THE MAZ’YA-SHAPOSHNIKOVA LIMIT IN THE MAGNETIC SETTING

ANDREA PINAMONTI, MARCO SQUASSINA, AND EUGENIO VECCHI

ABSTRACT. We prove a magnetic version of the Maz’ya-Shaposhnikova singular limit of nonlocal norms
with vanishing fractional parameter. This complements a general convergence result recently obtained by
authors when the parameter approaches one.

1. INTRODUCTION

About fifteen years ago, V. Maz’ya and T. Shaposhnikova proved that for any n > 1 and p € [1, 00),
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whenever u € DJ*(R™) for some s € (0,1). Here I' denotes the Gamma function and the space Dy?(R™) is
the completion of C2°(R™) with respect to the Gagliardo norm
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Their motivation was basically that of complementing a previous result by Bourgain-Brezis-Mironescu [4, 5]
providing new characterizations for functions in the Sobolev space W1?(Q). Precisely, if 2 C R" is a smooth
bounded domain, then for any W1?(Q) there holds
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where @y, ,, is defined by
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being S"~! the unit sphere in R™ and w an arbitrary unit vector of R®. The above singular limits are
natural and also admit a physical relevance in the framework of the theory of Levy processes. Also, there is
a developed theory of fractional s-perimeters [6] and there have been several contributions concerning their
asymptotic analysis in the limits s 1 and s \,0 [1,7,9].

One of the latest generalizations of this kind of convergence results appeared recently in [16] in the context
of magnetic Sobolev spaces W}l’g (Q), see [12]. In fact, a relevant role in the study of particles which interact
with a magnetic field B = V x 4, A : R* — R", is assumed by the magnetic Laplacian (V —iA)? [3,12,15],
yielding to nonlinear Schrédinger equations of the type —(V —iA)?u+u = f(u), which have been extensively
studied (see [2] and the references therein). The operator is defined weakly as the differential of the energy

Wi%Q) 3 u— / |Vu — iA(z)u|?dz.
Q

If A:R™ — R" is a smooth field and s € (0, 1), a nonlocal magnetic counterpart of the magnetic laplacian,

u(r) — ei(z_y)‘A(%y)u(y)
|z — y[nF2s

(—A)ju(@) = c(n,s) lim ay,
=50/ Be(a)
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where ¢(n, s) is a normalization constant which behaves as follows

lim c(n,s)  T'(n/2) lim c(n,s)  2nI'(n/2)
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(1.2)
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was introduced in [8,11] for complex-valued functions, with motivations falling into the framework of the
general theory of Lévy processes. Recently, the authors in [14] (see [16] for p = 2) proved that if A : R* — R"
is a C? vector field, then, for any n > 1, p € [1,00) and any Lipschitz bounded domain  C R®

lu(z) — @) A(%)u(y)g ,
(1.3) lim (1 — s) / / drdy = Qp,n / Vu —iA(z)ul} d,
Q
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for all u € WyP(2), where Q. is as in (1.1) and |z|, := (|[(Rz1, ..., R2) [P +|(Sz1, .. -, %zn)|p)1/p. This
has provided a new nonlocal characterization of the magnetic Sobolev spaces Wj{p (Q).

The main goal of this paper is to complete the picture of [14] by providing a magnetic counterpart of the
convergence result by Maz’ya-Shaposhnikova for vanishing fractional orders s, namely for s \ 0.

We consider a locally bounded vector potential field A : R™ — R™ and the space of complex valued functions
D3 (R",C) defined as the completion of C2°(R",C) with respect to the norm

_ 1:E y)A( )U(y)|pd ; 1/p
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By combining Lemma 2.1 and Lemma 2.3, we shall prove the following result.

Theorem 1.1 (Magnetic Maz’ya-Shaposhnikova). Let n > 1 and p € [1,00). Then for every

we | J DYR(R",C),
0<s<1

there holds
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In particular, while the singular limit as s 1 generates the magnetic gradient V — iA, the limit for
vanishing s tends to destroy the magnetic effects yielding the LP(R™)-norm of the function u. We point out
that, while in (1.3) the norm of complex numbers is | - |, in Theorem 1.1 we use the usual norm |- | =|-|a.
In any case when A = 0 and wu is real-valued the formulas are all consistent with the classical statements.
In the case p = 2, combining the asymptotic formulas in (1.2) with Theorem 1.1 implies that
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c(n, s) u(e) — AT Dy
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for any u € DS’2(R") for some s € (0,1). Although the magnetic setting is mainly meaningful in the
framework of nonlocal Schrédinger equations, we remark that for £ C R”, if E¢:=R" \ E, the quantity
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plays the role of a nonlocal s-perimeter of E depending on A, which reduces for A = 0 to the usual notion of
fractional s-perimeter of E C R™. Then, if £"(FE) denotes the n-dimensional Lebesgue measure of E C R",
Theorem 1.1, applied with p = 1 and w(z) = 1g(z), reads as

1
—dad
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lim sPs(E, A) =
sN\O

provided that P, (E, A) < 400, for some sg € (0,1).
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2. PROOF OF THE MAIN RESULT
The proof of Theorem 1.1 follows by combining Lemma 2.1 and Lemma 2.3 below.
Lemma 2.1 (Liminf inequality). Let n > 1, p € [1,00) and let
we | J DIRL(R",C).

0<s<1
Then (
i zty
. Ju(z) — A u(y)
hmlnfs/ / drdy > by -
sN\0 n n |x7«y|’ﬂ+p5 y = ( /2)” HL (R™)
Proof. If
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the assertion follows. Otherwise, there exists a sequence {sj}ren C (0,1) with s, \, 0 and

_ ilz—y)-A(EHY) _ ilz—y)-A(EHY) p
liminfs/ / [ufz) — e ? Ju(y)l” dxdy = lim sk/ / [ufz) — e * Ju(y)l dxdy,
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the limit being finite. For a.e. 2,y € R™ we have the Diamagnetic inequality (cf. [8, Remark 3.2])
i(z—y)-A( 2t

(2.1) ()] = Ju()]] < [u(z) — @A )u(y)).

In particular, since u € D ’(R", C), we have [u| € Dg**(R") and, for any k > 1,

lJu(z)| — [uly)||P — @ AT )y ()
/n /n o — o —————————dzdy < s;, . o [T dzdy.

Taking the limit as k — oo on both sides and invoking [13, Theorem 3| applied to |u|, yields

42 . lu(z) — e @ 9-ACE) ()P
oty ey < Jim s [ e daay
which concludes the proof. O

Remark 2.2 (Magnetic Hardy inequality). By combining the pointwise Diamagnetic inequality (2.1) with
the fractional Hardy inequality [10], for n > ps the following magnetic Hardy inequality holds: there exists
a positive constant H,, 5, such that

Ju(z)|? — @A )y y)
(22) /]Rn |:L-‘SP d <H71,§7p . . |,’L‘— |n+ps dxdy,

for every u € DZ%(R”, C). Similarly the following magnetic Sobolev inequality holds: there exists a positive
constant Sy, s, such that

n—sp 1w y)A(T+”)u( P
B y)l
(/n |u(x)|n spdx < nsp/ﬂ /n |x—y|”+P9 dxdy,

for every u € D! (R™, C).

Next we state a second lemma completing the proof of Theorem 1.1 when combined with Lemma 2.1.
Lemma 2.3 (Limsup inequality). Let n > 1, p € [1,00) and let
wve |J DIHR",C).

0<s<1
Then -
; o4y
. lu(z) — @ AT )y (y) P Ay /2
limsup s / / dzdy < .
AN} n JRn |z — y|ntps ( /2) [|w HLp(R
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Proof. It uw ¢ LP(R™), there is nothing to prove. Hence, we may assume that u € L?(R™). We observe that

i z4y
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S/n /n |x—y|”+1’5 dxdy
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where the last equality follows noticing that since |e¢!(*=%) A( )| =1 then

i(z—y)-A(ZtY i(z—y) A2ty
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Using the triangle inequality for the LP-norm on R?" and recalling that |e v—y)-A(5 )| =1, yields
_ i(m—y)-A(2EE) P
[ e e,
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We claim that

p
lim s/ / 7|u(y)rl+g dxzdy = 0.
N0 S Sy 21y [2 = y[n TP

Observe that 2|z — y| > |y| + (Jy| — 2|=|). Then, if |y| > 2|z| we get 2|z — y| > |y|. Now, if "~ denotes
the (n — 1)-dimensional Haudorff measure, it follows that

u(y)P v Juy) P v
</ / n+sp da:dy) < s'/P <2n+sp/ 3+sp (/ dx) dy>
n J{yi>2120) |17— | » |yl {J=I<lyl/2}
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and the last term goes to zero as s N\, 0. Notice that y — |y| *u(y) remains bounded in LP(R™) as s \, 0
by the argument indicated here below. Observe now that, if |y| > 2|x| we then get |z — y| > |z| yielding

1/p
P p
/ / )'J—Q—G dl’dy / / ( )n|+s
n Jly1>21al) |9C— e n J{a—yiz ey 1 =Yl b
p n—1/Qn—1\1/p D 1/p
- s/ |u(:c)|p/ 7di dx = a (18 ) (/ [u()] da:) .
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Moreover ||~ *P|u(z)|? = fs(x) + gs(x), where

£y o P

[P

|u(z)|?

[P

1p(0,1)(), gs(w) := 10,1y () < Ju(x)|P1p(0,1)- () € L'(R™),

and s — f, is decreasing and, moreover, by the Hardy inequality (2.2) and the assumption on w, it follows
that f; € L*(R™) for some 3 € (0, 1). Hence, by monotone and dominated convergence, we conclude that

P sn—1(sn—1 2 n/2
o [ [P e :
N0 re J {jy[>202)} 1T *y\ P

[l gy = 0] Il ey -
Then, we conclude from the above inequalities that

(z—y)- A( ) A/ 2
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We claim that

i(z—y) A(ZEY
(2.4) lim sup 28/ / [u(@) = A )u(y)|p dxdy = 0.
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By assumption let 7 € (0,1) such that u € D,(R"). Now let N > 1 and s < 7. Then

i A o
23// u(z) — ¢ - O} e
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Let us consider Z first. Since |z — y| < N, it holds that
1 |£L’ _ y|p(‘rfs) Np(Tfs)
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Therefore Z goes to zero as s \, since
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Let us now move to ZZ. Since |u(x) - ei(‘”fy)'A(zzy)u( )P < 2r-t (|u(m)|p + |u(y)?), we get

P
IT < 2Ps / / [uz )|+ dady + 275 / / (y)|+ dedy =: TT' + IT".
nJ {o—y>Ny |7 —y[r TP nJ {o—y/>ny |7 —y[r TP

{lzI<ly|<2le]} {lzI<lyl<2le]}
Regarding Z7', since |x — y| > N and |y| < 2|z|, it holds
N <o —y| < o[+ |y| <3,
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which implies that |2| > &' In particular, this also implies that
u(x)?
I7' < 2Ps Ldy dr < C(n,p) |u(z)|P d.
_ n-+sp
a2/} \(lo—y|zn} [ = Yl {l21>N/3)

For ZT", since as before |z —y| > N and |z| < |y|, we have

which implies |y| >

N <z —y| <l|z|+ |y < 2|yl

>

N
— . Therefore, we get
2

=

17" < 2]03/ lu(y)[P /{ 1 g dy < C(n,p) / |u(y)[” dy.

(wl=N/3) s> Ny 2] TeP (ly|=N/3)

Combining the estimates for ZZ' and ZZ", we get

1T < Cn,p) / () Pda,
{lz|>N/3}

which is a bound independent of s. Now, going back to

B(0,N/3)¢)?

(z—vy) A =ty
lim sup 2s |u(@) — ey A )“(Il/)|p dzdy < 2C(n,p)||lull}
S\Up m Hlel<lyl<2lz]} |z —y|"tep v= DI Lo

and (2.4) follows letting N — oo, since u € LP(R™). Collecting (2.3) and (2.4), the assertion follows. O
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