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Abstract

We consider the sequence of optimal control problems having as state equation y'(t) = an(t,y) +
bn(t,u) (t € (0,T], y(0) = z) and cost functional J,(y,u) = esssup;cp, 1) fn(t,y(t),u(t)). We prove a
I'-convergence result and we study the entailed properties on the stability for the related Hamilton-Jacobi
equations.

1 Introduction

In the last years people become interested in the problem of minimizing the maximum of a
function instead of his average value or, more generally, his integral. From an application point
of view this approach covers a wide range of problems. For example, one could be interested
in designing a support structure wanting to minimize the maximum pointwise stress instead of
the average stress. Moreover, in designing a feedback control thermostat to control the heat in
a room, one observes that it is more important to minimize the uniform distance to the desired
temperature than the average square distance. Thus, it become natural to consider optimal
control problems having an L*°-functional as cost. The related Hamilton-Jacobi equation has
been first studied by Barron and Ishii in 1989, [2], using the theory of viscosity solution for
discontinuous Hamiltonians. As related works we recall, e.g., [3], [4], [5] and [6] while for a
purely variational approach to the L*®-functionals we refer, for example, to [1], [4], [7], [9] and

[15].
In this paper we study sequences of L°°-optimal control problems having as state equation
y(0) =
and as cost functional the supremal functional
In(y,u) = ess sup fn(t, y(t), u(t)). (1.2)
te[0,1]

Our aim is twofold. First, we prove a I'-convergence result for the above sequence and then we
study the entailed stability result for the related Hamilton-Jacobi equations.

The I'-convergence theorem is based on the result obtained for sequences of supremal func-
tionals in [9] and on the general theory of I'-limits for optimal control problems studied, e.g., in
[10] and [11].

The main result (Theorem 2.4) shows that assuming, beside regular assumptions, the fol-
lowing convergence hypotheses:



a) lim an(,y) = a(,y) weaklyL!(0,T; RY), Vy € RY,
b) nli)lgogz(ayaAaqap) = ¢('7y7 >\7 qap) Wea‘kly*Loo(O’T) V(y, AaQap) € ]R'N X A x ]R'M X IRN,

(where 9767, (tay, A Qap) = Sup(u,v){q "U+prv: (fn(ta Y, u) + X{v:bn(t,u)}(ta U,U)) < )‘}a and
ACR),

the I'-limit optimal control problem is given by the following formulation

min {ess sup ¢7 (¢, y(t), u(t),y'(t) — a(t,y(t)))} :

(yu)€Y' XU | telo,T]
(Where ¢7(t,y,u,v) := supsup{\: ¢(t,y, A, ¢,p) < gq-u+p-v}.)
(g;p)

Note that the result is not trivial because, also in the simpler case of linear dependence
on the control, the I'-limit can be a purely variational problem. (See Examples 3.1 and 3.2 in
Section 3.)

Since the I'-convergence imply the convergence of minima, if one looks at the related Hamil-
ton -Jacobi equations, the pointwise convergence of the value functions arises as direct conse-
quence. The proof of this fact and more remarks on the convergence of the Hamiltonians entailed
by the I'-convergence are indeed the second goal of this work.

More precisely, in Corollary 4.4, we show that under the convergence assumptions a) and b)
we can prove a stability result for the Hamilton-Jacobi equation

(Va)e(t,x) + Hy(t, 7, Ve, Dy Vs) = 0 in (0,T) x RV,
muinfn(T,a:,u) = Vn(T,LE) in RN,

where the Hamiltonian H,, is

The interest of this part is due to the fact that the convergence on the Hamiltonians entailed
by the I'-convergence is weaker than the standard hypotheses under which the stability result
for discontinuous Hamiltonian are proved. (See, for instance, the pioneering work by Hshii in
1984, [13].)

Our paper is organized as follows. In Section 2 we precisely state the regularity assumptions
on our optimal control problems and we prove the I'-convergence results (Theorem 2.4). Section
3 is devoted to the easier case of linear dependence on the control u in by, (i.e. b, (t,u) = by (t)-u)
and two examples are given in full details. In Section 4 we apply the theory of viscosity solution
for Hamilton-Jacobi equations developed in [2] to our optimal control problems (1.1)-(1.2) and we
prove the stability results (Theorem 4.3 and Corollary 4.4). We conclude by complete computing
an example.

Notations. Fix the real interval (0,7"), we will denote the usual Lebesque and Sobolev
spaces of functions defined in (0,7') with values on RM (R) by LP(0,T;RM) (LP(0,T)) and
wLr(0,T;RM) (WhP(0,T)), respectively. Moreover, let us denote by BUC([0,T] x RN x
U;RY), (BUC(]0,T] x RY x U)) the class of all bounded and uniformly continuous functions
on [0,T] x RY x U with values in RY (IR).

Given a function v(t, ) : (0,7) x RY — IR we respectively denote by v; and Dv the partial
derivative w.r.to ¢t and the gradient w.r.to the x variable.

If f:R— R, weset f(z+0) :=lim,_,o+ f(z +¢) and f(z —0) := lim,_, o+ f(z — €).

By xc(x) we mean the function that takes value 0 on the set C' and +oc otherwise. Finally,
it is understood that the minimum over the empty set is +o0.



2 The I'-convergence result

In this section we describe the optimal control problems and we will state and prove our general
[-convergence result. Fix n € IN and 7' > 0, we minimize the supremal functional

Jn(y,u) := ess sup fn(t,y(t), u(t)) (2.1)
te[0,T

where y is the solution of the state equation

{ ?y/l((Ot)) :;ln(ta y(t)) + bu(t, u(t)) te€ (0,717 (2.2)

and the control u lives in L®(0,7;1RY). On the data we assume the following regularity.

Hypothesis (HT'):

For each n € N, a, : [0,7] x RY — RY is a t-measurable function. Moreover there exists
nn(t) € L*(0,T) such that

|an(t7 Z) - an(tay)| S Un(t)|z - y| Vz,y € RN, Vt € [OaT] (23)

For each n € N, by, : [0,7] x R® — RY and b,(-,u) € L>°(0,T;RY) for all u € RM.

For each n € IN, the supremand function f, : [0,7] x RY x RM — [0, oc] is a measurable
function and f(t,-,-) is lower semicontinuous (Ls.c. for short) on RY x RM for a.e. ¢ €
[0,T].

There exists a function a : R — [0, +00] such that

lim a(jlw]) = 400
|w|—00

and
frt,y,u) > a|ul), Vte[0,T],Vy € RN, Vu e RM.

In order to study the I'-convergence of our optimal control problems we need to write them
in a more abstract framework. Let Y be the topological space W11(0, T’; RY ) endowed with the
L™ topology, and U be L*®(0,T; RM) endowed with the weakly* topology. Set

Fo(y,u) == Ju(y,u) + xa, (¥, u) (2.4)

where A, := {(y,u) € Y xU such that (2.2) is fulfilled}. The optimal control problem we are
studying can be written now in the following variational form,

i F, .
(Pn) (y,zglel}rflxu n (y, u)

Definition 2.1 We will say that the sequence (Py)n of optimal control problems

n i Fy(y,
(Pn) L (y,u)

I-converge to the optimal control problem (P) given by

' F
(P) LI (y,u)



if F(y,u) = I‘(]I\I,Z/{_,Y_)nli_)nolo F,(y,u). We recall that, by definition,

'IN,U ,Y ) nlggo F,(y,u) := nlgrolo (usﬁiu (ynlﬁiy F(Yn, un). (2.5)

Definition (2.5) was given for the first time by Buttazzo and Dal Maso in [10] and generalizes

the standard definition of I'-limit. The main reason why we look for the I'-limit (P) is the entailed
convergence of minimum point and values. More precisely, the following general result holds.

Proposition 2.2 Let Y and U be two topological spaces and let F,, : Y xU — R be a sequence
of functions. Let (ypn,un) be a minimum point for F,, or simply a pair such that

nll>nolo Fo(Ynsun) = nli)rgo[)}gg Fn]

Assume that ((yn,un))n converges to (y,u) in' Y XU and there exists
Fly,u) =T(INU,Y ") lim Fy(yn, un)-

Then, we have
(i) (y,u) is a minimum point for F on' Y X U;
(ii) lim [inf F}] = min F.

n—o0°Y xU Y xu
(For the proof see [10], Proposition 2.1, page 388.) For more references on the general theory of
I'-convergence see, e.g., [8] and [12].

Our aim is now to see under which convergence hypotheses on the sequences (ay,), (by,), and
(fn)n we are able to explicitly obtain the I'-limit F(y,u) = T'(IN,U ", Y ") limy 00 i (y, u).

To this goal we will also use the I'-convergence theory for supremal functionals developed in
[9]. The latest is mainly based on the duality theory for level convex functions studied, e.g., in
[4] and [14], therefore we need the following definition.

Definition 2.3 Let W be a Banach space and Z its dual space endowed with its weakly™ topology.
We will denote the duality product between Z and W by (-,-).

(i) Given ¢ : Z — IR U {—o0,+00}, we set p°(A\,w) := sup,{(z,w) : ¢(z) < A} for any
Aw) e Rx W.

(ii) Given ¢ : Z — R U {—o00,+00}, we set o°(\,w) := sup,{{z,w) : ©(z) < A} for any
Aw) e Rx W.

(iii) Given ¢ : IR x W — R U {—o00,+00}, we set 97(z) := sup,ep supy{A : ¥\, w) < (z,w)}
for any z € Z.

Following Volle in [14], we refer to ¢°, 97 as the conjugate functions of ¢ and 1) respectively,
and to %7, 7€ as the biconjugate functions of ¢ and 1) respectively. For simplicity we still call
¢¢ as a conjugate function of ¢.

Let us now introduce a new variable v in V := L®(0,T;R") endowed with the weakly*
topology, and define a sequence of functionals G, : Y x U x V — [0, +00] as follows

Gn(y,u,v) == Jn(y, w) + X{o(t)=bn (tu(t))} (4, ). (2.6)
Note that defining g, : [0,7] x RY x RM x RN — [0, +00] as

In (Y, u,v) == fr(t, Y, u) + X{v=b, (t,u)} (8 V), (2.7)

4



the functional G is still a supremal functional, precisely

Gn(y,u,v) = esssup gn(t, y(t), u(t), v(t)).
t€[0,T]

Notation. In what follows we will always consider the conjugate operation with respect to
the couple (u,v) with all the remaining variable fixed. In particular, we will always denote by

- St y, M q,p) 1 [0,T] x RY x R x RM x RY — R U {+o0} (g%), the conjugate function of
gn(t,y,-,-) for each fixed t € [0,T] and y € RY |

- GS(y, M\ q,p) : Y x R x LY(0,T;RM) x L'(0,T;RY) — R U {+oo} (GS) the conjugate
functional of Gy (y,-,-) for each fixed y € Y,

- @ (t,y,u,v) 1 [0,T] x RY x RM® x RYN — R U {+oc} the conjugate function of ¢(t,y, \, ¢, p)
with respect to the triple (¢,p,\) at ¢t € [0,7T] and y € R fixed.

We need to add the following assumption on the cost functional.

(HJ) There exist a function ¥ : Y/ — R bounded on the U-bounded sets, and a function w :
Y xY — R with lim, ,y w(z,y) =0, (Vy € Y), such that

Jn(y,u) < Jp(z,u) + ¥(u)w(y,z) Vy,z€Y, Vuel.
Theorem 2.4 Assume (HT) and (HJ). If the following hold,
(Han) HILrQO an(-,y) = a(-,y) weaklyL'(0,T;RY), for every y € RV.

(Hgn) Set )
A = {X € R such that Iny € N such that Gy (y,A,-,-) is proper Vn > ng}.

There ezists a function ¢ : [0,T] x RY x R x RM x RN — R U {+o0} such that

nli)nc}o gi(aya AaQap) = ¢('aya AaQap) weakly*Loo(O,T) V(y, AaQap) € ]R'N X A x ]R'M X ]R'N7

and

¢("ya)‘7'a') = —0 VyE]R,N, V)\EIR,\A

Then, the sequence of optimal control problems (Py,), ['-converges to the optimal control problem

(P) min {ess sup ¢ (t,y(t), u(t), y'(t) - a(t,y(t)))} :

(yu)eY XU | ¢efo,T)
Proof. By Definition 2.1 the thesis is

Fy,u) == T(IN,U",Y") lim Fo(y,u) = esssup 7 (t,y(t), u(®), ¢/ (1) — alt,y(®).  (28)
te[0,T]

where Fy,(y,u) = Ju(y,u) + x4, (y,u) (see (2.4)).

We first observe that setting C, := {(y,v) €Y xV : ¢/'(t) = an(t,y) + vVt € (0,T],y(0) = z},
definition (2.6) implies Fy,(y,u) = Gpn(y,u,v) + xc,, (y,v). Thus, [10, Proposition 2.2] allows us
to compute two separate I'-limits as follows

F(y,u) =T(N, U x V)7, Y7) lim Gn(y,u,v) +T(IN,V,Y7) lim xc, (y,v).



By [10, Theorem 3.4] (Han) entails
F(]Na Va Y )nhﬂngo XCn (ya U) = XC(ya U)

where C := {(y,v) €Y xV : ¢/(t) = a(t,y) + v(t) Vt € (0,T],y5(0) = z}.
To represent T'(IN, (U x V)7, Y ") limy, o0 Gy (y, u,v) we first note that (HJ) implies

(N, (U x V)7, Y7) lim Gn(y,u,v) = (N, (U xV)7) lim Gy(y,u,v).
So, by (Hgn), we can directly apply the general representation result Theorem 3.12 (and Remark
3.14) in [9], and conclude that

T(N, U xV)7,Y7) lim Gn(y,u,v) = ess sup ¢ (¢, y(t), u(t), v(t)).
n—o0o tE[O,T]

Summarizing, we have

F(y,u) = esssup (¢7(t,y(t), u(t), v(t)) + xc(y(t),v(1) )

te[0,T
which gives us (2.8) and concludes the proof. O
Remark 2.5 Notice that, by Theorem 3.12 in [9], Theorem 2.4 can be proved assuming, instead
of (Hgn),
(Hgnl) set

A :={) € R such that Iny € IN such that G¢,(y, A, -,-) is proper Vn > ng}.
There exists a function ¢ : [0,7] x RY x R x R™ x RY — R U {+0oc} such that
Tlim g7 (9, X,4,p) = ¢(,y,X,4,p) weakly" L®(0,T) Y(y, X q,p) € RV x Ax R x RY,

and
o,y A y) =00 Vye RN, VA€ R\ A.

We choose to state the result using g¢ instead of g¢ because of the link with the definition of
Hamiltonian for these problems that we will specify in Remark 4.1 below.

3 The linear case: examples

We consider now the important case of linear dependence on the control in the state equation,
i.e. by(t,u) = by(t)-u with b, € L>°(0,T;IRM). The main advantage is that now the convergence
hypothesis (Hgn) (or (Hgnl)) can be directly stated on the sequences (f,,), and (b,),. Indeed,
a calculation gives us

gn(t:y: A a,p) = fr(ty, A g +ba(t)p)  and g (ty, A q,p) = fa(t,y, A g + ba(t)p),
so hypothesis (Hgn) can be replaced by the following one.
(Hfn) Set
A := {) € R such that Iny € IN such that G (y, A, -,-) is proper Vn > ng}.
There exists a function ¢ : [0,7] x RY x R x R™ x RY — R U {+oc} such that
lim f7(y, A, q+ba(-)p) = ¢y, A, ¢, p) weakly*L*(0,T)¥(y, X, ¢,p) € RV xAxRY xR",

and
o,y A ) =—00 Vye RN, VAeR\A.



We want to describe now two examples in which a complete calculation of the I'-limit can be
done. The interesting fact is that the I'-limit is a purely variational problem. Indeed, although
the cost functional will not depend on 7, the limit problem will not simply be an optimal control
problem having the same cost functional and as state equation y'(t) = a(t,y) + b(¢)u(t) with
b the limit of (b,),- (Note that this already happens in the case of integral functionals with
weakly converging input operators as showed, for example, in [11]).

In both cases the state equation will be

{y'(t):a(t,y)—l—bn(t)u(t) t € (0,1] (3.1)

where a(t,y) is a given function fulfilling (2.3) and we will construct the sequence (by), as
follows. Fix b(t) € L*°(0,1), a > 0, > 0 such that b(t) > g for all ¢ € [0, 1], for each n € IN we
define

%< 2k +1

if < 1

b(t)+C¥ 1 n_t_( n A )a

tlt) = % + 1 2% + 2
o) —p i S <r< (IR,

fork=0,...,h—1ifn=2hand k=0,...,hifn =2h+

[y

Example 3.1
We consider the cost functional

J(y,u) = ess sup (¢ (L, y(t)) + c(t)[u(t)])
te[0,1]

where 1)(t,y) is a continuous positive function on [0,1] x RY, 4(t,-) is Lipschitz on RY for all
t €[0,1], and ¢(¢) : [0,1] = [¢, 00[, ¢ > 0, is continuous.
By calculation we get

vl g+ by (t)p| i A > 9i(t,y)

Fo(ty, A g + ba(t)p) = { _ if X <4(t,y)

thus, hypothesis (Hfn) is fulfilled with

(Af;lzg,y)) (%|q + (b(t) + )p| + 3|g + (b(t) — ﬂ)p\) if A > (¢, y)

o(t,y,A,q,p) := { o if A < 9(t,y).

Moreover (HT'), (HJ), (Han) can be easily verified, thus Theorem 2.4 applies and we obtain

as limit problem

2¢(t)
a+p

min {ess sup (w(t,y) + (Iy" = alt,y) = (O) + )ul V |y - alt,y) — (b(t) — ﬁ)UI)) } :

(yu)eY xU | tefo,1]

Example 3.2
The cost functional we consider now is

Ty, u) = etss[glll]p{ X(—s(ey.600) (w(t) + ly(®)] }
€lo,



where 6(¢f) > 0 is a measurable function. Hypotheses (HI'), (HJ), (Han) are satisfied and
calculating we have

E g+ b0l a3

so that, choosing

é(t,y, X\ q,p) = {

hypothesis (Hfn) is fulfilled too. The limit problem is

(3lg+ (b(t) + @)p| + 3lg + (b(t) — B)p)é(t) if A > |yl
—00 if A <lyl,

min {ess SUP X[—4(),5(t)] (a i 5 (Iy' —a(t,y) — (b(t) + )ul V [y’ — a(t,y) — (b(t) - ﬁ)UI)> + Iyl} :

YU | ef0,1]

We consider now an interesting slight modification,

J(y,u) =esssupq Xxi_s 5 ult
() t€[0,1] { [—8(t.y),0(ty)] (u(1)) }
where 6(¢,y) > 0 is a t-measurable function such that:

(i) for each fixed y € Y, and each y, — y in Y one has

WM X 5(tyn),60t0n)] (W) = X[—s(t0),0(t0)) (0); Yu €U,

n—oo

(ii) fix y € Y, for each fixed u € U, and each u,, — u in U one has

X 5(t,),6(6)] (Un) = X[=6(t,y),6(t.9)] ()-

n—oo

Note that now J(y, u) does not fulfill hypothesis (HJ), but one can directly check that (i) and (ii)
imply I'(IN, (U x V)7,Y ") limy_y00 Gr(y,u,v) = (N, (U x V)7)limy_y00 Gn(y,u,v). Therefore
Theorem 2.4 still applies. We obtain

g _ ) lg+ba(®)plo(t,y) fA>0

so (Hfn) is fulfilled with

Sy A ap) = { (_%o|g + (b(t) + a)p| + 3lg + (b(t) — B)pl)d(t, v) iii z 8’

and the limit problem is

2
Inin {efes[glll]p X[ 5(t,),6(t.9)] (m (ly" = alt,y) — (O(t) + ul V [y —a(t,y) — (b(t) — ﬁ)U\)) }
(3.2)

This example is interesting because the cost function is so degenerate that if we consider an
equivalent problem with integral cost functional and calculate the I'-limit we get the “same”
limit problem. More precisely, let us consider the state equation (3.1) and the integral cost
functional

1
J(y,u) = /0 X[=d(t,y),8(t,y)] (w(t))dt.

If we compute the I'-limit following the technique exploited in [11] we obtain as limit problem

1
it { [ x s (5 (9 = alt) = (60) + aul V Iy — alt,y) = (6(0) — B)ul) ) i}

Yxu a+p
which is, of course, equivalent to (3.2).



4 On the Hamilton-Jacobi equations

We are interested now in studying the stability properties for the Hamilton-Jacobi equation
related to the optimal control problems (2.1)-(2.2) entailed by the I'-convergence result (Theorem
2.4) and the implied properties (Proposition 2.2).

To this aim we first have to briefly resume the theory of viscosity solution for the Hamilton-
Jacobi equations related to optimal control problems in L™ developed by Barron-Ishii in [2].
Moreover, in order to directly apply their results, we will add some regularity assumption on
our data.

From now on we will refer to this set of assumptions as assumption (HHJ).

First, the optimal control will now take value in a compact set, more precisely if U is a
compact subset of RM, the controls u will live in ¢ := L*®([0,T];U) and similarly if V is a
compact subset of R”, the auxiliary function v will be in V := L>([0,T]; V). We will assume:

- For each n € IN, a,, + b, € BUC([0,T] x RN x U;RY).

- For each n € IN, there exists a constant M > 0 such that |a,(t,y) — an(t, 2)| < My — 2|,
for any y,z in RY and for all ¢ € [0, 7).

- For each n € N, f, € BUC([0,T] x RY x U).

Fix n € N, for each initial datum (7,z) € [0,7] x RN we define the value function

Va(r,z) := inf {ess sup fn(t,yg’w(t),u(t))}

ueld | 7<t<T

where y7»* is the solution of the state equation with initial datum z at time 7, i.e.

{ Yn(t) = an(t,yn(t)) +bn(t,u(t)) ¢ € (r,T]
Yn(T) = 2.

Fix n € IN, under the set of assumptions (HHJ) Barron and Ishii proved in [2, Proposition 1.5]
that V;, is in BUC([0,T] x RY) and V,,(T, z) = minycyr f(T, z,u). Moreover, they showed that
V., is the unique viscosity solution of the Hamilton-Jacobi equation

(Vn)t(t,.fﬂ) +Hﬂ(t’$’VﬂjDJ}Vn) :0 iIl (O,T) X ]R,N,
with terminal condition

min f,,(T,z,u) = Vp(T,z) in RV,
ucelU

and Hamiltonian H, : (0,7) x RY x R x R — R defined as follows
Hy(t, 2,2, p) := min{(an(t, @) +bn(t,0)) -p = fult,z,u) < A}

(For the proof see Theorem 3.2 and Theorem 4.2 in [2].)

Remark 4.1 Note that we can write an explicit relationship between the Hamiltonian H,, and
the function ¢ appearing in hypothesis (Hgn). Indeed, by definition of g,, see (2.7), and
Definition 2.3 (ii), we have

Hn(tama Aap) :p'a‘n(tax) _g'réz(tal‘a )‘a 07 _p)' (4-1)

Where, of course, in the definition of g¢ we are now considering U X V instead of RM x RN.



By the sake of completeness, we recall here the definition of viscosity solution for discontin-
uous Hamiltonians.

Definition 4.2 Let G be a function on (0,T) x RY xR x RY, possibly taking the values +o0o
or —o0o. A continuous function u on (0,T) x RYN is a viscosity solution of

u(t, ) + G(t, z,u(t, z), Dyu(t,z)) =0 in (0,7) x R",

i
(i) for any ¢ € C1((0,T) x RY) so that u — ¢ has a minimum at (s,y) € (0,T) x RN we have

¢t(35y) + G*(37y’¢(37y)aD$¢(say)) < 07
(ii) for any ¢ € C1((0,T) x RY) so that u — ¢ has a mazimum at (s,y) € (0,T) x RY we have
¢t(say) + G*(S’ya ¢(Say)7-DI¢(Say)) > 0.

Here G, and G* respectively denotes the lower and upper semicontinuous envelope of G with
respect to all variables.

As a direct consequence of the I'-convergence result we obtain the following convergence
property for the related sequence of value functions.

Theorem 4.3 If (HT'), (HHJ), (Han) and (Hgn) holds, then V,(7,z) — V(7,z) pointwise
in [0,T] x RY, where V is the unique viscosity solution of

Vi(t,z) + H(t,z,V,D,V) =0 1n (0,T) x RY (4.2)
with terminal condition
min ¢ (T,z,u,v) =V (T,z) nRN (4.3)
(u,w)EU XV

and Hamiltonian given by
H(t,z,\p) =p-a(t,z) — ¢"°(t,2,X,0, —p). (4.4)

Proof. By Theorem 2.4 and Proposition 2.2, we have V,(7,z) — V(7,z) pointwise in (0,7 x
RY, where V is the value function related to the I'-limit problem (P). More precisely,

V(r,z) == min {esssup¢7(t,yT””(t),u(t),v(t))}

(u)eUxV | te[r,T)

where y™* is the solution of

{ Y (t) = al(t,y(t) +v(t) te€ (r,T]

y(7) = =.

So by applying again the Barron -Ishii results (¢7, a + v still verify (HHJ)) we can conclude
that V is the unique continuous viscosity solution of the Hamilton-Jacobi equation (4.2) with
terminal condition (4.3) and Hamiltonian

H(t,ﬂ)’, Aap) = min {(a(t,w) + U) P ¢7(t,.’IJ,U,’U) < A} .
(uw)EUXV
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By Definition 2.3 (ii) we have indeed H(t,z,\,p) = p - a(t,z) — ¢7¢(t, z, A,0, —p) and this end
the proof. O

If we think at this result as a stability result, one is naturally leaded to check if V' is the
viscosity solution of the “limit Hamilton-Jacobi equation”. More precisely, if we define,

H(t,z,\p) :=p-a(t,z) — $(t,7,A,0, —p),
by observing that hypothesis (Hgn) imply
H,(-,z,\,p) = H(-,z,\,p) weakly*L>*(0,T), VY(z,\p)c RN xR xR", (4.5)
it is natural to ask ourself if V' is also a viscosity solution of
~Vi(t,z) + H(t,z,V,D,V) =0 in (0,7) x RY

with (4.3) as terminal condition. The answer is yes. This is due to the fact that, although in gen-
eral H(t,z,\,p) # H(t,z, \,p) (see example 4.6 below), their lower and upper semincontinuous
envelope coincide. More precisely the result is the following.

Corollary 4.4 Under the assumption of Theorem 4.3, V,(1,x2) — V(7,z) pointwise in [0,T] X
RN, where V is the unique viscosity solution of

Vi(t,z) + H(t,z,V,D,V) =0 in (0,T) x RN (4.6)
with terminal condition

(u,vr)réi[rjlxv ¢ (T, z,u,v) = V(T,z) inRY

and Hamiltonian given by

H(t,.T,A,p) ::p'a(t7 LI)’) - ¢(ta$a)‘70a _p) (47)

Proof. By Theorem 4.3 we already know that V' is a viscosity solution of (4.2) with terminal
condition (4.3), so by definition of viscosity solution for discontinuous Hamiltonian (Definition
4.2) we only have to prove that the lower and upper semicontinuous envelope of H and H
coincide. Our thesis in then the following:

H,(t,z,\,p) = H,(t,z,\,p), and H*(t,z,\,p) = H*(t,z,\,p). (4.8)
Let us first prove that
H(t,z,\+0,p) = H(t,z,\+0,p) and H(t,z,\—0,p) = H(t,z, ) — 0,p). (4.9)
By definition of H and H this means that we have to prove the following
é(t,z,A+0,0, —p) = ¢"(t,z, \+0,0, —p) and ¢(¢,z,A—0,0, —p) = ¢"(t, 2, A—0,0, —p). (4.10)

By [2, Proposition 2.1] we have that g¢(¢,z,,¢,p) is a non decreasing function and g¢¢ (¢, z, \, -, -)
is convex in RM x RY (or identically -00), so by (Hgn) ¢(t,z, \,q,p) enjoys the same prop-
erties. Moreover, by [14, Theorem 3.5] and [9, Proposition 2.7] we have ¢(t,z, A, q,p) =
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de(t, N, q,p) = $E(t,z, A\, q,p) for each X such that ¢(t,z,-,q,p) is a continuous function.
Therefore, by monotonicity, (4.10) and thus (4.9) follow.
To prove (4.8) we first observe that by definition we always have ¢¢ > ¢, thus H < H. Tt
follows
H,(t,z,\,p) < Hy(t,z,\,p) and H*(t,z,\,p) < H*(t,z,\,p).

Moreover, for each € > 0, H,(t, 2, A+ ¢,p) < H(t,z, A+ ¢,p), so by letting € — 0,
ﬁ*(t,.’E,A,p) S ﬁ(t,.’E,A +0’p) = H(taxa)‘ +Oap) = H*(tv’EaAap)

where we used (4.9) and [2, Proposition 2.5]. This complete the proof for the lower semicontin-
uous envelope. )
Again by [2, Proposition 2.5], (4.9) and the monotonicity of H, we have

H*(tafL‘a)‘ap) = H(t,.’L‘,)\ - Oap) = f{(t,.’I),A - Oap) Z ﬂ(t,.’I), Aap)a

thus H*(¢,z, A, p) > H*(t,z, \,p), and this complete our proof. O

Remark 4.5 Of course assumption (Hgn) is different from the usual assumption one would
like to have in a stability result for Hamilton-Jacobi equations. In one sense is weaker because of
the very weak convergence required in the ¢-variable, in the other is stronger because the latest
is required for each fixed (y,,q,p) € RN x A x R™ x RY. Indeed, the question if the result
still hold if we only ask H,, tends to H as in (4.5) is an open problem also in the easier integral
case. This, in a wider contest, is the subject of a work in preparation with G. Buttazzo.

We end this section by showing an easy example in which H is indeed different from H.

Note that in the simpler case of relaxation this is not true. Indeed, the relaxation result for
supremal functionals was proved by Barron and Liu ([4, Proposition 6.4]) by showing that V" and
the relaxed value function solve two Hamilton-Jacobi equations having the same Hamiltonian
and thus, by uniqueness, coincide.

Example 4.6 Let us consider the following state equation
y'(t) =bu te(r,1]
y(r) ==,

where b > 0 and u € [—10,10]. As cost function we choose

J(y,u) = efitsglp(lym(t)l +In(u(t)))

where

4+ E ifu > 1
bn(u) —{ Lyl €1 iffu] < 1.

One easily obtain V,,(7,z) = |z| + 1 for all n € IN and

—lplb(A — |z| = L) if A—lz| > 1+1
Hp(t,z,A\p) =4 —|plb(A—|z|—1)n if 1<A—|z] < 142
+oo if A—lz] < 1
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Thus one can directly check that V,, is a viscosity solution of

(V'ﬂ)t(t’x) + Hn(t’xaVnaDan) =0 in (O,T) X ]R,

with terminal condition

min(|z| + I,(u)) = Vo, (T,z) in RMN.
uelU

Letting n — oo we obtain that

) —lplb(A—z|) i AX—|z|] > 1
H,(t,z,\,p) = H(t,z,\,p) =< 0 if A—Jz] = 1
+00 if A—|z|] < 1,

while, calculating, we get

—lplb(A —l2]) if A —|z[>1

It is now easy to verify that H(¢,z,1+|z|,p) # H(t,z, 1+|z|,p) but H*(¢,z, A\, p) = H*(t,z,\,p)

and H,(t,z,\,p) = H.(t,z, \,p). Moreover, one can directly check that V is a viscosity solution
of both Hamilton-Jacobi equations (4.2) and (4.6).
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