A QUANTITATIVE FORM OF FABER-KRAHN INEQUALITY
(EXTENDED VERSION)

NICOLA FUSCO AND YI RU-YA ZHANG

ABSTRACT. The Faber-Krahn inequality states that balls are the unique minimizers of the first
eigenvalue of the p-Laplacian among all sets with a fixed volume. In this paper we prove a sharp
quantitative form of this inequality. This extends to the case p > 1 a recent result proved by
Brasco, De Philippis and Velichkov [10] for the Laplacian.
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1. INTRODUCTION

For an open set 2 C R” the first Dirichlet eigenvalue of the p-Laplacian is defined for p > 1 as

Ap(2) := min{/ [VulPdx - |lul zpq) = Tandu € Wol’p(Q)}
Q

and coincides with the smallest number A such that the Dirichlet problem

—div(|Vu[P72Vu) = A|ulP~2u in Q
u=0 on 0f)

has a nontrivial solution. We recall the Faber-Krahn inequality stating that balls are the unique
minimizers of A,(£2) among all open sets with a given volume. Denoting by B the unit ball and
using the rescaling law \,(rQ) = r7PX,(Q2), we can restate it as

Q7 A\ (Q) > | Bl Ap(B). (1.1)

A natural question which arises from the characterization of balls as the only sets for which the
equality holds in (1.1) is the stability of this inequality. In other words one would like to prove
an estimate of the type
P P
€2 Ap(€) — | Bl» Ap(B) = d(Q),
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where d(Q) is a scaling invariant asymmetry functional measuring in a precise sense the distance
from Q to a ball.

In the case of the Dirichlet eigenvalue for the Laplacian this issue was first studied by Hansen
and Nadirashvili in [20] for simply connected domains and by Melas in [24] for convex sets, using
suitable asymmetry functionals. For a general open set it is reasonable, see [15, 14, 11], to use the
so-called Fraenkel asymmetry which is defined as

AQ) = min{ mébr DBy = \Q]} . (1.2)
The quantitative estimate
P P a
|Qn Ap () — |B[n A\p(B) > v A(Q2), (1.3)

with @ = 3 and v = 7(p) > 0, was first obtained by Bhattacharya in [6] in the two dimensional
case. Later on his result was extended to any dimension by Maggi, Pratelli and the first author,
who proved in [16] that (1.3) holds with & = p + 2 and ~(p,n) > 0. Very recently Brasco and De
Philippis in [9] gave a shorter proof of (1.3) for the Laplacian, with & = 3 and n > 2. Although
they only consider this model case, it is clear that their proof works also for the p-Laplacian.

All the exponents obtained in these papers are not sharp. Indeed, it was independently con-
jectured by Bhattacharya and Weitsman [7] and by Nadirashvili [25] that at least for the first
eigenvalue of the Laplacian the optimal exponent in the above inequality should be 2, i.e., that
there exists a positive constant v(n) such that for any open set of finite measure

2 2
Q17 22(Q2) — [Blw A2(B) > 7A(Q2)*. (1.4)
This conjecture has been recently proved by Brasco, De Philippis and Velichkov in [10] with a
deep proof inspired by the regularity theory of Alt and Caffarelli for free boundary problems.
Note that the exponent 2 in (1.4) is optimal. In fact, see [9, Sect. 2.6], if one considers the family
of ellipsoids
Q. ={z=(2",2,) eER"IPxR: |2/]? + |z, |*(1 + &) < 1},
it is not to hard to show that for e — 0
Q7 A2(Qe) — [BlnAo(B) ~ % and  A(Q) ~e.
In this paper we extend the result of [10] proving that (1.4) still holds with the optimal exponent

2 if one replaces A\(€2) with the first eigenvalue of the p-Laplacian. More generally, we consider
the optimal constants for the Sobolev—Poincaré inequality

Apqg() = min{/ |VulP dz : ||ull ey = land u € Wol’p(Q)}, (1.5)
Q

where ¢ satisfies the following bounds

{1§q<p*::np/(n—p) if 1<p<mn, (1.6)

1<g< if p>n.

Note that if ¢ = p > 1 then A, ,(€) is the first eigenvalue of the p-Laplacian, while 1/ 1(£2)
coincides with the classical torsional rigidity of €2, which is defined as

T(Q)zStlp{(/Qudac)Q: /Q]Vu\zdleanduewg’Q(Q)}.

These quantities satisfy the scaling law

ng—mp—gp

Apg(rQQ) =10\, 4(Q) for r > 0.
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Moreover a generalized version of the Faber-Krahn inequality states that

np+qp—ng npt+gp—nq

Dp,q<Q) = Ap,q(Q)‘Q’ an - )‘p,q(B)|B‘ an >0, (1.7)

with the equality holding if and only if €2 is a ball.
The main result of this paper is the following quantitative Faber-Krahn inequality.

Theorem 1.1. Letn > 2, p > 1, and let ¢ > 1 be an exponent as in (1.6). There exists a constant
v, depending only on p,n,q such that for every open set  with finite measure

Dy g(Q) > v A(Q)% (1.8)

The proof of this result follows the strategy originally devised in [10]. However, the nonlinear,
degenerate nature of the p-Laplacian equation gives rise to substantial difficulties that require at
various stages new technical tools and ideas. Let us briefly describe the main steps of the proof.

As in [10], we show that a slightly weaker quantitative estimate

E(Q) - B(B) > 7A(Q)? (1.9)
holds for any open set with |Q2| = |B|, where E(£2) is the functional

E(©):= min {1/ |Vu\pdx—/uda:}. (1.10)
ueWwy P() LP Ja Q

Then, the general estimate (1.8) is quickly deduced by combining (1.9) with the following extension
of the Kohler-Jobin inequality due to Brasco [§]

Apa(2) o <E(B)>O‘
Ag(B) ~\E(Q))
where « is a suitable exponent depending only on p, ¢,n and p and ¢ are as above.
The proof of the stability inequality (1.9) is achieved in two steps. Following a strategy which
is used in the proof of several quantitative isoperimetric type inequalities, we first deal with open
sets C*% close to the unit ball. In this case we show that (1.9) holds in a stronger form

B(Q) =~ BB) = cnp)lely (1.11)

where p € C*%(dB) is a function whose normal graph on the unit sphere coincides with 99, i.e.,
00 = {x +zp(x) : x € OB}. However, for the p-Laplacian even this preliminary step is by no
means obvious. The reason is that the function ug minimizing the right hand side of (1.10) is a
weak solution of the degenerate elliptic equation

—div(|Vug[P"*Vug) = 1, (1.12)

for which C? global estimates are false. Thus, it is natural to regularize the functional E((Q),
setting for x € (0,1)

E.():= min {1/(m2+]Vu|2)gd:c—/udx}.
ueWy P() LP Ja Q

Then, the key point in the proof is to show, using a delicate regularity argument, see Lemmas 2.5
and 2.7, that when  is sufficiently close in C*“ to the unit ball B then

EA(©) = Eo(B) = ctnp)lely

with a constant independent of k. Hence, the validity of (1.11) for E(f2) follows by letting x — 0.
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Next step is to prove (1.9) for any open set. To this aim we first observe, see Lemma 4.4, that
we may always assume that €) is contained in a sufficiently large ball Bg. Then, we prove that if
o > 0 is sufficiently small then for any 2 C B with |Q] = |B|

E(Q) — E(B) > ¢*A(Q), (1.13)

where A(2) is a new asymmetry functional introduced in [10] by setting

A(Q) ::/ 11— |z — xq|| dz,
QAB(zq)

where B(zq) is the ball of radius 1 centered at the barycenter zq of . Note that A(Q) is
estimated from below by the square of the Fraenkel asymmetry A(Q)?, see Lemma 3.2. Thus
(1.13) immediately yields (1.9).

In order to prove (1.13) we use an argument by Cicalese and Leonardi [11], see also [2]. In
short, it goes as follows. We argue by contradiction assuming that there exists a sequence of open
sets 2; C Bpr for which

Q| = |B], ¢ :=AQ;) =0, E(Q;)—E(B)<*AQ;). (1.14)

Then for each j we consider a (quasi) open set U; minimizing the following problem

inf{E(U) + /7 + a2(A(U) — ;)® + fy(|U]) : U C Bg}, (1.15)

where, as in [10], f,(|2]) is a suitable penalization of the original volume constraint |U| = |B|.
The goal is to show that the minimizers U; converge in C?® to the unit ball and that

E(U;) — E(B) < CUH%‘IIZ%(aB),
for a positive constant C' = C(p,n), where the function ¢; parametrizes the boundary of U;.
Then (1.13) is established by observing that this inequality contradicts (1.11) provided we choose
o small enough. This contradiction argument motivates the choice of the new asymmetry. In fact
A(Q) is sufficiently more regular than the Fraenkel asymmetry to guarantee the regularity of the
minimizers of (1.15).

To get the C%® convergence of the U; we need to establish a priori regularity estimates. To this
aim we observe that each Uj solves a free boundary problem. Then, following [10], we adapt the
regularity theory developed by Alt and Caffarelli [3] for a free boundary problem for the Laplacian.
As a matter of fact, this theory was extended to the p-Laplacian by Danielli and Petrosyan [12].
However, we cannot use directly their result since in our case the equation (1.12) satisfied by
the minimizers u; of E(Uj;) is not homogeneous. Due to the nonlinearity of the p-Laplacian, the
presence of a non-zero right hand side requires a series of not trivial modifications. In particular,
two steps in the regularity proof must be handled with care. The first one is the global Lipschitz
continuity of the u;, see Lemmas 3.11 and 3.12 and Theorem 3.13. The second one is the regularity
Theorem 3.23. The necessary changes to the proof of this latter result are given in Section 5.

2. THE NEARLY SPHERICAL CASE

In the following we shall denote by B, (z) the ball with center at « and radius r. We shall also
use the following simplified notation

B, := B,(0), B(z):= Bi(z), B:=B(0).
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We say that a bounded open set Q C R” is a nearly spherical set of class C>® parametrized by ¢
if there exists a function ¢ € C**(9B) with |¢||1=@p) < 1/2 such that

O :={z eR": z=(1+¢(y))y, y € 0B}.
Given a function ¢ € H'/2(9B) we define the H'/2(9B) norm of ¢ by setting

lol21/2(0m) = lel3aom + l220m) = 1€l2200m) + /B V() dr, (2.1)

where ¢ € H'(B) is the harmonic extension of ¢, that is the harmonic function such that @ = ¢
on 0B. Note that this norm is equivalent to the one defined by replacing [-] H/2(9B) with the
so-called Gagliardo seminorm, see for instance [19, (1,3,3,3)].

In the following, for any integer £k > 0 we denote by yi;, i = 1,...,N(k,n), the harmonic
polynomials of degree k on 0B, normalized so that ||yxl|z2(ap) = 1. Recall that for any k and 4,
Yk,; is a non trivial solution of the equation

—Agn-1yk,i = k(k+n —2)yg,; on 0B, (2.2)
where Agn—1 denotes the Laplace—Beltrami operator on the unit sphere. Recall that the polyno-
mials y; form an orthonormal base for L?(0B). Therefore for every ¢ € L?(0B) we have

||90HL2 dB) Z Z akm

k=0 i=1
where ay, ; is the Fourier coefficient of ¢ with respect to yi ;. Moreover, it is well known that the
seminorm [¢] 1 /2(8B) defined in (2.1) is equivalent to the square root of the following quantity

53 i

k=1 i=1
The next lemma on a slight deformation of the unit ball is proved in [10, Lemma A.1]. Recall
that if £ C R™ and § > 0 the d-neighborhood of E is defined by setting
Ns(E) :={x € R": dist(x; 0F) < d}.

Lemma 2.1. Given o € (0, 1) there exist 6 = §(a, n) > 0 and a modulus of continuity w such
that for every nearly spherical set ) parametrized by p with |¢|lc2,«@p) < 0 and Q| = |B|, we
can find an autonomous vector field X € C**(R™) for which the following properties hold.
(i) X is parallel to x and divX = 0 in Ng(B);
(ii) if & = ®(t, x) is the flow associated to X, namely
0Py = X (D) Oy(z) = =,

then |®(B)| = |B| for all t € [0, 1], ®1(0B) = 9Q and

. X vgdH" ! =0, (2.3)

where vp is the exterior normal to 0B;
(iii) moreover, the following estimates hold:

[®: — Id]|lc2.a S w(ll@llc2a@m)) for every t € [0, 1]. (2.4)

<X ‘””') o®; — X -vp =0y X -vg ondB, (2.5)
X
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with ([l c2.«am) < w(ll@llc2.aam))-

le — X -vBlr20p) < wllellLe@s)llelzon) (2.6)
lp— X - VB”H%(aB) < W(||90||Loo(aB))\|@||H§(8B)- (2.7)

Finally, if ¢ € C>*(0B), then X € C*>°(R").

Given k € [0, 1] and a bounded open set 2 C R™, we consider the following quantity
1
E.():= min { / (K2 + [Vul?)? do — / udm} . (2.8)
ueWy () LP Ja Q

We shall simply write E(€2) when x = 0. Now, given a nearly spherical set 2 parametrized by ¢,
with |Q| = |B|, we consider the flow ®; given by Lemma 2.1. Setting ; := ®,(B), for all ¢ € [0, 1]
we denote by u,; the unique minimizer of E,(€;). Then wu,, is the solution of the equation

. p=2 .
—le((/{Q + |Vu,i,t|2)p2 Vum) =1 in (2.9)
Upp = 0 on 0.
Moreover,
1 _
ex(t) := Eo() = p/ (k? + |Vu,§,t\2)g de — / (k? + |Vu,§,t]2)%|Vu,@t\2 dx. (2.10)
Qt Qt

Again, when x = 0 we shall drop the subscript x by writing e(¢) and u; in place of e, (t) and w ¢,
respectively. A direct computation shows that

1 1 o TN
u = g0 = o P (L= lal7T), Vg = —n” 7 1[al 710, (2.11)
p
where
0= — (2.12)
. |l". *

The next theorem contains all the regularity properties of the solutions u,,; which we are going
to use in the following.

Theorem 2.2. Let k € [0,1], p > 1, a € (0,1). There exist 5 € (0,c) and a modulus of continuity
w depending only on p, o, n, but not on K, such that if Q is a C*% nearly spherical set parametrized
by v and ||¢||c2.0@p) < 8, where § is the one in Lemma 2.1, then for all t € [0,1] and k € [0,1]
we have

[uo — urt © Pellcrsm) < wlllellcza@p) + 5) - (2.13)

Moreover, givenr € (0,1), there exist &' > 0,0 < v < « and a modulus of continuity w', depending
only on p,a,n,r, such that if ||¢llc2.e@p) + K < 0, then for all t € [0,1]

o =t © ell g,y < & (lpllcaeom) + )- (2.14)

Proof. By applying the result in [22, Th. 1] to the solutions of (2.9) we get that there exist
p' € (0,a) and C > 0, depending only on p, o, n and ¢, such that if x € [0,1] and ¢ € [0, 1] then

”Un,tncl,ﬂ/(ﬁt) <C. (2.15)

Fix now 8 € (0,3’). Then, (2.13) follows by a contradiction argument. To this aim, given three
sequences j, ; € [0,1] and t; € [0, 1] such that [|p;]|¢2 «9p) +#; — 0, denote by u; the solutions
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of (2.9) with k = k;, t = t; in ®;(¢;, B), where the flow ®; is associated to ¢; as in Lemma 2.1.
If for such a sequence we have that

limsup [luo — u; o ®;(t;,-)l|cr8) >0 (2.16)

j—o0

from estimate (2.15) it follows that we may extract a not relabelled subsequence such that v; :=
u; o ®;(t;,-) converges to some function u in C1#(B). On the other hand each v; satisfies the
equation

—div((s2 + (V2;(t5, ) ) V0;) T M;Vv;) = det V@5 (t;,-) in B
v; =0 on 0B,

where M; = (det V®,(t;, ) (V®;(t;, ) (V®;(t, -))*1)T. Thus, from the C? convergence of
vj to u and (2.4) it follows that

—div(|Vu[P~2Vu) =1 in B
u=20 on 0B,

hence u = ug, thus contradicting (2.16).
Finally, since |Vug| > 0 in B\ {0} from (2.13) it follows that, given r € (0, 1), there exist ¢’
and cp, depending on ¢ and r, such that if [[¢[|c2.a@p) + & < 8 then, for all ¢ € [0, 1]

1
co < |Vugy| < - in Q4 \ B,.

Then, by differentiating the equation satisfied by u,; and using the classical Schauder estimates,
see [17, Ch. 6], we have that there exist 7' € (0,1) and C > 0 such that, if ||| c2.0@p) + K < ¢,

untllc2ar @om,) < C

From this estimate (2.14) follows by the same contradiction argument used to prove (2.13). O
Before going on we need to establish a few inequalities that will be used in the sequel.
Lemma 2.3. Let p > 1. There exists c(p) > 0 such that if K > 0 and {,n € R™ then
(52 + 1) 26 = (52 + [nf%)" ) - (€ = m) = e( + €12 + [nf2) "= |¢ =l (217)

Moreover there exists another constant C(p) > 0 such that if Q@ C R™ is an open set and for
u, v € WHP(Q) and 0 < s < 1, we set

u’(z) = su(x) + (1 — s)v(z),
then the following two inequalities hold:
'
/ |[Vu — Vo|P < C/ B ds/(|Vu5|p_2Vus — |V|P72V0) - V(u® —v) ifp>2, (2.18)
Q 0 Q

while, if 1 < p < 2,

[MIS]

D
2

( /Q (Vul+iwo)?) "

(2.19)

!
/ |Vu —VolP < C(/ ds/(]Vuslp2Vu5—]Vv|p2Vv)-V(uS—v))
B o 5 Ja
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Proof. If 1 < p < 2 the proof of (2.17) is contained in the proof of Lemma 2.2 in [1], while if p > 2
it is similar and simpler.
Given u,v € WHP(Q), if p > 2 we may easily estimate

'
/\Vu—VvP’zp/ ds/V(us—v)|p,
Q 0 S Q

hence (2.18) immediately follows by applying (2.17) with x = 0.
When 1 < p < 2, we also use (2.17) to obtain

1
[ V= 0P (ul+ 7o) =2 [ sds [ 90— o) P(Tal + Vo))
Q 0 Q
I
<c) [ Sds [ [V - o)P(va]+ Vol
0 Q
11
< C’(p)/ B ds/ (VU [P~2Vu® — |[VoP~2V) - V(u® — v).
0 Q
Then (2.19) follows by Hélder inequality

Y NS
[ 1vu=vor < ([ 19— 009l + 190l 2) ([ (val+ 90)y)

p

< C’(p)(/olids/ﬂ(|Vus|p_2Vus— IVoP2V0) - V(u® —U))2(/Q(w|+|vu|)ﬁ)

D
2

_p
12

O

The next step is to calculate e/ () and e/ (t) for k > 0. The corresponding formulas are stated
in the next lemma, where we have denoted by %, := divvg, the mean curvature of €.
Lemma 2.4. Let ) be smooth nearly spherical set satisfying the assumptions of Lemma 2.1 and
let ®; be a flow as in that lemma. Then, if 0 <k <1 and t € [0,1] we have

1 —2
¢ (t) = p/ div (K2 + [V )5 X) do — / div((K2 + [Vup i) [V, P X) do, (2.20)
Qt Qt
where X is as in Lemma 2.1. Moreover, denoting by X, the tangential component of X, we have

2
2

ent) = /m (K% 4 |V, | )7 (Vi1 - va, )i, ¢ dH"
‘
+(p—-2) /aQ (k% + ]Vu,@tF)L;l(Vzlmt Vg 1) (Vg ¢ - Vo, )l ¢ dH" !
:
= /mt(ﬁ;? [V |27 (V2 [Vt ] - X7) (X - v,) dFH
—(p—2) /89t(li2 + |Vu,$7t|2)p774|Vu,€7t|2(v2u,{,t[Vu,{yt] - X (X - vg,) dH™ !

+/ [V, o (K + Ve 1 |2) T [V, o o, — 1)(X - vg,)?dH" ™, (2.21)
o

where 1, ¢ is the unique solution in H(Qy) of the equation

div((52+ |V 1|2) 2 Vit s + (0—2) (K24 Ve 12) 2 (Vi ¢ - Vit ) Vit ) =0 in
a,@,t = —Vu,{,t - X on 6Qt
(2.22)
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Proof. We start by observing that the map ¢ — vy ¢(z) 1= uy+(®:(z)) € C*(B) is a smooth map.
Indeed this is a consequence of a classical differentiability result based on the implicit function
theorem for maps with values in Banach spaces. The detailed proof of this fact can be found in [21],
see in particular Proposition 5.3.7, where the authors consider the case of Laplacian. However,
the same argument used therein applies to our case due to the uniform ellipticity of the equation
satisfied by vy ¢, which in turn holds since k > 0 . Observe also that, setting . ¢(x) := Opuy, (),
we immediately get that 7, ; solves equation (2.22).

Let us now recall that Hadamard formula, see for instance [21, Sect. 5.2], states that if f is
sufficiently smooth then

a4 flt,x)de = [ Ouf(t,x)dx + ft,z)(X - vg,)dH" 1, (2.23)
dat Jo, Q ot

where vq, is the exterior normal to €;. Hence from (2.10) we get

p—2

1
el (t) :—/ (m2+wm|2)zvu,{,t-vuﬁ,tdwr/ (K2 + |V, | 2)2 (X - vg,) dH™ !
O D Joqy,
=2 [ (2 V)T (Vi Vit ) Vo
t

- /m (K2 + |V 1|2 T [V o 2(X - v, ) dHO L
t

Multiplying (2.22) by uy+ and integrating, we get that the sum of the two volumes integrals in
the above equality is zero. Therefore (2.20) follows, by applying the divergence theorem to the
two boundary integrals.

Using again (2.23) to differentiate e (¢) and the divergence theorem we obtain

() = / (K + [Vt 27 (Vatn, ¢ - Vi, ) (X - v, dFC
00
—(p— 2)/ (K + Wun,t|2)p%4(vumt Ve, )| Ve, o2 (X - vg,) dH" !
00
1
+/ div((r? + |V, (| ?) 2 X) (X - v, ) dH"
p o
_ / div((K2 + [Vt 12) 55 [V o 2X) (X - v, ) dHOL. (2.24)
0

Observe that on 0§

V’U,H,t = —|Vuﬁ,t

vQ,, (2.25)
and hence

Vu,at . Va,.@t = *‘VU&A(VI.L,{J . VQt).
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Therefore from (2.24), recalling that div.X = 0 in a neighborhood of 0B and that . = —Vu, - X
on 0€);, one obtains

¢ (t) = /89 (K2 + |V 1 |2) T (Vi ¢ - v, )i, ¢ ™!
.
+(p—2) /69 (K2 + |Vt t2) 7T (Vi ¢ - Ve, o) (Vi ¢ - vy, )i, ¢ AL
’
- /(9 R V) (VP T X)X - ) 007
’
—(p—2) /mt(ﬁ2 Vet 2) T [V o 2V, o[Vt o] - X)(X - vig,) dHO L, (2.26)
Decomposing X into the sum X, + (X - v, )vq,, the last two integrals in (2.26) become
- /m (12 + [V t]2) 2 (V2 o[Vt t] - X0)(X - v, ) dH!
.

- (p-2) /mt(m2 Vg, o) 72 [V, o2V 1 [Vt 1] - X7 )(X - v, ) dH™ !
[ T P Ve (TPl v )X -
+(p—2) /{mt(n2 + |wm|2)”z;4 Vg 1|2 (Ve i[va,] - vo,) (X - vg,)? dH" L. (2.27)

Furthermore using (2.9) and (2.25) on 0€); and recalling that divvg, = J#,, one has

—1 = div((K2 + [V, ()T Vg 1) = —div((52 + [V, (%) T [V, o|v,)

—2 —2
= — (K> 4 [V o) 7 [V, o[ 0, + (57 + [V 1) 2 Vg ilve,] - vo,
—4
+ (p = 2)(5% + [V, i) 7 [V, [PV 0, o[, ] - v

Then (2.21) follows from (2.26) by inserting this equality in the last two addends of (2.27). O

—2
Next step is to let x — 0. To this aim, denoting by p the measure |:1:|ZTl dx, we introduce the
following weighted Sobolev space

WABi) = {ue fL B\ (0D [ [Vl du< oo,

and the corresponding subspace W& ’2(B; w) of functions with 0 trace on dB. Note that when

—2
z — 0 the weight |$]Zf1 tends to 0 if p > 2, while it goes to oo if 1 < p < 2. Next lemma gives
the limit of the second derivatives of e, (t) when both x and ¢ tend to 0.

Lemma 2.5. Let Q satisfy the assumptions of Lemma 2.4. Then e(t) is differentiable for all
t €[0,1] and

1—
dt)=—L | |VugPX - vg, dH"L. (2.28)
p o
Moreover,
p=2 =2 9 p=2 <12 ~2 gqm—1
nr=t lim e, (t) = [ |z|7~T|Vw|°dr+ (p—2) [ |z|»~T]0 - V| dz — WwdH" T, (2.29)
t—=0 B oN oB

k—0
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where 0 is as in (2.12) and W is the unique weak solution in W2(B; ) of the equation

g _ 0.9 =0 i
{dw(mpiww(p 2)|z|»=1(f - Vw)d) =0 in B (2.30)

w=mn »1X - -vp on 0B.

Proof. Step 1. Fix 0 < r < 1. By (2.14) the functions u,: o ®; are equibounded in C?7(B \ B;)
and |Vut| > ¢(r) in B\ B, for k and ¢ small. Therefore, recalling (2.22), classical elliptic
estimates imply that the functions . o ®; are equibounded in CLV(E\ B,). Therefore, there
exists a sequence (k;,t;) — (0,0) with x; > 0, such that 4, ;, converge uniformly away from the
origin to a function w € C1(B\ {0}). Moreover, multiplying (2.22) by 1, ; and integrating, we
get that

/(mz—l-]Vu,i,t|2)p;2\vun7t]2dx+(p—2)/ (k2 + [V 1]2) 7 [Vt - Vit o2 der < C,
Q4

Q

for a suitable constant independent of x and ¢. Therefore, passing to the limit as (x;, t;) — (0,0)
and recalling (2.13) and (2.11), we have from the previous inequality that

/ \Va|? dp < oo,
B

1
hence @ € WH2(B; u). Moreover, @ =n" »1 X - vg on 0B.
Let us now fix a function v € WH2(B \ {0}) with compact support in B\ {0}. Passing to the
limit in the equation (2.22) we then have

/ Vi - Vo + (p — 2)(0 - V) (6 - Vv)dp = 0. (2.31)
B

We want to show that the same equation is satisfied indeed for every v € VVO1 ’2(B ;) and that w

1
is the unique solution to (2.31) in W12(B; 1) such that @ = n~ 71X -vg on dB. To this aim, let
us fix 0 < r < 1 and a cut-off function 7, € C*°(B) such that 0 <7, <1,n.=1in B\ B,, 5, =0
in B, 5 and |Vn,| < ¢/r. Inserting vn, in the above equation we get

/BnTV@Z/-Vv+(p—Q)UT(H-Vﬁ))(&VU)du:—/BthD~V77r—|—(p—2)v(0-Vw)(9-Vnr)du. (2.32)

In order to pass to the limit in the above equation we have to distinguish two cases.
Step 2. Let us assume that p > "5 and that v is bounded. In this case, we may estimate the
right hand side of (2.32) by

1 1
_9 —2 2 -2 2
-1 / |v||xr?—1\vw||wr|dméC“”‘°°</ lwl’ﬁ—wvwl?ﬂ) </ "””'g”di”>
B, r B, B,
1
-2 n —2 2
5c||v\oor2&””_l</ |w|z'?—lrvwl2dx>
B

Note that since 2&;_21) + 5 — 1 > 0 the last term in the above chain of inequalities converges to
0 as 7 — 0. Passing to the limit as » — 0 in (2.32) we conclude that (2.31) holds also when
vE WOI’2(B; @) N L>(B). Hence, by density, (2.31) holds for all v € Wol’z(B;,u).

Let us assume now that 1 < p < -*5. This case is more delicate. Observe first that

/ Vi - Vi + (p— 2)(0 - Vi) (0 - Vi, )dp = 0. (2.33)
B
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In fact, by the divergence theorem and the convergence of u, +, o @1, to ug in C1(B) and of 1, 4,
to w in C'(B\ B1), we have
2

[ Vi et (o= 200 V)0 V)= [ (ol 0y + 0~ el 00) d !
B OB
.= / (IVuoP20, 510 + (p — 2)|Vuo [P~ (Vg - Vi), 5uo) dFH"

0B

1—00

. b2
= lim npl/ (H§+|Vu,4i,ti] ) 7 8,,Bu,%t + (p— 2)(/@ +|Vu,.;“t] ) (Vu,.ﬁ 1 Vg, 1,)0up s, 1,
OB

and the last integrals are all zero by (2.22).
Observe also that if v € W12(B;u) and 0 < r < 1 we get

1 1 1
/ ’V’U| dx < </ ’x‘z%ﬁvv‘Q da:) 2 </ |x‘% dm) 2 < cr‘zfp_jpn""% </ "T‘ﬁ|vv‘2dx> 2.
B, By - B

Therefore v € W'!(B) and setting v, = f, v, we obtain

1
1-n oy -5+l 2
v — v |dz <er |Vou|dz < er2e-1" 2 ]:):\P T |Vol“dz ) <cr® (2.34)
B, B, B,
where we have set o := 2(2p pl) 5 +1> 0 and cis a constant independent of 7. From this estimate

we get in particular that for all positive integers i

|vg—i — Vg1 Sf |v — vo—i| dx —i—][ |v —vo1-i| da < 2; .

B,—; B,—;
Hence, we may conclude that the sequence vy—i converge to some vy € R. In turn, recalling (2.34),
this implies that v, — vy as » — 0 and that

/ lv(rz) —vgldz — 0
B
as r — 0. Therefore, there exists a sequence s; — 0" such that for

v(siz) — v for H" lae. 2z € 0B.

At this point we argue as follows. Let us fix s € (0,1). Without loss of generality we identify here
v with its precise representative v*, see [13, Sect. 4.8]. Since, for H" !-a.e. z € B the function
t — v*(tz) is locally absolutely continuous in (0, 1), see [13, Sect. 4.9.2], we have

v(sz) —v(s;z / Vu(tz) - zdt.

lo(s2) — v(si2) 2 < (/ tz’i—?+n—1|vv(tz)|2dt) (/ pik ot dt).

Integrating this inequality on OB and letting i — oo we get that

/ lv(s2) — vo|? dH™ ! < st ”+2/ tr _?”L"_ldt/ |Vo(tz)[* dFtm
0B 0 0B

2— s —2
:cspi)n”/ dt/ \x|£j]Vv(x)\2de"*1
0 0Bt

Therefore,
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-2
Then, multiplying by sp=1 " and integrating between 0 and r , we finally get
-2 —2
/ |71 o) — vol? da: < cr2/ 2|71 | Vo(z) | da. (2.35)
B, B,

By (2.33) we may assume, without loss of generality, that vg = 0. Then, using (2.35) we may
estimate the right hand side of (2.32) by

p=2 c p=2 % p=2 2
w1 [ |v|rx|p1|vw\|w|dxs(/ r:c|p1|vw|2dx) (/ |x\p1|vr2dx)
B, " \JB, B,
: :
p—2 p—2
Sc(/ \$|P1|Vﬁ)\2dx> </ ]a:\Pl\Vv\Qda?> .
B, B

From this estimate, passing to the limit in (2.32) as r — 0, we may conclude that (2.31) holds
also in this case for any v € I/VO1 ’2(B ; ). This proves that @ is a solution of the Dirichlet problem
(2.30).

Since w is clearly unique, by a standard compactness argument we have that 1, ; o ®; converge
to w locally in C1(B\ {0}) as (k,t) — (0,0).
Step 3. To conclude the proof, let us show that (2.28) and (2.29) holds. To this aim, observe that
the same argument used in the proof of Theorem 2.2 shows that wu.; — uo; in CH( ) as k — 0,
uniformly with respect to ¢. This implies in particular that e,(t) — eg(t) as k — 0, uniformly
with respect to t. Moreover, since by (2.20)

]_ _
e (t) = / (K2 + |V, o[2) 5 X - v, dF™! —/ (K2 + |V, o|2) "2 [V 42X - vo, dH",
0 0!

p Qy
we have that e (t) converges uniformly for ¢ € [0, 1] to
1—
J |VU0,t’pX v, di}C”_l
D Joaqy

and thus (2.28) holds. Finally, from the convergence of ¢ o ®; to w as (k,t) — (0,0), passing to
the limit in (2.21), recalling (2.11) and using (2.31), we get that

t—0
Kk—0

lim e (t) = / |Vug|P~2(Vab - vg)w dH" !
oB

+(p—2) / |Vuo|P~H(Vi - Vug) (Vug - vg)w dH™ !
0B
—(p— 1)/ |Vuol|P~2(V2uo[Vug] - X,)(X - vp) dH™!
0B
+/ ‘VUO’(’VU/O‘IJ_]'%B — 1)(X . Z/B)2df}{n_1
0B

:/ |Vug\p_2]Vu§\2dx+(p—2)/ yvuov’-‘*(vuo-vw)?da;—nﬁ/ (X -vp)2dH" L,
B B 0B

This concludes the proof of (2.29). O
We next show a technical lemma.

Lemma 2.6. Let  satisfy the assumptions of Lemma 2.1 and let k € (0,1], 0 < r < 1. There
exist 0,Cy > 0, depending on p,n,a and r such that if ||p||c2.« + Kk < 3§, then for all t € [0,1]

/\ |Vt 0 ®y|* + |ty 0 B|? dx < Co|| X - vp||? Lony' (2.36)
B\ B,

H2(0B)
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where ® is the flow associated to ¢ as in Lemma 2.1.

Proof. Let 6 be so small that |||z« < 0 implies B, CC €. Let us set w := nv, where v is the
harmonic extension of —Vu, - X to ) and 7 is a smooth function such that n =1 in O \ B,
and n = 0 in B, /5. By the minimality property of 4 ; and Theorem 2.2 we have, if k < ¢ and ¢
is sufficiently small,

/(,@ [V o2) 52 Vit o2 dee + (p 2)/ (k2 + [Vt t]2) 2" Vi ¢ - Vi o2 da
Qt Qt

g/ (/12+]Vu,{,tlz)p?_Q\Vw\de—}—(p—Z)/ (k2 + [V o]?) 2 Vo - Vg o] da
Q4

Qy

= “dv < : 2 < : 2 ' |
<C o5, Vwl de < CIX - Vugely oo < CIX V) 0 @Iy o (2.37)

From this inequality and Theorem 2.2, (2.36) follows immediately if we show that the last term
in the previous chain of inequalities, is controlled by the norm of X -vg in H'/2(9B). To this aim
we recall that by Lemma 2.1(1) X = (X - 0)6 in a neighborhood of dB. Since Vuy = —|Vug|6 on
0B, with the help of (2.4), (2.5) and Theorem 2.2 we obtain

|(Vuy, ¢ - X) o ®y — Vug - XHH( 5)
< (T 6) 0 B~ (Vg - O)(X-0) 0y
< Cl[(Vug,t - 0) 0 @1~ (Vug - )] o1 (B\By) (X -vp)o® 1

IVl (X -0) 0 @0 = X vl 1y
+ (X -6) 0@ =X -vsl

HZ (6B) 0B)
< w(llelloen) + IX vall,3 (2.38)
The result then follows from this estimate. O

Lemma 2.7. Let Q satisfy the assumptions of Lemma 2.4. There exist § > 0 and a modulus of
continuity w such that, if ||¢||c2.« <9, then
" < o X
€4(0) ~ O] < wlllelne + RIX walyy )
for all k, t € (0,1].

Proof. Step 1. Observe that, from (2.21), using the divergence theorem and equation (2.22), by
a change of variable, we get

en(t) = N(t) + Ix(t) + I3(t),

where

:/{(n2+\vun,ﬂ)‘ii’yvuﬁ,t\z}o@t det Vb, da
+(p—2) /{ K° + \Vu,it] ) (Vu,.gt V., £)?} o &y det VP, dx,
- /BB{(FP Ve t2) T (Vg [Vt ] - X2 ) (X - v, )} 0 @ Jp_1 By dFH!
-(p-2) /aB{(n? Ve t2) 7 [Vt o (VP e[Vt o] - X0 ) (X - v0,)} 0 @ Ty 1 By dH L,

I3(t) ;:/ {| Vg, | (% + \vuﬁ,tﬁ)%wun,twgt —1)(X - vg,)?} o @y Jp_1 By dH L
OB
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where J,,_1®; is the tangential Jacobian of ®;. By Lemma 2.1 one has, if ||¢||c2 « is small,
50, © @t — HpB| @) + [|Tn-1Pt — 1| Lo (ap) + || det V4 — 1| 1o 9By < w(l[@llc2.a). (2.39)
By Lemma 2.1(i), X is parallel to # in a neighborhood of dB. Hence by applying (2.5),

(X vg,)o®— X vl = |[(X:0)o®) (v, 0)o P — X -vp|

(
(X -0) 0 ®||(v, - 0) 0By — 1| + (X -0) 0By — X - vp|

<

< w(llelleza)X - vl (2.40)
A similar computation leads to

[ X7 0@y Sw(ll@llc2.a)| X - vl (2.41)

Combining Theorem 2.2, (2.39), (2.40) and (2.41) and observing that I3(0) = 0, one deduces
112()] + I3(¢) = 13(0)] < w(ll@llcz.a + £)IX - vBll72(om)-

Next we estimate |I1(t) — I1(0)|. To this aim, we set wy ¢ = gt © Pt, Vgt = Uy, 0 Py and
Ny = (V&) 1 ((V®,)~1)T. From (2.22) we see that w,, is the solution to the following elliptic
equation

div((62 + [(V®) )TV, |2) "2 det V&, NV,
+(p — 2) (K + |((vq>t)—1)TvuK,t\2)? det V&, (N;Vv,, tVws )NtV ¢) =0 in B
Wyt = — (Vg - X) o &y on 0B.
(2.42)
Therefore we may rewrite

I(t) = / (52 + (V)™ V. o|2) 2 NyVwy, 1 Vivy ¢ det VO, dz
B

4
2

+ (p—2) / (K2+]((V®) ™) Ve 1) 7 (Ne Ve 1V 1) (Ny Vg, Vi ) det VO, da.  (2.43)
B

Step 2. From the estimates proved in the previous step, it is clear that we only need to show
that

2
[11(t) = 1 (0)] < Cw([[ellczeor) + R)IX - VB”H%(aB)' (2.44)

In order to make the argument of the proof of (2.44) clearer we now highlight also the dependence
on ¢ of ®, X, v, s, wi; and Ny. Moreover, given any two functions u,v € W12(B) we set

Ly tp(u,v) = / (Ii2 + |((V<I>t7¢)_1)TVv,€7 t,@\2)L;2Nt7¢VuVU det VO, , dx
B

—4
2

+(p—2) / K2+ [(VP:) ) Vi t.02) T (Nep Ve, 1.oV0) (Nt Vo, 1., Vo) det Vb, da.
B

The bilinear form Ly o, is defined accordingly.
The proof of (2.44) is by contradiction. If (2.44) does not hold, from (2.43) it follows that there
exist r; — 0, t; — to € [0,1] and a sequence p; converging to 0 in C?(9B) such that

lim Lisj 05 (Wt 055 Wriy t,05) £ lim Li; 0. (wﬁj,O,wﬂwﬁjvow)’ (2.45)
Xj . Jj—o0 ||XJ . I/BH

Jj—o0 |

2 2
vBlin/20m) H1/2(8B)
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where X; is the vector field associated to ¢; as in Lemma 2.1. Note that we may assume that
both limits are finite, since it can be easily checked, see the proof of (2.37), that there exists a
constant C' indipendent of j such that
2
0< Ll‘ijijgtpj (wﬁj,ty’,%’wﬁpt]‘,@j)? Lﬁj70,s0j (wﬁj’0:4ﬁj7wﬁj707<ﬁj) < CHXJ ’ VBHH1/2(aB)'

We now set

'[/\j. [ wlﬁjﬂfj#ﬁj wo ;= wﬁj,07¢j
TXG - vBllgees) TG vBl g an)
Observe that
@ = — (Vg 15,0, - Xj) © @) 0, . oy = — Vg, 0,0, - Xj on OB.

1X - vBll /2 om) 1X;5 - vBl m298)

From (2.38) it follows that, up to a not relabelled subsequence, w; and wg ; both converge weakly
in HY2(dB). Moreover, as a consequence of (2.38) and (2.13), we have also that w; — W ;
converge strongly to zero in H'/2(dB). Observe now that by Lemma 2.6 for any r € (0,1) and
any sufficiently large j, we have

/ Vi + 3,2 de < C(r).
B\B,

Therefore, again up to a subsequence, we may assume that there exists w € VVZ (B \ {0}) such
that, for every 0 < r < 1, w; converge weakly in W1?(B\ B,) to w.
We claim that w is the unique solution in W12(B, 1)

{ div(|2| 71 Vw + (p — 2)[2] 51 (8- Vw)d) =0 in B (2.46)

w=Y -vp on J0B.

where Y - vp is the weak limit in H'/2(8B) of the restriction of @; on dB. In order to prove this
we fix a function n € C}(B\ {0}). Then we multiply by 7 the equation satisfied by w; and pass
to the limit as j — co. Thus, recalling that v, ;. ,,, converge in C! away from the origin to the
function ug defined in (2.11), we obtain

/B 2|7V - Vi + (p — 2)|2] 71 (0 - Vw) (@ - V) = 0.

Then, from Step 2 of the proof of Lemma 2.5 we conclude that w is the unique solution in
WH2(B, i) of (2.46).

By applying the above argument to wy ; and using the strong convergence in H 1/2 (0B) to zero
of w; — wy,;, we have that also wp ; converge weakly in W2(B \ B,) for every 0 < r < 1 to the
solution w of (2.46).

We claim that w; — wp ; converge strongly in W12(B\ B,) for every 0 < r < 1.

To prove this we consider the harmonic extension z; of w; — wg ; from 0B to the whole ball B.
Since, w; — Wy j converge strongly to zero in H'/2(0B), we have that z; — 0 strongly in W12(B)
as j — 0o. Then, given r € (0,1) we take a C1(B) function ¢ such that ( = 1on B\ B,,0< ¢ <1,
¢ = 0 in a neighborhood of the origin. Recalling the equations (2.42) satisfied by wy; ¢, ,; and by
W;,0,0;, Tespectively, and the definitions of wj;, wo ; and z;, we have, using the divergence theorem
twice,

L .0, (W5 — Wo 5, (Wj—wo,5)C) = Li, 1,0, (Wy, (@j —wo,5)C) — Lnj,tj,gaj (wo,5, (w; — wo,5)C)
= L’?ﬂtjﬁoj (w]7 Z]C) - (L“{jvtjasoj - L‘%jvoij)(wo Js ( - wo ])C) - ’4’]7 i (wo WE (w] {'507])<-)
)

= Lnj’tjij (ﬁ;]’ Z]C) - (Lﬁjvt]ﬁ(t@j - Lﬁjvovgoj)(wovj’ ( - wo 5] C) - K/j’ »Pj (woaj’ Z]C)
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Then, using the strong convergence to 0 of z; and the C1® convergence away from the origin of
Ukj tip; and vk, 0.4, to the function ug defined in (2.11), we immediately get that the last three
terms in the previous chain of equalities converge to zero. Therefore we may conclude that also
Ly, t;.0; (Wj —wo 3, (W; —wp,j)¢) converges to zero. Thus, since the functions vy; 1, ,,, are uniformly
bounded in CH%, we easily get that, for j large enough,

[ 1V, = Vi, Pede <€ [ 1V, - Vi, | — 0,196 do.

From this inequality, since w; — wp; converge to zero strongly in L? away from the origin, we
conclude that also Vw; — Vi j converge strongly to zero in L?(B \ B;).
To conclude the proof we now show that

Jim (Lo b5 (055 05) = Lisj 0,65 (W0 3, Wo 3)) = 0, (2.47)

thus getting a contradiction to (2.45). To this aim we fix a function ¢ as above with » = 1/2 and
we observe that

Ly 105 (W5, W5) = L 0,05 (00,55 W0,5) = L .05 (055 W5€C) = Ly 0,605 (W05 Wo,5€)-
Then (2.47) easily follows from the strong convergence to zero in W12 of @; — @y ; away from the
origin and the C® convergence of Uk tip; and U, 0,0, to up. O

We are now in position to prove the main result of this section.

Theorem 2.8. For a € (0, 1), there exist 0,7y depending only on p,« and n, such that if Q is a
nearly spherical set of class C** parametrized by o, with lellcze@p) < 6, such that the barycenter
of Q is at the origin and |Q2| = |B|, then

B(Q) = B(B) 2ol (2.43)

Proof. Assume that  is smooth. If x € (0,1). By Taylor expansion we have
1 1!
Bu(S) — Eu(B) = eall) = ea(0) = ¢4(0) + 5l(0) + 5 [ (1= 0)htt) - eL(0))ar.
0
Observe now that, by (2.3) and (2.28) we have that ¢/(0) = 0. Therefore, passing to the limit as
k — 0 and using Lemma 2.5 and Lemma 2.7 we get

1
E(Q) > E(B) + 5QIX - vg] = w(llellcze@m)IX - Bl op), (2.49)

where w is the modulus of continuity provided by Lemma 2.7 and @ is the quadratic form defined
for all functions 1» € H'/2(0B) by setting

— ) — —2 —
Q] :nppl/ 2|71 Va2 dz + (p — z)nppl/ \g;|51|9.va|2dx—nﬂ/ a2 dH 1,
B B aB
where 4 is the unique solution in W12 (B; 1) of the equation

—2 —2
div(|z|» T Va+ (p— 2)|z|»1 (0 - V@)0) =0 in B
U= on 0B.
Given the normalized harmonic polynomials y; satisfying (2.2) we denote by wuy; the unique
solution in W12(B; ) of the following Dirichlet problem
-2 -2
div(|z|»1 Vg ; + (p — 2)|a|7=1(0 - Vg, ;)0) =0 in B
Uk,i = Yk, on 0B.
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Using equation (2.2), a simple computation shows that
uk,i = |z|**yr,i(0),
where oy > 0 satisfies the following equation
(p—1)ai + (pn —n —plog, — k(k +n —2) = 0. (2.50)

Therefore, recalling the definition of @[] and using the fact that

/ lyr? dFH"H =1, / Vrynil> dH" ! = k(k +n —2),
oB oB

another straightforward calculation shows that for every k > 1 andi=1,...,N(k,n)
p_ —Dai +k(k+n—2 — 1202+ k(k+n—-2)(p—1
Q) = Lo Nok b =2) (oDt k(htn-9p-1)

At this point, using equation (2.50) we may rewrite the previous equality as

—(p—=1)(np—n—p)ag +2k(k+n—2)(p—1)

— 1.
2p(p—1)+np—n—p

_p_
nr—1 Q[yk,z] —
Since, by (2.50) we have that
(np—n—p)+/(np—n—p)? +4(p — Dk(k+n—2)

ap = )

2(p—1)

inserting this value in the previous expression of Q[ys ], gives, after some tedious but elementary

calculations,

Qo = 5 (Vi —n—pP T4 Dh(ktn—2) —(mp—n—p)—2)  (25)

nr-1

Observe that the right hand side of (2.51) is zero when k£ = 1. Moreover it is easily checked that
for every p > 1 and n > 2 there exists a constant ¢(n, p) such that

Qlyki| > c(n,p)k for all & > 2. (2.52)

For any integer k > 0 and any i = 1,..., N(k,n) let a;; be the Fourier coefficient of X - vp with
respect to the orthonormal system {y;;}. Observe that (2.3) yields that ap = 0. Moreover, from
the assumption that the barycenter of §2 is at the origin, we have that

/ 2[(1+ @)™ = 1]d3 =0,
OB

Therefore, given 0 < ¢ < 1/4 if ¢ is small enough, we have that

[ wpdset| < elipliagon.
0B

From this inequality, recalling (2.6), we have that if ¢ is small enough
(/ 2 X vp dﬂ{”_1’ < 2| X - vgl 208
oB

This inequality implies that if €, hence 4, is sufficiently small, then

n
D aiS2Y, ), ai
i=1

k=2 1i=1
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Therefore, recalling (2.52), we may conclude that there exists a constant ¢ such that if § is small
enough

QX -vB] > co| X - VBH?{U?(aB)'

From this inequality, (2.49) and (2.7), (2.48) follows by taking ¢ sufficiently small.
The general case is then easily obtained by approximating Q in C*® with a sequence of smooth
open sets with the same volume of 2 and with barycenter at the origin. O

3. STABILITY FOR BOUNDED SETS WITH SMALL ASYMMETRY

Definition 3.1. For a bounded, measurable set E C R™, define

A(E):/ 1= |z — 2| da,
EAB(zg)

where xg is the barycenter of E.

Observe that A(E) = 0 if and only if E is a ball with radius 1. Moreover one may write

A(E):/Bl—|a:|dx+/E(|x—mE|—1)dx.

Using this equality it is not too difficult to prove the following lemma, see [10, Lemma 4.2].

Lemma 3.2. Let R > 2. There exist positive constants c1(n), ca(R), c3(n) and 6(n) such that
(i) for every bounded set E, A(E) > c1|EAB (zg)|%;

(ii) for every E, F C Bg, |A(E) — A(F)| < 2| EAF|;

(iii) for every nearly spherical set Q with ¢ L@y < 0, A(Q) < CSH‘P”%2(33)'

The main result of this section is the following theorem whose proof is an immediate consequence
of Proposition 3.4 below.

Theorem 3.3. For every R > 2, there exists two constants k(p, n, R) > 0 and €(p, n, R) > 0
such that

E(Q) — E(B) > kA(Q), (3.1)
for all open sets Q2 contained in Br with || = |B| and A(Q2) <e.

Proof. The proof is obtained by contradiction. Indeed, if the result is not true, given 0 < o < oy,
where o0 is as in Proposition 3.4 below, there exists a sequence of open sets €); C Bg such that

‘Q]| = ‘B’, €j = A(Qj) — 0, E(Qj) — E(B) < 0’4€j. (32)

Then, using Proposition 3.4 and recalling Lemma 3.2, we can find a sequence of nearly spherical
open sets U; parametrized by ; such that ¢; — 0 in C?*%(9B) and

E(Uj) — BE(B) < 2Co0 A(U;) < 2¢3Co0 |97 2(om)-
This contradicts (2.48) if o is chosen so that 2¢3Cyo < 7. O
Proposition 3.4. Let R > 2. There exist 0g,Co > 0, depending only on p,n, R, such that for

any o < oo and any sequence of open sets ; as in (3.2), one may find a sequence of smooth open
sets Uj C Bg such that |U;| = |B|, xy, = 0, 8U; converging to OB in C* for every k € N and

lim sup —E(Uj) — B(B)

< C()U.
oo A(U;)
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The rest of this section will be devoted to the proof of Proposition 3.4.

We will construct the sets U; by minimizing a suitable sequence of variational problems. In
principle we should impose a volume constraint in order to fulfill the condition |U;| = |B|. Instead,
we shall replace the volume constraint by a penalization on the volume. To this aim, we define a
penalization function as in [10] setting for 0 < n < 1

_ [ n(s=1Bl) s<|B|
f"(s)‘{ Ys—IBl) s=|Bl.

Note that for any 0 < sy < s1 one has

1

n(s1 —s2) < fy(s1) — fo(s2) < 77(81 — 82) (3.3)

The proof of next simple lemma goes exactly as the proof of Lemma 4.5 of [10] with the obvious
changes due to the different rescaling in our case of the functional E(2) defined in (2.8).

Lemma 3.5. For every R > 2, one can find a suitable n = n(p, n, R) € (0,1) such that, up to a
translation, B is a minimizer of

() = E(Q) + f,,(12])

among all the sets contained in Br. Moreover, there exists a constant C(p, n, R) > 0 such that
for any other ball B, with 0 <r < R

Fy(B) — Fy(B) >

In the proof of Proposition 3.4 we are going to show that, up to a translation and a small
dilation, the sets U; are given by the minimizers of the following penalized problems

. (3.4)

gn,j = inf {Gy, ;(2) | Q C Bg, Q open}. (3.5)

where

Gy (Q) = Fy(Q) +/e5 + 02(A(Q) — ¢;)? (3.6)

with n and F;, as in Lemma 3.5.

In order to prove the existence of a minimizer for G, ;, we extend the range of € in (3.5) to the
collection of all p-quasi open sets contained in Bgr. To this aim, similarly to what one does in the
quadratic case, we say that U is p-quasi open if there exists a function v € W1?(R") such that

U={z|u(z) >0},

where u* is the precise representative of u. Note that u*, hence U, is defined up to a set of zero
p-capacity. Moreover, u* is p-quasi continuous, i.e., for every € > 0 there exists an open set A.,
with Cap,(Ac) < ¢, such that u* is continuous on R™\ A., where Cap,(-) denotes the p-capacity of
a set, see [13, Sect. 4.8]. If U is p-quasi open, we define the following closed subspace of W1?(R"?)

W (U) = {v € WIP(R") | Cap,({v" # 0} \ U) = 0}.

Observe that since WO1 'P(U) is a closed subspace of W1P(R?) it is also weakly closed. With this
definition in hands, we may extend the energy functional E(2) to any p-quasi open set U as in
(2.8). Then, it is easy to show that there exists a unique minimizer uy of E(U) which will be
called the energy function of U.
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Remark 3.6. Observe that if g, ; is defined as in (3.5), then
gnj = inf{G,, ;(U) | U C Bg, U quasi open} . (3.7)

To see this take a quasi open set U C Bgr. By definition there exists a function u € VVO1 P(BRr) such
that U = {u* > 0}. Since u* is p-quasi continuous, for every h there exists an open set A;, C Bp,
with Cap,,(Ap) < 1/h, such that u* is continuous in Bg \ Ap. Thus, if we set

Q= ({u* > 0} \ Ap) U Ay = {u* > 0} U Ay,

Q, is an open subset of Br and Cap, (2, \ U) < 1/h, hence [, \ U| — 0 as h — oo. Moreover,
since Cap,({ug; # 0} \ Q) = 0, we have that

E(y) < 1/ ]VuUlpda;—/ uy de = E(U).
p Ja, Q,

Then (3.7) follows immediately from this inequality and Lemma 3.2 (ii).

Remark 3.7. Observe that if U C Bp is open, setting U. : {uy > €}, we have uy. = (uy —¢)™.
Moreover U, is smooth for a.e. € > 0. Therefore we may conclude that there exists a sequence of
smooth open sets Uy, C U, such that |U \ Uy| — 0, E(Uy) — E(U) and uy, — uy in WHP(Bg).

Following the argument of [10, Lemma 4.6] one can prove the existence of a solution to (3.7).

Lemma 3.8. There exists a constant oo(p, n, R) > 0 such that if o < og, then the infimum in
(3.7) is attained by a p-quasi open set U;. Moreover the perimeter of U; is uniformly bounded with
respect to j.

Proof. Let Oy, be a sequence minimizing the problem (3.5) such that

1
GW,J(Ok) < gn,j + Ea
for any £k € N. By Remark 3.6 we may assume that the sets O are open. Let wug be the
corresponding energy functions. Then by the minimum principle

O = {z | ug(z) > 0}.

By letting ¢, = ﬁ, we define

Vi = {z | up(z) >t }.

Note that the function vy = (ugx — tx)" is the energy function for Vj,, and that
1 1
G (Ok) <gnj+ 4 < Gng(Vi) + 1.

Hence

1
/ Ve da —/ urdz + foll{u > 0}) + /22 + 2(A({ug > 0}) — ;)2
{ux>0} {ug>0}

p

1 1
<o [ VwPd= [ wde £y > )+ E 4 A ) -5+
p {uk>tk} {uk>tk}

Observe that from Lemma 3.2 (ii) it follows that if E, F' C Bg then

’\/63 +02(A(E) — €)% - \/s§ + 02(A(F) — gj)2’ < C10|EAF], (3.8)

for some positive constant C(R). Therefore, from the above inequality and (3.3), we get
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1 1
/ Vurl? e+ (110 < wy < te}]) < tul {ur > 0} + Cro{0 < up, < t5}] + ~
p {0<up<tp} k
Choosing oq such that Ciog < %, then we have

1

—1 1
/ VP de + TP (140 < wp < 1)) <t Brl + =
D J{o<up<ty} D k

From co-area formula, Young’s inequality and the fact that n < 1, one obtains

173
. / P({uy > s})ds = 1 / Vg de
0 {0<u, <ty}
(p—1)

g”/ VuglP do +
P J{o<up<ty}

where P(-) denotes the perimeter of a set. Then there exists si € (0, ﬁ) such that the set

1
HO < ug < tk}’ < tk’BR’ + E,

Wi = {z: ug(z) > s}

satisfies

2 [l 2 2
POWy) < tk/O Pl > s})ds < 1Bl + (3.9)

We claim that also W}, is a minimizing sequence. Indeed by (3.3), Lemma 3.2 (ii) and the fact
that (uy — s)7" is the energy function of Wy, one gets

1

G, i (W) = / [Vug|P dz — / (ug, — s) " dx
P J{u>si} {ur>s,}

+ fo({ur > se})) + (/e + o2 (A({ur, > s}) —€5)?
< Gw-((i)k) + sk\{uk > 0}‘ — ?7’{0 <up < Sk}’ + 010"{0 < up < Sk}’

< Gy, i(O) (3.10)

1

+ |Bgl N
where we used the assumption that Cio < g.

Now by the compactness of equibounded sets with bounded perimeters, see [5, Th. 3.39],
(3.9) yields that there exists a set of finite perimeter W, such that Wy, — W, in measure. Set
wg = (ugp —sk) ™. Up to a subsequence, we may assume that there exists a function w € ng’p(BR)
such that wy weakly converge to w € Wol’p(BR) and strongly in LP(Bg). Set W := {z : w(z) > 0}.
Since Wy = {wy, > 0}, it is easily checked that W C W, up to a set of zero measure.

We claim that the two sets actually coincide up to a set of measure zero. In fact, by (3.10), the
semi-continuity of the norm and the continuity of the set function A, letting k — oo, one has

EW) + fy([Weol) + /€5 + 02 (A(We) — £)?

1
g/ |Vw\pdx—/ wdz + fy(Wal) + /22 + 02 (A(Weo) — £)
pPJw w

< gnj S EW) + f(IW]) +/eF + o2 (AW) = ¢;)*.
From this inequality, using (3.8), (3.3) and recalling that |[IW \ W| = 0, we get
77|Woo \ W| < 010|Woo \ W|
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Thus, the assumption Co < n implies that |WAW.| = 0. Therefore W is the desired set U;. O

Next result is the counterpart in our setting of Lemma 4.7 in [10]. It can be proved exactly
with the same argument used therein. Therefore, we omit its proof.
Lemma 3.9. The sequence of minimizers U; given by Lemma 3.8 satisfies the following properties:
(i) |A(U;) — €| < 30e;j and ||U;| — |B|| < Co'e;, for some constant C = C(n, R);
(ii) up to a translation U; — B in L';
(iii) for all j
0 < Fy(U)) - Fy(B) < o',
In order to prove Proposition 3.4 we need to show that the quasi open sets are U; are smooth.
To explain the strategy of the proof we start by observing that
Uj = {z | uj(z) > 0}
where u; = uy, is the energy function of U;. Since U; minimizes (3.7), we have that for each
v e Wy?(Bg)

1 / VP e / wjdz + fy(|{u; > O}) + /22 + 02(A({u; > 0}) — ;)2
Br Br

p

<o owerde [ vde 00> 0} 42 A o) -5 B

The above minimality condition is thus telling us that u; solves a free boundary type problem.
Therefore we are going to adapt to our situation the regularity theory first established, in the case
of the Laplacian, by Alt and Caffarelli in [3]. For the p-Laplacian this theory was extended in
[12] and to this paper we shall also refer in the following, though the case we are studying here
requires a certain number of modifications.

Remark 3.10. Using the minimality property (3.11), (ii) of Lemma 3.2 and (3.3), a standard
argument shows that each function u; is a quasi-minimum of the functional

/ (IVul? + 1) de
Br

with zero Dirichlet condition on dBgr. More precisely, there exists a constant (), depending only
on p,n, R and n such that for every v € Wol’p(BR) and every j

/ VP de < Q (IVulP 4+ 1) dx.
supp(u; —v) supp(u; —v)

Then, the De Giorgi’s regularity theory yields that there exists a € (0,1), depending only on
p,n, R, n, such that the sequence u; is bounded in C%%(BR), see [18, Th. 7.8].
As a consequence, we have in particular that each U; is an open set and that

—div(|Vu,|P2Vu;) =1 in Uj.

Observe also that —div(|Vu[P~2Vu) < 1 in weak sense in the whole R™. Indeed this is trivially
true if U; is a smooth open set, while in the general case it can be deduced immediately from
Remark 3.7.

The first step in the regularity proof of the U; is to show that when = € U; is close to dU;
then w;(x) behaves like the distance from the free boundary 0U;. Indeed this estimate readily
implies the Lipschitz continuity of u;, see Theorem 3.13 below. To this aim, we first prove a local
estimate and then a global one.
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Lemma 3.11. Let u; be a function satisfying the minimality inequality (3.11). There exists a
constant C(p,n, R) such that if B.(y) C Br and uj(y) =0, then

sup uj < Cr.

B (y)
Proof. Step 1. We argue by contradiction. If the assertion were not true there would exist a
sequence uj, and a sequence of balls B;, (yi) C Bg, with u;, (yx) = 0, such that

sup uj, > krg.

Bry, (yr)

4
Then, setting
wj, (i + rec)

ug(x) ==
Tk

for x € Qp := Br (—yir/7k),
Tk

from (3.11) it follows that uy is a minimizer in W[} P(Qy) of the functional

1 —n —-n
p/Qk |Vol|Pdz — 7 /Qk vdr + 1. " f(rg{v > 0}]) + 7, 632k + 02(A(Pr({v > 0})) — ¢j,.)2,

where
Op(x) = yp + iz for all z € Q.
Moreover, u(0) = 0 and
supug > k.
=

Let us now set di(z) :=dist(x; {ux = 0}) and

Vi = {:L’ € B: di(x) < ! —?)\x]}

Note that since u(0) = 0 we have that B1 C Vj. Moreover,
4

3 3k
my := sup (1 — |z|)ug(z) > —supug > —.
€V, 4 B 4
Since by Remark 3.10 uy is continuous and (1 — |z|)ug(z) = 0 on 9B we have that my is attained
at some point zj € Vi. By definition, we have

m 3k 1- ’»Tk’
> > — d O :=d < . 3.12
e 22 ™ k= di(og) < —— (3.12)

ug(z)) =

Let now zj € {ur = 0} N B be such that
‘Zk — l‘k‘ = 5k

It is easily checked that Bas, (2) C B. Moreover, Bs, (z) C Vi, since for any « € Bs, (21,) we
2 2

have
3 1-—
L= o 21 = fag| = |oy, —a| 2 1= |ax] = 50k 2 2’%’.

From this inequality, recalling the definition of x;, we immediately have

sup  ug < 2ug(zk) - (3.13)

By, (21)
-
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Next, since By, (zx) C {ug > 0}, we have that —div(|Vug|P~2Vug) = ry in Bs, (k). Therefore,
from the Harnack inequality and since r; < R, we may conclude that there exist ¢o = co(p,n) and
C = C(p,n, R) such that, for k large,

sup ur > inf  ug >c¢p sup  ug(zg) —C > C—Ouk(azk), (3.14)
By, (2k) B%(mk) Busy, (k) 2
+ 5

where in the last inequality we used the first estimate in (3.12).
Step 2. We now set

9 2
ug (21 + ok/2) for x € Wy := — (% — 2).

vl(®) = ug () Ok

Then, from (3.13) and (3.14) we have that

sup vy, < 2, sup vy > %, v(0) = 0. (3.15)
B

B,
2

Moreover vy, is a minimizer in VVO1 P(Wy) of the functional

1/ Vol d o / P —" ST TR
—_ v r— — vaxr T %
p 2 (g (1) P Jw, O (up(ap)yor R
2r T 2 4 g2(A(T 0})) — ,)?2
+ e, + o2 (A(Yi({v > 0})) — €5, )%,

6Z_p(uk(:):k))1’7"2

where

71L0LT

\Ifk(l’) =Yg + "KL + for all z € Wy.

Let us now introduce the solution wy, € WP(B3) of the following Dirichlet problem

3
4
5£Tk
2P (ug (g )P~
Wy = Vg on OB%.

—div(|Vwg|P~2Vwy) = in Bs,

By the maximum principle wy > 0 in Bz. Therefore {vy > 0}A{wy > 0} = {vy = 0} N Bs. Thus,
4 4

by the minimality of vk, using Lemma 3.2 and (3.3), and recalling that d; < 1 and ug(zy) > 3k/4,

we have with some simple computations

1 5ka
— Vo pda:—k/ vy, dx
p/B Vol 2 ()1 Jp,

4

3
4

1 5ka C
< Z Py — — k% d -
- P/B Ve[ de 2p(uk($k))p1/3 WA

3 3
4 4
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for some positive constant C' = C(p,n,n, R). From this estimate, setting v; = sv + (1 — s)wy,
for 0 < s < 1, and testing the equation satisfied by wy with vy — wy, we get

C 1/ 1/ 5Pry /
— > = Vel de — = VwplPde + ——2———— wy, — V) dx
7 S, VT L, VO oy Jp, ()
4 14 4
1 / Pry
= —ds Vol P72Vl - V(v — w dJ:—I—k/ wy, — V) dx
|3 o Vel - wde + gt [ e
4 4
11
:/ Sds/ Vi [P2Vug — Vg [P Vawy,) - V(v§ — wy) d. (3.16)
0 Bj
q

From this inequality, if p > 2, recalling (2.18), we conclude that

C
_ pd < —
/33 |Vur, — Vwg|P doz < P’

for a suitable constant independent of k. Therefore, we may conclude that
v —wi — 0 strongly in WP(B3) as k — oc. (3.17)
4
If 1 < p < 2 observe that since the sequence vy, is bounded in L>°(B), from the minimality property

of vy, it follows that the sequence vy is also bounded in W1?(Bs). Hence, also the sequence wy

is bounded in the same space. Then, recalling (2.19) and using (3.16) we immediately conclude
that (3.17) holds also in this case.

Finally, by De Giorgi’s regularity theorem it follows that the vy are locally equibounded in
C*(B %) Therefore, up to a not relabelled subsequence, we may assume that they converge

locally uniformly in Bs and weakly in W1P(B3) to a continuous function vg € W'?(B3s). Then,
4 4 4
from (3.17), we have that also the wy, converge weakly in W1P(B3) to vg. Moreover, by elliptic
4

regularity the sequence wy, is also locally bounded in C1#(Bs) for some § > 0. Therefore, we
4
may conclude that, up to another not relabelled subsequence, the functions wy converge locally
strongly in W1P(Bs). This implies that vg is a nonnegative function such that
4

div(|Vue[P™2Vue) =0 in Bs.
But from (3.15) we have

¢
sup vg > —0, and vo(0) =0,
By 2
which is a contradiction to the maximum principle. This contradiction proves the lemma. U

Next step is to improve the previous local estimate so to get a global estimate up to the
boundary of Bgr. This is the content of the next lemma.

Lemma 3.12. Let u; be a function satisfying the minimality inequality (3.11). There exists a
constant C(p,n, R) such that if y € Bg, u;j(y) =0 and 0 < r < R then

sup u; < Cr.
BT(Z/)

Proof. Step 1. We first prove that there exists a constant M (p,n, R) such that if » < R/20, and
z € Bp, then

7[ wj dH"1 > Mr implies that u; > 0 in B,(2). (3.18)
0By (2)
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Fix j. First, observe that if the constant M is large enough then necessarily Bjo,(z) C Bgr. To
see this, recall that since —div(|Vu;|P~?Vu;) < 1 from the maximum principle it follows that

p—1RT —|a|7T
1

0 <uj(x) < for all x € Bp.

p niT
Therefore there exists a constant Cy(p,n, R) such that if Bio,(y) N 0Br # 0, then

][ uj dH"1 < Cyr.
0B, (z)

Thus, if we choose the constant M in (3.18) strictly bigger than Cp, inequality (3.18) yields that
Bior(y) C Bgr. On the other hand, if there exists a point « € B,(z) with u;(xz) = 0, by applying
Lemma 3.11 to the ball Bg,(x) C Bior(2) C Br we get that

sup u; < sup uj < 2CT,

By (2) Ba, ()

where C' is the constant provided in Lemma 3.11. From this inequality we get again a contradiction
if we choose M > 2C.
Step 2 Fix now y € Bg such that u;(y) = 0. From the Harnack inequality we know that there

exists a constant C(p,n, R) such that if r < R/40

sup u; < C b[ udx + rppl} . (3.19)
Br(y) Bar(y)

On the other hand, from (3.18) we have

2r +1 n+1
2ntH BIM

/ uj dx :/ dg/ uj dH" 1 < i | BIMr .
Bar(y) 0 9B, (y) n+1

Combining this estimate with (3.19) concludes the proof when r < R/40. The general case follows
from the equiboundedness of the u;. O

A consequence of Lemma 3.12 is the Lipschitz continuity of the functions u;. Indeed this can
proved arguing exactly as in the proof of [4, Th. 2.3]. Note however that while the Lipschitz
estimate proved in [4] is local, in our case it goes up to the boundary of Bg. This global estimate
is a consequence of the global estimate proved in Lemma 3.12 and of the fact that u; satisfies a
zero Dirichlet boundary condition on the boundary of a smooth set.

Theorem 3.13. Let u; be a function satisfying the minimality inequality (3.11). There exists a
constant C = C(p,n, R) such that for all j

IVujll Lo (Br) < C.

Next step is to prove uniform density estimates for the free boundaries. To this aim we need
the following non degeneracy lemma.

Lemma 3.14. Let u; be a function satisfying the minimality inequality (3.11). There exists
oo = oo(n,p, R) such that for any v > 0 and k € (0, 1), there exist 7,79 > 0, depending only on
v, 5, p, N, R, such that if 0 < 0 < 09, y € Br, 0 <r <rg and

1

5
(][ u; daz) <7Tr,
Br(y)

then uj =0 in By, (y).
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Proof. For notational simplicity let us just write u in place of u; since all the constants involved
in this proof will be indipendent of j.

Since —div(|Vu;[P~2Vu;) < 1, from standard elliptic estimate, see for instance [18, Th. 7.3],
we have that for every x € (0, 1) there exists a constant C=C(p,n, K ,7) such that

\FTB

Let w be the solution of

1 % 1 ~ 1
— sup u < C’[ (f u7> + rp—l] < C(1+re1). (3.20)
Br(y)

div(|Vw[P~?Vw) = —1 in B /. (y) \ Ber(y)

w = \/Ker on 9B . (y)
w=20 on B (y),
Define
o u. on R"\ B s, (y)
min{u, w} on B s, (y).

Hence v € W&’p(BR). Note that w > u on 9B, /. (y). By definition of v, we conclude that

{v>0} C{u>0} and {v>0}\ B/ (y) = {u>0}\ B ()
Therefore from the minimality inequality (3.11) and from (3.8),

1 P g —
P/Bfr(y) |Vul|P dx /B\/gr(y wdx + fp([{u > 0})
1
< p/Bﬁ( )rwpdaz—/Bﬁ( vda + f(1{0 > O})) + Crol B, () 0 ({u > 01\ {0 > 0},

Now from (3.3) we infer that

1 u|? dx — wdx np—1) u v
/Bfr(y) vl /B do+ D [({u >0} \ {v >0} N B (y)l

p \/Er(y)
.,
< =
pPJB

\Vv|pd:n—/ vdz,
(v) B
where, as in the proof of Lemma 3.8, we have chosen o¢ > 0 so that Cyog < g. Hence, noting that

var(Y vir(¥)
{u>0}NBe(y) = {u>0}\{v>0})NBu(y),

we get
1 —1
/ |vu|de—/ wdz+ 1P =Y 1005 0y A B ()]
p wr(Y) Brr(y) p
1 -1
<[ - [ v s 0p o> 000 By )
p N’!‘( ) KT( ) p
< 1/ (IVulP — ]Vu|p)dx—/ (v—u)dz
P JB /z (y)\Brr(y) B /mr W)\ Brr(y)
< / |Vw|P?Vw - (Vw — Vu) dx — / (w —u)dx
B /ir (¥)\Brr (y)N{u>w} Bz )\ Brr (y)N{u>w}

= / \Vw|P~?ud,w dH"
OBkr(y)



A QUANTITATIVE FORM OF FABER-KRAHN INEQUALITY 29

Observe that the last equality is obtained by testing the equation satisfied by w with (u — w)™,
and recalling that the boundary value of w on 0B, (y) is zero, and u < w on 9B s, (y). Note
also that in the last integral v denotes the exterior normal to 0By, (y).

An explicit calculation gives that

co t

=1 n

2—p
=1/ Co t
Pl (tn_l - E) dt for o € [kr, k1],

w(@) = iz ), where o(0) = [

r

where the constant ¢ is chosen so that ¢(y/kr) = \/ker. Now, denote by ¢ a point in [kr, \/k7]
such that

VRer = p(v/rr) = (o) (VAr — rr)

and observe that, using this equality, we may estimate for x € 9By, (y)

1

0 T < cmpom)|

€o Olp-1
Qn—l

=C(¢'(0) + rp%l) < C(k,p,n) (e + rp%l)

V()| =

Hn—lrn— 1 n

Hence,

1/ |Vu’pdx+w
P JB(y,xr)

Moreover the trace inequality and Young’s inequality give

/ wdH" ' < C(k, p, n) <1/ udx +/ |Vu]d:c>
aBm(y) r nr(y) BH"‘(y)
(p—1) 1
go((\/EeJr . )\{u>0}mBm«(y)\+p/

Bir(y)

[{u >0} N By (y)| < C(eP71 + r)/ wdH" ! +/ udz.
8B,ﬂ~(y) var( )

|VulP dm),

where we used that

/ wdz < /ker|[{u > 0} N By (y)].
Brr(y)

Therefore, recalling that 7 < 1, we may conclude that

1 p—1
P p Bm‘(y)

<Co(e 4 r)(e+1) </Bm(y)

for a suitable constant Cy(p,n, k). Then, recalling (3.20), if 7 and r are chosen so that

Vul? de + | {u > 0} Bm<y>r),

_ n . 1 p—1
Co(e? P +r)(e+1 gmm{,},
b e+ 1) < Fmind 2, 2o

we conclude that v = 0 in By, (y). O

The following lemma is a simple, but essential tool for the subsequent analysis of the regularity
of the free boundaries OUj.

Lemma 3.15. Let uj be a sequence satisfying (3.11), ji a sequence of positive integers and By, (yi)
a sequence of balls such that yi, € OU;, and rp — ro as k — oo. Set

Uy + ryx
ug(z) == ]’“(ykrkk) forxz e Q= B%(fyk/rk). (3.21)
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Then, up to a subsequence, the functions uj, converge uniformly in B and weakly* in WH>°(B) to
a function ug such that —div(|Vuge[P~1Vug) = ro in BN {ug > 0} and 0 € d{ug > 0}. Moreover,

Vg P2 Vug — |Vug|P~2 Vg locally uniformly in B N {ug > 0}.
Proof. First we observe that
—div(|Vug [P Vug) = 7y, in B N {u; > 0}. (3.22)

Since by Theorem 3.13 the sequence u; is equi-Lipschitz in Bpg, the rescaled sequence uy, is equi-
Lipschitz in B. Therefore, up to a not relabelled subsequence, it converges uniformly in B and
weakly* in W1°°(B) to some function ug. If V is an open set compactly contained in {ug > 0}
then for k large we have also that V' cC {ur > 0}. From the equation (3.22) satisfied by
uj, and standard elliptic estimates we have that the sequence wuy is equibounded in C1<(V).
Therefore, |Vug[P~2Vuy, — [Vup[P2Vug uniformly in V. The fact that —div(|Vug[P~1Vug) = 7o
in BN {up > 0} then follows from the strong convergence of the gradients and from (3.22). O

The proof of next result goes exactly as the proof of Theorem 4.4 in [12] with the obvious
modification that in our case when we rescale from a ball B,, (yx) to B and replace u;, by the
function uy as in (3.21), then —div(|Vug|P~2Vuy) < 7 in B and thus we have to compare uy, with
the function v; which agrees with u; on dB and solves the equation —div(|Vug|P~2Vug) = i
in B (see the estimate performed in Step 2 of the proof of of Lemma 3.11). Note that, thanks
to the global Lipschitz estimate provided by Theorem 3.13 and to the global estimate stated in
Lemma 3.14, the density estimates (3.23) hold uniformly on dU; N B.

Theorem 3.16. Let u; be a function satisfying the minimality inequality (3.11). There exist a
constant C = C(n,p, R) > 1 such that the following properties hold:

édist (x, 0U;) < uj(xz) < Cdist (z, OU;) for every x € Bp;

for everyx € OU;j and 0 <r < R

1 |U; N B, (z)] 1
B AR AR g [ 3.23
c= gl e 52
If E C R" is a measurable set we denote by OME its measure theoretic boundary, i.e., the
complement in R™ of the set of points where the density of E is either 0 or 1. Moreover, if F has
finite perimeter, 0*E' denotes the reduced boundary of E, i.e., the set of points of 0F where the

generalized exterior normal vy exists (for the precise definition see [5, Ch. 3] or [23, Ch. 15]).

Remark 3.17. From Lemma 3.8 we know that each Uj is a set of finite perimeter. Moreover U
is also open by Remark 3.10. Observe that (3.23) implies that the topological boundary of U;
coincides with its measure theoretic boundary 6™ U;. Therefore, by a well known property of sets
of finite perimeter, see [5, Th. 3.61], we may conclude that

H 10U\ 0*U;) =0  for all j. (3.24)

Next result is the counterpart in our case of Lemma 5.4 and Theorems 5.2, 5.5 and 5.6 of [12].
Though the proofs of these results are a bit long and require various intermediate results, the
arguments used therein are based only on Lemma 3.14, Theorem 3.13 and the convergence of the
rescaled functions uy defined in (3.22) to a p-harmonic function ug when 7, — 0, see Lemma 3.15.
Those proofs can be reproduced in our setting without any substantial change and therefore we
do not give the details here.
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Theorem 3.18. Let uj be a function satisfying the minimality inequality (3.11). There exists a
nonnegatie Borel function qy; such that

—div(| Vg ()P Vus(2)) = X () — a0, (@ HLOU; in B
and for all x € OU;

1
= < Qu; ($) <C, lim sup |VUJ(Z)‘ = Qu; (x) ) (325)
C z—x,u;(2)>0
where C = C(p,n, R) > 1. Moreover, for H" '-a.e. z € OU;, we have that
uj(x:—rz) = Qu, (7)(—2 - vy, (7)) 4 in I/Vlig(R”) forallq>1, (3.26)

where vy, is the generalized exterior normal to the boundary of Uj.

Assume that 9U; is of class C! in a neighborhood of x and that u; € C*(U;). Then (3.26)

states that g, (v) = |Vu;(z)| = —Vu;(x)-vy, (r); moreover, one can show that the Euler-Lagrange
equation satisfied at 9Uj is
Oou;(z)|p o?(AU;) — e (y —zy,) - =1 ,
(p—l) 8]( )’ _ ( ( ]) ]) |:|$_«TUj‘_f _J dy :C(]),
e \/5?+0'2(A(Uj) — &) ;=

for some constant ¢(j). Thus, we proceed as in [10, Sect. 4] proving that the above formula holds
indeed when replacing the absolute value of the normal derivative of u; at the boundary by gy, .
This is precisely the content of the next lemma.

Lemma 3.19. Let R > 2 and let u; satisfy the minimality inequality (3.11). Set for every x € OU;

o2 ) e —Xy.) &
Ay(a) =~ 1l () \/2+(i(((sz)€]) el Doty e
Ej o j) —E&j J

There exists jo = jo(R) such that A; is constant for all j > jo.

J

Before proving this important lemma we need another technical result.

Lemma 3.20. Let R > 2 and let u; satisfy the minimality inequality (3.11). Up to a not rela-
belled subsequence and after a suitable translation, the sets U; converge in L' to the unit ball B.
Furthermore, for every 0 < 26 < R — 1 there exists js > 0 such that for j > js

Bi_5 C Uj C B1+5 (328)
and the energy function u; satisfies (3.11) for every v € Wol’p(N(;(Uj)).

This result is a simple consequence of Lemma 3.9 and (3.23). Its proof is exactly as the proof
of Lemmas 4.13 and 4.14 of [10] and therefore we omit it. Let us instead give some more details of
the proof of the previous lemma, which is anyway very similar to the one of Lemma 4.15 in [10].

Proof of Lemma 3.19. We choose § < % and fix j > js, where js is as in Lemma 3.20. As before
we drop the subscript and simply write u and U instead of u; and U}, respectively. Moreover, up
to a suitable translation, we may always assume that the barycenter zy; is at the origin.

Let us recall, see for instance [5, Th. 3.59], that since U is a set of finite perimeter, for every
x € 0*U we have that

U—
RN {vu(z) -y <0} locally in L' as o — 07, (3.29)
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where vy is the generalized exterior normal to OU. Thus, recalling (3.24), in order to prove the
assertion it is enough to show that for every x1,x9 € 0*U for which (3.26) holds we have

Aj(z1) = Aj(x2).

To this aim we argue as in the proof of [10, Lemma 4.15]. Therefore, since most of the calculations
are exactly as in [10] we shall only indicate the changes that are needed.

We argue by contradiction assuming that Aj(z1) < Aj(z2) and showing that this inequality
violates the minimality of u. To this aim we fix a nonnegative radially symmetric smooth function
&(|z|), compactly supported in B, and define for 7, g small

x—79¢(|x_$1’>1/U(:p1) for x € By(z1)
Dr o(z) = x + qua(’x — xQ’)yU(mg) for x € By(z2)
x otherwise.

The reader should be pay attention to the fact that here, differently than in [10], by vy we
denote the exterior normal to OU. If 7, ¢ are small enough, the mapping ®, , is a diffeomorphism.
Moreover by Lemma 3.20, if 7 is small the function

Ur, o = UO (IJ;IQ
is an admissible function for (3.11). Notice that
Ur o ={x|ur, >0} =2, ,(U).
We are now going to prove that for ¢ and 7 small
Gr,j(Ur, o) — Gn;(U) <0, (3.30)

where G, ; is defined as in (3.6). This inequality will contradict the minimality of U, thus proving
the lemma.

In order to prove (3.30) we estimate all the terms appearing in the functional G, ;. First, by
repeating exactly the calculations in the proof of [10, Lemma 4.15] we obtain, see [10, (4.37)],

o gl = 0] _
0—0 o"

o(T).

Therefore by by (3.3) we have that

, 1 1[|Uy |~ U
inasup 1[0, of) — (10 < ling 1Pt o), (3:31)

o— 0—0m o
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Concerning the gradient term we have, by change of variable,

1 1
— [/ |Vur o do — / |VulP dx] = [/ (1(V®r, ) HT o VulP det V@, , — [Vul?) dz]
U U U

QTL

w—— Py (2 YU (1)
g N R R
IVt + a2 () T L DT ) ) g,
4]
Py (Ll 2 U (2)
T ﬂ]_jm [IW:@ + eyl ()
~pIVues + o)y ) y><7y7<w2 +oy)- uUm)w dy + of7).

Thus, letting p — 0, recalling (3.26) and (3.29), and using the divergence theorem, we get

. 1
lm[/ VU | \Vu!pdw]—f(p—1)< / qu(an)Pe (y) 2L E)Y
=0 0" [ Ju, , U {yvu (21)<0}NB lyl

-/ P (o) 52 ) o)
{yvu(22)<0INB ]

=7(p = 1) (lqu(z)” - Iqu(m)lp)/{ zo}chﬁ(lyDﬂLO(T)- (3.32)

A similar and actually simpler argument leads to the estimate of the L' term

1 1
lim[/ u.r’gd:c/ udm] = lim/ u(det VO, , —1)dx
=0 0" |y, , U =0 0" Ju

= —T u\xr ! 7y'VU($1) — u\x / 72].”[](1‘2) o\T
- (/{y'VU(il)SO}ﬁB @1)¢ (i) [yl /{y~uu(:c2)§0}ﬁB (z2)¢" () lyl > +olr)
= o(7), (3.33)

where in the last equality we used the fact that u(z;) = u(z2) = 0.
Concerning the asymptotic behaviour of the barycenter and of the asymmetry, the calculations
are longer, but they are exactly as the ones made in [10], see (4.42) therein. One has

iy A A (o) ol = - of L) [ ol o)

From this inequality and the estimates (3.31), (3.32) and (3.33), recalling the definition (3.27) of
A; we conclude that

0—0 o"

< 7(Ay (1) — Ay (2) /{ o )y 0(r)
Yn=0¢N

This inequality immediately yields (3.30) since Aj(x1) < Aj(x2). And this concludes the proof. O

Remark 3.21. Observe that by Lemma 3.20 we have that for j large

1
]:):—xUj|2§ for z € OU;.
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Moreover

< C(n, R)o

\/ag +02(A(U) —¢,)? ly — 2|

when j > js. Then, if o is small, by Lemma 3.18 A; is uniformly bounded from above and away
from zero . Therefore there exists a constant og(p, n, R) such that when o < o¢, the functions

J

1

(y—zy;) o ’
B S OE
U; ‘y_xUj’

J

1 o*(A(U;) — &)
— | A;
—T\VT Vo AW) — &)

are all smooth in some neighborhood Ns(Uj), for some 6 > 0 independent of j. Moreover, given

Qu,; (z) =

k > 1, all the C* norms of the qu; are bounded independently of j.

Following [12], we may now state the regularity property of the sets OU;. To this aim, we recall
the following definition originally given in [3, Definition 7.1], see also [12, Definition 6.1].

Definition 3.22. Let 0 < o_,04 <1 and T > 0 and let u € Wol’p(BR) be a continuous weak
solution of the equation

—div(|Vu[P2Vu) = x, — ¢4 T H" Lo, (3.34)

where U = {u > 0} is a set of finite perimeter, and q, : OU — (0,00) a continuous function. We
say that u belongs to the class F(oy, o_; T) in B.(xo) with respect to the direction v € S*~1 if
B, (x0) C Br and the following conditions hold:

(1) o € 0{u > 0};

(i1) for (x —xg) - v > oyr, we have u(x) = 0;
(iii) for (x —xo) v < —o_r, we have u(x) > —qyu(xo)((x — x0) - v+ 0_T);

(iv) we have [Vu(z)| < qu(wo)(1+ 7), for all v € B,(x0) and 0scp, (20)qu < Tqu(0)-

Next result deals with the regularity of the sets Uj.

Theorem 3.23. Let u € Wol’p(Bg) be a Lipschitz continuous weak solution of (3.34), such that
U:={r€Br:u>0}CBsp

and let q, : OU — (0,00) be Lipschitz continuous. There exist positive constants «, [, wg, To
and C, depending only on p,n,min qy, ||qulli.~ and ||u|ly1., such that if u € F(w, 1; +00) in
By(z9) C Br with respect to some direction v € S w < wp and o < Tow?, then there exists a
function f:R"' = R, with [ fllcta@n-1) < Cw and

9U; N By (o) = (w0 + graph, f) N Bs (a0),

%
where

graph, f={zeR": z-v=f(z— (z-v)v)}
Moreover, if g, € C*Y(N5(OU)) for some integer k > 1, § > 0 and v € (0,1), there exists a
constant Cy, depending on all the previous quantities and also on k,d,~v and ||qu||cx~, such that
f e CPR™Y) and || fllgrogn-1y < Ck.

For the proof of this result see the Appendix.

Proof of Proposition 3.4. Thanks to Lemma 3.20 and to Theorem 3.23, the proof goes exactly as
the proof of Proposition 4.4 in [10]. O
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4. THE PROOF OF THE MAIN THEOREM

In this section we prove Theorem 1.1. To this aim, following [10], we first prove a quantitative
inequality for £(2), namely that there exists a constant 7, depending only on p and n, such that
for any open set Q with |Q| = |B|

E(Q) - B(B) > 7A(Q)?,

where A(S2) is defined as in (1.2). Then we obtain (1.8) by combining this inequality with the
following extension of the Kohler-Jobin inequality proved in [8, Th. 1.1].

Theorem 4.1. Let n > 2, p > 1 and q > 1 an exponent satisfying (1.6). Then for any open set
of finite measure ) one has

vz (5a)

where o = (np 4+ pg —nq)(p — 1)/[qg(np + p — n)].

The proofs in this section follow very closely those given in [10] with a few technical changes.
We start with a lemma which provides an estimate of the energy function in €2 and of its gradient
outside a ball in terms of the measure of €2 outside a smaller ball.

Lemma 4.2. Let Q2 be an open set with |Q] = |B| and let ug € Wol’p(Q) be its energy function.
There ezists a constant C = C(p,n) such that for every R > 1 we have

lugll oo @\ Brs ) < CI2\ Bl / Vuql? dz < C|Q\ Bg|'*r. (4.1)
O\BRry1

Proof. The conclusion is trivial if |2\ Bg| = 0, and hence we may assume that |2\ Br| > 0. We
set R, = R+1—27%for k € N and let

or(r) = dr(|z|)

where ¢(t) = 0if t € [0, Rk—1], ¢(t) = 1 if t > Ry and in [Ry_1, Ri] ¢ is the affine function
connecting the values 0 and 1. We also set

1
sk = M|Q\ Bg[(1-27"),

where M will be a constant depending only on n and p which will be chosen later.
Plugging ¢} (uq — si)* into the equation satisfied by ug, we get

/ \VUQV%zVUQV(goZ(UQ —sp) ") dx = / o (ug — sp)t da.
Q Q
From this equality, a simple use of the Young’s inequality yields
/ |Vug|Peh de < C(p) / ((uq — si)P Vi P + o (ug — si)) da. (4.2)
{ug>sk} {ua>sk}

From a well known elliptic estimate, see [26, Th. 1], we have

luallze @) < llupllz~m) < C(p, n).
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Since |Vir| < 2F and 0 < ¢ < 1, by a well known variant of Poincaré inequality, see [18, Cor.
3.1], we get from (4.2) that

/(@k(un —sp) TP de < C [{or(ug — sp)t > 0}\% / IV (pr(ug — sk) )P dx
Q Q

<C ‘{cpk(ug —sp)T > O}|E / ((uq — sk)?|VerP + ¢} | VuaP) do
{’ug>sk}
ya
< C |[{gr(ug — s)* > 0}[* /{ (fw0— s IVul o + G — ) do
uQO>Sk
pk + 1+
< O {pr(ug — sp)* >0} "7, (4.3)

for some constant C = C(p,n). Observe that
{(ug = sp41)" >0} N (2\ Br,) C {(ua — s1)" > sk41 — s} N (2\ Br,),
and that
1
Sk41 — Sk = 27k71M|Q \ Br|~ .

Therefore we conclude that

{(ug = sk41)™ > 0} N (Q\ Br,)| < {(ue — s6)" > sps1 — s} 0 (2\ Br, )|

u S dx
>~ ’ \ | z PrlUQ k

opk p
Co———— —sp)T>0N(Q\ B I+
OMP|Q\BR\%|{(UQ Sk) }0(Q\ Br,_,)| ",

for a suitable constant Cp = Cy(p,n). If for any k € N we set

~ Hug = sp)™ >0} N (Q\ Bg,_,)|
" @\ Bl ="

then we have i
208 142
Al+1 < C’Omak .
From this inequality, choosing M so that Cy/MP = 27" Pand arguing by induction we easily get

that a; < 2-(k=1) for all k > 1 and thus
li =0.
e
Therefore, setting soo = M|Q\ B R)|% we conclude that

{(ug = 500)" > 0} N (Q\ Brya)| =0,

thus proving the first inequality in (4.1).
To get the second inequality in (4.1) observe that the same argument as above shows that the
following stronger inequality also holds

1

for some constant C(p,n). Fix now a nonnegative C' function ¢ such that ¢ = 0 in Bry1/2,
¢ =1in R"\ Bry; and |V¢| < C(n). Since uqe? is an admissible test function for the equation
satisfied by uq, we have

/Q\Vu]p_QVu - V(phu)de = /Qcpiudx.
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Then, by using Young’s inequality we get

/ |VuQ|pdx§/goquQ]pdmgC(p)/ |Vgo|pu€2dm+0(p)/gpugdm
Q\Bgi1 Q Q Q

<Ce) [ luaP+ lualde
N\Bri1/2

The result then follows by estimating the last integral with (4.4). O
Let © an open set with finite measure and r > 0. Observe that
E(rQ) =" 5T E(Q). (4.5)

Therefore, setting
1 p 1 p
D) := E(Q)0" 70 — E(B)|B| "0,
compare with (1.7), we get from (4.5) that D(Q) is invariant by rescaling.
Next lemma gives a not optimal quantitative inequality for D(€2) which will be later used to

get the optimal one.

Lemma 4.3. There exists a constant vy, depending only on p,n such that for any open set Q C R"
with finite measure
D(Q) > 7y A(Q)*P. (4.6)

Proof. Since both quantities in (4.6) are scaling invariant, we may assume without loss of generality
that |2| = |B|. Observe that

1

-1 _ 1
E(Q) = —pTAp,l(Q) =) (4.7)
hence .
— 1 1
D(Q) = T | BT (A1 (B)FT — X (@)7F),
p
where X, 1(€2) is defined as in (1.5). Therefore, if A, 1(€2) > 2, 1(B) we conclude that

—1 1__ P _ 1 _ 1
D(Q)szrm IS A, (B) 7T (1—2771) > ep n)A(Q)2,

where the last inequality follows from the fact that A(2) < 2. On the other hand by [16, Th. 1.1]
we have

Ap,1(Q) = Ap1(B) > e(p, n)A(Q)**P, (4.8)

for some positive constant depending only on p,n. Therefore, if A, 1(2) < 2A, 1(B), we have

_1
D(@) > Lo B, )7 ((Ap’lm) ) . 1)

Ap1(B)
> P ) (($E) 7 1) 2 o) (A 1), @9

where in the last inequality we used the fact that for all & > 0 there exists a constant ¢(«) such
that

t*—1>c(a)(t—1) for all ¢t € [1,2].
The conclusion then follows by combining (4.8) and (4.9). O

Using the two lemmas above we may then prove the following result which tells us that in
estimating D(€)) we may always reduce to the case where (2 is a bounded set.
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Lemma 4.4. There exists three positive constants C,d, R, depending only p and n such that for
every open set Q with || = |B| and D(2) < §, one can find another open set Q with |Q)| = |B|
and Q) C Bgr with the property that
A(Q) < A(Q) + CD(Q), D(Q) < CD(Q).
Proof. Let us assume that the ball achieving the asymmetry, i.e., the ball minimizing the right
hand side of (1.2), is B. From (4.6) we have that if D(£2) < ¢ with a sufficiently small 9,
1
|Q\B| S.A(Q) S <@>p+2 S 1

| Bl gl 2
Let us now estimate the energy E(Q N Byyo) for every k € N. Let ¢ be the cut-off function
defined by i (z) = min{l, (k+2 —|z|)+},z € R™, which is supported in Bys and equals to 1 in
By11. Setting uy := pruq, we have

1 1
E(Q2N Bi2) — E(Q) < / |Vuk|pd:b—/ |V’LLQ|pd.’E—/deCC+/UQd$
pJa bJa Q Q

(4.10)

< / Vg P2V, - V(up — ug) de + / (1 — r)uq dx
Q Q

< Cp) / (IVual? + Jugl” + lual) dz < C(p,n)|Q\ By['+,
O\ Bp41

_ [92\By]
: : : ) : 1Bl
With this notation, the inequality above can be written as

where in the last inequality we used (4.1). Set by, : and recall that by (4.10) by < 1/2.

1
E(QN Byyo) — E(Q) < C(p,n)b, ™. (4.11)
By the definition of by, and D(f2), recalling the minimality property of B, we further have

p

E(B)(1 = byio) 700 = B(B)|B|" 70 0|0 N Byl D

1 1
< E(QN Brao) < E(Q) + Cb, ™ < E(B)+ CD(Q) + Cb, ™.
Since by, < 1/2 and E(B) < 0 we then have

1+%)
)

brya < C(p, 1) (1 (- bk+2)1+%) < C(D(Q) + b, (4.12)

for some positive constant C(p,n). Now choose 8 > 0 such that 205 < 1/2 and define
K := max{k € N: by > 2CD(Q)},

if the set on the right hand side is not empty, and K := 0, otherwise. The existence of such K

follows from the fact that limj_,o, b = 0. We claim that when ¢ is small, there is a constant
K'(p, n) such that K < K’'. Indeed for k + 2 < K, we have by (4.12) and the definition of K

~ ~ 141 1

brso < 2(bppa — CD(Q)) < 2Cb, ™ < b, 2"

if 0 is sufficiently small. Then by iteration one has that there exists k(n) > 1 such that if
k(n) <k <K

&

by < by 7.

Therefore, either K < k(n) or, recalling (4.10),
~ 5
2CD(Q) < by < b 7 < C(n, p)D(Q) 120553,

This implies the claim.



A QUANTITATIVE FORM OF FABER-KRAHN INEQUALITY 39

By the definition of K and b;, we immediately obtain that

20 Bieys| > |BI(1 - b1) = | B — 2C1BID(Q), (4.13)
while by (4.11)
1
E(QN Biys) < B(Q) + Chyin < E(Q) + C(p, n)D(Q) 5. (4.14)
Set anB
0 N K+3’
—
where
1
12N B3 > "
(%

Clearly |Q] = |B|. Moreover, since 2C6 < 1/2, from (4.13) and (4.14),

diam () < d =d(p, n), and D(2) < C(p, n)D(Q).

Let us finally compute A(€2) — A(€). To this aim let B(xo) be an optimal ball for Q. Recalling
the definition (4.15) of r and that bxi3 < 2CD(2), we conclude that

|BIA(?) < [QAB(xo/7)|
< [QAQ N Brys)| + (2N Brss) ABy(xo/r)| + | Br(20/r) AB(x0/7)]
< 2C|BID(Q) + r"[QAB(ao)| + wa(l — 1) < [BIA() + C(p, n)D(S),
where in the last inequality we used the fact that
1—r <C(p,n)D(Q).
This completes the proof of the lemma. O

We are now in position to give the proof of our main result.

Proof of Theorem 1.1. We start by proving that there exists a constant x, depending only on p
and n, such that for any open set {2 with finite measure

D(Q) > rA(Q)2 (4.16)
Since both sides of the inequality above are scaling invariant, we may assume that |Q2| = |B|. Let
d be the constant in Lemma 4.4. If D(§2) > ¢, then since A(f2) < 2 we have

D(Q) > ZA(Q)Z.

Thus we may assume that D(Q) < §. By Lemma 4.4, up to replacing Q with S~2, we may further
assume that Q C Bpg.

Let € be as in Theorem 3.3. If A(Q) < &, (4.16) follows by combining (3.1) with Lemma 3.2
(i). Finally, if A(Q2) > ¢, denoting by B(xo) an optimal ball for Q, from Lemma 3.2 (ii) we have
_10AB@)| _ A®) =

[Bl 7 alBl T c|B

Therefore, recalling (4.6) we conclude that

A(Q)

24p veP 2
D(Q2) > yA(Q) > cg\B]PA(Q) .
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Let now ¢ > 1 be an exponent satisfying (1.6). From Theorem 4.1 we know that there exists
a(p,q,n) > 0 such that

Mpa(@) (E(B))a.

Apa(B) — \E(Q)
From this inequality and the quantitative estimate (4.16), inequality (1.8) follows at once by the
same argument used in the proof of Lemma 4.3. (]

5. APPENDIX

This section is devoted to the proof of Theorem 3.23. The proof will follow closely the proof of
Theorem 9.1 in [12], where the authors deal with solutions of the equation

div(|VuP~2Vu) = H" 1L o{u > 0}.

Although our equation (3.34) is very similar to the one above, some arguments used in [12] must
be adjusted to our situation. These changes are discussed in details in this section. Throughout all
this section we shall always assume that u is a solution in Wy*(By) of (3.34) with {u > 0} C Bs .

Remark 5.1. Observe that if g € 9{u > 0} and r > 0, by setting

u(zo + 1)

up(z) = ——=, (5.1)

r

the rescaled function wu, satisfies the equation
—div(|Vu, (2)[P2Vu,(z)) = "X fuy >0y () — qu(zo 4+ ra)P L H L 0{u, > 0}, (5.2)

where ¢, is a Lipschitz function satisfying the assumptions of Theorem 3.23. Morover, if u €
F(o4,0-;7) in By(z0) with respect to some direction v, then u, € F(o4,0_;7) in B with respect
to the same direction.

The first lemma is proved with exactly the same proof of Claim 6.7 in [12].

Lemma 5.2. If B.(w) is a ball in {u = 0} touching 0{u > 0} at z, then

lim sup u(z)

- 5 — QulZ). 5.3
z—z, u(x)>0 dlSt(.%', BT(w)> ( ) ( )

Roughly speaking, the idea of the proof of Theorem 3.23 is to show that if in a small ball B,.(z)
the free boundary 0{u > 0} is sufficiently flat, then it becomes even flatter in smaller balls. This
amounts to prove a decay estimate for the quantity F'(oy,o_;7). This goal is achieved through a
certain number of intermediate steps. The first one is contained in the next lemma.

Lemma 5.3. There ezists a constant vo(p, n, min q,,) such that for every e > 0, there exists oo > 0
with the property that if 0 < 0 < 0., 0 < r < y90 and u € F(o,1;0) in B,(xg) with respect to
v e St thenu € F(20,6;0) in Bg(xo) with respect to the same v.

Proof. The proof is similar to the one of Lemma 6.5 in [12]. Yet a few changes are needed.
Up to replacing u by the function %, where u, is defined as in (5.1), by (5.2) we may assume
that u satisfies in B the equation

(VU2 Tu(w) = @) -

qu(zo + 17)

p—1 )
tu(@0) > H* L o{u > 0}.
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Moroever, up to a rotation, we may assume that v = e,,. Thus we have that

if x € B and z,, > o, then u(xz) =0
|IVu(z)| <140 in B

As in [12] we set, for y € R" 71,
n(y) = eXp< - WP )
19yl
for |y| < 1/3 and n(y) = 0 for |y| > 1/3. Then, we denote by s the largest nonnegative number
such that
Bn{u>0}cD:={xeB:z,<o—sn)},
where 2/ = (z1,...,2n—1). Observe that since 0 € 9{u > 0} we have s < 0. Moreover, there
exists z such that

z € B% N oD N o{u > 0}, zn =0 —sn(2). (5.5)
Then, given £ € B 3 with &, < —1/2, let us denote by v the unique solution of the following
problem

r —
—div(|Vu|P2Vv) = —————— in D\ B,(&),
(‘ ‘ ) qu(wo)p_l \ Q(g)
v(z)=14+o0)(oc—xzy) if z€ 0D\ B,
v(z) = —(1 - ko)x, if € 0B,(§),

where o < 1/4 and k are two positive constants, to be chosen later independently of o and r. In
Lemma 5.4 below we shall prove that there exist two positive constants C'(g) and ¢(p), depending
only on p, such that if o < o(k, ), then

IVu(z)] <14 C(g)o — c(p)ko.

Observe that if u < v on 0B,y(§), then by construction and by the second condition in (5.4) we

would have that © < v on 9(D \ B,(§)), thus concluding, by the comparison principle, that u < v

in D\ B,(&). Therefore, choosing (o) sufficiently large and 0 < ¢ < o(p, k) we would have
IVou(z)] <1—o0,

where z is the point defined in (5.5). But this is impossible since, from (5.3) and the assumption

u € F(o,1;0), we have

> qu(xo +12)

qu (1‘0)

Therefore there exists a point x¢ € 0B,(&) such that

u(zg) = v(xe). (5.7)

Hence for o sufficiently small, recalling the second condition in (5.4), we have

w(§) = u(we) — o(1+0) 2 v(we) — o(1 4+ 0) = —(1 = ko) (@e)n — (1 + 0)
> _(xf)n — Ko — 20 > =&, — 4p.

|Vu(z)] >1-—o.

Integrating this inequality along vertical lines and using again the inequality |Vu| < 1+ o we
have, still for o < ()

u( +tep) >u(l) —t(l+o)>—& —4o—t(l+0) > —(& +1t) — bo.
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Choosing ¢ = min{e/5,1/5}, multiplying both sides of the previous inequality by rg¢,(xg) and
rescaling back to B, (xg), we obtain immediately the assertion. (]

Lemma 5.4. Let v be the function defined in (5.6). There exists a positive constant v (p, n, min q,,)
such that for every o < 1/4 and every k > 0 there exist two positive constants C(p) and c(g) and
a positive constant o(k, ) such that if 0 < r < o and 0 < o0 < (K, ), then

[Vo(2)] <1+ C(e)o — re(e)a,
where z is as in (5.5).

Proof. The proof goes as the one of Claim 6.8 in [12] with some extra work needed to estimate a
few quantities in a more precise way.
As in [12], for every £ € R™ we set

aij(€) =i + (p — 2)%; forall i,j =1,...,n and £ € R™\ {0}. (5.8)
Observe that .
T1C < ay(©)Ge; < AlCP for every £, € R, (5.9)

with A(p) > 0. We are going to construct a comparison function w of the form w = v; — Kovs.
Let n and D be as in the proof of Lemma 5.3 and define for x € D

o) = %(1 — exp(—udi (2))),
where
di(z) := —xp + 0 — sn(z’)
and p; < 1 and ~; are positive constants depending on ¢ to be chosen later. Observe that for o
small
vi(z) = ndi(@)(1 = 2p)  for z € I(D \ By(§))-

Therefore, if we impose that

(1 =2p1) > 1+ 20, (5.10)
we have
vi(x) > (14 20)di(z) > v(z) for x € (D \ B,(€)). (5.11)
Observe that there exists an absolute constant C'; > 0 such that
1 <|Vdy| <1+ Cho, |D?dy| < Cyo. (5.12)

Therefore, recalling (5.10), we have
1 <711 —2m) < mexp(—pady) < [Vur| < (1 + Cho). (5.13)
Next, we estimate div(|Vv;[P=2Vv;). We have
div(|Vu1[P~2Vuy) = |Vor P~ 2a;; (V1) Doy
= | Vi [P~ exp(—pdi)aij(Vor)(Dijdy — pa Didi Djdy).
From (5.12) it follows that there exist two positive constants Ca(p), ca(p) such that
a;ij(Vui)(Dijdy — piDidiDjdy) < Cao — copu.
Therefore, if we choose

C
H1 = 2720’7
C2
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from (5.13) we get that for o sufficiently small
1 _
div(| Vv [P~2Ve;) < —5m min {1, ) 21+ Cio)P7?}Cso.

From the above choice of p; it is clear that there exists a constant C3, depending only on p such
that, if we set

1 =1+ Cso,
then v satisfies the constraint (5.10) and we have

div(| V1 [P2Vu;) < —Cyo,

for a positive constant C; depending only on p. Therefore, we may conclude that if 0 < r <

-1
Cyomingl, ~, then
r

qu(z0)P~?
From this estimate, using the comparison principle and recalling (5.11) we have that

div(|Vui [P72Vu;) < — in D\ B,(¢). (5.14)

vi(z) > v(x) for all z € D\ B,(§).

Moreover, from the above choice of 71 and (5.13) we have that there exists a positive constant
C5(p) depending only on p such that

1 < |V <1+ Cso.
Let us now define a function vy, by setting

Vo () 1= %(exp(ugdg(az)) —1)  forz e D\ B,(&),

where o a positive constant to be chosen later,

1
2T e — 1

D C D is a domain containing D \ N% (0B N {z, = 0}) and ds is a function in C?(D \ B,(£))

with values in (0, 1), satisfying the following conditions

do =0 on &D
dy =1 on 9B, (§)
% < |Vdy| <C in D\ B,(¢),

for a positive constant C (n, ). Arguing as above, it is clear that we may choose g large enough,
depending only on p,n and p, so that for all £ € R™

aij (§)Dijva = y2exp(pzdz)aij(§)(Dijdz + peDida Djdz) > 1 > 0, (5.15)
for some positive constant fi. Moreover, since Vvy = vyaexp(uads)Vda, we have
Y2

= < |Vug| < 726“25’.
G \

From this estimate, setting
W = V] — KOV
and recalling (5.15) we may easily conclude, arguing as in the proof of (5.14), that for o < o(k, p),
with o(k, o) sufficiently small,
div(|Vw[P~2Vw) < —Cso,
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for some positive constant Cg depending only p, n, p. Hence, if 0 < r < ygo, for some constant g
depending only on p,n, ¢ and min qg_l, we may conclude that

r
qu (-To)p -
Finally observe that from the definition of dy and (5.11) we have that

div(|Vw|P?Vw) < — (5.16)

w=1v >0 on 85,
while, observing that vy = 1/4 on 9B,(£) and using (5.11) again, we have that for all x € 0B,(§)
w(z) > di(x) — % > —(1—ko)z, = v(x),

since &, < —1/2 and o < 1/4. Thus, recalling (5.16), we may conclude that w > v in D\ By(§).
Therefore, if z is as in (5.5) and o < o(k, o),

IVo(2)| < |Vw(z)| = [Vui ()] — ko |Vua(2)] < 1+ Cso — c%

where the equality in the above formula follows by observing that Vd;(z) and Vda(z) have the
same direction. This estimate concludes the proof of the lemma. O

Next lemma provides an estimate from below on Vu; near the free boundary.

Lemma 5.5. For every €,0 > 0 there ewists 0.5 such that if 0 < 0 < 0.5 and 0 < r < 7o,
with vy as in Lemma 5.3, and w € F(o,1;0) in B,(xg) with respect to some direction v, then
|[Vu| > qu(x0)(1 —0) in B%(:UO) N{(z —xzg) - v < —er}.

Proof. We argue as in the proof of Lemma 6.6 in [12] with the some technical modifications.

First, up to a translation and a rotation we may assume that o = 0 and that v = e,,. Then, we
argue by contradiction, assuming that there exist a sequence of Lipschitz functions uy, satisfying
the assumptions of Theorem 3.23 with constants uniformly bounded above and away from zero,
and a sequence of radii 0 < 7 < 32 such that u; € F(%, 1; %) with respect to e, in B,, and

|Vug(ZTr)| < qu, (0)(1 —9) for some Ty € Bior, N{x, < —ergt.
20

By rescaling uy as in the proof of Lemma 5.3, we set for all z € B

_ug(rp)
,Uk(x) B Tku,, (O)
and we have that
p—1
ST p—2 o Tk _ qu (Tk.ﬁU) n—1 .
div(|Vog(z)|[P~*Vug(x)) = RO X (0,50} (qu ) H* " LO{vy >0} inB

and that
|Vog(zg)] <1-196 for some zj € B N{x, < —c}.
20

Letting k — oo, from Lemma 5.3 we obtain that
V. — Vg uniformly in B,

where vg is the p-harmonic function such that vo(z) = 0 if =, > 0, vo(x) = —z,, if z, < 0. Note
that by elliptic regularity vy — vg locally in C1 in BN{x,, < 0}. Therefore, if 7 is a limit point of
the sequence x we have that |Vuvg(T)| < 1—§ thus getting a contradiction since |[Vvo(Z)| =1. O

Next step in the proof of the regularity of the free boundary is to improve the decay estimates
contained in Lemma 5.3 and Lemma 5.5. This is the content of the following two results.
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Proposition 5.6. There exist g, Cy > 0, depending only on p,n and mingq, such that if u €
F(o,1;0) in By, then u € F(20,Cyo;0) in Bz, provided that 0 < o < oo and 0 <1 < yoo, where
Yo is as in Lemma 5.3.

Proof. Following the proof of Theorem 6.3 in [12], we start with the same rescaling as in the
proof of Lemma 5.3 and with the same definition of the function v as in (5.6). Then, we choose
0 =1/10, and k accordingly, so that (5.7) holds. Then, we set for z € D

w(z) = (14+0)(c —x,) — u(x).
Then, the second condition in (5.4) implies that w(z) > 0 in B,(£), while from (5.7) and the
definition of v we get
w(zg) < (1+0)(0 = (z¢)n) — v(we) < Cr(R)o,

for some positive constant C; depending only on the choice of k. If ¢ is sufficiently small we have
from Lemma 5.5 that |Vu| > 3 in By,(€), hence u satisfies the linear equation in nondivergence

form
r

* qu(wo)P V() P2’
where the coefficients a;; are defined as in (5.8). From the Harnack inequality, see Corollary 9.21
and Theorem 9.22 of [17], and the bounds on |Vu| we may conclude that

w(§) < Clw(ze) +7),

aij(Vu(z))Diju(x) =

where C depends on p,n and min ¢q,. Therefore, for a possibly different constant C', we have
u(§) > ¢, —Co on {{€ 83% D& < —1/2).
The assertion then follows integrating on vertical lines as at the end of the proof of Lemma 5.3. [

Next result improves the statement of Lemma 5.5. Its proof follows from the above Proposi-
tion 5.6 with exactly the same proof of Theorem 6.4 in [12], by using the same rescaling used in
the proof of Lemma 5.5.

Proposition 5.7. For every § € (0,1) there exist 05,Cs > 0 such that if 0 < o < o5 and
0 <r < 0o, with vy as in Lemma 5.3, and v € F(o,1;0) in B,(xg) with respect to some direction
v, then [Vu| = qu(zo)(1 = 0) in Bz (zo) N{(z — z0) - v < —Cyr}.

Next result is a crucial step in the iteration process needed for the proof of Theorem 3.34. It
is the counterpart in our case of Theorem 7.1 of [12] and its proof, which follows closely the one
given therein, requires nevertheless some technical adjustments.

Proposition 5.8. There exist C > 0 and 0 < o < 1/2 depending only on p,n,||Vul||L~ and
|qullwi.00 such that if By(xg) NO{u >0} # 0

sup |Vu| < gqu(x0) + Cr.
By (zo)

Proof. Since ¢, is Lipschitz, we may assume without loss of generality that xg € 9{u > 0}.
Moreover, we may also assume that xqg = 0 and that » < 1.
Given € > 0 we consider in Bs, the function

Us = (|Vul - @3, — &)™,



46 NICOLA FUSCO AND YI RU-YA ZHANG

where Qg := SUpp, (4,) qu- Since u satisfies the equality in (3.25), we may conclude that U, vanishes

in a neighborhood of d{u > 0}. Moreover, {U. > 0} C {|Vu| > \/Q3, +¢/2}. Therefore u is a
solution in Bg, N {U: > 0} of the equation

1

where the coefficients a;; are defined in (5.8) and satisfy the ellipticity condition (5.9). Observe
that if v is sufficiently large, depending only on p,n and || Vul||s, the function v := |Vu|? satisfies
the inequality

Mv := D;(e"a;j(Vu)D;v) > —Cj in {|Vu| >/Q3, +¢/2},

for some constant Co(p,n, | Vu||oo). Indeed this fact follows from a much more general estimate,
see [17, Sect. 13.3], but in our case it can be easily checked with a direct computation. Thus, we

have also
MU. > -Cy  in {|Vu| > /@3, +¢/2}.

Therefore, if we extend M to a uniformly elliptic operator in divergence form with measurable
coeflicients defined in the whole ball Bs,

Mw = Dl(aw (l‘)Djw)

@ij(2) = ai(Vu(z))  in {|Vu| > /Q3, +¢/2}

and the ellipticity constant of M is controlled from below and from above by the ellipticity constant
of M, we may conclude that

so that

MU. > —Cy  in By,
Therefore, the function

we :=sup U, — U;
BZT

is a nonnegative supersolution in By, of the operator M. Observe also that

we = sup Us on By N{u =0} and that |Bg, N {u=0}| > er", (5.17)
Ba,

for some constant ¢(n,p), where the last inequality follows from the density estimate (3.23). By
the weak Harnack inequality for supersolutions, see Th. 8.18 in [17] we have that there exists a
constant C' depending only on p,n and Cy such that

T_nHwEHLl(BQT) S C(lgfme + 7’2).

Therefore, using (5.17), we have that

sup U, < C ( supU; —sup U, + 7"2)

BQT BQT‘ Br

for a suitable constant C; > 1 depending again only on p,n and Cy. Letting ¢ — 0™ we have that

sup Uy < sup Uy —|—7“2,
B, 1 Bo,
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from which, in turn, we have

_ 1 2 u 2
sup(Vul? ~ 4u(0)%) < L sp(Vf? - gu(0) + L2 2
By Cl Ba, Cl
-1
< G sup(]Vu\2 — qu(O)Q) + Cyr,
C1 B,

where C is a constant depending on ||gy||y1.-. Then, by a standard iteration argument we get
that there exist 0 < 8 < 1 and a positive constant C' depending only on C and Cs such that for
al0<r <1

sup(|Vul? — u(0)%) < CrP.

T

From this inequality the conclusion follows at once. U

From now on the proof continues as in [12] by considering the so-called nonhomogeneous blow-
up at the free boundary. For the readers’s convenience let us just recall what are the main steps.
To this aim, we denote a point in R” by (y, ), with y € R®"! and h € R and by B’ the unit ball
in R”1. Next lemma states the continuity property of the limit of the function measuring the
signed distance of the free boundary from the hyperplane {h = 0}.

Lemma 5.9. Let ux, k € N, be Lipschitz functions satisfying the assumptions of Theorem 3.28
with constants uniformly bounded above and away from zero. Assume that uy, € F(ok,0k; k) in
direction ey in the ball B,,, where o, — 0 as k — oo and 0 < 1y, < 7 = o(a,%). Fory e B, set

fiy) : = sup{h : (rry, oprih) € O{uy, > 0}},
fr (y) : =inf{h: (rpy,oprih) € O{ur > 0}}.

Then, there exists a not relabelled subsequence such that for all y € B’

f(y) = lim sup fi (2) = limnf f7(2).

k—o0 k—o0

Moreowver, f,j — f and f_ — f uniformly, f(0) =0 and f is continuous.

After performing the same rescaling as in (5.1), the proof of this lemma goes exactly as the
proof of Lemma 7.3 in [3]. Indeed the the only ingredient used in the proof is Theorem 5.6. for
which the stronger assumptions r = o(07) and 74 = o(c7) are not really needed. However these
assumptions are important in the proof of the following result.

Lemma 5.10. Under the assumptions of Lemma 5.9 the function f is subharmonic in B'.

Proof. The proof is essentially the same as the proof of Lemma 5.4 of [4] with some small differ-
ences. Nevertheless, we indicate the details for the reader’s convenience. Again, we replace the
function uy, in B;, by the function

 ug(rpr)
vg(z) = qu ) for x € B.
We argue by contradiction assuming that the function f is not subharmonic. If this is the case,
there exist a ball Bj(yo) CC B’ and a harmonic function g in the neighborhood of this ball such
that
g>f on dB,(yo) and f(yo) > g(yo)-

Following the notation of [4], we set Z := B, (yo) x R and, given a function ¢ : By(yo) — R,
Zz5) ={ly,h) € Z: hz o)} Zolp) = {(y,h) € Z: h=p(y)}.
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Given an open set X C R"™ and § > 0, we set ds(X)(x) := min{1, (1/d)dist(z,R™ \ X)}, so
that ds(X) converges to X, as § — 07. Testing the equation satisfied by v; with the function
ds(Z T (org)) we have

_ Tk
/B VP2V, Vs (2 (ov) de = by /B d5(Z" (0r9)) dx

ra) \ P!
_/Bma{ >0} (%) ds(ZT (opg)) dFH™ L.

Observe that up to replacing g by g+ ¢ for some arbitrarily small € we may assume without loss of
generality that H"~1(Zy(org) N O{vx > 0}) = 0. Therefore, letting 6 — 0T in the equality above
we easily get, denoting by v the exterior normal to Z*(oxg),

Vol Vo - vdH" = 5 7 (o)

Guy (0)

-/ <qu<rkx>)pl 4301,
ZH+(org)nd{vy>0} \ Quy (0)

From this equality, recalling that uy € F(oy, 0x;7%) in By, and thus that |Voug| < (1 + 7%) in B,
we have

/Zo(o’kg)ﬂ{vk >0}

(1= Cri)H" N Z " (org) N O{vi > 0})
— 2% (or)],

quk (0)

where C' > 0 depends only on p and ||qy|ly1.. From this inequality we readily infer

< 1+ )P H " (Zo(okg) N {og > 0}) +

H Y Z  (opg) NO{vr > 0}) < (14 C(rp + 7)) K" (Zo(org) N {vg > 0}) + Cry, (5.18)
where C still denotes a positive constant independent of k. Defining
Ey :=Z (okrg) U {v > 0},
the set E} has finite perimeter in the cylinder Z and
TNZ N OB < 5N (ZH (org) N 0{vy > 01) + O (Zookg) N {oe = 0}, (5.19)
We now recall the following excess estimate, proved in [3, p. 136].
H" Y ZNOEL) > H" N (Zo(org)) + coot,

where ¢y is an absolute positive constant. Note that the proof of this estimate uses only the fact
that g is harmonic, that f(yo) > ¢(yo) and that uy € F(og,0k; %) and therefore holds verbatim
also in our case. Comparing this inequality with (5.19) and (5.18) above, we then conclude that

c00% < Clri + )3 (Zo(org) N {vr > 0)) + O,

thus getting a contradiction, since both 75 and 7 are 0(0’,%). This contradiction proves the lemma.
O

The proof of next and final lemma is obtained arguing exactly as in the proof of Lemma 8.3 in
[12] with very minor changes, after performing the same rescaling as in the proof of Lemma 5.10
above and makes use of Theorem 5.7 and of the assumption that r; is converging to zero faster
than 7.
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Lemma 5.11. There exists a positive constant C such that, for any y € B’
2

[ (£ ., 0@ = 10 as) <

At this point we have all the ingredients to start the decay argument needed to prove Theo-
rem 3.23. Indeed the proof goes exactly as the proof of Theorem 8.2 in [3].
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