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Abstract. We consider a model for an elastic material with a cohesive crack along a prescribed fracture set.
In the framework of in-plane elasticity we consider a cohesive law with incompenetrability constraint and
general loading-unloading regimes. We provide first a time-discrete evolution by means of local minimizers of
the energy with respect to the L?-norm of the crack opening displacement. The choice of this norm is due to
technical reasons (the A-convexity of the energy) and is in analogy with the classical approach in quasi-static
brittle fracture, where the evolution of the system is condensed into the evolution of the crack. In the “time-
continuous” limit we obtain a BV-evolution, in parametrized form, characterized by Karush-Kuhn-Tuker
conditions for the internal variable, equilibrium and energy identity.
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1 Introduction

Starting from pioneering works in mechanics (see [10] [3], [23] for basic models) the analysis of
cohesive zone models has obtained much attention in the recent years, especially due to the numerous
applications in engineering. Analysis has been carried on by several authors under different settings
and considering several mechanical aspects of the problem. Recently a common assumption relies
in considering models where the fracture is confined to a prescribed interface between two elastic or
visco-elastic bodies. This hypothesis is considered in many contributions ([9], [5], [6], [14], [15], [24],
[1], [7], [26], [19], and references therein) and is also assumed in the present work.

Let us spend some words on the model we consider: we have a reference configuration Q = (Q1U
Q7) C R? given by the cross section of two elastic bodies, separated by an interface K = 9+t NoN~
representing the crack. The displacement v :  — R? has linearized strain €(u) and signed opening
displacement [u] = ut —u~ on K. A fundamental feature of our model is the presence of an internal
variable § : K — [0, 4o00] taking into account the history of the separation between the two bodies
(see e.g. [22, 20]); &(x) represents the maximum separation that has taken place at the point x € K
during the evolution. In particular £(z) = 0 means that no opening of the crack has still happened
at z. As a consequence, the internal variable satisfies the irreversibility condition € > 0 while the
crack opening satisfies |[u]| < €. In particular dissipation occurs only when £ > 0 and |[u]| = ¢
(loading) while a different non-dissipative mechanical behaviour occurs when & = 0 and [[u]| < €.

We study a quasi static evolution for the energy

Flu€) = /Q W (e(w) de + /K o([ul. & v) dH,

where v is the unit normal on K, W is the bulk elastic energy, and ¢ is the cohesive potential. For
the precise technical and mechanical assumptions the reader is referred to §2; we point out that
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¢ is A-convex w.r.t. [u], non-decreasing w.r.t. £ and that it takes into account both infinitesimal
incompenetrability and different loading-unloading regimes. We remark that in this representation
the potential ¢ can be written also as p([u], €, v) = @s([u], &, v)+pa(§) where ¢, is the stored energy
while ¢4 is the dissipated energy; in particular, the system is rate-independent since dissipation,
i.e. rate of dissipated energy, takes the form D(&(t), £(t)) = Pl(&(t)) £(t). For simplicity, we consider
the case where the quasi static evolution is governed only by a time-dependent Dirichlet boundary
condition u = g(t) for t € [0,T] on OpS?, the Dirichlet part of the boundary, whereas the external
forces acting on the bodies and external tractions on Iy = 90\ Ip€? are set equal to 0. Therefore,

the equilibrium equations of the system will be ”qualitatively” of the form

dive(t) =0 on €,
o,(t)=0 on OnfY,
oy (t) € Ouye([u(t)],£(t),v) on K,
u(t) = g(t) on Op<?,

where o = Ce(u) is the linear stress tensor, o, = ov is the normal tension, Jf,j¢ denotes the
subdifferential with respect to [u] (in particular [u(t)]-v > 0 on K). These equations will be given
a rigorous and detailed formulation in §5. As for the flow rule, we have to specify which kind of quasi-
static evolution we are interested in. More precisely, we look for a parametrized BV -evolution in
the sense of [17]. In general, BV-evolutions for rate-independent problems are defined by vanishing
viscosity, taking the limit of rate-dependent parabolic evolutions. In this work we follow a different
approach, we endow the space of admissible configurations with a norm || - || and we generate the
evolutions by means of a time-discrete scheme based on local minimizers of F' (similar schemes can
be found in [11, 18, 19]). Given the initial configuration wug, & at time ¢y = 0 and A > 0 the discrete
evolution is defined by induction as follows:

o if t;, < T and ug is a local minimizer of F'(t,u,&;) (in some neighborhood |ju — ug|| < r for

r > 0) then
tg+1 = min{ty + cA, T}
Uk+1 = Uk,
Ek+1 = &k

(for a suitable choice of ¢ > 0)

e if t;, <T and wy is not a local minimizer then

tk1 = tk,
ug+1 € argmin { F(tg, u, &) : ||u — ug|| < A},

Ekr1 = &k V |[urs1]l-

Several comments are due. If ||ugi1 — ugl| < A then wugiq is a local minimizer of F(tg,-, &) in a
ball B(ugt1,7), for r sufficiently smaller than A, on the contrary, if ||ugr; — ugl| = A then ugyq
is not necessarily a local minimizer of F'(t,-,&;) in a ball B(ugy1,7); in particular, some indices
k may not correspond to a local minimizer of F'(tg,-,&;). Selecting the indices k; such that ug,
is a local minimizer at time 5, = icA would give a discrete-in-time evolution t;, +— u(ty,) in
which, by definition, u(tg,) is a local minimizer in some ball B(u(ty,),r;). On the contrary, for
ki < k < k;y1 the role of the “intermediate” configurations wuy is to provide a path between the
local minimizers w(ty,) and u(tg,,,). This is an important point for rate-independent systems: in
general, being F'(t,-,£) non-convex, local minimizers are many and, even selecting, they may not
depend continuously on time. As a consequence, passing to the limit as the “time step” A — 0
could eventually give a discontinuous evolution ¢ — w(t). The behaviour in discontinuity points
is what characterizes BV -evolutions: re-parametrizing (in a suitable way) allows indeed to obtain
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in the limit as A — 0 a “transition path”, of gradient flow type, between u~ and u™. Actually,
in our approach we employ a parametrization [0, S] > s +— (t(s),u(s),&(s)) to describe the entire
limit evolution. Loosely speaking we could say that in this framework continuity points (in time)
correspond to parametrization points where t/(s) > 0 while discontinuity points (in time) correspond
to parametrization intervals where ¢(s) is constant, and thus #'(s) = 0. For our problem, the limit

evolution satisfies the following properties (for the precise technical statement we refer to Definition
2.7)

o |[W| <1, ¢ >0andt(S)="T,

o &(s) >0, |[u](s)| < &(s) and £'(s)(|[u](s)| — &(s)) =0 for ae. s € [0, 5],
o |0, F|(t(s),u(s),&(s)) =0 for every s € [0, S] with ¢/(s) > 0,

e for every s € [0, S] the following energy balance holds
F(t(s), u(s),£()) = F(0, o, &) — /0 " 0uF|((r), u(r), £(r)) dr +
+ / COF(t(r), ulr), £(r)) ¢ (r) dr.
0

Let us briefly explain the meaning of the above properties. The first line is basically an “arc-length”
normalization. The second provides the evolution of the internal variable £ in terms of Karush-
Kuhn-Tucker conditions. The third represents instead equilibrium, expressed in terms of the slope
|0, F|; in “practice” this condition implies that the directional derivatives F’(t(s),u(s),&(s);z) are
non-negative for every admissible variation z, and thus the system is in equilibrium. We remark
that the slope, together with A-convexity, turns out to be very useful in the analysis since the energy
F(t,-,§) is not assumed to be convex and differentiable for every u. It is fair to say that, at the
moment, it is not known whether u(s), for ¢'(s) > 0, enjoys some kind of minimality property, even
if it is the limit of local minimizers in the discrete setting. This is essentially due to the fact that
the size of the neighbourhoods where local minimality holds, for the discrete evolution, may vanish
for A — 0. Finally, to explain the energy balance we make a couple of examples. First, assume that
t' > 0 a.e. in (s1,82). Since |0, F|(t(r),u(r),&(r)) = 0 for every r € (s1,s2) the energy balance in
[s1, S2] reads

F(t(s2), u(s2),§(s2)) = F(t(s1),u(s1),€(s1)) + /82 OF (t(r),u(r),§(r)) t'(r) dr.

Since ¢ > 0 we can define its inverse s(t). Denote, t; = t(s;) for i = 1,2 and, by abuse of notation,
u(t) = uo s(t) etc. Then, by a change of variable, we get

to

F(t, u(t2),&(t2)) = F(tr,u(t1),§(t)) + [ 0cF(t,u(t),&(t)) dt.

t1

We have a “classical” energy balance in the interval [t1, 2] since the integrand turns out to be the
power of external forces. This equilibrium property can be written also in PDE form, see §5. On
the contrary, assume that (s1,$2) is a maximal interval in which ¢ = 0 almost everywhere; hence
s — u(s) represents the “jump-path” connecting u~ = wu(s1) and u™ = wu(s2) . Since t' = 0 the
energy balance in any subinterval (a,b) C (s1, s2) becomes (for ¢ constant)

b
F(t,u(b),£(b)) = F(t,u(a), £(a)) —/ |0uF|(E, u(r), &(r)) dr.

On the other hand (under suitable regularity assumptions)

b
E(t,u(b),£(0)) = F(t,u(a), {(a)) =/ F'(t,u(r), £(r); /' (r)) dr.
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It follows that F'(t,u(r),&(r);u'(r)) = —|0uF|(t,u(r),&(r)) a.e. in (s1,s2) from which we get
u'(r) € argmin {F'(t,u(r),&(r); 2) : ||z]| < 1} a.e. in (s1, $2).

Hence, the “velocity” u'(s) is a steepest descent direction for the energy F(t,-,£(s)) with respect to
the norm | - ||. Roughly speaking, the “jump-transition” path is a normalized gradient flow.

In the previous part of this introduction we intentionally did not specify the norm | - ||, to
stress the fact that this approach is potentially suitable for different choices of the norm. Actually,
independently of the approach, the notion itself of BV-evolution requires to choose a norm, or
at least a metric [17]. In many cases different norms or metrics can be employed, resulting in
different mechanical or mathematical properties; an original examples in which the “norm” is instead
intrinsically tailored to the energy can be found in [16]. For instance, for cohesive energies in the anti-
plane setting [5] and [19] used respectively the L?(Q)-norm and the H'(2)-norm of the displacement.
Here, we made an “intermediate” choice, i.e., the L?(K;R?)-norm of [u]. Mathematically, it is
motivated by the A-convexity of the surface energy. Mechanically, it seems to be a natural choice
comparing with the standard approach in quasi-static brittle fracture, in which the evolution of
the system is described just in terms of the crack (or interface) since the elastic displacement, in
the bulk, changes accordingly. Indeed, in the paper we use a reduced energy F(t,w,§), instead of
F(t,u,&), where w represent the opening [u]; once w is given on K the elastic deformation with
[u] = w is uniquely determined by equilibrium in the bulk €.

To conclude, we highlight some links with related works on BV-evolutions and make some
technical considerations. On the abstract side, a discrete scheme based on local minimizers and
parametrization has been proposed initially by [11] for a class of finite dimensional rate-independent
problems. Later, this approach has been developed in [18] with implicit and explicit Euler scheme
for a class of C'! functionals in infinite dimensional Hilbert spaces. Our incremental procedure is
qualitatively similar, however neither [11] nor [18] is directly applicable to our model: the main
differences and difficulties comes from the complex dependence on the internal variable &, from the
incompenetrability constraint and, above all, from the fact that the energy is not differentiable with
respect to the L2(K;R?)-norm. This lack of regularity is balanced by A-convexity, which plays
an important role in several proofs. As a whole, the hardest technical part is contained in §4.2
where we prove that discrete evolutions have bounded length in L?(K;R?) and are bounded in
W12(0,8; HY/?(K;R?)). After the above mentioned abstract results, [11] and [18], our starting
point has been the recent [19]. Qualitatively the present work and [19] have some similarities,
however there are also substantial mechanical and mathematical differences. Here we employ in-
plane displacements (rather then anti-plane) with incompenetrability on the interface; further the
cohesive density ¢ used here is more general, in loading and above all in unloading (see §2.2).
In perspective, such a general behavior points toward more realistic models of fatigue fracture, see
e.g. [20, 7]. Moreover, on the mathematical level, in [19] the existence of a quasi-static BV -evolution
is proven by approximation, i.e., first for a C'-regularization F. of the energy F and then passing
to the limit in the evolutions u. as € — 0 (the approach is similar to the I'-convergence of gradient
flows [25, 18]). Moreover, as we already mentioned, in [19] it is employed the H!(2)-norm, which
mechanically corresponds to a visco-elastic Kelvin-Voigt system; a weaker norm makes compactness
and energy balance more delicate. Finally, in [19] the discrete scheme selects at each time ¢, an
equilibrium configuration ug, which a priori is not necessarily a local minimizers.
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2 Setting

Let O and Q~ be disjoint polygonal domains in R? (in the sense of [13]). Accordingly, let I'}f, for
i€lIt={0,..,NT} and I';, fori € I~ ={0,..., N~ }, be the C! curves parametrizing respectively
o0 and 9Q~. We assume I to be the disjoint union of the sets of indices I}, I}, and I}, (and
similarly for 7). The interface between the domains is given by

K:=00"noo =T/ = T,

i€l i€l

In the same way, 9pQT and dyQT are the union of the curves I'j” respectively for i € IZS and ¢ € I]J{,
(and similarly for 9pQ~ and OnQ7).

For convenience we will denote also  := QTUQ™, 0pQ := IpQTUIPQ~, OnQ 1= ONQTUINQ ™
and by vk the unit normal to the interface K pointing inside the set Q. The sets dp€ and N2
are respectively the Dirichlet and Neumann part of the “boundary” 9Q \ K. To avoid degenerate
cases we assume that the distance between K and 0p{) is strictly positive; in this way the trace
operator from {u € H'(QT;R?) : v = 0 on dpQT} to H/?(K;R?) is continuous, surjective and
admits a continuous “inverse” (the lifting operator). Note also that functions v € H'(Q;R?) may
have different traces and thus a jump [u] :=u™ —u~ # 0 on K.

2.1 Elastic energy

Elastic bulk energy. For u € H!(Q, R?) we introduce the linear elastic energy

E(u) := /QW(e(u))daz = é/Qa(u) : €(u) dz
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where €(u) := 2(Vu + VuT) is the strain tensor, o(u) := Ce(u) is the stress tensor and C is the
stiffness tensor, which is assumed to be symmetric and positive definite in ngxn% This implies the
existence of two constants 0 < ¢; < ¢o such that
2 2
cille(w)[[f2qmrey < E(u) < cofl€(u)[[72(qpa)- (1)

Boundary conditions. For sake of simplicity we will consider only Dirichlet boundary conditions.
The class of admissible displacements will be the space

{u € H'(Q;R?) : u = g(t) on pN}

where t — g(t) € H*(Q;R?) is assumed to be of class C! in the time interval [0, T]. By [21, Theorem
2.5] there exists C' > 0 such that for every v € H'(Q;R?) with v = 0 on 9p€ the Korn-Poincaré

inequality holds true
[vll 10 r2) < CVE(v), (2)
where E(v) is the elastic energy.

Reduced energy. Since we are interested in quasi-static evolutions it is not restrictive to con-
sider that the displacement field is always in equilibrium. To this end, we introduce the map
w: H'Y2(0pQ; R?) x HY2(K;R?) — H'(Q; R?) defined by

w(b,w) = argmin {E(u) : u € H' (4 R?), u = b on IpQ and [u] = w on K}. (3)
Note that the constraint on K is for the jump [u] and not on the single traces ut and u~. Existence
of a minimizer, given b and w, follows from the direct method since the boundary conditions are
weakly closed in H'(£; R?) and since the energy E is weakly lower semi-continuous and coercive.
Uniqueness follows from the strict convexity of E. Hence w is well defined; moreover, it is linear

and continuous. Linearity follows for instance from the fact that w(b,w) is characterized by the
variational formulation

/ o(u(b,w)) : €(yp)dr =0 for v € HY(;R?) with ¢ = 0 on 9pQ and /] =0 on K.
Q

Let us check continuity. Denote by s(b,w) € H'(Q;R?) a lifting of b € H'/2(0pQ; R?) with traces
s¥(b,w) = +w/2 on K*. Hence s(b,w) is an admissible competitor in the minimum problem (3)
and [|s(b, w) | m1(a;r2) < Clwll g2k, 2y + 10l m1/20,0;,r2))- Let v =u(b,w) — s(b,w). Write

[oll (s m2) = [u(b, w) = s(b, w)| g1 (@;r2) = (b, W)l 102y — [[8(6; W)l 1 (05 R2) -

Since v = 0 on Jp{? the Korn-Poincaré inequality (2) holds; hence, using the fact that the energy is
quadratic and u(b, w) is a minimizer, we can write

cllvll o, rey < B(v) < 2B(u(b, w)) + 2E(s(b,w)) < 4E(s(b,w)) < Cl|s(b,w)|[31 0, g2y
Combining the two inequalities yields the continuity of the map u.

In the sequel, given ¢ € [0,7] and the jump w € Hl/Q(K; R?), we will often employ the displace-
ment field u(g(t), w). Since w is linear (and not bilinear) we can write

u(g(t), w) = u(g(t),0) + (0, w).
Without loss of generality we will also assume that
g(t) = argmin {E(z) : z € HY(;R?), z = g(t) on dpQ and [g(t)] = 0 on K}
so that u(g(t),0) = g(t) and
u(g(t), w) = g(t) + (0, w).

In conclusion, given the jump w € HY 2(K;R?) the elastic energy for the equilibrium configuration
at time ¢ is given by

E(t, w) := E(u(g(t), w)) = E(g(t) + u(0,w)).
We will write also €(g(t), w) = e(u(g(t),w)) and o(g(t),w) = o(u(g(t),w)).
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2.2 Cohesive energy

The cohesive potential (4) below, featuring incompenetration and separate loading-unloading regimes,
will be defined starting from an auxiliary potential ¢ : [0, +-00) — [0, +-00) which is assumed to be
bounded, concave, A-convex (for some A < 0), and such that ¥(0) = 0 and (¢) > 0 if ¢ > 0. Under

these assumptions v is continuous, non-decreasing and the function ¢ — 1(¢) — %K —n|? is convex
for every 1 € [0,+00) (see Appendix A). Since ¢ is concave there exist its right and left derivative,
denoted by ¢/, and 9, in every point of (0,400); moreover both ¢/, are monotone non-increasing
and it holds z%ﬁr < 1&'_ . By )\:convexity there exist also the right and lef;t deriYative of ( — 1&(( )— %CA 2
and it holds ¢/, (¢) — A( > w}(ﬁ) — )\AC for every ¢ € (0,400). Hence ¢/, = ¢/ and we can define ¢
n (0, +00). Finally, we set ¢’(0) = ¢/, (0).

Lemma 2.1. ¢/ : [0, +00) — [0, +00) is non-increasing, bounded and Lipschitz continuous.

Proof. By concavity of 1/3 we know that @ZA/ is monotone non-increasing and hence there exists
lime_,o+ 9'(¢) > —oo. By )\—convexify the function ¢ w(g) — %Cz is convex, hence ¢ — ¢'(¢) —
A¢ is non-decreasing and limg_,o+ ¢'(¢) — A = lim¢_+ 9'(¢) < +o0o. By Lagrange Theorem

limg - /(C) = ¥4 (0). A o

Clearly ¢ < /(0). If, by contradiction, ' (¢*) < 0 for some value ¢* then ¢/ < ¢/(¢*) < 0 in
[(*,4+00). As a consequence 11} fo s) ds would be neither positive nor bounded. We conclude
that 7’ is positive.

Since ¢ +— @Z(C) - %CQ is convex (for A < 0) its derivative ¢ — LZ’(C) — A( is non-decreasing;
hence, for 0 < ¢ < ¢ we have ¢/(¢1) — A1 < 9/((2) — AC and by monotonicity of 1

MG - Q) £¥(R) —¥(G) <o.
Taking the absolute values in this expression provides the Lipschitz continuity of 1])’ . ]

Remark 2.2. From the previous Lemma it follows that 1[1 is of class C in [0, +00).

Now, in order to take into account the loading-unloading regimes, we define first an auxiliary
surface energy 1((,€) (an example is given in the next section) and then the cohesive density
o(w, &, v) which takes into account incompenetrability.

Definition 2.3. Let ¢ : [0,4+00) x [0, +00) — [0, +00) such that

(1) 9 is continuous,

(2) ¥((,-) is monotone non-decreasing,

(
(8) $(-,€) = () in [¢,+00),

(4) ¥(-, &) is monotone non-decreasing and convez in [0,£] (for & > 0),
(5) ¥(-,€) is of class C in [0,+00) with d:p(0,£) =0 for & > 0.

The cohesive density ¢ : R? x [0, +00) x S! — R U {+00} is given by

o(0,£.) = {w(rwm) if w-v >0, @

+00 ifw-v<O0.
Accordingly, the cohesive energy K : HY/?(K;R?) x L?*(K) is given by
K(w.&) = [ plw & i)t
K

where v is the unit normal on K pointing toward Q7.

Let us list the main properties of ¢ and ¢ which will be useful in the sequel.
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Lemma 2.4. The density ¢ enjoys the following properties:
(i) 0 < P(Q) < (¢, €) <lime 100 9(C),
(i) 0 < 9cb(,€) < (&, ) = P'(€) < 4/(0),

(iii) (-, €) is A\-convez in [0, +00) with the same constant A < 0 of 1.

Proof. We prove (i). Let us write

£ .
/C Betb(r,€) dr = 9(E,€) — B(C.€) = D(E) — DG, ).

In the interval [0, £] we have 9(-,€) convex and ¢)(-) concave, hence for r € [0,£] we can write

At (r,€) < Ocb(€,€) = ¥/ (€) < ¥/(r). (5)
Then c ;
9O -8 = [ dwingdr< [ Fwdr=i(©) - b0)
¢ ¢

from which we deduce that (¢, §) > B(¢) for ¢ € [0, ). For ¢ > ¢ there is nothing to prove since by
definition (¢, &) = ¢(¢). By monotonicity of ¢(-,£) and #(-) it follows easily that lim¢ 4o (() is
an upper bound.

By (5) we have :)(¢, €) < ¢/ (€) for ¢ € [0, €], while for ¢ € (&, +00) we have 9:9(¢, €) = ¥/ (¢) <
¥/ (€) by concavity of 1, and also (ii) is proved.

To prove \-convexity it is sufficient to see that (given £ > 0) the function ¢ — ¢((,€) — %C 2 is
convex in [0, +00); this is easily checked because it is convex for ¢ < & and ¢ > ¢ and the derivative
is continuous at ¢ = £. ]

In this setting we can write ¥((,§) = Ya(&) + ¥s(¢, &) where 14(€) = 1¥(0,§) is the dissipated
energy while 14((,&) is the stored energy. By Definition 2.3 the function 4 is monotone non-
decreasing in the internal variable &.

Lemma 2.5. The density ¢ enjoys the following properties:
(i) @(-,&,v) is A-convex in R? with the same constant X < 0 of v,
(ii) @(w,-,v) is monotone non-decreasing,
(117) (-, -,v) is bounded and continuous in the set {w-v > 0} x [0, 4+00).

Proof. Since ¢ — (¢, ) — %Cz is monotone non-decreasing and convex in [0, +00) the composition
with |w| yields a convex function. Hence ¢(-,§,v) is A-convex in the set {w-v > 0} and thus in the
whole R?.

The monotonicity of ¢(w,-,v) follows from the monotonicity of ¥ (|w|,). Boundedness and
continuity of ¢(-, -, ) in the closed set {w-v > 0} x [0, +00) follows from the corresponding properties
of . O

Note that K(-, &) turns out to be A-convex in L?(K;R?), uniformly with respect to &, hence (see
Appendix A) the functional

LQ(KvRQ) Swr /I;Sp(wagv VK) dHl - %H’UJ - UH%Q(K;R?)a

is convex for all fixed v € L?(K;R?).
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Figure 1: The energy density ¢ (above) and the corresponding traction-separation law (below).

2.3 An example

In this section we provide a simple example of cohesive potential which satisfies Definition 2.3 (see
Figure 1). For G, & > 0 define ¢ : [0, +00) — [0, +00) as

pom _ JGe(C/E)2 = (¢/&)] 0< (<&
o= =

Note that 1& is of class C' and that

oo )2(Ge/6) (1= (C/6)) 0<(<
e {0 (> &
Define, for £ > 0,
_ J@©/6¢ + () - 59(6)§) 0<(<¢

Lemma 2.6. The density ¥ of this example satisfies Definition 2.3.

Proof. 1t is immediate to check conditions (2), (3) and (5). The functions ¢(-,{) are uniformly
Lipschitz continuous because their derivatives are bounded by ¢’(0), indeed, for £ > 0

@©/9¢ ¢,

and 0 < ¢/ <4 (0) by monotonicity (see Lemma 2.1). Next, let us check the continuity of ¥((, ).
We distinguish two cases: ¢ = 0 and ¢ > 0. In the former, since { = 0 < ¢ by definition we have
¥(0,8) = 1/3(5) — %@Z'(f)f, which is continuous. In the latter, from expression (6) is easy to see that
¥(¢, &) is continuous with respect to £. Now, if ((n,&n) — (¢, &) then by the uniform Lipschitz
continuity of ¢ (-, §)

[9(Cnr &n) = (GO < (Gny &n) — (6 En) 4 [9(C €n) — P(C )] < ClGn — ¢ + o(1),
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from which continuity follows.
Finally, let us prove (4), i.e. ¥((,&1) < (¢, &) for & < &. Being & < &, we can write

&2 . &2
1/)(4751) = ¢(§2a§1) - ¢ an(r7 51) dr = 77/)({2) - . ac¢("”a 51) d?”,

&2 . &2
P(¢, &) = P(&2, &2) — /C Octp(r, &2) dr = (&) — : Octp(r, &2) dr.

Thus, it is enough to check that d¢1)(r,&1) > Octp(r, §&2). Write

V(e)r/a ifr<é, V(g)r/e ifr<é,
Oc(r, &1) = { ' (r) if& <r <&,  OY(r,é) =9 (G)r/l if& <r <,
Y (r) if r > &, ' (r) if r > &o.

A

If r < & then ¢/(&)/
(r ' (&2)r /&2, which concludes the proof. O

& > /(&) /& by monotonicity of ¢/. If & < r < & then (again by
monotonicity) ¥'(r) > /(&) >

2.4 Definition of parametrized BV-evolution
We define the total energy F : [0, 7] x L?(K;R?) x L?(K;[0, +c0)) — RU {+o00} by

Et,w) +K(w, &) if we HY?(K;R?),

+00 otherwise.

F(t,w,§) ::{

We consider in L?(K;R?) and L?(K; [0, +00)) the usual norm. We denote by |9, F|(t, w, ) the slope
of the energy, defined as

0w F| (b w, €) = limsup 2L W28 = F(Lv, O

o Jw =0l

)

where | - |t is the positive part. See Appendix A for the main properties of the slope.

Definition 2.7. Given wy € HY?(K;R?) and & € L?*(K;[0,+00)) with |wg| < & such that
10w F(0,w0,&) = 0 a map (t,w,€) : [0,S] — [0,T] x L}(K;R?) x L*(K;[0,+00)) is a parametrized
BV -evolution for F with initial conditions (0,wo, &) if:

(i) (t,w,§) is Lipschitz continuous with t' > 0 and t(S) =T,
(it) £ (s) >0, |w(s)] <&(s) and &'(s)(Jw(s)| — &(s)) =0 for a.e. s € [0, 5],
(iii) 0w F|(t(s), w(s),&(s)) =0 for every s € [0,S] with t'(s) > 0,

(iv) for every s € [0, 5] the following energy balance holds
F(H(). w(s), () = FO.00.60) = [ |0uFt(r), 00, €(0) dr +
+ /8 OF (t(r),w(r),&(r)) ¢ (r) dr, (7)
0

where |0 F|(t(r), w(r),£(r)) denotes the slope in L*(K;R?), see Appendiz A.

In §5 we will provide a more explicit representation of the above conditions, in terms of PDEs.
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3 Energies and slopes in L?

3.1 Properties of the energy

Lemma 3.1. Ift, — t, w, — w in HY2(K;R?), &, — £ in L*(K;[0,+00)) and if F(tn,wn, &) <
+oo for every n € N then F(t,w,&) = limy, 400 F(tn, Wn, &n)-

Proof. The energy £ = E ou is the composition of continuous functionals and thus it is continuous.
Since F(tn, Wn, &) < +oo then {w, -v > 0} a.e. on K for every n € N. Write

/C(w,ﬁ):/ch(w,ﬁ,uK)dHI

Consider a subsequence ng. We can extract a further subsequence (not relabelled) such that wy,, — w
and §,, — { a.e. on K. Since ¢ is bounded and continuous, by dominated convergence we get
K(wn,,&n,) = K(w,§). By arbitrariness of the subsequence wy,, we get K(wp,&,) = K(w,§). O

Lemma 3.2. Ift, —t and w, — w in L>(K;R?) then £(t,w) < liminf, o &(tn, wy).

Proof. If liminf, 4o E(tn, w,) = +00 there is nothing to prove. If the liminf is finite we can extract
a subsequence (not relabelled) such that limy, o E(tn, wy) = liminf, o0 E(tn, wy) < +o00. In
particular there exists a constant C' > 0 such that E(u(g(tn),wy)) < C. Since g(t,) — ¢(t) in
H'(2;R?) by Korn-Poincaré inequality it follows that w(g(t,),w,) is bounded in H'(£2;R?) and
thus w,, (as trace) is bounded in HY/2(K;R?). Up to subsequences (not relabelled) w,, — w weakly
in HY?(K;R?). By linearity and continuity w(g(t,), w,) — u(g(t),w) in H'(;R?). In particular,
by definition of £ and by weak lower semicontinuity of £/ we deduce that
E(t,w) =Eou(g(t),w) <liminf E o u(g(tn), w,) = iminf E(t,, wy),

n—+00 n—+o0
which concludes the proof. O
Lemma 3.3. Ift, — t, w, — w weakly in L*(K;R?) and &, — & strongly in L*(K; [0, +00)) then
F(t,w, &) <liminf F(tn, wn, &) (8)
n——+0oo
Proof. By Lemma 3.2 it is sufficient to show that IC(w,{) < liminf, 4 K(wp,&,). It is not
restrictive to assume that the right-hand side of (8) is finite, then {w,, -v > 0} a.e. on K, moreover,
arguing as in Lemma 3.2, w,, is bounded in H'/?(K;R?) and thus (upon extracting a subsequence)

we can assume that w, — w strongly in L?(K;R?), w, — w and &, — ¢ a.e. on K. The lower
semicontinuity of K follows by Fatou’s Lemma together with the continuity of . O

3.2 Properties of derivatives and slope

Lemma 3.4. The elastic energy E(-,-) is Fréchet differentiable with

08 (1 w) = dB(u(o(®).w))5(0) = [ elolt).w) : (i) da, )
A€ (t, w)[z] = dE(u(g(t), w))[u(0, 2)] = Ae(g(t),w) Lo (u(0,2)) de, (10)

for z € H'2(K;R?). Moreover, if w, — w in HY/?(K;R?) and t,, — t then
nll)gloo O (tn, wy,) = OE(t, w). (11)

Finally, there exists a constant C' such that

|0 F (t,w, €)| = [0E(t,w)| < C(F(t,w, &) +1). (12)
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Proof. Write

QE(tw) = lim E(t+hw) —Etw) . Eoulg(t+h)w) —Eoulg(t) w)
h—0 h h—0 h

By linearity of u

u(g(t +h),w) = u(g(t), w) + ulg(t +h) —g(t),0) = u(g(t), w) + g(t + h) — g(t).

Remember that by assumption ¢g(t) = w(g(t),0). Thus, by the Frechet differentiability of the elastic
energy E we get

8t€(t, ’LU) — %li% E(”(g(t)7w) + g<t + h’)h_ g(t)) - E(U(g(t), w))

= dE(u(g(t), w))[g(t)] = /Q'E(g(t)aW) Lo (g(t)) du.

In the same way,

OwE (t,w) = lim E(t,w+ hz) — E(t,w) ~ lim Eou(g(t),w+ hz) — Eou(g(t),w)
h—0 h h—0 h

Writing w(g(t), w + hz) = u(g(t),w) + hu(0, z) we get (10).

If w, — win HY/?(K;R?) and if t, — ¢ then w(g(t,), w,) — w(g(t), w) in H'(Q; R?) by linearity
and continuity. It follows that (11) holds true since §(t,) — ¢(t) in H*(£;R?) by the time regularity
of g.

By the same argument one shows that the partial derivatives are continuous in [0, T]x H/?(K; R?)
(endowed with the strong topology) and thus £ is Frechet differentiable.

Finally, estimate (12) easily follows from (9), the Taylor inequality, and (1) O

Now, let us prove the lower semicontinuity of the slope.

Lemma 3.5. Ift, —t, w, — w in HY?(K;R?) and &, — € strongly in L*(K; [0, 400)) then

’aw"th’w’g) < ligl_"i_nf’aw]_.Ktnvwmgn)‘ (13)

Proof. Without loss of generality we can assume that the sequence |0y F|(tn, wn, &,) is bounded; in
particular F(t,, wn,&,) is finite. By Lemma A.5 write

0w F|(t, w, &) = [OwTw|(t, w, ) = inf{[[n]| 2k, r2) : 1 € OwTw(t,w, )},
where
jw(t’zvg) = f(t’zvg) - %Hw - Z”%Q(K;RQ)’

Clearly the same identity holds true replacing ¢, w, and £ with t,, wy, and &,. For every n € N let
M € OwTw, (tn, Wn,En) be such that |[nallp2(xrey < |0wF|(tn, wn,&n) + 1/n. 1t follows that n, is
bounded in L?(K;R?), thus (up to subsequences) 7, — 1 and

9l 2 oy < i in ey < L inf |00, F (b, wn, €0).

We will prove that € 0, Jw(t, w,§) from which (13) will follow. Remember that by convexity
N € OwJw(t,w,§) if and only if

Tu(t,2,6) > Tu(t,w,€) + (0,2 —w)ppemey Yz € L2(KGR?). (14)
In the same way 7, € 0w Jw, (tn, wn,&y) if and only if

Twn (tns 2,€n) 2 Tw, (tns Wiy En) + (ny 2 — wn)LQ(K;RQ) Vz € L2(K;R2)' (15)
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First, by Lemma 3.1 for every z € L?(K;R?) we have
im Ju, (tn, 2,&n) = Ju(t, 2,€)

n—-+00

(note that it is sufficient to consider z € HY?(K;R?)). Next, since Ji, (tn, Wn, En) = F(tn, Wn, &)
by Lemma 3.3 we get
liminf Jy,, (tn, Wn, &n) = Tw(t,w, §).

n—+oo
Finally,

ngl}rloo@?n, Z = wn>L2(K;R2) =(n,2— w)L?(K;R2)

because 7, — n while w,, — w in L?(K;R?). In conclusion, we can pass to the limit in (15) obtaining
(14) and hence 1 € 0y Jw(t, w,§). O

Remark 3.6. If |0,F|(t,w,&) = 0 then w is an equilibrium point for the energy F(t,-,§).

4 Parametrized BV evolution

4.1 Discrete evolution

In order to prove the existence of a quasi-static BV-evolution we employ an incremental scheme
similar to the one adopted in [18, 19]. Let ¢ > 0 (sufficiently small) to be fixed later. Let As, >0
be an infinitesimal sequence and let s, := kAs, for k € N. Let us fix n € N. We set t,9 = 0,
Wp,0 = wo and &, 0 = §. We define by induction wy, 11, &n k41 and t, ;41 as follows:

o if t,, < T and w,y is a local minimizer of F(t, ,-,&n k) (in some neighborhood |w —
W k|| 22(k;r2) < 7 for 7 > 0) then we update time, setting

tn k1 = min{t,  + cAs,, T}
Wn, k4+1 = Wn,k, (16)

fn,kJrl = fn,lm
o if ¢, . <T and wy} is not a local minimizer, then we look for a local minimizer, setting

tn,k—l—l = tn,ka
Wt 1 € argmin {F (ty k11,0, En k) * |0 — Wikl L2k, r2) < Asp b, (17)

gn,k—‘rl = gnJc \% |wn,k+1|'

In the following section we will prove that for every As,, > 0 there exists a finite index k,, such that
tnk, = 1 and wy,k, is a local minimizer. We do not define the evolution for k > k.

The existence of a minimizer in (17) (non necessarily unique) follows by the direct method: the
ball ||w — wn k20, r2) < Asy is weakly closed in L?*(K;R?) while the energy F(tn,-,&nk) i
weakly lower semicontinuous by Lemma 3.3 (notice that in the minimum problem &, , is fixed).

Remark 4.1. Note that ¢, 1, {, 1 and s, are monotone non-decreasing with respect to k. Further,
by definition |wy, ;| < &,k and

| wn k1 — wn,k”L2(K;R2) <Asp, 0<tppt1 —tnk < CAsy,  Spit1 — Snk = Asy.
Moreover,
0<&nk+1—&nk < |wn,k+1 — wn,k| a.e. in K,
so that
[€nse+1 = Enkell L2k 0,400)) < Wikt — Wikl L2 R2)-
Indeed, if &, k41 = &n i there is nothing to prove, otherwise |wy k1] = &npr1 > En gk > |Wn k| and

hence |wp k11 — Wnkl > (W kr1] = [Wak] = §npr1 — k- Note also that [[wy k11 — wakll L2k m2) +
(tnk+1 — tnk) > 0 for every index k.
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For all n € N we define the length of the parametrization S,, € (0, +00] as Sy, := sp i, = knQsy,
where k,, is the first index such that ¢, 5, = T" and w,, 1, is a local minimizer, if it exists, otherwise
we set S, = +o0o. In the following section we will prove that S, is finite and uniformly bounded
with respect to n € N. We define the discrete (parametrized) evolutions (¢, wn,&,) : [0,S,) —
[0, T]x L*(K;R?) x L*(K; [0, +00)) taking the affine interpolation of ¢, x, Wy, x, and &, k. in the points
Sn.k- We will denote by t;,, w},, and &, the derivatives with respect to the parameter s € [0, S,). In
the sequel we will employ also the notation

Wn,k+1 — W,k
w%yk_ﬂ S L LA +As BT — ! (s) forse (Sn.k» Snk+1)
n

and similarly for other variables. Note that, by definition, [t]| < ¢, [lwyllr2(k;r2) < 1 and
1€0 11 L2 (5 10,400)) < 1-

4.2  Finite length and W'2-parametrization in H'/2

In this section we will prove the following result.

Theorem 4.2. For ¢ > 0 sufficiently small there exist S,C < +oo such that for every n € N we
have S, < S and

Sn
2
| etz + 1 ey 5 < €.
In particular there exists an index k, such that t, p, = t,(Sn) =T.
In order to prove Theorem 4.2 we need several technical lemmas.
Lemma 4.3. Let k € N such that (17) occurs. If ||wn k41 — Wkl 2 (r;r2) < Asn then
8wf(tn,k+1; Wn,k+15 gn,k> >0, ’awf"(tn,k+17 Wn, k+1, {n,k) =0.

Proof. 1t is enough to note that by (17) ¢, y+1 = t,r and wy k41 is a local minimizer of the energy
F(tnk+1,5&nk) in a ball centred in wy, 11 with radius r > 0 sufficiently small. ]

Clearly the previous Lemma would no longer be true if |[wy k11 — Wn il L2k, r2) = ASp.
Lemma 4.4. Let k € N such that (17) occurs. Then
W k1 € argmin {F (ty k11, W, En k1) * |0 — Wy kll Loy r2) < Asp}
Proof. Tt is sufficient to adapt the proof of [19, Lemma 5.1]. O

An auxiliary functional. For technical reasons in the next few pages it is useful to employ
the energy density ¢(w,§) = ¥(|w|,£) which does not take into account the incompenetrability
constraint, and thus it does not depend on the normal vector vg. Accordingly we define

/E(w,g):/K@(w,g)d%l, Fltw, &) = E(t,w) + K(w, €). (18)

To prove the next Lemma we need to introduce the directional derivatives of the energy F (t,-,&).
Let w, z € HY/?(K;R?). We set

Ri(w, ) o= tig HORRO SRS [ gy ane
K

h10 h

where a.e. in K we have

¢'(w, & z) == lim (19)

Plw +hz,€) — p(w, &) _ {w\w!,éxw,z) if w| # 0,
hl0 h

Vi(lwl, &)z if Jw] =0,
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with @ = w/|w|. In particular
F(w,&2) =€), 2) if [w] =€>0,  F(w,&2) =P (0)]2] for ju|=¢=0.  (20)

In general |@ (w, &; z)| < ¥/(€)|z| < ¢/(0)|z| . Finally, note that ¢(w, &; -) is positively 1-homogeneous.
Since the elastic energy is differentiable, by (10) we have

Fl(t,w,& 2) = dB(u(g(t), w)[u(0, 2)] + K'(w, & 2).
Lemma 4.5. For every index k > 0 it holds, a.e. on K,

@/(wn,k’fn,m wfm,kﬂ) - @l(wn,k+1afn,k+1§w;,k+1) < (¢/(€n,k) - ¢/(§n,k+1))|w%,k+1|' (21)
Note that the right-hand side is non-negative, while the left-hand side can be negative.

Proof. Since the expression in (21) is positively 1-homogeneous it suffices to prove that

G (Wi ks En ks OWn 1) — @ (W ki1, En ot 15 0Wn 1) < (U (En) — V' (Enps1))|0Wn g1, (22)

where 0wy, k41 = Wy y1 — Wy k. We will discuss several cases, taking into account the different
behaviours of the cohesive law.

Case 1: 0 =& p = En 1. Since [wy k| < Eup and wp py1] < &n gy it holds wy, p = wy k1 =0,
hence 0wy, ;+1 = 0 and the thesis is trivial.

Case 2: 0 < &p i = &n k1. Now both |wy k| < &n i and |wy py1| < Enpt1 = np- For jw| < &g
the energy density ¢(-,&,1) = ¢(] - |,&n k) is convex, hence

(ﬁ/(wn,lw gn,k? 5wn,k+1> - (ﬁ/(wn,kJrly gn,ld 5wn,k+1) <0,

and formula (22) follows since its right-hand side is always non-negative.
Case 3: 0 < & < &npt1 and wy = 0. In this case it must be |wp p41] = & pr1 > 0 and

(SAwn’k+1 = Wnk+1 7& 0. Note that by (20) if gn,k = 0 then 95/(wn,kj gn,k; 5wn,k+1) = ¢,(0)|5wn,k+1’ =
V' (&) [0Wn g1 |, while if &, 1, # 0 then &' (wp i, &k dWn gg1) < V' (& k) |0Wn kg1]. Thus, we have
&' (W geonkss OWn g4 1) — &' (Wi k1, En k1 0Wn k1) <
<P (&) [0Wn 1] — U (|Wn 1| Enert) gy 1, OWn 1) =
= 0 (&) [0Wn 1] — V' (Enps1) (O gt 1, OWn 1) = (O (Enke) — V' (Enier1))[0Wn o1 |-
Case 4: 0 < & < Ent1, Wni # 0 and (W, Swp x+1) < 0. Note that |wy py1]| = Enpr1 >
En > |wp k| > 0. In this case
& (Wi ks €niks OWn k1) — B (Wi k15 St 15 0Wn k1) =
= ¢I(|wn,k’7 gn,k)@bn,ka OwWn k1) — w/(’wn,k+1‘afn,k+1)<wn,k+17 5wn,k+1>-

The first term is non-positive because ¢ (|wy, k|, &nk) > 0. Also the second term is non-positive since
' (|wn g41], & k1) > 0 and

> 0.

(Wn ki1, Wi k1) = Wh ket 15 Wikl — Wok) > [Wnks1]? = Wikt || Wik

As a consequence, the left-hand side of (22) is non-positive while the right-hand side is non-negative.
Case 5: 0 < &n i < Enpt1s Wnk # 0 and (Wp g, 0wy k1) > 0. Note that &, # 0. Let us define
the two auxiliary vectors w, ; and w0, ;4+1 as follows:

wn,k = wn,k gn,k; wn,kJrl = wn,k+1 gn,k-
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We write

(Wn k11, Enkr 15 OWnpt1) =
(Wn e En ks OWngot1) — B (Wnger Enis OWn kg1) +
@ (Wn e En ks Own k1) — @ (D kg 1y ks O goy1) +
(Wn et 15 Enks OWn ey 1) — @' (Wt 15 En 13 OWn oy 1) (23)

Sbl(wn,ka gn,k; 6wn,k+1) - ‘15

We treat separately the three lines in the right-hand side of (23). Note that W, i /|Wn k| = Wnk,
then the first line equals

¢/(|wn,k’a {n,k)<wn,ka 6wn,k+1> - w/(‘fn,kla fn,k)<wn,ka 5wn,k+1> =
= (¢/<‘wn,k|7€n,k) - &I(gn,k)an,k? 5wn,k+1> S 07

because ¥’ (|wp k|, En ) < @’(fn’k) and in this case (Wp k, 0wy x+1) > 0. As for the second line we
have

@l(wn,ka gn,k; 5wn,k+1) - @l(wn,kﬂrlv gn,ld 5wn,k+1) = 77;/(5 k)<wn,ka 5wn,k+1> - @/;/(gn,kan,k«#la 5wn,k+1>
—¢

n,
/( n,k)(wn,kJrl - wn,kv 5wn,k+1> < 07

where the last inequality follows by

<wn,k+1 - wn,ka 6wn,k+1> = <wn,k+1 - 'UA)n,ka Wn k41 — 'wn,k>
= |wn,k+1’ + |wn,k’ - <wn,k+17wn,k> - <wn,kawn,k+1>

> [wp | + [wn k] = wn ] = [wnp| = 0.

Since &, k+1 > &nk we have |wy, g+1] = &n k41 and then the last line of (23) gives

@l(ﬁjn,k—l—l’ fn,k; 5wn,k+1) - @l(wn,k-l-lv gn,k—l-l; 5wn,lc-l—l) =

= ' (&) Wkt 15 0Wn 1) — O (Entorr) (W sty 0w 1)

< (' (Enr) — V' (Enpr1))[0Wn k1],
and the thesis is achieved. O

Proposition 4.6. For every index k > 1 we have

j}/(tn,ka Wn, ks gn,k; w;,k) <0. (24)

Moreover there exists a constant Cy > 0 (independent of As,) such that for every index k > 1 we
have

-F/(tn,kv W, ks gn,k:; w;qk) < -F/(tn,kv Wn, ke gn,k; w;;,,k—&-l) + Cconn,k-i-l - wn,k||Hl/2(K;R2)7 (25)
where ¢ is the constant appearing in (16).

Proof. We distinguish two cases: according to (17) and (16).

Case 1: (17) occurs for k — 1. Denote A; = {w € H'/?(K;R?) : ||w — Wn k-1l L2k w2y < Asp}
and Ay = {w € HY?(K;R?) : w-v >0 a.c. on K}. Let I; denote the indicator function of the set
A; (the function equal to 0 in A; and 400 outside). Setting I = I1 + I3 by Lemma 4.4 we have

Wy, € argmin {f(tmk,w,{n’k) +I(w): we HY2(K;R?)}.

This implies _
0¢€ a(]: + I)(tn,kv Wn, ks gn,k)v (26)
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where the subdifferential is intended with respect to the scalar product of H 12(K;R?). It is conve-
nient to write I = Koy + K4, where

Bowt)i= [ pwoyan'  ad  Re(wéw)i= [ plwguant. @
{gn,k:O} {gn,k>0}

Note that l€+(.,§) is differentiable because, for £ > 0, the density ¢(-,&) is differentiable. Since
F(tn ks €n,k) is continuous in H'?(K;R?) as well as I we can apply [12, Proposition 5.6], entailing
that

NF +1) (tn ey Wi gos Enp) = AE (b s Wy ) + A 1 (W o, En ) + K0 (Wi, En i) + L1 (W ) + O (wi i)
Therefore, by (26), there exist ny € 8/60(10”’16,5”7;4;), m € 011 (wy 1) and ny € 0l (wy, k) such that

0 = dE€ (tn g, Wn o) + A1 (W gy Enge) + 00 + 71 + 12 (28)
On the other hand, the directional derivative of F along dw,, , = Wy — Wy k-1 reads

F' (b s W ks s 00 k) = dE (b oy Wi ) [0 1] + A 1 (W En k) [0 1]+ K (Wn ks s S0 )
= dg(tn,kv wn,k) [6wn,k] + d]C+ (wn,ka En,k) [(5wn,k]a
where we have used the fact that lzé(wmk, En ks OWn 1) = f{sn,kZO} z/}’(O)\éwn,k\ dH! = 0 since dw,, =
0 on the set {&, r = 0} (indeed |wy, | = |wy k—1] = &k = 0). Being ny € 0o (wp i, En i) We have
— (105 OWn k) 172 = M0y Wi k1 — W) vz < Ko(Wn k1, Enk) — Ko (W oy Eng) = 0
and hence, using (28), we get
F' (ks Wn e, En ks O i) = — (10 + 11+ T2y OWn k) prisz < — (71 + T2y O k) gz (29)

Since n1 € 0I1(wy i) we have (1, w — wy, k) g1/2 < 0 for every w € Ay. Choosing w = wy, j—1 yields
(i, 6wy k) > 0. Similarly for 1. Hence from (29) we get (24).
In order to prove (25) we will show that

]:/(tn,ka W,k gn,k; 6wn,k) < ]:,(tn,ka W,k gn,k? 5wn,k+1)a

where 0wy, ) = Wy — Wy x—1. Estimate (25) will follow by positive 1-homogeneity.
Arguing as before, a similar expression for the directional derivative F’ (tn k> Wn s En s OWn 1)
leads to

F'(nger Wik, En ks OWn 1) = — (Mo + M1+ 02, 0Wn k1) i/ + Ko (Wn ko, En ks W jit1).-

We first claim that B
— (N0, OWn k1) gr1/2 + Ko (Wn ks En s W 1) > 0,

indeed, since 179 € 6/60(wn7k), for all h > 0 we have
Ko(Wn i + hown k11, én k) > Ko(wn ks Enk) + (10, BOWn k1) 172,
and the claim follows taking the directional derivative. As a consequence

ﬁ,(tn,ka Wi ks En ks OWn ot 1) = — (M1 + 02, OWp ot 1) g1/2- (30)

Now, thanks to (29) and (30), it is enough to show that

— (M 4+ M2, 0Wn ot 1) 12 > — (M1 + N2, SWp, k) gr1/2-
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The above inequality is a consequence of the three inequalities
(1, 0wn j1 — Owp ) gae <0, (M2, 0wnpg) i <0, (M2, —6Wn k) e <0 (31)
To see the first one, we write
(M, 0Wn k41 — OWn ) iz = (M1, (W k41 — Wik + Wn k1) — Wn k) gr1/2-

Since 71 € 0I1(wp, ), we have
(M, 2 — wp k)12 <0,

with 2 = (Wpg+1 — Wk + Wak—1) € A1 = {w @ [|[w — wpp-1lr2(x;r2) < Asy}, since ||z —
Wn k-1l 22k ®2) = W1 — Wkl 2 (i, r2) = Asp. To see the second inequality in (31) we simply
observe that wy, 41 € A2 = {w : w-v > 0}, so that 72 € dlz(wy, 1) implies

(M2 Wn f+1 — Wn ) sz < 0.
Similarly, the last inequality in (31) is proved since
(N2, Wp k=1 — Wn k) sz < 0.

The thesis is achieved in Case 1.
Case 2: (16) occurs for k — 1. We have t,, = tp k—1 + cAsp, Wy = Wy k-1 and &k = &pk—1;
thus w], , = 0 and (24) is true, whereas (25) is equivalent to

—F (e Wi fos s Wi ey 1) < € Colltwn o1 — Wkl /2 (5, m2) -
‘We write
—F (tn ks W ko En s 00 k1) = — F (b, Wi ko En ks OWn o 1) + F (b k-1, W ko En s OWn 1)
- ]:,(tn,k—la Wn, ks gn,k; 6wn,k+1)-

By (10) we have

_ﬁl(tn,ka W, k fn,k; 5wn,k+1) + jf’l(tn,kfla W, k fn,k; 5wn,k+1) =
= _dg(tn,ka wn,k:) [5wn,k+1] + d(‘:(tn,k:flv wn,k) [5wn,k+1]

= - /Q e(u(g(tn,k)vwn,k) - u(g(tn,k—l)a wn,k)) : U(u(oawn,k—H - wn,k))dx

= — /ﬂ e(u(g(tnk) — 9(tnk—1),0)) : o(u(0,wp g+1 — W ))dx

< Cllg(tnr) = 9(tn 1)l 100, wn 11 = wn )l 1 (0 R2)

S CCoASn||wn,k+1 — wn,kHH1/2(K;R2)- (32)

Remembering that w, j, = wy, 1 and &, , = &, k—1 We have

]:/(tn,k—ly Wn, K én,k; 5wn,k+1) = ~F/(tn,k—la Wn,k—1, fn,k—l; 5wn,k+1)-

We show that F'(t, k—1,Wn k—1,E&nk—1; 0Wn k+1) > 0, from which the required estimate follows di-
viding (32) by As,. By convexity, wy y—1 + h(0wy ky1) = wn  + (W g1 — W k) € Az for h >0
sufficiently small (and thus the incompenetrability constraint is satisfied). By assumption wy, 1 is
a local minimizer, hence

0< F/(tn,k—la Wn,k—15 Sn,k—l; 5wn,k+1) = ‘F/(tn,k—ly Wn,k—15 gn,k—l; 5wn,k+1)‘

The proof is concluded. O
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Proposition 4.7. There exist C1,Co,C3 > 0 such that for every n € N and every index k > 0
F' (trger Wnder ks Wy i 1) — F (bnket s Wt 15 okt 13 Wy gy 1) < Chl[9 (i) — @l(fn,kﬂ)HLl(K)—F
+ ¢ Callwn g1 — wn,k”H1/2(K;R2) - C3A37:1Hwn,k+l - wn,k”i]l/Z(K; R2)’ (33)
where c is the constant appearing in (16).

Proof. First case: (16) occurs for k. We have t,, 11 = t, 1 +CcAsy, Wy g1 = Wy i and &, py1 = En k-
Thus wy, ;. = 0 and (33) is trivial for any choice of C1, C> and Cs.
Second case: (17) occurs for k. We will prove by 1-homogeneity that

jzv'/(tn,ka Wn, ks gn,ld 5wn,k’+l) - ]—:'/(tn,ka Wn, k+15 gn,k—i-l; 5wn,k’+1) < ClAanl/},(gn,k) - Qﬁl(fn,kﬁ-l)HLl (K)+

+ cCoAspl|wn g1 — wn,k||H1/2(K; R2) — Csllwnp+1 — wn,k“?{1/2(K;R2) (34)
Let us write explicitly

f/(tn,ka Wk En ks OWn kg1) — j':/(tn,k, W k15 En ket 15 OWn g 1) =
= dg(tmka wn,k)[(swn,k:-i—l] - dg(tn,kv wn,k+1) [5wn,k+1] +

+ Iel(wn,kv gn,k; 5wn,k+1) - ,E,(wn,k—l—lv gn,k—&—l; 5wn,k+1)-
The derivatives of the elastic energies yield
dg(tn,ka wn,k) [6wn,k+1] - dg(tn,ka wn,k+1)[6wn,k+1] -

= / E(u(gn,kv wn,k) - u(gn,k‘? wn,k-l—l)) : 0'(11(0, Wn,k+1 — wn,k)) dz
Q

= /Qe(u(O, W e — Wnk+1)) 2 (W0, Wy g1 — Wwp i) do
< _C3 Hwn,k+1 - wn,k”?;pﬂ(K;Rz)- (35)

Now, let us consider the directional derivatives for the cohesive energy; by (21) we have

K (w ko, &n s 0wn ot 1) — K (W k15 En ot 13 0Wn 1) =

Z/ @ (W s En ke OWn 1) — @ (W et 15 &kt 1 OWn pr1 ) AH!
K

< / (Qﬁ/(fn,k) - ¢/(§n,k+1))’wn,k+1 — wy | dH?
K A

< 19 (&) — V' (En )l L2 | Wn k1 — wnkll L2k m2)
< Aspl[Y (&nk) — V' Ener )l L2 (10)-

Since 9 is bounded, by interpolation, with 1/2 = a + (1 — a)/q we get
19 (€ k) = &' (Enpr) 2y < 19 Eni) = 9 G D11 (a0 19 () = 9 Gner ) L
By Young’s inequality ab < (a?/p) + (0¥’ /p'), with p = 1/a and p' = 1/(1 — a), we get
19 (&) — V' Ener ) L2 (i) < ¥ (n) — V' (Enms )iy + (1 = )W (Ene) — ¥ (Gt 1) | axy

By Lemma 2.1 we known that 1 is Lipschitz continuous and thus choosing (1 — &) < ¢ by (4.1) we
conclude that

19 (&) — ¥ (Ener) L2y < @l () — ¥ Enger) |1 () + C(L = )W e — Wit | (i )

< CulY (Gnk) = ¥ Enms) | Lr () + € Collwn i — Wit | gz e, w2y
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for some positive constants C7, Cy independent of n and k.
The last inequality, together with (35) yields (34) and the proof is concluded. O

Now, we have all the ingredients to prove Theorem 4.2.

Proof of Theorem 4.2. Combining Proposition 4.6 and Proposition 4.7 we get

]:/(tn,kawmka gn,k; w;Lk) < F,(tn,ka Wn k, Sn,k; w;%k.ﬂ) + CCO||wn,k+1 — Wnp g |H1/2(K;]R2)
< F(tngs 15 Wikt 1 En ot 15 W 1) + C1l19 (Gni) — ¥ (Gnpr ) i) +
+c (CO + CZ)Hwn,k-i-l - wn,k||H1/2(K;R2) - CSASEIHU)n,k-i-l - wn,k||12g1/2(K;R2)~
Let us provide an algebraic estimate for the last line in the previous inequality. Assume that c is
sufficiently small, in such a way that C% = ¢(Co+ C2) < C3/2. Let C§ > 0 such that C3 — C% = 2CY
then, there exists Cy > 0 such that

—Chz — CLAs; 122 + ClAs,y, if 0 <2 < Asy,

n

c(Co+ Cy)z — C3As, 2 <
(Co+C2) ’ - {—C’éz — CAs; 122 if z > Asy,.

If0 < Hwn,kJrl - wn,kHHl/Q < As,, then

j\:/’/(tn,lm wn,ky fn,kQ wil,k) S j\:/‘/(tn,kJrly wn,kJrl; fn,kJrl; w;,k+1) + Cl H"ﬂ%&n,k) - J},(gn,kJrl) HLl(K) +

- CéHwn,kH - wn,k”Hl/?(K;IR@) - Ci/’,ASr_lewn,kH - wn,k|’12L[1/2(K;R2) + Cz’lAsn-
If ||wp k+1 — Wn k|l 172 > Asy then

F' (b jos Wn s En wy, ) < F'(tuget 1> W ot 1 En ot 15 wy, ) + Cu Y () — @l(fn,kﬂ)HLl(K) +

— Collwn 41 — Wkl /2 (i m2) — C3As, wp k1 — wn,k”%{UQ(K;RQ)'
Let us introduce the sets of indices
K = {k 0 < Jwngrr = wukllmogerey < Asad, K = {k g > togd.

By Remark 4.1 we know that [|wp k41 — wnkllr2(k;m2) + (fnkr1 — tag) > 0. Hence, if |lwy g1 —
wn7k|’H1/2(K; R2) = 0 then tn,k—i—l > tn,k' If0 < Hwn,kﬂ — Wnp,k |H1/2(K;]R2) < ASn then 0 < ||wn7k+1 —
Wn k|l L2k r2) < Asp, thus wy ki1 is a local minimizer and ¢, 512 > tnri1. In other terms, if
ke ICq(Il) then either k or k + 1 belong to IC%Q). Hence #ICT(}) < #IC%Q) < T/cAsy,.

_ For any £* > 0 fixed, we take the sum of the previous estimates over k = 0,...,k*. Since
F'(to, wo, &o; w;w) = 0, by assumption, and F’(ty k41, Wn k+1: En k+1; w;’kH) <0, by (24), we obtain
the upper bound

k* k*
5 Z Hwn,k+1—wn,k||H1/2(K; r2) T C:QASZI Z [wWn k+1 — Wk @11/2(1(;11@2) <
k=0 k=0

k*
< Ch Z ' (&n k) — w/(fn,kJrl)”Ll(K) +C4 #K%Q)Asn

k=0
< Cil[t (€nge41) = ¥ (&)l (i) + CiT /e < Crf (O)H'(K) + CiT /e,

where we have used the monotonicity of ¢ (€nk) to write a single L'-term. Since the right hand
side is independent of k£* the thesis is achieved. O
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4.3 Discrete equilibrium and energy balance
In this section we prove some preliminary results in order to pass to the limit as As,, — 0.

Lemma 4.8. For alln,k >0, s € (spk,Snk+1) it holds, a.e. in K,

&) 20, Jwn(s)] <&n(s),  &u(s)(lwnks1] — &npt1) =0 (36)
Proof. This is an immediate consequence of the discrete scheme (16)-(17). O

Proposition 4.9 (energy estimate). There exists C' > 0 such that for every k,n € N we have

Sn,k+1
F(tnkt1:Wn kot 15 Enkr1) < F(tnk, Wnks Enk) +/ O F (tn (1), Wn ot 1, En k) tr (1) dr +
Sn,k
Sn,k+1

Sn,k+1
_/ |0wF | (tn ks W kg1, Enyke) dr =+ C’Asn/ Hw;L(T)H%Q(K;RQ)dT. (37)

n,k Sn,k

Proof. If (ty k+1, Wn k+1,&nk+1) is given by (16) the statement is easy to check. Assume that wy, j41
is given by (17). We will use the fact that F(t,-, &) is A-convex, for some X\ < 0. Note that wy, 41
is the unique minimizer of the auxiliary functional

j(w) = ‘F(tn,ka wvén,k) - %Hw - wn,kJrlH%Q(K; ]RQ)

for [[w—wn k|l 2k, r2) < Asp. We will now consider two possible cases: 0 < [|wp, g+1—wWn k|| 2 (5 R2) <
Asp and |lwp g1 — Wkl 2k w2y = Asn. The case 0 = ||wp g1 — wnkll 2k, r2) is incompatible
with (17).

First case. By minimality |0wF|(tnk, Wn k+1,&nk) = 0 and thus we can write

j(wn,k-i-l) < j(wn,k) - ‘8w—7'-’(tn,kawn,k+1a£n,k)(8n,k+1 - Sn,k’)'

The last expression can be written also in the following form

F(tn,ka wn,kJrl’gn,k) < ]:(tn,kawn,kvgn,k) - ‘aw]:‘(tn,kywn,kJrlafn,k)(Sn,kJrl - 3n,k)+

= allwn ks — wnpliagess), (38)
Now, using (38) we get (37) integrating in time as follows

tn,k:+1

F(tngt1, W k15 Ene) = F (s Wkt 1, En k) + / O F (t, Wy kg1, En k) dt

tn,k:

Sn,k+1
= ]:(tn,ka Wn, k415 gn,k) + / at-/—:(tn (T)7 Wn, k41, én,k) t;l(T‘) dr

Sn,k

and then using the fact that F (¢, k+1, Wnk+1,6nk) = F (tnk+1, Wnk+1: Enk+1), by Lemma 4.4.

Second case. Since the minimum wy, 41 is on the boundary of the ball ||w — wy k|2 (x;r2) <
Asy, we write wy 41 € argmin J(w) + I(w) where I denotes the indicator function of the set
|w — wnkllL2(k;r2) > Asn. As a consequence, there exists u > 0 such that p(wy,x — wp k1) €
O (tn ks Wn k+1,E&n k) Where the subdifferential is in L?(K;R?). By Lemma A.5 we can write

j(wn,k) > j(wn,k+1) + </~L(wn,k - wn,k—l—l)’ Wn k — wn,k+1>
= J(wnk+1) + [|p(wn ke — wn,kH)HL?(K; R2) [wn ke — Wy, k-1 22 (K R2)

> J(wn k1) + 00T |(wn k1) w0n g = wn -1l 25 v2)-

Therefore, since ||wn x+1 — W k|l L2 (k;R2) = Snk+1 — Snk, We get (38) and we conclude as in the first
case. O
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4.4 Limit evolution

Since by Theorem 4.2 the length of the parametrization interval is uniformly finite with respect to
As,, it is not restrictive, extending by a constant evolution, to consider all the discrete evolutions
to be defined on a single parametrization interval, say [0, S].

Lemma 4.10 (compactness). Let (t,,wy,&,) 1 [0,S] — [0,T] x L?(K;R?) x L?(K) be a sequence of
discrete evolutions. Up to subsequences (not relabelled)

t, =t in WH(0, S), En = € in WH(0, S; L(K)) (39)
wy, = w in WH(0, S; L*(K,R?)), w, — w in W2(0,5; HY/?(K;R?)). (40)
There ezists a constant C' > 0 such that for alln € N and s € [0,5] it holds
F(tn(s), wn(s),&n(s)) < C. (41)
Finally, if s, — s, then
tn(sn) — t(s), wy(sp) — w(s) in HY?(K,R?), En(sn) — &(s) in L2(K). (42)

Proof. By Remark 4.1 we know that t,, is uniformly bounded in W1°°(0, S), w,, is uniformly bounded
in W1(0,8; L?(K,R?)), and &, is uniformly bounded in W1*(0, S; L?(K)). By §4.2 w,, is uni-
formly bounded in W12(0, S; H'/?(K,R?)). Weak and weak* convergence follows.

If (17) occurs, by Lemma 4.4 we have

f@n,k—&—la Wn, k+1, gn,k—&—l) = f(tn,ka Wn, k415 fn,k) < F(tn,ka Wn k, fn,k)- (43)
If (16) occurs, we can write
‘F1/2 (tn,kJrly W,k &n,k) - fl/z (tn,ky Wn, k é-n,k)‘

(g(tn,k—l-ly wn,k) + ]C(wn,ka fn,k))l/Q - (g(tn,ka wn,k) + ’C(wn,ka gn,k))1/2|
< EY2 (tn k1, wag) — EV2 (b gy k)| < Cltprt — tuk) (44)

where, in the last estimate, we have used the fact that ¢ — £/ 2(t,w) is Lipschitz continuous with
constant C' > 0 independent of w: indeed, £EV/2(t,w) = EY?(u(g(t),w)) where E'/? is Lipschitz
continuous and t — w(t,w) is Lipschitz continuous as well since

u(g(t + h),w) —u(g(t), w) = u(g(t + h) — g(t),0) = g(t + h) — g(t).

From (43) and (44) we get for every (admissible) index k > 0

fl/z(tn,k+la Wn, k415 gn,k—i-l) < fl/Q(tn,k:? Wn, k5 gn,k) + C(tn,k—H - tn,k)

and thus
f1/2 (tn,k+17 wn,k+17 §n,k+1) S Fl/Q(toﬂ wo, fo) + CT < +o0.

By Korn’s inequality it follows that w(g(t, k), wn k) is bounded in HY(Q;R?) and thus wy, is
bounded in HY?(K;R?). As a consequence the affine interpolant wy,(s) is uniformly bounded
as well. This implies (41).

If 5, — s we know that w,(s,) — w(s) in L?(K;R?). Since w,(s) is bounded in H'/?(K;R?)
it follows that the convergence is weak in H'/?(K;R?). The convergence of t,(s,) and &,(s,) are
straightforward. O

With the following Lemma we prove the Karush-Kuhn-Tucker conditions for the limit evolution;
as a by-product we get also the strong convergence for the internal variable. The proof follows
[19][Theorem 5.8].
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Lemma 4.11. Let w and € be the limit provided by Lemma 4.10. For a.c. s € (0,S) it holds
()20,  |w(s)<&(s)  s)(Jwl(s) —&(s)) =0 a.e. on K. (45)
Moreover, for every s € [0, S]
En(s) = &(s) in L*(K). (46)

Proof. Let us prove that conditions (36) pass to the limit. First we observe that, since &,(s) — &(s)
in L2(K) and &,(s1) < &u(s2) if 51 < s2, we have £(s1) < £(s2) whenever s; < s3. Hence ¢/(s) > 0
for a.e. s € (0,5). Moreover, from |wy(s)| — |w(s)| in L?(K) and |wy,(s)| < &.(s) we also infer
lw(s)| < &(s) for all s € [0,S]. In particular we find &'(s)(Jw|(s) — &(s)) < 0 for a.e. s € (0,S5). To
prove that equality holds it suffices to show that

S
€6 o) = 66D s2qds =

Now, let us introduce the piecewise constant functions w, and J;rn given by w,(s) = wy k+1 and
En(s) = &nprr for s € (Snk, Snkt1)- Let us see that w, — w strongly in L'([0, S]; L?(K;R?)). By
(42) we know that w,(s) — w(s) strongly in L?(K;R?) while by (40) we know that w,,(s) and w(s)
are bounded in L?(K;R?) uniformly with respect to s € [0, 5] and n € N. Hence w,, — w strongly
in L1([0, S]; L*(K;R?)). Further, for every s € (Sp k, Sn+1]

Sn,k+1
[@n(s) — wn(s)llL2(km2) < / lwp ()l L2 (e m2) dr < Asp.
S

Hence w,, — w strongly in L'([0, S]; L?(K;RR?)).
Since s = [|£,(8) || L2 (k) is Lipschitz continuous (and thus bounded) it follows that s — [|£(s) H%Q(K)
is Lipschitz continuous and then for a.e. s € (0,S) we can write

()22 00y = 2((5), € () 220

Being ,(5) (k1] — Enist) = E(5)(Tu(o)] = Eu() = 0 and &u(s) = Eus > Euls) for s €
(Sn.ks Snkt1] We get

S S S

/ (E1(5). [ (3)]) L2010y ds = / (€(3).En()) 20y ds > / (€1(5). En(5)) 2 1) ds
0 0 0
— 16, — SIEO)Ea

Since, by Lemma 4.10, &, — ¢ in L>([0, S]; L*(K)) and |@,| — |w| strongly in L'([0, S]; L?(K;R?))
we can pass to the limit in the first term. As &,(S) — £(9) in L?(K) we get

S S
/0 (€(5), ()]} 20y ds = LIES) Bz ey — LIEO)Bare) = /0 (€/(5), €(5)) 1210 ds,

and the claim is achieved. It remains to prove (46). Using (45) and &, (s)(|wn(s)] — &u(s)) = 0 we
can write

62 = HEO) gy + [ (€0, [0 zaqry dr
= L) By + lim / s<§;<r>,\wn<r>|>pm dr
= HIEOIP + Jim [ €00, 62y dr
> HEOIE+ Jim [ €)= timsup 3 (o) g

As &u(s) — &(s) in Lz(K) we get ||§(s)||%2(K) < liminf, s ||§n(s)||%2(K). Hence ||fn(3)||L2(K) —
1€(s)l| 2y and the strong convergence follows. O
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Theorem 4.12. Let (t,w,§) be a limit of the discrete evolutions (ty,wn,&,) provided by Lemma
4.10. Then (t,w,&) is a parametrized BV -evolution for F in the sense of Definition 2.3, i.e.

(i) (t,w,§) is Lipschitz continuous with t' > 0, t(S) = T and ||w'||p2(kr2) < 1,
(1i) §'(s) 2 0, lw(s)| < &(s) and &'(s)(Jw(s)] — &(s)) =0 for a.e. s € [0, 5],
(i) |0wF|(t(s),w(s),&(s)) =0 for every s € [0, S] with t'(s) > 0,

(iv) for every s € [0, 5] the following energy balance holds
F(t(s), w(s),&(s)) = F(0,wo, &) — /OS 0w F[(t(r), w(r),&(r)) dr +
+ /S OF (t(r),w(r),&(r)) ' (r) dr.
0

Proof. By Lemma 4.10 and Lemma 4.11 it is clear that (¢, w,§) satisfies condition (i) and (7).

Let us check (7ii). If ¢'(s) > 0 then there exists a sequence s, ;, — s such that ¢, 11 > tnk,
(cf. [18, Theorem 4.4]). By (16) we have [0wF|(tn k> Wn knt1:Enknt1) = 0. By Lemma 4.10 and
Lemma 4.11 we get t, 1, = tn(snk,) = t(5), Wnkot1 = Wn(Snk,+1) — w(s) in Hl/Q(K; R?) and
Enknt1 = En(Snknt+1) — &(5) strongly in L?(K). We conclude by the lower semi-continuity of the
slope proved in Lemma 3.5.

Let us prove (iv). For convenience we will employ the auxiliary piecewise constant functions

an(S) = Wn,k+1 for s € (Sn,kv sn,k—i-l]a

fn(S) = gn,k and Z?n(s) =tnk for s € [sn,ka sn,k-‘rl)'

Arguing as in Lemma 4.11 we have #,,(s) — t(s), wn(s) = w(s) in HY2(K;R?) and &,(s) — &(s)
strongly in L?(K) for a.e. s € [0,5].

Let s € [0,5) be arbitrary. For all n > 0 let k, € N such that s,x, < s < sp,+1. Clearly
Spk, — 5. With the above notation, the sum of (37) for k =0,...,k, — 1 reads

Sn,kn -
}—(tn,knawn,kna&n,kn) < ]:(07 Wo, 50) + / at}—(tn(r)v ’Ll_)n(T), gn(T)) t%(’l‘) dr+
0
Sn,k

Sn,kn - ~ sKkn
= [ ) 00, Eur)) dr+ Oy [ e (4)
We aim to take the liminf as n — oco. Let us first observe that by Lemma 3.3

F(t(s),w(s),&(s)) < Uminf F(tn(sn k), Wn(Snk, ) En(Snk,)) = Uminf F(ty k., Wnk,» Enkn)-

n—-+o00 n—+00

Now we claim that

Sn,kn

lim OpF (tn (1), W (1), gn(r)) t(r)dr = /08 OWF (t(r),w(r), &(r)) ¥ (r) dr. (48)

n—oo g
Indeed, remembering that 0,F = 0:€, for fixed r € (0,s) by (11) we have
OF (tn(r), @n(r), a(r)) — OF (H(r), w(r), £(r))-
By (12) and dominated convergence we get

Ot]:(tn,wn,gn) — O F(t,w,§) strongly in Ll(O, s).
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Then (48) follows by weak* convergence of t/,. Next, the lower semi-continuity of the slope, see
Lemma 3.5, together with Fatou’s Lemma imply

—lim inf /0 T O (). (1), En () i < — / i inf |9 F| (B (1), G (1), Ex(r)) dr

n—00 - 0 n—oo
S
<~ [ 0uF(t(r), w(r).¢(r)) dr
0
Finally, by the uniform Lipschitz continuity of w, we have

Sn,kn
lim CAs, / [, (r) 2 g gy dr < Timm ' A, =0,
0 n o

n—0o0

In conclusion, we can take the liminf in (47), obtaining
F(t(s), w(s),&(s)) < F(0,wo, o) + /Os OF (t(r), w(r),&(r)) ¥ (r) dr+
- [ 101, wlr), ) v

Now, we will show that for every s € [0,5) the opposite inequality holds, i.e.

[ o we). ety = [ ouFlr), (). dr <
< F(t(s), w(s),&(s)) = F(0, wo, &o)-
We use an argument similar to the one adopted in [8] and [18]. Being (t,w,&) : [0,s] — [0,T] x

HY2(K;R?) x L*(K) of class W™, for every index i > 0 we can choose a subdivision 0 = s;¢ <
c <85 < oo < 85 = s with Ay := max; |s; j41 — S j| — 0 such that the Riemann sums

i—1

Zi =Y (sijr1 — si)|OuF|(t(sig) wisiz), E(sig)) — /OS 0w F|(t(s), w(s),&(s)) ds.  (49)

§=0
Note that the discrete points s; ; do not coincide, in general, with the points s, = kAs,, defined
in §4.1. It is convenient to introduce the notation ¢; j := t(s;;), w;; = w(s;;), and & ; := &(si ;).
Let us write, for all indices,
F(tig wigs &) = F (i wigen, Gigra) = Ftig wig, &) — F (i wigen, ig) +
+ F(tijs wij+1,&ig) — F(tijr1, wije1, i) +
+ F(ti 1 Wi+15 i) — F (i 15 Wij41, §ij1)- (50)

We will analyse the three rows of the right-hand side separately. Recalling that Jz(t,w,&) =
F(t,w, &) — 3|jw — u’)H%Q(K_RQ), the first row can be written as

Ftig, wig,&5) — Ftig, wiji1, &ig) =
Tuiy (tigs Wi g ig) — Ty (tigs wiga1: &) — llwijen — wigll7e ;o)
Now, by convexity of Jy, ; for all n € 0F, ;(tij, w;j, & ;) we have

Tuwyy (tiy Wi, &) = Twij (bigs wig1, &) < — (0 wij41 — wig)

< nllzz o rey lwij1 — wigllze e r2)-
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Then, taking the infimum with respect to 7, owing to Lemma A.5, and remembering that [|w’|| 12k, r2) <
1, we find that

F(tig,wig,&ig) — F(tig, wije1,&ig) <

<O T ;| (s wi g Ei) i1 — wijll L2 r2y — 3 lWigar = wijll7e k. g2y

= 0w F|(tigs wigs &) lwijr1 — wigll 2 rey = 5 llwigrn — wigl ek pe)
< |OwF|(ti g, wi gy i) (Sijr1 — Sij) — 5D(sijr1 — i) (51)

(remember that A; = max;|s; j+1 — si;| and that A < 0). As for the term F(¢; j, w; j4+1,&i5) —
F(tij+1,wij+1,&,;) we see that it is equal to

Si,j+1
Etij,wijr1) — E(tijr1,wijr1) = / HE((r), wi 1)t (r) dr

i
Si,j+1 ,
= [ atw). w) L (52)
Si,j
where we have used the piecewise constant function w;(r) := w(s; ;) for s € (s, s j+1]. Finally,
the term F(t; 11, wijv1,&5) — F (tijr1, wije1, & j+1) is equal to

K(wij1,&.,5) — K(wijs1, & 1) = /K (Wi jt1, &g Vi) — (Wi i1, & jrr, vic) dHY,

which is non-positive since by Proposition 2.5 (ii) the energy density ¢(wj j+1,-, k) is monotone
non-decreasing and §; ; < & j+1. Thus, considering (51) and (52) and taking the sum in (50) for
7=0,...,1—1, we get

F(0,wo, §0) = F(t(s), w(s), &(s)) <

i—1

<Zi= 33 (i - )’ /at () 2 () dr. (53)

<
()

where Z; is the Riemann sum in (49). We aim to pass to the limit as i — +oco. By dominated
convergence, from Lemma 3.4, we get 0,E(t(-), w;(+)) — OE(t(:),w(-)) strongly in L'(0,s) and thus

lim Saté'(t(r),wi(r))t’(r) dr = /0 Sﬁtf(t(r), r)dr = / O F (t(r), w(r),&(r)) ' (r) dr.

11— 00 0

Recalling that A\ < 0, we write

n—1

A § : A
-3 Az SZ7J+1 Si,j) < —§SAZ' — 0.
J=0

Passing to the limit in (53) we obtain

F(0,w0,£) — F(t(s), w(s), £(5)) < / 0uF(t(r), w(r), ) dr + / COF(t(r), w(r) £ (r) dr,

which concludes the proof. O

5 Equilibrium conditions and evolution in PDE form

This section collects the Euler-Lagrange conditions, in the bulk and on the interface, and a charac-
terization of the evolution in discontinuity points. The main results are summarized in Propositions
5.1, 5.2 and 5.3. The proofs, reported in short format, rely on [5, 19] and on duality arguments; the
regularity of solutions is not considered. We will assume, for simplicity, that the crack K is of class
W21 and we will employ, for convenience, the notation u(s) = u(g o t(s),w(s)), o(s) = o(u(s))
etc.
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5.1 General Euler-Lagrange conditions
As [ul(s) = w(s) by (3)
u(s) = argmin {E(u) : u € H(Q;R?), u = g o t(s) on dpQ and [u] = w(s) on K}. (54)
Hence dE(u = [qo( z)dx = 0 for every 2 € H(Q;R?); in other terms
dive(s) =0  in H1(Q;R?). (55)
Introduce the space HY/2(OyQT;R?) as the subspace of H'/2(9yQ+:R?) given by the functions u

such that @ € H'/2(9Q%; R?), where @ is

() u(z) if x € ONQ,
x) =
0 ifx € 9pQ UK.

(A comprehensive reference for these spaces is provided in [13]). Denote by H~'/2(dyQT;R?) the
dual of HY 2(0N2; R?) endowed with the standard H 1/2_norm. Similarly are defined the spaces
HY2(0nQ;R?), HY/?(K;R?) and their duals. Denoting by v the exterior unit normal on dyQ7,
we define, using (55), the Neumann operator o, (s) € H~/2(OxQ;R?) as

(o,(8),2) = /Q+ o(s):€(z)dx,

where brackets denote the duality pairing between H'/2(dyQF;R?) and H~Y/2(dyQF;R?) while
z € HY(QT;R?) is a lifting of Z, with Z = 0 on K and ('?DQ+ Setting z= 0 in Q™ we have z =0
on 0p? and on K, hence [z] = 0 and by (3) we have dE(u = o+ 0(5) : €(Z) dz = 0; in other
terms

o,(s)=0 in H=Y2(950"; R?).
Arguing in the same way for Q= we obtain o, (s) =0 in ﬁfl/Z(aNQ ;R?).

Similarly we can define the one-side Neumann operators o (s) € H~V/2(K;R?) as

(o, (8),2) = / o(s): €(z)dx, (o} (s),2) = —/Q+ o(s): €(z)dx,

where Z is an again a lifting of Z. The minus sign appearing in the second is consistent with the fact
that, in our setting, v is the outer normal for Q7. Since [zZ] =0 the functions u( ) + hé for h e R
are admissible competitors in (54) and then, by minimality, dE(u fQ Z)dx = 0.
Splitting the integrals in Q= and Q7 it follows that

o, (s) =0} (s) in H~Y2(K;R?). (56)

This conditions provides, in general, equilibrium of tractions on the interface K; in the next section
we will refine it by taking into account cohesive forces. Note that in terms of the Neumann-jump
operator

(low(s)], 2) = /QG(S) ve(z)dz = (o, (s)], 2) — {[o) ()], ),

(56) reads [o,(s)] = 0 in H'/?(K;R?).

Proposition 5.1. For every s € [0, S] we have
divo(s) =0 in H-YQR?), o,(s) =0 in H Y2054 R?), o, (s) = o (s) in HV?(K;R?).

In the following we will write o, (s) = o,/ (s) = o, (s) for the Neumann operator on K.



BV evolutions for Cohesive Fracture 28

5.2 FEuler-Lagrange conditions for ¢'(s) > 0

Let 7 = vt be a tangent vector field on K. In order to give a better description of the forces on the
interface K we define the normal and tangent component of the traction o, on K as follows: for
¢ € HY?(K) (note that it is a scalar function), o, (s) € H'/?(K) is the operator

(@ (), C) = (@uls), Cv) = — / o(s) : €(2) da,

O+

where Z is a lifting of (Cv) in Q*, while o,,(s) € H/2(K) is the operator

(@0 (5),0) = (0 (5),Cr) = — / o(s) : e(z) da,

QO+
where 7 is a lifting of (C7) in Q.
Let s € [0,5] be such that t'(s) > 0. By Theorem 4.12 we have [0F|(t(s), w(s),&(s)) = 0 and
then for all z € L?(K;R?) we have

liming 2 E(8), w(s) + hz, €(s)) — F(E(s), w(s), £(s))

> 0.
h—0 h”ZHLQ(K;R?)

In particular, let z € HY?(K;R?) such that (w(s) 4+ hz)-v > 0 for h > 0 sufficiently small. Let Z
be a lifting of Z in Q. Let u = u(g(t), w); by minimality

F(t(s), u(s) + hz,&(5)) = F(t(s), w(s) + hz,&(s)) = F(t(s), w(s) + hz,&(s)).

Note that we can employ the functional F , and its directional derivative, because z is an ad-
missible variation for the incompenetrability constraint. Hence, for the directional derivative of
F(t(s),u(s),&(s)) we have (see §4.2)

0 < F'(t(s), u(s),&(s); 2) = dE(t(s), u(s))[2] + K'(w(s),&(s); 2)
—/U(s):e(z) da:—i—/ &' (w(s),&(s); 2) dH. (57)
Q

K

Tangential component. Given ¢ € H'/2(K) let z a lifting of (C/\T/) in H'(Q";R?) and let Z =0
in Q7. As z is an admissible variation (because [z] - ¥ =0 on K) by (57) we have

F'(t(s), u(s), &(s); 2) = —(o0r(s),C) + /1(95'(71)(3)7&(8);(7) dm* > 0.
Hence, as in (20),

(our(s),¢) < / ' (w(s), &(s); ) dH" < P (0)[I¢ll L1 xc)-

K

Since —Z is as well an admissible variation, we get |[(o,,(s), ()| < 1&'(0)”(”,—41([(). Hence, by density
of H'/?2(K) in L'(K) there exists a unique function h,,(s) € L>(K) which represents o, (s) as

<UV7'(S)7C> _/I{hVT((S)CdHl.

Following the arguments of [19, Theorem 7.8] we obtain that (a.e. in K) |hy,(s)]
£(s) = 0 (and thus w(s) = 0) and that h,,(s) = @' (w(s),&(s);7) = @' (w(s),&(s),v;7) i
in the second case there exists indeed the directional derivative of ¢ and ¢'(w(s),&(s),v;7) =
V:o(w(s),&(s),v) (the gradient is in the first variable).
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Normal component. In the case of normal tractions the reasoning is more delicate, due to the

incompenetrability constraint. Given ¢ € H'/?(K) with ¢ > 0 let Z a lifting of (¢v) in H'(QT;R?)
and let Z=01in 7. As Z is an admissible variation (because [z] - v > 0 on K) by (57) we have

OF (t(s),u(s),£(s); 2) = —(ow(s),¢) +/ ¢ (w(s),&(s); Cv) dH! > 0.

K

Since ¢ > 0 by (20) we can write @' (w(s),&(s);Cv) = ¢'(w(s),&(s); v)(. As a consequence the linear
functional

—(UW(S),Q—I-/Kgél(w(s),f(s);(y) dH!

is positive and thus, by a classical results on distributions, it is represented by a Radon measure.
It follows that o,,(s) is a measure as well; we denote it simply by . At this point, by Hahn
decomposition we distinguish between positive and negative part u™ and pu~. Since

(1, Q) = (a0(5), () < /Ké’(UJ(S),f(S);CV) dH <4 (0)[¢) o1

it follows that the positive part pu4 is actually in L*°(K), more precisely we will write p, =
By (s)HY | where hy,(s) € L%°(K) and h,,(s) > 0. Clearly h,,(s) = 0 on the support of p_.

Physically, o, (s) = u gives the normal (elastic) force induced on K by the elastic displacement
on Q7F; since v is the inward unit normal for Q7 the positive part py “opens the crack” and thus (as
we will see) it is balanced by cohesive forces while the negative part p— is balanced by the reaction
of the incompenetrability constraint.

Formally, we can argue in this way. If ( € H/?(K) is of the form ¢ = v — w(s) - v with v > 0
then, taking into account (57), we can write

— - _ s 1 5 (w(s $): Cu 1 '
/Kgd“ /Khw( )¢ dH +/KSO( (), &(s); Cv) dH' > 0

By density, if ¢ € L'(K) is of the form ¢ = z — w(s) - v with z > 0 and z = w(s) - v (so that ( = 0)
on the support of u~ we get

- [ hatecant + [ G i) o 2o
K

K

Choosing properly the test function ¢, it follows that (a.e. on K) we have 0 < h,,(s) < @' (w(s),&(s);v)
if w(s) v =0and h,,(s) = @' (w(s),&(s);v) = ¢ (w(s),&(s),v;v) if w(s)-v > 0. In particular, if
w(s) - v =0 but £(s) > 0 then @' (w(s),&(s);v) =0 (by definition of ¢) and thus h,,(s) = 0.

Summarizing the results obtained so far, we can state the following Proposition.

Proposition 5.2. Let s € [0, 5] be such that t'(s) > 0. Denote by o,.(s) and ,,(s) respectively

the tangential and normal components of the operator o,(s). Then there exists a function hy(s) €
L>*(K) such that

[hur ()] < 4(0) a.e. where &(s)

o, (s = s ! wi Y
( m’( )7<> /Khlrr( )CdH th {hur(s) — (p’(w(g)7§(s),y;7') a.e. where f(S) > 0.

Moreover, there exists a Radon measure pn on K and a non-negative function h,, € L™ (K) such

that
<aw(s),<>=/K<du:/KhW<dH1—/KCdM‘,

where = is the negative part of the measure p and

{hw(s) < 4/(0) a.e. where &(s) =0,
hou(8) = @' (w(s),&(s),v;v)  a.e. where &(s) > 0.

>
Ifw(s)-v >0 then V(w(s),{(s),v) = ¢'(w(s),§(s), viv) v + ¢ (w(s), £(s), v;7) 7.
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5.3 Normalized gradient flow for ¢'(s) = 0

In this section we show that in a point of discontinuity (in time) the parametrized velocity is the
steepest descent direction for F(t(s),w(s),&(s)) with respect to the L?(K;R?)-norm.

Proposition 5.3. Let t(s) =t* for s € (s1,52). Then for a.e. s € (s1,s2) it holds
w'(s) € argmin {F'(t*, w(s), £(s); 2) : z € L*(K;R?) with 2]l 22 (ke ir2) < 1}
where F'(t*,w(s),&(s); z) denotes the directional derivative.

Proof. The proof shares some common points with [19]. First, we show that for a.e. s € (s1, s2) we
have

lim 1(.7’-'(t*,w(s + h),&(s+ h)) — F(t*,w(s),&(s)) > F'(t*,w(s),&(s);w'(s)). (58)

By Lemma 4.10 and Theorem 4.12, s — w(s) is absolutely continuous (taking values in H/?(K;R?))
and s — F(t*,w(s),&(s)) is absolutely continuous (taking values in R). Let s € (s1,s2) be a
differentiability point for both w(-) and F(t*,w(:),&(:)). By monotonicity of the density ¢(Jwl,-)
(see Lemma 2.5 (73)) we can write

F(t*, w(s+h),&(s+h)) =E(t  w(s+h))+K(w(s+h),E(s+h)) > EE  w(s+h)+K(w(s+h),&(s))

Then, we will estimate F(t*, w(s+ h),£(s)) — F(t*,w(s),&(s)). Consider the auxiliary convex func-
tional

Fuoie) (8, w,6(5)) = F(t*,w,6(5)) = 3w — w(s)l[312 4 )

where F is defined by (18). Denote by wa(s) the subdifferential of .fw(s) in HY/?(K;R?). For every
n e 8.7?11,(3) (t*,w(s),&(s)) we can write

Fouto) (s + ), 6(5)) — Fuo) (17, w(s), &(s)) =
= F(t*, w(s + ), &(s)) — EA (s + 1) — w(s) 2200y — F (s w(s).£(5))
> (. w(s + h) —w(s))

where brackets denote here the duality in H'/?(K;R?). Taking the limit we get

lim %(f(t*,W(SJrh),f(S)) — F(t",w(s),(s)) = (n,w'(s))

h—0t

Note that the energy functional F(t*,-,£(s)) is continuous in HY/?(K;R?). Hence we can apply
[4][Theorem 17.19] obtaining

lim l(}"(t*,w(s +h),€(s)) — F(t*,w(s), £(s)) > F' (¢, w(s),&(s);w'(s))
= F'(t*, w(s),&(s); w'(s)),

where the last equality follows from the fact that F(t*,w(-),&(s)) = F(t*,w(-),&(s)) since the
evolution w satisfies the incompenetrability constraint [w(s)] vk > 0 on K for every s € [0, S]. We
have proved (58).
By (58) we know that F'(t*,w(s),&(s)) > F'(t*,w(s),&(s);w'(s)) while the energy balance (7)
(in the interval (s1, s2) where ¢(-) is constant) provides
F(t7,w(s), £(5)) = 10w FI(t",w(s), £(5))-
By definition of the slope, it is clear that for every admissible variation z with [|z[|2(gr2) <1

—|0u (", w(s), £(s)) < F'(t", w(s), £(s); 2) < |0 F (", w(s),&(5)) -
Hence w'(s) € argmin {F'(t*,w(s),£(s); 2) : z € L*(K;R?) with ||z[| 2(gr2) < 1} O
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A Upper gradients, slopes and A-convexity

For sake of completeness we collect here a couple of basic definitions [2]. We assume that X is a
Hilbert space, even if the definitions make sense in metric spaces. We will also identify its dual X*
with X (by means of Riesz Theorem).

Definition A.1 (Slope). If ®: X — RU {400} and ®(v) < 400 the slope of ® in v is defined as

P(v) — +
|0®|(v) := limsup [2(v) (w)]
w—v o —wl]
Definition A.2. A functional ® : X — RU {400} is A-convez (for A < 0) if for every x,y € X we

have
Dt + (1— t)y) < t0(x) + (1 - O)B(y) - (1 — D]z — y*

In Hilbert spaces A-convexity is equivalent to the convexity of the functionals 7, (z) =— ®(z) —
%]:U — y|? for any y € X. This property is stated in [2, Remark 2.4.4] for Euclidean spaces, but it
can be easily checked also for Hilbert spaces.

Definition A.3 (Subdifferential of nonconvex functions). Let G : X — RU {+o0}. If G(w) = +00
then 0G(w) = (). Otherwise, 0G(w) C X consists of all £ € X such that

liming ) — (W) — (§,v — w)

v [v = w]]

> 0. (59)

Lemma A.4. IfG: X — RU{+o0} is A\-convex, for some X\ < 0, then its subdifferential 0G(w),
in the sense of Definition A.3, coincides with the “classical” subdifferential 0Ty (w) of the auziliary
convex function Jy(u) == G(u) — %Hu — wl|?.

Proof. The inclusion 0J,,(w) C 0G(w) is easy to see; indeed if £ € 07, (w), for all v € X we write

G(v) = gllv —wl* = G(w) — (v —w) _ Fu(v) = Tuw(w) — (& —w)

> 0,
lv = wl] lv = wl|

and thus
i 90) = Gw) = (&0 = w)

v [o = w]]

> liminf 3 [lv — w|| = 0.
v—w

Let us prove the opposite inclusion 9G(w) C 0Jy(w). Let £ € 0G(w), and let v = w + €0 for some
0 € X with ||9]] = 1. Then by (59)

liming 9§ +€0) — G(w) — (§,€0)

> 0.
e—0 £

As a consequence being A < 0 it holds

lim Juw(w +0) = Ju(w) —(£,0) > liminf

e—0t £ e—0t

that means that the directional derivative 037, (w) > (£, 0). Hence, for ¢ := Tozwy Y (directional)
convexity we have

Juw(0) = Tw(w) = (€ 0)||v —w]| = (§,v —w).

By arbitrariness of v € X we have concluded. O
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Lemma A.5. Let G: X — RU{+o0} and G(w) < +o00. If G is convex then
|0G|(w) = inf{[[n]| : n € 0G(w)}
where |0G|(w) denotes the slope (cf. Definition A.1). If G is A\-convex then
|0G|(w) = 10Fw|(w) = inf{{n[| : n € 0Fw(w)}, (60)
where Jw(2) == G(z) — %Hw — 2||? is convex.
Proof. 1t is well known that the representation |0G|(w) = inf{||n|| : n € dG(w)} holds for convex

functionals.
Let us prove (60). Consider a sequence w, — w. Write

| Tow(w) = Fu(wi)|* =[G (w) = Gwn) + 3 [lw — wnl*[*
and consider the three cases:
G(w) — G(wy) <0,
0 < G(w) = Glwn) < — 5w — wal?,
0 < —3lw — wal* < G(w) — G(wn).
In the first case G(w) — G(w,) + 3]|w — w,|? < G(w) — G(wy,) < 0 and then

() = Glwa)[* _ |Ju(w) = Fulwa)l ¥ _ (61)

[w — wy| [[w — wy|
In the second case
G (w) = G(wn)|*

lw = wn|

| T (W) = T (wi) |

0<
lw = wa|

< = Mw — wll, = 0. (62)

In the last case,
G(w) = G(wn)[" = G(w) = Glwn) + 3w — wn*|” = 3w — w,||?
= |Jw(w) — jw(wn)‘+ - %Hw - wn”2

and thus
G(w) = G(wn)|" _ [ Tw(w) — Tw(wn)|"

[w — wa| [w — wal|

Consider a sequence w, — w s.t.

|G(w) = G(wn)[*

9G|(w) = lim

n=oojw —wyl

by (61)-(63)
G(w) = Gl _ I Tu(w) = Tu(wn)|

[|w — w | n—oo [ — wh |

+
< [0Tw|(w).

|0G|(w) = Tim
To prove the opposite inequality |07,|(w) < |0G|(w) it is sufficient to consider a sequence s.t.
| T (w) — jw(wn)|+,

)

|0Tw|(w) = lim

e w— w
by (61)-(63) we have

G(w) = Gwa)[" o | Tuw(w) = Fu(wn)[*

|0G|(w) > lim = lim = [0Tw|(w),
e Jw—wa ok Jw—uwp
and the proof is concluded. O
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