ON THE ISOPERIMETRIC PROFILE FOR A MIXED
EUCLIDEAN-LOG-CONVEX MEASURE

NICOLA FUSCO AND DIEGO PALLARA

ABSTRACT. We study the isoperimetric problem in R* x R* endowed with a mixed Euclidean—
Log-convex measure A\ = e¥(@) dxdy. We prove the existence of an isoperimetric set and we
show some of its qualitative properties.

INTRODUCTION

The classical isoperimetric problem consists in finding the sets with minimal boundary mea-
sure under a volume constraint or, equivalently, the sets with maximal volume and given
boundary measure, that are called isoperimetric sets. We limit ourselves to recalling that the
usual approach to this problem consists in showing existence of minimizers in the class of sets
with finite perimeter and in describing the solutions via suitable symmetrization techniques.
Symmetrization techniques are classical, but the setting of finite perimeter sets and the proof
of the optimality of the ball in R™ in this class came much later and were due to E. De Giorgi,
see [14]. We refer to [17, 19] and the references therein for a complete information on the whole
subject, in the classical case of Lebesgue measure on R"™. More generally, the same problem
can be set in general contexts, such as differentiable (sub)riemannian manifolds, currents, or
Euclidean spaces with densities, see e.g. [1, 3, 5, 15, 18, 20, 21]. In the latter case, suitable
notions of symmetrization have been devised and applied to the study of properties of other
analytical problems, see e.g. [4, 6, 7, 8, 10, 12, 16]. As a particular case, decomposing R"
as a cartesian product, R” = R" x R*, with h,k > 1, mized densities can be considered, i.e.,
measures A on R” arising as product measures on the factors, A = p®v, with g, v measures on
R" R*, respectively. The isoperimetric problem in such a mixed framework has been studied
e.g. in [18] with v = £* the Lebesgue measure on R* and y the standard Gaussian measure
on R”, relying on a suitable notion of mixed rearrangement. In the present paper we consider
a mixed density, i.e., a measure A\ = p ® £F, where u is a Log-convex measure on R”. Interest
in such framework comes also from the recent proof of the Log-convex density conjecture by
G.R. Chambers, see [9].

Let us come to a description of the content of the present paper. We consider the Euclidean
space R” = R" x R¥, with h,k > 1, whose points are denoted by z = (z,y), endowed with
the measure A = e¥(zD) dxdy, where ¥ : R — R is a C'°, convex, even function, and the
isoperimetric problem

inf{/aE P2 g1 (2, y) : /Eew(m) dxdy = m}, m > 0. (1)

As the density of A with respect to the Lebesgue measure is regular, the class P)(R"™) of sets
with locally finite perimeter with respect to A is the same as the classical nonweighted one,
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and we may cast the isoperimetric problem (1) in this class as follows:

inf{PA(E) D AME) = / 2D drdy = m}, m > 0. (2)
E
where
PA(E) = sup{/ divyFdX: F e CHERBY), [ Fllx <1 3)
E
and

h
divyF(z,y) = Z@F x,y) + |x|2—j|

j=1

In case of regular (say, Lipschitz continuous) boundaries we have the equality

PA(E) = / ) G301 (g ).
OFE
As usual, problem (2) can be rephrased using a Lagrange multiplier A as follows
inf{P,\(E) — A(A(E) - m)}, m >0, (4)

which makes the computation of the first variation formula easier. Our main results concern
existence, geometric properties and uniqueness of the isoperimetric sets. After introducing the
suitable weighted Steiner symmetrization in our setting and discussing the main properties,
we show that a symmetric isoperimetric set exists (up to translations along the y directions).
Indeed, every isoperimetric set is Steiner symmetric with respect to both the coordinate spaces.
Moreover, we can prove that the isoperimetric set is unique (up to translations along the y
directions) provided min{h, k} = 1 and that if h = 1 or £k = 1 and the mass m is small enough,
the isoperimetric set is strictly convex. In order to prove the existence of an isoperimetric set,
the (classical) idea is to replace each term of a minimizing sequence by its symmetrized and to
show that the new sequence converges to a set which fulfils the volume constraint. Performing
this program, in our case, relies on the standard Steiner symmetrization with respect to the
subspace {x = 0} and on a weighted rearrangement with respect to the subspace {y = 0}, which
depends on the density 1. Symmetry properties of minimizers depends upon the stability of
minimizers of the functional J in (1.5), which allows us to express the weighted perimeter,
with respect to weighted symmetrization, see Theorem 1.8. As a consequence of the first
variation formula (2.4) and the regularity of the density ¢ we get the regularity of the whole
boundary of the isoperimetric sets, see Theorem 3.2. The aforementioned geometric properties
and the uniqueness of the isoperimetric profiles are proved through a careful analysis of the
Euler equation (2.4) as it can be formulated in view of the symmetry properties. This is done
in Section 3.
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1. PRELIMINARIES
In the following we denote by B,(z) the n-dimensional ball with center at z and radius
r. When the center z is the origin we simply write B, instead of B,(0). If x € R" the h-
dimensional ball with center at = and radius 7 is denoted by Bﬁh) (). As before, if x = 0 we
simply write Bﬁh). If 0 < s < n we denote by H® the s-dimensional Hausdorff measure. For
every set £ C R™ and every = € R" we define
E, ={yeR": (z,y) € £} and vg(z) = H*(E,), (1.1)
where we recall that H* coincides with the outer Lebesque measure in R¥, and we set
m(E)t = {z e R": vp(x) > 0}.

We assume that the reader is well acquainted with the theory of BV functions and sets of
finite perimeter. Here we just set a few notation. Given a set of locally finite perimeter F in
R™ we denote by 0*E its reduced boundary and by v its generalized outer normal.

If w is a function in BV (R™), we say that u has approximate limit at z € R™ if there exists
u(z) € R such that

lim lu(w) — u(z)|dw = 0.
r—0 By (2)
By the Lebesgue differentiation theorem, we know that © = u a.e. in R™. We denote by
Cy = {2z € R™ : u(z) exists}
the (Borel) set of points of approzimate continuity of u. If z € €, we say that u is approximately
differentiable at z if there exists a vector Vu(z) € R™ such that
L ) ()~ Vu(e) - (w )
r—0 By (2) r

dw = 0. (1.2)

The set of all points z € R™ where Vu(z) exists is denoted by D,,. Finally we recall that the
approximate gradient defined in (1.2) coincides £L™-a.e. with the absolutely continuous part
of the measure gradient Du. Therefore, the following decomposition formula holds

Du=Vul™+ D’u.

For all the other properties of sets of finite perimeter and BV functions needed in the following
we refer to the book [2]. Here, we just recall the following result, essentially due to Vol’pert,
see [4, Th. 2.4], stating that H"-a.e. slice of a set of finite perimeter E in R" is a set of
finite perimeter in R¥ and relating the reduced boundary and the exterior normal of E to
the ones of its slices. In the following, if v is any vector in R™ we set v, := (v4,...,vp) and
Vy = (Vht1,-- - Vn).
Theorem 1.1. Let E be a set of finite perimeter in R™. Then for H'-a.e. z € R",

(i) E, is a set of finite perimeter in RF;

(ii) H*1(0*E, A(O*E),) = 0;

(iii) for H* '-a.e. y such that (z,y) € 0*E, N (0*E), we have

(a) vy (z,y) #0,
vy (2,)

v =¥ 7



In particular, there exists a Borel set Gg C w(E)T such that H"(x(E)T\ Gg) = 0 and (i)-(iii)
are satisfied for every x € Gpg.

In view of the above theorem, if F is a set of finite perimeter we may define for H"-a.e.
z € RM
pe(z) = HYO*E,). (1.3)
It is readily checked that pg is a Borel function.

1.1. Steiner symmetrization. Let us now recall the definitions and properties of the Steiner
symmetrization with respect to the subspace {y = 0}. For every E' C R™ we denote by r(x) the
radius of a k-dimensional ball in R¥ with measure vg(z), see (1.1). Then the Steiner symmetral
of E with respect to the subspace {y = 0} is defined as

ES = {(z,y) eR": z € n(E)*, |y| < r(x)}.

By construction vg = vgs and A\(E) = A\(E®). If E = E° we say that F is Steiner symmetric
with respect to the subspace {y = 0}.

By replacing E, with EY = {z € R" : (z,y) € E} the Steiner symmetral Es of E with
respect to the subspace {x = 0} is defined similarly.

Next result, see [4, Lemma 3.1 and Prop. 3.5] deals with the properties of the function vg
defined in (1.1).

Proposition 1.2. Let E C R" be a set of finite measure and perimeter. Then vy € BV (R?)
and |Dvg|(R"?) < P(E). Moreover

vp € WHHRM) if and only if  H"'({z € d*E°: yfs(z) =0}) =0.

Roughly speaking, the above proposition states that the function measuring the vertical
slices of £ is W11 if and only if the boundary of E has no vertical parts.

It is well known that Steiner symmetrization decreases the perimeter. The same happens
also for the mixed perimeter Py defined in (3). Indeed, this follows from a more general
inequality proved in [4, Prop. 3.4]. In the statement below pg is the function defined in (1.3).

Proposition 1.3. Let E C R" be a set of finite measure and perimeter and let g : R — [0, o0]
be a Borel function. Then

/ o) dHCL > / 9(2)V/pe@) + [Vop@)Pdz + / g(x)dD*vg|  (14)
*E R? R

with the equality holding when E = E°. In particular, for any Borel set B C R"

P\(E; B x RF) > / 2D\ /pps (2)? + [Vop(z )|2daz+/ 120 q)| D3vg| = Py(E%; B x RF).
B

Observe that if E = E¥, then vg(x) = wpr(z)F, where wy, denotes the measure of the k-

dimensional unit ball. Therefore in this case we have pg(z) = kwi/kvE(x)(k_l)/k and Py\(F) =
J(vg), where the functional .J is defined for any function v € BV (R") by setting

J(u) :/ w(j=1) \/k% w(@) *F + |Vu(z )|2dx+/ 20 d| D3l (1.5)
{u>0} RA

The characterization of the equality cases in the inequality P(E) > P(E®), where P(-) denotes
the standard perimeter, was initiated in [10] and carried on in [4, 7], see also [8] for the case
of the Gaussian perimeter.
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The following result is an immediate consequence of the analogous result for the Euclidean
perimeter established in [4, Th. 1.2].

Theorem 1.4. Let U C R be a connected open set and let E be a set of finite perimeter in
U x RF such that P\(E;U x R¥) = P\(E®; U x R¥). Assume that the following two conditions
hold:

(i) H'({z € 9ES : vF°(2) = 0} N (U x R¥)) =0,

(ii) vg(z) > 0 for Hh l-g.e. x € U.
Then E N (U x R¥) is equivalent to a translate along R of ES N (U x RF).
Proof. Let B C U be any Borel set. Since P\(E;B x R¥) > P\(ES; B x R*), from the
assumption Py(E;U x RF) = P\(E®; U x R¥) we have that P\(E; B x RF) = P\(E®; B x RF).
By assumption (i) Proposition 1.2 gives that vg € Wli’cl(U ). Thus from Proposition 1.3 it
follows that for every Borel set B C U

zl) ggm—1 — | ¥(lz)) s(2)2 + |Vog(z)|? dz. 1.6
pps(T) Vug(z)| (1.6)
&* EN(BxRF) B

We now set for any Borel set B C U
w(B) = P(E; BxRF),  v(B):=P(E% B xRF).

Observe that by Propositions 1.2 and 1.3 we have
v(B) = / Vrgs ()2 + |Vog(z)[2dz.
B
Therefore, equation (1.6) can be rewritten as

/e’/’(“”du:/ RICOPS
B B

Since p > v (again by Proposition 1.3) and ¢ > ¢ > 0 from the above equality we have p = v,
hence

P(E;U x RF) = P(E%; U x R¥).
From this inequality and the assumptions (i), (ii), the result follows by [4, Th. 1.2]. O

1.2. Weighted symmetric rearrangements. In the sequel, given 0 < s < h, we denote by
\s the measure defined by setting for any Borel set B ¢ R”

N(B) = /B ¥l g3 ().

With this definition in hand we may now proceed to defining the weighted spherically symmetric
decreasing rearrangement of a nonnegative function u : R — [0, co] with the property that the
level set {x € R" : u(x) > t} has finite \;, measure for every ¢ > 0. To this aim we introduce
the function p,, : [0,00) — [0, 00|, defined for ¢ > 0 as

pu(t) = An({z € R" - u(z) > 1),

which is called the distribution function of u. Then the weighted decreasing rearrangement uf
of u is the function from [0, c0) to [0, co] given by

uf(s) = sup{t > 0: py(t) > s}
5



for 0 < s < M\p({u > 0}), uf(s) = 0 otherwise. Observe that the function u* is decreasing and
right-continuous, u#(0) = esssup u, and

{s>0: uf(s) >t} = [0, (1)) for every 0 <t < esssup u. (1.7)
The weighted symmetric rearrangement of u is the function from R” into [0, 0o] defined as

u*(x) = uﬂ()\h(B(h))) for z € R".

|z

see [6] for a similar definition. Note that (1.7) implies that () = pu«(t) for every ¢t > 0 and
thus for every a > 0

/Rh (@) dhp = /R ()™ dA. (1.8)

Most of the properties of the standard decreasing rearrangement are true also for the weighted
rearrangement, by just repeating verbatim the proofs of the standard case. We present here
some useful properties of the distribution function pu,, and of the weighted symmetric rearrange-
ment of a BV function u. The first result, which can be proved exactly as in standard case,
see [11, Lemmas 3.1 and 3.2], provides a formula for the derivative of ju,. To this aim, given a
function u € BV (R") we set

D= {z e R": Vu(z) # 0}, DO = {z e R": Vu(z) =0},
Proposition 1.5. Let u € BV (R") be a nonnegative function such that \p,({u > t}) < oo for
every t > 0. Then fort >0

0 OO X
) = M({u> 50N + [ dr A1
t {fu>Tt} ’vu|

and for a.e. t >0

/ Xk
il (t) < /a oy o (1.9)
Moreover,
() = _Mna(u” =) for a.e. t € u*(D). (1.10)
[Vu*| | fur=} “
and
w,(t)=0 for a.e. t € (0,00) \ u* (D). (1.11)

In the aforementioned paper [11] several fine properties of the symmetric rearrangement of
a BV functions are established. In the next result we recall a few ones that are needed below,
see Lemma 2.6 (v) and Part I of Theorem 1.2 of [11].

Proposition 1.6. Let u be a nonnegative function in BV (R"). Then, for everyt € u*(D].)

HH O (u* > t}A{u* =1}) =0 (1.12)
Moreover, for every t € (0,00) \ u*(D:.)
HY o u* > 3N D) =0 and H'"H o {u>t}NDF) =0 (1.13)

Finally, we make use of a recent, deep result proved by Chambers in [9], known as the
Log-convex density conjecture.
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Theorem 1.7. Let E be a set of finite perimeter in R" with \,(E) = )\h(Bfnh)). Then
A1 (8°E) > A_1(0BM). (1.14)
Assume also that
P(r) > (0) for every r # 0. (1.15)
Then, if the equality holds in (1.14), E is equivalent to B,Eh).
Next result is a Pdlya-Szegé principle for the functional J defined in (1.5) and tells us
that this functional decreases under weighted symmetric rearrangement. Its proof follows the

argument used in the proof of [11, Th. 1.4] with some extra complications due to the fact that
the integrand in the definition of J depends also on wu.

Theorem 1.8. Let J be the functional defined in (1.5). Then
J(u*) < J(u) (1.16)
for any nonnegative function u € BV (R"). Moreover, if ¢ satisfies (1.15) and equality holds
in (1.16), then u agrees a.e. with u* .
Proof. Step 1. We start by rewriting the functional J as follows:
~ 1 —_
J(u) = J(u) + kw} / ewx‘)u(m)% dz,
{u>0}
where we have set
~ 2 - 1 _
J(u) = / ¥ (=l (\/k:Qw,i“u(m)%kz + [Vu(x)]? — k:w,fu(:n)%> dx +/ e?12Dd| D).
u RP\D,,
Since from (1.8)

/ ed’('x')u*(a:)% de = / ew(‘xnu(aﬁ)% dx < oo, (1.17)
{u>0} {u>0}
in order to prove (1.16) it is enough to show that
J(u*) < J(u) (1.18)
To this aim we define a function B : (0,00) x [0, 00] — [0,1] setting for ¢ > 0, 0 < s < 00
0 if s=0,
2 gk—2 L k=1
= Rroft™r + 82 —kwft =
B(t,s) = \/ k - k if 0<s< o0,
1 if s=00.

It is easily checked that for every ¢t > 0 the function B(t, -) : [0, 00] — [0, 1] is strictly increasing.
Moreover the function C(¢,-) : [0,1] — [0, oo], defined by setting for r € [0, 1]

1
[B(t,)]71(r)’
is strictly decreasing and strictly convex. To prove the latter claim let us calculate for ¢ > 0
and 0 <r <1

C(t,r) =

@(t r)=— 1 . 1
o ([B(t ) (r)? 9B [B( )] TH()




Since [B(t,-)]~! is strictly increasing, the claim follows by observing that the function

1 %+ 82
S = y

—
2
s20,B(t, s) - /7]% s2 _ ’Y/%

1o
where we have set v, = kw,ft%, is strictly decreasing. Let us now set, for a function v €
BV (R"),

|Vo(z)| if z € D,
go() 1= .
400 otherwise.

Then, using the coarea formula for BV functions, J(u) can be rewritten as

J(u) = / "D B(u(x), gu(x)) d| Dul + / e? =D g| Doy
D RA

Dy

:/ dt/ e¢<l$|>B(a(x),gu(x))d:}ch—l+/ dt/ ezl qach=1,
0 {u>t}NDy, 0 {u>t}\ Dy

Thus, since for a.e. t € (0,0)
(0 {u > t}A{u=t}) N E,) =0,

recalling the definition of g, and B we have
T(u) = / dt / B(t, gu(z)) dAn_1. (1.19)
0 “{u>t}

Step 2. From Jensen’s inequality we have that for a.e. ¢ > 0

c(t,][ B(t,gu<x>)dxh_1)s £ ctBg @)
O {u>t} O {u>t}

hence, recalling that C(¢,-) is strictly decreasing, we have

][ B(t,gu@))dxhlzcl(t,][ c<t,B<t,gu<x>>>dAhl). (1.20)
o {u>t} o*{u>t}

Recalling the definition of g, and B and (1.9), we have that for a.e. ¢ >0

o—l(t,f 0<t,B<t,gu<x>>>dxh_1>=c-1<t,][ 1dxh_1)
0" {u>t} o {u>t} Ju(T)

o sty [Vl / XD 0,
o+ {ust} |Vl
_1(0* t _1(0"{u* >t
ZB(t,)\h 1(8I{u> })>ZB<t,)\h 1(0 J/Lu > }))’
_:uu(t) —:uu(t)
where the last inequality follows from the isoperimetric inequality (1.14). Thus, using the

representation formula (1.10), (1.12) and the fact that |Vu*| is constant 3"~ 1-a.e. on {u* = t},
we conclude that for a.e. t € u*(D,)

C”(hﬁ{ }C(t,B(t,gu(:r)))dAh_1> > B(t, [Vu*|jos fur>1y) = Blts gu) o ursry-  (1.21)
*{u>t
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If instead ¢ € (0,00) \ u*(D.), from the second equality in (1.13) we have that g,(z) = oo for
Hhlae. x € 0" {u > t}, therefore C(t, B(t, gu(x))) = 0 for H"l-ae. x € 9*{u > t}. Thus,
recalling that C~1(¢,0) = 1 and using the first equality in (1.13), we have

c1 (t,][ C(t,B(t, gu(x))) d)\h1> = 1= B(t, gu*) |9+ fu>t}- (1.22)
o*{u>t}

Thus, from (1.21) and (1.22), using (1.20) and the isoperimetric inequality (1.14) again, we
get that for a.e. t >0

/ Bt gul)) dAy_1 = / Bt gur () dAn_1.
O {u>t} O {u*>t}

From this inequality, recalling (1.19), inequality (1.18) immediately follows.
Finally, let us assume that condition (1.15) holds and that J(u) = J(u*). By (1.17) this

equality implies that J(u) = J(u*). At this point, from the argument we just used to deduce
inequality (1.18), it is clear that for a.e. t >0

M1 (0 {u > t}) = Aoy (9% {u* > t).

Thus, from Theorem 1.7 we get that for a.e. ¢ > 0 the level set {u > t} is a ball centered at
the origin. At this point it is not too hard to show that u coincides H" a.e. with u*, see the
proof of [11, Lemma 4.1] for the details. O

2. EXISTENCE AND THE FIRST VARIATION FORMULA

In this section we prove the existence of an isoperimetric set with respect to the weighted
volume A(F) and the weighted perimeter Py(FE).

Theorem 2.1. For every m > 0 the infimum in (2) is attained.

Proof. Fix m > 0 and let Ej be a minimizing sequence for the problem (2). First, we perform
a Steiner symmetrization of codimension k of the sets F; and denote by EJS the corresponding
Steiner symmetrizations. By Proposition 1.3, we have that for every j

ANE;)=MNE)=m and  P\(E}) < PA(E)). (2.1)

Moreover, by Proposition 1.2, setting v; = vg;, the sequence v; is bounded in BV (R") and by
(1.8) and (1.16) we have also that

L= [ viam. 36 < I,

where vj*(:c) is the weighted symmetric rearrangement of v;. From these relations, recalling
(2.1) and setting for every j

Fj ={(z,y) e R"" x R* : wyly|* < vi(2)},

we conclude that Fj is a minimizing sequence for the problem (2). Since the sequence U;-‘ is

bounded in BV (R") we may assume without loss of generality that the functions v} converge in
L} (R") to a nonnegative function v € BV (R"). Therefore, by well known lower semicontinuity
results, see for instance [13, Th. 1.1 |, we may conclude that

J(v) < liminf J(v}).
j—o0
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In turn, setting F := {(z,y) € R" x R* : wi|y|* < v(z)}, the above inequality can be rewritten
as
P\ (F) < liminf Py(F}).
J—00
Therefore to conclude that F' is a minimizer of (2) we need only to show that F satisfies the
mass constraint A(F) = m. Since the functions v; converge to v in L}OC(Rh) this equality
follows if we show that there is no loss of mass at infinity along the minimizing sequence Fj,

i.e., for every € > 0 there exist R. > 0 and a positive integer j. such that
/ ew(m)v;(x) dr <e for every j > j..
Rh\BgL)

To prove this we argue by contradiction assuming that there exists g > 0 such that for every
R>0

1Dy () da > &g for infinitely many j. (2.2)
RA\ B
R

Observe that given R, since v} (z) = v§ (Ah(Bl(ﬂ}:ll))) and vg- is decreasing, we have for every j
m = ew““l)z};‘(aj) dx > ed’(o)thhvg. ()\h(Bgl))).
RR

Thus, from this inequality, for every j for which (2.2) holds we get

_ 1 %
Dy () F da > o) / ey (@) (v3 () F da
{vr>0p\ B

O (A(BR))E

Since the perimeters Py (F}) are bounded, this inequality is clearly impossible if R is sufficiently
large. This contradiction concludes the proof. O

Remark 2.2. Note that in the proof of Theorem 2.1 we have shown that for every m > 0
there exists an isoperimetric set S which is Steiner symmetric with respect to the subspace
{y = 0} and such that

S ={(z,y) € R" x R* : wy|y|* < vi(2)}. (2.3)
Observe that S is also Steiner symmetric with respect to the subspace {x = 0}.

If the boundary of the isoperimetric set £ minimizing (2) is a manifold of class C?, then a
standard argument, see for instance [19, Ch. 17], shows that there exists A € R such that

Hop + Vi -vP = A, (2.4)

where Hyg denotes the mean curvature of E, i.e., the sum of the principal curvatures of 0E.
Note that, as 1) depends only upon z, the inner product is in the horizontal space R”.

On the other hand, the regularity of the isoperimetric sets for the mixed perimeter can be
deduced from De Giorgi’s theory of minimal sets of finite perimeter. The precise result is given
in the theorem below. Note that in the following, when dealing with a set of finite perimeter E,
we always tacitly assume that F is a Borel set such that its topological boundary 0F coincides
with the support of the perimeter measure, i.e.,

OE ={z€eR": 0 < L"(ENDB,(z)) < wyr" for every r > 0}. (2.5)
10



The fact that a set of finite perimeter has always a Borel representative satisfying (2.5) is a well
known fact, see for instance [19, Prop. 12.19]. In the following, given any Borel set B C R"
we denote by dimg¢(B) its Haudorff dimension.

Theorem 2.3. Let E be a minimizer of the isoperimetric problem (2). Then its reduced
boundary O*E is a manifold of class C*°. Moreover dimg(OF \ 0*E) < n — 8.

Proof. Let G be a set of finite perimeter and fix R > 0 such that H"~}(9*GNBg) > 0. Observe
that there exist two constants op and Cp depending only on R and 1 (R) such that for every
o € (—00,00) we can find a set of finite perimeter F' such that GAF CC Bpr and

)\(F)Z)\(G)—i-()', |P)\<G,BR>—P)\<F,BR)| SCO‘U’

Indeed, this fact can be proved arguing exactly as in the case of standard volume and perimeter,
with the obvious modifications, see for instance the proof of [19, Lemma 17.21].

Then, arguing again as for the standard perimeter, see [19, Example 21.3], it is not too difficult
to show that if F is a minimizer of the constrained problem (2) and Bpg is a ball as above,
there exists a constant M depending only on R and ¢ (R) such that if B.(z) C B and F is a
set of finite perimeter such that EAF CC B,(z) one has

P\(E; B(2)) < P\(F; Br(2)) + M|A(E) — A(F)]. (2.6)

In turn, given a ball B,(z) C Bg, taking F' = E \ B,(z), with 0 < ¢ < r and letting o — r,
from (2.6) one easily gets that for any B,(z) C Bgr

P\(E; B,(2)) < Cyrt (2.7)

for some constant C; depending, as before, only on R and ¢(R).

Let us now consider a set F' of finite perimeter such that EAF CC B,(z). Denote by m(r, z)
and M(r,z) the minimum and the maximum, respectively, of the function ¢*(*]) on B,(2).
From (2.6) we have

m(r, z)P(E; Br(z)) < M(r,z)P(F; Br(2)) + Car™,

for some positive constant Cy depending only on R and ¢(R). Therefore, recalling (2.7), we

have

M(r,z) — m(r, z)
M(r, 2)

< P(F; Br(2)) + CrP(E; By(2)) + Cor™ < P(F; By(2)) + 47",

P(E§ Br(z)) < P(F§ Br(z)) +

P(E; B,(z)) 4+ Cor™

where also v depends only on R, ¥(R) and ¢'(R). In conclusion, we have proved that E is a
v-almost miminimizer for the perimeter in Bg, that is, for any ball B,(z) C Bgr and for any
set of finite perimeter F' with EAF CC B,(z) the inequality

P(E; B,(2)) < P(F; B(2)) + 71"

holds. From this minimality property we may conclude, see [22, Th. 1.9] or also [19, Th. 21.8
and 28.1], that 9*E is a C** manifold for every 0 < a < 1/2 and that dimg(OE\0*E) < n—38.
Moreover 0*E satisfies (2.4) in a distributional sense, i.e.,

dive? + Vi, - v = A on O*E

for some Lagrange multiplier A € R. Thus, standard elliptic regularity results imply that
indeed 0*F is a C*>® manifold. Then, another standard bootstrap argument yields that 0*E

is of class C'™°. i
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If the minimizer is Steiner symmetric with respect to both subspaces {x = 0} and {y = 0}
the above regularity result can be improved as follows.

Corollary 2.4. Let E be a minimizer of the isoperimetric problem (2). Assume that E is
Steiner symmetric with respect to both subspaces {x =0} and {y = 0}. Then

(OFE\O*E)N{(z,y) : © #0and y # 0} = 0. (2.8)
Moreover, if h,k < 6, then OF is a C°° manifold.

Proof. We argue by contradiction assuming that there exists (xg,yo) € OF \ 0*F with both
xo and yo not zero. Since E is Steiner symmetric with respect to the subspace {y = 0} all
points (xg,y) with |y| = |yo| belong to the singular set 0F \ 0*E. In turn, since E is also
Steiner symmetric with respect to {z = 0}, the set {(x,y) : |z| = |zo|, |y| = |yo|} is contained
in OF \ 0*E. By Theorem 2.3 this is impossible since the Hausdorff dimension of this set is
(h—1)+ (k—1) = n — 2. This contradiction proves (2.8).

Assume now that h,k < 6 and that the singular set is not empty. Then n > 8 and from
(2.8) it follows that OF \ 0*FE contains only points of the type (0,yo) with yo # 0 or (x0,0)
with 29 # 0. So let us assume that (0,y¢) is a singular point for some yy # 0. Then the set
{(0,v) : |y| = |yo|} is also contained in the singular set. But this set has dimension k — 1 and
since h < 6, k —1 > n — 8, which is impossible by Theorem 2.3. The same argument shows
that also the points of the type (zp,0) cannot be singular. ]

3. PROPERTIES OF THE ISOPERIMETRIC SET

In this section we assume that the function v satisfies the assumption (1.15). With this
assumption in mind we investigate the properties and the uniqueness of the isoperimetric sets,
that are the sets minimizing (2). To this end we start with the two-dimensional case, that is
h =k =1, where the arguments are similar, but simpler than in the general case n > 3.

Theorem 3.1. Let h =k =1 and m > 0. Up to a vertical translation, every isoperimetric
set E with A(E) = m is a C™, bounded, strictly convez set, Steiner symmetric with respect to
both coordinate axes. Moreover E is unique.

Proof. Given m > 0, let S be an isoperimetric set with A(S) = m Steiner symmetric with
respect to both coordinate axes as in (2.3). By Theorem 2.3 the boundary of S is a C*°
manifold. Since S is Steiner symmetric with respect to both axes, it is a connected set and
since its Euclidean perimeter is finite, .S is also bounded.

Therefore, there exist two even BV functions, f : (—a,a) — (0,00) and g : (=b,b) — [0, c0),
such that for every = € (—a,a) and y € (—b,b)

S = (=f(2), f(x), 5 =(=g() 9(y))

Note that the functions f and g are both decreasing when restricted to the intervals (0,a)
and (0,b), respectively. Moreover, from the first variation formula (2.4) we deduce that these
functions satisfy the equations

—f" = (@) f (@) (L + f(2)?) = AL+ f'(2)?)

3/2 (3.1)

and
3/2
—g" + ' (9W) (1 +9'®)) = A1 +4'))?, (3:2)
respectively, on any interval where they are smooth. Observe also that if the normal at a point
(20, yo) of the boundary of S is not horizontal, then f(z() = yo and f is C*° in a neighborhood
12



of xzg. Similarly, if the normal at (z¢,yo) is not vertical, then g(yo) = x¢ and g is C*° in a
neighborhood of .
Since S is smooth the exterior normal at the point (¢g(0),0) is (1,0). Therefore, g is smooth in
a neighborhood of 0 and since 0 is a maximum point for g we have ¢’(0) = 0, ¢”(0) < 0. Thus,
from (3.2) we have

¥'(9(0)) — A =g"(0) < 0.
Hence, thanks to assumption (1.15) we have that A > v'(¢(0)) > 0.
Let us now assume that at a point (xo, o) € 95, with zg € (0, a), the exterior normal is vertical.
Then f(zo) = yo, f is smooth in a neighborhood of xg and f’(xzg) = 0. Therefore, from (3.1)
we obtain f”(xg) = —A < 0. Thus z is a local strict maximum and this is impossible since f
is decreasing. This shows that, except for the points (0, +b), the normal to the boundary of S
is never vertical. In turn, as observed before this yields that g € C°°(—b,b).
Moreover ¢" # 0 in (0,b). In fact if there were yg € (0,b) such that ¢'(yo) = 0, then also
g"(yo) = 0, otherwise yo would be a strict local minimum or maximum and this is impossible
since g is decreasing. Then from (3.2) we would get that

¥'(9(yo)) = A

and thus by the uniqueness of solutions to the equation (3.2) we would conclude that g is
constant, hence S is a rectangle. But this is impossible since 95 is smooth. So ¢’ never
vanishes in (0,b), hence f is C* in (—a,a).

Finally, observe that using again (3.2) and recalling that A > 0, we get that for every y # 0

9') =¥ (W) (1+9' 1)) A1 +5 1)) < (¥'(90) - )1+ W) <0 (33)
Thus g is strictly concave, hence S is strictly convex.
Let us now show that .S is the only isoperimetric set Steiner symmetric with respect to the z
axis satisfying (2.3). We argue by contradiction assuming that there exist two solutions fo and
f1 of (3.1) defined in two intervals (—asg, as), (—a, a1), respectively, and corresponding to two
isoperimetric sets with the same mass. From the regularity of the isoperimetric sets we have
that f5(0) = f1(0) = 0 and thus from the uniqueness of solutions of (3.1) we deduce also that
f5(x) = fi(x) for every x such that |x| < min{ai,as}. Therefore, since fi(a1) = fa(az) = 0

and
al az
V@ 1+ fl(2)? da :/ e¥@) 1+ fl(2)? da,
[ e ie = [ e /i g

we conclude immediately that the two functions f; and fo coincide.

Let us conclude the proof by showing that S is the unique isoperimetric set up to vertical
translations. Indeed, if ' is another isoperimetric set with the same mass as .S, arguing as in
the proof of Theorem 2.1 we first consider the Steiner symmetrization E° of E with respect
to the x axis. Then,

EY = {(z,y) : 2ly| < vg(2)},
where vg is defined as in (1.1). Replacing vg by its weighted symmetric rearrangement vy, we
set

Fi=A{(z,y) : 2yl <vp(x)}. (3.4)
Since A\(E) = A(E®) = A\(F) and, by Proposition 1.3 and (1.16),
Py(E) > PA(E®) > P(F),
we conclude that indeed all the previous inequalities are in fact equalities. Moreover, since

F is Steiner symmetric by construction, F' coincides with S. Note that from the equality
13



Py(E®) = Py(F) we have by Theorem 1.8 that E° = F' = S. Finally, P\(E®) = P\(E) and
both assumptions (i) and (ii) of Theorem 1.4 are satisfied, since I/yES = 0 only at (£a,0) and
vp(z) = 2f(x) > 0 for each x € (—a,a). Thus, E is a vertical translation of ES, hence a

vertical translation of S. O
We now consider the general case n > 3. In this case our result reads as follows.

Theorem 3.2. Letn > 3 andm > 0. Up to a translation in the y direction, every isoperimetric
set E with A\(E) = m is C*°, bounded and Steiner symmetric with respect to both coordinate
ares. If h =1 or k =1, E is also unique. Moreover, if k =1 and m < mg, for some mg > 0
depending only on n and Y, or if h =1, E is strictly convex.

Proof. Step 1. Given m > 0 let S be an isoperimetric set with A(S) = m, Steiner symmetric
with respect to the subspace {y = 0} and satisfying (2.3). By Corollary 2.4

M =095\ (R" x {0}) U ({0} x R¥)) is a C*° manifold. (3.5)
Let us now consider the function vg = vg. The support of vg is either a closed ball of radius a
or the whole R" and from Proposition 1.2 we have vg € BV(R”’). Moreover, since vg = vg the
function vg depends only on |z|. Therefore, there exists a function r : (0,a) — (0, 00), with
a = oo if the support of vg is R, such that vg(z) = wir(|z|)* for every z € R?, 0 < |z| < a.
Note that r € BVj,((0,a)) and that r is decreasing, since vg = vg. Moreover, since the
manifold M in (3.5) is smooth the extended graph of r over the interval (0,a) is a C*° curve.
Let us denote it by I',.
If (xo,y0) € 0S, 0 < |zg| < a, and the vertical component of the normal yg(xo,yo) £ 0,
then |yo| = r(|zo|) and r is C*° in a neighborhood of |z¢|. Moreover, M satisfies the equation
ly|?> — r2(Jx]) = 0 in a neighborhood U of (g, o). Therefore the exterior normal vector field
to 05 NU is given by

y (= (el (), y)

T,y) = :
(r(Jz)?r'(|z])? + Jy[)1/2
Since the mean curvature Hpg is equal to div®, taking the divergence of the right hand side
of the above equality and using the fact than |y|?> = r?(|z|) on 95 N U, the first variation
equation (2.4) becomes
() (h —1)r'(0) (k—1) V(') _
2)1 -

2T QU@ @)

1%

(L2 e(1+1(0)
where we have set ¢ = |z|.
Let us now assume that at a point (9o, 0g) € I'; the normal to I, is vertical. Then r(gg) = o9, r
is smooth in a neighborhood of gy and r’(09) = 0, ”"(00) < 0. However, it cannot be r”(gg) < 0
because in this case r would have a strict local maximum and this is impossible because 7 is
decreasing. Hence, 7”’(gp) = 0 and from (3.6) we have
kE—1
=A. (3.7)
r(00)

Therefore, if £ > 1, from the local uniqueness of solutions of equation (3.6) we conclude that

r is constant in the interval (0,a). Similarly, if & = 1, from (3.7) we have that A = 0 and

thus, again from the local uniqueness of solutions of the equations of (3.6), it follows that r is

constant in the interval (0,a) and thus a must be finite. But if r is constant the points (x,y)

with |z| = a, |y| = r(a) are singular points of 05 and this is impossible since these points form

a set of Hausdorff dimension n — 2. This proves that the normal vector to I', is never vertical.
14
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Thus I', coincides with the graph of a smooth decreasing function g : (0,6) — (0,a), with b
possibly equal to +o0, such that g(r(0)) = o for each p € (0,a). Moreover, from (3.6) we get
that g satisfies the equation

o) (h=1)  k=Dle) | Wle) o
T+ @D " @) 1+g@) 7 a(l+g@) 7 (T+g@2z

Observe that if o9 € (0,b) then ¢'(cg) < 0. To prove this we argue as before observing that if
g'(00) = 0 then necessarily also g”(cp) = 0 and thus from (3.8) we obtain

(h—1)

9(00)
Therefore, by the local uniqueness of solutions of equation (3.8) it follows that g is constant
in the interval (0,b) and thus b must be finite. But if g is constant the points (z,y) with
|x| = g(b),|y| = b are singular points of 9S and again this is impossible since these points form
a set of Hausdorff dimension n — 2. This shows that ¢’ < 0 in (0,b) and thus the normal to T,
is never horizontal. In turn, this implies that r is C* in the interval (0, a).
Finally, let E be any isoperimetric set with the A\(F) = m. Arguing as in the final part of
the proof of Theorem 3.1 we first construct the Steiner symmetrization E° of E with respect
to {x = 0} and then the set F defined as in (3.4). Again, since P\(F) = P\(E%) = P\(E),
from the first equality we get that EY = F. Then, we consider the function r such that
vp(x) = wer(|z|)¥ for every 2 € R". Since by the previous analysis r is C* in (0, a) we have

H Y {(z,y) € D*F : |z| < a, Vj(x,y) =0}) =0.

Thus, by Theorem 1.4 we conclude that F is a vertical translation of F'.

Step 2. Let us now prove that S is bounded. This follows if we show that both intervals (0, a)
and (0,b) are bounded.

To prove that a is finite, let us first consider the case k = 1. In this case, if a = +oco, then
from Proposition 1.3 we get

Py(S) = 2/ e?2h /1 + r'(|x])? dz = oo,
RR
which is impossible. So, let us assume that & > 1. If a = +o00, then 7(9) — 0 as ¢ — 400,

since otherwise, again by Proposition 1.3, we would get Py(S) = co. Now, from (3.6) we have

(o) (k—1)
A7 rgd e ™ (3.9)

From this inequality it follows that there exists gg > 0 such that

+1'(g(00)) = A.

o0>pgoand r'(g) > -1 = 1"(0) > 1. (3.10)
In fact this implication follows from (3.9) by observing that if o > go and 0 > 7/(p) > —1 then

P (k- 1)
(7@~ Var(e)

if we choose gg sufficiently large. Observe now that if there were g1 > 9o such that r'(o1) >
—1, then from (3.10) we would get that r”(9;) > 1 and thus, using again (3.10) in a right
neighborhood of g1, that r’(g2) = 0 for some g2 € (01,01 + 1). And this is impossible.
Therefore we must conclude that 7'(¢) < —1 for every ¢ > gg and this inequality immediately
yields that «a is finite.

—-A>1
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Let us now show that also b is finite. If h = 1 this is trivially true. In fact, if b = 400 then the
projection of M over R"~! would be R"~!\ {0} and thus would have infinite H"~! measure.
But then also M would have infinite 3"~! measure, hence Py(S) would be infinite, which is
impossible.

Assume now that h > 2 and that b = +o00. Then g(0) — 0 as ¢ — +00, otherwise A(S) = oco.
If also ¢’(0) — 0 as ¢ — 400, passing to limit in (3.8) we get ¢” (o) — 400, which is clearly
impossible. On the other hand, if there exists € > 0 such that ¢’(c) < —e for o large, then we
have that g(o) — —oo which is also impossible. Therefore, since no one of the two previous
instances may occur, we conclude that there exist a sequence o;, with o; — 400 such that
each o; is a local maximum for ¢’ and ¢’(0;) — 0. Then, from equation (3.8) we get

I e V4 ) N 401 () N

9(0) A+ g (@)D 0i(l+g(0:)?)/2 ~ (1+g'(0:)2)/2 —
But this is impossible since the left hand side of this equation tends to +oo as ¢ — oco. This
final contradiction shows that also b < co.
Step 3. To prove that S is smooth by Corollary 2.4 it is enough to show that all the points
in 05 N ({z =0} U{y = 0}) are regular points for 95.
We first show that 0S5 N {y = 0} has no singular point. If £ = 1 this follows immediately by
observing that if (z9,0) € 0S5 is a singular point then all the points in the sphere {|z| = |zo|}
are singular. By Theorem 2.3 this is impossible since this sphere has dimension n — 2. So, let
us assume that k£ > 2. Observe that to show that all the points in 95 N {y = 0} are regular it
is enough to prove that

lim ¢'(o) = 0. (3.11)

oc—0t
Indeed if this is true then ¢’(0) = 0 and the normal vector field is continuous at all the points of
0SN{y = 0}. In turn, the continuity of the normal, by the almost minimality of S established
in the proof of Theorem 2.3, implies that the normal vector field is C*® in a neighborhood
of 9S N {y = 0} for some a > 0, see [19, Th. 26.3]. Hence, arguing again as in the proof of
Theorem 2.3, we conclude that 95 is C*° in a neighborhood of 95 N {y = 0}.
To show (3.11) we multiply both sides of (3.8) by ¢*~!, thus getting

N T W S 5 L ]
do \ (1+¢'(0)2)1/2) g(@) L+ g'(0))2  (1+g(0)2)1/?
Since k > 2, o*~1¢/(0) /(1 + ¢'(0)?)'/? converges to zero as ¢ — 07, therefore, integrating the
previous equality from 0 to o, we get
—qd o _ /
< g' (o) _ 1 / (A— (h—1) _ Yg(n)) )Tk_ldTSAU
(1+g'(0)2)2 oty g(r)(L+g (02 (1+g/(r))?

thus showing (3.11).

To prove that 95 N {x = 0} has no singular points, arguing as before it is enough to assume
that h > 2 and to show that

lim 7’ =0.
0—0t (Q)

1

To this aim, we multiply equation (3.6) by o"~! so to get

d( ="M N _y pa (k=D o1 (g(0))
do ((1 + r'<@>2>1/2> =A@ T U )

Now, the conclusion follows as in the previous case.
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Step 4. Let us show that if h =1 or kK = 1 then S is unique. To this aim, let us first assume
that h = 1. Assume that there exist two different solutions g2 and g; of (3.8) such that the
corresponding profiles have both the same mass m, with go > 0 in (—be,b2) and g; > 0 in
(=b1,b1) for some by > bo.

Claim 1. There exist 09,9, with 0 < o9 < g9+ 9 < ba, such that either

g1(00) = g5(00), gh(o) < gi(o) <0, ga(a) > g1(0) for every o € (09,00 +0) (3.12)

or the same inequalities as in (3.12) hold with g1 exchanged with gs.

In order to prove the claim observe that max{gi(c)—g2(c) : o € [0,b2)} > 0. In fact, otherwise
g1 < go and since the isoperimetric profiles corresponding to g; and go have the same mass we
easily conclude that g; = go. Therefore, we may assume that there exists @ € [0, by] such that

91(0) — g2(0) < 91(0) — g2(5)  for every o € [0, ba].
Now, two cases may occur.
First, let us assume that g1(c) > g2(0) for every o € [7,b2) or that @ = by. In this case
there must be some point in (0,5) where g; is strictly smaller than go, since otherwise the
mass of the isoperimetric profile corresponding to g1 would be strictly bigger than the one of
the profile corresponding to go. Thus, let us denote by ¢’ the greatest o € (0,7) such that
g1(0’) = g2(0’). By minimality, we have that g5(c”) < g{(0’). In fact the stronger inequality
gh(0’) < ¢1(c”) holds, because if ¢} (c’) = g4(0’) then by the local uniqueness of solutions of
the equation (3.8) we would conclude that g; = g2. Observe that in a left neighborhood of ¢’
we have that g1 < g2 and g5 < ¢g}. Then, we denote by o the largest point in [0, 0’] such that
g1(00) = gh(00). Note that since g5(0) = ¢;(0) such a point always exists. Finally, observe that
by construction gh(o) < ¢4(o) and ga2(c) > gi(o) for every o € (00,0’), thus proving Claim 1
in this case.
Let us now prove the claim when there exists a point o € [7,b2) such that gi1(0) = ga2(0).
Denoting by ¢’ the first one of such points and arguing as before we have that g} (c’) < gh(o’).
Then, denoting by o the largest point in [7,0'] such that ¢}(c0) = ¢5(00) we conclude as
above that ¢}(0) < g5(0) and g1(0) > ga2(o) for every o € (0p,0’), thus proving (3.12) with g1
exchanged with go.
Let us show that Claim 1 yields the uniqueness of the isoperimetric profile when h = 1. To
this aim, for any o in the interval (og, o9 + ) where (3.12) holds, from (3.8) we have, using
the fact that ¢’ is increasing,

91(0) — g3(0) = b (g o)(1+ gh(0)?) — gi(o)(1 + g1(0)?))

(
¥ (g1(e)) (L + 91(0)2) V(g2(0)) (1 + 65(0)*) + A((1+ 95(0)*)* = (1 + ¢1(0)*)*/?)
¥(92(0)) (1 + 91(0)*) =9 (92(0)) (1 + g5(0)*) + A((L + g5(0)*)*% = (1 + 91 (0)*)*?)
< A((1+ a(0)*)*? = (1 + ¢1(0)%)*?).

Setting M = ||| L5 (00,00+6) and integrating this inequality from og to o we then get

I/\-i-

(e

d(0) — dh(o) < eA(1 + M) / (6}(r) — gh(r)) dr

o0
for some positive absolute constant ¢ independent of g1 and gs. In turn, this inequality implies
that for every o € (09,00 + 9)

max(g; — g) < cA(1L + M?)(0 — 09) max(g] — g3).

[0'0 7U] [UO 70']
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But, this inequality is clearly impossible if we choose o such that cA(1 + M?)(o — 0g) < 1.
This contradiction concludes the proof of uniqueness in this case.

We now assume k = 1. In this case we are going to study equation (3.6). Again, we argue by
contradiction, supposing that there exist two solutions ry and 71 of (3.6) whose corresponding
isoperimetric sets have the same mass. By the regularity of the boundary of the isoperimetric
profile we have that 75(0) = 71(0). However, we cannot conclude that r} coincides with 7
since equation (3.6) degenerates at 0. In any case, passing to the limit as ¢ — 07 we have
A = —hrf(0) = —hr{(0) > 0. On the other hand if 74(0) = 1 (0) < 0 for some ¢ > 0, then
by uniqueness it follows that 4 coincides with r] and this immediately implies that r and
ro also coincide since the corresponding profiles have the same mass. Therefore, without loss
of generality, we may assume that there exists an interval (0, gg) such that 0 > (o) > r5(0)
for every o € (0, 0o]. Let us then set M = [|r9|[zo0(0,p)- Then, from (3.6) we have for every

0 € (0, eo]
(o) ~r3(0) = (h;l +/(0)) [ral0) (1 + 75(0)) = i (2) (1 + 7 (0)?)]

+ A[(1+75(0)%)%* = (1+71(0)*)*?]
< A[(1+75(0%)* = (1 +71(0)*)*?].
Integrating this equation we then get that for every g € (0, go]

0 < 7(0) — 1h(0) < cA(L + M) /0 " (r) — rh(m)) dr,

for some positive absolute constant ¢ independent of 1 and 7. In turn, from this inequality
we get that for every o € (0, o]

max(r] — r5) < cA(1 4+ M?)pmax(r] — 15).

0,¢] 0,¢]
But, this inequality is clearly impossible if we choose ¢ such that cA(1 + M?)o < 1. This
contradiction concludes the proof of uniqueness also in this case.
Step 5. Let us now show that S is strictly convex when A = 1. To this aim we prove the
following

Claim 2.1. There exists no interval (og,01), with 0 < o9 < 01 < b, such that ¢"(c) < 0 for
every o € (09,01) and ¢"(01) = 0.

In order to prove this claim we argue by contradiction assuming that an interval as above exists
and setting d(c) = ¢'(0)/(1 + ¢'(0)%)'/? for every o € (0¢,01). Then, we rewrite (3.8) as
-1 /
oy D) | o)
o TP
Differentiating this equation in the interval (o9, 01) we get
kE—1)d (o k—1)d(o
k= Dito) W=D | yg(o)y(o) - v/ (o(e))g (@) (o) = 0.
Observe that in the interval (o, 1) we have d’(0) < 0, while d'(o1) = 0. Therefore d”(o1) > 0.
Recalling that k£ > 1 and that ¢’(o1) < 0, hence d(o1) < 0, from the above equation we obtain

0< d(o1) = d(oy) (’“U_%l + w"(g(m») <0.

_dll(o_) o

This contradiction proves Claim 2.1.
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Let us now set A = {o € (0,b) : ¢”(0) < 0}. Observe that A is not empty since otherwise
g"(o) > 0 for every o € (0,b). Then, since ¢’(0) = 0 and ¢'(c) # 0 for o € (0,b), we would
have ¢'(o) > 0 for every o € (0,b) and this would imply that g is strictly increasing, which is
impossible.

Observe that the claim above implies that A has only one connected component (o¢,b) for
some 0 < gg < b. Moreover oy = 0, otherwise ¢g”(c) > 0 in (0,00) and the same argument as
above would imply that g is strictly increasing in (0, o).

In conclusion, we have proved that ¢”(0) < 0 for every o € (0,b), hence S is strictly convex.
Assume now that & = 1. In this case we start first by observing that if m — 0 then also
a — 0. To see this it is enough to check that if By, is the ball such that /\(Br(m)) = m, then
Py\(By(m)) = 0 as m — 0 and to estimate

P\(By(m)) = PA(S) = / 2D\ /4 4 |Vog2 da > 2¢O w,_1a"
Ba

Then, we have the following

Claim 2.2 There exists my > 0 such that if 0 < m < my there exists no interval (oo, 01) with
0 < 0o < 01 <a such that " () <0 in (0o, 01) and 7" (01) = 0.

In order to prove the claim we argue by contradiction assuming that an interval as above exists.
Simiarly to the previous case, we set d(0) = 7/(0)/(1+1'(0)?)"/? and we rewrite (3.6) as

~d(g) - DU rpyaqe) = .

Differentiating this equation in the interval (go, 01) we get that

h—1)d (o h—1)d(o

( Q) G 92) Q) —¢"(0)d(e) — ¢'(0)d'(0) = 0.

Observe that in the interval (oo, 01) we have d(p) < 0, d'(9) < 0, while d’(91) = 0. Therefore
d"(01) < 0. But from the above equation we obtain

0<d'(er) = dlen) (" 5" - v(er). (3.13)
1

—d"(0) —

Note that L1 W1
E— > = maxv"(0) >0
Q% (0 (Ql) = a2 0.a] (G (Q)

provided that 0 < a < ag for a sufficiently small ag depending only on h and 1), hence m < my
for some mg depending only on A and 1. Thus, we get a contradiction since the right hand
side of (3.13) is strictly negative and this contradiction proves Claim 2.

From Claim 2, arguing as in the case h = 1 we conclude that r”(9) < 0 for each o € (0,a),
thus proving that S is strictly convex. g
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