ

r )ρ,

(v) X ⊂ Br/√n(0).

Proof. Define

λ := 4
√
n(β + ρ/r)ρ, X− := Kλ(−a, 0), X+ := Kλ(b, 0)

Assertions (i) and (ii) are clearly valid, while (iv) holds in view of Lemma 3.2. Since
X ⊂ B̄ρ+λ(0), the assertion (v) is a consequence of the estimate

ρ+ λ <
r

9n
+ 8
√
nρ ≤ r

9
√
n

+
8r

9
√
n
≤ r√

n
.

To prove (iii) let y := (y1, y
′) ∈ R× Rn−1 satisfy the condition |y| ≥ 2r.

Case A. Suppose that y1 ∈ [0, ρ] (the case y1 ∈ [−ρ, 0] is completely symmetric).
Then

dist (y,Kλ(b, 0)) ≤
√
|y1 − b|2 + dist 2(y′,Kλ)

≤
√
ρ2 + dist 2(y′,Kλ).

Since |y| ≥ 2r ≥ 18nρ, while |y1| ≤ ρ, then |y′| ≥ 17nρ ≥
√
nλ, and hence, by

Lemma 3.2

dist (y,Kλ(b, 0)) ≤

√
ρ2 +

(
|y′| − λ

2
√
n

)2

=
√
ρ2 + (|y′| − 2βρ− 2ρ2/r)2.
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Let t := |y′| − βρ− ρ2/r so that

dist (y,Kλ(b, 0)) ≤
√
ρ2 + (t− βρ− ρ2/r)2

=
√
t2 − 2(βρ+ ρ2/r)t+ ρ2 + (βρ+ ρ2/r)2.

Applying now Lemma 3.3, we get that

dist (y,Kλ(b, 0)) ≤ t− βρ+ ρ2/r

2
= |y′| − 3

2
(βρ+ ρ2/r), (3)

whenever t satisfies

t ≥ ρ2 + (βρ+ ρ2/r)2

βρ+ ρ2/r
. (4)

Since |y| ≥ 2r, we know that

t = |y′| − βρ− ρ2/r ≥ |y| − ρ− βρ− ρ2/r ≥ 2r − 3ρ ≥ r + 9nρ− 3ρ

≥ 6nρ+ r ≥ 2ρ+ r.

But

ρ2 + (βρ+ ρ2/r)2

βρ+ ρ2/r
= βρ+ ρ2/r +

ρ2

βρ+ ρ2/r

= βρ+ ρ2/r +
r

βr/ρ+ 1
≤ 2ρ+ r,

which provides that the condition (4) is satisfied. Since |y′| = dist (y,R) + βρ, then
by (3) we obtain

dist (y,Kλ(b, 0)) ≤ |y′| − 3

2
(βρ+ ρ2/r) ≤ dist (y,R)− 1

2
βρ− 3

2
ρ2/r.

Case B. Consider now the case y1 ≥ ρ (the case y1 ≤ −ρ is symmetric). Since
|y| ≥ ρ, we have

|y − (b, 0)| ≥ |y| − ρ ≥ r − ρ ≥ 8nρ

≥ 4n(βρ+ ρ2/r) =
√
nλ,

so that by Lemma 3.2

dist (y,Kλ(b, 0)) ≤ |y − (b, 0)| − λ

2
√
n
≤ dist (y,R) + βρ− λ

2
√
n

= dist (y,R) + βρ− 2βρ− 2ρ2/r ≤ dist (y,R)− 1

2
βρ− 3

2
ρ2/r.

Summing up, we get the validity of the assertion (iii), and hence conclude the
proof.

The following result shows how to decrease the functional Fϕ(Σ) by a quantity
of order ε2 using an additional length of order ε (for small ε > 0). This result is
similar to Lemma 3.4 in [4] where the order of the gain is estimated by ε(n+1)/2.
Hence the result of [4] is better when n = 2.

Lemma 3.5. Assume (α2) holds. Let l > 0 be given and let H and K be two Borel
subsets of Rn such that ϕ(K) > 0 and

r := inf{dist (y,H) : y ∈ K} > 0.
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Then given any compact connected set Σ ⊂ H with H1(Σ) ≤ l, one has for all
ε < r/

√
n the existence of a compact connected set Σ′ ⊃ Σ such that

H1(Σ′) ≤ H1(Σ) + 2nε,

Fϕ(Σ′) ≤ Fϕ(Σ)− C1ε
2,

where

C1 :=
λ(r)ϕ(K)

32nl
.

and λ(r) is the constant defined in (α2).

Proof. Let k : Rn → Σ stand for a Borel projection map on Σ i.e. a Borel function
such that |y− k(y)| = d(y,Σ) and let ψ := k#ϕxK. Given x ∈ Σ and ε ∈ (0, r/

√
n)

consider the set

T (x, ε) := k−1(Bε/(4
√
n)(x)) ∩K.

and notice that ϕ(T (x, ε)) = ψ(Bε/(4
√
n)(x)).

By Lemma 3.1 there exists an x ∈ Σ such that

ϕ(T (x, ε)) = ψ(Bε/(4
√
n)(x)) ≥ εψ(Σ)

8
√
nH1(Σ)

=
εϕ(K)

8
√
nH1(Σ)

.

Define
Σ′ := Σ ∪Kε(x).

Given y ∈ T (x, ε) recall that |y−x| ≥ r ≥
√
nε and |k(y)−x| ≤ ε/(4

√
n). Therefore,

by Lemma 3.2 we have

dist (y,Σ′) ≤ dist (y,Kε(x)) ≤ |y − x| − ε

2
√
n

≤ |y − k(y)|+ |k(y)− x| − ε

2
√
n
≤ dist (y,Σ)− ε

4
√
n
.

As a consequence, using (α2) we get

Fϕ(Σ)− Fϕ(Σ′) ≥
∫
T (x,ε)

[A(dist (y,Σ))−A(dist (y,Σ′))] dϕ(y)

≥
∫
T (x,ε)

λ(r)[dist (y,Σ)− dist (y,Σ′)] dϕ(y)

≥ λ(r)ε

4
√
n
ϕ(T (x, ε)) ≥ λ(r)ϕ(K)

32nH1(Σ)
ε2 ≥ λ(r)ϕ(K)

32nl
ε2.

4 Basic properties

In this section we show that solutions to Problems 1 and 2 under natural conditions
on problem data have to have maximum available length l. We further show the
equivalence of Problems 2 and 3.

The principal technical tool in this section is given by the proposition below in
which a set Σ is modified with the addition of a piece of small length to obtain a
new set such that all points which were not too close to Σ become closer to the
modified set. The idea of the proof is an adaptation to the case of arbitrary space
dimension n of the core of the proof of Theorem 3.7 from [8].
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Proposition 4.1. Let Σ ⊂ Rn be a compact connected set with H1(Σ) < ∞ and
r > 0 be some given number. Then for each c > 0 there exists a compact connected
Σ′ ⊂ Rn, Σ ⊂ Σ′, such that H1(Σ′) ≤ H1(Σ) + c, such that for every y ∈ Rn
satisfying dist (y,Σ) ≥ 3r/4 one has

dist (y,Σ′) ≤ dist (y,Σ)− C,

where C > 0 is some constant depending on Σ, r, c and the space dimension n and
independent of y.

Proof. In view of Proposition 2.2 one has limk→∞ βΣ(x, 1/k) = 0 for H1-a.e. x ∈ Σ.
Consider an ε > 0 to be chosen later. By Egorov Theorem there exists a set Σε ⊂ Σ
such that H1(Σε) ≤ ε and

lim
k→∞

sup
x∈Σ\Σε

βΣ(x, 1/k) = 0.

Let r′ := r/4,

β := min

{
1,

c

18n
√
n · 8H1(Σ)

}
, (5)

and choose a k ∈ N such that for ρ := 1/k > 0 one has

ρ ≤ min

{
βr′,

r′

9n

}
, sup

x∈Σ\Σε
βΣ(x, ρ) ≤ β and ρ < diam Σ. (6)

Consider now a ρ-lattice {x1, . . . , xN} of Σ \ Σε as provided by Lemma 2.1, so
that the balls of radius ρ/2 centered in these points are all disjoint, while the balls
of radius ρ centered in these points cover the whole set Σ \Σε. Note that since Σ is
connected and ρ/2 < diam Σ/2 by (6), then we have H1(Σ ∩ Bρ/2(xi)) ≥ ρ/2 and
hence

Nρ

2
≤

N∑
i=1

H1
(
Σ ∩Bρ/2(xi)

)
≤ H1(Σ) (7)

i.e.
ρ ≤ 2H1(Σ)/N. (8)

Let now i ∈ {1, . . . , N} be fixed and consider the line Π through xi such that
dist (x,Π) ≤ ρβΣ(xi, ρ) ≤ βρ for all x ∈ Σ ∩Bρ(xi). Consider now an orthonormal
system of coordinates in Rn = R × Rn−1 such that xi = (0, 0) and such that the
line Π coincides with the first coordinate axis.

We have Σ ∩ Bρ(xi) ⊂ [−ρ, ρ] × B̄βρ, where B̄βρ ⊂ Rn−1 stands for the closed
ball of radius βρ centered at zero. Thus we can define a+

i , a
−
i ∈ [0, ρ] to be the

minimum numbers such that for Ri := [−a−i , a
+
i ] × B̄βρ one has Σ ∩ Bρ(xi) ⊂ Ri.

Then we clearly have that both disks {±a±i } × B̄βρ intersect Σ.
Let Xi be the set constructed in Proposition 3.4 (applied with a := a−i , b := a+

i ,
r′ instead of r and hence R = Ri). Let

X ′i := Xi ∪ S+
i ∪ S

−
i ,

where S±i is the segment joining the point (±a±i , 0) with a point in ({±a±i }×B̄βρ)∩
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Σ. Hence, Σ ∪X ′i is connected. We calculate now

H1(X ′i) ≤ H1(Xi) +H1(S+
i ) +H1(S−i )

≤ 16n
√
n(βρ+ ρ2/r′) + 2βρ

≤ 18n
√
nβρ+ 16n

√
nρ2/r′

≤ 18n
√
nβρ+ 16n

√
nβρ by (6)

≤ 36n
√
nβρ

≤ cρ

4H1(Σ)
by (5)

≤ c

2N
by (8).

(9)

Denote by x̃i the center of the cylinder Ri. We know from Proposition 3.4 that
if |y − x̃i| ≥ 2r′ = r/2, then

dist (y,Xi) ≤ dist (y,Ri)−
1

2
βρ− 3

2
ρ2/r′ ≤ dist (y,Ri)− βρ/2.

Let now
R′i := {x ∈ Rn : dist (x,Ri) < βρ/4}

stand for the open βρ/4-neighborhood of Ri. Since

N⋃
i=1

Bρ(xi) ⊃ Σ \ Σε and Σ ∩Bρ(xi) ⊂ Ri ⊂ R′i,

then one has
N⋃
i=1

R′i ⊃
N⋃
i=1

(Σ ∩Bρ(xi)) ⊃ Σ \ Σε.

Further, if |y − x̃i| ≥ r/2 we conclude that dist (y,Xi) ≤ dist (y,R′i)− βρ/4.
Consider the set

Z := Σ \
N⋃
i=1

R′i ⊂ Σε.

Since all R′i are open sets and Σ is compact, then Z is a compact set.
Choose

δ :=
3r

4(2n+ 1)
. (10)

Since the spherical Hausdorff measure of the rectifiable set is equal to the usual
Hausdorff measure, then there exists an at most countable number of balls Bδi(zi)
with zi ∈ Z and δi < δ such that⋃

i

Bδi(zi) ⊃ Z and
∑
i

2δi ≤ H1(Z) ≤ H1(Σε) ≤ ε (11)

The compactness of Z permits us to assume that there is only a finite number M
of such balls.

Consider now the sets Yi := K2
√
nδi(zi) as defined in Lemma 3.2. We finally

define

Σ′ := Σ ∪
N⋃
i=1

Xi ∪
M⋃
i=1

Yi.

10



By the properties of Xi and Yi we know that Σ′ is compact and connected. Further,
minding that H1(Yi) ≤ 4n

√
nδi in view of Lemma 3.2, we get using (9) and (11)

the estimate

H1(Σ′)−H1(Σ) ≤
N∑
i=1

H1(Xi) +

M∑
i=1

H1(Yi) ≤
c

2
+

M∑
i=1

4n
√
nδi ≤

c

2
+ 2n

√
nε.

Choosing ε := c/4n
√
n we get H1(Σ′)−H1(Σ) ≤ c.

Suppose that y ∈ Rn is such that dist (y,Σ) ≥ 3r/4. Consider a point x ∈ Σ
such that |x − y| = dist (y,Σ). Only two cases may happen: either x ∈ R′i for
some i ∈ {1, . . . , N} or x ∈ Bδi(zi) for some i ∈ {1, . . . ,M}. We consider them
separately.

Case A: x ∈ R′i. Minding (6), we get the estimate

|y − x̃i| ≥ |y − x|−|x− x̃i|

≥ 3r/4−
√

(βρ)2 + ρ2 − βρ/4

= 3r/4− (
√
β2 + 1 + β/4)ρ ≥ r/2,

because β ≤ 1 by (5) (hence
√
β2 + 1 + β/4 ≤ 8) and ρ ≤ r′/9 ≤ r′/8 = r/32

by (6).
Therefore,

dist (y,Σ′) ≤ dist (y,Xi) ≤ dist (y,R′i)− βρ/4 ≤ |y − x| − βρ/4
= dist (y,Σ)− βρ/4. (12)

Case B: x ∈ Bδi(zi).
We know that y 6∈ B2nδi(zi), since by (10) one has

|y − xi| ≥ |y − x| − |x− zi| ≥ 3r/4− δ = 2nδ ≥ 2nδi.

Thus, by Lemma 3.2,

dist (y,Σ′) ≤ dist (y, Yi) ≤ |y − x| − δi ≤ r − δ′, (13)

where δ′ := min{δi : i = 1, . . . ,M}.
Combining (12) and (13), and setting

C := min{βρ/4, δ′},

we conclude the proof.

Basic properties of maximum distance minimizers

At this point we are able to prove that minimizers of maximum distance functional
must always have maximum available length.

Theorem 4.2. If Σopt solves Problem 2, and Σopt 6⊃ M (hence FM (Σopt) > 0),
then H1(Σopt) = l.

Remark. The assumption Σopt 6⊃ M is necessarily satisfied, for instance, if
H1(M) = +∞.

Proof. Suppose the contrary, i.e. that H1(Σopt) = l − c for some c > 0. Let r :=
FM (Σopt) and consider a Σ′ provided by Proposition 4.1 (applied with Σ := Σopt).
We have that H1(Σ′) ≤ l. Besides, for every y ∈ Rn one has

dist (y,Σ′) ≤ dist (y,Σopt)

11



since Σopt ⊂ Σ′. Hence, if y ∈M and dist (y,Σopt) ≤ 3r/4, we get that dist (y,Σ′) ≤
3r/4. On the other hand, if dist (y,Σopt) ≥ 3r/4, then Proposition 4.1 implies

dist (y,Σ′) ≤ dist (y,Σopt)− C ≤ FM (Σopt)− C

for some C > 0 independent of y. This means FM (Σ′) ≤ FM (Σopt) − C, which
contradicts the optimality of Σopt.

Corollary 4.3. If Σopt solves Problem 2, and Σopt 6⊃ M (hence FM (Σopt) > 0),
then it solves also Problem 3 with r := FM (Σopt).

Proof. If it is not so, then there is a Σ′ solving Problem 3 (i.e. such that FM (Σ′) ≤
r = FM (Σopt), but with H1(Σ′) < H1(Σopt) ≤ l. Hence Σ′ still solves Problem 2,
but H1(Σ′) < l contrary to Theorem 4.2.

We remark that the following “dual” result to the above corollary has been
proven in [8]: if Σopt solves Problem 3, then it also solves Problem 2 with l :=
H1(Σopt). Together with the above corollary this can be interpreted as the “equiv-
alence” of Problems 2 and 3.

Maximal length for average distance minimizers

The statement below is analogous to Theorem 4.2, but applies to average distance
minimizers instead of maximum distance ones.

Theorem 4.4. Suppose that in Problem 1 one has H1(suppϕ) ≥ l and A is strictly
increasing. The for each Σopt solving Problem 1 one has H1(Σopt) = l.

Proof. Suppose the contrary, i.e. that H1(Σopt) = l − c for some c > 0. We choose
an r > 0 such that

ϕ(Dr) > 0, where Dr := {y ∈ Rn : dist (y,Σopt) > 3r/4}.

Such an r > 0 exists since otherwise ϕ would be concentrated over Σopt, i.e. suppϕ ⊂
Σopt contradicting the assumption on ϕ. Consider a Σ′ provided by Proposition 4.1
(applied with Σ := Σopt). We have that H1(Σ′) ≤ l. Besides, for every y ∈ Rn one
has

dist (y,Σ′) ≤ dist (y,Σopt)

since Σopt ⊂ Σ′, while

dist (y,Σ′) ≤ dist (y,Σopt)− C

for some C > 0 (independent of y) whenever y ∈ Dr. Hence, minding the strict
monotonicity of A, we get

Fϕ(Σ′) =

∫
Rn\Dr

A(dist (y,Σ′)) dϕ(y) +

∫
Dr

A(dist (y,Σ′)) dϕ(y)

≤
∫
Rn\Dr

A(dist (y,Σopt)) dϕ(y) +

∫
Dr

A(dist (y,Σopt)− C) dϕ(y)

<

∫
Rn\Dr

A(dist (y,Σopt)) dϕ(y) +

∫
Dr

A(dist (y,Σopt)) dϕ(y)

= Fϕ(Σopt),

contradicting the optimality of Σopt.
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5 Absence of loops

In this section we prove that both minimizers of average distance functionals and
those of maximum distance functional under certain natural conditions do not con-
tain simple closed curves (homeomorphic images of S1).

We now recall briefly the following topological notions which will be used in the
sequel.

Definition 5.1. Let Σ be a connected space. Then x ∈ Σ is called noncut point of
Σ, if Σ \ {x} is connected. Otherwise, x is called cut point of Σ.

Let us recall that according to the Moore theorem (theorem IV.5 from [7, § 47]),
every continuum (i.e. compact connected space) has at least two noncut points.

We also need the following statement.

Lemma 5.2. Let Σ ⊂ Rn be a closed connected set satisfying H1(Σ) < ∞ which
contains a simple closed curve S. Then H1-a.e. point x ∈ S is a noncut point for
Σ.

Proof. If x ∈ S is a cut point for Σ then there is a continuum Lx such that Lx∩S =
{x} and Lx \ {x} 6= ∅. One has then Lx ∩ Ly = ∅ whenever x 6= y. But then
H1(Lx) > 0 for only at most a countable number of points x, otherwise one would
have H1(Σ) = +∞.

The following general result states that every noncut point possesses a connected
neighborhood which can be cut leaving the set connected.

Lemma 5.3. Let Σ be a locally connected metric continuum consisting of more
than one point and x ∈ Σ be a noncut point of Σ. Then there is a sequence of open
sets Dν ⊂ Σ satisfying

(i) x ∈ Dν for all sufficiently large ν;

(ii) Σ \Dν are connected for all ν;

(iii) diamDν ↘ 0 as ν →∞;

(iv) Dν are connected for all ν.

Proof. Let z ∈ Σ, z 6= x. For every couple of points {y1, y2} ⊂ Σ we will say that
y1 is connected to y2 through a closed connected set Γ ⊂ Σ, if {y1, y2} ⊂ Γ. Define
now

Xν := {y ∈ Σ : y connected to z through a Γ ⊂ Σ \B1/ν(x)},
Oν := Σ \Xν .

We show first that Oν are open for all ν, while

(i’) x ∈ Oν for all sufficiently large ν;

(ii’) Σ \Oν are connected for all ν;

(iii’) diamOν ↘ 0 as ν →∞.

We first observe, that all Xν are closed, hence Oν are open. In fact, if yk ∈ Xν ,
yk → y as k → ∞, then each yk is connected to z through a set Γk satisfying
Γk ⊂ Σ \ B1/ν(x). Then, up to a subsequence (not relabeled) Γk → Γ in the sense
of Hausdorff convergence, while Γ is a closed connected set which connects y to z,
and Γ ⊂ Σ \B1/ν(x). In other words, y ∈ Xν .
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Now, clearly, (i’) holds since otherwise one would have z = x. Moreover, (ii’)
is also immediate from the definition of Xν . To prove (iii’), suppose the contrary,
namely, that there is an r > 0 such that for all ν outside of Br(x) there are points
yν ∈ Oν \Br(x). It follows that for every set Γν connecting yν with z one has

Γν ∩ B̄1/ν(x) 6= ∅. (14)

Consider an arbitrary accumulation point y of a sequence {yν}. The local connect-
edness of Σ implies (see theorem I.2 from [7, § 49]) that for each sufficiently large ν
there is a closed connected set Cν ⊂ Σ satisfying Cν ∩Br/2(x) = ∅ which connects
y and yν . Therefore, for every set Γ ⊂ Σ connecting y to z one has x ∈ Γ. In fact,
otherwise minding the compactness of Γ we would have (Γ ∪ Cν) ∩ Bε(x) = ∅ for
some ε > 0 independent of ν, although Γ ∪ Cν connects yν to z, in contradiction
with (14).

Mind now that y 6∈ Br(x) and hence y ∈ Σ \ {x}. But the latter space is
locally connected (as an open subset of a locally connected space Σ) and, being
completely metrizable (again, as an open subset of Σ), is therefore also locally
arcwise connected. Since it is supposed to be connected (because x is a noncut
point of Σ), then it is arcwise connected. In particular, this means that there is an
arc γ ⊂ Σ \ {x} connecting y to z. But according to what has just been proven,
every arc in Σ connecting y to z must pass through x. This contradiction thus
proves (iii’).

Let now Dν stand for the connected component of Oν which contains x. Then
Dν is relatively (with respect to Oν) open in view of local connectedness of Σ and
hence is open in Σ. One immediately observes that (i) and (iii) hold in view of (i’)
and (iii’) respectively. Since (iv) automatically follows from the construction, it
remains to verify (ii). The latter, in view of (ii’) will be shown once we prove that
for every y ∈ Oν \Dν there is a set Γ connecting y to z such that Γ ∩Dν = ∅.

To prove the latter claim, suppose the contrary, i.e. that for some y ∈ Oν \Dν

and for every Γ connecting y to z one has Γ ∩Dν 6= ∅. Let γ be an arbitrary arc
connecting y to z (so that γ(0) = y and γ(1) = z), and set

t̄ := sup{t ∈ [0, 1] : γ(s) 6∈ Dν for all s ∈ [0, t)}, x̃ := γ(t̄).

Consider now the arc [y, x̃] ⊂ γ which connects y to x̃, and let [y, x̃) := [y, x̃] \ {x̃}.
We claim

[y, x̃) ⊂ Oν . (15)

In fact, if v ∈ [y, x̃), then for every set Γ′ connecting v with z there is an x′ ∈ Γ′∩Dν ,
since otherwise, minding that for [y, v] ⊂ γ one has [y, v] ∩ Dν = ∅ and hence,
contrary to our assumption, ([y, v] ∪ Γ′) ∩ Dν = ∅ despite the fact that [y, v] ∪ Γ′

connects y to z. Since x′ ∈ Oν then necessarily Γ′ ∩ B̄1/ν(x) 6= ∅. Since the latter
holds for an arbitrary closed connected Γ′ connecting v to z, then by construction
v ∈ Oν which implies (15) in view of arbitrarity of v.

We prove now x̃ ∈ Oν . In fact, if this is not the case, then there is a set Γ̃
connecting x̃ to z such that Γ̃ ⊂ X \ B1/ν(x), hence, Γ̃ ∩ Oν = ∅ and in particular

Γ̃∩Dν = ∅. But then ([y, x̃]∪ Γ̃)∩Dν = ∅ contrary to our assumption since [y, x̃]∪ Γ̃
connects y to z.

Combining the latter observation with (15), we get

[y, x̃] = γ([0, t̄]) ⊂ Oν .

But since Oν is open then there is a t′ > t̄ such that γ([0, t′]) ⊂ Oν , which means
that γ([0, t′]) belongs to the same connected component of Oν . Since by definition
of t̄ one has γ([0, t′])∩Dν 6= ∅, then this component is Dν , and in particular, y ∈ Dν .
This however contradicts the choice of y and thus proves the claim.
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Absence of loops for maximum distance minimizers

We are able to prove that minimizers of maximum distance functional never contain
simple closed curves. Our construction is based on the following lemma which states
that a set Σ which contains a loop can be modified in a set Σ′ which has less length
and is such that the set of points of Rn which increase their distance from the set,
is contained in a small ball.

Lemma 5.4. Suppose that Σ ⊂ Rn be a compact connected set satisfying H1(Σ) <
+∞ and containing a simple closed curve S. Given a β ∈ (0, 1], for H1-a.e. x̄ ∈ S,
and for every r > 0, there exists a ρ ∈ (0, r) and a closed connected set Σ′ ⊂ Rn
such that

H1(Σ′) ≤ H1(Σ)− ρ/2 + C2βρ,

Σ \ Σ′ ⊂ Bρ(x̄),

Σ′ \ Σ ⊂ B32nρ(x̄),

dist (y,Σ′) ≤ dist (y,Σ), for all y 6∈ B64n
√
nρ(x̄),

dist (y,Σ′) ≤ dist (y,Σ) + ρ, for all y ∈ B64n
√
nρ(x̄),

where C2 > 0 is a constant depending only on n.

Proof. Let γ : [0, 1] → Σ be a Lipschitz parameterization of the simple closed
curve S in Σ. Let x̄ := γ(t̄) be such that t̄ ∈ (0, 1), γ is differentiable in t̄,
limρ→0+ βΣ(x̄, ρ) = 0 and x̄ is a noncut point of Σ. In view of Proposition 2.2
and of Lemma 5.2 this is true for H1-a.e. x̄ ∈ S. Take a system of orthonormal
coordinates in Rn = R× Rn−1 such that x̄ = (0, 0), γ′(t̄) = (|γ′(t̄)|, 0).

Let γ(t) = (γ1(t), γ2(t)). Choose a ρ0 ∈ (0, r) such that

β(x̄, ρ) ≤ β for all ρ ≤ ρ0.

Let Dν be a neighborhood of x̄ in Σ as given by Lemma 5.3 such that diamDν ≤
ρ0. Let ρ > 0 be such that B̄ρ(x̄) is the smallest ball containing Dν . Hence
Dν ⊂ Σ ∩ Bρ(x̄) ⊂ [−ρ, ρ] × B̄βρ, where B̄βρ ⊂ Rn−1 stands for the closed ball of
radius βρ centered at zero.

Let a, b ∈ [0, ρ] be the smallest numbers such that Dν ⊂ [−a, b] × B̄βρ. Thus
there exist x1 ∈ Σ ∩Bβρ(−a, 0) and x2 ∈ Σ ∩Bβρ(b, 0).

Choose r′ := 32n
√
nρ. Then Proposition 3.4 applied with r′ instead of r gives

us the set X = X+ ∪X−. Let S− be the segment joining x1 to (−a, 0) and S+ the
segment joining x2 to (b, 0). Define

Σ′ := Σ \Dν ∪X ∪ S+ ∪ S−.

We observe that Σ′ is connected since so is Σ \ Dν . Further, Σ \ Σ′ ⊂ Dν ⊂
Bρ(x̄) by construction. On the other hand, Σ′ \ Σ ⊂ Br′/

√
n(x̄) = B32nρ(x̄), by

Proposition 3.4, while S± ⊂ B̄ρ+βρ(x̄).
Note that H1(S±) ≤ βρ and H1(X) = 16n

√
n(βρ + ρ2/r′), while H1(Dν) ≥

diamDν ≥ ρ. Clearly we have then

H1(Σ′) ≤ H1(Σ)− ρ+ 2βρ+ 16n
√
nβρ+ 16n

√
nρ2/r′

≤ H1(Σ)− ρ+ 2βρ+ 16n
√
nβρ+ ρ/2

≤ H1(Σ)− ρ/2 + C2βρ,

where C2 := 16n
√
n+ 2.

Finally, the first estimate on dist (y,Σ′) in the statement of the lemma being
proven follows immediately from Proposition 3.4, while the second one follows from
the fact that Σ \ Σ′ ⊂ Bρ(x̄).
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We are able now to claim that maximum distance minimizers, apart from trivial
cases, never contain closed loops. Again we recall the assumption FM (Σopt) > 0 is
satisfied if, for instance, H(M) = +∞.

Theorem 5.5. Let Σopt solve Problem 3 and FM (Σopt) > 0. Then Σopt contains
no simple closed curve (a homeomorphic image of S1).

Proof. Supposing the contrary and choosing r := FM (Σopt)/65n
√
n, β := 1/(4C2)

(where C2 > 0 is the constant defined in the statement of Lemma 5.4), we consider
then an x̄ ∈ Σopt, a ρ < r and a Σ′ as provided by Lemma 5.4 (with Σopt in place
of Σ).

By Lemma 5.4 we have H1(Σ′) < H1(Σopt), while if

|y − x̄| ≥ 64n
√
nρ,

then dist (y,Σ′) ≤ dist (y,Σopt) ≤ FM (Σopt). Otherwise, if |y − x̄| < 64n
√
nρ, then

dist (y,Σ′) ≤ dist (y,Σopt) + ρ ≤ 64n
√
nρ+ ρ ≤ 65n

√
nr ≤ FM (Σopt).

Summing up, we get
FM (Σ′) ≤ FM (Σopt)

which is in contradiction with the minimality of Σopt.

Absence of loops for average distance minimizers

We may now announce the result regarding the absence of loops for minimizers of
average distance problems analogous to that of Theorem 5.5.

Theorem 5.6. Let Σopt solve Problem 1, the function A satisfy conditions (α1)
and (α2), and suppose that ϕ(Σopt) = 0. Then Σopt contains no simple closed curve
(a homeomorphic image of S1).

Proof. Define L := H1(Σopt). We may suppose L > 0 (otherwise there is nothing
to prove).

Since ϕ(Σopt) = 0, there exists a compact set K, disjoint from Σopt and such
that ϕ(K) > 0. Let

R :=
1

2
min{dist (y,Σopt) : y ∈ K} > 0

and let H := (Σopt)R be the R-neighborhood of Σopt. Suppose by contradiction
that there exists a simple closed curve S ⊂ Σopt. Let β := (4C2)−1, where C2 is the
constant defined in Lemma 5.4.

Given an x ∈ Σopt, define

ω(x, ρ) :=
ϕ(Bρ(x))

ρ
.

Since ϕ(S) = 0, from the direct consequence of theorem 2.56 from [1] for H1-a.e.
x ∈ S one has

lim
ρ→0+

ω(x, ρ) = 0.

Let r > 0 to be chosen later. We apply therefore Lemma 5.4 to find a point x̄ ∈ S
with ω(x, t)→ 0 as t→ 0+, a ρ ∈ (0, r) and a connected set Σ′ such that

H1(Σ′) ≤ H1(Σopt)− ρ/2 + C2βρ = H1(Σopt)− ρ/4, (16)
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while

Fϕ(Σ′) ≤ Fϕ(Σopt)

+

∫
B64n

√
nρ(x̄)

(A(dist (y,Σopt) + ρ)−A(dist (y,Σopt)) dϕ(y)

≤ Fϕ(Σopt) + 64n
√
nΛρ2ω(x̄, 64n

√
nρ).

(17)

Apply now Lemma 3.5 with ε := ρ/8n, Σ′ in place of Σ, R in place of r, and L
in place of l (mind that H1(Σ′) ≤ H1(Σopt) = L) to find a connected compact set
Σ′′ ⊃ Σ′ such that, by (16)

H1(Σ′′) ≤ H1(Σ′) + 2nε ≤ H1(Σopt)− ρ/4 + 2nε = H1(Σopt),

while, by (17),

Fϕ(Σ′′) ≤ Fϕ(Σ′)− C1ε
2 (18)

≤ Fϕ(Σ) + 64n
√
nΛρ2ω(x̄, 64n

√
nρ)− C1

16n2
ρ2, (19)

where C1 is the constant introduced in Lemma 3.5. Hence, choosing an r > 0 such
that

64n
√
nΛω(x̄, 64n

√
nρ) <

C1

16n2

for all ρ < r, we get from (18) that Fϕ(Σ′′) < Fϕ(Σopt) contradicting the optimality
of Σopt.

We recall the following well-known notion.

Definition 5.7. The Hausdorff dimension dimϕ of the Borel measure ϕ over Rn
is defined as

dim ϕ = sup{k : ϕ� Hk},

where Hk stands for the k-dimensional Hausdorff measure.

For instance, if ϕ� Ln, then dim ϕ = n.
The above notion allows to formulate the following immediate corollary of the

above Theorem 5.6.

Corollary 5.8. Let Σopt solve Problem 1, the function A satisfy conditions (α1)
and (α2), and suppose that dimϕ > 1. Then Σopt contains no simple closed curve (a
homeomorphic image of S1). In particular, this assertion holds true when ϕ� Ln.

6 Ahlfors regularity

We show now that both the minimizers of Problem 1 and those of Problem 3 (hence
also those of Problem 2 in view of Corollary 4.3) possess some mild regularity
properties, namely that they are is Ahlfors regular. Recall that a set Σ ⊂ Rn is
called Ahlfors regular, if there exist two constants c > 0 and C > 0 such that for
every positive ρ < diam Σ and for every x ∈ Σ one has

cρ ≤ H1(Σ ∩Bρ(x)) ≤ Cρ (20)

(while a singleton is considered to be Ahlfors regular by definition). It is worth
mentioning that Ahlfors regularity of a closed connected set Σ implies the so-called
uniform rectifiability on Σ, which, as it has been shown in [5], provides several nice
analytical properties of Σ. This condition can be considered a kind of “quantitative
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rectifiability” which is somewhat stronger than the classical rectifiability used in
geometric measure theory.

We remark that to verify Ahlfors regularity of Σ ⊂ Rn, it is enough to show the
existence of some r0 ∈ (0,diam Σ) (independent of x ∈ Σ) such that (20) holds just
for r ≤ r0. In fact, in this case, when r > r0 and r < diam Σ, we have

H1(Σ ∩Br(x))

r
=
H1(Σ ∩Br(x))

r0

r0

r

≥ H
1(Σ ∩Br0(x))

r0

r0

diam Σ
≥ c r0

diam Σ
,

and on the other hand,

H1(Σ ∩Br(x))

r
≤ H

1(Σ ∩Br(x))

r0
≤ H

1(Σ)

r0
.

We further remark that if Σ is closed and connected, then the lower estimate
in (20) is trivial: in fact, for all ρ < r0 := diam Σ/2 one has Σ ∩ ∂Bρ(x) 6= ∅, and
hence

H1(Σ ∩ ∂Bρ(x)) ≥ ρ
when x ∈ Σ. Hence, for such Σ the proof of Ahlfors regularity reduces to verifying
that for every x ∈ Σ and for all ρ > 0 sufficiently small (independently of x) one
has

λ(x, ρ) ≤ C, (21)

where

λ(x, ρ) :=
H1(Σ ∩Bρ(x))

ρ
. (22)

We will need the following auxiliary assertion which estimates the length of the
minimal connection of k given points.

Lemma 6.1. Given k points {zi}ki=1 ⊂ B̄ρ(x̄) ⊂ Rn, there is a compact connected
set Σ0 ⊂ B̄√nρ(x̄) containing all these points, such that

H1(Σ0) ≤ C3k
1−1/nρ

for some C3 = C3(n) > 0.

Proof. Up to a rescaling we may suppose that ρ = 1/2 and up to a translation we
suppose that all the points z1, . . . , zk are contained in the unit cube In = [0, 1]n.

Let Γj be the set of all (x1, . . . , xn) ∈ In such that jxi ∈ N for all i = 1, . . . , n
except at most one (i.e. Γj is a uniform one-dimensional grid of step 1/j in In).
Then clearly Γj ⊂ In is connected and

H1(Γj) ≤ n(j + 1)n−1 and dist (y,Γj) ≤
√
n/2j

for all y ∈ In. For each i = 1, . . . , k denote by zji an arbitrary projection of zi to

Γj , and let [zi, z
j
i ] stand for the segment connecting these two points. Then the set

Γ̃j := Γj ∪
k⋃
i=1

[zi, z
j
i ]

connects all the points zi, and hence

H1(Γ̃j) ≤ H1(Γj) +

k∑
i=1

dist (zi,Γ
j) = n(j + 1)n−1 +

k
√
n

2j
.

Taking in the above relationship Σ0 := Γ̃j ⊂ In ⊂ B̄√nρ(x̄) with j := bk1/nc, where
b·c stands for the integer part, we get the desired conclusion.
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Ahlfors regularity for maximum distance minimizers

We are able now to prove Ahlfors regularity of solutions to problem 3.
The following lemma will be necessary in our proof.

Lemma 6.2. Suppose that Σ ⊂ Rn be a compact connected set satisfying H1(Σ) <
+∞, and x ∈ Σ. Then there exists a constant C4 > 0 depending only on n, such
that for every ρ > 0 and for every x ∈ Σ there exists a closed connected set Σ′ ⊂ Rn
such that

H1(Σ′) ≤ H1(Σ)− λ(x, ρ)ρ+ C4(λ(x, 2ρ)α + 1)ρ,

Σ \ Σ′ ⊂ B2ρ(x),

Σ′ \ Σ ⊂ B8
√
nρ(x),

dist (y,Σ′) < dist (y,Σ), for all y 6∈ B4nρ(x),

dist (y,Σ′) ≤ dist (y,Σ) + 2ρ, for all y ∈ B4nρ(x)

where α = 1− 1/n and λ(x, ρ) is defined by (22).

Proof. Let x ∈ Σ be an arbitrary point and set

k(x, ρ) := #Σ ∩ ∂Bρ(x).

By the coarea formula one has

2ρλ(x, 2ρ) ≥
∫ 2ρ

0

k(x, t) dt ≥
∫ 2ρ

ρ

k(x, t) dt

and hence there exists a t ∈ [ρ, 2ρ] such that

k(x, t) ≤ 2λ(x, 2ρ). (23)

Let Σ0(t) be the set constructed in Lemma 6.1 with respect to the k(x, t) points
Σ ∩ ∂Bt(x) so that H1(Σ0(t)) ≤ C3k

1−1/n(x, t)t. ¿From now on C will stand for
a positive constant depending only on n which may be different from line to line.
Lemma 3.2 defines the set Σ1(t) := K2

√
nt(x) such that x ∈ Σ1(t), H1(Σ1(t)) =

4n
√
nt and given any y ∈ Rn with |y − x| ≥ 2nt one has

dist (y,Σ1(t)) ≤ |y − x| − t < dist (y,Σ). (24)

With a possible rotation of Σ1(t) around x we may suppose Σ0(t) ∩ Σ1(t) 6= ∅.
Then the set

Σ′ := Σ \Bt(x) ∪ Σ0(t) ∪ Σ1(t)

is connected and closed. Also, clearly one has Σ \ Σ′ ⊂ B2ρ(x), which in its turn
implies that

dist (y,Σ′) ≤ dist (y,Σ) + 2ρ

for all y ∈ Rn. At the same time, for y 6∈ B2nt(x), the estimate (24) implies
dist (y,Σ′) < dist (y,Σ).

To prove the estimate on H1(Σ), we observe that

H1(Σ′) ≤ H1(Σ)−H1(Σ ∩Bt(x)) +H1(Σ0(t)) +H1(Σ1(t)).

By definition one has H1(Σ∩Bt(x)) = tλ(x, t) ≥ ρλ(x, ρ). By Lemma 6.1 and (23)
one has

H1(Σ0(t)) ≤ C3k
α(x, t)t ≤ 2C3λ

α(x, 2ρ)t
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where α = 1−1/n. Also H1(Σ1(t)) = 4n
√
nt by construction. Summing up, we get

H1(Σ′) ≤ H1(Σ)− λ(x, ρ)ρ+ C4(λα(x, 2ρ) + 1)ρ

with C4 = max{8n
√
n, 4C3}.

Finally, we note that Σ1(t) ∈ B̄2
√
nt(x) by construction, while clearly Σ0(t) ∈

B̄t(x), which in particular implies

Σ′ \ Σ ⊂ B4
√
nt(x) ⊂ B8

√
nρ(x).

concluding the proof.

Lemma 6.3. Let Σ ⊂ Rn be bounded and suppose that there exists an r > 0 such
that for all x ∈ Σ and for all ρ ∈ (0, r] one has

λ(x, ρ) ≤ aλα(x, 2ρ) + b

for some constants a > 0, b ≥ 0 and α ∈ (0, 1). Then there exists a constant C > 0
depending only on a, b, r,H1(Σ) such that for all x ∈ Σ and all ρ ∈ (0, r] one has

λ(x, ρ) ≤ C.

Proof. Consider an arbitrary x ∈ Σ. Let for all ν ∈ N

λν(x) := λ(x, r/2ν).

Let λ̄ stand for the unique positive solution of the equation

λ = aλα + b.

Then, for every λ > λ̄ one has
aλα + b > λ.

Then for each ν ∈ N either λν(x) ≤ λ̄, or else λν+1(x) ≤ λν(x). Summing up, we
have that

λν(x) ≤ max{λ̄, λ0(x)}.

But

λ0(x) = λ(x, r) =
H1(Σ ∩Br(x))

r
≤ H

1(Σ)

r
.

Hence,
λν(x) ≤ C ′ := max{λ̄,H1(Σ)/r}.

If ρ ≤ r is an arbitrary positive number, then there is a ν ∈ N such that
ρ ∈ [r/2ν+1, r/2ν ]. Therefore,

ρλ(x, ρ) ≤ r

2ν
λ(x, r/2ν) =

r

2ν
λν(x) ≤ 2ρC ′,

which implies λ(x, ρ) ≤ C := 2C ′.

Theorem 6.4. Let Σopt solve Problem 3. Then Σopt is Ahlfors regular. The con-
stants C and c in (20) depend only on M and on the space dimension n.

Proof. Define r := FM (Σ)/6n, and for arbitrary ρ ∈ (0, r] and x ∈ Σopt consider a
set Σ′ as provided by Lemma 6.2 (applied with Σopt in place of Σ). If y 6∈ B4nρ(x),
then

dist (y,Σ′) ≤ dist (y,Σopt) ≤ FM (Σopt)
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by Lemma 6.2. Otherwise, if y 6∈ B4nρ(x), then

dist (y,Σ′) ≤ dist (y,Σopt) + 2ρ ≤ 4nρ+ 2ρ ≤ 6nρ ≤ 6nr = FM (Σopt).

Summing up, we get
FM (Σ′) ≤ FM (Σopt),

and hence the optimality of Σopt yields

H1(Σ) ≤ H1(Σ′).

By Lemma 6.2 the latter relationship implies

λ(x, ρ)− C (λα(x, 2ρ) + 1) ≤ 0.

In view of Lemma 6.3, we have therefore λ(x, ρ) ≤ C for some C > 0 and for all
ρ ≤ r, where C depends only on the problem data.

Ahlfors regularity for average distance minimizers

We also prove Ahlfors regularity of solutions to Problem 1.

Theorem 6.5. Let Σopt solve Problem 1, the function A satisfy conditions (α1)
and (α2), and ϕ ∈ Lp(Rn), p ≥ n/(n− 1), n > 1. Then Σopt is Ahlfors regular.

Remark. A better result for n = 2 has been proven in [4] (it required only
ϕ ∈ Lp(Rn), p ≥ 4/3).

Proof. We may assume l > 0 (otherwise Σopt is a singleton and hence there is
nothing to prove). Set r := diam Σopt, x ∈ Σopt. There is a c ∈ (0, r) such that for
K := Rn \ (Σopt)2c one has ϕ(K) > 0 (since ϕ(Σopt) = 0 because Ln(Σopt) = 0).
Choose now an arbitrary ρ < c/8

√
n.

Let Σ′ be the set defined by Lemma 6.2 applied with Σopt in place of Σ. Mind-
ing (α1), we have then

Fϕ(Σ′) ≤ Fϕ(Σopt) + 2Λρϕ(B4nρ(x)).

By Hölder inequality, one has

ϕ(B4nρ(x)) ≤ ‖ϕ‖p · |B4nρ(x)|1/p
′
≤ Cρn/p

′
, 1/p′ + 1/p = 1,

for some C > 0 depending only on n and ‖ϕ‖p. Hence, we have

Fϕ(Σ′) ≤ Fϕ(Σopt) + Cρn/p
′+1, (25)

where C > 0 depends neither on ρ nor on x (from now on it may be different from
line to line).

On the other hand, we note that

H1(Σ′)−H1(Σopt) ≥ ρλ(x, ρ)− ρC (λα(x, 2ρ) + 1) .

If the right-hand side of the above relationship is negative, then

ρλ(x, ρ)− ρC (λα(x, 2ρ) + 1) ≤ 0,

and hence by Lemma 6.3 one has λ(x, ρ) ≤ C (where C > 0 depends only on the
problem data). Otherwise, note that, setting H := (Σopt)c, we have that Σ′ ⊂ H
since ρ < c/8

√
n by our choice and Σ′ \Σ ⊂ B8

√
nρ(x) by Lemma 6.2. We use then

Lemma 3.5 with
ε := ρλ(x, ρ)− ρC (λα(x, 2ρ) + 1) ,
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and Σ′ in place of Σ to get a new set Σ′′ such that

Fϕ(Σ′′) ≤ Fϕ(Σ′)− C1 (ρλ(x, ρ)− ρC (λα(x, 2ρ) + 1))
2
, (26)

where C1 is the constant defined in Lemma 3.5. Putting together (26) and (25) and
minding that Fϕ(Σ′′) ≥ Fϕ(Σopt) by the optimality assumption on Σopt, we get

(ρλ(x, ρ)− ρC (λα(x, 2ρ) + 1))
2 ≤ C ′ρn/p

′+1,

where the constant C ′ > 0 depends only on ‖ϕ‖p, n, c, ϕ(K), H1(Σopt) (hence,
since c and K depend on Σopt, then C ′ depends on the problem data and on Σopt).
This is only possible when

λ(x, ρ)− C (λα(x, 2ρ) + 1) ≤ C ′ρδ,

where δ := n/2p′ − 1/2. Minding the assumption on p, we have that δ ≥ 0, and
hence ρδ ≤≤ (diam Σopt)

δ. Applying again Lemma 6.3 one has λ(x, ρ) ≤ C, where
C > 0 depends only on problem data and on Σopt.
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