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Lipschitz functions with prescribed blowups at many points

ANDREA MARCHESE AND ANDREA SCHIOPPA

ABSTRACT. In this paper we prove generalizations of Lusin-type theorems for gra-
dients due to Giovanni Alberti, where we replace the Lebesgue measure with any
Radon measure . We apply this to go beyond the known result on the existence
of Lipschitz functions which are non-differentiable at p-almost every point z in
any direction which is not contained in the decomposability bundle V (u, z), re-
cently introduced by Alberti and the first named author. More precisely, we prove
that it is possible to construct a Lipschitz function which attains any prescribed
admissible blowup at every point except for a closed set of points of arbitrarily
small measure. Here a function is an admissible blowup at a point x if it is null
at the origin and it is the sum of a linear function on V(u,z) and a Lipschitz
function on V (p, z)*.
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1. INTRODUCTION

In [AIb91], Alberti proved a “Lusin type theorem for gradients”: roughly speak-
ing, given any Borel vectorfield f on the Euclidean space RY one can find a C"
function g whose gradient coincides with f up to an exceptional closed set of
arbitrarily small Lebesgue measure. In other words one can prescribe at many
points the (unique) blowup of a C! function in an arbitrary (measurable) way.
The Rademacher Theorem, which states that Lipschitz functions are differen-
tiable almost everywhere, implies that, even if one weakens the assumptions on
g, requiring it only to be locally Lipschitz, Alberti’s result is still the best possible:
no other blowups than the linear ones can be prescribed on a set of points of pos-
itive measure; moreover, one cannot get rid of the small exceptional set without
any further assumption on f, i.e. in general one cannot find a Lipschitz function
g such that the measure of the set {Dg # f} is zero. However a continuous
function g with such property can be found (see [MPOSg]).

In the present paper, we prove a generalization of Alberti’s result, where the
Lebesgue measure is replaced by any Radon measure. Since Rademacher’s theo-
rem does not hold in general with respect to a Radon measure (and in particular it
fails with respect to any singular measure, as shown in Theorem 1.14 of [DR16]),
then the following vague question is very natural in our setting. Given a measure
p on RN, which blowups is it possible to prescribe for a Lipschitz function, at
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many points with respect to u, besides the linear ones?

Let us introduce some basic notations to make the question more precise. We
denote by BY(0,1) the unit ball of RV, centred at the origin with radius 1.

Definition 1.1 (Blowups of a Lipschitz function). Given a Lipschitz function g
defined on an open subset @ C RY, and a point z € Q, we denote by Tan(g, x)
the set of all the possible limits, with respect to the uniform convergence,

lim Tx,,«jf,
j—o0
where 7; N\, 0 and for every r < dist(z,Q°), T, f : BY(0,1) — R is defined by
Torfly) =1 (f(x +ry) — f(x)), for every y € BY(0,1).

Definition 1.2 (Prescribing blowups). Let u be a positive Radon measure on an
open set 2 C RY. Denote by Lip(BN(0,1),0) the space of Lipschitz functions on
BN(0,1) which vanish at the origin, endowed with the supremum distance, and
let f:Q c RN — Lip(BN(0,1),0) be a Borel function. We say that f prescribes
the blowups of a Lipschitz function with respect to u:

(i) Weakly, if there exists a Lipschitz function g : @ — R such that f(x) C
Tan(g, z) for p-a.e. x €

(ii) Weakly in the Lusin sense, if for every € > 0 there exists a Lipschitz
function ¢ : 2 — R such that

p({z € Q: f(z) £ Tan(g, )}) <&

(iii) Strongly in the Lusin sense, if for every € > 0 there exists a Lipschitz
function g :  — R such that

u({z € Q: f(z) # Tan(g,2)}) < <.

In this paper we mainly address to the following question.

Question 1.1. Given a positive Radon measure pu on an open set Q C RN with
w(Q) < 0o, for which choice of f is it possible to say that f prescribes the blowups
of a Lipschitz function wrt. p weakly/strongly/in the Lusin sense?

As we already observed, when p is the Lebesgue measure, Rademacher’s The-
orem is a constraint on the possible choices of a function f for which Question
may have a positive answer. Namely, in this case, for a.e. point z, the corre-
sponding function f(z) must be linear (more precisely, the restriction to B (0, 1)
of a linear function). Using the notation that we have introduced above, the con-
tent of Alberti’s result, or at least part of it, can be rephrased as follows: if
Q C RY is an open set with finite Lebesgue measure, then every Borel function
f: 9 — Lip(BN(0, 1), 0) whose values are (restrictions to BV (0, 1) of) linear func-
tions almost everywhere, prescribes the blowups of a Lipschitz function wrt. the
Lebesgue measure strongly in the Lusin sense.

For a general measure 1, the Rademacher theorem does not hold. In particular
De Philippis and Rindler proved in [DR16] that there are Lipschitz functions
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which are non-differentiable at pging-a.e. point, where figing is the singular part of
u wrt. Lebesgue. Nevertheless a suitable weaker version of Rademacher’s theorem
holds. Indeed, letting Gr(R™) denote the union of the Grasmannians of all vector
subspaces of RY, in [AMI6] it is proved that to every Radon measure p on RV
it is possible to associate a Borel function V(,-) : RY — Gr(RY) called the
decomposability bundle of u, with the property that for every Lipschitz function
g, the restriction of g to the affine subspace z + V(p,x) is differentiable at p-
a.e. point x and moreover the bundle is maximal with respect to this property,
meaning that there exists a Lipschitz function which is non-differentiable at p-a.e.
point z along any direction which is not in V' (p, x).

Clearly this is also a constraint on the possible choices of a function f for
which one can expect a positive answer to Question [1.1} indeed one should at
least require that f(z) is linear on V' (p,x) for p-a.e. point z. This observation
partially motivates the introduction of the following subset of Lip(BN(0,1),0).
Given a vector space V and a point ¥ € RV we denote respectively v~ and yy .
the projections on V and on its orthogonal complement V. Finally we denote
the class of admissible blowups by

C(,ua .7}) = {h € Lip(BN(O, 1)70) : h‘(y) = L(yV(u,x)) + m(yV(u,x)L)}a (13)
where L is a linear function on V (i1, #) and m is a Lipschitz function on V (1, z)*.
A reason for the choice of such class is given in Section [4} roughly speaking, this
class is, for a generic measure having a given decomposability bundle, the largest

class of blow-ups that one can expect to be able to prescribe.

Now we are ready to state the main results of the paper.

1.2. Theorem. Let i be a Radon measure on RY, let @ C RN be an open set
with () < oo, and let f be as in Definition . Then f prescribes the blowups
of a Lipschitz function with respect to

(I) strongly in the Lusin sense: if f(x) = {L(z)} at p-a.e x, where L(x) is
the restriction to BN (0,1) of a linear function;

(II) weakly in the Lusin sense: if f(x) € C(u,x) for p-a.e. z;

For N =1 we can prove a stronger statement. In particular we don’t need the
restriction that €2 has finite measure. Firstly we can characterize those measures
for which it is possible to prescribe strongly any reasonable blowup. Secondly we
prove that any blowup can be prescribed weakly wrt. a singular measure p. More
precisely, for the typical 1-Lipschitz function g (in the sense of Baire categories)
Tan(g, r) coincides with the set of (the restrictions to B'(0,1) of) all 1-Lipschitz
functions, at p-a.e. point x. Given a Borel set E, we denote by pL E the measure
defined by

pLE(A) = u(ANE),
for every Borel set E.

1.3. Theorem. Let Q2 C R be an open set, and let p and f be as in Definition
11.9. Then f prescribes the blowups of a Lipschitz function with respect to p



ANDREA MARCHESE, ANDREA SCHIOPPA

(1) strongly in the Lusin sense, for for f(x) = {H(x)} at p-a.e. x, where
H(x) is the restriction to B(0,1) of a positively homogeneous function: if
and only if pL NL is atomic, where

NL = {z € Q: H(x) is not the restriction to B(0,1) of a linear function}.
(I1) weakly: if p is singular, for any Lipschitz function f;

1.4. Remark. (i) Point (I) in Theorem is the generalization of The-
orem 1 of [AIb91]. In Section [2| we prove a more precise version of this
statement, including the possibility to choose the Lipschitz function ¢ in
point (iii) of Definition of class C!, with arbitrarily small L> norm
and with LP estimates on its gradient for every p € [1, 00]. A similar result
was recently proved by David in [Davld] in the setting of PI spaces: a
class of metric measure spaces which admit a differentiable structure. We
point out that Point (I) can also be extended to doubling metric measure
spaces, where the differentiable structure is defined using operators called
derivations: we will pursue this somewhere else.

(ii) The difference between point (II) of Theorem |1.2{and point (II) of Theo-
rem [I.3]is twofold. Firstly, in the second case there is no restriction on the
function f, due to the fact that the decomposability bundle of a singular
measure in R is always trivial. Secondly, the fact that the blowups in the
first case are prescribed weakly in the Lusin sense, while in the second
case are prescribed weakly, can be explained as follows. In dimension
N =1, we are able to prove that, for every fixed ¢ a residual set of 1-
Lipschitz functions attains every 1-Lipschitz function in the set blowups,
outside a set of measure at most €. Since the intersection of countably
may residual sets remains residual, we can clearly reinforce the previous
statement, saying that residually many 1-Lipschitz functions attain, in a
set of full measure, every 1-Lipschitz function as a blowups. In higher
dimension, for fixed ¢ it would be possible to prove the residuality of the
set of Lipschitz functions attaining every “admissible” blowup outside a
set of measure e, with a technique similar to that used in the proof of
Theorem 1.1 (ii) of [AMI6]. The issue is that with such technique one
could only prove that the above set is residual in a complete metric space
of Lipschitz functions, which is suitably defined depending on ¢ itself.
Hence, the intersection of a countable family such sets, might in principle
be empty.

(iii) Point (I) of Theorem is a simple observation, which is already con-
tained in Proposition 4.2 of [Mar]. The restriction to the family of pos-
itively homogeneous functions is clearly necessary in order to prescribe
blowups strongly, because if f € Tan(g,z) and h € Tan(f,0), then it
also holds h € Tan(g,z). Presumably, also in dimension larger than 1
the possibility to prescribe strongly some non-linear blowups in the Lusin
sense should depend on some property of the measure and intuitively it
should fail when the measure is “very diffused”. On the other side, it
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sounds reasonable that if the measure p is supported on a k-rectifiable
set £ in RY (k < N) then any Borel function f which is p-a.e. positively
homogeneous and linear along the tangent bundle to E prescribes the
blowups of a Lipschitz function strongly in the Lusin sense. However we
do not pursue this issue in this paper.

On the structure of the paper. The proof of Theorem [I.2]is split in Section [2]
for the point (I) and Section [3] for point (II). In Section [d] we provide an example
of a measure p for which every blowup of a Lipschitz function is the sum of a
linear function on V(u,x) and a Lipschitz function on its orthogonal, at p-a.e.
point x, in order to justify the choice of the class C(u,-) appearing in point (II)
of Theorem Finally, in Section [5} we prove Theorem [1.3]
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2. PrROOF OF THEOREM [1.2(T)

In this section we prove the point (I) of Theorem As anticipated in Re-
mark (i) we will actually prove a stronger statement including some gradient
estimates. In particular L™ estimates on the function g and its gradient are
necessary to prove part (II) of the Theorem. The proof is very similar to the one
presented in [AIb91]. The new main technical ingredient is Corollary where
we guarantee that for any measure p we can find many cubes which behave sim-
ilarly to the Lebesgue measure, in terms of the proportion between the measure
of the cube and that of its “frame”.

2.1. Theorem. Let i be a Radon measure on RY. Let Q C RY open with
w(Q) < oo. Then for every Borel map f : Q — RN and for every e, > 0 there
exist a compact set K and a function g € CH(Q) with ||g||cc < ¢ such that

WO\ K) < p(©). (2.1)
Dg(z) = f(z), for every x € K.
Moreover, there exists C' = C(N) such that
|Dgllp < Ce/PH fllp, for every p € [1,00], (2:3)
where || - ||, denotes the usual norm in LP(Q, u).
Let Bz denote the cubulation of RV by cubes of the form Hf\i 112n; —1,2n; +1]
for (n;)X, € Z¥. For r > 0 let Byz(r) denote the transform of Bz when the

dilation x — rz is applied to RY. For z € RY and r > 0 we denote the box or
cube by

_ N: ] < .
Bx (z,7) {yER 12&;}(\{]% yil <r g, (2.4)
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and for € > 0 we define the “frame”:

Fr(z,re) ={y € Bx(x,r): |z; —yi| > (1 —¢)r for some i € {1,--- ,N}}.
(2.5)

Finally for w € Bx (0, r) we let Bz(r,w) = Bz(r)+w and let P = LN Bx (0,7).

(2r )N

Lemma 2.2 (Existence of cubes with negligible frames). Let K be compact with
w(K) >0 and U D K open with p(U) < 3u(K). Assume that r > 0 is such that
for each Bx (z,r) which intersects K one has Bx (x,r) C U. For e > 0 define

Bgeod — {Bx (x,r) €Bgz(r,w) : Bx(z,r) N K # 0

(2.6)
and p(Fr (z,7,€)) < 16 N2V ep(Bx (1, r))}
Then for some w € Bx (0,7) one has:
p( JBEINK) > % (K). (2.7)
Proof. We define the e-boundaries of a family of cubes G
0-G = {Fr (z,r,e) : Bx(z,r) € G}, (2.8)
the set of bad cubes
Bbad — {BX (x,r) €Bgz(r,w) : Bx(z,r) N K #
(2.9)
and p(Fr (z,7,¢)) > 16 N2V epu(Bx (z, 7“))},
and the set of bad ws:
1
Apag = {w € Bx (0,7) UBbad > 6 )} (2.10)
The Lemma is proven by showing that P(Apaq) < 1. Define:
I= [ X (@) aa() i) AP, 211
and estimate it from below integrating first in du(z):
1= [ WJo-BE )t )P
> 16N2Ve / () BE) X Apaq (w)dP(w) (2.12)
16N2Ne
>~ HU)P(Abaa).

We estimate I from above integrating first in dP(w):

= /P(w € Appa i T € UagBBad) du(z). (2.13)
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For fixed z the set {w : z € | J0.BP*!} has positive P-measure only if € U and
the one must also have w € U§:1 Fr(z;,r,¢) where the {Z;} depend only on z.
As the Lebesgue measure on Fr (#;,7,¢) is at most 2N (2r)Ne we get

I <e(2N)2N u(U) (2.14)
and so P(Apaq) < % < 1. Finally for w € A{f_, we observe:
3
K B&°d) > |(K) — BPady > 2 (K. 2.1
p(K N B > u(K) M(Uw)_4u() (2.15)
O

By a standard covering argument, we deduce the following

Corollary 2.3 (Covering by good cubes). Let € > 0 and ro > 0; then for every
open set U C RN there is a sequence of disjoint cubes {Bx (zx,7))}x contained in
U such that:

(DY < ro (2.16)
w(Fr (25,75, €)) < 16N2Vep(Bx (23, 73)) (2.17)
p(U\ | Bx(2x,m2)) = 0. (2.18)

A

To prove Theorem it is sufficient to perform a straightforward iteration
of Lemma below. For the proof of the lemma, after we have established
Corollary we can easily adapt the proof given in [AIb91].

2.4. Lemma. Let Q be an open subset of RN with finite measure pu. Let
f:Q = RN be a bounded and continuous function. Then for every £,1m,( > 0
there exists a compact set K C Q and a function g € C}(Q) such that

w0\ Tt (K)) < €(Q), (2.19)
l9lloe < ¢, (2.20)

|f(x) — Dg(z)| <n,for every x € K. (2.21)
HDgHP S Cél/p_IHszpt(g) Hpa for €very p € [1a OO], (222)

where x4 denotes the characteristic function of the set A, with values 0 and 1
and spt(g) is the support of the function g.

Proof. Suppose £ < 1. Let K’ be a compact subset of 2 such that

W@\ K') < (€3, (2.23)
Let d' := dist(K’,RV \ Q) and d := min{1,d’/2}. Denote by K" the compact set

K" :={z € Q:dist(z,K)} <d.

Since f is uniformly continuous in K", there exists 0 < § < d such that for all
z € K",y e Qit holds

lz -yl <0 = |f(z) = f(y)] <mn. (2.24)
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Consider the family of cubes {Bx (z;,7;)}; obtained applying Corollary
with the parameters 7 := min{d/(2N); ((N||flleo) '} and € := £/(48N2V).
Let
{BX (a;l, 7"1) yosoy Bx (mM, TM)}
be a finite subfamily such that Bx (z;,r;) N K’ # () for i =1..., M and

M

p (K’\ |Bx (swm-)) < u(Q)&/3. (2.25)
i=1

Fori = 1,...,M, let ¢; € C*(Q) such that 0 < ¢; < 1, ¢; = 1 in the set

Bx (x4, 7) \ Fr (x;,r,¢€) , ¢; = 0 outside Bx (z;,r;) and

2
Dol < = (2.26)

1

Denoting f d
Bx(z;,r3) H
p(Bx (24,73))

Z¢z au z>-

a; =

we set, for all z € Q

We finally set

K = | )cl(Bx (x;, 1) \ Fr(a;, 1, €)).

(2
It is easy to see that g € C*(2) and ||g]|cc < Nrol/f|/s, hence property (2.20))
follows. Property ([2.19)) follows from the inequality

M
p(Q\Int(K)) < p(Q\ K') + p(K"\ UBX i, 7i))) + p((| Bx (2,74) \ Int (K))

i=1
by applying ([2.23 , 2.25) and -, paired with the choice of €. Property
- ) follows from (2.24) by the ch01ce of 79 and a;. To prove ([2.22)), in the case

p € [1,00), we compute using and the definition of g,
1Dgllp < Z/ !ai\pdu+/ (2Nlai|ri)?(2/(rie)) dp.
Bx(x;,ri)\Fr(z;,m:,€) Fr(z;,ri,e)
Combining with ( we have
HDQH£ < ZM(BX (i, 73)) (Jai [P + 16N2N 7P (2N]a;|)P)
and by the definition of a;, this implies
|Dgllb < 051—192(/8 ) |fI dp)?.

Finally, by Jensen’s inequality, we get (2.22)). The case p = oo follows immediately

from ([2.26]). O



PRESCRIBED BLOWUPS 9

Proof of Theorem 2.1l Suppose that ¢ < 1 and f is not p-almost every-
where 0. Fix p € [1, 00].
First case. f is continuous and bounded. For every n > 1, set

N = a522_2(”+1),

where
0<a= inf Q) | f],
pE[l,00]
We define iteratively a sequence (Qy,, gn, Kn, fn)nen as follows. Set Qg := Q, go :=
0,Ko:=0, fo:= f. Let n > 0 and assume Q,_1,gn_1, Kn_1, fn_1 are given. Ap-
ply Lemma to obtain compact set K,, C Q,_1 and a function g, € C}(,_1)
such that

(1 \Int(K,)) < 27" tep(Q,1), (2.27)

lgillo <277¢, (2.28)

| fno1(z) — Dgn(x)| < np, for every x € K. (2.29)

1Dgnlly < C27" )P famt Xept(ga lp» for every p € [1,00]. (2.30)

Finally set Q, := int(K,). Define f, on Q, as f, = fn—1 — Dgn. We set
K :=,s0Knandg:= 3} ;g Thebound (2.20) is an immediate consequence

of (2.28). We prove now that the set K and the function g satisfy (2.1), (2.2)
and (2.3). To prove ([2.1]), notice that by (2.27)) and (2.17) it holds

PO\ K) = 37 (00 \ Tt (K1) < 2p(9).
n>0
Since, for n > 1, spt(gn+1) C K,, combining (2.29)) and (2.30) with p = oo, we
get

[Dgns1lloe < C@ ) | foxapi(gan) oo < C@e) ™y, = C2- " Ve)a,

This implies that (3°;"; Dgi)nen (and hence also (3°;" | gi)nen) converges uni-
formly, therefore g € C}(). Since for n > 1 it holds f = f,—1 + Y./~ Dy
on K, then follows immediately from . To prove , we compute,
using and

IDglly < IDgxslp + 1 Dgxxcellp < [Fxxllp + > IDgXQ 1 1o

n>0

< £llp + Y IDgns1Xa,0 00l < 1F1lp +C27270N | fuxan Iy
n>0 n>0

< (L+20P )| fll, + C2" PN | (fumt — Dgn)xanllp

n>1

< (1420 P f]l, + C2" TP @) Ty < (14 3CEVPTY| £,

n>1
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Second case. f is Borel. Fix € > 0. There exists r > 0 such that
a:=p[{ze:|f(x)>r}) <e/4

By Lusin’s theorem there exists a continuous function fi : Q — R which agrees
with f outside a set of measure u less than «. The function

_ fi(z) i fi(o)] <7
fo(z) = { rf(z) /| fu(x)] if|fi(z)] > r

is continuous and bounded and p({z : f(z) # fa(x)}) < &/2. Moreover, for

every p € [1,00], it holds || f2|l, < 2||f|lp. The theorem follows easily applying the
previous case to the function fs.

3. PrOOF oF THEOREM [1.2|(II)

The proof of part (II) of Theorem is quite involved. The reader might find
helpful to read Section [5] before proceeding: although the result in dimension 1 is
stronger, the construction presented there requires a considerably smaller amount
of technicalities.

3.1. Preliminary results.

Definition 3.1 (Local behaviour of a Lipschitz function). Let S be a set and let
a >0 and rg > 0. A real-valued Lipschitz function f whose domain contains S
is said to be a-Lipschitz on S below scale rg if whenever z,y € X are such
that dist(x, S), dist(y, S) < rp and d(x,y) < ro one has:

|f(x) = f(y)| < ad(z,y). (3.2)

The Lipschitz function f is said to be asymptotically flat on S if for each £ > 0
there is an r. > 0 such that f is e-Lipschitz on S below scale r..

Before moving on we need to recall something about the general differentia-
bility theory for real-valued Lipschitz functions in the metric setting developed
in [Schl6a] and the differentiability theory, wrt. singular Radon measures, for
real-valued Lipschitz functions defined on Euclidean spaces studied in [AMI6].
We do not want to dispirit the reader: both theories can essentially be treated
as black-boxes to understand the results here, as they only intervene through the
Localized Approximation Scheme, Theorem [3.2

Definition 3.3 (Alberti representations). Let u be a Radon measure on a metric
space X and let Frag(X') denote the set of 1-Lipschitz maps v : dom~y — X where
dom~ is a compact subset of R. We topologize Frag(X) with the Hausdorff
distance between graphs. An Alberti representation of y is a pair (@, w) where @
is a Radon measure on Frag(X) and w is a locally bounded Borel map w : X —
[0, 00) such that:

p= [ (et domy)dQ() (3.4)
Frag(X)
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where v (L' L dom+) denotes the push-forward, using v, of the 1-dimensional
Lebesgue measure on dom~y. More precisely, (3.4) should be understood as fol-
lows: for each g : X — R continuous and in L' (i) one has:

o= e / wealgen(a (3.5)

Definition 3.6 (The norm of the Weaver differential). Let u be a Radon mea-
sure on X and f : X — R Lipschitz. We denote by |df] e(u the local norm of
df [Schi6al Defn. 2.101 & 2.123], which is an L®(u)-function which is > 0 p-a.e.
For this paper we do not need the explicit definition of |df| ¢(y) but the following
characterization [Schl6al, Sec. 3.3]: |df[¢(,) = a on a Borel set S C X if and
only if for each € > 0 the measure p LS has an Alberti representation (Qe, w.)
such that for Q.-a.e. v for L1-a.e. t € dom+~ one has (f o) (t) > a —e. From
the definition of the decomposability bundle in [AMI6] in terms of the Alberti
representations we see that if f : RN — R is Lipschitz for p-a.e. x one has:

|df ey (@) = lldv ) fll2; (3.7)
where dy(, ) f is the derivative of f at z in the direction of V'(x, ).

Theorem 3.2 (Localized Approximation Scheme). Let (X, u) be a locally com-
pact metric measure space (u being Radon). Let f be a real-valued Lipschitz
function defined on X and K C X a compact subset on which |df|8(#) < « for
some a > 0. Then for each € > 0 there are an r. > 0, a compact K. C K and a
real-valued Lipschitz function f. defined on X such that:

(Apx1): For any open set U C X containing K (K C U) the Lipschitz constant
L(f:|U) of the restriction f:|U is at most the Lipschitz constant L(f|U)
of the restriction f|U. In particular, taking U = X, L(f:) < L(f).

(Apx2): ||fe — flloo <€ and f is a-Lipschitz on K. below scale re.

(Apx3): u(K\ K;) <e.

Proof. The proof of this result is rather technical and corresponds to Theorem
3.66 of [Sch16al], proved in Section 5.1 of [Sch16al, in the special case where ¢ = 1
(i.e. without discussing cones). However, here we need two slight modifications of
that result: that X is locally compact and (Apx1). We will refer to the notation
and proof in Section 5.1. of [Sch16al.

That in Theorem 3.66 of [Schl6a] one can take X locally compact is not sur-
prising because in the argument only the compactness of K is directly used.

On the other hand, to obtain (Apx1) we must inspect the construction more
carefully. We have first constructed a convex metric space Z (i.e. any pair of
points is joined by a geodesic) and obtained an isometric embedding i : X — Z.
Without loss of generality we have assumed L(f) = 1, considered the cylinder
Cyl = Z x R (here we use R instead of a finite interval because X is only known
to be locally compact) with metric:

dcyl((zl,tl), (Zg,tz)) = max(|t1 — t2|, dz(zl, ZQ)). (3.8)
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We now identify X with a subset of Cyl via  — (i(z), f(x)). Note that the
projection
7:Cyl - R

(5.) > 1, (3.9)

extends f as 7|X = f. The goal has then become to approximate 7, and this has
been accomplished by covering p-a.e. point of K (thus in (Apx3) we pass to a
subset K.) by strips whose union is 7: (see the definition of 7, above equation
(5.41) in [Sch16al). As K is compact 7 lies in Z X [a,b] for some a, b and the
approximation 7. is obtained by setting 7. = 7 on Z x [—00,a) and

t
Te(2,1) :a+/ X7<(2,8)ds elsewhere. (3.10)

In (5.48) of [Schi6a] we have proved that 7. is 1-Lipschitz with respect to the
distance:

Da((zl,tl), (Zg,tg)) == max(|t1 — tQ‘, Oédz(zl, Zz)). (3.11)

In particular, as K C U, a < L(f|U). Now pick (z;,t;) € U for i € {1,2} such
that z; = i(x;) and t; = f(x;); then:

Da((21,t1), (22, 12)) < L(f|U)dx (21, 22), (3.12)
which proves the theorem. O

Lemma 3.3 (Step 1 of Construction). Let K be a compact set and assume that
the decomposability bundle of u_ K has constant dimension Ny and let w, denote
its fiber at x and Ty its orthogonal complement. Assume that for some No-
dimensional hyperplane m one has |7y — || < €0 and let h : 7+ — R be 1-
Lipschitz. Then there is a constant C = C(N, Ng) (indep. of h) such that for each
choice of parameters (s,em,0,710) € (0,1/2)* there are a \/3-Lipschitz function
g: X — R, compact subsets J&° C J C K and a scale r > 0 such that:
(a) p(K\J) <emp(K), |9l < es and g is Ceg-Lipschitz on J below scale
r.
(b) u(J&°d) > C~taN=Nop( ).
(c) One can decompose J&°°4 as a finite disjoint union Uyzl Cy, such that for
each a € {1,--+ , M} there is an 0 < r, < ro such that whenever x € C,
one has:

HTIE,Tag - hHoo,B([)J) S C(Es + U)a (3'13)

where in we have implicitly extended h as a map h : RN = ront —
R by letting h(y,y) = h(7).

Lemma [3.3] is proven using the following intermediate results.

Lemma 3.4 (A good rectangle). Let i be a Radon measure on RN, rq > 0 and
K a compact set with p(K) > 0. Fiz parameters (L,o) € [8,00) x (0,1/2) and
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define the following sets:

L2 L2 No
E(z,r)=xz+ [27” 2’“} x [—2r, 2r]N N0 | (3.14)
S(2,7) =2+ L2r+Lr L?*r Lr
B =® 2 T2 2 2
Then there are x € K and 0 < r < rg such that:

(S (1)) > UN—Noéz—W—No—la +1/6) " w(E (z,1)) > 0. (3.16)
Heuristically, E (z,7) is a rectangle at x at scale r which is L2-times bigger
in the direction of the first Ny coordinates, while S (z,r) is a core of E (z,r)
which is much smaller (generally o < 1) in the transverse direction of the last
N — Ny coordinates. Even though y is not the Lebesgue measure, Lemma [3.3]
says that we can find a good rectangle E (x,r) such that u(S (z,r))/pu(E (z,7))
behaves somewhat as good as for Lebesgue measure. Application of Besiscovitch’s
covering Lemma implies:

No
] x [=207, 207N N0 (3.15)

Corollary 3.5 (Covering by good rectangles). Let u be a Radon measure on RY
and K compact with u(K) > 0 and ro > 0. Let L, o, be as above. Then for any
e > 0 there are finitely many pairwise disjoint {E (z;,7;)}; such that:

0<r <nro, (3.17)

w(S (zj,r) NK) > UN_NOéQ_QN_NO_l(l +1/6) " u(E (z,7) N K) > 0,
(3.18)
I\ JE (i,74) < ep(K). (3.19)

2

Proof of Lemma B4l Let ¢ = oV~ x 1/3 x 272N=No=1(1 1 1/6)~! and
choose an open set U D K such that

u(U) < (1 i é) u(E). (3.20)

Then choose r < rq such that E (z,4r)N K # () implies that E (z,4r) C U. Define
the bad set:

Bad(K,r) = {:U €K :0<u(S(z,r)) <cu(E (CE,’I"))} (3.21)
Then let I denote the integral:
I= [ Xbaatcn @Ns(o1 072 (2) difan)dL (o) (322)
if we integrate first in xo we get:

I= (%)N oN=No(12 _ [)No(Bad(K, r)). (3.23)
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If we integrate first in 1 we get:

[ / 1 (Bad(K, ) NS (,7/2)) dLN (). (3.24)
Choose x5 such that Bad(K,r) NS (x2,r/2) # 0 and let x; € K denote a point
in this nonempty intersection. Then for i € {1,---, No} we get:
o L* L
P gl (2, 2
ool < (5 -5)r (3.25)

for i > Np one has |2} —z%| < or. In particular, Bad(K,r)NS (z2,7/2) C S (x1,7);
but as z1 € Bad(K,r) one has u(S(z1,7)) < cu(E (x1,7)). Using the triangle
inequality we observe E (z1,r) C E (z2,2r) from which we conclude E (x2,2r) C
E (x1,4r) C U. We thus obtain the upper bound:

I< c/,u(UﬂE(:nz,Qr)) dLN (x)

—e / X0 @) Yo 20y (1) ALY (22)dp(a1)
(3.26)

¢ / N (1) X 20y (22) LY (@2) (1)

c2r LN (U < e(2rL?)N (1 + é) H(K).

The proof is completed combining (3.26)) with (3.23)) and the choice of ¢ which
gives pu(Bad(K, 1)) < p(K). O

Proof of Lemma [3.3 Stepl: Construction of helper functions.
Without loss of generality we will assume that 7 is the plane RN x {0}.
Recall that the 1-Lipschitz retraction of R onto B(0,1) C R™ is given by:

x if x| <1
J(x) = - 3.27
(z) {é otherwise. ( )
Fix the parameter L > 1; we define a %—Lipschitz cutoff function on R:
1 if |r| € [0, L?/2 — L /4],
o(r)=¢1—2(r| - L*/2+ L/4) if |r| € (L*/2— L/4,L?/2], (3.28)
0 otherwise.

We also define the 1-Lipschitz cutoff function on R:

1 if |r| <1,
P(r)=1<2—|r| if|r| €(1,2], (3.29)
0 otherwise.

We now replace h by h o J so that we can assume ||h|lcc < 1 and 9.h = 0 on
C

B(0,1)°.
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We define the building block of our construction:
F(y,5) = e(lyDe (gD (7). (3.30)

We now collect some properties of F:

(F1): F is (4/L + v/2)-Lipschitz (note that on B(0,1) V¢ and Vh give orthog-
onal contributions to the derivative of F').

N
(F2): F =0 outside of B = {_%2%2} (2,2,

N
(F3): F' = h on the core S = [—%2 + %, %2 - ﬂ ’ % [—1,1]NV—No,
(F4): [[Fllow < Bl < 1.
(F5): We can assume |df| e < Ceo, where C depends possibly only on N and
Nop.
(F6): F decays linearly to 0 when approaching the boundary of B: |F(y,7)| <
d((y,9),0B).
Only (F5) and (F6) require justification. For (F5) observe that by the Leibnitz
rule df = Yhdp + phdyp + pipdh; observe also that di and dh give an O(g)
contribution to the Weaver differential (we take p as the reference measure) as
[me — moll < €0. Thus, |dffg(,) < 2 + Ceg, and, choosing L large enough
and inflating C, we get (F5). For (F6) we have three cases. The first: |y| >
L?/2 — L/4 so that:

2
Pl <lewl<1- 7 (-5 +5)

4
4 (L*
N (3.31)
7 < 5 \yl>
4 -
and (F6) holds as long as L > 4. The second: |y| < L?/2 — L/4 and |j| > 1:
[F(y,9)| <¥(y) =2 — [yl < d((y,9),0B). (3.32)

The third: |y| < L?/2 — L/4 and |§| < 1: d((y,9),0B) > 1 and so we conclude
by (F4).

Step2: Covering K by good cubes.
We apply Corollary and find finitely many pairwise disjoint {E (z;,7;)},

such that:
0 < r; < min(rg,es/2), (3.33)
w(S (z5,m) N K) > C LoV Ny (B (x5, ) N K) > 0, (3.34)
€m
P B () < (). (3.35)

We let J = KN U, E (z4,7;) and Jeeod — N \U; E (24, ;) which give (b) and the
first inequality in (a) if we replace J with J: the set J will be chosen later to be
a subset of J and J&°°d will be set to be J N J&°°d,
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Write 2; = (y;,9;) and define the (4/L 4 v/2)-Lipschitz function F; supported

on E (;Ui, ’I“i):
Fi(y,§) = oriF <y_y H) . (3.36)
T ar;

Because of (F6) the function F; can be glued together to get a (4/L + v/2)-
Lipschitz function f as in [Sch16bl, Thm. 4.8]. Note that the choice of the 7;’s
implies || flloo < €5/2.

If x € S(x;,7;) lies on the core center, i.e. x is of the form x = (y, g;), then:

| Teor f — hH@qB(OJ) = 0. (3.37)
Thus, as f is (4/L + +/2)-Lipschitz, for all z € S (z;,7;) we have:
| Tsor f — hHoo,B(OJ) <Co. (3.38)

Step3: Applying the approximation scheme.
Note that (F5) implies that [df|¢(,) < Ceo and applying Theorem w we can

find a (4/ L+ v/2)-Lipschitz function g, a compact set J C .J and 7 > 0 such that:

s . 1
_ < B il . )
lg = flloe < 5 min (2 1gu<r}w(an)> : (3.39)
~ €m
I\ JT) < S p(K), (3.40)
—1
(7 1 ooy < £Em oN—na (). (3.41)

and g is (Ceg)-Lipschitz on J below scale 7. Thus, if we let Jgood = jgood n J,
then (a) and (b) follow. For (¢) we just combine (3.38)) with:

1f — gl _ &s
—_— <, 3.42
or; - 2 ( )
We finally choose L large enough so that (F6) holds and % < &s. O

Lemma 3.6 (Step 2 of Construction). Let K C RY be a compact subset and
a > 0 be such that [df|g,) < a on K. Then there is a constant C' = C(N)

(indep. of f) such that for cmy choice of parameters (€s,€m) € (0,1/2)? there are
a szschztz function f and a compact set K such that:
() |[F = 1]| < e and p(K\ K) < np(K).
oo
(b) f is asymptotically flat on K.
(c) fis (L(f) + C2)-Lipschitz.
Proof. Stepl: Killing the gradient of f.
We apply Theorem [2 . 1| with parameters ¢ = 68) >0, ¢ = s( ) > 0 to find
(1)—L1psch1tz function f; and a compact K; C K such that || fi||cc < egl),
df1 =df on K; and
W(F\ K1) < (). (3.43)



PRESCRIBED BLOWUPS 17

We let ¢1 = f — f1 and observe that f; is (L(f) + %)—Lipschitz with dg; = 0 on
3

K;. We fix the parameters (aq, 77§ ),778)) € (0,1)% and use Theorem to find
an (L(f)+ %)—Lipschitz function g1 and a compact H; C K7 and a scale r; > 0
em

such that:

91 = g1lloe < niY (3.44)
p(K\ Hy) < i u(K), (3.45)

and §; is a;-Lipschitz on H; below scale r;.
Step2: The general iteration.

We apply Theorem [2.1| with parameters € = s(J RS 0, ¢= eéj 5 0 to find

a (J+1) -Lipschitz functlon fj+1 and a compact K1 C H; such that:
1fj1llo < €9HY (3.46)
dfj-i—l = dg] on Kj+1 (347)
p(Hj\ K1) < S0 u(Hj). (3.48)

We let gj11 = g; — fj+1 and observe that g; 1 satisfies:

Ca Ca
L(g+1) LU+ =5 + >~ (3.49)
) ;)
Em 1<j Em

and satisfies dgj+1 on Kji1. Moreover, by the inductive step and because of

(Apxl) in Theorem [3.2] - we can assume that for [ < j the function gj41 is (o +

J Ca

k=l —thy )-Lipschitz on H; below scale 7.

We fix the parameters (onH, néﬁl),ngﬂ)) € (0,1)3 and use Theorem to
find an (L(f) + (1) T+ 2i<; (z+1)) -Lipschitz function gj;1 and a compact HJH C
K41 and a scale ri+1 € (0, 7“]) such that:

1351 = gj+1lloe < nIHY (3.50)
p(Kja \ Hyn) <00 u(KG 1), (3.51)

and §j41 is aj41-Lipschitz on Hj 1 below scale rj41. Also by (Apx1) in Theo-
rem ﬁ we see that g1 is (o + Zk . g‘ﬂ‘r’i)) Lipschitz on H; below scale 7.

Step3: Choice of parameters.
)N 0))

The parameters «j, &5, 15’ and 7y

()

stage, while with the parameters e’ we must be careful otherwise the Lipschitz
constants of the functions involved at each stage will diverge to co. For 7 > 1 we
thus let:

() can be chosen arbitrarily small at each

NG TS (3.52)
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We have the bound:
j—1
(K O\ Hy) < p(K\ K+ p(K\ H) + Y p(H \ Kiga)
1<j k=1
j—1

<eWnK) + > nlur) +> el u(H) (3.53)
1<j k=1

j—1
< | eW+> 0D+ v | u(K).
1<j k=1

We let Hoo =) ; Hj and want this set to contain a significant part of the measure

of K. Thus, if we choose 51(111) = em/3 and the 771(1?, ay so that:

Em
Do < (3.54)
l
€m
PIRCTEES (3.55)
l

we get (K \ Hoo) < emp(K) and can finally let K = Ho.
We now want to guarantee convergence of the sequence {gj}. First note:

9j —fZZ(En—gz)—Zfz, (3.56)
1<j I<j
from which we deduce:
135 = Flloo <> +W); (3.57)
I<j

we will choose the parameters ns(l), sél) so that:
>0 +el)) < (3.58)
l
Now gj11 — gj = gj+1 — gj+1 — fj and thus:
1g5+1 = G5lloo < TV + 00 (3.59)

Therefore for j — oo we have g; — f uniformly, f being a continuous function;
but:
3Cu

L(g;) <L) +——+ Y a, (3.60)
" 1<j
and if we choose the o to satisfy:
Z Vaj < ol (3.61)
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and then inflate C' we conclude that f is (L(f) + CO‘) Lipschitz. Finally for [ < j
the function g; is (ay + C }2)<j<; /@k)-Lipschitz on H; D Hoo = K below scale
r;, and thus f is asymptotically flat on K. O

Lemma 3.7 (Step 3 of Construction). Let K C RN be compact and assume
that the decomposability bundle of p L K has constant dimension Ny. Assume
also that for some Ny-dimensional hyperplane m one has |71, — 7|, < o for
each v € K where g > 0. Let h : 7 — RN be 1-Lipschitz with h(0) = 0 and
extend it to RN as in Lemma . Then there are constants Cy, C1, which depend
only on N and Ny, such that the following holds: for each choice of parameters
(€s,€m,70) € (0,1/2)3 there are a (V3 + Co 2% )-Lipschitz function g : RY — R
and a compact J C K such that: "

(a) g is asymptotically flat on J, ||g||, < Cies and p(K \ J) < Cremp(K).
(b) One can write J as a finite disjoint union J = Uc]:i1 C, and for each
a€l, -+ M there is an 0 < r, < ro such that if © € C, one has:

I Tzrag — Pl o ,B(0,1) < Ci(eo + 61/(N NO)) (3.62)

Proof. Stepl: Applying Lemma (3.3|.

We let C denote the maximum of the constants C', Cy and Cy from Lemmas
and We fix parameters (eél), sg), o,7M) € (0,1)* to be chosen later. For the
moment we just remark we will need r) < rg and w > El(ﬁ). We now
apply Lemma to obtain an v/3-Lipschitz function ¢; and compact subsets

JfOOd C J1 C K and a scale 0 < p; < r() such that:

(g1:a): pu(K\ Jp) < 58)M(K), llg1]l o < e and g1 is Ceg-Lipschitz on J; below
scale p1.

(91:b): p(JF*%) = CoNNou(y).

(g1:¢): One can decompose J;°° °d as a finite disjoint union UMy M such that
for each a € {1,---,M;} there is an 0 < r <+ such that whenever

(1)

x € Cy "’ one has:

T hH < C(eW 3.63
[T =]y < CED +0) (3.63)
Step2: Applying Lemma [3.6]

We fix parameters (5§ ), (1 )) € (0,1)2 to be chosen later. We apply Lemma
(to the function ¢g; and the compact set Ji) to find a Lipschitz function §; and a

compact set J; C Jj such that:

(Gr:2): 91— g1l <& and p(r\ 1) < & ().
(g1:b): g1 is asymptotically flat on J;.
(g1:¢): g1 is (V3 + C?=2%)-Lipschitz.

&
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As in (g1:c) pick = € ¢t and combine 1} with (gi:a) to obtain:

|+ O +)

9D " (3.64)
>~ W + C(&S + U),

a

T wé —hH
[T =] o <

(1) (1)

and observe that £5’ will be chosen later to be insignificant next to mini<q,<ar, 74 -
Step3: The construction of go, §2 and Gs.

We now want to follow the first two steps, but first need an intermediate con-
struction. Fix parameters (al,sl()l)) € (0,1)? and choose Ry < a2 minj<,<u, ri
such that g; is a1-Lipschitz on J; below scale R;. Find a compact J;1 C Jp \JfOOd

2

such that:
i (VTN Ty ) < eDuli\ T80, (3.65)

and find a 7 > 0 such that the 7-neighbourhoods of J; 1 and J1g°Od are disjoint.

We now fix parameters (egz),sg),r(z)) € (0,1)3 (for the moment imposing

the constraint that 2r( < 71) and apply Lemma using the parameters

(sg),eg),a,r@)) and the compact set J;1 to obtain an V/3-Lipschitz function
2

g2 and compact subsets J§00d C Jo C Jy1 and a scale 0 < pg < ) such that:
2

(g2:a): p(Jy1 \ J2) < eg)u(Jll), g2l < e and g2 is Cep-Lipschitz on J,
2 2

below scale ps.

(g2:b): p(J5°Y) > CLoN=Noy(Jy).

go:c): One can decompose J5Y as a finite disjoint union M:2 C’f) such that

2 a=1

for each a € {1,---, M>} there is an 0 < r < r® such that whenever
T € C’C(LQ) one has:

I 2.y 50+ oo

We fix parameters (égz), ég)) € (0,1)? to be chosen later. We apply Lemma
(to the function g, and the compact set J2) to find a Lipschitz function g2 and a
compact set Jo C Jo such that:

(d2:2): (132~ 92l < &7 and (2 \ Jo) < & ().
(G2:b): go is asymptotically flat on J.
(g2:c): Go is (V3 + C? 6fg‘];))—Lipschitz.

We now modify §s so that it vanishes on the (71)-neighbourhood of JlgOOd and
stays the same on the (71/2)-neighbourhood of J;1. This is accomplished by
2

replacing go with

gQ max <07 1- zdISt(a (Jl )T1/2)> ’ (367)

1
T1 2
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where (Jlé)Tl/Q denotes the (71/2)-neighbourhood of Jip- As (J&°),, and

(Jy1)7 are disjoint, g2 now vanishes on (JIgOOd)Tl. One also obtains an upper
2
bound on the Lipschitz constant of go:
2) | A2
L(j2) < V34 C? 6(0) +2%
1

m

(3.68)

To get the last term in 1’ to be < a1 we impose the restriction 2(59 +é§2)) <
o171
We now let G2 = g1 + g2 and to get a good upper bound on L(G2) impose the

restriction 2(59 + ég)) < a1 R;. In fact, we now verify that

L(G) < VB+ C?—— 0+ 20u (3.69)

min(éy’, ém’)
the first case is when d(x,y) > R; in which we have:
|Ga(x) = Ga(y)| < 191(z) — 1Y) + 2 [192]l

3.70

< <\/§+O2j(j)+a1> d(z,y), 10
and the second case is when d(z,y) < R; in which case we have:
Ga(z) — Ga(y)| < [92(x) — G2(y)| + [91(2) — G1(y)]

(3.71)

(\f + CQ% + 2a1> d(z,y).

We now show that Gy is asymptotically flat on Jo U (JlgOOd N.Jy). In fact, g is
asymptotically flat on J; and hence on J, U (JigOOd N jl), and g is asymptotically
flat on J, and vanishes on (J1g°°d)ﬁ. We finally establish analogs of and
(3.66). Pick z € CV; then:

2|92/l
HT (1)G2—hHOOB(01 < Teradt = Pll o o1y + 1)
Ta
" (3.72)
<=t CeM +0)+ .
Ta
Pick z € CG(LQ); then:
Hﬁn —g1(2)|| @)
|, G2 | R
e 50,B(0,1) s Bla ©0,B(0,1)

e
2

Ta

<a14CE® +0)+2
(3.73)
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In connection with () we observe that ééQ) will be chosen later to be insignif-
icant next to minij<q<as, ra2 .
Step4: The comnstruction of Gji1, for j > 2.

We fix parameters (aj,sé,])) € (0,1)? and choose

R; < a? min{ry) 1<i<j,1<a< M} (3.74)

such that G is oj-Lipschitz on jj below scale Rj. We then find a compact set
Ji1 C Ji\ JJgOOd such that:
2

p (BTN ) < fmlli T, (3.75)

and find a 7; > 0 such that (Jj%)Tj N (JJgOod)Tj = 0.

We then construct gj41 and gj;+1 as we did for g2 and g2 in Step3: one needs
only to adjust the indexes. We will refer to the variants of properties (go:a)—
(g2:¢) and (g2:a)—(ga:c) by (gj+1:a)—(gj41:c) and (gjt1:a)—(gj4+1:c).

We then have to modify §;+1 so that it vanishes on (JgOOd)Tj and stays the

j
same on (J 1 )7;72- This is accomplished by replacing g;+1 with:
2

. 2 .
6141 mix (o, 1 st <Jj;>7,./2>) ; (3.76)
j
we also record the upper bound
(J+1) | 2G+1)

A € € + €

L(gj-‘rl) < \/§+ C? A(jzl) +2 : = : ) (377)

€m J

and impose the restriction 2(5£j+1) + égj—H)) < a;7; to get the last term in 1)
to be < ay.
We now let Gj+1 = G + gj+1 and, akin to (3.69)), we obtain the upper bound:
5
L(Gj41) < V3+ 02.704” +2a;, (3.78)
min;<;4+1 €m
after imposing the restriction 2(5§j+1) + égjﬂ)) < ojR;.
Compared to Step3, the analogues of (3.72)), (3.73) require some modifications
because the errors cumulate additively; keep also in mind that for us an empty

sum like Zj<1 aj defaults to 0. For = € Cgl) where | < j we obtain: then:
p 1G1-1 = Gia (@) g,
00,B(0,1) — Tc(f)

HTx,T((ll)Gj—i—l — hH ) + HTx,Tél)gl — hH

00,B(0,1)
Srcxeson s — @) o)
(@) ’

Ta

(3.79)

The first term in (3.79) is bounded observing that G;_; is «o;_1 Lipschitz on
B(z, rgl)) for k < 1. The second term is bounded using (g;:c) and (g;:a). Finally
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the third term is bounded using ||gx —gk(ac)HooB(x 2Dy < 2||gkllcc and mind-

ing that we imposed the restriction 2(6§k+1> + égk+1)) < apRj,. We thus get

from ([3.79)):
A(1)

%"1'20%

T (z)G'.H—hH §a1_1+0(8(l)+0)+2
H zra’ ) 00,B(0,1) ° Ta'  I<k<jtl

(1 (3.80)

&

= Y a+CEP +0)+ 277
I-1<k<j+1 Ta
k£l
Pick x € Cc(ljﬂ); then:
1G; — Gj(x)Hoo B(p.rUth
A Blasi ) o
HTNgJﬂ)GJH hHoo,B(o,U < n(zjﬂ) + HT%T&;H)QJH hH

(3.81)

Using that G is a;-Lipschitz on B(a:,r,(ljﬂ)) and (gjyi1:c), (Gj4+1:a) we finally

get:

(+1) ééj'f'l)
. J
| <a;+Cd™ +0)+ 2T((lj+1). (3.82)

T G-
H g PO HIT 0,B(0,1

Stepb: Choice of the parameters.

There are two kinds of parameters:

e Parameters that can be chosen arbitrarily small: 59, égl), sﬁﬁ), sg) and
oy.

@)

e Parameters that can’t be chosen arbitrarily small: &y’ and o. In partic-

ular, as é](qll) — 0 the Lipschitz constant of GG; blows-up.

‘We thus choose:

) min (‘El—‘g, ﬁ) for I > 2, (3.83)
S (éﬁﬁ))Q for 1 = 1. .

We now estimate:
(T2 < (i \ )+ (T \ TN < (ED +1— 0t eV ) u(); (3.84)

thus, if we choose o = (1.5Cé§r21))1/(N_N0) we get:
ood ég)
P\ I < | 1= — | ulJ). (3.85)
For | > 2 the same argument for (3.85|) yields:

(2)
i\ JE0Y) < (1 - Er;> 1(J1); (3.86)

00,B(0,1)
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as J; C Ji_1\ Jlgf(l)d induction grants:

A(2) 1
p( i) < (1 - 6;) 1K) (3.87)
2\ !
u(i\ T < (1 - 5;‘) H(K). (3.88)

The construction in Step 3 will be iterated finitely many times and we just need
an upper bound for the smallest number of iterations which will give the desired
approximation in measure (third inequality in (a)). We get:

! 11 !
p (K\ Ukn JEOOd)> < PEN ) + ) u( T \ ) + ) i\ i)
k=1 k=1

k=1
-1
30w (TN Ty ) + BT
k=1
1) 0 N (k41 A0 Pk
S(Em —i—Zam + € Z(l— 2)
k=1 k=1
-1 :(2)
E
k=1

(3.89)
(k)

Recall that at each stage we can choose €p,” and 61()k) arbitrarily small and observe
that:
(1) zl:( £ )t &l
é 1—-—)" <2—
it 2 £2) (3.90)
= 2 (2) < ém-

Thus there is a universal constant C; such that if [ = | logl_é@)/2 €m|] one has:

(K\ J (e \ 7E0%) > < Cremp(K). (3.91)
Thus we will let J = U,_, (Ji \ JE°°%). We then have:
I
1Giloo <2 (V) + (M) (3.92)
k=1

(k) (k)

which can be made < (g4 as the parameters e5 ', &5~ can be chosen arbitrarily
small at each stage. Also the parameters oy, can be chosen arbitrarily small; thus,
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(2 . .
as Er(n) ~ afn we obtain a universal constant Cy such that:

L(G)) < <\/§ + 00;)> . (3.93)

We thus let ¢ = G; and (3.62)) now follows from (3.80]), (3.82) if we choose at
(k)

each step the parameters oy, €5’ and ésk sufficiently small. ]
3.8. Proof of Theorem [1.2(II). The proof will be achieved by an iteration
of the Lemma [3.9] below which is a simple consequence of Lemma [3.7 More
precisely, the function g required in Definition|1.2|is obtained as a sum of functions
gi given by Lemma[3.9] One of the subtle points in the process is that in principle
it could be L(g;) > /3 for every i, hence the sum could fail to be Lipschitz in
general. However, the fact that the g;’s can be chosen asymptotically flat and
with arbitrarily small norm, allows one to control the Lipschitz constant of the
sum.

Lemma 3.9. Let f : Q@ — Lip be a Borel map such that, for p-a.e. x € €,
f(x) € C(u,x) and moreover the corresponding function L in vanishes. Let
K C Q be a compact set such that L(f(z)) <1 for every x € K and let € > 0 be
fized. There are constants Cy and Cy, depending only on N, a (Co-++/3)-Lipschitz
function g : @ — R and a compact J C K such that:

(a) g is asymptotically flat on J, ||g||, <€ and p(K \ J) < 3C1epu(K).

(b) There are 0 < r1 < rg < e and for every x € J there are r1 < r(z) < rg

such that:

HTw,r(a:)g - f(x)”oo,B(O,l) < 3Ce. (394)
(c) g is supported on the tubular neighborhood of K with radius ¢.

Proof. Let Cj and C; be the constants in Lemma [3.7 Since f(z) € C(u, )
for u-a.e. x, by the Lusin’s theorem we can find at most N + 1 disjoint compact
sets K; C K (j=0,...,N) of positive measure, such that

N
n(K N\ J K;) < Cren(K) (3.95)
j=0

and f(xz) € C(u,x) for every x € Kj, for every j. Moreover, on each K; both
V(p, ) and f(x) vary continuously in x and V(u,-) has constant dimension j.

Since the Grassmannian of j-planes in R is totally bounded, and since V (i, x)
and f(z) vary continuously in z on each Kj, we can find finitely many disjoint
non-empty compact subsets Kf C K; ((=1,...,kj) such that

IV () = V(11 y) oo < €Y (3.96)

and

[f(z) = fF(W)lleo < Cre (3.97)
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for every pair (x,y) of points in K f and moreover

u(\ | J KD <
4

) (3.98)

Choose for each j,I a point w§ and let ff = f(xg) € Lip. Notice that, by
assumption, L(ff) < 1. Let

d := min{1, dist(K, (RN \ Q)),mikn{dist(K]l-,K,T) 1 #m}}.
J

)

For every (j,¢), apply Lemma with K = Kf, T = V(u,xf), h = ffLWJ-
and eg = 2N, rg = %5,5111 =&V g = Cl_la min{1, %}. By the lemma for every
(4, ) there exist a (/3 + Cp)-Lipschitz function gﬁ :RY — R and a compact set

Jf - Kf such that:
(a) gf is asymptotically flat on Jf, Hgf”oo < emin{1, ¢} and p(KS\ Jf) <
CléN(Kf).
(b) One can write every Jf as a finite disjoint union Jf = UM, Jf}a and for

each a € 1,--- ;M (M may depend on j and /) there is an 0 < ry =
ra(f,7) < 7o such that if z € Jf,a one has:

Torad) — f| < 2Cke. .
H a9i foo,B(o,l)_ Cie (3.99)

Via a simple cutoff, we can modify each gf to a (v/3 + Cp)-Lipschitz function §§
supported on 2 such that
d
gf = gf on {x: dist(m,Kf) < Z&}
and
d
g]‘f =0 on{z: dist(:z:,Kf) > 55}

Finally we define the function g : 2 — R by
g:=> 7
7.l

and we observe that, by (a), [|g]lcc <. Denoting J :=J;, Jf, by (3.95)), (3.98)

and (a), we get

p(IK\ J) < 3C1ep(K).
Moreover, denoting r1 := min; ¢ ,{7(¢,j)} and setting for every x € Jf’a r(x) =
rq(€,7), we get by and (b) that it holds 0 < r; < r(z) <1y < e and

| Tar)9 = F@)| o g0y < 3C1E, (3.100)

where we observe that by the choice of ro, Ty ,(s)9 = (gf)mm(x), for every x €
Jt. O
J
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proof of Theorem (II). Stepl: Prescribing the linear part. Fix
e > 0. It is not restrictive to assume that p(2) = 1. Let K be a compact
set such that u(Q\ K) < e/4, f(z) € C(pu,x), and L(f(x)) < D, for every x € K
and for some D > 0. Without loss of generality we can assume that D = 1.
Firstly, for every x € K we extend the linear function L which f(x) defines on
V (i, z) (see (L.3)) to a linear function L defined on RN = (V (u, z), V (i, z)*) as

L(z,y) = L(x).

Then we take any Borel measurable extension L of L defined on the set  and
preserving the bound L(L) < 1. By Theorem applied to f = L and ¢ = 1,
we can find a compact set K C K and a function gy € C1(Q) with ||go/lec < C
such that

W\ K°) <e/2

Dgo(z) = L(z) = L, for every z € K°
and L(go) < C.

Step2: Prescribing the non-linear part. Consider the function fy: Q2 —
Lip such that fo(z) = 0 for every z € Q\ K and fo(x) = f(z) — L(z) for every
z € K. We will apply Lemma to a sequence of sets (K;);en (with Ky := K),
the map fp and a sequence of parameters (g;);cny with £; — 0 and we will obtain
respectively functions ¢’, compact sets J; =: K; 1, and for every x € J; a radius
rt <ri(z) <rd <e.

Since we can choose the g; inductively, we can assume that for every ¢ it holds

eiry > E £
j>i

so that, for every 7 it holds, for every x € J;

Tori) (s’ +2_ &) = fola) < Te s’ = fo@ll o)
J>i 00,B(0,1)
[ Torigy > 0 (3.101)
3>t o, B(0,1)

Zj>i €j
r'(z)
< (301 + 1)8,‘.

< 304" +

Moreover, since the ¢7’s are asymptotically flat on the J;’s, we can add the further
restriction on the inductive choice of the ;’s that, for every j and for every i > j,
gj is (g4)*-Lipschitz on a tubular neighbourhood of J; of radius ¢;, below scale ;.
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Hence, since r(z) < r§ < &;, we have, for every = € J;

zrla: (¢* +Zg HTsz gi_fo(x)Hoo,B(O,l)
j<i 00,B(0,1)

Tm,ri(m) Zgj
i<t oo, B(0,1)
< HTx,ri(a:)gi - fO(m)”oo,B(O,l) + Z L(gj L Brl(a:) (l‘))
j<i
< 3Che; + Z(&j)i
1<

(3.102)

Denote g1 := > ey ¢' and J := M;K;. Combining (3.101]) and (3.102]) we have
that, provided (g;) respect the choices made above and provided ) j(sj)i — 0 as
i — 00, and };(g;) < &/2 it holds that u(Q\ J) < /2 and moreover, for every
x € J,

HTJJTZ(I g1 — fO( )HOO,B(O,I) —0 as 7 — oo.

Step3: Lipschitz estimates. It remains to show that g; is Lipschitz. Let
x,y € Q with z # y. Firstly observe that if |z — y| > %Zl €, then the estimate
is very simple, indeed

91() = 91(2)] <2 llg'loe <2 & < 4w —yl. (3.103)
=1 %

Otherwise let us consider different cases. Here we make the following assump-
tion on the sequence (g;), en: for every j it holds e; > 2¢;, for every k > j, hence
in particular €; > 37, €.

o if either x € J or y € J. Let jo be the first index j such that |y — x| >
€j. In particular = and y are in B%fl(ﬂo_l). Since we know that

for every j < jo — 1, the function ¢’ is (g;)7°~!-Lipschitz on the tubular
neighbourhood of Be; , (J” ), below scale £;,_1, this implies that Z”O 1 2 gl

is (Zj&?(Ej)jofl)—Lipschltz on B, (J771) below scale €j,_1 and in
particular |(Z;°:_12 ) (y) — (ZJU 2gj)(:6)| < |y — x|. Moreover, since
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. 3 1 00 . .
€jo = Dk>jo Ek it holds [y —z[ > 53727 . €. Hence we can write

Jo—2 Jo—2
91(») = 1 (@) < 1O d)w) = O ¢)(@)]
=1 j=1
+1g ) = g @) + 1O ) - O ) ()]

J=jo J=jo

<SA+V3+Coly—a[+2) & <(5+V3+Co)ly—al.
J=jo

(3.104)

o If x ¢ Jand y ¢ J, let ig (respectively jo) be the first index i such that
x & Be,(J) (vespectively y & Be,(J%)). We can assume, without loss of
generality, that 79 < jo.

If |x — y| < €iy+1, then necessarily jo — 9 < 1. In this case (recalling
(c) in Lemma ¢ (x) = ¢’(y) = 0 for every j > ig + 1. Moreover
for every i < ig — 1, the function g’ is (g;)®~!-Lipschitz on the tubular
neighbourhood of Bgl.m1 (J*), below scale €io—1, hence, as in the previous
case, we can estimate

10—2 i0—2

91(y) = 1 (@) < 1O )W) — O g @) +19° ) — g ()]
=1 =1

+ 19" (y) — g ()]
10—1

< Z(si)i°|y—:n| +2(V3+Co)ly — 2| < (1+2V3+2Co)|y — 2.
= (3.105)

The last case to analyze is when |z —y| > €;,41. In this case let kg < ig+1
be the first index k such that |z — y| > €;. Note that if kg = 1, then we
fall in the first case considered, because we have required in particular
that ¢ > Zj>1 €4, and hence provides the Lipschitz estimate.
Therefore we can consider only the case ky > 2.

Since |r — y| < eg,_1, then for every i < ko — 1, the function ¢°
is (¢;)*~1-Lipschitz on the tubular neighbourhood of Beko_l(ﬂ), below
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scale €,—1, hence

ko—2 ko—2
91 (W) — 1) < 1D ) — (O @)+ 19" (y) — g ()]

=1 =1

+ g% (y) — 9" ()| + 2 3 €j
e j:%:ﬂ (3.106)
ko—2

< (O ()P +2vB 4+ 2C0) |y — | + 26,
j=1

< (4+2V3+20))|y — 2|.

Step4: Conclusion of the proof. Consider the Lipschitz function g := go+
g1- It is easy to see that it holds

n(fa € Q: f(x) ¢ Tan(g.2)}) < p(@\ (KON J)) <.

Indeed dy(u 291 = 0 on J and dy 1,190 = 0 on K°. Hence, since ¢ can be
chosen arbitrarily small, f prescribes the blowups of a Lipschitz function weakly
in the Lusin sense.

O

3.10. Remark. As we will show in the proof of Theorem (IT), once it is
possible to prescribe weakly (in the Lusin sense) a blowup in a closed class of
admissible functions, it is also possible to prescribe all the admissible blowups
“simultaneously”. By this we mean that it is possible to find a Lipschitz function
attaining all admissible blowups on an arbitrarily large set of points. In the
previous proof it is sufficient to select (in a measurable way) a countable dense
set of admissible blowups {g;(z)} for every point z, and, selecting in a suitable
way different blowups at different scales, one can build a function f attaining at
many points all the g; as blowups. To conclude, it is sufficient to observe that
the set of all blowups at one point is closed.

4. OPTMALITY OF THE CLASS C(pu,-)

We now give an example of a measure for which one cannot prescribe more
blowups than those contained in C'(u,-). In general it seems a hard problem to
characterize the largest set of blowups one can prescribe in terms of structural
properties of the Radon measure. Given a Radon measure 1 on RV, » > 0 and
a point = we define the measure T, ,u by

Ty rp(A) := p(x +rA), forevery Borel set A.

We denote by Tan(u,z) the set of the blowups of pu at x, i.e. all the possible
limits of the form

lim &;
7 \0
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where

Tyl BN(0,1)
i = —nH . (4.1)
(2

Fix k € {1,...,N — 1} and let vg be a doubling Radon measure on R such
that vg is singular with respect to the Lebesgue measure, its support is R and for
vr-a.e € R the set Tan(vg,x) contains just positive multiples of the Lebesgue
measure. Examples of such measures are discussed in [Pre87] or can be obtained
modifying the example of [GKS10].

Let i be the product measure

k N—k
p=L"®Q vy

and consider a Lipschitz function f on RN = R* x RN~ The decomposability
bundle V (u,-) coincides with R¥ as p, by the choice of vg is concentrated on a
set which intersects each C'-curve v whose tangent vector does not lie in R¥ in
a set of zero 1-dimensional Hausdorff measure, and thus we have a well defined
derivative dgi f in the direction of R¥. Observe that yu is also doubling and fix
a point P of approximate continuity for dpxf. We can assume that at P all
blowups of p are positive multiples of L.

Let g be a blowup of f at P and let (r;);en be a sequence of radii for which
g = lim; o Tp,, f. Let i be any subsequential limit of the sequence ; defined
in ({.1)) with = = P. Since the support of ji is the whole ball BV (0,1) and since
dgr f is approximately continuous at P, for every ¢ € RV and v € R* such that
q+v e BYN(0,1) we get

9(q+v) — g(q) = (dgs f(P),v).

Let m be the (Lipschitz) restriction of g to RY=%* N BN(0,1). Then for every
r € R¥ y € RV=F such that = +y € BY(0,1) it holds

9(x,y) = m(y) + (dge f(P), ),
hence g € C(p, P).

5. PROOF OF THEOREM [L.3|

As we already observed in Remark (iii), point (I) of Theorem is con-
tained in Proposition 4.2 of [Mar]. Regarding point (II), we will prove a stronger
(perhaps surprising) statement: namely we will prove that if p is singular, then
the generical 1- Lipschitz function (in the sense of Baire categories) attains every
1-Lipschitz function as blowup at p-almost every point.

In this section we denote by X the complete metric space of 1-Lipschitz func-
tions on R endowed with the supremum norm. By p we denote a singular prob-
ability measure. We begin with the following lemma.

Lemma 5.1 (Covering by intervals with non-negligible centers). Let U C R be
an open set. For every rg > 0 and n € N there is a sequence of closed intervals
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{lzj —rj,xj +r;]}; contained in U with disjoint interiors such that:

rj <10 (5.1)
M(U[fﬂj = (8n) M1y, + (8n) Try]) > fﬁn_lu(um —rjap+rgl) o (5:2)
w(UN Ul =1y +5) = 0. (5-3)

Proof. Through the proof the closed interval [x — r, x 4 7] will be denoted by
I(xz,r). Firstly we apply Corollary with e = (2)7% obtaining a sequence of
disjoint intervals {I(zx,7x)}x. By the choice of €, for every A it holds that

_ 1
(22, (1= 27%)m) = Sp(I(z2,7))- (5-4)
Now we “split” each interval I(zy, (1 —27%)ry), into 27 — 2 sub-intervals
1= 152 )

with disjoint interiors and length 27%ry. Denote by I_ﬁ\ the “central part” of If\,
ie.
L= 1(25,27 1% 1ry)
Observe that, for every A, the family
272
U ff\ + 527 %ty
=1 §j=0,...,.8n—1

covers the set I(zy, (1 —27%)ry). Hence for at least one index jo, the set

27-2
U I+ §o2 907y (5.5)
i=1
satisfies
27_9 B 1 D 1
p(U Bt do2 "n ) 2 gn ull(an, (1= 27%)m)) = e (I (22,72)-
i=1
Moreover, for every j = 0,...,8n — 1 and every i = 1,...,27 — 2 the interval

Iﬁ\ + 7270717, is contained in the interior of I(zy,r)) The result follows by
adding to these intervals the two intervals

[Z)\ =T CL] and [bu )+ T)\L

where a and b are respectively the minimum and the maximum of the set in (|5.5)).
Of course the procedure above should be also repeated for every . O

5.2. Proposition. Let p be a singular probability measure on R. Let f :
[—1,1] — R be a 1-Lipschitz function with f(0) = 0. Then the set

X¢:={g9g€ X : fe Tan(g,x) for p — almost every x}
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is residual in X (i.e. it contains the intersection of countably many open and
dense sets).

Proof. For n € N and g € X, consider the set
By ={zreR:3p< ntst. |f = Tepgl <nt}
First of all we notice that Eg is Borel and in particular it is open. Indeed if
re by p< n~! satisfies |f — T, 9] <n~ ' and y € R is so that
20y — 2] < pln™" = |f = Ta ).

then, using that ¢ is 1-Lipschitz, we deduce

|f = Typgl < 1f = Tapgl + | Tapg = Typgl < |f = Tapgl + 207 |y —a| <n™h,
hence y € E}‘ Now we define

An={g€ X :p(E})>1-n""}.

Stepl: A, is open. Fix g € A, and consider the multifunction ¢ : Ej —
200n™Y) defined by

= {pe(0,n ) st |f—Tspgl <n '}

Notice that the values of ¢ are non-empty open sets because the function
(x,p) = |f — Ty pg| is continuous in the variable p. Moreover, since the function
is continuous also in the variable z, for § > 0 the sets

Us :=={x € Ej : po(z) := sup{o(z)} > ¢ and there exists p(z) s.t.
6 < p(&l)) € Q(ﬂ?) and ‘f - Tz,p(az)g| < nil - 5}

1 since g € A,. Then

are open and | Js;.oUs = Ej. Moreover u(Ey) > 1 —n~
there exists § > 0, with u(Us) >1—n"1.
If we consider now h € X such that 2|g — h| < §2, we deduce that for every

x € Us it holds
‘f - Tx,p(x)h’ < |f - T:r:,p(x)g’ + ’T:t:,p(x)g - T:p,p(z)h‘
<|f = Topwyl +2lg—hl0~" < (7" = 68) +46.

The former inequality guarantees that A, is open.

Step2: A, is demse. Let g € X and fix ¢ > 0. We want to show that there
exists h € A, such that |h — g| < e.

Consider inductively a sequence of functions h; defined as follows. Let hg := g,
My :=R, ap:=¢cand for i =1,2,... let U; C M;_1 be an open set such that

L) < 2t

~ 16n (56)
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and

1
Moreover by Corollary we can select Ii,. .., Ifn(i) C U; closed intervals with
center :L'é, length 44- and disjoint interiors such that firstly

plU: U 1) < 3 (5.8)
and secondly, denoting .7; the closed interval with center x; and length (2n)~! g;ﬂ,
1( U > (16n) " 'u(| ) ID),  for every i. (5.9)

Jj=1 j=1

Or first aim is to perturb h;_; obtaining a new function h; such that all the
points in U I ¢ belong to E}.. Let f; be the 1-Lipschitz function

fi(x) == hi—1(z —|(— U Ii)

Observe that f; is differentiable with f/ = 0 on the set U;n:i) I]’ Denote by k; be
the 1-Lipschitz function

m()

ki(z) +Zf]

where ff : R — R is any 1-Lipschitz function such that ff =0on R\ Iji- and
Tyinfl =1 (5.10)

(observe that such a function exists because f is 1-Lipschitz, g(0) = 0 and the
length of the interval I} is 463»). Eventually we define the 1-Lipschitz function
hi = fi + k;.

Denote, for every ¢

m(3) m(z)
o = 1min (){E;}, Ml U Iz U 7; .
j=1,...m(
J=1 J=1

Note that the following properties hold, for every 1, j

(i) [hi —hi1] < 2LI(UZ) < 52;7;17

(ii) |Tm’€§_hi — fl < (2n)71, for every x € .7]’
Comparing (ii) with the definition of Ej, it is evident not only that every
T € I:Ji» belongs to Ly, but also that there is still “room” for some additional
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perturbation. Namely for every function h with |h; — h| < (4n)'a; it holds that
every z € I; belongs to E}ZL‘, indeed

3 (i) 3
Tah = I < [Ty gih =Ty gihil + Ty gihi = f

(i7)

4 (5.11)

2(¢1) "M h — hal + (2n) 71 < (2n) 7 (€)M + (20) !
—1

IN

n

Ip particular, for every i, j, for every x € f; and for every m > i it holds z € E}} |
since

m—1 m—j—1
(6 7] 1 —q _
|hi — h| < 2871 < g0 > (16)7 < (4n) ey,

Jj=i 7=0
Moreover, by (i) and the choice of ag it follows that |g — hy,| < &, for every m.
Combining (5.7)), (5.8) and (5.9) we deduce that for iy large enough we have

m(3)
p(JJ ) >1-n"",
i<ip j=1
hence denoting h := h;,, we have that h € A,,.

Step3: Conclusion of the proof. Clearly every function which belongs to
the intersection of the A,’s is also in Xy, hence X is a residual set and in
particular, by the Baire theorem, it is dense in X. ]

Proof of theorem [1.3|(II). Without loss of generality we can assume that
the Lipschitz constant of f(x) is bounded by 1 for p-a.e. x and that Q = R,
because Proposition [5.2] also holds when R is replaced by an open subset (2
(clearly in this case the space X will be replaced by the space X © of 1-Lipschitz
functions on ).

First case. p is a finite measure. Consider the metric space Z made by
the 1-Lipschitz functions on [—1, 1] with value 0 at the origin, endowed with the
supremum distance. Let (f;);eny be dense in Z. Up to rescaling, we may assume
that p is a probability measure. By Proposition each set Xy, is residual in
X, and so it is Y := [, Xy,. This means that for all g € Y and for p-a.e. z,
every f; belongs to Tan(g,z). The theorem is then a consequence of the simple
observation that Tan(g,z) is always a closed subset of Z.

Second case. p is any Radon measure. Write R as a countable union of sets
FE;, © = 1,2,... with finite measure. Consider for every i the space Y; defined
above relatively to the measure pL E;. Since each Y; is residual in X, so it is the
set Yoo := MN;Y;. O
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