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Abstract

We derive estimates for various quantities which are of interest in the analysis
of the Ginzburg-Landau equation, and which we bound in terms of the G L-energy
E. and the parameter €. These estimates are local in nature, and in particular
independent of any boundary condition. Most of them improve and extend earlier
results on the subject.
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1 Introduction.

Let Q be a smooth bounded domain in RV, N > 2. For 0 < ¢ < 1 we consider the
complex elliptic Ginzburg-Landau equation

1
(GL). —Au, = ?Ue(l — |ue)?) on {2

for maps u. : 2 — C. This equation is the Euler-Lagrange equation for the Ginzburg-
Landau (GL-) energy functional

Vu,|? 1 — |u|?)?
Ea(ua):/gee(ue)z/g‘ 2’+< 4|‘€2‘)’

and we will be concerned only with solutions u. with finite G L-energy.

The purpose of this paper is to derive estimates for various quantities which are
of interest in the analysis of (GL)., and which will be bounded in terms of the GL-
energy F. and the parameter €. These estimates are of local nature, and in particular
independent of any boundary condition. Most of them extend and generalize earlier
results on the subject.

[Vul?

The G L-energy has two components: the kinetic energy - on one side, and the
potential energy V.(u) = % on the other. Our first result yields an “improved”

local bound for the integral of the potential, and shows that, for suitable energy regimes,
it is of lower order.



Theorem 1. Let Q = By and u. be a solution to (GL).. We have

f e = Copoge s (2 g ) 2

1
2

where Cy is some constant depending on N.

Estimate (1) provides some non trivial information only if the energy is not too
large, more precisely only if

E.(u.) < e Y%loge|.

On the other hand, it is well-known® that there exists real-valued solutions to (GL).
such that the “energy balance”
[Vl _ (1= [u*)
2 de?

holds pointwise, and such that E.(u.) is of order e~'. In this case, log(2 + %) ~
llog €|, and therefore estimate (1) is optimal in this respect.?

In another direction, the factor |loge| appearing on the r.h.s. of inequality (1) is
the typical energy of a vortex solution® in dimension 2. It is known* that for these
solutions the integral of the potential remains bounded independently of the parameter
e: Theorem 1 gives therefore a generalization of this fact for local integrals of the po-
tential in arbitrary dimension, without imposing any boundary datum. More precisely,

if for some constant My > 0, E.(u.) < My|loge|, then (1) yields the bound
/ %(ue) < C()MO 10g(2 + Mg),
By 2

which is uniform in €. We would like also to emphasize that Theorem 1 is an improve-
ment of earlier results given in [15, 36, 33, 29, 8].5

Ltake for instance uc(x1,...,on) = tanh(71-)

2However, the optimal value of the constant C is not known.

3A typical example is provided by a solution of the form u.(z) = f(|x|) exp(if) on B; C C, with
f(0) =0, f(1) =1 and f verifying the ordinary differential equation — f” + fT/ = 5 (1= f?) (see
e.g. [25]).

4This is a consequence of Pohozaev identity (see e.g. [7]).

Sin particular, in [8] it was proved

2
/ Vi) < C (Ef(“f)) .
By n{lu|<1/2} |log el




Remark 1. Using the various tools presented in this paper, one may actually derive a
better estimate for the potential when the energy is small. More precisely, there exist
positive constants 7;, # and C such that, if

/ es(“s) < 771|10g€|7 (2)
By

then
/ Vi(u.) < CPE.(u.), 3)
Byya

so that estimate (1) is far from being optimal for low energy regimes. The proof of (3)
can be obtained combining the clearing-out property (see Theorem 2.2 in Section 2)
with Proposition A.2 of the Appendix. We leave it to the reader.

Using various elliptic estimates, we are able to relate, in the same spirit, local
estimates for the gradient of the modulus to the potential as follows.

Proposition 1. Let u. be a solution of (GL). on By. We have

[ el <6 ( [ vt vg<ug>>1/2) (1)

1
2
where C is some constant depending only on N.

In contrast with Theorem 1, the result in Proposition 1 remains valid for vector-
valued solutions u. : By — RY, for arbitrary integer d ( the proof carries over word for
word). In the course of the proof, we invoke a bound on the L*-norm of Vu. (stated
in Lemma 3.1), which we hope is of independent interest.

Combining Theorem 1 and Proposition 1 with covering and scaling arguments, we
deduce the global bound

Corollary 1. Let Q be a smooth bounded domain in RN, N > 2, and u. be a solution
of (GL).. We have, for a constant C' depending on €2,

/Q (| V| |? + VE(UE)) |1+ log(dist (x,00))| 'dx < CA (ﬁ:)(gu;)) , (5)

where, fort >0, we have set A(t) = tlog(2 +1t).

As a consequence of the above analysis, we see that in some sense the main contribu-
tion to the G L-energy stems from the gradient of the phase, at least in the appropriate
energy regime.

In a slightly different direction, a highly involved result of Bourgain, Brezis and
Mironescu yields improved interior integral estimates for |Vu.|P, with p < 2 (i.e. p
subcritical), in dimension three and for the energy regime E.(u.) < My|loge| (see [18],
Theorem 8). Our purpose is to obtain a similar result in arbitrary dimension and for



possibly larger energy regimes. Our approach is of somewhat different nature and relies
heavily on results in harmonic analysis which state that measures with suitable growth
over all balls are elements of the dual of W'? (see [38] and references therein).

In view of possible oscillations in the phase, which essentially propagate in the
domain through an elliptic equation, it is not possible to expect a general improved
estimate involving only the energy (see e.g. [20, 12]). However, these oscillations can
be controlled by a weaker norm, say for instance the L'-norm of the gradient. More
precisely, we will show, as a consequence of Theorem 1 and [1, 2, 38], that for every
1 < p < 2, the following estimate holds ¢ (here 2 = B))

(1, 7)< (s [ o) ©

Estimate (6) can ever be slightly improved if instead of Theorem 1 we invoke Jacobian
estimates introduced by Jerrard and Soner [28] and Alberti, Baldo and Orlandi [3].
Relying on our result in [13], and the aforementioned results in [38], we obtain

Theorem 2. Let 1 < p < 2. There exist C, > 0 such that if u. is a solution to (GL).,

then y
p
E€ 3
/ V. [P gcp( (“>+/ qug\). (7)
Bi)a log €| B

Remark 2. For boundary value problems, the term ||Vu.||;1 can be controlled by the
trace on 02. More precisely, it has been shown in [7, 29, 8 18, 5, 9, 3] that global bounds
for ||Vu.||rr) with p < % could be obtained under various restrictive assumptions
on g. = o and u.. The case g. belonging to H'/? with the additional assumption”
|g:| = 1 was considered in [17] and then in [5, 9]. The case p = -~ was settled in [18]
assuming a conjecture which we proved in [13]%.

More precisely, the results in [3, 18, 13] yield, for |g.| = 1 and Q smooth bounded

and simply connected, *

N—-1

(/ﬁv%wﬂ>
Q

Notice however that in the global estimate (8) and the case g. € H'/? the exponent
2 is the best possible (see [18]), in contrast with the result of Theorem 2.
Combining (8) and Theorem 2 one obtains the announced generalization of [18],

Theorem 8.

<0 (B 4 ). (®)

log €]

Inequality (6) yields only a nontrivial result if E.(u.) < %.

"The proof in [5] actually carries over to the case |ge| is bounded away from zero, i.e. 3 > |ge| >
o> 0.

8Using a new linear estimate given in [18], Proposition 4, see also [37, 16].

In [9], the assumption |g.| = 1 is replaced by an assumption on the G'L-energy on the boundary.



Going back to Theorem 2, notice that estimate (7) is immediate if E.(u.) > |loge|?,
since by Holder’s inequality,

1/p 1/2
(/ |Vu€\p) <c (/ \quyZ) < CE.(u)"2
Q (9]

In view of Theorem 2 as well as the mentioned Jacobian estimates, it is tempting
to believe that estimate (1) can also be improved replacing possibly A(%3 Egus‘)) by ]ﬁz (g“;)
for suitable energy ranges.!'® In another direction, it would be interesting to extend
our estimates to boundary value problems (see e.g. [22]) and to the corresponding

parabolic equation.

2 Estimates for the potential V(u.)
The purpose of this section is to provide the proof of Theorem 1. The vorticity set
V.={2z€Q, |u|<1-o00},

enters in an essential way in our discussion. The constant 0 < o9 < 1/2 appearing in
the definition of V. depends only on the dimension N, and will be defined at a later
stage of our analysis (see Appendix).

The main point in the proof is to provide integral estimates of the potential VL (u.)
on small balls B(z,r), distinguishing carefully the case where the balls are included in
O\ V. from the case where they intersect the vorticity set V..

2.1 Potential estimates off the vorticity set
We first have

Theorem 2.1. Let x € Q and r > 0 such that B(z,r) C Q\ V.. There are some
constants 0 < ag < 1 and 0 < o9 < 1/2 such that if r > ¢,

r

~ 1 —«
E (uc,v,r) = N /B( )eg(ug) < (§> 0, (2.1)

and |uc| > 1 — 09 on By, then

2 ~
ud 2 1= S5 (1 + Buwerz.r))  on Bla,r/2). (2:2)

The proof of Theorem 2.1 follows some arguments in [11, 14]. The necessary adap-
tation will be exposed in a separate Appendix. Theorem 2.1 provides a lower bound
for |u.| off the vorticity set. On the other hand, we recall some important well-known
global upper bounds.

OFor instance, for E.(u.) <&~ 7, for a given 0 < v < 1.



Proposition 2.1. Let Q be a smooth domain in RY and u. be a solution of (GL). on
Q. There exists a constant C > 0 depending only on N such that, if dist(x,0Q) > /e,
then

Ce?
|ua(x)| <1+ m , (2.3)
|Vue(z)| < g (2.4)

Combining Proposition 2.1 and Theorem 2.1, we deduce immediately the following
uniform estimate for the potential on balls included in Q \ V..

Proposition 2.2. Let x,r and u. be as in Theorem 2.1 and assume r > . Then
2
g ~
sup Vi(u.) <C—(1+ E.(uz,z,7))>. (2.5)
B(z,r/2) r
In the proof of Theorem 1 we will invoke Corollary 2.2 for balls of fixed radius
r = 19, specifying throughout the choice of ry in a somewhat arbitrary way as
c1/4

g = T
For this choice of rq, the factor j—z is equal to 8¢, and hence small.

0

2.2 Potential estimates on the vorticity set

In this section, we consider the case where B(x,r() intersects the vorticity set V., that

1S
1/

In this situation, we show

Proposition 2.3. Assume that dist (x,0Q) > €'/8 and that (2.6) holds. Then there
exists some radius £'/* < r(z) < /8 depending only on u. and x such that

Ea E 1/8
/ Ve(us) < ¢ log | 2+ M / e (u.), (2.7)
B(z,r(x)) log | log €] B(z,r(z))

where C' > 0 is some constant depending only on N.

Comment. 1) We would like to draw the attention of the reader to the fact that
the Lh.s. of (2.7) is the potential integrated on the same domain B(z,r(x)) as the
energy e.(u:) on the r.h.s. of the inequality. However the scaled energy E.(z,u.,s'/®)
is considered on the larger domain B(z,e'/®).

2) In contrast with Proposition 2.2, the radius r(z) for which this inequality holds
is not fixed a priori, but depends on z.

The main tools in the proof are the monotonicity formula and the clearing-out
theorem which we recall first.



Proposition 2.4 (Monotonicity formula'l). Assume u. is a solution of (GL). in
B(z, R). Then we have

d = 1
%( E(uax’ T)) B rN=2 /83(50,7“)

Remark 2.1. Note in particular that

2

ou,
on

rN-1 262

1 1— 522
—/ w, for 0 <r <R.
B(z,r)

d = 1 1— |u|?)?
-%&WMWDZW1A(f—iile (2.8)

2e2

so that for fixed , the function F(r) = E.(ue,z,) is a nondecreasing function of the
radius r. Moreover, setting

G(’r) = TZ_N/ w
B(z,r) 2e? 7

(2.8) yields the differential inequality
rF' > G, (2.9)

which relates in a simple way the energy integral and the potential integral on B(x,r).
This relation will be exploited in the proof of Proposition 2.3.

Theorem 2.2 (Clearing-out'? for vorticity). Let u. be a solution to (GL)., x € Q,
r > e such that B(x,r) C Q. If

V. N B(x, %) # 0,

then

Es(uﬁa z, T) Z 770| 10g(§)|7

where 1y > 0 is some constant depending only on N.

Proof of Proposition 2.3. For s € I. = [iloge, zloge], set f(s) = F(exps),
g(s) = G(exp s), so that relation (2.9) writes, for f and g,
1'(s) > g(s) Vsel. (2.10)

For this ODE we invoke the next elementary lemma.

"Here we consider the version given in [8]. Earlier versions were given in [36, 33, 29].

12This kind of result was proved under various assumptions in [15, 36, 33, 29, 30, 8, 10] and termed
n-compactness in [33, 29, 30], n-ellipticity in [8, 10]. Here we follow the terminology in [27, 11], which
was introduced by Brakke [19].



Lemma 2.1. Let I = [a,b] be a bounded interval of R, f and g two nonnegative
absolutely continuous functions such that

f'>g on I.
Then there exists sg € I such that

ols0) < o (%) F(s0). (2.11)

Applying Lemma 2.1 to (2.10) we deduce that there exists some r(x) € [¢!/2, e!/4]
such that

1 F(c'/8)
< ——1 — | F . 2.12
G1r(o) < o108 (a7 ) FOa) (2.12)
On the other hand, by the clearing-out theorem, since B(z, #) NYV. # (), we have
- € 31
F(e¥*) = E.(z,u, e'/*) > ng log(mﬂ = Tollogsl. (2.13)

Combining (2.12) and (2.13), we deduce the conclusion (2.7).

Proof of Lemma 2.1. The argument is by contradiction. If (2.11) were false, we

would have
fl(s) > Af(s)  Vs€la,b],

= ()

dis@xp(—xs)f(s)) >0 on[a,b].

where we have set

so that

Hence, by integration

f(0) > exp(=Ala — b)) f(a) = f(b),

a contradiction.

2.3 Proof of Theorem 1

Recall that in this section 2 = B;. First, notice that we may assume throughout that

u. satisfies the energy bound

E.(u.) <e P (2.14)
where 3y = %, ag being the constant appearing in Theorem A.1. Indeed, if other-
wise E.(u.) > ¢, then, as already mentioned in the introduction, the conclusion is

straightforward, choosing Cy = %



We next consider the sets
c1/4
Aa = {l‘ € Bl/27 dist (l’,VE) S Ty = T} and Fe = Bl/2 \ AE,

so that A, UT'. = By s.

Step 1: bounds for the potential on I'.. If x € T., then B(x,79) C By \ V-
provided ¢ is sufficiently small, and we may therefore invoke Corollary 2.2 to assert
that

Vi(ue(z)) < Ce(1 + E.(ue, x,70))> (2.15)

By monotonicity we have

~ 1
E.(us,x,r9) < E-(ue, 7m0 + Z) < CE-(ug). (2.16)

Combining (2.15) with (2.16), together with the fact that F.(u.) < ¢® < e7Y2 we
deduce

sup Vi(ue) < Ce'?(1 + E.(u.)). (2.17)
I'e

Step 2: integrating the potential on A.. If z € A., then dist(z,V.) < rg, so
that we may apply Proposition 2.3. Combining (2.7) with the monotonicity formula
as above, we deduce

E. (us))
(u:) log (2 + (2.18)
/B(m,r(x |10g5| / (z,r(z) HOg&“‘

We next consider the covering U,ea. B(z, r(x)) of A; and apply Besicovitch covering
Theorem. This yields a finite set A = {x1, ..., 2, } C Ac such that

As C UxeAB(xa T({L‘))

and the balls B(z;,7(z;)), i = 1,...,m can be distributed in ¢ families By, k = 1,..., ¢
of disjoint closed balls, where ¢ is a constant depending only on N. We write

/A u5 <Z/mzr(xl

. B & (2.19)
u

S log (2 + e\ UWe ) / E(Ug ).

llog | |log € ; B(wi,r(w)) v

On the other hand,

V4
3 BRCCENS fo e
21,7 (2:)) =1 \ Bloir@)es, / Bair@) (2:20)
< (E.(u.).



Combining (2.18), (2.19) and (2.20), we obtain

[ vt < s (24 ), .

[log e

Step 3: Proof of Theorem 1 completed. We distinguish two cases.
Case A: E_(u.) > £'/?|loge|. It follows from (2.17) that

sup Vo(u) < C’Es(ue) (2.22)

r. loge|”

so that the conclusion (1) follows from (2.22) and (2.21).

Case B: E.(u.) < ¢'/?|loge|. In this case it follows from the clearing-out theorem that
if € is sufficiently small,
lu| > 1— oy on By,

so that A, =0, and I', = B, /2. The conclusion (1) then follows from Proposition A.2
of the Appendix.

Remark 2.2. Let ¢ < r < 1. The analogue of (1) for the ball B, writes, by scaling,

/ Voluy) < Zele )y (2 + M) | (2.23)
B2

| log | 2] log 7|
where E_(u.,7) = [ e-(uc) = rN2E_(uc,0,7). Indeed, setting (%) = u.(r - &) for
T € By, we verify that @. is a solution of (GL)s on By, for € = ¢/r. Moreover, we have

- 1 _ 1
Ee(u.) = TN—QEE(UHT)’ /B Ve(ue) = rN—2 /B Ve (ue).
1 T

3 Gradient estimates for the modulus |u.

The aim of this section is to prove Proposition 1. The starting point is the elliptic
equation for the function ( =1 — p? =1 — |u.|?,

p2
—AC+ g—gg = |Vu.|?, (3.1)

which is a straightforward consequence of (GL).. We introduce next a test function
X € C*(By) such that x = 1 on By, and x = 0 on By \ Bs)y. Multiplying (3.1) by
x? - ¢ and integrating by parts, we obtain, after a few standard computations,

1
o[ s [ avapez [ eme (32
2 By )2 B34

B34

10



On the other hand, we have the pointwise equality |V(|? = |V|u.|?]? = 4|u.|?|V|u| |?,
so that

1 1
[Vluel [P = ZIVCP + (Juel* = DIV |ue] [P < 21V + [CV e P,

and hence (3.2) yields

3 1
[Py [Py [ @ (33
By )2 B34

2 B34

To complete the proof of Proposition 1, we apply Cauchy-Schwarz inequality to the
first integral on the r.h.s. of (3.3). This involves the term ||Vu.|[z1(p,,,), which is
handled by the following

Lemma 3.1. We have

/ Vu|* < C 1+12/ Vi(u) |, (3.4)
Bgs € Byss

where C' > 0 is a constant depending only possibly on N.

Comment. The factor e 2 in (3.4) is somewhat optimal. This can be checked both
for vortices and kinks. for vortices, i.e. planar complex solutions of the form u. =
fe(r) exp(if), we have

8/4 1 c C
8420/ —rd f:—:—/VE ¢
/33/4\Vu| i Srdr = 5 = . (ue),

whereas for the standard kink tanh(ﬁ) we have

°1
/ |V |* ~ C’/ —dx =~ ¢ ~ ¢ Vo(u.).
By)s - € B

g3 g2

Proof of Lemma 3.1. On the ball B,/5 we decompose the function u, as u. = v +we,
where w, is a harmonic function and verifies w. = u. on the boundary 0B,/5. In view
of Proposition 2.1, u., and hence w,. are uniformly bounded on 0By/s, so that, since
w, is harmonic,

]Vw€| S C on B31/40, (35)

where C' depends only on the dimension N.
Turning to v., we notice that by construction v. = 0 on dBy/s5, and that

2
|Av,| = EVE(Us)I/Q-

11



Hence by standard elliptic theory
C

||Us||%{2(34/5) >
Bys

Moreover, since u. and w, are uniformly bounded on Bjy/s, the same holds for v,, i.e.
Vel oo (B, 5) < C (3.7)

where C' > 0 is depending only on N. We next invoke a classical Gagliardo-Nirenberg
type inequality which asserts that

Vel [Fa(5,,5) < Cllvell a2 ve] | Lo, (3-8)

where C' depends only on N. An elementary proof of (3.8) may actually be derived as
follows. Since v = v, is compactly supported in By/s, we may write, for ¢ = 1,..., N,
integrating by parts,

%4(34/5) - /Uivwi = _/(Ui)riv = _B/Uzmz'(vxi)zv (3.9)

< 3””»’02% L2||Uxi

Ve,

Lallvllze=,

which yields (3.8). Combining (3.6), (3.7) and (3.8), we obtain

C

||VU5||4L4(B4/5) < o) Vz(ue). (3.10)
Byys

Invoking finally (3.5) together with the decomposition u. = v. + w. we complete the
proof of Lemma 3.1.

Remark 3.1. In view of the inequality |Vu.| < C/e, we deduce by (3.5) that |Vu.| <
C/e on Byjy. It follows that for any p > 4 we have

C
HVIUEHIZP( < —£ %(UE),

Bsjy) — p—2
€ Byys

and hence, for every p > 4,

1
/B Vu P < C, <€p2 /B Ve(ue) + 1) : (3.11)
3/4 4/5

As in the case p = 4, the exponent e~ ?~?) is somewhat optimal. We conjecture actually
that inequality (3.11) is true for every p > 2.

12



Proof of Proposition 1 completed. We go back to inequality (3.3). In view of
Lemma 3.1, we have, by Cauchy-Schwarz inequality

[ IV < 1iella ol Ve e,
B3y

1/2
< C’(/ 2V, (u))Y? (1 +/ 5_21/;(u€)> (3.12)
B34 Byys

<c ( /B Vil e /B v;<ua>>1/2> .

Remark 3.2. Combining Theorem 1 and Proposition 1 we are immediately led to the

inequality 5
/ |V |ue| [* < CoAA ( (uf)) (3.13)

Indeed, as in the proof of Theorem 1 one distinguishes two cases:

Case 1: fB Vo(u:) > €2 1In this case ¢ fB Vo(u.))/? < fB V.(u.) and the

conclusion follows directly from (4).

The conclusion follows.

Case 2: | Bus V.(u.) < % One concludes in this case using Proposition A.2.

Remark 3.3. As in Remark 2.2 we may argue by scaling to assert that, for e <r < 1,

we have B 5
/ V]e] [2 4+ Vi(u) < We”)lg(uﬂ). (3.14)

[log 2| r[log £|

Proof of Corollary 1. Let Q be an arbitrary smooth domain in RY. Let /2 < r <1
and consider a ball B(z,r) C §2. As a direct consequence of (3.14) and the elementary
inequality log( L£5) <log(2+ E)(1 + |logr]|), it follows that

log (z+ﬁ8(“€)) (1+|10g7’|)/ e-(u.). (3.15)

0g €| B(z,r)

V] 2+ Ve(ue) <
/B(x,r/Z) ) o |log e

Using a covering argument, we deduce

/ (| V]ue| |? + Vi(uo)) |1+ log(dist (z, 9Q))|"*dz < CA ( (ua))
{dist(x,0Q)>el/4} |10g €|

On the other hand,
E.(u.) < C«Es(us)

Vu| [ 4+ Vo(u.)) |[1+log(dist (z, 00))| tde < .
L e (Il Vet [1-logatist 000 e < 5] < ot

Combining the last two inequalities, the conclusion (5) follows.

13



4 L? estimates for Vu., p < 2

The purpose of this section is to prove (6) and its improvement (7) stated in Theorem
2. Throughout this section, our arguments follow closely methods introduced in the
afore quoted literature. We first decompose the gradient into contributions of phase
and modulus, writing (here and in the sequel u = u.)

4|u]2\Vu\2 = 4|u x Vu]g + \V!u\2|2, (4.1)

so that
4Vul* = 4u x Vul|? + |V|u*]* + 4(1 — |u]?)|Vu]®. (4.2)

For the two last terms on the r.h.s. of (4.2) we invoke our previous estimate (3.13) and
(3.12), so that

EE 15
/ |V|u|2|2+4|1—|u|2||Vu|2sc*A( (“)),
Bijs llog |

so that, by Holder inequality,

< IR |Vu|2)p/2> Yoe (s (ﬁ;“d)))/ (13)

It follows in particular, that if E.(u.) > m1|loge| (where 7, is the constant appearing
1/p
in Theorem A.3 of the Appendix), then since (A (Eg("g))> < 0, B o deduce

flog.<] = CpTioge] -

1/p B.(u.)
</ [V ul?P +4(11 = |ul?| |VU|2)p/2) <, (4.4)
By 2

"lloge|

4.1 Decomposing u x Vu

Recall that the term u x Vu represents essentially the gradient of the phase,'® and
verifies the equation div (u x Vu) = 0.1 Tt is convenient to rewrite this equation in
the formalism of differential forms'®

d*(u x du) = 0. (4.5)

In order to derive an elliptic system for u x du it is useful to consider the Jacobian
Ju=d(ux du) =237 i us X uy; dv; Adr; as well as the truncated quantity

J = d(xu x du) = xJu+ dx A (u x du), (4.6)

13Tndeed, if u # 0, then u = |u| exp(ip) and u x Vu = |[u|>*V.
ltake the exterior product of (GL). with u.
154 denotes the exterior differential, and d* = & * dx its formal adjoint.

14



where 0 < x < 1 denotes a smooth function, compactly supported in By/s, and such
that x =1 on Bg/7. Let ¢ be the solution of the elliptic equation

A =J on RY,

obtained through convolution with the fundamental solution of the Laplacian. Since
dJ =0, it follows that A(dy) = 0, so that diy = 0 on RY. Hence, we are led to

dd*p = dd* + d*dyp = A = J,

so that
du x du —d* ) =0 on By /7.

By Poincaré Lemma, there exists some function ® on Bg/7 such that
ux du=dd+d* on By /7. (4.7)
Moreover, applying d* to both sides we deduce
Ad =0 on Bg7.
By standard elliptic estimates it follows
V|0 (,,6) < ClIVUllL1(Bs)0) + [V L1(Bg) ) (4.8)

Next, we write 1) = 1)1 + 19, where 1), is the solution (obtained through convolution
with the fundamental solution of the Laplacian) of the equation

Aty = dx A (u X du) on RY.
Clearly, by standard elliptic estimates,
[IVe|1oo(B, ) < ClIVUl|L1(By 0)- (4.9)
At this stage it remains to analyze the term 1, solution of
Ay = xJu on RY, (4.10)

which is the central part of the proofs of inequalities (6) and (7). We begin with the
proof of (6).

4.2 Proof of (6)

In order to avoid oscillations of u when |u| ~ 1 we first reproject u. To that aim let
f Rt — [1,2] be a function such that f(t) = 1ift > 1/2, f(t) =1ift < 1/4 and
|f/| < 4. Set

= f(lul) -u on B .

15



Notice that

Jiu = d(f*(|ul)u x du) and 11— f2(Ju))| < O = |uf?).

Moreover, a property which is central in the proof is that

_ 2)2

(4.11)

Indeed, if |u| > 1/2, then by construction J& = 0. On the other hand, if |u| < 1/2,

then V.(u.) > whereas | Ji| < &, as a consequence of estimate (2.4).

_1
64e27

Let us show next that the difference Ju — Ju is small in a suitable norm.

Step 1: comparing Ju to Ju. We claim that for 1 < p < 2,

| Ja — Jull ) S Cpe* PE.(u.).

p
wW-Lr(B

In particular, if ¢y is the solution of Ay = xJ@ on RN, then we have,
/IV(% — )P < CLe* PE (u,).

Proof. We have Ju — Ju = d((1 — f*(Ju|))u x du), and

0= P dullf, <€ (1= Py IvuP
7/8

-
sc(/ u—mmﬁﬂ E.fu.)”
Brs
1-3
sc(/ u—mmﬁ E.(u.)”
Brs
< Ce PE(u.),

so that (4.12) and (4.13) follow.

In order to handle 9y, we consider the (vector) measure p defined by
w=xJudz on RY.
In view of (4.11) we have

| < CxVe(u)dr  on RY.

(4.12)

(4.13)

(4.14)

(4.15)

Next we consider, for ¢ > 2, the maximal fractional operator (see e.g. [38], p.204)

My |pl(z) = sup{r*~|u|(B(x,r)), r > 0},
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Step 2: estimate of |[M|u|||p®y). We have, for every ¢ > 2,

E(uc)
M, o < C A . 4.1
el o < Gt (e ) (1.16)
Proof of (4.16). In view of the definition of ;1 we have, by Theorem 1
E.(u.)
@) < [ v <on (Fd) (117)
By log e

Next, for x € RY and /2 < r < 1/16 we have, by (3.15),

|| (B(z,r)) < log (2 + Ea(Ua)) (1+ |1ogr|)/ ee(ue). (4.18)

|10g€| |10g8| B(z,r)

Combining (4.18) with the monotonicity formula, we are led to the inequality, for
r e RN, &2 <r <1/16,

\u|(B(z,r)) < CrV=2(1 + |logr|)A (ﬁ:)(gu;f) . (4.19)

Finally, for small radii 0 < r < €'/2, we have the straightforward estimate

l(Bla,r)) < / o) £ OV ),
B(z,r

so that, in this case
2—q
TN ul(B(z,r)) < Ce™® E.(u.). (4.20)

Combining (4.17), (4.18) and (4.20), (4.16) follows.
Step 3: estimate for zﬂl. Recall that

Ay = p on RY.
By Theorem 4.7.4 of [38],'6 for every 1 < gy < ¢1 < N we have

HUH[WL‘H(RN)]* < C(QO7Q1)||Mqo|M| | Lo~

By duality, since p is compactly supported in B it follows

V8L < Claor )| Mot |1 (4.21)
Finally we choose ¢{ = p so that ¢; > 2. Choosing ¢y = ‘“; 2 we have ¢y > 2 so that
we may estimate the r.h.s. of (4.21) by Step 3. this yields
N E.(u.)
\Y P <CA|——). 4.22
IVinllocay < Gt () (1.22)

which goes back to results in [1]. See also related issues in [26, 2, 31].
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Step 4: proof of (6) completed. Combining (4.9), (4.13) and (4.22) we obtain

 (ue)
V]| o By ) < CA<|1Og8|) (4.23)

Combining (4.23) with (4.9), we deduce

Ee(ue)
||V¢1||LP(B6/7) < Cp (A < |1og5| > + ||VU||L1(B8/9)> ’

and hence by (4.8)
E.(u,
V|| 576 < C <A < ( )> Vs ) ‘

[log e

Going back to (4.7) we are led to

E_(u,
Hu X VUHLP(B6/7) < C (A ( |10(g |)) -+ ||VUHL1 (Bg o) ) . (424)

Next we distinguish two cases.

Case 1. E.(u.) < m|logel|, where 1, is the constant appearing in Theorem A.3 of the

Appendix. Then we may apply Theorem A.3; and (6) is an immediate consequence of
(A.39).

Case 2. E.(u.) > m|loge|. Then (6) follows combining (4.2), (4.3), (4.4) and (4.24).

4.3 Proof of Theorem 2

As mentioned in the introduction, and in view of Theorem A.3 it suffices to consider
the case

mlloge| < E(u.) < |loge|?, (4.25)
where 7, is the constant appearing in Theorem A.3. We therefore assume (4.25) holds
throughout this section. The main difference with the proof of (6) is the treatment
of equation (4.10), and the way we approximate the Jacobian Ju.. The main new
ingredient is an approximation procedure, taken from [13]. The monotonicity formula,
which is crucial in the above proof of (6), (see e.g. (4.20)) does not hold however for the
approximating map, at least at very small scales. In order to overcome this difficulty
we smooth out ¥ using a convolution by a mollifier. More precisely, we introduce a

small scale dqy of the form
1\
do = 0, 4.26
o= (ogr) 20
where kg > 0 will be determined later. Let ¢ a smooth positive function compactly
supported in B; such that f B ¢ =1, and set

@uaz%Wagy
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We introduce next the 2-form }
1 =Y x (.,

so that 1/;1 satisfies the equation
Ay = (xJue) * (. on RV,
The first observation is that 1/;1 is close to 1.
4.3.1 Comparing Vl/;l to Vi
Proposition 4.1. We have
V1 = Vihl|r < Coo B (ue), (4.27)
IVl + ([ Ve[ 2 < CEc(u)'/? (4.28)
so that for any 1 < p < 2 we have by interpolation
1991~ Fhlloe < Cdf ™ Buluw) ' (129)
Proof. Recall that for any function w and 1 < p < 400,
l|w * ¢ —wl||pr < Cpdol||Vwl|Le. (4.30)
We apply (4.30) to w = Viy, p = 1. To that aim, we claim
IVl < CE(ue), (4.31)

Proof of the claim: It follows from a result in [23] that if v € H'(RY;C), then
the Jacobian Jv belongs to the Hardy space H!, and that

||JUH'H1(RN) S C||V7}HL2(RN). (432)

On the other hand, a classical result in harmonic analysis states that if f € H'(RY),
then
IVHAT Dl @yy < Ol @ny. (4.33)

We apply (4.32) to a suitable extension of u. to the whole of RY, so that by (4.33) and
a few auxiliary computations we deduce

V(A7 (xJue)) || @y | [ Ve 2@y,

and the claim follows.
Inequality (4.27) is then a direct consequence of (4.31), whereas for (4.28) we invoke
the identity Ju. = d(u. X du.).
0
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4.3.2 Approximation with vorticity bounds
The main result of [13] is

Proposition 4.2. Let 0 < v < 1 and u. : By — C be such that E.(u.) < e~ 7. There
exists constants C' > 0 and o > 0 depending only on v and N such that there exists a
smooth function v. : By — C such that

lve] <1, E.(v.) < CE.(u.) (4.34)
EE €

(s < o EELe) (4.35)
loge|

v — we||z2(my) < Ce®Eo(u.)?. (4.36)

Notice in particular that if u. and v, are as above, then
Ju, = Ju. + ke, (4.37)

where

ke = dh. = d ((ue — ve) X d(ue +v.)) . (4.38)

If . itself is uniformly bounded, we have the following
Lemma 4.1. Assume u. is as in Proposition 4.2 and verifies moreover
lus| <2 on By . (4.39)
Then, for any 1 < p < 2, we have
[hel|e < Cpe® B (u)"/?, (4.40)

where C, > 0 and 0 < o, < 1 depend only on p.

Comment. In the case considered above, Ju. has been split in a term bounded in L*

by Eelue) and a term which is small in WP for every 1 < p < 2.
llog e

Proof of Lemma 4.1. Since by (4.34) and assumption (4.39) |Ju. — v||r~ < 3 it
follows by interpolation and (4.36) that, for any r > 2,

2/r Us“ r— 2 /7“ < C€2a/rE ( )1/7*'

Hus - vs‘ L™(By) < HuE UEH Bl)HuE

Hence, for 1 <p < 2,

Hh’EHLp(Bl) < |fue - U€|‘LQP/W*?)(Bl)EE(UE)p/Q < 05(2_p)aEs(ua)>

so that the conclusion follows.

We provide next a more localized version of Proposition 4.3 .
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Proposition 4.3. Let 1 < p < 2 and assume u. satisfies (4.25). Let ky > 0 and set
81 = 61(¢) = |loge|™. Then we may decompose xJu. as

XJu. = v, +re,

where v, is compactly supported in Bz and satisfies, for some constant C(ky) > 0
depending only on N and kq,

EE (3
sup{r? N |Bla.r), @ € Y, v 2 61(0)) < Clh) 7 < ,) (4.41)
oge
and where r. satisfies, for some 0 < 3 < 1 depending only on p and ky,
rellw-1e(By) < CpgﬁEs(us)l/p- (4.42)

Proof. The argument is to apply Proposition 4.2 on balls of size ;(¢) and then recon-
nect the resulting functions thanks to a partition of unity. More precisely, cover By
by balls B; = B(x;,01(¢)), i = 1, ..., £ such that the balls B(x;,;/8) do not intersect,
and consider a partition of unity {x;}1<i<s. for the previous covering, i.e. such that x;
is smooth, compactly supported in B(z;, d;) and moreover

Vil < g, (4.43)
01

for some constant C' depending only on N.
On each ball B; we apply Proposition 4.2 to the restriction of u., after a suitable
change of scales. This yields maps v’ : B; — C such that |[v!| < 1 and

| e
es (vl SC’/ ee(ue), / Jui| < / ee(Ue 4.44
[ewse [ ao [t [ aw aa

||U€ — UEH%Q(Bi) < 0(5%52a/ €5<U5). (445)

B;

and

Moreover, for k! = Ju. — Jvi = dh; = d ((ue — v:) X d(u. +v.)) we have, for every
1<p<2

1/p
hill s,y < Cpot> PPe ( /B 6E(u8)) . (4.46)

i

Setting v. = x(3; xiJvt), we may write xJu. = v + ., with

Le Le le
re =x(Q_xikd) = > dOoahl) + > d(xxi)hL.
=1 =1 =1

In view of (4.46) and (4.43), we derive (4.42). Concerning v., we have to bound
uniformly 72~ [, |v|. Firstly we notice that by (4.44) and the properties of the

covering, we have, for sufficiently small ¢ and r > §;(¢)

C -
|Ve‘ S 1— Xee(ue)u
B(z,r) ’ OgEl B(x;,87)
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where ¥ > x is some smooth function with compact support in Bgj. Hence, by
monotonicity,

sup{rQ_N/ v, r>6, s e RV} < C Ee(uo) (4.47)
B(z,r) |1Og€|
and the proof is complete.
O
We now turn to the measure 7. = v, * (..
Lemma 4.2. Assume kg = ky, i.e. do(e) = 01(¢). Then we have
- B (ue)

WAPARIIES < C———, 4.48

10815 ey < O (1.45)
where the constant C' depends only on ko = k.
Proof. In view of the definition of 7. we have, for any y € R,

Wl <08y [ ul (4.49)

B(z,d0)

In order to bound r?=% [ B(a) Ve (y)]|dy uniformly on R, we distinguish two cases.

Case 1: r < dp. By Proposition 4.2 and (4.49), we have

Integrating, we deduce

P [ s ot < o
B(z,r)

Case 2: r > §y. We write
C(2)ve(y — 2)dz

| 1wy - /
B(z,r) B(0,00)
/ / 2)|vel(y — 2) dzdy
(z,r) 4 B(0,00)
/ / 2)|vel(y — 2) dydz (4.50)
B(0,60)
:/ C(2) (/ lug(w)|dw) dz
B(0,60) B(z—z,r)

Ee(ue)
loge|’

dy

CN2

where we invoke Proposition 4.3 for the last inequality. Combining the two cases, the
conclusion follows. O
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4.3.3 Proof of Theorem 2 completed

The main difference with the proof of (6) is that instead of (4.23) we are now in position
to use the stronger estimate, if u. verifies (4.25),

E€ UE
VY| o (5, < C (ue) (4.51)

" logel|

When (4.51) is established, then the proof carries out almost verbatim.

Proof of (4.51). We determine the constant kg in (4.26), going back to (4.29). Indeed,
choosing

2
ko=Fk = (1—2>)%
o=k =(1-7)

we obtain by (4.29)

E.(u.)

loge|

IV — Vi ||e < C, (4.52)

Next, we write ¢ = ¢ + ¥}, where ¥? is the solution obtained by convolution with
the fundamental solution of the Laplacian of

Azﬂ? =1, on RY,
and where similarly ¢! solves
Azﬁ?:fezrs*gs on RV,

In view of Lemma 4.2 and invoking once more Theorem 4.7.4 of [38], we obtain

7 ~ Ee(us)
Vil e < || Mol ||z < Cpm—r. 4.53
I990lur < 1Ml e < o (4.53)
By (4.42) in Proposition 4.2, we deduce
IV | < CoePEo(u.) < C Be(ue) (4.54)
11LP = Yp e\Ue) = p‘logg‘a :

so that combining (4.52), (4.53) and (4.54), we obtain (4.51).

Appendix

In this Appendix we consider the following situation. Consider the unit ball B; C RY,
and u. a solution to (GL). verifying

|ue| = on By, (A.1)
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or the even more restrictive assumption
|u€| Z 11— 00,

where 0 < 09 < 1/2 is some constant which will be introduced later. In particular we
may write
U = pe'e on By, (A.2)

where . is a real-valued function defined on By and p. denotes the modulus |u.| of w..
Our aim is to derive a number of improved estimates, in particular pointwise estimates,
under the additional assumption (A.1). This will lead us among other things to the
proof of Theorem 2.1.

A.1 Pointwise estimates
We first have
Proposition A.1. Let u. be a solution of (GL). on By verifying (A.1), then

lue| > 1—Ce*(1+ HV(,DEH%oo(B ) on B%, (A.3)

3
4
where C' > 0 is some constant depending only on N.

Proof. The equation for 6. = 1 — p. writes

—Ab. + abf. = b, (A.4)
where we have set
1+ (1—6.)?
o=—— b= (1-6.)|Ve.|* (A.5)
We can conclude applying the maximum principle as in [14], Proposition C.1. O]

Our next purpose is to obtain pointwise bounds for |Vu.|, and hence |V.|. To that
aim, we introduce a bound on the energy of the form

(Ha) Ea(ue) < 5_aa
for 0 < o < 1. We then have

Theorem A.1. Let u. be a solution of (GL). on By. There exist constants 0 < ap < 1
and 0 < 09 < & depending only on N such that if (Ha,) is satisfied and if

lue|l > 1— 09 on By, (A.6)

then
ec(u:)(z) < C/ ec(ue), on Bs (A.7)

B1
where the constant C' depends only on N.
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Remark A.1. In a more general context, Chen and Struwe [21] (see also [34]) estab-
lished (A.7) replacing (H,) by the stronger assumption

Ee(ue) <, (A.8)

where 79 > 0 is some constant depending only on N. Our proof of Theorem A.1 will
rely on the Chen-Struwe result in an essential way. The main point is to show that
(A.8) is met locally, after suitable scalings.

Proof of Theorem A.1. Changing u. possibly by a constant phase, we may impose

the additional condition )

1B1| J,
Inserting (A.2) into (GL). we are led to the elliptic equation

—div(p?Vep.) =0  in By. (A.10)

In contrast with the equation for the modulus, (A.10) has the advantage that the
explicit dependence on ¢ has been removed. We will handle (A.10) as a linear equation
for the function ., p. being considered as a coefficient. In the sequel, we write ¢ = ¢,
and p = p. when this is not misleading. In order to avoid boundary conditions, we
consider the truncated function ¢ defined by ¢ = ¢y, where y is a smooth cut-off
function such that

XElOHB% and XEOOHRN\B%.
The function ¢ then verifies the equation
—div(p*Vp) = div(p*eVx) + p°Vx V¢  in By. (A.11)

Moreover, by construction
supp(¢) C B .

Since by assumption p is close to 1, it is natural to treat the Lh.s. of (A.11) as a
perturbation of the Laplace operator, and to rewrite (A.11) as follows

—Ap = div((p* — 1)V@) + div(p*pVx) + p*Vx - Vi in B;.

We introduce the function ¢y defined on B 5 as the solution of

- A = div(p?pV *Vx -V in Bs,
o v(p*eVx) +p°Vx - Vo in Bs (A12)
¢o =0 on 0Bs.
In particular, since x = 1 on B(3), we have
) 4
—Apy =0 in B(g) (A.13)
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We set 1 = @ — ¢y, i.e.
© = o+ o1

We will show that ¢ is essentially a perturbation term. At this stage, we divide the
estimates into several steps. We start with linear estimates for ¢y.

Step 1 : Estimates for ¢o. We claim that

IVeoll7a 5,y < O U ee(ua)] (A.14)
6 B1
and
HVSOOHQLOO(B;) < Cy [/ 65(’%)} ) (A.15)
1 B
where 2% = ]\2,N is the Sobolev exponent in dimension N.

Proof. The first estimate follows from the linear theory for the Laplace operator,
whereas the second follows from the first one and the fact that ¢y is harmonic on

B(4/5). O

Step 2 : The equation for ¢;. The function ¢; verifies the elliptic problem

—A = di 2—-1)V@) in Bs,
¥1 1V(<p ) SO) m % (A16)
w1 =0 on GB%.
It is convenient to rewrite equation (A.16) as
—Apr = div((p* = 1)Vr) +div (go), (A.17)

where we have set gy = (p? —1)Vpy. Using (A.14) and by assumption (H,,) we obtain,
for any 2 < ¢ < 2%, the estimate for g

o (
l90[1% (5, < C®m) e (el (A.18)

E

Indeed, since q > 2 and |p| < C on Bs,

2 2% 2% 2 2 %
/ o —1|quoqu( Vel ) ( p —12*—q)
B§ B1 By
6
e (] 1\
< Cletudl5 ([ 25) T
By €

and the conclusion (A.18) follows.
We now estimate ¢; from (A.17) through a fixed point argument.
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Step 3 : The fixed point argument. Equation (A.17) may be rewritten as
p1 =T (div((p® = 1)Ver)) + T (div go),
which is of the form
(Id—A)p; =b

where 7 = A™!, A is the linear operator v — 7 (div((p* — 1)Vv)) and b = T (div go).
Consider the Banach space X, = I/VO1 “(Bs). It follows from the linear theory for 7°
that A : X, — X, is linear continuous and that

[Allzcx,) < Clg)|1 — :0||L°°(B%)'

In particular, we may choose the constant ¢ > 0 in (A.6) such that

1

C(@)|IN = pllz=Bay < C(g)oo < 3

With this choice of o, we deduce that I — A is invertible on X, and
lerllx, < Cllbllx,- (A.19)

Finally, by (A.18) we obtain

2—ag) (2% —

. @2=ag)(2"—q) 1
1bllx, = [17°(div go)llx, < Cllgolle < Ce ™ lec(ue)||7-
Going to (A.19) we deduce

(2—ag)(2*—q)

1
Hv(Plqu(Bl) S Cg 2%q ||e€(u€>||zl(31). (AQO)

We now combine the estimates for g and .

Step 4 : Improved integrability of V.  Since oy < 2, we obtain, combining
(A.14) and (A.20),

2—ag)(2*—

~ (2=a9)(2"=q) 1
||VQDHLq(Bl) S Cg 2%q HeE(uE)Hil(Bl)' (A21)

Comment. Since g > 2, the previous estimate presents a substantial improvement
over the corresponding inequality with ¢ replaced by 2, which is immediate. This im-
provement is crucial in order to prove the smallness of both the modulus and potential
terms in the energy, which we derive now.

Step 5 : Estimates for the modulus and potential terms.
Recall that the function p satisfies the equation

1_ 2
~dp+ oVl =12 (4.22)
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Since y = 1 on B%, we have ¢ = ¢ on B%. Let £ be a non-negative cut-off function
such that § = 1 on B; and £ = 0 outside Bi. Multiplying (A.22) by (1 — p?)¢ and
integrating by parts we obtain

1 — 2\2 ~
[ 2oivokes | L= [ 9pvea -+ [ o= Ivare

By By By

Hence, since p > % on By we obtain

[ aviw sce ([ | \vm?)é (f | Vi)

3
4

hQ
SN
N

so that using (A.21) we finally infer that

/ [ !V\UEHQ + Vo(ue)] < CgBQ/ e (ue), (A.23)

Bg Bl
1

where 3, = (4 — 2ayp) (2;;1 9 To summarize, we have proved at this stage that

ea(ua) S |V(,00|2 + Te, (A24)

for some r. > 0 which verifies

/ re < C’sﬁq/ ee(ue). (A.25)
B% By

Step 6 : Proof of Theorem A.1 completed.

We are going to apply the result by Chen and Struwe [21] (see Remark A.1) to a
suitably scaled version of ..

Let 0 < g < %, to be determined later, set € = % and let xy € B% be fixed.

Consider the map v, defined on B; by

ule) = (0

so that u.(zg) = v.(0). By scaling, we have

1
/ eu(v) = s / e.(11.). (A.26)
B To B(wo,70)
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Note in particular, since rq < %, that B(xg,79) C B(3/4), and we may invoke the

decomposition (A.24) to assert that

/ e.(u.) < meas(B(xo,70) ) - [Veool2e + / .
B(zo,r0)

Bs
i
< Crg'llec(u)llos,) + CePtllec(u)l| sy

Hence, going back to (A.26)
/B ec(ve) < Orgllec(ue)llzas,) + Cro e flec(ue)llLy sy, (A.27)

so that, in view of assumption (H,,),

/ e.(v) < Cr2e=20 4 Cy2-Nghi=oo, (A.28)
B1

We next determine the constants ¢, ap and ry so that the r.h.s. of (A.28) is less
than 7. First, we choose ¢ arbitrarily in the interval (2,2*), say for instance ¢ = %
We then notice that, varying ro, the maximum of rge~ + r2Neha—eo is achieved for

ro = (X52)/Neba/N, (A.29)

so that the r.h.s. of (A.28) is less than Ce2F-0. Since By =(4— 2040)(2;:;), we may

choose «y sufficiently small so that 3, > 0 and Qﬁ—]\f; — ap > 0. In particular, for such a

choice we have
/ ec(ve) <0
B

for ¢ sufficiently small. We are now in position to apply the Chern-Struwe result
described in Remark A.1. This yields, in view of (A.27),

roes(ue)(zo) = ec(ve)(xg) < C/B1 ee(ve) (A.30)

< CT(Q)HBS(US)HU(BD + Crg_Ngﬁq||66(u6)||L1(Bl)7

and hence
e-(ue)(zo) < C [ ec(ue), (A.31)

By

and the proof is complete.

Notice that in the course of the proof, we have shown that the contribution of the
modulus to the energy is small: More precisely, inequality (A.23) yields
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Proposition A.2. Let u. be a solution of (GL). on By. There exist constants 0 <
ap <1 and 0 < og < 3 depending only on N such that if (Hy,) is satisfied and if

lus| > 1— 09 on By, (A.32)

then

/t [V el | + V()] < Csﬁ/ (1), (A.33)

By B
where > 0 and C depend only on N.

Remark A.2. Notice that we also have derived under assumption (A.32) a pointwise
estimate for the potential in Proposition 2.2. In Theorem A.2 we also derive a pointwise

bound for |Vp|.
Proof of Theorem 2.1. Since we have the pointwise inequalities
V. |* < 4|Vu|* < 8e.(u.),

the conclusion of Theorem 2.1 in case R = 1 follows combining (A.7) and (A.3). The
general case is deduced by scaling.

Finally we derive pointwise estimates for derivatives. More precisely, we have

Theorem A.2. Assume that (A.2) and (H,,) hold, where oy is the constant appearing
in Theorem 2.1. Then

1 e ) < C(1+ B (w)), (A.34)

where C' 1s a constant depending only on N.

Proof. We deduce from Theorem 2.1 and Proposition 2.1 that
HHEHLOO(Bs/G) S 052(1 + Es(us))a (A35)

where 0. = 1 — p.. Hence, going back to (A.5), we have

|abc]| Lo (85, < C(1 + Eo(ue)), (A.36)
so that (A.4), (A.5) and (A.7) yield
|AO- | Lo (8, ,6) < C(1 + Ec(uz)). (A.37)

On the other hand, we have the Gagliardo-Nirenberg inequality
IVO: | e (3,0) < CUIAO: Lo (3, 16) 0= | Lo (35 6) + [10c |20 (55 ) (A.38)

(see e.g. Lemma A.2 in [6]) and the conclusion follows combining (A.34), (A.35) and
(A.38). O
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A.2 Higher integrability
In the proof of inequality (6) and Theorem 2 we invoke the following

Theorem A.3. Let u. be a solution of (GL). on By. There exists constants n; > 0
and C > 0 such that if E-(u:) < m|loge|, then

1/2
( / |Vu|2> <c | |vu. (A.39)
B2 B

Proof. In view of the Clearing-Out property, there exists some constant n; > 0 such
that, if
E.(u.) < mloge| (A.40)

then
lue| > 1— 09 on Brs.

For this choice of 7;, we may therefore write on By/s u. = p. exp(iye).
Step 1: estimate for the phase. The phase . satisfies the equation

div (p2Ve.) =0 on By/s. (A.41)
Expanding the differential operator, we are led to

—Ap. +cVp. =0 on Brys, (A.42)

where we have set ¢ = —%. In view of Theorem A.2, we derive the bound

lelloe(8r,0) < Ce*lloge],

so that, by standard elliptic estimates for (A.42) we have

IVoell e (Bg7) < C/ V| . (A.43)

B8

Step 2: estimate for the modulus.
In this step, we will derive similarly the bound

IVoellr2(s,,.) < ClIVullLi) (A.44)

which, combined with (A.43) will yield the conclusion. In order to prove (A.44) we
distinguish two cases.

Case A : [[Vu||11(p,) > 1. This is the easiest case. Let 0 < x < 1 be a smooth cut-
off function with compact support in Bg/; and such that x = 1 on Bss. Multiplying
equation (A.4) by x?60. we are led to

| 190 7262 < 00 (1Bl 2=+ 190 i 18- )
5/6
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Since 0. = 1 — p., we have |0.| < C by Proposition 2.1, and in view of (A.43) we have
1Bl 2= (B5,7) < C’||VuEH%OO(Bl). Hence, we are led to

||V‘95||%2(35/6) + 5_2”95”%2(35/6) <C <||Vu5||Ll(Bl)||Vu€||%l(B1)>

) (A.45)
< C”VUSHLl(Bl)

where we have used the assumption |[Vu||z1(5,) > 1; the conclusion (A.44) follows in
this case.

Case B : ||Vu|zi(s,) < 1. In view of (A.43) and (A.45), we have |[Vu.||z2(z;,,) < C,
and we deduce from Theorem 2.1 and Proposition 2.1 that

||0€||L°°(B4/5) < C€2. (A46)
In particular, setting a(x) = a(x) — 2672 we have
”OZHLOO(B4/5) <C.

Next, let r € (3/4,4/5). Multiplying (A.4) by 1 and integrating over B, we obtain

00,
/ 2620, S/ |b|+/ | |+C/ e,
B, B, oB, On B,

In particular we may choose some r such that

/.
By

Therefore, we obtain by Sobolev embedding

27 < C(IVOelLrimy) + Vuell i ay) < Cl Vel Li(a,)-

10c[lwra s,y < ClVuel (s, (A.A4T)

Going back once more to (A.4), we decompose on Bs/4 the function 6, as 0. = 6° + 0!,
where 6! is the solution of

— NG +abl =0b on B, A4S
0! =0 on 0B; (A.48)

so that 09 verifies the equation
—A0° +ab? =0 on Bs. (A.49)

Multiplying (A.48) by 6!, we obtain

IVO: |18, ) + € N0 228, ) < ClIVUElLr(s,),
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so that
||9€1HH1(33/4) S CHVUEHLI(B1)- (A50>

We claim that similarly, we have the estimate for 6
V02128, < ClO2]wras, ), (A.51)

where the constant C' is independent of €. We postpone the proof of (A.51) and
complete the proof of (A.43) in Case B. Combining (A.50) and (A.51), we have

IV pellr2B, ) < VO L2, ) + IV 128, )
< O (IVuellrs + 18- = 62w )
< C (Il oy + 10: s, + 102 s, 0 )
< Cl|Vue|[ri(ay)

where we have used (A.50) for the third inequality. Inequality (A.43) is therefore
established.
Proof of the claim (A.51). Let 0 < x < 1 be a smooth cut-off function with

compact support in Bs/,, and consider the operator L, = —A + 2¢72 on RY. We have,
for 09x = x0Y,

Lo (0°%) = fX = 2Vx V2 + (Ax — ax)6’. (A.52)
Notice that for any 1 < p < 400, we have
1/l ey < COONO2lwrr supp - (A.53)

The kernel K. associated to the operator L. is given by
K.(z) = eyl exp(—M) it N >3
€

and
K. (z) = colog(|x]) exp(—f—|) if N =2.

In particular, we have for any 1 <r <

N
N—
”KEHW1,’I‘(RN) S C(T),
where the constant C'(r) is independent of . It follows that for every 1 < ¢ < p* = NN—_’;
||057X||W1*q(RN) < C(X7 Q) ||92||lep(suppx)-

We iterate the previous inequality for suitable choices of cut-off functions x and ¢ =
1%, 1%, -+ up to ¢ = 2. This yields

HQSHHI(Buz) < CHQSHWM(BQ-
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