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Abstract. The Faber-Krahn inequality states that balls are the unique minimizers of the first

eigenvalue of the p-Laplacian among all sets with a fixed volume. In this paper we prove a sharp

quantitative form of this inequality. This extends to the case p > 1 a recent result proved by

Brasco, De Philippis and Velichkov [10] for the Laplacian.
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1. Introduction

For an open set Ω ⊂ Rn the first Dirichlet eigenvalue of the p-Laplacian is defined for p > 1 as

λp(Ω) := min

{∫
Ω
|∇u|p dx : ‖u‖Lp(Ω) = 1 andu ∈W 1,p

0 (Ω)

}
and coincides with the smallest number λ such that the Dirichlet problem{

−div(|∇u|p−2∇u) = λ|u|p−2u in Ω

u = 0 on ∂Ω

has a nontrivial solution. We recall the Faber-Krahn inequality stating that balls are the unique

minimizers of λp(Ω) among all open sets with a given volume. Denoting by B the unit ball and

using the rescaling law λp(rΩ) = r−pλp(Ω), we can restate it as

|Ω|
p
nλp(Ω) ≥ |B|

p
nλp(B). (1.1)

A natural question which arises from the characterization of balls as the only sets for which the

equality holds in (1.1) is the stability of this inequality. In other words one would like to prove

an estimate of the type

|Ω|
p
nλp(Ω)− |B|

p
nλp(B) ≥ d(Ω),
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where d(Ω) is a scaling invariant asymmetry functional measuring in a precise sense the distance

from Ω to a ball.

In the case of the Dirichlet eigenvalue for the Laplacian this issue was first studied by Hansen

and Nadirashvili in [20] for simply connected domains and by Melas in [24] for convex sets, using

suitable asymmetry functionals. For a general open set it is reasonable, see [15, 14, 11], to use the

so-called Fraenkel asymmetry which is defined as

A(Ω) = min

{
|Ω∆Br|
|Br|

: |Br| = |Ω|
}
. (1.2)

The quantitative estimate

|Ω|
p
nλp(Ω)− |B|

p
nλp(B) ≥ γA(Ω)α, (1.3)

with α = 3 and γ = γ(p) > 0, was first obtained by Bhattacharya in [6] in the two dimensional

case. Later on his result was extended to any dimension by Maggi, Pratelli and the first author,

who proved in [16] that (1.3) holds with α = p+ 2 and γ(p, n) > 0. Very recently Brasco and De

Philippis in [9] gave a shorter proof of (1.3) for the Laplacian, with α = 3 and n ≥ 2. Although

they only consider this model case, it is clear that their proof works also for the p-Laplacian.

All the exponents obtained in these papers are not sharp. Indeed, it was independently con-

jectured by Bhattacharya and Weitsman [7] and by Nadirashvili [25] that at least for the first

eigenvalue of the Laplacian the optimal exponent in the above inequality should be 2, i.e., that

there exists a positive constant γ(n) such that for any open set of finite measure

|Ω|
2
nλ2(Ω)− |B|

2
nλ2(B) ≥ γA(Ω)2. (1.4)

This conjecture has been recently proved by Brasco, De Philippis and Velichkov in [10] with a

deep proof inspired by the regularity theory of Alt and Caffarelli for free boundary problems.

Note that the exponent 2 in (1.4) is optimal. In fact, see [9, Sect. 2.6], if one considers the family

of ellipsoids

Ωε = {x = (x′, xn) ∈ Rn−1 × R : |x′|2 + |xn|2(1 + ε) < 1},
it is not to hard to show that for ε→ 0

|Ωε|
2
nλ2(Ωε)− |B|

2
nλ2(B) ' ε2 and A(Ω) ' ε.

In this paper we extend the result of [10] proving that (1.4) still holds with the optimal exponent

2 if one replaces λ2(Ω) with the first eigenvalue of the p-Laplacian. More generally, we consider

the optimal constants for the Sobolev–Poincaré inequality

λp,q(Ω) := min

{∫
Ω
|∇u|p dx : ‖u‖Lq(Ω) = 1 andu ∈W 1,p

0 (Ω)

}
, (1.5)

where q satisfies the following bounds{
1 ≤ q < p∗ := np/(n− p) if 1 < p < n,

1 ≤ q <∞ if p ≥ n.
(1.6)

Note that if q = p > 1 then λp,p(Ω) is the first eigenvalue of the p-Laplacian, while 1/λ2,1(Ω)

coincides with the classical torsional rigidity of Ω, which is defined as

T (Ω) = sup

{(∫
Ω
u dx

)2

:

∫
Ω
|∇u|2 dx = 1 andu ∈W 1,2

0 (Ω)

}
.

These quantities satisfy the scaling law

λp,q(rΩ) = r
nq−np−qp

q λp,q(Ω) for r > 0.
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Moreover a generalized version of the Faber-Krahn inequality states that

Dp,q(Ω) := λp,q(Ω)|Ω|
np+qp−nq

qn − λp,q(B)|B|
np+qp−nq

qn ≥ 0, (1.7)

with the equality holding if and only if Ω is a ball.

The main result of this paper is the following quantitative Faber-Krahn inequality.

Theorem 1.1. Let n ≥ 2, p > 1, and let q ≥ 1 be an exponent as in (1.6). There exists a constant

γ, depending only on p, n, q such that for every open set Ω with finite measure

Dp,q(Ω) ≥ γA(Ω)2. (1.8)

The proof of this result follows the strategy originally devised in [10]. However, the nonlinear,

degenerate nature of the p-Laplacian equation gives rise to substantial difficulties that require at

various stages new technical tools and ideas. Let us briefly describe the main steps of the proof.

As in [10], we show that a slightly weaker quantitative estimate

E(Ω)− E(B) ≥ γA(Ω)2 (1.9)

holds for any open set with |Ω| = |B|, where E(Ω) is the functional

E(Ω) := min
u∈W 1, p

0 (Ω)

{
1

p

∫
Ω
|∇u|p dx−

∫
Ω
u dx

}
. (1.10)

Then, the general estimate (1.8) is quickly deduced by combining (1.9) with the following extension

of the Kohler-Jobin inequality due to Brasco [8]

λp,q(Ω)

λp,q(B)
≥
(
E(B)

E(Ω)

)α
,

where α is a suitable exponent depending only on p, q, n and p and q are as above.

The proof of the stability inequality (1.9) is achieved in two steps. Following a strategy which

is used in the proof of several quantitative isoperimetric type inequalities, we first deal with open

sets C2,α close to the unit ball. In this case we show that (1.9) holds in a stronger form

E(Ω)− E(B) ≥ c(n, p)‖ϕ‖2
H

1
2 (∂B)

, (1.11)

where ϕ ∈ C2,α(∂B) is a function whose normal graph on the unit sphere coincides with ∂Ω, i.e.,

∂Ω = {x + xϕ(x) : x ∈ ∂B}. However, for the p-Laplacian even this preliminary step is by no

means obvious. The reason is that the function uΩ minimizing the right hand side of (1.10) is a

weak solution of the degenerate elliptic equation

−div(|∇uΩ|p−2∇uΩ) = 1, (1.12)

for which C2,α global estimates are false. Thus, it is natural to regularize the functional E(Ω),

setting for κ ∈ (0, 1)

Eκ(Ω) := min
u∈W 1, p

0 (Ω)

{
1

p

∫
Ω

(κ2 + |∇u|2)
p
2 dx−

∫
Ω
u dx

}
.

Then, the key point in the proof is to show, using a delicate regularity argument, see Lemmas 2.5

and 2.7, that when Ω is sufficiently close in C2,α to the unit ball B then

Eκ(Ω)− Eκ(B) ≥ c(n, p)‖ϕ‖2
H

1
2 (∂B)

,

with a constant independent of κ. Hence, the validity of (1.11) for E(Ω) follows by letting κ→ 0.
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Next step is to prove (1.9) for any open set. To this aim we first observe, see Lemma 4.4, that

we may always assume that Ω is contained in a sufficiently large ball BR. Then, we prove that if

σ > 0 is sufficiently small then for any Ω ⊂ BR with |Ω| = |B|

E(Ω)− E(B) ≥ σ4A(Ω), (1.13)

where A(Ω) is a new asymmetry functional introduced in [10] by setting

A(Ω) :=

∫
Ω∆B(xΩ)

|1− |x− xΩ|| dx,

where B(xΩ) is the ball of radius 1 centered at the barycenter xΩ of Ω. Note that A(Ω) is

estimated from below by the square of the Fraenkel asymmetry A(Ω)2, see Lemma 3.2. Thus

(1.13) immediately yields (1.9).

In order to prove (1.13) we use an argument by Cicalese and Leonardi [11], see also [2]. In

short, it goes as follows. We argue by contradiction assuming that there exists a sequence of open

sets Ωj ⊂ BR for which

|Ωj | = |B|, εj := A(Ωj)→ 0, E(Ωj)− E(B) < σ4A(Ωj). (1.14)

Then for each j we consider a (quasi) open set Uj minimizing the following problem

inf{E(U) +
√
ε2
j + σ2(A(U)− εj)2 + fη(|U |) : U ⊂ BR}, (1.15)

where, as in [10], fη(|Ω|) is a suitable penalization of the original volume constraint |U | = |B|.
The goal is to show that the minimizers Uj converge in C2,α to the unit ball and that

E(Uj)− E(B) ≤ Cσ‖ϕj‖2
H

1
2 (∂B)

,

for a positive constant C = C(p, n), where the function ϕj parametrizes the boundary of Uj .

Then (1.13) is established by observing that this inequality contradicts (1.11) provided we choose

σ small enough. This contradiction argument motivates the choice of the new asymmetry. In fact

A(Ω) is sufficiently more regular than the Fraenkel asymmetry to guarantee the regularity of the

minimizers of (1.15).

To get the C2,α convergence of the Uj we need to establish a priori regularity estimates. To this

aim we observe that each Uj solves a free boundary problem. Then, following [10], we adapt the

regularity theory developed by Alt and Caffarelli [3] for a free boundary problem for the Laplacian.

As a matter of fact, this theory was extended to the p-Laplacian by Danielli and Petrosyan [12].

However, we cannot use directly their result since in our case the equation (1.12) satisfied by

the minimizers uj of E(Uj) is not homogeneous. Due to the nonlinearity of the p-Laplacian, the

presence of a non-zero right hand side requires a series of not trivial modifications. In particular,

two steps in the regularity proof must be handled with care. The first one is the global Lipschitz

continuity of the uj , see Lemmas 3.11 and 3.12 and Theorem 3.13. The second one is the regularity

Theorem 3.23. The necessary changes to the proof of this latter result are given in Section 5.

2. The nearly spherical case

In the following we shall denote by Br(x) the ball with center at x and radius r. We shall also

use the following simplified notation

Br := Br(0), B(x) := B1(x), B := B(0) .
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We say that a bounded open set Ω ⊂ Rn is a nearly spherical set of class C2,α parametrized by ϕ

if there exists a function ϕ ∈ C2,α(∂B) with ‖ϕ‖L∞(∂B) ≤ 1/2 such that

∂Ω := {x ∈ Rn : x = (1 + ϕ(y))y, y ∈ ∂B}.

Given a function ϕ ∈ H1/2(∂B) we define the H1/2(∂B) norm of ϕ by setting

‖ϕ‖2
H1/2(∂B)

:= ‖ϕ‖2L2(∂B) + [ϕ]2
H1/2(∂B)

:= ‖ϕ‖2L2(∂B) +

∫
B
|∇ϕ̃(x)|2 dx, (2.1)

where ϕ̃ ∈ H1(B) is the harmonic extension of ϕ, that is the harmonic function such that ϕ̃ = ϕ

on ∂B. Note that this norm is equivalent to the one defined by replacing [·]H1/2(∂B) with the

so-called Gagliardo seminorm, see for instance [19, (1,3,3,3)].

In the following, for any integer k ≥ 0 we denote by yk,i, i = 1, . . . , N(k, n), the harmonic

polynomials of degree k on ∂B, normalized so that ‖yk,i‖L2(∂B) = 1. Recall that for any k and i,

yk,i is a non trivial solution of the equation

−∆Sn−1yk,i = k(k + n− 2)yk,i on ∂B, (2.2)

where ∆Sn−1 denotes the Laplace–Beltrami operator on the unit sphere. Recall that the polyno-

mials yk,i form an orthonormal base for L2(∂B). Therefore for every ϕ ∈ L2(∂B) we have

‖ϕ‖2L2(∂B) =
∞∑
k=0

N(k,n)∑
i=1

a2
k,i,

where ak,i is the Fourier coefficient of ϕ with respect to yk,i. Moreover, it is well known that the

seminorm [ϕ]H1/2(∂B) defined in (2.1) is equivalent to the square root of the following quantity

∞∑
k=1

N(k,n)∑
i=1

ka2
k,i.

The next lemma on a slight deformation of the unit ball is proved in [10, Lemma A.1]. Recall

that if E ⊂ Rn and δ > 0 the δ-neighborhood of E is defined by setting

Nδ(E) := {x ∈ Rn : dist(x; ∂E) < δ}.

Lemma 2.1. Given α ∈ (0, 1) there exist δ = δ(α, n) > 0 and a modulus of continuity ω such

that for every nearly spherical set Ω parametrized by ϕ with ‖ϕ‖C2, α(∂B) ≤ δ and |Ω| = |B|, we

can find an autonomous vector field X ∈ C2,α(Rn) for which the following properties hold.

(i) X is parallel to x and divX = 0 in Nδ(B);

(ii) if Φt = Φ(t, x) is the flow associated to X, namely

∂tΦt = X(Φt) Φ0(x) = x,

then |Φt(B)| = |B| for all t ∈ [0, 1], Φ1(∂B) = ∂Ω and∫
∂B
X · νB dHn−1 = 0, (2.3)

where νB is the exterior normal to ∂B;

(iii) moreover, the following estimates hold:

‖Φt − Id‖C2, α ≤ ω(‖ϕ‖C2, α(∂B)) for every t ∈ [0, 1]. (2.4)(
X · x
|x|

)
◦ Φt −X · νB = ψtX · νB on ∂B, (2.5)
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with ‖ψt‖C2, α(∂B) ≤ ω(‖ϕ‖C2, α(∂B)).

‖ϕ−X · νB‖L2(∂B) ≤ ω(‖ϕ‖L∞(∂B))‖ϕ‖L2(∂B) (2.6)

‖ϕ−X · νB‖
H

1
2 (∂B)

≤ ω(‖ϕ‖L∞(∂B))‖ϕ‖H 1
2 (∂B)

. (2.7)

Finally, if ϕ ∈ C∞(∂B), then X ∈ C∞(Rn).

Given κ ∈ [0, 1] and a bounded open set Ω ⊂ Rn, we consider the following quantity

Eκ(Ω) := min
u∈W 1, p

0 (Ω)

{
1

p

∫
Ω

(κ2 + |∇u|2)
p
2 dx−

∫
Ω
u dx

}
. (2.8)

We shall simply write E(Ω) when κ = 0. Now, given a nearly spherical set Ω parametrized by ϕ,

with |Ω| = |B|, we consider the flow Φt given by Lemma 2.1. Setting Ωt := Φt(B), for all t ∈ [0, 1]

we denote by uκ,t the unique minimizer of Eκ(Ωt). Then uκ,t is the solution of the equation{
−div

(
(κ2 + |∇uκ,t|2)

p−2
2 ∇uκ,t

)
= 1 in Ωt

uκ,t = 0 on ∂Ωt.
(2.9)

Moreover,

eκ(t) := Eκ(Ωt) =
1

p

∫
Ωt

(κ2 + |∇uκ,t|2)
p
2 dx−

∫
Ωt

(κ2 + |∇uκ,t|2)
p−2

2 |∇uκ,t|2 dx. (2.10)

Again, when κ = 0 we shall drop the subscript κ by writing e(t) and ut in place of eκ(t) and uκ,t,

respectively. A direct computation shows that

u0 := u0,0 =
p− 1

p
n
− 1
p−1
(
1− |x|

p
p−1
)
, ∇u0 = −n−

1
p−1 |x|

1
p−1 θ, (2.11)

where

θ :=
x

|x|
. (2.12)

The next theorem contains all the regularity properties of the solutions uκ,t which we are going

to use in the following.

Theorem 2.2. Let κ ∈ [0, 1], p > 1, α ∈ (0, 1). There exist β ∈ (0, α) and a modulus of continuity

ω depending only on p, α, n, but not on κ, such that if Ω is a C2,α nearly spherical set parametrized

by ϕ and ‖ϕ‖C2,α(∂B) < δ, where δ is the one in Lemma 2.1, then for all t ∈ [0, 1] and κ ∈ [0, 1]

we have

‖u0 − uκ,t ◦ Φt‖C1,β(B) ≤ ω(‖ϕ‖C2, α(∂B) + κ) . (2.13)

Moreover, given r ∈ (0, 1), there exist δ′ > 0, 0 < γ < α and a modulus of continuity ω′, depending

only on p, α, n, r, such that if ‖ϕ‖C2,α(∂B) + κ < δ′, then for all t ∈ [0, 1]

‖u0 − uκ,t ◦ Φt‖C2, γ(B\Br) ≤ ω
′(‖ϕ‖C2, α(∂B) + κ). (2.14)

Proof. By applying the result in [22, Th. 1] to the solutions of (2.9) we get that there exist

β′ ∈ (0, α) and C > 0, depending only on p, α, n and δ, such that if κ ∈ [0, 1] and t ∈ [0, 1] then

‖uκ,t‖C1,β′ (Ωt)
≤ C. (2.15)

Fix now β ∈ (0, β′). Then, (2.13) follows by a contradiction argument. To this aim, given three

sequences ϕj , κj ∈ [0, 1] and tj ∈ [0, 1] such that ‖ϕj‖C2, α(∂B) +κj → 0, denote by uj the solutions
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of (2.9) with κ = κj , t = tj in Φj(tj , B), where the flow Φj is associated to ϕj as in Lemma 2.1.

If for such a sequence we have that

lim sup
j→∞

‖u0 − uj ◦ Φj(tj , ·)‖C1,β(B) > 0 (2.16)

from estimate (2.15) it follows that we may extract a not relabelled subsequence such that vj :=

uj ◦ Φj(tj , ·) converges to some function u in C1,β(B). On the other hand each vj satisfies the

equation{
−div

((
κ2
j +

∣∣((∇Φj(tj , ·))−1
)T∇vj∣∣2) p−2

2 Mj∇vj
)

= det∇Φj(tj , ·) in B

vj = 0 on ∂B,

where Mj =
(

det∇Φj(tj , ·)
)
(∇Φj(tj , ·))−1

(
∇Φj(tj , ·))−1

)T
. Thus, from the C1,β convergence of

vj to u and (2.4) it follows that{
−div

(
|∇u|p−2∇u

)
= 1 in B

u = 0 on ∂B,

hence u = u0, thus contradicting (2.16).

Finally, since |∇u0| > 0 in B \ {0} from (2.13) it follows that, given r ∈ (0, 1), there exist δ′

and c0, depending on δ′ and r, such that if ‖ϕ‖C2,α(∂B) + κ < δ′ then, for all t ∈ [0, 1]

c0 ≤ |∇uκ,t| ≤
1

c0
in Ωt \Br.

Then, by differentiating the equation satisfied by uκ,t and using the classical Schauder estimates,

see [17, Ch. 6], we have that there exist γ′ ∈ (0, 1) and C > 0 such that, if ‖ϕ‖C2,α(∂B) + κ < δ′,

‖uκ,t‖C2,γ′ (Ωt\Br) ≤ C.

From this estimate (2.14) follows by the same contradiction argument used to prove (2.13). �

Before going on we need to establish a few inequalities that will be used in the sequel.

Lemma 2.3. Let p > 1. There exists c(p) ≥ 0 such that if κ ≥ 0 and ξ, η ∈ Rn then(
(κ2 + |ξ|2)

p−2
2 ξ − (κ2 + |η|2)

p−2
2 η
)
· (ξ − η) ≥ c(κ2 + |ξ|2 + |η|2)

p−2
2 |ξ − η|2. (2.17)

Moreover there exists another constant C(p) ≥ 0 such that if Ω ⊂ Rn is an open set and for

u, v ∈W 1, p(Ω) and 0 ≤ s ≤ 1, we set

us(x) = su(x) + (1− s)v(x),

then the following two inequalities hold:∫
Ω
|∇u−∇v|p ≤ C

∫ 1

0

1

s
ds

∫
Ω

(|∇us|p−2∇us − |∇v|p−2∇v) · ∇(us − v) if p ≥ 2, (2.18)

while, if 1 < p < 2,∫
B
|∇u−∇v|p ≤ C

(∫ 1

0

1

s
ds

∫
Ω

(|∇us|p−2∇us− |∇v|p−2∇v) · ∇(us− v)
) p

2
(∫

Ω
(|∇u|+|∇v|)p

)1− p
2
.

(2.19)
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Proof. If 1 < p < 2 the proof of (2.17) is contained in the proof of Lemma 2.2 in [1], while if p ≥ 2

it is similar and simpler.

Given u, v ∈W 1,p(Ω), if p ≥ 2 we may easily estimate∫
Ω
|∇u−∇v|p = p

∫ 1

0

1

s
ds

∫
Ω
|∇(us − v)|p,

hence (2.18) immediately follows by applying (2.17) with κ = 0.

When 1 < p < 2, we also use (2.17) to obtain∫
Ω
|∇(u− v)|2(|∇u|+ |∇v|)p−2 = 2

∫ 1

0
s ds

∫
Ω
|∇(u− v)|2(|∇u|+ |∇v|)p−2

≤ C(p)

∫ 1

0

1

s
ds

∫
Ω
|∇(us − v)|2(|∇us|+ |∇v|)p−2

≤ C(p)

∫ 1

0

1

s
ds

∫
Ω

(|∇us|p−2∇us − |∇v|p−2∇v) · ∇(us − v).

Then (2.19) follows by Hölder inequality∫
B
|∇u−∇v|p ≤

(∫
Ω
|∇(u− v)|2(|∇u|+ |∇v|)p−2

) p
2
(∫

Ω
(|∇u|+ |∇v|)p

)1− p
2

≤ C(p)
(∫ 1

0

1

s
ds

∫
Ω

(|∇us|p−2∇us − |∇v|p−2∇v) · ∇(us − v)
) p

2
(∫

Ω
(|∇u|+|∇v|)p

)1− p
2
.

�

The next step is to calculate e′κ(t) and e′′κ(t) for κ > 0. The corresponding formulas are stated

in the next lemma, where we have denoted by HΩt := divνΩt the mean curvature of Ωt.

Lemma 2.4. Let Ω be smooth nearly spherical set satisfying the assumptions of Lemma 2.1 and

let Φt be a flow as in that lemma. Then, if 0 < κ ≤ 1 and t ∈ [0, 1] we have

e′κ(t) =
1

p

∫
Ωt

div
(
(κ2+|∇uκ, t|2)

p
2X
)
dx−

∫
Ωt

div
(
(κ2 + |∇uκ, t|2)

p−2
2 |∇uκ, t|2X

)
dx, (2.20)

where X is as in Lemma 2.1. Moreover, denoting by Xτ the tangential component of X, we have

e′′κ(t) =

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 (∇u̇κ, t · νΩt)u̇κ, t dH
n−1

+ (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 (∇u̇κ, t · ∇uκ, t)(∇uκ, t · νΩt)u̇κ, t dH
n−1

−
∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 (∇2uκ, t[∇uκ, t] ·Xτ )(X · νΩt) dH
n−1

− (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇uκ, t|2(∇2uκ, t[∇uκ, t] ·Xτ )(X · νΩt) dH
n−1

+

∫
∂Ωt

|∇uκ, t|
(
(κ2 + |∇uκ, t|2)

p−2
2 |∇uκ, t|HΩt − 1

)
(X · νΩt)

2 dHn−1, (2.21)

where u̇κ, t is the unique solution in H1(Ωt) of the equation{
div((κ2+|∇uκ, t|2)

p−2
2 ∇u̇κ, t + (p−2)(κ2+|∇uκ, t|2)

p−4
2 (∇uκ, t · ∇u̇κ, t)∇uκ, t) = 0 in Ωt

u̇κ, t = −∇uκ, t ·X on ∂Ωt.

(2.22)
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Proof. We start by observing that the map t 7→ vκ,t(x) := uκ,t(Φt(x)) ∈ C∞(B) is a smooth map.

Indeed this is a consequence of a classical differentiability result based on the implicit function

theorem for maps with values in Banach spaces. The detailed proof of this fact can be found in [21],

see in particular Proposition 5.3.7, where the authors consider the case of Laplacian. However,

the same argument used therein applies to our case due to the uniform ellipticity of the equation

satisfied by vκ,t, which in turn holds since κ > 0 . Observe also that, setting u̇κ, t(x) := ∂tuκ, t(x),

we immediately get that u̇κ, t solves equation (2.22).

Let us now recall that Hadamard formula, see for instance [21, Sect. 5.2], states that if f is

sufficiently smooth then

d

dt

∫
Ωt

f(t, x) dx =

∫
Ωt

∂tf(t, x) dx+

∫
∂Ωt

f(t, x)(X · νΩt) dH
n−1, (2.23)

where νΩt is the exterior normal to Ωt. Hence from (2.10) we get

e′κ(t) = −
∫

Ωt

(κ2 + |∇uκ, t|2)
p−2

2 ∇uκ, t · ∇u̇κ, t dx+
1

p

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p
2 (X · νΩt) dH

n−1

− (p− 2)

∫
Ωt

(κ2 + |∇uκ, t|2)
p−4

2 (∇uκ, t · ∇u̇κ, t)|∇uκ, t|2 dx

−
∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 |∇uκ, t|2(X · νΩt) dH
n−1.

Multiplying (2.22) by uk,t and integrating, we get that the sum of the two volumes integrals in

the above equality is zero. Therefore (2.20) follows, by applying the divergence theorem to the

two boundary integrals.

Using again (2.23) to differentiate e′κ(t) and the divergence theorem we obtain

e′′κ(t) = −
∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 (∇uκ, t · ∇u̇κ, t)(X · νΩt) dH
n−1

− (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 (∇uκ, t · ∇u̇κ, t)|∇uκ, t|2(X · νΩt) dH
n−1

+
1

p

∫
∂Ωt

div((κ2 + |∇uκ, t|2)
p
2X)(X · νΩt) dH

n−1

−
∫
∂Ωt

div((κ2 + |∇uκ, t|2)
p−2

2 |∇uκ, t|2X)(X · νΩt) dH
n−1. (2.24)

Observe that on ∂Ωt

∇uκ, t = −|∇uκ, t|νΩt , (2.25)

and hence

∇uκ, t · ∇u̇κ, t = −|∇uκ, t|(∇u̇κ, t · νΩt).
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Therefore from (2.24), recalling that divX = 0 in a neighborhood of ∂B and that u̇κ,t = −∇uκ,t ·X
on ∂Ωt, one obtains

e′′κ(t) =

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 (∇u̇κ, t · νΩt)u̇κ, t dH
n−1

+ (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 (∇u̇κ, t · ∇uκ, t)(∇uκ, t · νΩt)u̇κ, t dH
n−1

−
∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 (∇2uκ, t[∇uκ, t] ·X)(X · νΩt) dH
n−1

− (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇uκ, t|2(∇2uκ, t[∇uκ, t] ·X)(X · νΩt) dH
n−1. (2.26)

Decomposing X into the sum Xτ + (X · νΩt)νΩt , the last two integrals in (2.26) become

−
∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 (∇2uκ, t[∇uκ, t] ·Xτ )(X · νΩt) dH
n−1

− (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇uκ, t|2(∇2uκ, t[∇uκ, t] ·Xτ )(X · νΩt) dH
n−1

+

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 |∇uκ, t|(∇2uκ, t[νΩt ] · νΩt)(X · νΩt)
2 dHn−1

+ (p− 2)

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇uκ, t|3(∇2uκ, t[νΩt ] · νΩt)(X · νΩt)
2 dHn−1 . (2.27)

Furthermore using (2.9) and (2.25) on ∂Ωt and recalling that div νΩt = HΩt , one has

−1 = div
(
(κ2 + |∇uκ, t|2)

p−2
2 ∇uκ, t) = −div

(
(κ2 + |∇uκ, t|2)

p−2
2 |∇uκ, t|νΩt)

= −(κ2 + |∇uκ, t|2)
p−2

2 |∇uκ, t|HΩt + (κ2 + |∇uκ, t|2)
p−2

2 ∇2uκ, t[νΩt ] · νΩt

+ (p− 2)(κ2 + |∇uκ, t|2)
p−4

2 |∇uκ, t|2∇2uκ, t[νΩt ] · νΩt .

Then (2.21) follows from (2.26) by inserting this equality in the last two addends of (2.27). �

Next step is to let κ→ 0. To this aim, denoting by µ the measure |x|
p−2
p−1 dx, we introduce the

following weighted Sobolev space

W 1,2(B;µ) :=

{
u ∈ H1

loc(B \ {0}) :

∫
B
|∇u|2 dµ <∞

}
.

and the corresponding subspace W 1,2
0 (B;µ) of functions with 0 trace on ∂B. Note that when

x → 0 the weight |x|
p−2
p−1 tends to 0 if p > 2, while it goes to ∞ if 1 < p < 2. Next lemma gives

the limit of the second derivatives of eκ(t) when both κ and t tend to 0.

Lemma 2.5. Let Ω satisfy the assumptions of Lemma 2.4. Then e(t) is differentiable for all

t ∈ [0, 1] and

e′(t) =
1− p
p

∫
∂Ωt

|∇u0, t|pX · νΩt dH
n−1. (2.28)

Moreover,

n
p−2
p−1 lim

t→0
κ→0

e′′κ(t) =

∫
B
|x|

p−2
p−1 |∇ŵ|2 dx+ (p− 2)

∫
Ωt

|x|
p−2
p−1 |θ · ∇ŵ|2 dx−

∫
∂B
ŵ2 dHn−1, (2.29)
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where θ is as in (2.12) and ŵ is the unique weak solution in W 1,2(B;µ) of the equation{
div(|x|

p−2
p−1∇ŵ + (p− 2)|x|

p−2
p−1 (θ · ∇ŵ)θ) = 0 in B

ŵ = n
− 1
p−1X · νB on ∂B.

(2.30)

Proof. Step 1. Fix 0 < r < 1. By (2.14) the functions uκ,t ◦Φt are equibounded in C2,γ(B \Br)
and |∇uκ,t| ≥ c(r) in B \ Br for κ and t small. Therefore, recalling (2.22), classical elliptic

estimates imply that the functions u̇κ,t ◦ Φt are equibounded in C1,γ(B \ Br). Therefore, there

exists a sequence (κi, ti) → (0, 0) with κi > 0, such that u̇κi,ti converge uniformly away from the

origin to a function ŵ ∈ C1(B \ {0}). Moreover, multiplying (2.22) by u̇κ,t and integrating, we

get that∫
Ωt

(κ2 + |∇uκ, t|2)
p−2

2 |∇u̇κ, t|2 dx+ (p− 2)

∫
Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇u̇κ, t · ∇uκ, t|2 dx ≤ C,

for a suitable constant independent of κ and t. Therefore, passing to the limit as (κi, ti)→ (0, 0)

and recalling (2.13) and (2.11), we have from the previous inequality that∫
B
|∇ŵ|2 dµ <∞,

hence ŵ ∈W 1,2(B;µ). Moreover, ŵ = n
− 1
p−1X · νB on ∂B.

Let us now fix a function v ∈ W 1,2(B \ {0}) with compact support in B \ {0}. Passing to the

limit in the equation (2.22) we then have∫
B
∇ŵ · ∇v + (p− 2)(θ · ∇ŵ)(θ · ∇v)dµ = 0. (2.31)

We want to show that the same equation is satisfied indeed for every v ∈ W 1,2
0 (B;µ) and that ŵ

is the unique solution to (2.31) in W 1,2(B;µ) such that ŵ = n
− 1
p−1X · νB on ∂B. To this aim, let

us fix 0 < r < 1 and a cut-off function ηr ∈ C∞(B) such that 0 ≤ ηr ≤ 1, ηr ≡ 1 in B \Br, ηr ≡ 0

in Br/2 and |∇ηr| ≤ c/r. Inserting vηr in the above equation we get∫
B
ηr∇ŵ ·∇v+(p−2)ηr(θ ·∇ŵ)(θ ·∇v)dµ = −

∫
B
v∇ŵ ·∇ηr+(p−2)v(θ ·∇ŵ)(θ ·∇ηr)dµ . (2.32)

In order to pass to the limit in the above equation we have to distinguish two cases.

Step 2. Let us assume that p ≥ n
n−1 and that v is bounded. In this case, we may estimate the

right hand side of (2.32) by

(p− 1)

∫
Br

|v||x|
p−2
p−1 |∇ŵ||∇ηr| dx ≤

c‖v‖∞
r

(∫
Br

|x|
p−2
p−1 |∇ŵ|2 dx

) 1
2
(∫

Br

|x|
p−2
p−1 dx

) 1
2

≤ c‖v‖∞r
p−2

2(p−1)
+n

2
−1
(∫

Br

|x|
p−2
p−1 |∇ŵ|2 dx

) 1
2

.

Note that since p−2
2(p−1) + n

2 − 1 ≥ 0 the last term in the above chain of inequalities converges to

0 as r → 0. Passing to the limit as r → 0 in (2.32) we conclude that (2.31) holds also when

v ∈W 1,2
0 (B;µ) ∩ L∞(B). Hence, by density, (2.31) holds for all v ∈W 1,2

0 (B;µ).

Let us assume now that 1 < p < n
n−1 . This case is more delicate. Observe first that∫

B
∇ŵ · ∇ηr + (p− 2)(θ · ∇ŵ)(θ · ∇ηr)dµ = 0 . (2.33)
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In fact, by the divergence theorem and the convergence of uκi,ti ◦Φti to u0 in C1(B) and of u̇κi,ti
to ŵ in C1(B \B 1

2
), we have∫

B
∇ŵ · ∇ηr + (p− 2)(θ · ∇ŵ)(θ · ∇ηr)dµ =

∫
∂B

(
|x|

p−2
p−1∂νB ŵ + (p− 2)|x|

p−2
p−1∂νB ŵ

)
dHn−1

= n
p−2
p−1

∫
∂B

(
|∇u0|p−2∂νB ŵ + (p− 2)|∇u0|p−4(∇u0 · ∇ŵ)∂νBu0

)
dHn−1

= lim
i→∞

n
p−2
p−1

∫
∂B

(κ2
i +|∇uκi, ti |2)

p−2
2 ∂νB u̇κi, ti + (p−2)(κ2

i +|∇uκi, ti |2)
p−4

2 (∇uκi, ti ·∇u̇κi, ti)∂νBuκi, ti

and the last integrals are all zero by (2.22).

Observe also that if v ∈W 1,2(B;µ) and 0 < r ≤ 1 we get∫
Br

|∇v| dx ≤
(∫

Br

|x|
p−2
p−1 |∇v|2 dx

) 1
2
(∫

Br

|x|
2−p
p−1 dx

) 1
2

≤ cr
2−p

2(p−1)
+n

2

(∫
Br

|x|
p−2
p−1 |∇v|2 dx

) 1
2

.

Therefore v ∈W 1,1(B) and setting vr = −
∫
Br
v, we obtain

−
∫
Br

|v − vr| dx ≤ cr1−n
∫
Br

|∇v| dx ≤ cr
2−p

2(p−1)
−n

2
+1
(∫

Br

|x|
p−2
p−1 |∇v|2 dx

) 1
2

≤ crα, (2.34)

where we have set α := 2−p
2(p−1)−

n
2 +1 > 0 and c is a constant independent of r. From this estimate

we get in particular that for all positive integers i

|v2−i − v21−i | ≤ −
∫
B2−i

|v − v2−i | dx+−
∫
B2−i

|v − v21−i | dx ≤
c

2αi
.

Hence, we may conclude that the sequence v2−i converge to some v0 ∈ R. In turn, recalling (2.34),

this implies that vr → v0 as r → 0 and that∫
B
|v(rz)− v0| dz → 0

as r → 0. Therefore, there exists a sequence si → 0+ such that for

v(siz)→ v0 for Hn−1-a.e. z ∈ ∂B.

At this point we argue as follows. Let us fix s ∈ (0, 1). Without loss of generality we identify here

v with its precise representative v∗, see [13, Sect. 4.8]. Since, for Hn−1-a.e. z ∈ ∂B the function

t 7→ v∗(tz) is locally absolutely continuous in (0, 1), see [13, Sect. 4.9.2], we have

v(sz)− v(siz) =

∫ s

si

∇v(tz) · z dt.

Therefore,

|v(sz)− v(siz)|2 ≤
(∫ s

si

t
p−2
p−1

+n−1|∇v(tz)|2 dt
)(∫ s

si

t
2−p
p−1
−n+1

dt

)
.

Integrating this inequality on ∂B and letting i→∞ we get that∫
∂B
|v(sz)− v0|2 dHn−1 ≤ cs

2−p
p−1
−n+2

∫ s

0
t
p−2
p−1

+n−1
dt

∫
∂B
|∇v(tz)|2 dHn−1

= cs
2−p
p−1
−n+2

∫ s

0
dt

∫
∂Bt

|x|
p−2
p−1 |∇v(x)|2 dHn−1
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Then, multiplying by s
p−2
p−1

+n−1
and integrating between 0 and r , we finally get∫

Br

|x|
p−2
p−1 |v(x)− v0|2 dx ≤ cr2

∫
Br

|x|
p−2
p−1 |∇v(x)|2 dx. (2.35)

By (2.33) we may assume, without loss of generality, that v0 = 0. Then, using (2.35) we may

estimate the right hand side of (2.32) by

(p− 1)

∫
Br

|v||x|
p−2
p−1 |∇ŵ||∇ηr| dx ≤

c

r

(∫
Br

|x|
p−2
p−1 |∇ŵ|2 dx

) 1
2
(∫

Br

|x|
p−2
p−1 |v|2 dx

) 1
2

≤ c
(∫

Br

|x|
p−2
p−1 |∇ŵ|2 dx

) 1
2
(∫

Br

|x|
p−2
p−1 |∇v|2 dx

) 1
2

.

From this estimate, passing to the limit in (2.32) as r → 0, we may conclude that (2.31) holds

also in this case for any v ∈W 1,2
0 (B;µ). This proves that ŵ is a solution of the Dirichlet problem

(2.30).

Since ŵ is clearly unique, by a standard compactness argument we have that u̇κ,t ◦Φt converge

to ŵ locally in C1(B \ {0}) as (κ, t)→ (0, 0).

Step 3. To conclude the proof, let us show that (2.28) and (2.29) holds. To this aim, observe that

the same argument used in the proof of Theorem 2.2 shows that uκ,t → u0,t in C1(Ωt) as κ→ 0,

uniformly with respect to t. This implies in particular that eκ(t) → e0(t) as κ → 0, uniformly

with respect to t. Moreover, since by (2.20)

e′κ(t) =
1

p

∫
∂Ωt

(κ2 + |∇uκ, t|2)
p
2X · νΩt dH

n−1 −
∫
∂Ωt

(κ2 + |∇uκ, t|2)
p−2

2 |∇uκ, t|2X · νΩt dH
n−1,

we have that e′κ(t) converges uniformly for t ∈ [0, 1] to

1− p
p

∫
∂Ωt

|∇u0, t|pX · νΩt dH
n−1

and thus (2.28) holds. Finally, from the convergence of u̇κ,t ◦Φt to ŵ as (κ, t)→ (0, 0), passing to

the limit in (2.21), recalling (2.11) and using (2.31), we get that

lim
t→0
κ→0

e′′κ(t) =

∫
∂B
|∇u0|p−2(∇ŵ · νB)ŵ dHn−1

+ (p− 2)

∫
∂B
|∇u0|p−4(∇ŵ · ∇u0)(∇u0 · νB)ŵ dHn−1

− (p− 1)

∫
∂B
|∇u0|p−2(∇2u0[∇u0] ·Xτ )(X · νB) dHn−1

+

∫
∂B
|∇u0|(|∇u0|p−1HB − 1)(X · νB)2 dHn−1

=

∫
B
|∇u0|p−2|∇ŵ|2dx+ (p− 2)

∫
B
|∇u0|p−4(∇u0 · ∇ŵ)2dx− n

−p
p−1

∫
∂B

(X · νB)2dHn−1.

This concludes the proof of (2.29). �

We next show a technical lemma.

Lemma 2.6. Let Ω satisfy the assumptions of Lemma 2.1 and let κ ∈ (0, 1], 0 < r < 1. There

exist δ, C0 > 0, depending on p, n, α and r such that if ‖ϕ‖C2, α + κ ≤ δ, then for all t ∈ [0, 1]∫
B\Br

|∇u̇κ,t ◦ Φt|2 + |u̇κ,t ◦ Φt|2 dx ≤ C0‖X · νB‖2
H

1
2 (∂B)

, (2.36)
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where Φt is the flow associated to ϕ as in Lemma 2.1.

Proof. Let δ be so small that ‖ϕ‖C2, α ≤ δ implies Br ⊂⊂ Ωt. Let us set w := ηv, where v is the

harmonic extension of −∇uκ,t · X to Ωt and η is a smooth function such that η = 1 in Ωt \ Br
and η = 0 in Br/2. By the minimality property of u̇κ,t and Theorem 2.2 we have, if κ ≤ δ and δ

is sufficiently small,∫
Ωt

(κ2 + |∇uκ, t|2)
p−2

2 |∇u̇κ, t|2 dx+ (p− 2)

∫
Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇u̇κ, t · ∇uκ, t|2 dx

≤
∫

Ωt

(κ2 + |∇uκ, t|2)
p−2

2 |∇w|2 dx+ (p− 2)

∫
Ωt

(κ2 + |∇uκ, t|2)
p−4

2 |∇w · ∇uκ, t|2 dx

≤ C
∫

Ωt\Br/2
|∇w|2 dx ≤ C‖X · ∇uk,t‖2

H
1
2 (∂Ωt)

≤ C‖(X · ∇uk,t) ◦ Φt)‖2
H

1
2 (∂B)

. (2.37)

From this inequality and Theorem 2.2, (2.36) follows immediately if we show that the last term

in the previous chain of inequalities, is controlled by the norm of X · νB in H1/2(∂B). To this aim

we recall that by Lemma 2.1(i) X = (X · θ)θ in a neighborhood of ∂B. Since ∇u0 = −|∇u0|θ on

∂B, with the help of (2.4), (2.5) and Theorem 2.2 we obtain

‖(∇uκ, t ·X) ◦ Φt −∇u0 ·X‖
H

1
2 (∂B)

≤ ‖((∇uκ, t · θ) ◦ Φt − (∇u0 · θ))(X · θ) ◦ Φt‖
H

1
2 (∂B)

+ ‖|∇u0|((X · θ) ◦ Φt −X · νB)‖
H

1
2 (∂B)

≤ C‖(∇uκ, t · θ) ◦ Φt−(∇u0 · θ)‖C1(B\B 1
2

)‖(X · νB) ◦ Φt‖
H

1
2 (∂B)

+ C‖(X · θ) ◦ Φt−X · νB‖
H

1
2 (∂B)

≤ ω(‖ϕ‖C2,α(∂B) + κ)‖X · νB‖
H

1
2 (∂B)

. (2.38)

The result then follows from this estimate. �

Lemma 2.7. Let Ω satisfy the assumptions of Lemma 2.4. There exist δ > 0 and a modulus of

continuity ω such that, if ‖ϕ‖C2, α ≤ δ, then

|e′′κ(t)− e′′κ(0)| ≤ ω(‖ϕ‖C2, α + κ)‖X · νB‖2
H

1
2 (∂B)

,

for all κ, t ∈ (0, 1].

Proof. Step 1. Observe that, from (2.21), using the divergence theorem and equation (2.22), by

a change of variable, we get

e′′κ(t) = I1(t) + I2(t) + I3(t),

where

I1(t) :=

∫
B
{(κ2 + |∇uκ, t|2)

p−2
2 |∇u̇κ, t|2} ◦ Φt det∇Φt dx

+ (p− 2)

∫
B
{(κ2 + |∇uκ, t|2)

p−4
2 (∇u̇κ, t · ∇uκ, t)2} ◦ Φt det∇Φt dx,

I2(t) := −
∫
∂B
{(κ2 + |∇uκ, t|2)

p−2
2 (∇2uκ, t[∇uκ, t] ·Xτ )(X · νΩt)} ◦ Φt Jn−1Φt dH

n−1

− (p− 2)

∫
∂B
{(κ2 + |∇uκ, t|2)

p−4
2 |∇uκ, t|2(∇2uκ, t[∇uκ, t] ·Xτ )(X · νΩt)} ◦ Φt Jn−1Φt dH

n−1,

I3(t) :=

∫
∂B
{|∇uκ, t|((κ2 + |∇uκ, t|2)

p−2
2 |∇uκ,t|HΩt − 1)(X · νΩt)

2} ◦ Φt Jn−1Φt dH
n−1.
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where Jn−1Φt is the tangential Jacobian of Φt. By Lemma 2.1 one has, if ‖ϕ‖C2, α is small,

‖H∂Ωt ◦ Φt −H∂B‖L∞(∂B) + ‖Jn−1Φt − 1‖L∞(∂B) + ‖det∇Φt − 1‖L∞(∂B) ≤ ω(‖ϕ‖C2, α). (2.39)

By Lemma 2.1(i), X is parallel to θ in a neighborhood of ∂B. Hence by applying (2.5),

|(X · νΩt) ◦ Φt −X · νB| = |((X · θ) ◦ Φt)(νΩt · θ) ◦ Φt −X · νB|
≤ |(X · θ) ◦ Φt||(νΩt · θ) ◦ Φt − 1|+ |(X · θ) ◦ Φt −X · νB|
≤ ω(‖ϕ‖C2, α)|X · νB|. (2.40)

A similar computation leads to

|Xτ ◦ Φt| ≤ ω(‖ϕ‖C2, α)|X · νB|. (2.41)

Combining Theorem 2.2, (2.39), (2.40) and (2.41) and observing that I2(0) = 0, one deduces

|I2(t)|+ |I3(t)− I3(0)| ≤ ω(‖ϕ‖C2, α + κ)‖X · νB‖2L2(∂B).

Next we estimate |I1(t) − I1(0)|. To this aim, we set wκ, t = u̇κ, t ◦ Φt, vκ, t = uκ, t ◦ Φt and

Nt = (∇Φt)
−1((∇Φt)

−1)T . From (2.22) we see that wκ,t is the solution to the following elliptic

equation
div((κ2 + |((∇Φt)

−1)T∇vκ, t|2)
p−2

2 det∇ΦtNt∇wκ, t
+(p− 2)(κ2 + |((∇Φt)

−1)T∇vκ, t|2)
p−4

2 det∇Φt (Nt∇vκ, t∇wκ, t)Nt∇vκ, t) = 0 in B

wκ, t = −(∇uκ, t ·X) ◦ Φt on ∂B.
(2.42)

Therefore we may rewrite

I1(t) =

∫
B

(κ2 + |((∇Φt)
−1)T∇vκ, t|2)

p−2
2 Nt∇wκ, t∇wκ,t det∇Φt dx

+ (p−2)

∫
B

(κ2+|((∇Φt)
−1)T∇vκ, t|2)

p−4
2 (Nt∇vκ, t∇wκ, t)(Nt∇vκ, t∇wκ,t) det∇Φt dx. (2.43)

Step 2. From the estimates proved in the previous step, it is clear that we only need to show

that

|I1(t)− I1(0)| ≤ Cω(‖ϕ‖C2,α(∂B) + κ)‖X · νB‖2
H

1
2 (∂B)

. (2.44)

In order to make the argument of the proof of (2.44) clearer we now highlight also the dependence

on ϕ of Φ, X, vκ,t, wk,t and Nt. Moreover, given any two functions u, v ∈W 1,2(B) we set

Lκ,t,ϕ(u, v) :=

∫
B

(κ2 + |((∇Φt,ϕ)−1)T∇vκ, t,ϕ|2)
p−2

2 Nt,ϕ∇u∇v det∇Φt,ϕ dx

+ (p− 2)

∫
B

(κ2 + |((∇Φt,ϕ)−1)T∇vκ, t,ϕ|2)
p−4

2 (Nt,ϕ∇vκ, t,ϕ∇u)(Nt,ϕ∇vκ, t,ϕ∇v) det∇Φt,ϕ dx.

The bilinear form Lκ,0,ϕ is defined accordingly.

The proof of (2.44) is by contradiction. If (2.44) does not hold, from (2.43) it follows that there

exist κj → 0, tj → t0 ∈ [0, 1] and a sequence ϕj converging to 0 in C2,α(∂B) such that

lim
j→∞

Lκj ,tj ,ϕj (wκj ,tj ,ϕj , wκj ,tj ,ϕj )

‖Xj · νB‖2H1/2(∂B)

6= lim
j→∞

Lκj ,0,ϕj (wκj ,0,ϕj , wκj ,0,ϕj )

‖Xj · νB‖2H1/2(∂B)

, (2.45)
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where Xj is the vector field associated to ϕj as in Lemma 2.1. Note that we may assume that

both limits are finite, since it can be easily checked, see the proof of (2.37), that there exists a

constant C indipendent of j such that

0 ≤ Lκj ,tj ,ϕj (wκj ,tj ,ϕj , wκj ,tj ,ϕj ), Lκj ,0,ϕj (wκj ,0,ϕj , wκj ,0,ϕj ) ≤ C‖Xj · νB‖2H1/2(∂B)
.

We now set

w̃j :=
wκj ,tj ,ϕj

‖Xj · νB‖H1/2(∂B)

, w̃0,j :=
wκj ,0,ϕj

‖Xj · νB‖H1/2(∂B)

.

Observe that

w̃j = −
(∇uκj ,tj ,ϕj ·Xj) ◦ Φtj ,ϕj

‖Xj · νB‖H1/2(∂B)

, w̃0,j = −
∇uκj ,0,ϕj ·Xj

‖Xj · νB‖H1/2(∂B)

on ∂B.

From (2.38) it follows that, up to a not relabelled subsequence, w̃j and w̃0,j both converge weakly

in H1/2(∂B). Moreover, as a consequence of (2.38) and (2.13), we have also that w̃j − w̃0,j

converge strongly to zero in H1/2(∂B). Observe now that by Lemma 2.6 for any r ∈ (0, 1) and

any sufficiently large j, we have ∫
B\Br

|∇w̃j |2 + |w̃j |2 dx ≤ C(r).

Therefore, again up to a subsequence, we may assume that there exists w ∈ W 1,2
loc (B \ {0}) such

that, for every 0 < r < 1, w̃j converge weakly in W 1,2(B \Br) to w.

We claim that w is the unique solution in W 1,2(B,µ){
div(|x|

p−2
p−1∇w + (p− 2)|x|

p−2
p−1 (θ · ∇w)θ) = 0 in B

w = Y · νB on ∂B.
(2.46)

where Y · νB is the weak limit in H1/2(∂B) of the restriction of w̃j on ∂B. In order to prove this

we fix a function η ∈ C1
c (B \ {0}). Then we multiply by η the equation satisfied by w̃j and pass

to the limit as j → ∞. Thus, recalling that vkj ,tj ,ϕj converge in C1 away from the origin to the

function u0 defined in (2.11), we obtain∫
B
|x|

p−2
p−1∇w · ∇η + (p− 2)|x|

p−2
p−1 (θ · ∇w)(θ · ∇η) = 0.

Then, from Step 2 of the proof of Lemma 2.5 we conclude that w is the unique solution in

W 1,2(B,µ) of (2.46).

By applying the above argument to w̃0,j and using the strong convergence in H1/2(∂B) to zero

of w̃j − w̃0,j , we have that also w̃0,j converge weakly in W 1,2(B \ Br) for every 0 < r < 1 to the

solution w of (2.46).

We claim that w̃j − w̃0,j converge strongly in W 1,2(B \Br) for every 0 < r < 1.

To prove this we consider the harmonic extension zj of w̃j − w̃0,j from ∂B to the whole ball B.

Since, w̃j − w̃0,j converge strongly to zero in H1/2(∂B), we have that zj → 0 strongly in W 1,2(B)

as j →∞. Then, given r ∈ (0, 1) we take a C1(B) function ζ such that ζ ≡ 1 on B\Br, 0 ≤ ζ ≤ 1,

ζ ≡ 0 in a neighborhood of the origin. Recalling the equations (2.42) satisfied by wκj ,tj ,ϕj and by

wκj ,0,ϕj , respectively, and the definitions of w̃j , w̃0,j and zj , we have, using the divergence theorem

twice,

Lκj ,tj ,ϕj (w̃j − w̃0,j , (w̃j−w̃0,j)ζ) = Lκj ,tj ,ϕj (w̃j , (w̃j − w̃0,j)ζ)− Lκj ,tj ,ϕj (w̃0,j , (w̃j − w̃0,j)ζ)

= Lκj ,tj ,ϕj (w̃j , zjζ)− (Lκj ,tj ,ϕj − Lκj ,0,ϕj )(w̃0,j , (w̃j − w̃0,j)ζ)− Lκj ,0,ϕj (w̃0,j , (w̃j−w̃0,j)ζ)

= Lκj ,tj ,ϕj (w̃j , zjζ)− (Lκj ,tj ,ϕj − Lκj ,0,ϕj )(w̃0,j , (w̃j − w̃0,j)ζ)− Lκj ,0,ϕj (w̃0,j , zjζ).
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Then, using the strong convergence to 0 of zj and the C1,α convergence away from the origin of

vκj ,tj ,ϕj and vκj ,0,ϕj to the function u0 defined in (2.11), we immediately get that the last three

terms in the previous chain of equalities converge to zero. Therefore we may conclude that also

Lκj ,tj ,ϕj (w̃j−w̃0,j , (w̃j−w̃0,j)ζ) converges to zero. Thus, since the functions vκj ,tj ,ϕj are uniformly

bounded in C1,α, we easily get that, for j large enough,∫
B
|∇w̃j −∇w̃0,j |2ζ dx ≤ C

∫
B
|∇w̃j −∇w̃0,j ||w̃j − w̃0,j ||∇ζ| dx.

From this inequality, since w̃j − w̃0,j converge to zero strongly in L2 away from the origin, we

conclude that also ∇w̃j −∇w̃0,j converge strongly to zero in L2(B \Br).
To conclude the proof we now show that

lim
j→∞

(Lκj ,tj ,ϕj (w̃j , w̃j)− Lκj ,0,ϕj (w̃0,j , w̃0,j)) = 0, (2.47)

thus getting a contradiction to (2.45). To this aim we fix a function ζ as above with r = 1/2 and

we observe that

Lκj ,tj ,ϕj (w̃j , w̃j)− Lκj ,0,ϕj (w̃0,j , w̃0,j) = Lκj ,tj ,ϕj (w̃j , w̃jζ)− Lκj ,0,ϕj (w̃0,j , w̃0,jζ).

Then (2.47) easily follows from the strong convergence to zero in W 1,2 of w̃j − w̃0,j away from the

origin and the C1,α convergence of vκj ,tj ,ϕj and vκj ,0,ϕj to u0. �

We are now in position to prove the main result of this section.

Theorem 2.8. For α ∈ (0, 1), there exist δ, γ0 depending only on p, α and n, such that if Ω is a

nearly spherical set of class C2, α parametrized by ϕ, with ‖ϕ‖C2,α(∂B) ≤ δ, such that the barycenter

of Ω is at the origin and |Ω| = |B|, then

E(Ω)− E(B) ≥ γ0‖ϕ‖2
H

1
2 (∂B)

. (2.48)

Proof. Assume that Ω is smooth. If κ ∈ (0, 1). By Taylor expansion we have

Eκ(Ω)− Eκ(B) = eκ(1)− eκ(0) = e′κ(0) +
1

2
e′′κ(0) +

1

2

∫ 1

0
(1− t)(e′′κ(t)− e′′κ(0)) dt.

Observe now that, by (2.3) and (2.28) we have that e′(0) = 0. Therefore, passing to the limit as

κ→ 0 and using Lemma 2.5 and Lemma 2.7 we get

E(Ω) ≥ E(B) +
1

2
Q[X · νB]− ω(‖ϕ‖C2,α(∂B))‖X · νB‖2H1/2(∂B)

, (2.49)

where ω is the modulus of continuity provided by Lemma 2.7 and Q is the quadratic form defined

for all functions ψ ∈ H1/2(∂B) by setting

Q[ψ] = n
−p
p−1

∫
B
|x|

p−2
p−1 |∇û|2 dx+ (p− 2)n

−p
p−1

∫
B
|x|

p−2
p−1 |θ · ∇û|2 dx− n

−p
p−1

∫
∂B
|û|2 dHn−1,

where û is the unique solution in W 1,2(B;µ) of the equation{
div(|x|

p−2
p−1∇û+ (p− 2)|x|

p−2
p−1 (θ · ∇û)θ) = 0 in B

û = ψ on ∂B.

Given the normalized harmonic polynomials yk,i satisfying (2.2) we denote by uk,i the unique

solution in W 1,2(B;µ) of the following Dirichlet problem{
div(|x|

p−2
p−1∇uk, i + (p− 2)|x|

p−2
p−1 (θ · ∇uk, i)θ) = 0 in B

uk, i = yk, i on ∂B.
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Using equation (2.2), a simple computation shows that

uk, i = |x|αkyk, i(θ),

where αk > 0 satisfies the following equation

(p− 1)α2
k + (pn− n− p)αk − k(k + n− 2) = 0. (2.50)

Therefore, recalling the definition of Q[·] and using the fact that∫
∂B
|yk,i|2 dHn−1 = 1,

∫
∂B
|∇τyk,i|2 dHn−1 = k(k + n− 2),

another straightforward calculation shows that for every k ≥ 1 and i = 1, . . . , N(k, n)

n
p
p−1Q[yk,i] =

(p− 1)α2
k + k(k + n− 2)

2αk + n− 2 + p−2
p−1

− 1 =
(p− 1)2α2

k + k(k + n− 2)(p− 1)

2αk(p− 1) + np− n− p
− 1.

At this point, using equation (2.50) we may rewrite the previous equality as

n
p
p−1Q[yk,i] =

−(p− 1)(np− n− p)αk + 2k(k + n− 2)(p− 1)

2αk(p− 1) + np− n− p
− 1.

Since, by (2.50) we have that

αk =
−(np− n− p) +

√
(np− n− p)2 + 4(p− 1)k(k + n− 2)

2(p− 1)
,

inserting this value in the previous expression of Q[yk,i], gives, after some tedious but elementary

calculations,

Q[yk,i] =
1

2n
p
p−1

(√
(np− n− p)2 + 4(p− 1)k(k + n− 2)− (np− n− p)− 2

)
(2.51)

Observe that the right hand side of (2.51) is zero when k = 1. Moreover it is easily checked that

for every p > 1 and n ≥ 2 there exists a constant c(n, p) such that

Q[yk,i] ≥ c(n, p)k for all k ≥ 2. (2.52)

For any integer k ≥ 0 and any i = 1, . . . , N(k, n) let ak,i be the Fourier coefficient of X · νB with

respect to the orthonormal system {yk,i}. Observe that (2.3) yields that a0 = 0. Moreover, from

the assumption that the barycenter of Ω is at the origin, we have that∫
∂B
x[(1 + ϕ)n+1 − 1] dHn−1 = 0.

Therefore, given 0 < ε < 1/4 if δ is small enough, we have that∣∣∣∫
∂B
xϕdHn−1

∣∣∣ ≤ ε‖ϕ‖L2(∂B).

From this inequality, recalling (2.6), we have that if δ is small enough∣∣∣∫
∂B
xX · νB dHn−1

∣∣∣ ≤ 2ε‖X · νB‖L2(∂B)

This inequality implies that if ε, hence δ, is sufficiently small, then

n∑
i=1

a2
1,i ≤ 2

∞∑
k=2

N(k,n)∑
i=1

a2
k,i
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Therefore, recalling (2.52), we may conclude that there exists a constant c0 such that if δ is small

enough

Q[X · νB] ≥ c0‖X · νB‖2H1/2(∂B)
.

From this inequality, (2.49) and (2.7), (2.48) follows by taking δ sufficiently small.

The general case is then easily obtained by approximating Ω in C2,α with a sequence of smooth

open sets with the same volume of Ω and with barycenter at the origin. �

3. Stability for bounded sets with small asymmetry

Definition 3.1. For a bounded, measurable set E ⊂ Rn, define

A(E) =

∫
E∆B(xE)

|1− |x− xE || dx,

where xE is the barycenter of E.

Observe that A(E) = 0 if and only if E is a ball with radius 1. Moreover one may write

A(E) =

∫
B

1− |x| dx+

∫
E

(|x− xE | − 1) dx.

Using this equality it is not too difficult to prove the following lemma, see [10, Lemma 4.2].

Lemma 3.2. Let R > 2. There exist positive constants c1(n), c2(R), c3(n) and δ(n) such that

(i) for every bounded set E, A(E) ≥ c1|E∆B1(xE)|2;

(ii) for every E, F ⊂ BR, |A(E)−A(F )| ≤ c2|E∆F |;
(iii) for every nearly spherical set Ω with ‖ϕ‖L∞(∂B) ≤ δ, A(Ω) ≤ c3‖ϕ‖2L2(∂B).

The main result of this section is the following theorem whose proof is an immediate consequence

of Proposition 3.4 below.

Theorem 3.3. For every R ≥ 2, there exists two constants κ(p, n, R) > 0 and ε(p, n, R) > 0

such that

E(Ω)− E(B) ≥ κA(Ω), (3.1)

for all open sets Ω contained in BR with |Ω| = |B| and A(Ω) ≤ ε.

Proof. The proof is obtained by contradiction. Indeed, if the result is not true, given 0 < σ ≤ σ0,

where σ0 is as in Proposition 3.4 below, there exists a sequence of open sets Ωj ⊂ BR such that

|Ωj | = |B|, εj := A(Ωj)→ 0, E(Ωj)− E(B) ≤ σ4εj . (3.2)

Then, using Proposition 3.4 and recalling Lemma 3.2, we can find a sequence of nearly spherical

open sets Uj parametrized by ϕj such that ϕj → 0 in C2,α(∂B) and

E(Uj)− E(B) ≤ 2C0σA(Uj) ≤ 2c3C0σ‖ϕj‖2L2(∂B).

This contradicts (2.48) if σ is chosen so that 2c3C0σ < γ0. �

Proposition 3.4. Let R ≥ 2. There exist σ0, C0 > 0, depending only on p, n,R, such that for

any σ ≤ σ0 and any sequence of open sets Ωj as in (3.2), one may find a sequence of smooth open

sets Uj ⊂ BR such that |Uj | = |B|, xUj = 0, ∂Uj converging to ∂B in Ck for every k ∈ N and

lim sup
j→∞

E(Uj)− E(B)

A(Uj)
≤ C0σ.
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The rest of this section will be devoted to the proof of Proposition 3.4.

We will construct the sets Uj by minimizing a suitable sequence of variational problems. In

principle we should impose a volume constraint in order to fulfill the condition |Uj | = |B|. Instead,

we shall replace the volume constraint by a penalization on the volume. To this aim, we define a

penalization function as in [10] setting for 0 < η < 1

fη(s) =

{
η(s− |B|) s < |B|
1
η (s− |B|) s ≥ |B|.

Note that for any 0 ≤ s2 ≤ s1 one has

η(s1 − s2) ≤ fη(s1)− fη(s2) ≤ 1

η
(s1 − s2) (3.3)

The proof of next simple lemma goes exactly as the proof of Lemma 4.5 of [10] with the obvious

changes due to the different rescaling in our case of the functional E(Ω) defined in (2.8).

Lemma 3.5. For every R ≥ 2, one can find a suitable η = η(p, n, R) ∈ (0, 1) such that, up to a

translation, B is a minimizer of

Fη(Ω) = E(Ω) + fη(|Ω|)

among all the sets contained in BR. Moreover, there exists a constant C(p, n, R) > 0 such that

for any other ball Br with 0 ≤ r ≤ R

Fη(Br)− Fη(B) ≥ |r − 1|
C

. (3.4)

In the proof of Proposition 3.4 we are going to show that, up to a translation and a small

dilation, the sets Uj are given by the minimizers of the following penalized problems

gη, j := inf {Gη, j(Ω) | Ω ⊂ BR, Ω open} . (3.5)

where

Gη, j(Ω) = Fη(Ω) +
√
ε2
j + σ2(A(Ω)− εj)2 (3.6)

with η and Fη as in Lemma 3.5.

In order to prove the existence of a minimizer for Gη, j , we extend the range of Ω in (3.5) to the

collection of all p-quasi open sets contained in BR. To this aim, similarly to what one does in the

quadratic case, we say that U is p-quasi open if there exists a function u ∈W 1, p(Rn) such that

U = {x | u∗(x) > 0} ,

where u∗ is the precise representative of u. Note that u∗, hence U , is defined up to a set of zero

p-capacity. Moreover, u∗ is p-quasi continuous, i.e., for every ε > 0 there exists an open set Aε,

with Capp(Aε) < ε, such that u∗ is continuous on Rn \Aε, where Capp(·) denotes the p-capacity of

a set, see [13, Sect. 4.8]. If U is p-quasi open, we define the following closed subspace of W 1,p(Rn)

W 1, p
0 (U) =

{
v ∈W 1, p(Rn) | Capp({v∗ 6= 0} \ U) = 0

}
.

Observe that since W 1, p
0 (U) is a closed subspace of W 1,p(Rn) it is also weakly closed. With this

definition in hands, we may extend the energy functional E(Ω) to any p-quasi open set U as in

(2.8). Then, it is easy to show that there exists a unique minimizer uU of E(U) which will be

called the energy function of U .
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Remark 3.6. Observe that if gη,j is defined as in (3.5), then

gη,j = inf {Gη, j(U) | U ⊂ BR, U quasi open} . (3.7)

To see this take a quasi open set U ⊂ BR. By definition there exists a function u ∈W 1,p
0 (BR) such

that U = {u∗ > 0}. Since u∗ is p-quasi continuous, for every h there exists an open set Ah ⊂ BR,

with Capp(Ah) < 1/h, such that u∗ is continuous in BR \Ah. Thus, if we set

Ωh := ({u∗ > 0} \Ah) ∪Ah = {u∗ > 0} ∪Ah,

Ωh is an open subset of BR and Capp(Ωh \ U) < 1/h, hence |Ωh \ U | → 0 as h → ∞. Moreover,

since Capp({u∗U 6= 0} \ Ωh) = 0, we have that

E(Ωh) ≤ 1

p

∫
Ωh

|∇uU |p dx−
∫

Ωh

uU dx = E(U).

Then (3.7) follows immediately from this inequality and Lemma 3.2 (ii).

Remark 3.7. Observe that if U ⊂ BR is open, setting Uε : {uU > ε}, we have uUε = (uU − ε)+.

Moreover Uε is smooth for a.e. ε > 0. Therefore we may conclude that there exists a sequence of

smooth open sets Uh ⊂ U , such that |U \ Uh| → 0, E(Uh)→ E(U) and uUh → uU in W 1,p(BR).

Following the argument of [10, Lemma 4.6] one can prove the existence of a solution to (3.7).

Lemma 3.8. There exists a constant σ0(p, n, R) > 0 such that if σ < σ0, then the infimum in

(3.7) is attained by a p-quasi open set Uj. Moreover the perimeter of Uj is uniformly bounded with

respect to j.

Proof. Let Ok be a sequence minimizing the problem (3.5) such that

Gη, j(Ok) < gη, j +
1

k
,

for any k ∈ N. By Remark 3.6 we may assume that the sets Ok are open. Let uk be the

corresponding energy functions. Then by the minimum principle

Ok = {x | uk(x) > 0} .

By letting tk = 1√
k
, we define

Vk = {x | uk(x) > tk} .
Note that the function vk = (uk − tk)+ is the energy function for Vk, and that

Gη, j(Ok) < gη, j +
1

k
≤ Gη, j(Vk) +

1

k
.

Hence

1

p

∫
{uk>0}

|∇uk|p dx−
∫
{uk>0}

uk dx+ fη(|{uk > 0}|) +
√
ε2
j + σ2(A({uk > 0})− εj)2

≤ 1

p

∫
{uk>tk}

|∇uk|p dx−
∫
{uk>tk}

uk dx+ fη(|{uk > tk}|) +
√
ε2
j + σ2(A({uk > tk})− εj)2 +

1

k
.

Observe that from Lemma 3.2 (ii) it follows that if E,F ⊂ BR then∣∣∣√ε2
j + σ2(A(E)− εj)2 −

√
ε2
j + σ2(A(F )− εj)2

∣∣∣ ≤ C1σ|E∆F |, (3.8)

for some positive constant C1(R). Therefore, from the above inequality and (3.3), we get
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1

p

∫
{0<uk<tk}

|∇uk|p dx+ η(|{0 < uk < tk}|) ≤ tk|{uk > 0}|+ C1σ|{0 < uk < tk}|+
1

k
.

Choosing σ0 such that C1σ0 ≤ η
p , then we have

1

p

∫
{0<uk<tk}

|∇uk|p dx+
η(p− 1)

p
(|{0 < uk < tk}|) ≤ tk|BR|+

1

k
.

From co-area formula, Young’s inequality and the fact that η < 1, one obtains

η

∫ tk

0
P ({uk > s}) ds = η

∫
{0<uk<tk}

|∇uk| dx

≤ η

p

∫
{0<uk<tk}

|∇uk|p dx+
η(p− 1)

p
|{0 < uk < tk}| ≤ tk|BR|+

1

k
,

where P (·) denotes the perimeter of a set. Then there exists sk ∈ (0, 1√
k
) such that the set

Wk := {x : uk(x) > sk}

satisfies

P (Wk) ≤
2

tk

∫ tk

0
P ({uk > s}) ds ≤ 2

η
|BR|+

2

η
√
k
. (3.9)

We claim that also Wk is a minimizing sequence. Indeed by (3.3), Lemma 3.2 (ii) and the fact

that (uk − sk)+ is the energy function of Wk, one gets

Gη, j(Wk) =
1

p

∫
{uk>sk}

|∇uk|p dx−
∫
{uk>sk}

(uk − sk)+ dx

+ fη(|{uk > sk}|) +
√
ε2
j + σ2(A({uk > sk})− εj)2

≤ Gη, j(Ok) + sk|{uk > 0}| − η|{0 < uk < sk}|+ C1σ|{0 < uk < sk}|

≤ Gη, j(Ok) + |BR|
1√
k
, (3.10)

where we used the assumption that C1σ ≤ η
p .

Now by the compactness of equibounded sets with bounded perimeters, see [5, Th. 3.39],

(3.9) yields that there exists a set of finite perimeter W∞ such that Wk → W∞ in measure. Set

wk = (uk−sk)+. Up to a subsequence, we may assume that there exists a function w ∈W 1, p
0 (BR)

such that wk weakly converge to w ∈W 1, p
0 (BR) and strongly in Lp(BR). Set W := {x : w(x) > 0}.

Since Wk = {wk > 0}, it is easily checked that W ⊂W∞ up to a set of zero measure.

We claim that the two sets actually coincide up to a set of measure zero. In fact, by (3.10), the

semi-continuity of the norm and the continuity of the set function A, letting k →∞, one has

E(W ) + fη(|W∞|) +
√
ε2
j + σ2(A(W∞)− εj)2

≤ 1

p

∫
W
|∇w|p dx−

∫
W
w dx+ fη(|W∞|) +

√
ε2
j + σ2(A(W∞)− εj)2

≤ gη, j ≤ E(W ) + fη(|W |) +
√
ε2
j + σ2(A(W )− εj)2.

From this inequality, using (3.8), (3.3) and recalling that |W \W∞| = 0, we get

η|W∞ \W | ≤ C1σ|W∞ \W |.
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Thus, the assumption C1σ < η implies that |W∆W∞| = 0. Therefore W is the desired set Uj . �

Next result is the counterpart in our setting of Lemma 4.7 in [10]. It can be proved exactly

with the same argument used therein. Therefore, we omit its proof.

Lemma 3.9. The sequence of minimizers Uj given by Lemma 3.8 satisfies the following properties:

(i) |A(Uj)− εj | ≤ 3σεj and ||Uj | − |B|| ≤ Cσ4εj, for some constant C = C(n,R);

(ii) up to a translation Uj → B in L1;

(iii) for all j

0 ≤ Fη(Uj)− Fη(B) ≤ σ4εj .

In order to prove Proposition 3.4 we need to show that the quasi open sets are Uj are smooth.

To explain the strategy of the proof we start by observing that

Uj =
{
x | u∗j (x) > 0

}
where uj = uUj is the energy function of Uj . Since Uj minimizes (3.7), we have that for each

v ∈W 1, p
0 (BR)

1

p

∫
BR

|∇uj |p dx−
∫
BR

uj dx+ fη(|{uj > 0}|) +
√
ε2
j + σ2(A({uj > 0})− εj)2

≤ 1

p

∫
BR

|∇v|p dx−
∫
BR

v dx+ fη(|{v > 0}|) +
√
ε2
j + σ2(A({v > 0})− εj)2. (3.11)

The above minimality condition is thus telling us that uj solves a free boundary type problem.

Therefore we are going to adapt to our situation the regularity theory first established, in the case

of the Laplacian, by Alt and Caffarelli in [3]. For the p-Laplacian this theory was extended in

[12] and to this paper we shall also refer in the following, though the case we are studying here

requires a certain number of modifications.

Remark 3.10. Using the minimality property (3.11), (ii) of Lemma 3.2 and (3.3), a standard

argument shows that each function uj is a quasi-minimum of the functional∫
BR

(|∇u|p + 1) dx

with zero Dirichlet condition on ∂BR. More precisely, there exists a constant Q, depending only

on p, n,R and η such that for every v ∈W 1,p
0 (BR) and every j∫

supp(uj−v)
|∇uj |p dx ≤ Q

∫
supp(uj−v)

(|∇v|p + 1) dx.

Then, the De Giorgi’s regularity theory yields that there exists α ∈ (0, 1), depending only on

p, n,R, η, such that the sequence uj is bounded in C0,α(BR), see [18, Th. 7.8].

As a consequence, we have in particular that each Uj is an open set and that

−div(|∇uj |p−2∇uj) = 1 in Uj .

Observe also that −div(|∇u|p−2∇u) ≤ 1 in weak sense in the whole Rn. Indeed this is trivially

true if Uj is a smooth open set, while in the general case it can be deduced immediately from

Remark 3.7.

The first step in the regularity proof of the Uj is to show that when x ∈ Uj is close to ∂Uj
then uj(x) behaves like the distance from the free boundary ∂Uj . Indeed this estimate readily

implies the Lipschitz continuity of uj , see Theorem 3.13 below. To this aim, we first prove a local

estimate and then a global one.



24 NICOLA FUSCO AND YI RU-YA ZHANG

Lemma 3.11. Let uj be a function satisfying the minimality inequality (3.11). There exists a

constant C(p, n,R) such that if Br(y) ⊂ BR and uj(y) = 0, then

sup
B r

4
(y)
uj ≤ Cr.

Proof. Step 1. We argue by contradiction. If the assertion were not true there would exist a

sequence ujk and a sequence of balls Brk(yk) ⊂ BR, with ujk(yk) = 0, such that

sup
B rk

4
(yk)

ujk ≥ krk.

Then, setting

uk(x) :=
ujk(yk + rkx)

rk
for x ∈ Ωk := B R

rk

(−yk/rk),

from (3.11) it follows that uk is a minimizer in W 1,p
0 (Ωk) of the functional

1

p

∫
Ωk

|∇v|p dx− rk
∫

Ωk

v dx+ r−nk fη(r
n
k |{v > 0}|) + r−nk

√
ε2
jk

+ σ2(A(Φk({v > 0}))− εjk)2,

where

Φk(x) = yk + rkx for all x ∈ Ωk.

Moreover, uk(0) = 0 and

sup
B 1

4

uk ≥ k.

Let us now set dk(x) :=dist(x; {uk = 0}) and

Vk :=
{
x ∈ B : dk(x) ≤ 1− |x|

3

}
.

Note that since uk(0) = 0 we have that B 1
4
⊂ Vk. Moreover,

mk := sup
x∈Vk

(1− |x|)uk(x) ≥ 3

4
sup
B 1

4

uk ≥
3k

4
.

Since by Remark 3.10 uk is continuous and (1− |x|)uk(x) = 0 on ∂B we have that mk is attained

at some point xk ∈ Vk. By definition, we have

uk(xk) =
mk

1− |xk|
≥ mk ≥

3k

4
, and δk := dk(xk) ≤

1− |xk|
3

. (3.12)

Let now zk ∈ {uk = 0} ∩B be such that

|zk − xk| = δk.

It is easily checked that B2δk(zk) ⊂ B. Moreover, B δk
2

(zk) ⊂ Vk, since for any x ∈ B δk
2

(zk) we

have

1− |x| ≥ 1− |xk| − |xk − x| ≥ 1− |xk| −
3

2
δk ≥

1− |xk|
2

.

From this inequality, recalling the definition of xk, we immediately have

sup
B δk

2

(zk)
uk ≤ 2uk(xk) . (3.13)
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Next, since Bδk(xk) ⊂ {uk > 0}, we have that −div(|∇uk|p−2∇uk) = rk in Bδk(xk). Therefore,

from the Harnack inequality and since rk ≤ R, we may conclude that there exist c0 = c0(p, n) and

C = C(p, n,R) such that, for k large,

sup
B δk

4

(zk)
uk ≥ inf

B 4δk
5

(xk)
uk ≥ c0 sup

B 4δk
5

(xk)
uk(xk)− C ≥

c0

2
uk(xk), (3.14)

where in the last inequality we used the first estimate in (3.12).

Step 2. We now set

vk(x) :=
uk(zk + δkx/2)

uk(xk)
for x ∈Wk :=

2

δk
(Ωk − zk).

Then, from (3.13) and (3.14) we have that

sup
B
vk ≤ 2, sup

B 1
2

vk ≥
c0

2
, vk(0) = 0. (3.15)

Moreover vk is a minimizer in W 1,p
0 (Wk) of the functional

1

p

∫
Wk

|∇v|p dx−
δpkrk

2p(uk(xk))p−1

∫
Wk

v dx+
2n−p

δn−pk (uk(xk))pr
n
k

fη(2
−nδnk r

n
k |{v > 0}|)

+
2n−p

δn−pk (uk(xk))pr
n
k

√
ε2
jk

+ σ2(A(Ψk({v > 0}))− εjk)2,

where

Ψk(x) = yk + rkzk +
rkδkx

2
for all x ∈Wk.

Let us now introduce the solution wk ∈W 1,p(B 3
4
) of the following Dirichlet problem

−div(|∇wk|p−2∇wk) =
δpkrk

2p(uk(xk))p−1
in B 3

4
,

wk = vk on ∂B 3
4
.

By the maximum principle wk > 0 in B 3
4
. Therefore {vk > 0}∆{wk > 0} = {vk = 0}∩B 3

4
. Thus,

by the minimality of vk, using Lemma 3.2 and (3.3), and recalling that δk < 1 and uk(xk) ≥ 3k/4,

we have with some simple computations

1

p

∫
B 3

4

|∇vk|p dx−
δpkrk

2p(uk(xk))p−1

∫
B 3

4

vk dx

≤ 1

p

∫
B 3

4

|∇wk|p dx−
δpkrk

2p(uk(xk))p−1

∫
B 3

4

wk dx+
C

kp
,
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for some positive constant C = C(p, n, η,R). From this estimate, setting vsk = svk + (1 − s)wk,
for 0 < s < 1, and testing the equation satisfied by wk with vk − wk, we get

C

kp
≥ 1

p

∫
B 3

4

|∇vk|p dx−
1

p

∫
B 3

4

|∇wk|p dx+
δpkrk

2p(uk(xk))p−1

∫
B 3

4

(wk − vk) dx

=

∫ 1

0

1

s
ds

∫
B 3

4

(|∇vsk|p−2∇vsk · ∇(vsk − wk) dx+
δpkrk

2p(uk(xk))p−1

∫
B 3

4

(wk − vk) dx

=

∫ 1

0

1

s
ds

∫
B 3

4

|∇vsk|p−2∇vsk − |∇wk|p−2∇wk) · ∇(vsk − wk) dx. (3.16)

From this inequality, if p ≥ 2, recalling (2.18), we conclude that∫
B 3

4

|∇vk −∇wk|p dx ≤
C

kp
,

for a suitable constant independent of k. Therefore, we may conclude that

vk − wk → 0 strongly in W 1,p(B 3
4
) as k →∞. (3.17)

If 1 < p < 2 observe that since the sequence vk is bounded in L∞(B), from the minimality property

of vk it follows that the sequence vk is also bounded in W 1,p(B 3
4
). Hence, also the sequence wk

is bounded in the same space. Then, recalling (2.19) and using (3.16) we immediately conclude

that (3.17) holds also in this case.

Finally, by De Giorgi’s regularity theorem it follows that the vk are locally equibounded in

C0,α(B 3
4
). Therefore, up to a not relabelled subsequence, we may assume that they converge

locally uniformly in B 3
4

and weakly in W 1,p(B 3
4
) to a continuous function v0 ∈ W 1,p(B 3

4
). Then,

from (3.17), we have that also the wk converge weakly in W 1,p(B 3
4
) to v0. Moreover, by elliptic

regularity the sequence wk is also locally bounded in C1,β(B 3
4
) for some β > 0. Therefore, we

may conclude that, up to another not relabelled subsequence, the functions wk converge locally

strongly in W 1,p(B 3
4
). This implies that v0 is a nonnegative function such that

div(|∇v0|p−2∇v0) = 0 in B 3
4
.

But from (3.15) we have

sup
B 1

2

v0 ≥
c0

2
, and v0(0) = 0,

which is a contradiction to the maximum principle. This contradiction proves the lemma. �

Next step is to improve the previous local estimate so to get a global estimate up to the

boundary of BR. This is the content of the next lemma.

Lemma 3.12. Let uj be a function satisfying the minimality inequality (3.11). There exists a

constant C(p, n,R) such that if y ∈ BR, uj(y) = 0 and 0 < r < R then

sup
Br(y)

uj ≤ Cr.

Proof. Step 1. We first prove that there exists a constant M(p, n,R) such that if r < R/20, and

z ∈ BR, then

−
∫
∂Br(z)

uj dH
n−1 ≥Mr implies that uj > 0 in Br(z). (3.18)
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Fix j. First, observe that if the constant M is large enough then necessarily B10r(z) ⊂ BR. To

see this, recall that since −div(|∇uj |p−2∇uj) ≤ 1 from the maximum principle it follows that

0 ≤ uj(x) ≤ p− 1

p

R
p
p−1 − |x|

p
p−1

n
1
p−1

for all x ∈ BR.

Therefore there exists a constant C0(p, n,R) such that if B10r(y) ∩ ∂BR 6= 0, then

−
∫
∂Br(z)

uj dH
n−1 ≤ C0r.

Thus, if we choose the constant M in (3.18) strictly bigger than C0, inequality (3.18) yields that

B10r(y) ⊂ BR. On the other hand, if there exists a point x ∈ Br(z) with uj(x) = 0, by applying

Lemma 3.11 to the ball B8r(x) ⊂ B10r(z) ⊂ BR we get that

sup
Br(z)

uj ≤ sup
B2r(x)

uj ≤ 2Cr,

where C is the constant provided in Lemma 3.11. From this inequality we get again a contradiction

if we choose M > 2C.

Step 2 Fix now y ∈ BR such that uj(y) = 0. From the Harnack inequality we know that there

exists a constant C̃(p, n,R) such that if r < R/40

sup
Br(y)

uj ≤ C̃
[
−
∫
B2r(y)

u dx+ r
p
p−1

]
. (3.19)

On the other hand, from (3.18) we have∫
B2r(y)

uj dx =

∫ 2r

0
d%

∫
∂B%(y)

uj dH
n−1 ≤ n2n+1|B|Mrn+1

n+ 1
.

Combining this estimate with (3.19) concludes the proof when r < R/40. The general case follows

from the equiboundedness of the uj . �

A consequence of Lemma 3.12 is the Lipschitz continuity of the functions uj . Indeed this can

proved arguing exactly as in the proof of [4, Th. 2.3]. Note however that while the Lipschitz

estimate proved in [4] is local, in our case it goes up to the boundary of BR. This global estimate

is a consequence of the global estimate proved in Lemma 3.12 and of the fact that uj satisfies a

zero Dirichlet boundary condition on the boundary of a smooth set.

Theorem 3.13. Let uj be a function satisfying the minimality inequality (3.11). There exists a

constant C̃ = C̃(p, n,R) such that for all j

‖∇uj‖L∞(BR) ≤ C̃.

Next step is to prove uniform density estimates for the free boundaries. To this aim we need

the following non degeneracy lemma.

Lemma 3.14. Let uj be a function satisfying the minimality inequality (3.11). There exists

σ0 = σ0(n, p,R) such that for any γ > 0 and κ ∈ (0, 1), there exist τ, r0 > 0, depending only on

γ, κ, p, n,R, such that if 0 < σ < σ0, y ∈ BR, 0 < r < r0 and(
−
∫
Br(y)

uγj dx

) 1
γ

≤ τr,

then uj = 0 in Bκr(y).
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Proof. For notational simplicity let us just write u in place of uj since all the constants involved

in this proof will be indipendent of j.

Since −div(|∇uj |p−2∇uj) ≤ 1, from standard elliptic estimate, see for instance [18, Th. 7.3],

we have that for every κ ∈ (0, 1) there exists a constant C̃ = C̃(p, n, κ, γ) such that

ε =
1√
κr

sup
B√κr(y)

u ≤ C̃
[

1

r

(
−
∫
Br(y)

uγ
) 1
γ

+ r
1
p−1

]
≤ C̃(τ + r

1
p−1 ). (3.20)

Let w be the solution of
div(|∇w|p−2∇w) = −1 in B√κr(y) \Bκr(y)

w =
√
κεr on ∂B√κr(y)

w = 0 on Bκr(y),

Define

v =

{
u on Rn \B√κr(y)

min{u, w} on B√κr(y).

Hence v ∈W 1, p
0 (BR). Note that w ≥ u on ∂B√κr(y). By definition of v, we conclude that

{v > 0} ⊂ {u > 0} and {v > 0} \B√κr(y) = {u > 0} \B√κr(y).

Therefore from the minimality inequality (3.11) and from (3.8),

1

p

∫
B√κr(y)

|∇u|p dx−
∫
B√κr(y)

u dx+ fη(|{u > 0}|)

≤ 1

p

∫
B√κr(y)

|∇v|p dx−
∫
B√κr(y)

v dx+ fη(|{v > 0}|) + C1σ|B√κr(y) ∩ ({u > 0} \ {v > 0})|.

Now from (3.3) we infer that

1

p

∫
B√κr(y)

|∇u|p dx−
∫
B√κr(y)

u dx+
η(p− 1)

p
|({u > 0} \ {v > 0}) ∩B√κr(y))|

≤ 1

p

∫
B√κr(y)

|∇v|p dx−
∫
B√κr(y)

v dx,

where, as in the proof of Lemma 3.8, we have chosen σ0 > 0 so that C1σ0 ≤ η
p . Hence, noting that

{u > 0} ∩Bκr(y) = ({u > 0} \ {v > 0}) ∩Bκr(y),

we get

1

p

∫
Bκr(y)

|∇u|p dx−
∫
Bκr(y)

u dx+
η(p− 1)

p
|{u > 0} ∩Bκr(y)|

≤ 1

p

∫
Bκr(y)

|∇u|p dx−
∫
Bκr(y)

u dx+
η(p− 1)

p
|({u > 0} \ {v > 0}) ∩B√κr(y)|

≤ 1

p

∫
B√κr(y)\Bκr(y)

(|∇v|p − |∇u|p) dx−
∫
B√κr(y)\Bκr(y)

(v − u) dx

≤
∫
B√κr(y)\Bκr(y)∩{u>w}

|∇w|p−2∇w · (∇w −∇u) dx−
∫
B√κr(y)\Bκr(y)∩{u>w}

(w − u) dx

=

∫
∂Bκr(y)

|∇w|p−2u∂νw dH
n−1.
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Observe that the last equality is obtained by testing the equation satisfied by w with (u − w)+,

and recalling that the boundary value of w on ∂Bκr(y) is zero, and u ≤ w on ∂B√κr(y). Note

also that in the last integral ν denotes the exterior normal to ∂Bκr(y).

An explicit calculation gives that

w(x) = ϕ(|x− y|), where ϕ(%) :=

∫ %

κr

∣∣∣ c0

tn−1
− t

n

∣∣∣ 2−p
p−1
( c0

tn−1
− t

n

)
dt for % ∈ [κr,

√
κr],

where the constant c0 is chosen so that ϕ(
√
κr) =

√
κεr. Now, denote by % a point in [κr,

√
κr]

such that
√
κεr = ϕ(

√
κr) = ϕ′(%)(

√
κr − κr)

and observe that, using this equality, we may estimate for x ∈ ∂Bκr(y)

|∇w(x)| =
∣∣∣ c0

κn−1rn−1
− κr

n

∣∣∣ 1
p−1 ≤ C(κ, p, n)

[∣∣∣ c0

%n−1
− %

n

∣∣∣ 1
p−1

+ r
1
p−1

]
= C

(
ϕ′(%) + r

1
p−1
)
≤ C(κ, p, n)

(
ε+ r

1
p−1
)
.

Hence,

1

p

∫
B(y, κr)

|∇u|p dx+
η(p− 1)

p
|{u > 0} ∩Bκr(y)| ≤ C

(
εp−1 + r)

∫
∂Bκr(y)

u dHn−1 +

∫
Bκr(y)

u dx.

Moreover the trace inequality and Young’s inequality give∫
∂Bκr(y)

u dHn−1 ≤ C(κ, p, n)

(
1

r

∫
Bκr(y)

u dx+

∫
Bκr(y)

|∇u| dx
)

≤ C
((√

κε+
(p− 1)

p

)
|{u > 0} ∩Bκr(y)|+ 1

p

∫
Bκr(y)

|∇u|p dx
)
,

where we used that ∫
Bκr(y)

u dx ≤
√
κεr|{u > 0} ∩Bκr(y)|.

Therefore, recalling that η < 1, we may conclude that

ηmin

{
1

p
,
p− 1

p

}(∫
Bκr(y)

|∇u|p dx+ |{u > 0} ∩Bκr(y)|
)

≤ C0(εp−1 + r)(ε+ 1)

(∫
Bκr(y)

|∇u|p dx+ |{u > 0} ∩Bκr(y)|
)
,

for a suitable constant C0(p, n, κ). Then, recalling (3.20), if τ and r are chosen so that

C0(εp−1 + r)(ε+ 1) ≤ η

2
min

{
1

p
,
p− 1

p

}
,

we conclude that u = 0 in Bκr(y). �

The following lemma is a simple, but essential tool for the subsequent analysis of the regularity

of the free boundaries ∂Uj .

Lemma 3.15. Let uj be a sequence satisfying (3.11), jk a sequence of positive integers and Brk(yk)

a sequence of balls such that yk ∈ ∂Ujk and rk → r0 as k →∞. Set

uk(x) :=
ujk(yk + rkx)

rk
for x ∈ Ωk := B R

rk

(−yk/rk). (3.21)
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Then, up to a subsequence, the functions uk converge uniformly in B and weakly* in W 1,∞(B) to

a function u0 such that −div(|∇u0|p−1∇u0) = r0 in B ∩ {u0 > 0} and 0 ∈ ∂{u0 > 0}. Moreover,

|∇uk|p−2∇uk → |∇u0|p−2∇u0 locally uniformly in B ∩ {u0 > 0}.

Proof. First we observe that

−div(|∇uk|p−2∇uk) = rk in B ∩ {uk > 0}. (3.22)

Since by Theorem 3.13 the sequence uj is equi-Lipschitz in BR, the rescaled sequence uk is equi-

Lipschitz in B. Therefore, up to a not relabelled subsequence, it converges uniformly in B and

weakly* in W 1,∞(B) to some function u0. If V is an open set compactly contained in {u0 > 0}
then for k large we have also that V ⊂⊂ {uk > 0}. From the equation (3.22) satisfied by

uk and standard elliptic estimates we have that the sequence uk is equibounded in C1,α(V ).

Therefore, |∇uk|p−2∇uk → |∇u0|p−2∇u0 uniformly in V . The fact that −div(|∇u0|p−1∇u0) = r0

in B ∩ {u0 > 0} then follows from the strong convergence of the gradients and from (3.22). �

The proof of next result goes exactly as the proof of Theorem 4.4 in [12] with the obvious

modification that in our case when we rescale from a ball Brk(yk) to B and replace ujk by the

function uk as in (3.21), then −div(|∇uk|p−2∇uk) ≤ rk in B and thus we have to compare uk with

the function vk which agrees with uk on ∂B and solves the equation −div(|∇vk|p−2∇vk) = rk
in B (see the estimate performed in Step 2 of the proof of of Lemma 3.11). Note that, thanks

to the global Lipschitz estimate provided by Theorem 3.13 and to the global estimate stated in

Lemma 3.14, the density estimates (3.23) hold uniformly on ∂Uj ∩BR.

Theorem 3.16. Let uj be a function satisfying the minimality inequality (3.11). There exist a

constant C = C(n, p,R) > 1 such that the following properties hold:

1

C
dist (x, ∂Uj) ≤ uj(x) ≤ C dist (x, ∂Uj) for every x ∈ BR;

for every x ∈ ∂Uj and 0 < r ≤ R
1

C
≤ |Uj ∩Br(x)|

|Br|
≤ 1− 1

C
. (3.23)

If E ⊂ Rn is a measurable set we denote by ∂ME its measure theoretic boundary, i.e., the

complement in Rn of the set of points where the density of E is either 0 or 1. Moreover, if E has

finite perimeter, ∂∗E denotes the reduced boundary of E, i.e., the set of points of ∂E where the

generalized exterior normal νE exists (for the precise definition see [5, Ch. 3] or [23, Ch. 15]).

Remark 3.17. From Lemma 3.8 we know that each Uj is a set of finite perimeter. Moreover Uj
is also open by Remark 3.10. Observe that (3.23) implies that the topological boundary of Uj
coincides with its measure theoretic boundary ∂MUj . Therefore, by a well known property of sets

of finite perimeter, see [5, Th. 3.61], we may conclude that

Hn−1(∂Uj \ ∂∗Uj) = 0 for all j. (3.24)

Next result is the counterpart in our case of Lemma 5.4 and Theorems 5.2, 5.5 and 5.6 of [12].

Though the proofs of these results are a bit long and require various intermediate results, the

arguments used therein are based only on Lemma 3.14, Theorem 3.13 and the convergence of the

rescaled functions uk defined in (3.22) to a p-harmonic function u0 when rk → 0, see Lemma 3.15.

Those proofs can be reproduced in our setting without any substantial change and therefore we

do not give the details here.
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Theorem 3.18. Let uj be a function satisfying the minimality inequality (3.11). There exists a

nonnegative Borel function quj such that

−div(|∇uj(x)|p−2∇uj(x)) = χ
Uj

(x)− quj (x)p−1Hn−1 ∂Uj in BR

and for all x ∈ ∂Uj
1

C
≤ quj (x) ≤ C, lim sup

z→x,uj(z)>0
|∇uj(z)| = quj (x) , (3.25)

where C = C(p, n,R) > 1. Moreover, for Hn−1-a.e. x ∈ ∂Uj, we have that

uj(x+ rz)

r
→ quj (x)(−z · νUj (x))+ in W 1,q

loc (Rn) for all q ≥ 1, (3.26)

where νUj is the generalized exterior normal to the boundary of Uj.

Assume that ∂Uj is of class C1 in a neighborhood of x and that uj ∈ C1(U j). Then (3.26)

states that quj (x) = |∇uj(x)| = −∇uj(x)·νUj (x); moreover, one can show that the Euler–Lagrange

equation satisfied at ∂Uj is

(p− 1)
∣∣∣∂uj(x)

∂νUj

∣∣∣p − σ2(A(Uj)− εj)√
ε2
j + σ2(A(Uj)− εj)2

[
|x− xUj | − −

∫
Uj

(y − xUj ) · x1

|y − xUj |
dy

]
= c(j),

for some constant c(j). Thus, we proceed as in [10, Sect. 4] proving that the above formula holds

indeed when replacing the absolute value of the normal derivative of uj at the boundary by quj .

This is precisely the content of the next lemma.

Lemma 3.19. Let R ≥ 2 and let uj satisfy the minimality inequality (3.11). Set for every x ∈ ∂Uj

Λj(x) := (p− 1)(quj (x))p − σ2(A(Uj)− εj)√
ε2
j + σ2(A(Uj)− εj)2

[
|x− xUj | − −

∫
Uj

(y − xUj ) · x
|y − xUj |

dy

]
. (3.27)

There exists j0 = j0(R) such that Λj is constant for all j > j0.

Before proving this important lemma we need another technical result.

Lemma 3.20. Let R ≥ 2 and let uj satisfy the minimality inequality (3.11). Up to a not rela-

belled subsequence and after a suitable translation, the sets Uj converge in L1 to the unit ball B.

Furthermore, for every 0 < 2δ < R− 1 there exists jδ > 0 such that for j ≥ jδ
B1−δ ⊂ Uj ⊂ B1+δ (3.28)

and the energy function uj satisfies (3.11) for every v ∈W 1, p
0 (Nδ(Uj)).

This result is a simple consequence of Lemma 3.9 and (3.23). Its proof is exactly as the proof

of Lemmas 4.13 and 4.14 of [10] and therefore we omit it. Let us instead give some more details of

the proof of the previous lemma, which is anyway very similar to the one of Lemma 4.15 in [10].

Proof of Lemma 3.19. We choose δ < R−1
4 and fix j ≥ jδ, where jδ is as in Lemma 3.20. As before

we drop the subscript and simply write u and U instead of uj and Uj , respectively. Moreover, up

to a suitable translation, we may always assume that the barycenter xU is at the origin.

Let us recall, see for instance [5, Th. 3.59], that since U is a set of finite perimeter, for every

x ∈ ∂∗U we have that

U − x
%
→ {νU (x) · y ≤ 0} locally in L1 as %→ 0+, (3.29)



32 NICOLA FUSCO AND YI RU-YA ZHANG

where νU is the generalized exterior normal to ∂U . Thus, recalling (3.24), in order to prove the

assertion it is enough to show that for every x1, x2 ∈ ∂∗U for which (3.26) holds we have

Λj(x1) = Λj(x2).

To this aim we argue as in the proof of [10, Lemma 4.15]. Therefore, since most of the calculations

are exactly as in [10] we shall only indicate the changes that are needed.

We argue by contradiction assuming that Λj(x1) < Λj(x2) and showing that this inequality

violates the minimality of u. To this aim we fix a nonnegative radially symmetric smooth function

φ(|x|), compactly supported in B, and define for τ, % small

Φτ, %(x) =


x− τ%φ

( |x− x1|
%

)
νU (x1) for x ∈ B%(x1)

x+ τ%φ
( |x− x2|

%

)
νU (x2) for x ∈ B%(x2)

x otherwise.

The reader should be pay attention to the fact that here, differently than in [10], by νU we

denote the exterior normal to ∂U . If τ, % are small enough, the mapping Φτ, % is a diffeomorphism.

Moreover by Lemma 3.20, if τ is small the function

uτ, % := u ◦ Φ−1
τ, %

is an admissible function for (3.11). Notice that

Uτ, % := {x | uτ, % > 0} = Φτ, %(U).

We are now going to prove that for % and τ small

Gη,j(Uτ, %)−Gη,j(U) < 0, (3.30)

where Gη,j is defined as in (3.6). This inequality will contradict the minimality of U , thus proving

the lemma.

In order to prove (3.30) we estimate all the terms appearing in the functional Gη,j . First, by

repeating exactly the calculations in the proof of [10, Lemma 4.15] we obtain, see [10, (4.37)],

lim
%→0

||Uτ, %| − |U ||
%n

= o(τ).

Therefore by by (3.3) we have that

lim sup
%→0

1

%n
|fη(|Uτ, %|)− fη(|U |)| ≤ lim

%→0

1

η

||Uτ, %| − |U ||
%n

= o(τ). (3.31)
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Concerning the gradient term we have, by change of variable,

1

%n

[∫
Uτ, %

|∇uτ, %|p dx−
∫
U
|∇u|p dx

]
=

1

%n

[∫
U

(
|((∇Φτ, %)

−1)T ◦ ∇u|p det∇Φτ, ρ − |∇u|p
)
dx

]
= −τ

∫
U−x1
%
∩B

[
|∇u(x1 + %y)|pφ′(|y|)y · νU (x1)

|y|

− p|∇u(x1 + %y)|p−2φ′(|y|)(∇u(x1 + %y) · y)(∇u(x1 + %y) · νU (x1))

|y|

]
dy

+ τ

∫
U−x2
%
∩B

[
|∇u(x2 + %y)|pφ′(|y|)y · νU (x2)

|y|

− p|∇u(x2 + %y)|p−2φ′(|y|)(∇u(x2 + %y) · y)(∇u(x2 + %y) · νU (x2))

|y|

]
dy + o(τ).

Thus, letting ρ→ 0, recalling (3.26) and (3.29), and using the divergence theorem, we get

lim
%→0

1

%n

[∫
Uτ, %

|∇Uτ, %|p dx−
∫
U
|∇u|p dx

]
= τ(p− 1)

(∫
{y·νU (x1)≤0}∩B

|qu(x1)|pφ′(|y|)νU (x1) · y
|y|

−
∫
{y·νU (x2)≤0}∩B

|qu(x2)|pφ′(|y|)νU (x2) · y
|y|

)
+ o(τ)

= τ(p− 1) (|qu(x1)|p − |qu(x2)|p)
∫
{yn=0}∩B

φ (|y|) + o(τ). (3.32)

A similar and actually simpler argument leads to the estimate of the L1 term

lim
%→0

1

%n

[∫
Uτ, %

uτ, % dx−
∫
U
u dx

]
= lim

%→0

1

%n

∫
U
u(det∇Φτ, ρ − 1) dx

= −τ
(∫
{y·νU (x1)≤0}∩B

u(x1)φ′ (|y|) y · νU (x1)

|y|
−
∫
{y·νU (x2)≤0}∩B

u(x2)φ′ (|y|) y · νU (x2)

|y|

)
+ o(τ)

= o(τ), (3.33)

where in the last equality we used the fact that u(x1) = u(x2) = 0.

Concerning the asymptotic behaviour of the barycenter and of the asymmetry, the calculations

are longer, but they are exactly as the ones made in [10], see (4.42) therein. One has

lim
%→0

A(Uτ, %)−A(U)

%n
= −τ

(
|x1| − |x2| − (x1 − x2) · −

∫
U

y

|y|
dy

)∫
{yn=0}∩B

φ (|y|) + o(τ).

From this inequality and the estimates (3.31), (3.32) and (3.33), recalling the definition (3.27) of

Λj we conclude that

lim
%→0

Gη, j(Uτ, ρ)−Gη, j(U)

%n
≤ τ(Λj(x1)− Λj(x2))

∫
{yn=0}∩B

φ (|y|) dy + o(τ).

This inequality immediately yields (3.30) since Λj(x1) < Λj(x2). And this concludes the proof. �

Remark 3.21. Observe that by Lemma 3.20 we have that for j large

|x− xUj | ≥
1

2
for x ∈ ∂Uj .
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Moreover

σ2(A(Uj)− εj)√
ε2
j + σ2(A(U)− εj)2

[
|x− xUj | − −

∫
Uj

(y − xUj ) · x
|y − xUj |

dy

]
≤ C(n, R)σ

when j ≥ jδ. Then, if σ is small, by Lemma 3.18 Λj is uniformly bounded from above and away

from zero . Therefore there exists a constant σ0(p, n, R) such that when σ < σ0, the functions

quj (x) =

 1

p− 1

Λj +
σ2(A(Uj)− εj)√

ε2
j + σ2(A(Uj)− εj)2

[
|x− xUj | − −

∫
Uj

(y − xUj ) · x
|y − xUj |

dy

] 1
p

are all smooth in some neighborhood Nδ(Uj), for some δ > 0 independent of j. Moreover, given

k ≥ 1, all the Ck norms of the quj are bounded independently of j.

Following [12], we may now state the regularity property of the sets ∂Uj . To this aim, we recall

the following definition originally given in [3, Definition 7.1], see also [12, Definition 6.1].

Definition 3.22. Let 0 ≤ σ−, σ+ ≤ 1 and τ > 0 and let u ∈ W 1,p
0 (BR) be a continuous weak

solution of the equation

−div(|∇u|p−2∇u) = χ
U
− qp−1

u Hn−1 ∂U, (3.34)

where U = {u > 0} is a set of finite perimeter, and qu : ∂U → (0,∞) a continuous function. We

say that u belongs to the class F (σ+, σ−; τ) in Br(x0) with respect to the direction ν ∈ Sn−1 if

Br(x0) ⊂ BR and the following conditions hold:

(i) x0 ∈ ∂{u > 0};
(ii) for (x− x0) · ν ≥ σ+r, we have u(x) = 0;

(iii) for (x− x0) · ν ≤ −σ−r, we have u(x) ≥ −qu(x0)((x− x0) · ν + σ−r);

(iv) we have |∇u(x)| ≤ qu(x0)(1 + τ), for all x ∈ Br(x0) and oscBr(x0)qu ≤ τqu(x0).

Next result deals with the regularity of the sets Uj .

Theorem 3.23. Let u ∈W 1,p
0 (B2) be a Lipschitz continuous weak solution of (3.34), such that

U := {x ∈ BR : u > 0} ⊂ B3/2

and let qu : ∂U → (0,∞) be Lipschitz continuous. There exist positive constants α, β, ω0, τ0

and C, depending only on p, n,min qu, ‖qu‖W 1,∞ and ‖u‖W 1,∞, such that if u ∈ F (ω, 1; +∞) in

B%(x0) ⊂ BR with respect to some direction ν ∈ Sn−1, ω ≤ ω0 and % ≤ τ0ω
β, then there exists a

function f : Rn−1 → R, with ‖f‖C1,α(Rn−1) ≤ Cω and

∂Uj ∩B %
4
(x0) = (x0 + graphνf) ∩B %

4
(x0),

where

graphνf = {x ∈ Rn : x · ν = f(x− (x · ν)ν)}.
Moreover, if qu ∈ Ck,γ(Nδ(∂U)) for some integer k ≥ 1, δ > 0 and γ ∈ (0, 1), there exists a

constant Ck, depending on all the previous quantities and also on k, δ, γ and ‖qu‖Ck,γ , such that

f ∈ Ck,γ(Rn−1) and ‖f‖Ck,γ(Rn−1) ≤ Ck.

For the proof of this result see the Appendix.

Proof of Proposition 3.4. Thanks to Lemma 3.20 and to Theorem 3.23, the proof goes exactly as

the proof of Proposition 4.4 in [10]. �
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4. The proof of the main theorem

In this section we prove Theorem 1.1. To this aim, following [10], we first prove a quantitative

inequality for E(Ω), namely that there exists a constant γ, depending only on p and n, such that

for any open set Ω with |Ω| = |B|

E(Ω)− E(B) ≥ γA(Ω)2,

where A(Ω) is defined as in (1.2). Then we obtain (1.8) by combining this inequality with the

following extension of the Kohler-Jobin inequality proved in [8, Th. 1.1].

Theorem 4.1. Let n ≥ 2, p > 1 and q ≥ 1 an exponent satisfying (1.6). Then for any open set

of finite measure Ω one has

λp,q(Ω)

λp,q(B)
≥
(
E(B)

E(Ω)

)α
,

where α = (np+ pq − nq)(p− 1)/[q(np+ p− n)].

The proofs in this section follow very closely those given in [10] with a few technical changes.

We start with a lemma which provides an estimate of the energy function in Ω and of its gradient

outside a ball in terms of the measure of Ω outside a smaller ball.

Lemma 4.2. Let Ω be an open set with |Ω| = |B| and let uΩ ∈ W 1, p
0 (Ω) be its energy function.

There exists a constant C = C(p, n) such that for every R ≥ 1 we have

‖uΩ‖L∞(Ω\BR+1) ≤ C|Ω \BR|
1
n ,

∫
Ω\BR+1

|∇uΩ|p dx ≤ C|Ω \BR|1+ 1
n . (4.1)

Proof. The conclusion is trivial if |Ω \BR| = 0, and hence we may assume that |Ω \BR| > 0. We

set Rk = R+ 1− 2−k for k ∈ N and let

ϕk(x) = φk(|x|)

where φk(t) = 0 if t ∈ [0, Rk−1], φk(t) = 1 if t ≥ Rk and in [Rk−1, Rk] φk is the affine function

connecting the values 0 and 1. We also set

sk = M |Ω \BR|
1
n (1− 2−k),

where M will be a constant depending only on n and p which will be chosen later.

Plugging ϕpk(uΩ − sk)+ into the equation satisfied by uΩ, we get∫
Ω
|∇uΩ|p−2∇uΩ∇(ϕpk(uΩ − sk)+) dx =

∫
Ω
ϕpk(uΩ − sk)+ dx.

From this equality, a simple use of the Young’s inequality yields∫
{uΩ>sk}

|∇uΩ|pϕpk dx ≤ C(p)

∫
{uΩ>sk}

(
(uΩ − sk)p|∇ϕk|p + ϕpk(uΩ − sk)

)
dx. (4.2)

From a well known elliptic estimate, see [26, Th. 1], we have

‖uΩ‖L∞(Ω) ≤ ‖uB‖L∞(B) ≤ C(p, n).
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Since |∇ϕk| ≤ 2k and 0 ≤ ϕk ≤ 1, by a well known variant of Poincaré inequality, see [18, Cor.

3.1], we get from (4.2) that∫
Ω

(ϕk(uΩ − sk)+)p dx ≤ C
∣∣{ϕk(uΩ − sk)+ > 0}

∣∣ pn ∫
Ω
|∇(ϕk(uΩ − sk)+)|p dx

≤ C
∣∣{ϕk(uΩ − sk)+ > 0}

∣∣ pn ∫
{uΩ>sk}

(
(uΩ − sk)p|∇ϕk|p + ϕpk|∇uΩ|p

)
dx

≤ C
∣∣{ϕk(uΩ − sk)+ > 0}

∣∣ pn ∫
{uΩ>sk}

(
(uΩ − sk)p|∇ϕk|p dx+ ϕpk(uΩ − sk)

)
dx

≤ C2pk
∣∣{ϕk(uΩ − sk)+ > 0}

∣∣1+ p
n , (4.3)

for some constant C = C(p, n). Observe that

{(uΩ − sk+1)+ > 0} ∩ (Ω \BRk) ⊂ {(uΩ − sk)+ > sk+1 − sk} ∩ (Ω \BRk),

and that

sk+1 − sk = 2−k−1M |Ω \BR|
1
n .

Therefore we conclude that

|{(uΩ − sk+1)+ > 0} ∩ (Ω \BRk)| ≤ |{(uΩ − sk)+ > sk+1 − sk} ∩ (Ω \BRk)|

≤ 2p(k+1)

Mp|Ω \BR|
p
n

∫
Ω

(ϕk(uΩ − sk)+)p dx

≤ C0
2pk

Mp|Ω \BR|
p
n

|{(uΩ − sk)+ > 0} ∩ (Ω \BRk−1
)|1+ p

n ,

for a suitable constant C0 = C0(p, n). If for any k ∈ N we set

ak =
|{(uΩ − sk)+ > 0} ∩ (Ω \BRk−1

)|
|Ω \BR|

≤ 1,

then we have

ak+1 ≤ C0
2pk

Mp
a

1+ p
n

k .

From this inequality, choosing M so that C0/M
p = 2−n−pand arguing by induction we easily get

that ak ≤ 2−n(k−1) for all k ≥ 1 and thus

lim
k→∞

ak = 0.

Therefore, setting s∞ = M |Ω \BR)|
1
n we conclude that

|{(uΩ − s∞)+ > 0} ∩ (Ω \BR+1)| = 0,

thus proving the first inequality in (4.1).

To get the second inequality in (4.1) observe that the same argument as above shows that the

following stronger inequality also holds

‖uΩ‖L∞(Ω\BR+1/2) ≤ C|Ω \BR|
1
n , (4.4)

for some constant C(p, n). Fix now a nonnegative C1 function ϕ such that ϕ = 0 in BR+1/2,

ϕ = 1 in Rn \BR+1 and |∇ϕ| ≤ C(n). Since uΩϕ
p is an admissible test function for the equation

satisfied by uΩ, we have ∫
Ω
|∇u|p−2∇u · ∇(ϕpku) dx =

∫
Ω
ϕpku dx.
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Then, by using Young’s inequality we get∫
Ω\BR+1

|∇uΩ|p dx ≤
∫

Ω
ϕp|∇uΩ|p dx ≤ C(p)

∫
Ω
|∇ϕ|pupΩ dx+ C(p)

∫
Ω
ϕuΩ dx

≤ C(p)

∫
Ω\BR+1/2

|uΩ|p + |uΩ| dx.

The result then follows by estimating the last integral with (4.4). �

Let Ω an open set with finite measure and r > 0. Observe that

E(rΩ) = r
n+ p

p−1E(Ω). (4.5)

Therefore, setting

D(Ω) := E(Ω)|Ω|−1− p
n(p−1) − E(B)|B|−1− p

n(p−1) ,

compare with (1.7), we get from (4.5) that D(Ω) is invariant by rescaling.

Next lemma gives a not optimal quantitative inequality for D(Ω) which will be later used to

get the optimal one.

Lemma 4.3. There exists a constant γ, depending only on p, n such that for any open set Ω ⊂ Rn
with finite measure

D(Ω) ≥ γA(Ω)2+p. (4.6)

Proof. Since both quantities in (4.6) are scaling invariant, we may assume without loss of generality

that |Ω| = |B|. Observe that

E(Ω) = −p− 1

p
λp,1(Ω)

− 1
p−1 , (4.7)

hence

D(Ω) =
p− 1

p
|B|−1− p

n(p−1)
(
λp,1(B)

− 1
p−1 − λp,1(Ω)

− 1
p−1
)
,

where λp,1(Ω) is defined as in (1.5). Therefore, if λp,1(Ω) ≥ 2λp,1(B) we conclude that

D(Ω) ≥ p− 1

p
|B|−1− p

n(p−1)λp,1(B)
− 1
p−1
(
1− 2

− 1
p−1
)
≥ c(p, n)A(Ω)2+p,

where the last inequality follows from the fact that A(Ω) ≤ 2. On the other hand by [16, Th. 1.1]

we have

λp,1(Ω)− λp,1(B) ≥ c(p, n)A(Ω)2+p, (4.8)

for some positive constant depending only on p, n. Therefore, if λp,1(Ω) ≤ 2λp,1(B), we have

D(Ω) ≥ p− 1

p
|B|−1− p

n(p−1)λp,1(Ω)
− 1
p−1

((
λp,1(Ω)

λp,1(B)

) 1
p−1

− 1

)
≥ p− 1

p
|B|−1− p

n(p−1) (2λp,1(B))
− 1
p−1

((
λp,1(Ω)

λp,1(B)

) 1
p−1

− 1

)
≥ c(p, n)

(λp,1(Ω)

λp,1(B)
− 1
)
, (4.9)

where in the last inequality we used the fact that for all α > 0 there exists a constant c(α) such

that

tα − 1 ≥ c(α)(t− 1) for all t ∈ [1, 2].

The conclusion then follows by combining (4.8) and (4.9). �

Using the two lemmas above we may then prove the following result which tells us that in

estimating D(Ω) we may always reduce to the case where Ω is a bounded set.
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Lemma 4.4. There exists three positive constants C, δ,R, depending only p and n such that for

every open set Ω with |Ω| = |B| and D(Ω) ≤ δ, one can find another open set Ω̃ with |Ω̃| = |B|
and Ω̃ ⊂ BR with the property that

A(Ω) ≤ A(Ω̃) + CD(Ω), D(Ω̃) ≤ CD(Ω).

Proof. Let us assume that the ball achieving the asymmetry, i.e., the ball minimizing the right

hand side of (1.2), is B. From (4.6) we have that if D(Ω) ≤ δ with a sufficiently small δ,

|Ω \B|
|B|

≤ A(Ω) ≤
(D(Ω)

γ

) 1
p+2 ≤ 1

2
. (4.10)

Let us now estimate the energy E(Ω ∩ Bk+2) for every k ∈ N. Let ϕk be the cut-off function

defined by ϕk(x) = min{1, (k+ 2− |x|)+}, x ∈ Rn, which is supported in Bk+2 and equals to 1 in

Bk+1. Setting uk := ϕkuΩ, we have

E(Ω ∩Bk+2)− E(Ω) ≤ 1

p

∫
Ω
|∇uk|p dx−

1

p

∫
Ω
|∇uΩ|p dx−

∫
Ω
uk dx+

∫
Ω
uΩ dx

≤
∫

Ω
|∇uk|p−2∇uk · ∇(uk − uΩ) dx+

∫
Ω

(1− ϕk)uΩ dx

≤ C(p)

∫
Ω\Bk+1

(
|∇uΩ|p + |uΩ|p + |uΩ|

)
dx ≤ C(p, n)|Ω \Bk|1+ 1

n ,

where in the last inequality we used (4.1). Set bk := |Ω\Bk|
|B| and recall that by (4.10) bk ≤ 1/2.

With this notation, the inequality above can be written as

E(Ω ∩Bk+2)− E(Ω) ≤ C(p, n)b
1+ 1

n
k . (4.11)

By the definition of bk and D(Ω), recalling the minimality property of B, we further have

E(B)(1− bk+2)
1+ p

n(p−1) = E(B)|B|−1− p
n(p−1) |Ω ∩Bk+2|

1+ p
n(p−1)

≤ E(Ω ∩Bk+2) ≤ E(Ω) + Cb
1+ 1

n
k ≤ E(B) + CD(Ω) + Cb

1+ 1
n

k .

Since bk ≤ 1/2 and E(B) < 0 we then have

bk+2 ≤ C(p, n)
(

1− (1− bk+2)1+ p
n

)
≤ C̃(D(Ω) + b

1+ 1
n

k ), (4.12)

for some positive constant C̃(p, n). Now choose δ > 0 such that 2C̃δ ≤ 1/2 and define

K := max{k ∈ N : bk ≥ 2C̃D(Ω)},

if the set on the right hand side is not empty, and K := 0, otherwise. The existence of such K

follows from the fact that limk→∞ bk = 0. We claim that when δ is small, there is a constant

K ′(p, n) such that K ≤ K ′. Indeed for k + 2 ≤ K, we have by (4.12) and the definition of K

bk+2 ≤ 2(bk+2 − C̃D(Ω)) ≤ 2C̃b
1+ 1

n
k ≤ b1+ 1

2n
k

if δ is sufficiently small. Then by iteration one has that there exists k(n) ≥ 1 such that if

k(n) ≤ k ≤ K
bk ≤ b

1+ k
2n

1 .

Therefore, either K ≤ k(n) or, recalling (4.10),

2C̃D(Ω) ≤ bK ≤ b
1+ K

2n
1 ≤ C(n, p)D(Ω)

(1+ K
2n

) 1
p+2 .

This implies the claim.
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By the definition of K and bk, we immediately obtain that

|Ω ∩BK+3| ≥ |B|(1− bK+1) ≥ |B| − 2C̃|B|D(Ω), (4.13)

while by (4.11)

E(Ω ∩BK+3) ≤ E(Ω) + Cb
1+ 1

n
K+1 ≤ E(Ω) + C(p, n)D(Ω)1+ 1

n . (4.14)

Set

Ω̃ =
Ω ∩BK+3

r
,

where

r =

(
|Ω ∩BK+3|
|B|

) 1
n

≤ 1. (4.15)

Clearly |Ω̃| = |B|. Moreover, since 2C̃δ < 1/2, from (4.13) and (4.14),

diam (Ω̃) ≤ d = d(p, n), and D(Ω̃) ≤ C(p, n)D(Ω).

Let us finally compute A(Ω) − A(Ω̃). To this aim let B(x0) be an optimal ball for Ω̃. Recalling

the definition (4.15) of r and that bK+3 < 2C̃D(Ω), we conclude that

|B|A(Ω) ≤ |Ω∆B(x0/r)|
≤ |Ω∆(Ω ∩BK+3)|+ |(Ω ∩BK+3)∆Br(x0/r)|+ |Br(x0/r)∆B(x0/r)|

≤ 2C̃|B|D(Ω) + rn|Ω̃∆B(x0)|+ ωn(1− rn) ≤ |B|A(Ω̃) + C(p, n)D(Ω),

where in the last inequality we used the fact that

1− r ≤ C(p, n)D(Ω).

This completes the proof of the lemma. �

We are now in position to give the proof of our main result.

Proof of Theorem 1.1. We start by proving that there exists a constant κ, depending only on p

and n, such that for any open set Ω with finite measure

D(Ω) ≥ κA(Ω)2. (4.16)

Since both sides of the inequality above are scaling invariant, we may assume that |Ω| = |B|. Let

δ be the constant in Lemma 4.4. If D(Ω) ≥ δ, then since A(Ω) < 2 we have

D(Ω) ≥ δ

4
A(Ω)2.

Thus we may assume that D(Ω) < δ. By Lemma 4.4, up to replacing Ω with Ω̃, we may further

assume that Ω ⊂ BR.

Let ε be as in Theorem 3.3. If A(Ω) ≤ ε, (4.16) follows by combining (3.1) with Lemma 3.2

(i). Finally, if A(Ω) ≥ ε, denoting by B(x0) an optimal ball for Ω, from Lemma 3.2 (ii) we have

A(Ω) =
|Ω∆B(x0)|
|B|

≥ A(Ω)

c2|B|
≥ ε

c2|B|
.

Therefore, recalling (4.6) we conclude that

D(Ω) ≥ γA(Ω)2+p ≥ γεp

cp2|B|p
A(Ω)2.
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Let now q ≥ 1 be an exponent satisfying (1.6). From Theorem 4.1 we know that there exists

α(p, q, n) > 0 such that

λp,q(Ω)

λp,q(B)
≥
(
E(B)

E(Ω)

)α
.

From this inequality and the quantitative estimate (4.16), inequality (1.8) follows at once by the

same argument used in the proof of Lemma 4.3. �

5. Appendix

This section is devoted to the proof of Theorem 3.23. The proof will follow closely the proof of

Theorem 9.1 in [12], where the authors deal with solutions of the equation

div(|∇u|p−2∇u) = Hn−1 ∂{u > 0}.

Although our equation (3.34) is very similar to the one above, some arguments used in [12] must

be adjusted to our situation. These changes are discussed in details in this section. Throughout all

this section we shall always assume that u is a solution in W 1,2
0 (B2) of (3.34) with {u > 0} ⊂ B3/2.

Remark 5.1. Observe that if x0 ∈ ∂{u > 0} and r > 0, by setting

ur(x) :=
u(x0 + rx)

r
, (5.1)

the rescaled function ur satisfies the equation

−div(|∇ur(x)|p−2∇ur(x)) = rχ{ur>0}(x)− qu(x0 + rx)p−1Hn−1 ∂{ur > 0}, (5.2)

where qu is a Lipschitz function satisfying the assumptions of Theorem 3.23. Morover, if u ∈
F (σ+, σ−; τ) in Br(x0) with respect to some direction ν, then ur ∈ F (σ+, σ−; τ) in B with respect

to the same direction.

The first lemma is proved with exactly the same proof of Claim 6.7 in [12].

Lemma 5.2. If Br(w) is a ball in {u = 0} touching ∂{u > 0} at z, then

lim sup
x→z, u(x)>0

u(x)

dist(x,Br(w))
= qu(z). (5.3)

Roughly speaking, the idea of the proof of Theorem 3.23 is to show that if in a small ball Br(x0)

the free boundary ∂{u > 0} is sufficiently flat, then it becomes even flatter in smaller balls. This

amounts to prove a decay estimate for the quantity F (σ+, σ−; τ). This goal is achieved through a

certain number of intermediate steps. The first one is contained in the next lemma.

Lemma 5.3. There exists a constant γ0(p, n,min qu) such that for every ε > 0, there exists σε > 0

with the property that if 0 < σ < σε, 0 < r < γ0σ and u ∈ F (σ, 1;σ) in Br(x0) with respect to

ν ∈ Sn−1, then u ∈ F (2σ, ε;σ) in B r
2
(x0) with respect to the same ν.

Proof. The proof is similar to the one of Lemma 6.5 in [12]. Yet a few changes are needed.

Up to replacing u by the function ur
qu(x0) , where ur is defined as in (5.1), by (5.2) we may assume

that u satisfies in B the equation

−div(|∇u(x)|p−2∇u(x)) =
r

qu(x0)p−1
χ{u>0}(x)−

(
qu(x0 + rx)

qu(x0)

)p−1

Hn−1 ∂{u > 0}.
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Moroever, up to a rotation, we may assume that ν = en. Thus we have that{
if x ∈ B and xn ≥ σ, then u(x) = 0

|∇u(x)| ≤ 1 + σ in B
(5.4)

As in [12] we set, for y ∈ Rn−1,

η(y) := exp

(
− 9|y|2

1− 9|y|2

)
for |y| < 1/3 and η(y) = 0 for |y| ≥ 1/3. Then, we denote by s the largest nonnegative number

such that

B ∩ {u > 0} ⊂ D := {x ∈ B : xn < σ − sη(x′)},
where x′ = (x1, . . . , xn−1). Observe that since 0 ∈ ∂{u > 0} we have s ≤ σ. Moreover, there

exists z such that

z ∈ B 1
2
∩ ∂D ∩ ∂{u > 0}, zn = σ − sη(z′). (5.5)

Then, given ξ ∈ B 3
4
, with ξn ≤ −1/2, let us denote by v the unique solution of the following

problem 

−div(|∇v|p−2∇v) =
r

qu(x0)p−1
in D \B%(ξ),

v(x) = 0 if x ∈ ∂D ∩B,
v(x) = (1 + σ)(σ − xn) if x ∈ ∂D \B,
v(x) = −(1− κσ)xn if x ∈ ∂B%(ξ),

(5.6)

where % < 1/4 and κ are two positive constants, to be chosen later independently of σ and r. In

Lemma 5.4 below we shall prove that there exist two positive constants C(%) and c(%), depending

only on %, such that if σ < σ(κ, %), then

|∇v(z)| ≤ 1 + C(%)σ − c(%)κσ.

Observe that if u ≤ v on ∂B%(ξ), then by construction and by the second condition in (5.4) we

would have that u ≤ v on ∂(D \B%(ξ)), thus concluding, by the comparison principle, that u ≤ v
in D \B%(ξ). Therefore, choosing κ(%) sufficiently large and 0 < σ < σ(%, κ) we would have

|∇v(z)| < 1− σ,

where z is the point defined in (5.5). But this is impossible since, from (5.3) and the assumption

u ∈ F (σ, 1;σ), we have

|∇v(z)| ≥ qu(x0 + rz)

qu(x0)
≥ 1− σ.

Therefore there exists a point xξ ∈ ∂B%(ξ) such that

u(xξ) ≥ v(xξ). (5.7)

Hence for σ sufficiently small, recalling the second condition in (5.4), we have

u(ξ) ≥ u(xξ)− %(1 + σ) ≥ v(xξ)− %(1 + σ) = −(1− κσ)(xξ)n − %(1 + σ)

≥ −(xξ)n − κσ − 2% ≥ −ξn − 4%.

Integrating this inequality along vertical lines and using again the inequality |∇u| ≤ 1 + σ we

have, still for σ < σ(%)

u(ξ + ten) ≥ u(ξ)− t(1 + σ) > −ξn − 4%− t(1 + σ) ≥ −(ξn + t)− 5%.
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Choosing % = min{ε/5, 1/5}, multiplying both sides of the previous inequality by rqu(x0) and

rescaling back to Br(x0), we obtain immediately the assertion. �

Lemma 5.4. Let v be the function defined in (5.6). There exists a positive constant γ0(p, n,min qu)

such that for every % < 1/4 and every κ > 0 there exist two positive constants C(%) and c(%) and

a positive constant σ(κ, %) such that if 0 < r < γ0σ and 0 < σ < σ(κ, %), then

|∇v(z)| ≤ 1 + C(%)σ − κc(%)σ,

where z is as in (5.5).

Proof. The proof goes as the one of Claim 6.8 in [12] with some extra work needed to estimate a

few quantities in a more precise way.

As in [12], for every ξ ∈ Rn we set

aij(ξ) := δij + (p− 2)
ξiξj
|ξ|2

for all i, j = 1, . . . , n and ξ ∈ Rn \ {0}. (5.8)

Observe that
1

λ
|ζ|2 ≤ aij(ξ)ζiζj ≤ λ|ζ|2 for every ξ, ζ ∈ Rn, (5.9)

with λ(p) > 0. We are going to construct a comparison function w of the form w = v1 − κσv2.

Let η and D be as in the proof of Lemma 5.3 and define for x ∈ D

v1(x) :=
γ1

µ1

(
1− exp(−µ1d1(x))

)
,

where

d1(x) := −xn + σ − sη(x′)

and µ1 < 1 and γ1 are positive constants depending on σ to be chosen later. Observe that for σ

small

v1(x) ≥ γ1d1(x)(1− 2µ1) for x ∈ ∂(D \B%(ξ)).
Therefore, if we impose that

γ1(1− 2µ1) ≥ 1 + 2σ, (5.10)

we have

v1(x) ≥ (1 + 2σ)d1(x) ≥ v(x) for x ∈ ∂(D \B%(ξ)). (5.11)

Observe that there exists an absolute constant C1 > 0 such that

1 ≤ |∇d1| ≤ 1 + C1σ, |D2d1| ≤ C1σ. (5.12)

Therefore, recalling (5.10), we have

1 ≤ γ1(1− 2µ1) ≤ γ1exp(−µ1d1) ≤ |∇v1| ≤ γ1(1 + C1σ). (5.13)

Next, we estimate div(|∇v1|p−2∇v1). We have

div(|∇v1|p−2∇v1) = |∇v1|p−2aij(∇v1)Dijv1

= γ1|∇v1|p−2exp(−µ1d1)aij(∇v1)(Dijd1 − µ1Did1Djd1).

From (5.12) it follows that there exist two positive constants C2(p), c2(p) such that

aij(∇v1)(Dijd1 − µ1Did1Djd1) ≤ C2σ − c2µ1.

Therefore, if we choose

µ1 = 2
C2

c2
σ,
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from (5.13) we get that for σ sufficiently small

div(|∇v1|p−2∇v1) ≤ −1

2
γ1 min

{
1, γp−2

1 (1 + C1σ)p−2
}
C2σ.

From the above choice of µ1 it is clear that there exists a constant C3, depending only on p such

that, if we set

γ1 := 1 + C3σ,

then γ1 satisfies the constraint (5.10) and we have

div(|∇v1|p−2∇v1) ≤ −C4σ,

for a positive constant C4 depending only on p. Therefore, we may conclude that if 0 < r <

C4σmin qp−1
u , then

div(|∇v1|p−2∇v1) ≤ − r

qu(x0)p−1
in D \B%(ξ). (5.14)

From this estimate, using the comparison principle and recalling (5.11) we have that

v1(x) ≥ v(x) for all x ∈ D \B%(ξ).

Moreover, from the above choice of γ1 and (5.13) we have that there exists a positive constant

C5(p) depending only on p such that

1 ≤ |∇v1| ≤ 1 + C5σ.

Let us now define a function v2, by setting

v2(x) :=
γ2

µ2
(exp(µ2d2(x))− 1) for x ∈ D̃ \B%(ξ),

where µ2 a positive constant to be chosen later,

γ2 :=
1

4

µ2

eµ2 − 1

D̃ ⊂ D is a domain containing D \ N 1
10

(∂B ∩ {xn = 0}) and d2 is a function in C2(D \ B%(ξ))
with values in (0, 1), satisfying the following conditions

d2 = 0 on ∂D̃

d2 = 1 on ∂B%(ξ)
1

C̃
≤ |∇d2| ≤ C̃ in D̃ \B%(ξ),

for a positive constant C̃(n, %). Arguing as above, it is clear that we may choose µ2 large enough,

depending only on p, n and %, so that for all ξ ∈ Rn

aij(ξ)Dijv2 = γ2exp(µ2d2)aij(ξ)(Dijd2 + µ2Did2Djd2) ≥ µ > 0, (5.15)

for some positive constant µ. Moreover, since ∇v2 = γ2exp(µ2d2)∇d2, we have

γ2

C̃
≤ |∇v2| ≤ γ2eµ2C̃.

From this estimate, setting

w := v1 − κσv2

and recalling (5.15) we may easily conclude, arguing as in the proof of (5.14), that for σ < σ(κ, %),

with σ(κ, %) sufficiently small,

div(|∇w|p−2∇w) ≤ −C6σ,
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for some positive constant C6 depending only p, n, %. Hence, if 0 < r < γ0σ, for some constant γ0

depending only on p, n, % and min qp−1
u , we may conclude that

div(|∇w|p−2∇w) ≤ − r

qu(x0)p−1
. (5.16)

Finally observe that from the definition of d2 and (5.11) we have that

w = v1 ≥ v on ∂D̃,

while, observing that v2 ≡ 1/4 on ∂B%(ξ) and using (5.11) again, we have that for all x ∈ ∂B%(ξ)

w(x) ≥ d1(x)− κσ

4
≥ −(1− κσ)xn = v(x),

since ξn ≤ −1/2 and % < 1/4. Thus, recalling (5.16), we may conclude that w ≥ v in D̃ \ B%(ξ).
Therefore, if z is as in (5.5) and σ < σ(κ, %),

|∇v(z)| ≤ |∇w(z)| = |∇v1(z)| − κσ|∇v2(z)| ≤ 1 + C5σ − κσ
γ2

C̃
,

where the equality in the above formula follows by observing that ∇d1(z) and ∇d2(z) have the

same direction. This estimate concludes the proof of the lemma. �

Next lemma provides an estimate from below on ∇uj near the free boundary.

Lemma 5.5. For every ε, δ > 0 there exists σε,δ such that if 0 < σ < σε,δ and 0 < r < γ0σ,

with γ0 as in Lemma 5.3, and u ∈ F (σ, 1;σ) in Br(x0) with respect to some direction ν, then

|∇u| ≥ qu(x0)(1− δ) in B 19r
20

(x0) ∩ {(x− x0) · ν ≤ −εr}.

Proof. We argue as in the proof of Lemma 6.6 in [12] with the some technical modifications.

First, up to a translation and a rotation we may assume that x0 = 0 and that ν = en. Then, we

argue by contradiction, assuming that there exist a sequence of Lipschitz functions uk, satisfying

the assumptions of Theorem 3.23 with constants uniformly bounded above and away from zero,

and a sequence of radii 0 < rk <
γ0

k such that uk ∈ F ( 1
k , 1; 1

k ) with respect to en in Brk and

|∇uk(x̃k)| < quk(0)(1− δ) for some x̃k ∈ B 19rk
20

∩ {xn ≤ −εrk}.

By rescaling uk as in the proof of Lemma 5.3, we set for all x ∈ B

vk(x) =
uk(rkx)

rkquk(0)

and we have that

−div(|∇vk(x)|p−2∇vk(x)) =
rk

quk(0)p−1
χ{vk>0} −

(
quk(rkx)

quk(0)

)p−1

Hn−1 ∂{vk > 0} in B

and that

|∇vk(xk)| ≤ 1− δ for some xk ∈ B 19
20
∩ {xn ≤ −ε}.

Letting k →∞, from Lemma 5.3 we obtain that

vk → v0 uniformly in B,

where v0 is the p-harmonic function such that v0(x) = 0 if xn ≥ 0, v0(x) = −xn if xn < 0. Note

that by elliptic regularity vk → v0 locally in C1,α in B∩{xn < 0}. Therefore, if x is a limit point of

the sequence xk we have that |∇v0(x)| ≤ 1−δ thus getting a contradiction since |∇v0(x)| = 1. �

Next step in the proof of the regularity of the free boundary is to improve the decay estimates

contained in Lemma 5.3 and Lemma 5.5. This is the content of the following two results.
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Proposition 5.6. There exist σ0, C0 > 0, depending only on p, n and min qu such that if u ∈
F (σ, 1;σ) in Br, then u ∈ F (2σ,C0σ;σ) in B r

2
, provided that 0 < σ < σ0 and 0 < r < γ0σ, where

γ0 is as in Lemma 5.3.

Proof. Following the proof of Theorem 6.3 in [12], we start with the same rescaling as in the

proof of Lemma 5.3 and with the same definition of the function v as in (5.6). Then, we choose

% = 1/10, and κ accordingly, so that (5.7) holds. Then, we set for x ∈ D

w(x) := (1 + σ)(σ − xn)− u(x).

Then, the second condition in (5.4) implies that w(x) ≥ 0 in B2%(ξ), while from (5.7) and the

definition of v we get

w(xξ) ≤ (1 + σ)(σ − (xξ)n)− v(xξ) ≤ C1(κ)σ,

for some positive constant C1 depending only on the choice of κ. If σ is sufficiently small we have

from Lemma 5.5 that |∇u| > 1
2 in B2%(ξ), hence u satisfies the linear equation in nondivergence

form

aij(∇u(x))Diju(x) = − r

qu(x0)p−1|∇u(x)|p−2
,

where the coefficients aij are defined as in (5.8). From the Harnack inequality, see Corollary 9.21

and Theorem 9.22 of [17], and the bounds on |∇u| we may conclude that

w(ξ) ≤ C(w(xξ) + r),

where C depends on p, n and min qu. Therefore, for a possibly different constant C, we have

u(ξ) ≥ −ξn − Cσ on {ξ ∈ ∂B 3
4

: ξn ≤ −1/2}.

The assertion then follows integrating on vertical lines as at the end of the proof of Lemma 5.3. �

Next result improves the statement of Lemma 5.5. Its proof follows from the above Proposi-

tion 5.6 with exactly the same proof of Theorem 6.4 in [12], by using the same rescaling used in

the proof of Lemma 5.5.

Proposition 5.7. For every δ ∈ (0, 1) there exist σδ, Cδ > 0 such that if 0 < σ < σδ and

0 < r < γ0σ, with γ0 as in Lemma 5.3, and u ∈ F (σ, 1;σ) in Br(x0) with respect to some direction

ν, then |∇u| ≥ qu(x0)(1− δ) in B r
2
(x0) ∩ {(x− x0) · ν ≤ −Cδr}.

Next result is a crucial step in the iteration process needed for the proof of Theorem 3.34. It

is the counterpart in our case of Theorem 7.1 of [12] and its proof, which follows closely the one

given therein, requires nevertheless some technical adjustments.

Proposition 5.8. There exist C > 0 and 0 < α < 1/2 depending only on p, n, ‖∇u‖L∞ and

‖qu‖W 1,∞ such that if Br(x0) ∩ ∂{u > 0} 6= ∅

sup
Br(x0)

|∇u| ≤ qu(x0) + Crα.

Proof. Since qu is Lipschitz, we may assume without loss of generality that x0 ∈ ∂{u > 0}.
Moreover, we may also assume that x0 = 0 and that r ≤ 1.

Given ε ≥ 0 we consider in B2r the function

Uε := (|∇u|2 −Q2
2r − ε)+,



46 NICOLA FUSCO AND YI RU-YA ZHANG

where Q% := supB%(x0) qu. Since u satisfies the equality in (3.25), we may conclude that Uε vanishes

in a neighborhood of ∂{u > 0}. Moreover, {Uε > 0} ⊂
{
|∇u| >

√
Q2

2r + ε/2
}

. Therefore u is a

solution in B2r ∩ {Uε > 0} of the equation

aij(∇u)Diju = − 1

|∇u|p−2
,

where the coefficients aij are defined in (5.8) and satisfy the ellipticity condition (5.9). Observe

that if γ is sufficiently large, depending only on p, n and ‖∇u‖∞, the function v := |∇u|2 satisfies

the inequality

Mv := Di(e
γvaij(∇u)Djv) ≥ −C0 in

{
|∇u| >

√
Q2

2r + ε/2
}
,

for some constant C0(p, n, ‖∇u‖∞). Indeed this fact follows from a much more general estimate,

see [17, Sect. 13.3], but in our case it can be easily checked with a direct computation. Thus, we

have also

MUε ≥ −C0 in
{
|∇u| >

√
Q2

2r + ε/2
}
.

Therefore, if we extend M to a uniformly elliptic operator in divergence form with measurable

coefficients defined in the whole ball B2r

M̃w = Di(ãij(x)Djw)

so that

ãij(x) = eγvaij(∇u(x)) in
{
|∇u| >

√
Q2

2r + ε/2
}

and the ellipticity constant of M̃ is controlled from below and from above by the ellipticity constant

of M , we may conclude that

M̃Uε ≥ −C0 in B2r.

Therefore, the function

wε := sup
B2r

Uε − Uε

is a nonnegative supersolution in B2r of the operator M̃ . Observe also that

wε ≡ sup
B2r

Uε on B2r ∩ {u = 0} and that |B2r ∩ {u = 0}| ≥ crn, (5.17)

for some constant c(n, p), where the last inequality follows from the density estimate (3.23). By

the weak Harnack inequality for supersolutions, see Th. 8.18 in [17] we have that there exists a

constant C depending only on p, n and C0 such that

r−n‖wε‖L1(B2r) ≤ C
(

inf
Br
wε + r2

)
.

Therefore, using (5.17), we have that

sup
B2r

Uε ≤ C1

(
sup
B2r

Uε − sup
Br

Uε + r2
)

for a suitable constant C1 > 1 depending again only on p, n and C0. Letting ε→ 0+ we have that

sup
Br

U0 ≤
C1 − 1

C1
sup
B2r

U0 + r2,
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from which, in turn, we have

sup
Br

(|∇u|2 − qu(0)2) ≤ C1 − 1

C1
sup
B2r

(|∇u|2 − qu(0)2) +
Q2

2r − qu(0)2

C1
+ r2

≤ C1 − 1

C1
sup
B2r

(|∇u|2 − qu(0)2) + C2r,

where C2 is a constant depending on ‖qu‖W 1,∞ . Then, by a standard iteration argument we get

that there exist 0 < β < 1 and a positive constant C depending only on C1 and C2 such that for

all 0 < r ≤ 1

sup
Br

(|∇u|2 − qu(0)2) ≤ Crβ.

From this inequality the conclusion follows at once. �

From now on the proof continues as in [12] by considering the so-called nonhomogeneous blow-

up at the free boundary. For the readers’s convenience let us just recall what are the main steps.

To this aim, we denote a point in Rn by (y, h), with y ∈ Rn−1 and h ∈ R and by B′ the unit ball

in Rn−1. Next lemma states the continuity property of the limit of the function measuring the

signed distance of the free boundary from the hyperplane {h = 0}.

Lemma 5.9. Let uk, k ∈ N, be Lipschitz functions satisfying the assumptions of Theorem 3.23

with constants uniformly bounded above and away from zero. Assume that uk ∈ F (σk, σk; τk) in

direction en in the ball Brk , where σk → 0 as k →∞ and 0 < rk ≤ τk = o(σ2
k). For y ∈ B′, set

f+
k (y) : = sup{h : (rky, σkrkh) ∈ ∂{uk > 0}},

f−k (y) : = inf{h : (rky, σkrkh) ∈ ∂{uk > 0}}.

Then, there exists a not relabelled subsequence such that for all y ∈ B′

f(y) := lim sup
z→y
k→∞

f+
k (z) = lim inf

z→y
k→∞

f−k (z).

Moreover, f+
k → f and f−k → f uniformly, f(0) = 0 and f is continuous.

After performing the same rescaling as in (5.1), the proof of this lemma goes exactly as the

proof of Lemma 7.3 in [3]. Indeed the the only ingredient used in the proof is Theorem 5.6. for

which the stronger assumptions rk = o(σ2
k) and τk = o(σ2

k) are not really needed. However these

assumptions are important in the proof of the following result.

Lemma 5.10. Under the assumptions of Lemma 5.9 the function f is subharmonic in B′.

Proof. The proof is essentially the same as the proof of Lemma 5.4 of [4] with some small differ-

ences. Nevertheless, we indicate the details for the reader’s convenience. Again, we replace the

function uk in Brk by the function

vk(x) :=
uk(rkx)

rkquk(0)
for x ∈ B.

We argue by contradiction assuming that the function f is not subharmonic. If this is the case,

there exist a ball B′%(y0) ⊂⊂ B′ and a harmonic function g in the neighborhood of this ball such

that

g > f on ∂B′%(y0) and f(y0) > g(y0).

Following the notation of [4], we set Z := B′%(y0)× R and, given a function ϕ : B′%(y0)→ R,

Z±(ϕ) := {(y, h) ∈ Z : h ≷ ϕ(y)} Z0(ϕ) := {(y, h) ∈ Z : h = ϕ(y)}.
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Given an open set X ⊂ Rn and δ > 0, we set dδ(X)(x) := min{1, (1/δ)dist(x,Rn \ X)}, so

that dδ(X) converges to χ
X

as δ → 0+. Testing the equation satisfied by vk with the function

dδ(Z
+(σkg)) we have∫
B
|∇vk|p−2∇vk · ∇dδ(Z+(σkg)) dx =

rk
quk(0)p−1

∫
B
dδ(Z

+(σkg)) dx

−
∫
B∩∂{vk>0}

(
quk(rkx)

quk(0)

)p−1

dδ(Z
+(σkg)) dHn−1.

Observe that up to replacing g by g+ε for some arbitrarily small ε we may assume without loss of

generality that Hn−1(Z0(σkg) ∩ ∂{vk > 0}) = 0. Therefore, letting δ → 0+ in the equality above

we easily get, denoting by ν the exterior normal to Z+(σkg),

−
∫
Z0(σkg)∩{vk>0}

|∇vk|p−2∇vk · ν dHn−1 =
rk

quk(0)p−1
|Z+(σkg)|

−
∫
Z+(σkg)∩∂{vk>0}

(
quk(rkx)

quk(0)

)p−1

dHn−1.

From this equality, recalling that uk ∈ F (σk, σk; τk) in Brk and thus that |∇vk| ≤ (1 + τk) in B,

we have

(1− Crk)Hn−1(Z+(σkg) ∩ ∂{vk > 0})

≤ (1 + τk)
p−1Hn−1(Z0(σkg) ∩ {vk > 0}) +

rk
quk(0)p−1

|Z+(σkg)|,

where C > 0 depends only on p and ‖qu‖W 1,∞ . From this inequality we readily infer

Hn−1(Z+(σkg) ∩ ∂{vk > 0}) ≤ (1 + C(rk + τk))H
n−1(Z0(σkg) ∩ {vk > 0}) + Crk, (5.18)

where C still denotes a positive constant independent of k. Defining

Ek := Z−(σkg) ∪ {vk > 0},

the set Ek has finite perimeter in the cylinder Z and

Hn−1(Z ∩ ∂Ek) ≤ Hn−1(Z+(σkg) ∩ ∂{vk > 0}) + Hn−1(Z0(σkg) ∩ {vk = 0}). (5.19)

We now recall the following excess estimate, proved in [3, p. 136].

Hn−1(Z ∩ ∂Ek) ≥ Hn−1(Z0(σkg)) + c0σ
2
k,

where c0 is an absolute positive constant. Note that the proof of this estimate uses only the fact

that g is harmonic, that f(y0) > g(y0) and that uk ∈ F (σk, σk; τk) and therefore holds verbatim

also in our case. Comparing this inequality with (5.19) and (5.18) above, we then conclude that

c0σ
2
k ≤ C(rk + τk)H

n−1(Z0(σkg) ∩ {vk > 0}) + Crk,

thus getting a contradiction, since both rk and τk are o(σ2
k). This contradiction proves the lemma.

�

The proof of next and final lemma is obtained arguing exactly as in the proof of Lemma 8.3 in

[12] with very minor changes, after performing the same rescaling as in the proof of Lemma 5.10

above and makes use of Theorem 5.7 and of the assumption that rk is converging to zero faster

than τk.
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Lemma 5.11. There exists a positive constant C such that, for any y ∈ B′r
2∫ 1

2

0

dr

r2

(
−
∫
∂B′r(y)

(f(x)− f(y)) dy

)
≤ C.

At this point we have all the ingredients to start the decay argument needed to prove Theo-

rem 3.23. Indeed the proof goes exactly as the proof of Theorem 8.2 in [3].
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