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Abstract

We prove sharp homogeneous improvements to L' weighted Hardy inequalities involving
distance from the boundary. In the case of a smooth domain we obtain lower and upper
estimates for the best constant of the remainder term. These estimates are sharp in the sense
that they coincide when the domain is a ball or an infinite strip. In the case of a ball we also
obtain further improvements.
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1 Introduction

Hardy’s inequality involving distance from the boundary of a convex set Q C R"; n > 1, asserts

that . »
- p
/g\vu\dez (%) /Qt‘l‘pdx, p>1, (1.1)

for all u € C°(Q), where d = d(x) := dist(x,R" \ Q). Due to [HLP], [D], [MS] and [MMP]
the constant appearing in (1.1) is optimal. After the pioneering results in [Mz] and [BrM], a
sequence of papers have improved (1.1) by adding extra terms on its right hand side, see for
instance [BFT2], [BFT3], [FMT3], [FTT] and primarily [BFT1] and [FMT1], [FMT2] where it
was also noted that (1.1) remains valid with the sharp constant in more general sets than convex
ones, and in particular in sets that satisfy —Ad > 0 in the distributional sense.

In the case p = 1, (1.1) reduces to a trivial inequality, at least for sets having non positive
distributional Laplacian of the distance function. However, in the one dimensional case, the
following L! weighted Hardy inequality is well known:

= [ (x)] = Ju(x)]
/0 xs_ldx2<s_1>/0 x> 1, (12)

for all absolutely continuous functions u : [0,00) — R, such that u(0) = 0. This is the special
case p = 1 of Theorem 330 in [HLP]. Inequality (1.2) is, in fact, an equality for u increasing,
and thus the constant on the right hand side is sharp.
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In this work we are concerned with the higher-dimensional generalizations of (1.2). Let
Q C R"(n>2) be open and let d = d(x) := dist(x, R"\ Q). We deal with inequalities of the type

\%

/‘ LIPS @/‘ ’dx—i—%’/v Juldr, s> 1, (1.3)
od*

valid for all u € CZ(Q). Here V is a potential function, i.e., nonnegative and V € L} (R"), and

Py > 0, # € R. Questions concerning sets for which this inequality is valid, sharp constants,

possible improvements and optimal potentials will be studied. Our first Theorem reads as fol-

lows

Theorem A Let Q be a domain in R" with boundary of class €* satisfying a uniform interior
sphere condition, and we denote by F the infimum of the mean curvature of the boundary. Then
there exists 1 > (n— 1) such that for all u € C2(Q) and all s > 1

> (s— + dx. .
Sildx_ (s 1) de B (1.4)

Let s > 2. If Q is a bounded domain in R" with boundary of class €* having strictly positive
mean curvature, then the constant s — 1 in the first term as well as the exponent s — 1 on the
distance function on the remainder term in (1.4), are optimal. In addition, we have the following

estimates q

\aszy 20

where F(y) is the mean curvature of the boundary aty € dQ, and F is its minimum value.

(n—1)H <% < € (y)dSy, (1.5)

The following result, which is of independent interest, played a key role in establishing The-
orem A

Theorem B Let Q C R" be a domain with boundary of class € satisfying a uniform interior
sphere condition. Then | := (—Ad)dx is a signed Radon measure on Q. Let |1 = U, + U be the
Lebesgue decomposition of L with respect to L", i.e. Uge <K L™ and ps | L". Then g > 0 in
Q, and o > (n—1)dx a.e. in Q, where H := inf\cy0 H(y).

For domains with boundary of class ¢ satisfying a uniform interior sphere condition, —Ad
is a continuous function in a tubular neighborhood of the boundary and, moreover, —Ad(y) =
(n—1)7(y) for any y € dQ. This fact together with Theorem B leads to

Corollary Let Q be a domain with boundary of class €* satisfying a uniform interior sphere
condition. Then Q is mean convex, i.e., 7 (y) > 0 for all y € dQ, if and only if —Ad > 0 holds
in Q, in the sense of distributions.

We note that a set Q C R" with distance function having non positive distributional Laplacian,
is shown in [4-5] and [13-15] to be the natural geometric assumption for the validity of various
Hardy inequalities.



In special geometries we are able to compute the best constant % in (1.4):

In case Q is a ball of radius R then the upper and lower estimates (1.5) coincide, yielding
%) = (n—1)/R. One then may ask whether (1.4) can be further improved. We provide a full
answer to this question by showing that for s > 2 one can add a finite series of [s] — 1 terms on
the right hand side before adding an optimal logarithmic correction. More precisely we prove
the following

Theorem C Let Bg be a ball of radius R. Then, (i) For allu € C(Bg), all s > 2,y > 1, it holds
that

s]—

/ ‘V”|dx>(s—1)/ ‘”’dx+[21”_1 4 gy € / MXy<g)dx (1.6)
B d1 T Br d° = R Jpyak R Jp, d R/ '

where X (t) := (1—1logt)~!, ¢t € (0,1] and C > y— 1. The exponents s and s —k; k=1,2,....[s] —
1, on the distance function, as well as the constants s — 1, (n—1)/RK; k= 1,2,...,[s] — 1, in the
first and the summation terms, respectively, are optimal. The last term in (1.6) is optimal in the
sense that if v = 1, there is not positive constant C such that (1.6) holds.

(ii) For allu € CZ(Bg), all 1 <s <2, y> 1, it holds that

|Vu| / |ul C / lul oy d
dx> (s—1 —dx —X"( = )dx 1.7
/BR a1 = (s—1) By d° * Rs—1 Jp, d (R) ’ (1.7

where X (t) := (1 —logt)~!, t € (0,1] and C > y— 1. The last term in (1.7) is optimal in the
sense that if ¥ = 1, there is not positive constant C such that (1.7) holds.

Note that this is in contrast with the results in case p > 1, where an infinite series involving
optimal logarithmic terms can be added (see [BFT2]) and ([BFT3]).

In case Q is an infinite strip, using a more general upper bound on %, (see Theorem 4.7),
we prove that % = 0. As a matter of fact the finite series structure of (1.6) disappears and only
the final logarithmic correction term survives. More precisely

Theorem D Let Sk be an infinite strip of inner radius R. For all u € CZ(Sg), all s > 1, y > 1,
there holds Va ] 1l J
u u C u
> (s—1) [ “ax —X”(—)dx, 1.8
Sk ds—1 - (S )/SR ds + Rs—1 /SR d R ( )

where C > y— 1. The last term in (1.8) is optimal in the sense that if Y = 1, there is not positive
constant C such that (1.8) holds.

The paper is organized as follows. In §2, recalling the semiconcavity properties of the dis-
tance function, we prove weighted L' Hardy inequalities in sets without regularity assumptions
on the boundary. General open sets, sets with non negative distributional Laplacian of the dis-
tance function, as well as sets with positive reach are considered. Remainders for sets having



finite inner radius are obtained in the first two cases and extremal domains are given. The results
imply in particular inequality (1.8). In §3, after recalling further properties of the distance func-
tion for smooth domains, we prove Theorem B. Theorem A and the optimality in Theorem D is
then proved in §4, where also an interesting lower bound for the Cheeger constant of smooth,
strictly mean convex domains is deduced (see Corollary 4.6). In §5, Theorem C is proved and in
the final section we discuss L” analogs of our results.

After this work was completed we found that Corollary following Theorem B of this intro-
duction is also noted in [LL]. It turns out this is originally due to Gromov (see [Gr]-pg 18-19).
For proofs of this corollary (different from the one in this paper) see [LLL] and [Gr]-§5.

2 Inequalities in sets without regularity assumptions on the bound-
ary
Since all inequalities of this paper will follow by the integration by parts formula, we formalize

it as follows: let Q be an open set in R” and T be a vector field on Q. Integrating by parts and
using elementary inequalities, we get

/ ||Vl dx > / div(T)uldx, @.1)
Q Q
for all u € CZ(Q), where we have also used the fact that |V|u|| = |Vu| a.e. in Q.

2.1 General sets

In this subsection we recall some properties of the distance function to the boundary of a general
open set and then prove various weighted L' Hardy inequalities.

Let @ C R” be open. We set d : R” — [0,00) by d(x) := inf{|x—y| : y € R"\ Q}. It is well
known that d is Lipschitz continuous on R” and in particular |[Vd(x)| =1 a.e. in Q (see [F]-
Theorem 4.8). The next property of d can be found for example in [CS]-Proposition 2.2.2.(i) &
Proposition 1.1.3.(c),(e). We prove it for completeness.

Lemma 2.1. Let Q C R”" be open. It holds that
—dAd > —(n—1) in Q in the sense of distributions. (2.2)

Proof. Estimate (2.2) rests on the fact that the function A : R” — R defined by A(x) := |x|*> —
d?(x) is convex (see also [AmbM]-§2). To see this, we take x € R” and let y € R" be such that
d(x) = |x—y|. For any z € R" we get

2[2* — (&*(x —2) +d*(x +2) — 2d%(x))

> 202> = (x+z—yP+ P —z—y —2lx—y*)
0.

A(x+z)+A(x—2z) —2A(x)



Since A(x) is also continuous, we obtain that A(x) is convex (see [CS]-Proposition A1.2). It
follows by [EvG]-§6.3-Theorem 2, that the distributional Laplacian of A is a nonnegative Radon
measure on R”. Since in Q we have AA = 2(n— 1 —dAd) in the sense of distributions, the result
follows. u

The weighted L' Hardy inequalities we obtain are deduced from the following basic fact
Lemma 2.2. Let Q C R" be open. Forallu € CZ(Q) and all s > 1

V|
o dsfl

Iul
ds— 1

dx > (s — ”'dx+/ 2.3)

where —Ad is meant in the distributional sense. If Q is bounded, then equality holds for ug(x) =
(d(x)) e e Wy (Q;d~b71), &> 0.

Proof. Inequality (2.3) follows from (2.1) by setting 7'(x) = —(d(x))' ~*Vd(x) for a.e. x € Q,
while the second statement is easily checked. |

A covering of Q by cubes was used in [Avkh] to prove the next Theorem. We present an
elementary proof.

Theorem 2.3. Let Q C R" be open. For all u € C2(Q) and all s > n, it holds that

IVu\ |ul
dS Z (S *I’l) o E (24)
Proof. Coupling (2.2) and (2.3), we get
|Vl |ul |ul
st_ldx > (s— 1)‘/dix—(n— 1) Qde
|ul
_ _ it |
(s—m | 5

Remark 2.4. The constant appearing on the right hand side of (2.4) is just a lower bound for the
best constant. The best constant in (2.4) differs from one open set to another. However, R” \ {0}
serves as an extremal domain for Theorem 2.3. More precisely, letting Q = R"\ {0}, we have
d(x) = |x| and (2.4) reads as follows

v
/ |“’1dxz(s—n)/ 1l e s>, (2.5)
R R

n ’x‘s n |X|S

for all u € C?(R"\ {0}). To illustrate the optimality of the constant on the right hand side of
(2.5), we define the following function

us(x) == xp,\ps(x), x€R", (2.6)
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where, for any r > 0, by B, we henceforth denote the open ball of radius r with center at the
origin. Here 0 < 8 < n and 1) is fixed. The distributional gradient of ug is Vug = %36 Opps —
v By 0, B, Where, for any r > 0, V,yp, stands for the outward pointing unit normal vector field
along dB, = {x € R" : [x| =r}, and by 8,5 we denote the Dirac measure on dB,. Moreover, the
total variation of Vug is [Vug| = 8y, + 89, - Using the co-area formula, we get

\%
Joo GFotdx 8151985 +1~*|By |
[ %dx f(g r=5|dB,|dr
_ 5”.75 + nnfs
fﬁn p—s—1dy
5"75' n—s
= (s—n) o _+n
5n—s _ nn—s

— s—n, asd /0.

Although not smooth, functions like ug defined in (2.6) belong to BV (R") (the space of functions
of bounded variation in R"), and thus we can use a C;° approximation so that the calculation
above to hold in the limit (see for instance [EvG]-§5.2).

Theorem 2.5. Let Q C R”" be open and such that R := sup,.q d(x) < . For all u € CZ(Q), all
s >n,Y> 1, it holds that

|Vl

Q ds—1

|u| C [ lul,yrd
de> (s—n) [ Mgy —XY<—>dx7 2.7
= (S I’l) o ds + R Jo dr R 2.7)

where C > y—1.

Proof. We set T(x) = —(d(x))!~*[1 — (d(x)/R)*"X"~1(d(x)/R)]Vd(x) for a.e. x € Q. Since
|1 —(d(x)/R)* "X '(d(x)/R)| < 1 for all x € Q, we have

|Vl

Q dsfl dx.

[ 171vulax <
Q

Using the rule VX?~!(d(x)/R) = (y—1)X"(d(x)

div(T) = (s—1)d"*[1—(d/R)}* X" (d/R)] + ——d "X"""(d/R)

RSI’!

Yy—1 _ _ Cmoy—
+ o d "X(d/R) +d"*[1—(d/R)* X" (d/R)|(—Ad).
Since 1 — (d(x)/R)* "X~ !(d(x)/R) > 0 for all x € Q, we use (2.2) on the last term of the above
equality and a straightforward computation gives

ry—1

div(T) > (s—n)dfs—kmd*"Xy(d/R).



This means that

- |ul y—1 [ |uf
/lev(T)]u|dx2(s—n) [ I [ Bxriaymyas

and the result follows from (2.1). |

Remark 2.6. A punctured domain serves as an extremal domain for Theorem 2.5. More pre-
cisely, let Q = U \ {0} where U is an open, connected subset of R” containing the origin and
satisfying R := sup, ., d(x) < 0. We define ug as in (2.6), where 1) is fixed and sufficiently small
such that d(x) = |x| in By,. For any s > n, we have

Jo fiotdr—(s—n) fo f8hdx  §51-50Bs|+n'~¥|0By| — (s —n) [1 r|3B,|dr
Jo 151X (12| /R)dx J5 r="X(r/R)|0B;|dr
" 4" —(s—n) f; Ms=ldy
fg r=1X(r/R)dr
oy
tog (1{3/%)
= og(1).

Thus, for a punctured domain inequality (2.7) does not hold when y = 1, as well as the exponent
n on the second term of the right hand side in (2.7) cannot be increased.

Theorem 2.7. Let Q C R”" be open and such that R := sup,.q d(x) < . For allu € CZ(Q) and
all s > n, it holds that

|Vu| |u| 1 |Vu|
/QFdx_(S—”)/QEdXZW dex. (2.8)
Proof. We set T (x) = —(d(x))'~*[1 — (d(x) /R)* "] Vd(x) for a.e. x € Q. Since
d(x)

()| = (d(x))'~ [1 - (T)H} ae.xeQ,

- |Vu| 1 |Vu|
/Q\THVu\dx:/st_ldx—Rs_n/an_ldx.

div(T) = (s—1)d*[1 — (d/R)* "] + %d’" +d'"5[1—(d/R)*™"(~Ad), inQ,

in the distributional sense. Since 1 — (d(x)/R)*™" > 0 for all x € Q, we may use Lemma 2.1 on
the last term of the above equality and after a straightforward computation to obtain

we have

We also calculate

/ div(T) uldx > (s—n)/ 4] 4
Q Q ds
The result follows from (2.1). |



Remark 2.8. A punctured domain serves also as an extremal domain for Theorem 2.7. As
before, letting Q = U \ {0}, where U is an open, connected subset of R” containing the origin
and satisfying R := sup, ., d(x) < oo, we define u; as in (2.6) where 7 is fixed and sufficiently
small such that d(x) = |x| in By,. By the co-area formula, for any € > 0 we have

Vu u
Jo [t — (s =) fo Fde 51-21085| 4 '8y | — (s —n) [3 r—*|0B/|dr
Jo prtkedx §171=¢|dBs|+n'"""¢|dBy|

B 5n7s_|_nn7s+j§7 (rnfs)/dr

B S-¢4mn¢

B 2nn7&‘

o 678_{_”78
05(1) ife>0

- n"* ife=0.

Note thatif e =0thenn”* [ R**asn T R. g

2.2 Sets with —Ad > 0 in the sense of distributions
In this subsection we assume that
—Ad > 01in Q, in the sense of distributions. (C)

This condition was first used in the context of Hardy inequalities in [3-4] and has been used
intensively in [13-15]. As we will prove in §3, domains with sufficiently smooth boundary
carrying condition (C) are characterized as domains with nonnegative mean curvature of their
boundary. However, in this section we do not impose regularity on the boundary.

Theorem 2.9. Let Q C R" be open and such that condition (C) holds. For all u € C(Q) and
all s > 1, it holds that

[Vl |ul
—dx. 2.9
o ds—l o ds ( )

Moreover, the constant appearing on the right hand side of (2.9) is sharp.

dx>(s—1)

Proof. Since (C) holds we may cancel the last term in (2.3) and (2.9) follows. To prove the
sharpness of the constant, we pick y € dQ and define the family of Wol’1 (Qs;d *(‘“1)) functions
by ue(x) := ¢ (x)(d(x))* 1€, £ >0, where ¢ € CZ(Bs(y)), 0< ¢ < 1and ¢ =1 in Bs»(y), for
some small but fixed §. We have

el d Vo|dedx
fgd;‘ < o144 d0lVoldd qﬁ\lﬂ
Jo el gy Jo9d~"+edx
< 1+e+ ¢
I _ 9
fQﬂB&/z()’)d redx
< s—14o0g(1)



where C is some universal constant (not depending on €). |

Remark 2.10. In view of Theorem 2.9 and Lemma 2.2, we see that if Q is bounded and condi-
tion (C) holds, then all constants appearing in (2.3) are optimal.

Theorem 2.11. Let Q C R” be open and such that condition (C) holds. Suppose in addition that
R:=sup,qd(x) <eo. Forallu € C?(Q),all s> 1, y> 1, it holds that

|Vu| /|M 9 /!M| d
> (s— — —X7(= .
e e (%)ax. (2.10)

where C > y— 1.
Proof. We set T(x) = —(d(x))'~*[1 — (d(x)/R)*"'X"1(d(x)/R)]Vd(x) for a.e. x € Q. Since
|1 —(d(x)/R)* X7~ (d(x)/R)| < 1 for all x € Q, we have

/|T||vuydxg Wf"dx.

Q ods 1

Using the rule VX"~ !(d(x)/R) = (y— 1)X?(d(x )/R) Vd
calculation we arrive at

[ = (- [ 1 Rs_ll/Q’du‘X”(d/R)dx
+/ Jf'l 1= (d/RY' X7\ (d/R)|(—Ad)dx.

Since 1 — (d(x)/R)*~'X"~1(d(x)/R) > 0 for all x € Q and also (C) holds, we may cancel the last
term and the result follows by (2.1). |

Remark 2.12. We prove in §4-Example 4.10 that an infinite strip is an extremal domain for
Theorem 2.11. More precisely, if Q = {x = (', x,,) : X’ € R"~!,0 < x,, < 2R} for some R > 0, then
(2.10) fails for Y =1 and thus the exponent 1 on the distance to the boundary in the remainder
term of (2.10) cannot be increased.

The counterpart of Theorem 2.7 reads as follows

Theorem 2.13. Let Q@ C R" be open, satisfies condition (C) and R := sup,.q d(x) < co. Then
forallu e C*(Q) and all s > 1

|Vl

= ] ey !
Q

ds Rs— 1

dx>(s—1)

/ Vuldr. @.11)

Proof. Weinsert T (x) = —(d(x))' *[1 — (d(x)/R)*'|Vd(x); a.e. x € Q,in (2.1). Since (d(x)/R)* "' <

1 for all x € Q we have
]Vu\
/|T|\V |dx = / ~ R 1/Q]Vu|d.x.




On the other hand

/dlv uldx = (s— ”'dx+/ (1= (d/R) ) (~Ad)dx
> (s—1) Q;de,

where now we have used again the fact that (d(x)/R)*~' <1 for all x € Q and also (C). The
result follows. n

An infinite strip is an extremal domain for (2.11), in the following sense

Lemma 2.14. For fixed R > 0, set S := {x = (¥',x,) : ¥ € R""1,0 < x, < 2R}. Suppose that for
some nonnegative o and s > 1, there holds

€ = inf D[] > Cy >0,
wecaino 2 =€
where v
~ fslp”}dx (s—l)de”de
Olu] := Z
Js ‘g dx
Then a = 0.

Proof. For s =1 it is obvious. Note also that it is enough to assume that 0 < o < 1. Let s > 1.
Pick any ¢ = ¢ (') € C!(R"~1) such that sprt{¢} C B}, where By is the n — 1 dimensional open
ball with radius 1 centered at 0". Let 6 > 0 and set ¢5 = ¢5(x’) := ¢(6x'). Letalso0 <& <n <R.
We test € with ug 5(x) := X(¢.n)(Xn) 95 (x’). First note that

Vit 5(x) = (X(e.n) (%n) Ve 95 (1), (8 (xn — €) = 8(xa — 1)) 95 (x')),
where V, = (a%l,% R v l) Thus

Ve 5 (x)| = X(e,m) (%) [V 05 (x) [ 4 (8 (xn — €) + 8 (xa — 1)) 95 ().

Since n < R/2 we may substitute d(x) by x, in Q[u], and so

Vu,. Ug.
fS‘ ﬁ‘dx ( -1 fs‘ 5‘dx

Q[ME,S] = Vu L
j‘sl x;éldx

/¢6|dx/d_xn + (83'171 + #)IBI/B ‘(ba‘d‘xl (S_ l)fs fBl/S |£§|dxl
\
S 0,y e d, 4 (e + ) i, 5 1951
1—-
n

Ks [ x) *dx, +M6( el ) + M [ (x) ) dx,
Ks [¢! x “dxy + M5 (e~ +17%) ’

fe fBl/§

10



where we have set K5 := [p [V @s (x')|dx" and Mg := Js,,5196 (x')|dx’. Performing the integra-
tion appeared in the last term of the numerator we arrive at

Ks [o x) "do, +2Msn '~

n

Ks [0 *duy + Ms(e=*+n~%)

Q[usﬁ} =

By the change of variables y = 8x’ we obtain K5 = §°>~"K; and M5 = ' ~"M;. Thus

521Ky [Mx1=sdx, + 28 "Myn' -

52—nK1 fgnx;“dxn+51‘”M1(8‘°‘+n‘“)
8Ky [ x} s, +2Mmt s

m(nl_a—8]_0‘)—|—M1(8_0‘—|—T1_0‘).

1-o

Q[“s,ﬁ] =

To proceed we distinguish cases:
eletl <s <2 Then

OKi (1a2—5 _ o2—s 1—s
Olucs] = g orn T
’ ma(N' - —el=e) + Mi(e=+n"9)

= o¢(1).

e Now let s = 2. Then

G 5K, log(n/€) +2M7 !
£,6 - 5K, (nlfa—glfa)—le(s*“Jrn*a)

I—o

e Finally let s > 2. Then

We may set § = €*2 so that Q[u, 5] = 0¢(1). [ |

2.3 Sets with positive reach

In this subsection we obtain an interpolation inequality between (2.4) and (2.9) via sets with
positive reach.

Let @ # K C R” be closed and consider the distance function to K i.e. dg : R” — [0,0) with
dg(x) =inf{|x —y| : y € K}. Denote by K| the set of points in R” which have a unique closest
point on K, namely K; = {x € R" : 3!y € K such that dx(x) = |x—y|}.

Definition 2.15. The reach of a point x € K is reach(K,x) := sup{r > 0: B,(x) C K }. The reach
of the set K is reach(K) := inf,cg reach(K, x).

11



The above definition was introduced in [F] where it was also noted that K is convex if and
only if reach(K) = eo.

Lemma 2.16. Let Q C R" be open and set h := reach(Q) > 0. Then
(h+d)(—Ad) > —(n—1) in Q, in the sense of distributions, (2.12)
where d = d(x) = inf{|x—y| : y € R"\ Q}.

Proof. If h = 0, this is Lemma 2.1. For & > 0 we set Q; = {x € R" : d5(x) < h}. As in the
proof of Lemma 2.1, the continuous function A : R” — R defined by A(x) = |x|* — dé/cl (x) is
convex, and thus the distributional Laplacian of A is a nonnegative Radon measure on R”. The
result follows since for x € Q we have do¢ (x) = d(x) + h (see also [F]-Corollary 4.9), and thus
AA =2(n—1—(h+d)Ad) > 0in Q, in the sense of distributions. [ |

Theorem 2.17. Let Q C R" be open and set h := reach(Q). Suppose in addition that R :=
sup,cod(x) < oo. For all u € C2(Q) and all s > "R it holds that

hiR
|Vul h R |ul
dr> ((s—1 ) [ . 2.13
w1\ o= | % (2.13)
Proof. Inserting (2.12) to (2.3), we obtain
[Vul / lul 4. ul _d
dx > -1 27 dx
o ds! > (s=1) —(n ) od h+d
(s—1)h+(s—n)d |u]
= —dx
/ h+d ds
(s—1 —
L DRt GomR [l
h+R ods
where the last inequality follows since R < oo and W is decreasing in d. |

Note that this inequality interpolates between the case of a general open set Q C R”, where
we have & = 0 and the constant becomes s — n, and the case of a convex set 2, where & = o« and
the constant becomes s — 1.

3 A lower bound on —Ad and the role of mean convexity

Before stating our result in this section (Theorem B of the introduction), we gather some addi-
tional properties of the distance function to the boundary that will be in use.

From now on Q will be a domain, i.e., an open and connected subset of R”. We will denote
by X the set of points in Q which have more than one projection on dQ. If x € Q\ X, then & (x)
will stand for its unique projection on the boundary.

The following Lemma follows from Lemmas 14.16 and 14.17 in [GTr].

12



Lemma 3.1. Let Q C R”" be a domain (possibly unbounded) with boundary of class €>.

(1) If in addition Q satisfies a uniform interior sphere condition, then there exists 8 > 0 such
that Qs :={x € Q:d(x) < 8} C Q\ X and d € C*(Qs).

(2) d € C*(Q\X) and for any x € Q\ X, in terms of a principal coordinate system at & (x) €
0Q, it holds that

(i) Vdx)=-v(&(x))=(0,...,0,1)
(if) 1—K(&(x))d(x) >0foralli=1,...,n—1

—K1(S(x)) —Kn-1(§(x)
1= (§(x))d(x)" 7 1 = k1 (8 (x))d(x)’
where V(& (x)) is the unit outer normal at & (x) € 0Q, and k(& (x)), ..., K,—1 (& (x)) are the prin-
cipal curvatures of dQ at the point &(x) € 0Q.

(i) [DPd(x)] :diag[ 0,

Remark 3.2. Part (2) of the above Lemma is proved in [GTr] only in Qa. However, it is also
true for the largest open set contained in Q\ X, i.e. Q \f (see for instance [CrM], [LN], [CC],

[GD.

Another known, important fact we will need is that domains with boundary of class €
satisfy .#"(X) = 0. This is proved in [Mnn]-Errata-§5.2 (see also [CtM] where however, only
bounded domains are discussed). At last, we shall need the following Lemma for which we add
the proof in correspondence to Lemmas 2.1 & 2.16 (see [CS]-Proposition 2.2.2.(ii) & Proposi-
tion 1.1.3.(c) and also [Ful]).

Lemma 3.3. Let Q C R" be open. The function A : R" — R defined by A(x) = C|x|*/2 — d(x),
is convex in any open ball B CC Q, for any C > 1/dist(B,9Q).

Proof. First note that for all a,b € R" with a # 0, we have
I51*

ja] -
We choose an open ball B C Q with r := dist(B,dQ) > 0, and take x € B. Let y € JQ be such
that d(x) = |x —y|. For any z € R" such that x+z,x —z € B, we get

la+b|+ |a—b|—2|a| < 3.1

A(x+2)+A(x—2) —24(x) = Clz]* —(d(x+z)+d(x—z)—2d(x))

> ClzP— (e +z—yl+x—z—yl=2x—yl)
(by 3.1) fora=x—yandb=2z) > Clz]*— |x|z_|2y|
> (C—1/nlf
Since A(x) is also continuous, we obtain that A(x) is convex in B for any C > 1/r. [ |

To state our main result in this subsection, we denote by J7(y) := ﬁ Z?;l K;(y) the mean
curvature of dQ at the point y € dQ.

13



Theorem 3.4. Let Q C R” be a domain with boundary of class €* satisfying a uniform interior
sphere condition. Then U := (—Ad)dx is a signed Radon measure on Q. Let |l = U, + U be the
Lebesgue decomposition of [ with respect to L, i.e., Uy < ZL" and U, L.L". Then iy > 0 in
Q, and e > (n—1)dx a.e. in Q, where H :=inf,cy0 H(y).

Proof. Letting 8 be as in Lemma 3.1(1), we set Qs = {x € Q:d(x) < 8}. Then —Ad is a
continuous function on Q5 and so u° := (—Ad)dx is a signed Radon measure on Qg, absolutely
continuous with respect to .Z".

Next, let {B;};>1 be a cover of the set Q\ Qg, comprised of open balls B; for which dist(B;, dQ) >
8/2 for all i > 1. According to Lemma 3.3, the function A(x) := |x|*>/8 — d(x) is convex in
each B;. From [EvG]-§6.3-Theorem 2, we deduce that there exist nonnegative Radon measures
{vi};>1, respectively on {B;};>1, such that

/ 0AAdx = / odvi,
B; B;
for all ¢ € C°(B;). Since AA = 2n/8 — Ad in the sense of distributions, we get
; 2n
/ (D(—Ad)dx:/ odv ——/ ¢@dx, 3.2)
B; B; 0 Ja
for all ¢ € C°(B;), and thus ' := (—Ad)dx = v/ — %”dx is a signed Radon measure on B;.
Let {n;}i>1 be a C* partition of unity subordinated to the open covering {B;};>1 of Q\ Qs,
ie.
M €CS(Bi), 0<mi(x)<1inB; and ) 1;(x)=1inQ\Qs.
i=1
Further, for x € Q define no(x) = 1 —Y;=; n:(x). We then have

sprtno C Qs, Mo(x) =1inQs, and Y mi(x) =1in Q.
i=0

We will now show that y := Y2 ,n;u’ is a well defined signed Radon measure on Q, and
U = (—Ad)dx. To this end, for any ¢ € C(Q) we have

fot-adar = ¥ [on(-adax

by(2) = [ oman’+ Y ( [onavi-3 [ ¢n,-dx>
Joman+ 0¥ nav - [0 nav
/Q¢nodu°+/g¢i%mdu"

= [ oan.
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where the middle equality follows since V' are positive Radon measures and thus Y7, 1;V' is
increasing in m (see [EvG]-Section 1.9).

Next, by the Lebesgue Decomposition Theorem ([EvG]-§1.3-Theorem 3), u = g + Us
where

e =Y Mgy =Y mipg =Y mivi >0,
i=0 i=1 i=1

since p' = v/ — 2dx and V' are nonnegative. Finally, from Lemma 3.1-(2) we get

S k)
AW = L T E W)
n—1
> K (&(x))

(n—1)2(&(x))
> (n—1)A, VYxeQ\I

Now by Lemma 3.1-(2), —Ad is a continuous function on Q\ ¥ and so
Uae = (=Ad)dx > (n— 1) dx in Q\ X.

Recalling that .#"(X) = 0 when dQ € € and since Q = (Q\ L) UZ, we conclude i, > (n—
1)#dx a.e. in Q. [ ]

Definition 3.5. A domain Q with boundary of class % is said to be mean convex if s (y) >0
for all y € Q.

Theorem 3.4 along with Lemma 3.1 provides us a characterization of mean convexity in
terms of the distance function for sufficiently smooth domains. More precisely, we have the
following

Corollary 3.6. Let Q be a domain with boundary of class € satisfying a uniform interior
sphere condition. Then Q is mean convex if and only if condition (C) holds, i.e., —Ad > 0 holds
in Q, in the sense of distributions.

Remark 3.7. The resulting lower bound —(Ad)dx > (n — 1).#dx, is optimal. To see this,
assume first that Q is bounded and choose a point yg € dQ such that 7 (yy) = . Pick
0 < ¢s € CZ(Q), such that sprt{ds} C Bs(yo) NQs, where § > 0, small. For sufficiently small
0, as x € Qg approaches yyp we have —Ad(x) = (n— 1) + O(d(x)). Thus, as é | 0 we have
—Ad(x) = (n— 1)+ 05(1) for all x € Bs(yo) N Qs, and so

inf fQ (P(_Ad)dx < fBg(yo)ﬁQ(; ¢5(_Ad)dx
ospecr@\0}  Jo®dx T fpna, 95dx
= (n=1)A +o5(1).
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If Q is unbounded, we may consider a sequence {y,} C dQ converging to yo, and repeat the
above argument for any such point, to obtain

o Ja9(-ad)dx

<n-1 n 1).
osoedtonie Jopdx = 1T DAL Fos(l)

Since . (y) is a continuous function on dQ, we end up by letting n — oo.

4 Proof of Theorem A and Theorem D

Let Q be a domain satisfying property (C). We define the quotient

Ve — (s — 1) fy M
:fﬂd“ (u| Vo & cos> 1, 4.1)
dexfﬁd'x

Oplu] :

and we consider the following minimization problem
Bp(Q) :=inf{Qg[u] :uc C7(Q)\{0}}; 0<B<s—1.
The next Proposition shows that the essential range for f3 is smaller.

Proposition 4.1. Let Q be a domain with boundary of class €? satisfying property (C). If s > 2
then B (Q) =0forall0 < B < 1.If1 <s <2 then Bg(Q)=0forall0 < <s—1.

Proof. For small § >0, let Q5 :={x € Q:d(x) < 0} and Q§ = Q\ Q5. We test (4.1) with
us(x) = a5 (x)9(x), where ¢ € C(Be(yo)) for a fixed yo € dQ and sufficiently small €, sat-
isfying € > 36. We may suppose in addition that 0 < ¢ < 1in Be(yo), ¢ =1 in B /»(yo) and
|[V@| < 1/€. This function is not in C2°(Q), but since it is in BV (Q) we can mollify the charac-
teristic function so that the calculations below to hold in the limit. The distributional gradient
of us is Vus = 20: Vo — v Saqg, Where Vv is the outward pointing, unit normal vector field
along dQf, and §yqc is the Dirac measure on dQ§. Moreover, the total variation of Vus is
[Vus| = xa5 V| + ¢ 8yqs.- Since dQf = {x € Q:d(x) = 6}, we obtain

B Jos IVold'~*dx+ ' Jagg 948y — (s —1) Jqe ¢d " dx
Jo ¢dP—sdx '

Op|us] 4.2)

Using the fact that |Vd(x)| = 1 for a.e. x € Q, we may perform an integration by parts in the last
term of the numerator as follows

(s—1) [ ¢d*dx = — [ ¢Vd-Vd'*dx
25 Q5

= /[v¢-Vd]d‘—~‘dx+/ ¢d' S Addx— &' | ¢Vd-VvdS,.
Q5 Q5 29
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Since Vd is the inner unit normal to dQ, we have Vd - V = —1 and substituting the above equality
in (4.2), the surface integrals will be canceled to get

Jos [IV9] = Vo - Valld'dx+ fo 9d' > (~Ad)dx
Joy, 0dP—dx ‘

Qplus] =

By the fact that —Ad(x) < c for all x € Q5N B, and by the properties we imposed on ¢, we get
: Jos s, d'~*dx+ ¢ Jog s, d'sdx
Josr,, dP=sdx
Josrpd'~dx
Josrs, dP~sdx
N(9)
= c(e .
)

Using now the co-area formula we compute

£
N(8) = / i / ds,dr
1 {x€Q§NBe:d(x)=r}

€
< cl(e)/ rl=sdr,
1)

where ¢} (&) = max,c[g ¢ [{x € Q5N Be : d(x) = r}|. Also,

Oplus] <

= c(e)

/2
D(8) = / s ds,dr
1 {x€Q§NB, j:d (x)=r}

e/3
/ B dS.dr
5 {XEQ§NBe :d(v)=r}

€/3
> cz(&‘)/(S rﬁ_sdr,

where c2(€) = min,¢jg¢/3) [{x € Q5N Bgp : d(x) = r}|. A direct computation reveals that if
s > 2 then Qgus] < o0s(1) forall 0 < B < 1, and also if 1 <s <2 then Qglus] < 05(1) for all
0<B<s—1. N

v

4.1 Lower and upper estimates for %, (Q)

In this subsection we obtain upper and lower estimates for %) (Q). In particular we prove The-
orem A and the optimality in Theorem D of the introduction.

Theorem 4.2 (Lower estimate). Let Q be a domain with boundary of class € satisfying a
uniform interior sphere condition. If s > 1 then

#1(Q) = (n-1)A, 4.3)

where J is the infimum of the mean curvature of dQ.
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Proof. The estimate follows directly from (2.3) using Theorem 3.4. |

Remark 4.3. By Theorem 2.9, if condition (C) is satisfied, then the first term in (2.3) is sharp.
The passage from (2.3) to inequality (4.3) via Theorem 3.4, is also sharp, i.e. the constant
(n— 1) in the inequality

/Qd‘f"l(—Ad)dxz(n_1)jzﬂ/ml‘j"ldx, Vu e C7(Q),

is optimal. To see this, set v = d'~*|ul, to get

1 (—Ad)dx _Ad)dx
Jo 1 ( ) < inf Jov(—Ad)
weC2(@\(0} [

ik T @\(oy  Jovdx
< (n—l)%+03(1)a

by Remark 3.7.

We next present upper bounds. We begin with an upper bound which, although not sharp
enough for our problem, it is of independent interest.

Definition 4.4. The Cheeger constant h(Q) of a bounded domain Q with piecewise %! bound-
ol

ary, is defined by h(Q) := inf,, %, where the infimum is taken over all sub-domains ® CC Q

with piecewise ¢’! boundary.

For existence of minimizers, uniqueness and regularity results concerning the Cheeger constant,
we refer to [FrK] and references therein (especially [StrZ]).

Proposition 4.5. Let Q be a bounded domain with piecewise €' boundary such that condition
(C) holds. For all s > 1, we have %, (Q) < h(Q).

Proof. Take ® CC Q with piecewise ¢! boundary and let ug(x) = (d(x))* ! xo(x). The dis-
tributional gradient and the total variation of this BV (Q) function, are respectively, Vug, =
(s — 1)d*2xuVd — Vd* 18, and |Vug| = (s — 1)d* 2 xe + d* 18,4, where V is the outward
pointing, unit normal vector field along d®, and J;,, is the uniform Dirac measure on d®. We
test (4.1) with ug to get

(s—1) Jpd 'dx+ f5,dS:— (s —1) [,d"'dx _ [do|

Q 1 [u ] = = .
? Jodx @]
In particular ~2(Q) = inf, Q) [ue)]. By the standard C;° approximation of the characteristic func-
tion of the domain @, we obtain %, (Q) < ‘fTw\‘ and thus %, (Q) < h(Q). [ |

From Theorem 4.2 and Proposition 4.5 for s = 1, we conclude the following

Corollary 4.6. If Q is a strictly mean convex, bounded domain with boundary of class €?, it
holds that h(Q) > (n— 1)

18



Remark. In [AltC] it is proved that a bounded convex domain € is a self-minimizer of A(Q), if
and only if it belongs to the class €’!"! and also the stronger estimate 4(Q) > (n— 1)7 holds.
Here .77 is the essential supremum of the mean curvature of the boundary (the last being defined
in the almost everywhere sense since dQ € ¢''1).

Remark. By Corollary 4.6, if Q is a bounded strictly mean convex domain with boundary of
class €, then

09|

For bounded convex domains with boundary of class €, this follows by one of the Minkowski

quadratic inequalities for cross-sectional measures (see [BZ] - eq(16), pg 144). It states that

9Q . n
>

Q] = 199 Jsa ()ds.

Thus we have |dQ|/|Q| > nZ from which (4.4) follows. This remark is taken from [GN],
where one can also find an application of (4.4).

The following result states a more useful upper bound for % (Q). It will be combined with
Theorem 4.2 to give the best possible constant for special geometries.

Theorem 4.7. Let Q be a domain with boundary of class €? satisfying a uniform interior sphere
condition. If s > 2 then for all ¢ € C}(9Q),

Lo o)A ()dS | [50|Ve(y)|dS
Joal®(y)|dS [rolo()|ds

where 7€ (y) is the mean curvature at the point'y € Q.

$1(Q)<(n—1)

Proof. Let § > 0 such that for all x € Qg := {x € Q: d(x) < §} there exists a unique point
E=E(x) =x—d(x)Vd(x) € dQ (4.5)

with d(x) = [x— &|. For any ¢ € [0, ] the surface area element of JQf = {x € Q:d(x) =1t} is
given by

ds,=(1—xyt)...(1 — k,—11)dS= (1 — (n— 1)t<%”+0(t2))d5, (4.6)
where K1, ...,K,_1, are the principal curvatures of dQ, dS is the surface area element of JQ
and 7 is the mean curvature of dQ, (see [S]-§13.5 & 13.6). Now let 0 < € < 6 and chose
¢ € CH(IQ). We test (4.1) with ug(x) = Xog\eg (X)9(8(x)), &(x) as in (4.5), and then we will
check the limit as £ | 0. The distributional gradient of ue, is Vue = (Vs830: — VeSaag)9(§) +

Xos\05 V,.9(E), where Vg, V. are respectively, the outward pointing unit normal vector fields
along dQf, Q. Its total variation is |Vue| = (8y05 + Sag) [0 (8)] + Xag a5 [Vx9(S)|. Thus

[ Mela— st [ jp(@yasy e [ jo@aser [ T0Gg

905 995 og\@g  ds!

4.7)
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The first integral on the right-hand side of (4.7) is a constant since we will keep J fixed. We
perform the change of variables y = £ (x) in the second integral. Using (4.6) we have

e [ 0@ = €7 [ 1901 (n= et () + 0(e?))ds
= "M —(n— 1) My +0(e>7), (4.8)

where M := [, |¢|dS and M := [5¢|@|-7dS. Using the co-area formula, the third term on
the right-hand side of (4.7) is written as follows

\%
/Ql,\g' Z;sbl dx = / / V. (&)|dS;dr. (4.9)

From (4.5) we have &;(x) =x; —d(x) % (d(x)) and thus by Lemma 3.1-(c) we compute

; 955 Z’ 955 8xn )
Pz (

¢5n,1(§‘) 0)_

Vo) = (
( K‘ld "1—K,1d’

Thus, (4.9) becomes

V(&) s eog, 2\
- = i ds,d
/Qg\gg ds! dr /g /ang (,; 1—Kit> > Sudt

Frof (B Homs))
= ¢, 1— kit dsdr,
& 2Q . j= 1]751 /

where we have changed variables by y = £ (x) in the last inequality. Expanding the product as
in (4.6), we get

1/2
V.0 (E) s (N e
/QQ\Q% de - /8 t /89 (lzl q)yi(l_[(n_l)%_’(‘l]t“‘clt ) dSdr

S 6
K / 175dt + ¢ / 254, (4.10)
€ £

for some cy,c; > 0, where K := [5, |V@|dS. Next, using co-area formula and the same change
of variables, we get

o= [ e = o [ [ oasa

(s—1) / / I[1 = (n— 1)t (y) + c3t*]dSde

AN

IN

v

19
= MsI*S—(s—l)(n—l)M%/ szr+c4/ £275dr,  (4.11)
£ €
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for some ¢3,c4 € R, and similarly

1) [ [
/ ’”S‘dx>M/ tﬁ_sdt—(n—l)M%a/ z‘+ﬁ—5dz+cs/ #HP=sqr, (4.12)
o ds—P € € €

for some cs € R. Thus inserting (4.8), (4.10), (4.11) into (4.7), and by (4.12) for f = 1, we get

(n—1DMy[(s—1) [21175dt — €275 + K [0 1175dt +cg [2 125 dr

Opluel < ) (4.13)
plUe Mf85 tB=sdt — (n—1)M f85t1+ﬁ_sdl+65 fsﬁ 2+B—sdy
for some cg € R. If s = 2, then
((n—1)Mp +K)log(8/€) + Oc(1)
Q1fue] < 7
Mlog(3/€)+ 0e(1)
while if s > 2, then
L ((n= D)Moy + K)E> 4 ¢q [ 1275dt
Ql [ug] S 1 : 2—s 0.2 0 .35
sTZMg —(H—I)M%fet dt+08f€t dr
i (n—D)My+K
for some c7,cs € R. In any case, letting € | 0 we deduce %, (Q) < S A -

An immediate consequence is

Corollary 4.8 (Upper estimate). Let Q be a bounded domain with boundary of class €>. If
s > 2 then

2 (Q) <"

—_— J(y)dS
~ 199Q| Jao 0)

where 7 (y) is the mean curvature at the point'y € dQ.

Proof. Since Q is bounded we can chose ¢ = 1 in the above Theorem. u

The proof of Theorem A follows from Proposition 4.1, Theorem 4.2 and Corollary 4.8.

Example 4.9 (Ball). Let Bg be a ball of radius R. By Theorem 4.2 we have % (Bg) > %, and
by Corollary 4.8, %) (Bg) < %. We conclude that if s > 2, then %) (Bg) = %. See §5.

Example 4.10 (Infinite strip: proof of the optimality in Theorem D). Let Sg = {x = (¥, x,) :
¥ € R" 1,0 < x, < 2R}. If s > 2, then combining Theorem 4.2 and Theorem 4.7 we can prove
that % (Sg) = 0. In fact we have %5 (Sg) = 0 for any 1 < 8 <s— 1 and in particular we will
prove that if Y = 1, there is not positive constant C such that (2.10) holds for y = 1. To see
this, pick any ¢ = ¢(x') € C(R""!) such that sprt{¢} C By C R""! where B is the open
ball in R""! with radius 1, centered at 0'. Let 1) > 0 and set ¢, = ¢ (x') := ¢(nx’). Note that
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sprt{¢n } C By Let also 0 < & < § for some fixed § < R (so that d(x) = x,,). The quotient
corresponding to (2.10) is

v
s gt — (s 1) fy, fdx

o (4.14)
Jsp a X7 (g)dx

Oylu]

As in the proof of Theorem 4.7 we test (4.14) with ue 5 (x) := X(¢,5) (%) 9y (x'), to arrive at

Ky [0 xb5dx, +2Mp 8
Qy[usﬂ] = 5 1 s
My [§ xu X7 (x,/R)dx,

where we have set M, := fBl/n |9y (x)|dx’ and Ky := an/n |V ¢ (x')|dx’". Changing variables by
y' = 6x’, we obtain

Ky _Kim "2 K

My = a0~ 0,

where My = [, |9(y')|dy" and Ki = [, [Vy¢(')[dy'. Thus

n

& x5 1 X7 (x,/R)dx,

K, S 1-s 1—s
TN [y x, Sdx, +26
Qy[”e,n] _ M, £ .

Now we select 1 = £°2+¢ for some fixed € > 0. We deduce

Ki ns—2+4€ (0 1—s 1—s
ﬁlle‘ fs x, Sdx, +28'

X(5/R
lox(xie/r)

01 [“s,n] =

It follows that Qi [ue ] — 0, as € | 0. Thus, for Q = Sg inequality (2.10) does not hold when
Y =1 and the exponent 1 on the distance function in the remainder term in (2.10) cannot be
increased.

5 Proof of Theorem C

In this section, we assume € is a ball of radius R. Without loss of generality, we assume it
is centered at the origin, and denote it by Bg. The distance function to the boundary is then
d(x) = R —r, where r := |x|. Moreover,

n—

1
R—d(x)’

—Ad(x) = x € Bg\ {0}. (5.1)

This section is devoted to the proof of the following fact
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Theorem 5.1. (1) Forallu € C°(Bg), s > 2 and y > 1, it holds that

Vul | B n—l/ lul c / u| . rd
de>(s—1) [ “gx dx X7< )dx, 5.2
LR dxfl — (S ) Br das + k;l Rk Br dsfk + Rsfl d R ( )

where C > y— 1. The exponents s —k; k = 1,2, ...,[s| — 1, on the distance function as well as the
constants (n—1)/R*; k=1,2,...,[s] — 1, in the summation terms are optimal. If y = 1 the above
inequality fails in the sense of (5.5).

(2) Forallu € CZ(Br),1 <s<2andy>1, it holds that

|Vu| |u| C |ul d
de>(s—1) [ Max X”( )dx 5.3
/BR g ¥z 6= ot e [ g X (R4 (5-3)

where C > y— 1. If Y = 1 the above inequality fails in the sense of (5.5).

Remark 5.2. The optimality of the exponents and the constants stated in the above Theorem is
meant in the following sense: for any s > 1 set

[Vu / |u
I = dx—(s—1 —dx
O[M] /BR dsfl (S ) BR ds Y

and also for any s > 2 set

Then, for any s > 2

L[] (n—1)/R™', ifB=s—m—1
- (5.4)
uemBR \O} ”‘dx 0, ifg>s—m—1,
for all m € {0,...,[s] —2}. Further, for any s > 1
Iy
is]—114] 5.5)

n —_—— =
ueCz (BN} [ MX (d/R)dx

Proof. Inequality (5.3) is evident by Theorem 2.11. Let s > 2 and y > 1. Since inequality (5.2)
is scale invariant it suffices to prove it for R = 1. Testing (2.1) with

T(x)=—(d(x))'"°[1 = (d(x))""' X" (d(x))]Vd(x), x€Bi\{0}.

we arrive at

Iu\

av(Dulds = (1) [ dsdx+/ ra

+Hy— 1)/31 ‘Z'Xy(d)dx
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Thus, using (5.1) for R = 1, we obtain

div(T)|uldx = —1 —dx+(n—1
/Bl 1 ( )‘”’ (s )/ d° ( ) B, ds—1 1—d

+r=1) | UXV(d)dx. (5.6)

Since s > 2, we take into account in (5.6) the fact that

l_ds—lx'y—l(d) 1—a5! l_d[s]—l [s]—1
> > =
1-d - 1-d — 1-d

and finally arrive at

u ¥
Io[u] 2@1)/31 Edw(nq)k;

|ul
B dsfk

dx+ (y— 1)/31 t‘l'XY(d)dx,

which is (5.2) for R=1.
We next prove (5.4). Suppose first that 2 < s < 3. In this case all we have to prove is that

IOH {n—l, iff=s—1

inf T (5.7
ucCy(BO\0} [p dx 0, if B >s—1.

To this end, we pick us(x) = xp, ,(x), where x € By and 0 < § < 1. This function is in BV (B)
and we can take a C;° approximation of it, so that the calculations bellow to hold in the limit.
The distributional gradient of ug is Vug = —T/(;BHS 0B, s> and the total variation of Vug is
|Vus| = 8y, ,- Using co-area formula we get

blus)  8'79B 5| —(s—1) 3 °(1—r)*|9B,|dr

Jp, lalar Jy°(1=r)=P|0B,|dr
§15(1-8)"" — Jo2((1—r)')rdr
folfé(l—r)*ﬁr”*ldr
l75(1 — )= 2dr

_ n— 0 )
= | 1)fol_‘s(l—r)—ﬁr”—ldr

Thus

Io[us] _}{ n—1, iff=s—1 255 L0,

Jp, I Llay 0, iff>s—1
Assume next that 3 < s < 4. This time, besides (5.7) we have to prove that

L[u] n—1, iff=s-2
wece B0} I, ‘“'dx 0, iff>s—2.
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Picking the same ug as before and performing the same integration by parts in the second term
of the numerator, we conclude

Iy [us] (n— 1)f0176(1 —n)=P2dr— (n—1) 01’5(1 — )= ldr
fBl |”8‘dx ([0175(1 _r),ﬁrnildr
Jo 01— )2 2dr
Jo*(1=r)=br=tdr

Thus

n—1, iff=s-2
h ‘[Zs‘] — , asé 0.
Jp, 5dx 0, if>s—2,

We continue in the same fashion for 4 <s < 5, then 5 < 5 < 6 and so on.
Next we prove (5.5). We pick ug as before and perform the same integration by parts, to get

Cdgalus] =Dy Y=n)=r2dr— (=) XL 0=
Jp lx(d)dx a7 (=)t 1X (1= r)dr
1=8 /1 _ \[s]—s,n—2
= (”l— 1) ]‘[_blogg( 171 r) ! dr
fl t (1 el t)n 14z
N,
S —1)17?

Since [s] —s > —1, we have Ns = Os(1) as 8 | 0. Also, Ds > fll_logét_ldt+05(l) — 00, as
510, .
6 From L' to L? weighted Hardy inequalities

In this section we discuss how far our results can go in the L? setting. We start with the L
analog of Lemma 2.2.

Lemma 6.1. Let Q C R” be open. Forallu € C2(Q), all s > 1, p > 1, it holds that

|VulP s—1 P/ |ul|P s—1\P=1 [ |ul?
dx > dx —Ad)dx 6.1
/Q ds—r ( p > o df * ( p > Q d‘“l( Jdx, ©.1)

where —Ad is meant in the distributional sense.

Proof. We substitute u by |u|? with p > 1 in (2.3), to arrive at

p [Vl uP~!
s—1Jo ds!

dx>/ Wl gy 11 p gy 6.2)
~ Ja ds s—1 stfl
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The left hand side in (6.2) can be written as follows
p [ Dby, ' [ {20y {1,
s—1 ds—1  Jals—1as/p=1J Lgs—s/p
1 Vul|P —1 P
L )p/| Py P /|u| o
p\s—1 Q dsP p Jao d*

by Young’s inequality. Thus (6.2) becomes

IN

1( p >P Vul? . \ul” Iulp
p\s—1/ Jo d5= y& s— 1 ods— il
Rearranging the constants we arrive at the mequahty we sought for. |

Remark 6.2. (I) If Q satisfies condition (C), we may cancel the last term to obtain

|VulP s—1\P [ |ul?
> >1).
Qdx_pdx_( ; ) /Q Srdr (s> 1,p>1)

The constant is optimal, as can be seen by arguing as in the proof of Theorem 2.11, with the
choice ue(x) = (d(x))~V/PHeg(x) € Wol’p(Q;d*(S*”));e > 0, and using the elementary in-
equality |a+b|? < |a|” + c,(|a|P~'|b| + |b|P); a,b € R" and p > 1, in the numerator. Under
the stronger assumption that € is convex this result was given in [Avkh] by approximation with
bounded convex polytopes, while in the non weighted case, i.e., s = p, and Q convex, it was first
given in [MMP]. See also [MS] for the two dimensional non weighted case.

(IT) Inequality (6.1) in the non-weighted case is proved in [BFT1]-Lemma 3.3(ii) where in
addition an extra term appears on the right hand side. This allowed the authors to obtain even
more singular potentials for domains having finite inner radius and satisfying property (C). In
particular, the optimal homogeneous improvement was obtained (see [3-4]-Theorem A).

(IIT) If Q is bounded, the second constant appearing on the right hand side in (6.1) is optimal.
To see this, we choose ug(x) = (d(x))~D/P+e ¢ Wol’p(Q;d*(‘*”)), € > 0, and after simple
computations, involving an integration by parts in the denominator, we conclude

Vusp ug|? S— s—
Jo Sl dx— (=t o lelax - (SLpe)r— (S
Joo el? (—Ad)dx £p
—1\pr-1
— (s )p , aselO0.
V4

(IV) By (I) and (III), if Q is a bounded set such that condition (C) holds, then all constants
appearing in (6.1) are optimal.

(V) Assume finally that Q is a domain with dQ € % and such that it satisfies a uniform
interior sphere condition. By Theorem 3.4 and (6.1), we get the L? analog of Theorem 4.2

Vul|? —1\» p —1\p-1 p
[Vl dxz(s—) /”' dx—i—(n—l)%”(s ) / LIPR
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