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ABSTRACT. This paper proposes a direct approach to solve the Plateau’s problem in codimen-
sion higher than one. The problem is formulated as the minimization of the Hausdorff measure
among a family of d-rectifiable closed subsets of R™: following the previous work [DGM14], the
existence result is obtained by a compactness principle valid under fairly general assumptions
on the class of competitors. Such class is then specified to give meaning to boundary conditions.
We also show that the obtained minimizers are regular up to a set of dimension less than (d—1).

1. INTRODUCTION

Plateau’s problem consists in looking for a surface of minimal area among those surfaces
spanning a given boundary. A considerable amount of effort in Geometric Measure Theory
during the last fifty years has been devoted to provide generalized concepts of surface, area
and of “spanning a given boundary”, in order to apply the direct methods of the calculus of
variations to the Plateau’s problem. In particular we recall the notions of sets of finite perimeter
[De54l [Deb5], of currents [FE60] and of varifolds [AlI72, [ATI75 [AIm68], introduced respectively by
De Giorgi, Federer, Fleming, Almgren and Allard. A more “geometric” approach was proposed
by Reifenberg in [Rei60], where Plateau’s problem was set as the minimization of Hausdorff
d-dimensional measure among compact sets and the notion of spanning a given boundary was
given in term of inclusions of homology groups.

Any of these approach has some drawbacks: in particular, not all the “reasonable” bound-
aries can be obtained by the above notions and not always the solutions are allowed to have
the type of singularities observed in soap bubbles (the so called Plateau’s laws). Recently in
[HP13] Harrison and Pugh, see also [Harl4], proposed a new notion of spanning a boundary,
which seems to include reasonable physical boundaries and they have been able to show, in the
codimension one case, existence of least area surfaces spanning a given boundary.

In the recent paper [DGM14], De Lellis, Maggi and the third author have proposed a direct
approach to the Plateau’s problem, based on the “elementary” theory of Radon measures and
on a deep result of Preiss concerning rectifiable measures. Roughly speaking they showed, in
the codimension one case, that every time one has a class which contains “enough” competitors
(namely the cone and the cup competitors, see [DGM14, Definition 1]) it is always possible to
prove that the infimum of the Plateau’s problem is achieved by the area of a rectifiable set.
They then applied this result to provide a new proof of Harrison and Pugh theorem as well as
to show the existence of sliding minimizers, a new notion of minimal sets proposed by David in
[Dav14, Dav13] and inspired by Almgren’s (M, 0, 0c0), [AIm76].

In this note, we extend the result [DGM14] to any codimension. More precisely, we prove
that every time the class of competitors for the Plateau’s Problem consists of rectifiable sets
and it is closed by Lipschitz deformations, it is possible to show that the infimum is achieved
by a compact set K which is, away from the “boundary”, an analytic manifold outside a closed
set of Hausdorff dimension at most (d — 1), see Theorem below for the precise statement.
We then apply this result to provide existence of sets spanning a given boundary according to
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the natural generalization of the notion introduced by Harrison and Pugh, Theorem and to
show the existence of sliding minimizers in any codimension, Theorem

Although the general strategy of the proof is the same of [DGM14], some non-trivial modifi-
cations have to be done in order to deal with sets of any co-dimension. In particular, with respect
to [DGM14], we use a different notion of “good class”, the main reason being the following: one
of the key steps of the proof of our main result consists in showing a precise density lower bound
for the measure obtained as limit of the sequence of Radon measures naturally associated to a
minimizing sequence (Kj), see Steps 1 and 4 in the proof of Theorem In order to obtain
such a lower bound, instead of relying on relative isopermetric inequalities on the sphere as in
IDGM14] (which are peculiar of the co-dimension one case), we use the deformation theorem
of David and Semmes in [DS00] to obtain suitable competitors, following a strategy already
introduced by Federer and Fleming for rectifiable currents, see [FF60] and [AIm76]. Moreover,
since our class is essentially closed by Lipschitz deformations, we are actually able to prove that
any set achieving the infimum is a stationary varifold and that, in addition, it is smooth outside
a closed set of relative co-dimension one (this does not directly follows by Allard’s regularity
theorem, see Step 7 in the proof of Theorem |1.3]). Simple examples show that this regularity is
actually optimal.

In order to precisely state our main results, let us introduce some notations and definitions.
We will always work in R® and 1 < d < n will always be an integer number, we recall that a
set K is said to be d-rectifiable if it can be covered, up to an H? negligible set, by countably
many C' manifolds, see [Sim83, Chapter 3], where H? is the d-dimensional Hausdorff measure.
We also let Lip(R™) be the space of Lipschitz maps in R".

Definition 1.1 (Lipschitz deformations). Given a ball B, ,., we let ©(z, ) be the set of functions
¢ : R" — R" such that ¢(z) = z in R" \ B, and which are smoothly isotopic to the identity
inside B, ,, namely those for which there exists an isotopy A € C*°([0,1] x R™;R™) such that

/\(Oa ) = Id, )‘<17 ) =% A(t7 h) =h V(t, h) € [07 1] x (Rn \ Bm,r) and
A(t,-) is a diffeomorphism of R" V¢ € [0, 1].

0
We finally set D(z,r) := ©(x,r) N Lip(R™), the intersection of the Lipschitz maps with the
closure of ®(z,r) with respect to the uniform topology.

Observe that in the definition of D(z,r) it is equivalent to require any C* regularity on the
isotopy A, for k > 1, as C* isotopies supported in B(x,r) can be approximated in C* by smooth
ones also supported in the same set.

The following definition describes the properties required on comparison sets: the key prop-
erty for K’ to be a competitor of K is that K’ is close in energy to sets obtained from K
via deformation maps as in Definition This allows a larger flexibility on the choice of the
admissible sets, since a priori K/ might not belong to the competition class.

Definition 1.2 (Deformed competitors and good class). Let H C R™ be closed, K C R™\ H be
a relatively closed countably H%rectifiable and B, CR"\ H. A deformed competitor for K in
B, , is any set of the form

¢(K) where ¢¢€D(z,r).

Given a family P(H) of relatively closed d-rectifiable subsets K C R™\ H, we say that P(H)
is a good class if for every K € P(H), for every x € K and for a.e. r € (0, dist(z, H))

inf {H*(J): J € P(H),J\ Byr = K\ By} <HYL) (1.1)

whenever L is any deformed competitor for K in B, ,.
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Once we fix a closed set H, we can formulate Plateau’s problem in the class P(H):
myg := inf {HUK): K € P(H)}. (1.2)

We will say that a sequence (K;) C P(H) is a minimizing sequence if HY(K;) | mo. The
following theorem is our main result and establishes the behavior of minimizing sequences.

Theorem 1.3. Let H C R" be closed and P(H) be a good class. Assume the infimum in
Plateau’s problem is finite and let (K;) C P(H) be a minimizing sequence. Then, up to
subsequences, the measures ji; 1= ’HdLKj converge weakly* in R™\ H to a measure p = HOL K,
where K = spt u\ H is a countably H-rectifiable set. Furthermore:

(a) the integral varifold naturally associated to p is stationary in R™ \ H;

(b) K is a real analytic submanifold outside a relatively closed set ¥ C K with dimy(X) <

d—1.

In particular, liminf; HY(K;) > HY(K) and if K € P(H), then K is a minimum for (L.2).

We wish to apply Theorem [I.3] to two definitions of boundary conditions. The first one is
the natural generalization of the one considered in [HP13]:

Definition 1.4. Let H be a closed set in R”.
Let us consider the family

Cy = {’y B \ H : ~ is a smooth embedding of S"~? into R"} .
We say that C C Cp is closed by isotopy (with respect to H) if C contains all elements ' € Cy
belonging to the same smooth isotopy class [y] in R™\ H of any « € C, see [Hir94, Ch. 8]. Given
C C Cy closed by isotopy, we say that a relatively closed subset K of R"\ H is a C-spanning set
of H if
KN~y # 0 for every v € C.

We denote by F(H,C) the family of countably H%rectifiable sets which are C-spanning sets of
H.

We can prove the following closure property for the class F(H,C):

Theorem 1.5. Let H be closed in R™ and C be closed by isotopy with respect to H, then:
(a) F(H,C) is a good class in the sense of Definition[1.4
(b) If the infimum (L.2)) corresponding to P(H) = F(H,C) is finite, then the set K provided
by Theorem ongs to F(H,C). In particular the Plateau’s problem in the class
F(H,C) has a solution.

The second type of boundary condition we want to consider is the one related to the notion
of “sliding minimizers” introduced by David in [Dav14, [Dav13].

Definition 1.6 (Sliding minimizers). Let H C R™ be closed and Ky C R™ \ H be relatively
closed. We denote by 3(H) the family of Lipschitz maps ¢ : R” — R™ such that there exists a
continuous map ® : [0,1] x R" — R™ with ®(1,-) = ¢, ®(0,-) = Id and ®(¢, H) C H for every
t € [0,1]. We then define

A(H, Ko) = {K : K = p(Kj) for some ¢ € $(H)}
and say that Ky is a sliding minimizer if H¢(Kq) = inf{H(J) : J € A(H, Ko)}.

Remark 1.7. For every Ky C R™ \ H relatively closed and d-rectifiable, A(H, Ky) is a good
class in the sense of Definition since D(x,r) C ¥(H) for every B,, C R"\ H.

Applying Theorem to the framework of sliding minimizers we obtain the following result
which is the analogous of [DGMI4], Theorem 7] in any codimension. Here and in the following
Us(F) denotes the d-neighborhood of a set £ C R™.
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Theorem 1.8. Assume that
(i) Ko is bounded d-rectifiable with H(Ky) < 0o;
(ii) ’Hd(H) = 0 and for every n > 0 there exist § > 0 and I1 € X(H) such that
Lipll <147, I(Us(H)) CH.

Then, given any minimizing sequence (K;) in the Plateau’s problem corresponding to P(H) =

A(H, Ko) and any set K as in Theorem[1.3, we have
inf {HU(J): J € A(H,Ko)} = HUK) = inf {H)(J): J € A(H,K)}.
In particular K is a sliding minimizer.

Remark 1.9. It is far from obvious to prove the existence of a minimizer in the class A(H, Ky).
It is indeed false in general that the sliding minimizer K in Theorem belongs to A(H, Kj)
(see the discussion in [DGMI14, Remark 8]).

The paper is structured as follows, in Section [2] we will recall some basic definitions and
recall some known theorems we are going to use, in particular Preiss rectifiability criterion and
a version of the deformation theorem due to David and Semmes. In Section [3| we prove Theorem

and in Section [4 we prove Theorems [I.5 and
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2. NOTATION AND PRELIMINARIES

We are going to use the following notations: (),; denotes the closed cube centered in x,
with edge length [; moreover we set
a a}d [ b b
7, — X — 7’ —
2°2 2°2
When cubes, rectangles and balls are centered in the origin, we will simply write Q;, R4 and
B,.. Cubes and balls in the subspace R? x {0}"~? are denoted with Qil and BY  respectively.

T,

n—d
Rpapi=o+ | = ] and B, ={yeR" : [y—a|<r}.  (21)

We also let wy be the Lebesgue measure of the unit ball in R9.
Let us recall the following deep structure result for Radon measures due to Preiss [Pre87,
DelL08] which will play a key role in the proof of Theorem

Theorem 2.1. Let d be an integer and p a locally finite measure on R™ such that the d-density

O(x) := lim #(Bu.r)

r—0 wdrd
exists and satisfies 0 < 0(x) < 400 for p-a.e. x. Then p = OHIL K, where K is a countably
He-rectifiable set.

In order to apply Preiss’ Theorem, we will rely on the monotonicity formula for minimal
surfaces, which roughly speaking can be obtained by comparing the given minimizer with a cone.
To this aim let us introduce the following definition:

Definition 2.2 (Cone competitors). In the setting of Definition the cone competitor for K
in B, is the following set

Cor(K)=(K\Byy) U{dz+(1-Nz:2€ KNOBy,,A€[0,1]}. (2.2)

Let us note that in general a cone competitor in B, , is not a deformed competitor in B, ,.
On the other hand as in [DGM14] we can show that:
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Lemma 2.3. Given a good class P(H) in the sense of Definition for any K € P(H)
countably He-rectifiable and for every x € K, the set K verifies the following inequality for a.e.
€ (0,dist(z, H)):

inf {H4(J): J € P(H),J\ Byy = K\ By} < HY(Cyp(K)).
Proof. Without loss of generality, let us consider balls B, centered at 0 with B, CC R"\ H. We
assume in addition that K N B, is H4 '-rectifiable with H4~1(K NdB,) < oo and that r is a

Lebesgue point of ¢ € (0,00) — H (K NdB;). All these conditions are fulfilled for a.e. r and,
again by scaling, we can assume that r = 1 and use B instead of By. For s € (0,1) let us set

0, relf0,1—s),
SOS(T) = T_(i_S)v re [1757 1],
T, r=>1,

and ¢s(z) = s(|z|) & a7 for 2 € R”. In this way, one easily checks that ¢, : R" — R" € D(0,1).
Since ¢s(K N B1_s) = {0}, we need to show that

: HI"HKNOB
limsup H4(¢s(K N (B \ Bi—s))) < (d) =HY(C,,(K)).
s—0t
Let x9p € KNOB; and let us fix an orthonormal base vy, ..., 4 of the approximate tangent space

Ty, K such that v; € T, K N T,,0B; for i <d — 1. Let

d
TE 60 = |(\ D& (Tn K)| = D6, (1) A -+ A Do)
be the d-dimensional tangential Jacobian of ¢ with respect to K. A simple computation shows
that
s on(e) < (20 4 - al o) (2200

d—1
< 1+|1/d~3%\cp’5(\x])<%|gry)) , for He-ae. v € K.

(2.3)

Here & = z/|z| and in the last inequality we have exploited that ¢(r) < r for r € [1 — s,1].
Using that |vg - 2| is the tangential co-area factor of the map f(z) = |z|, we find with the aid of
the area and co-area formulas,

Hd(¢s(Km(B\B1_S))) :/Km(B\B )quﬁsdyd

JKpg dHe +

Ti s dM (2.4)

/Km (B\B1—s)"{|va-i|#0} /Kﬂ(B\Bl_S)ﬁ{z/dm}:O}

K
/ dt/ Jy ¢’f dH + HYK N (B\ Bi—s) N {|va - 2| = 0}),
1-s KNOB:

va - 2

l““ d ‘( B B — — ()’

the second term in (2.4]) can be ignored. Moreover, being ¢t = 1 a Lebesgue point of ¢ € (0, 00) —
HI (K NOBy), we have

1 1
lim - |[HE YK NdB;) — HI Y (K NdB)|dt =0.

s—0 8 1—s
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Thanks to this and to the estimate ([2.3]), we infer from (2.4)) that

1 [t s d—1 d-1( K B
lim sup 1 (05 (K N B)) < H*'(K N OB)limsup / (90 (t)> dt = w’
1-s

s—0+ s—0t+ S t d

as required.
O

The second key result we are going to use is a deformation theorem for closed sets due to
David and Semmes [DS00], analogous to the one for rectifiable currents [Sim83|, [Fed69]. We
provide a slightly extended statement for the sake of forthcoming proofs.

Before stating the theorem, let us introduce some further notation. Given a closed cube
Q = Qg and € > 0, we cover ) with a grid of closed smaller cubes with edge length ¢ < [, with
non empty intersection with Int(Q)) and such that the decomposition is centered in x (i.e. one
of the subcubes is centered in x). The family of this smaller cubes is denoted A.(Q). We set

Cr=|J{TNQ: T eA(Q),TNoQ #0},
Cy=|J{T € A(Q): (TNQ) ¢ C1, TNIC # 0}, (2.5)
Q':=Q\ (C1UCy)

and consequently

A(Q'UCy) ={T€eA(Q):TC(Q'UCy)}.
For each nonnegative integer m < n, let AW,L(Q1 UC%) denote the collection of all m-dimensional
faces of cubes in A (Q'UC) and AZ, (Q'UCs) will be the set of the elements of A, (Q'UCy)

which are not contained in d(Q' U Cy). We also let Se,,,(Q U Ca) := |JAcim(Q' U Co) be the
m-skeleton of order ¢ in Q' U Cs.

Theorem 2.4. Letr > 0 and E be a compact subset of Q such that HY(E) < +00 and Q C By, -
There ezists a map ®. g € D(xo, 1) satisfying the following properties:

(1) ®cp(z) = for x € R\ (Q' UCy);

(2) q) g(x) = forx € S q_1(QUCy);

(3) <I>5 (E N(Q'UCy)) C S-a(QTUC) UI(QIUCy);

(4) @, g(T) CT for every T € Aey(QY U Cy), withm =d,...,n

(5) either HY®. p(E)NT) =0 or HY (P g(E)NT) =HUT), for every T € A;d(Ql);
(6) HY (P p(E ﬂ T)) < kiHYENT) for every T € A(QY U Cy);

where ki depends only on n and d (but not on ¢).

Proof. Proposition 3.1 in [DS00] provides a map qgavE € D(xo,r) satisfying properties (1)-(4)
and (6). We want to set

O, p:=Vod. g,
where ¥ will be defined below. We first define ¥ on every T' € A, 4(Q' U Cy) distinguishing two
cases
(a) if either HY(®, p(E)NT) =0 or HY®. p(E)NT) = HUT) or T ¢ A% 4(Q), then we
set U|p = Id;
(b) otherwise, since CEJE(E) is compact, there exists y7 € T and ér > 0 such that Bs, (yr)N
&, p(E) = 0; we define

. T —
Yr(z) =2 +a(r - yT)mln{17|5TyT|}7

where o > 0 such that the point = + a(x — yr) € (9T) x {0}~
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The second step is to define ¥ on every 77 € A, 441(Q" U C2). Without loss of generality, we
can assume 71" centered in 0. We divide 7" in pyramids Pp s with base T € Ag7d(Q1 U Cs) and

vertex 0. Assuming T' C {2441 = —5, %442, ..., Tn = 0} and T' C {z442, ..., x,, = 0}, we set
2xd+1 T €
v x) = U - .
‘PT,T’( ) T xd—f—l 2

We iterate this procedure on all the dimensions till to n, defining it well in Q' U Cy. Since
Vio@rucy) = Id, we can extend the map as the identity outside Q' U Cy. In addition, one can

easily check that ¥ € D(z,r) and thus, since CI;; € D(zg,r) and the class D(zg, r) is closed by
composition, this concludes the proof. O

Later we will need to implement the above deformation of a set E on a rectangle rather than
a cube. The deformation theorem can be proved for very general cubical complexes, [Alm86];
however, for the sake of exposition, we limit ourselves to the simple case of a rectangular complex,
which can be deduced by Theoremthrough a bi-Lipschitz (linear) transformation of R™. More
precisely, let us consider a closed rectangle
RZZ[O,El]X‘--X[O,En] Elﬁ-"ﬁgn

and a tiling of R” made of rectangle e-homothetic to R. Let A®(R) denote the family of the
translated and e scaled copies of R and let us set

Cft:=J{TnR:T e AFR),TNOR# 0},
Cy = J{T e AB(R) : (T R) ¢ C, TnOCT # 0},
R' =R\ (CFucCH).
As before, for each nonnegative integer m < n, we let Afm(R1 U CJ) denote the collection of
all m-dimensional faces of rectangles in Af(R' U CJ') and ALy, (R' U CF) will be the set of the
clements of AZ, (R'UCS) which are not contained in d(R*UCH). We also let ST (R'UCT) :=
UAE, (R' U CE) be the m-skeleton of order ¢ in R' U C§*. Then the following theorem is an

immediate consequence of Theorem

Theorem 2.5. Letr > 0 and E be a compact subset of R such that HY(E) < 400 and R C By, -

There ezists a map ®. g € D(xo,7) satisfying the following properties:

(1) @ p(z) = forz € R*\ (Rt UCEH);

(2) @ (a:) =z forx € Sfd_l(R1 U Ck);

(3) ®.p(EN(R'UCH)) C SE(R'UCSH) UA(R UCS);

(4) ®p(T) C T for every T € AL, (R'UCH), withm =d,...,n

(5) ezther HYD. p(E)YNT) =0 or HU (@ pg(E)NT) =HUT), for every T € Agé(Rl);
(6) HY (P p(EN T)) <kHYENT) for every T € AR(R'UCE);

where k1 depends only on n, d and £,/¢1 (but not on €).

Note that this time the constant k; depends also from the ratio ¢,,/¢;. In the sequel we will
apply this construction only to rectangles where this ratio is between 1 and 4: 1 < ¢,,/¢; < 4,
thus obtaining a constant k; actually depending just on n and d.

3. PROOF OF THEOREM [L.3

Proof of Theorem|[1.3. Up to extracting subsequences we can assume the existence of a Radon
measure f on R™\ H such that

=, as Radon measures on R" \ H, (3.1)
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where p; = HK ;. We set K =sptpu\ H and divide the argument in several steps.
Step one: We show the existence of 0y = 0y(n,d) > 0 such that
w(Byr) > O war?, x € sptp and r < dy = dist(x, H). (3.2)

To this end, it is sufficient to prove the existence of 5 = 3(n,d) > 0 such that

M(Qm,l)Zﬁld, x €sptuand I < 2d,/vn.
Let us assume by contradiction that there exist « € spt u and | < 2d,/+/n such that
1
d

We claim that this assumption, for 5 chosen sufficiently small depending only on d and n, implies
that for some I, € (0,1)

1(Qz) =0, (3.3)

which is a contradiction with the property of x to be a point of spt . In order to prove ,
we assume that ;(0Q,,;) = 0, which is true for a.e. [.

To prove , we construct a sequence of nested cubes @; = @, , such that, if g is
sufficiently small, the following holds:

(1) Qo = Quy;
(i) 1(0Qz4;) = 0;
(iii) setting m; := pu(Q;) then:

1

a

D<o,
li

(iv) mip1 < (1 — k—ll)mz, where ky is the constant in Theorem (6);
(V) (1 - 481)l1 > li—i—l > (1 - 6&;)[2', where

1
1 m?

and k = max{6,6/(1 — (k}c—zl)é)} is a universal constant.
(vi) lim; m; = 0 and lim; ; > 0.
Following [DS00], we are going to construct the sequence of cubes by induction: the cube Qg
satisfies by construction hypotheses (i)-(iii). Suppose that cubes until step i are already defined.
Setting mi = Hd(Kj NQ;), we cover @; with the family A, ;,(Q;) of closed cubes with edge
length ¢;1; as described in Section [2 and we set C% and C% for the corresponding sets defined in

[2.5). We define Q;+1 to be the internal cube given by the construction, and we note that C%
and @;11 are non-empty if, for instance,

& Lo«

which is guaranteed by our choice of k. Observe moreover that Ci U C% is a strip of width at
most 2g;l; around 9Q);, hence the side l;11 of Q;11 satisfies (1 — 4e;)l; < liy1 < (1 — 2g;)l;.

Now we apply Theorem to Q; with F = K; and € = ¢;l;, obtaining the map ®;; =
®..1;, k- We claim that, for every j sufficiently large,

mi < k:l(mi - mg_H) +0;(1). (3.5)
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Indeed, since (k) is a minimizing sequence, by the definition of good class we have that
m] < mi+0j(1) < H (P (K; N Qi)+ 0j(1)
= H¢ (i (KN Q1)) + He (‘Pi,j (Kj N (C’i U Cﬁ))) +0;(1)
<l H (KGN (CLUCY)) + 0j(1) = ki (m] —mi_ ;) + oj(1).
The last inequality holds because H? (®; ; (K; N Qi41)) = 0 for j large enough: otherwise, by
property (5) of Theorem there would exist 7' € A%, ;(Qi+1) such that HYD; j(K;NT)) =
H(T). Together with property (ii), this would imply
lfl g = Hd(T) < Hd ((I)@j (KJ) N Q,) < kl,Hd (Kj N Qz) < klmg — kimy
and therefore, substituting (3.4]),
m;
kdﬁd klm’u
which is false if 5 is sufficiently small (m; > 0 because x € spt(u)). Passing to the limit in j in
(3.5) we obtain (iv):
kp—1
k1
Since liy1 > (1 — 4¢)l;, we can slightly shrink the cube Q41 to a concentric cube @}, with
iy > (1=6¢:)l; >0, n(0Q; ;) = 0 and for which (iv) still holds, just getting a lower value for

m;y1. With a slight abuse of notation, we rename this last cube @}, ; as Qi11.
We now show (iii). Using (3.6|) and condition (iii) for @;, we obtain

1 1 1 1
min _ (k—1\T _mi _(k-1\i 8
liv:i — k1 (1 - 6€i)li k1 1-— 6€i.

The last quantity will be less than § if

1 1
kp— 1\ 4 6 m]
<1 ) <1-6e=1-— " (3.7)

mMi41 S my;. (3.6)

kl kﬁ lz
In turn, inequality (3.7]) is true because (iii) holds for @;, provided we choose k > 6/ (1 - (1-

1/k1)%) Furthermore, estimating £y < 1/k by (iii) and (v), we also have €;11 < &;.
We are left to prove (vi): lim; m; = 0 follows directly from (iv); regarding the non degeneracy
of the cubes, note that

1

lo i 6 m/
— i f—> 1—6¢;) =
o 1m1n H £i) R B

I ‘ Og_\»—t

()
P —6ep) \ k1

>H< 1—660) <k1kzl>é>,

where we used ¢}, < ¢ in the last inequality. Since g < 1/k, the last product is strictly positive,
provided

kBl Ty

6
k>——

ki—1\d
- (M)

which is guaranteed by our choice of k. We conclude that I, > 0, which ensures claim ([3.3)).
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Step two: We fix x € spt u \ H, and prove that

Byy) .. :
T 'u(rd’) is increasing on (0, dg). (3.8)

The proof is a straightforward adaptation of the corresponding one in [DGM14, Theorem 2],
and amounts to prove a differential inequality for the function f(r) := p(B,,). In turn, this
inequality is obtained in a two step approximation: first one exploits the rectifiability of the
minimizing sequence (K;) and property to compare K; with the cone competitor C ,(Kj),
see . The comparison, a priori, is only allowed with elements of P(H ), so for almost every
r < dy the following holds:

Fi(r) = HUK;) — HYEK; \ Bey) < mo+0j(1) — HY(K; \ Byy)
<oj()+ inf HYUK')—HYK;\ Ber) < o0;(1) + inf HYK' N B,,),

K'eP(H) K'eP(H)
K\Byr=K;\Be.r

where f;(r) := H%(K; N B;,). Nevertheless, K; can be compared with its cone competitor, up
to an error infinitesimal in j, thanks to Lemma [2.3] We recover
inf HYK' N By,) < 0j(1) + HYCy(K;) N B
S U ) < 05(1) 4 HY(C () N B
K'\By,r=K;\Bq,,

< 0j(1) + SHI NG N 0Bey) = 0y(1) + S F1(0r)

One then passes to the limit in j and obtains the desired monotonicity formula. We refer to
[IDGM14, Theorem 2] for the conclusion of the proof of (3.8).

Step three: By (3.2]) and (3.8)), the d-dimensional density of the measure p, namely:

O(x) = lim f(r)

r—0t Wqr

>901

exists, is finite and positive y-almost everywhere. Preiss’ Theorem u implies that p = OHIL K
for some countably H%rectifiable set K and some positive Borel function 0. Since K is the
support of u, then Hd(K \ K) = 0. On the other hand, by differentiation of Hausdorff measures,
yields HY(K \ K) = 0. Hence K is d-rectifiable and p = HL K.

Step four: We prove that 6(z) > 1 for every € K such that the approximate tangent space to
K exists (thus, H%a.e. on K). For further use (see step 7 below) we actually prove a slightly
more general results: 6(x) > 1 for every x € K \ H such that there exists a sequence 7 | 0 for
which

MTd SO HILT, ask— +oo (3.9)

k

where 7 is a d-dimensional plane. Here the measures ji, , are defined as py,(A) = p(z + rA)
for every Borel set A.

Let us assume without loss of generality that z = 0 and 7 = {441 = ... = z, = 0}. Note
that ji,, are supported on (K —x)/r and that and the lower density estimates (3.2]) imply
that the support of p, ,, has to converge in the Kuratowski sense to the support of HA 7. In
particular, for every € > 0, there are infinitely many small p > 0 such that

KNB,cC {y ER™ - [y, s |yn] < — (3.10)

100 }
Let us now assume, by contradiction, that 6(0) < 1. Thanks to and (3.10) we can slightly
tilt p to find r > 0 and « < 1 such that p(9Q,) = 0 and

(Qr)

<a<l, KN(@Qr\Rye) =0, (3.11)
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where R, ., is defined as in (2.1). In particular, since y; are weakly converging to u, we get that
for j > j(r)

K (QT)

rd

<a<1l and pi(Qr\ Rrer) = 04(1), (3.12)

We now wish to clear the small amount of mass appearing in the complement of R, .,.: we
achieve this by repeatedly applying Theorem We set Q, N {zqy1 > 57} = R, and we
apply Theorem to this rectangle with E = KJQ := Kj, obtaining the map ¢7 ;. We recall
that the obtained constant kj for the area bound is universal, since it depends on the side
ratio of R, which is bounded from below by 1 and from above by 4, provided € small enough.
We set KJ1 = <p1,j(K]Q) and repeat the argument with @, N {z441 < -5} =: Rand E := K},
obtaining the map ¢ ;. We again set sz = o (K ]1) and iterate this procedure to the rectangles
Qr M {zag42 > 57}, ..., Qr N{x, < =51} After 2(n — d) iteration, we set

2(n—d
KD = gpay g 0 0 p14(K).

We are going to use the cube QTO, /7 because, taking e small enough, then V€ > 4Ce, where
C > 1 is the side ratio considered before. This allows us to claim that

2(n—d
Hd(Kj( ) A (QT(l—\/E) \Rr(l—\/g),(%ar)) =0. (313)
Otherwise there would exist a d-face of a smaller rectangle 7' C (Q, \ Ry .r) such that

HIUE " NT) = HUT) > e,

which would lead to the following contradiction for j large:

elrd < HUT) < H? (Kf(”_d) N(Qr\ Rmr)) < DY (K0 (Qp \ Rrer)) = 0;(1).

In particular, we cleared any measure on every slab

n

U {367" < |ZL'@‘ < (1 — \/g)g} ﬂQT(l_\/g).

1=d+1

We want now to construct a map P € D(0,7), collapsing R, (1_ /z)6er Onto the tangent plane.
To this end, for z € R", z = (2/,2") with 2/ € R? and 2” € R"™¢, we set

2’| := max{|x;| : i =1,...,d} |l2"| := max{|x;| : i =d+1,...,n} (3.14)
and we define P as follows:

-3 17 .
Pla) (o', g(fla' ) U2 2+ (1= g(l|2/]1))2")  if maxc{[a/]], "]} < r/2
Id otherwise,

(3.15)

where g : [0,7/2] — [0,1] is a compactly supported cut off function such that

g=1 on [0,7(1—+/2)/2] and lg'| <10/rv/z.

It is not difficult to check that P € D(0,r) and that Lip P < 1+ C'/e, for some dimensional
constant C. .
We now set K := P(K;(n_d)), which verifies, thanks to (3.13)),

Hd (kv] a (Q(l—ﬁ)r \ Qill,\/g)r)> =0 (316)
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and

HA(K; N (Qr \ Qra-yay)) < (14 C\/E)de(K?(n_d) N(Qr\ Qra—yz))
< (1+ CVER DMK, 0 (Qr \ (Qra—ys) U Rrer)))

+ (L + CVOHYE; N (Rrer \ Qv )
< 0j(1) + (L+ CVEYHY(K; N (Rrer \ Qra_y)) »

where in the last inequality we have used (3.12]). Moreover, by using (3.11]), (3.12) and (3.16)),

we also have that, for € small and j large:

(3.17)

a7 d (7 d( pr2(n—d)
HUK;NQL z) _ HUE N Qra-ye) < +C\/E)H (K NQy)
(T = V3! EUENCIE z
<a+o(1) <1
As a consequence of (3.18) and the compactness of I?/j, there exist y; € Qfll, o and 0; > 0
such that, if we set y; := (y},0), then
7 d d d

After the last deformation, our set f(\; N Qr(l_ /7) 1s contained in the tangent plane and we want

to use the property (3.19) to collapse k\; N Q-7 into (GQ((ilf\/g)r) x {0}, To this end,
for every j € N let us define the following Lipschitz map:

‘ . (QZ, + 297$, I”) if x € Rr(l—\/g),v"
pj(z) = .
T otherwise,

with

' /
TY L (=4l

/ .
z: . :=minq 1,
0 r

J?x

Vi, (1'/ - y})?

where 7;, > 0 is such that o’ + ;. (2 —y}) € an(ilfﬁ)r x {0}"~% and ||2”|| is defined in (3.14)).
One can easily check that ¢; € D(0,r). Moreover, setting goj(.f?;) =: K7, we have that
KJI \ Qr = Kj \ Qr
and
HUKG N Qo) =0, (3.20)
thanks to (3.16]), since
d( 50 n—d
H(0QE_ z, < {0} 1) =0,

Since P(H) is a good class, by ([1.1]) there exists a sequence of competitors (J;)jen C P(H) such
that J; \ Bo, = K; \ Bo, and H4(J;) = Hd(K]’-) + 0;j(1). Hence, thanks to (3.17) and (3.20)),
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we get
HIUK;) = HU(Tp) = HOUEG) = HUKS) = 0j(1) = HUKG N Q) = HAKG N Qr) — 05(1)
> H? (Kj N Qr(1_ﬁ)> +He (Kj N (Rrer \ Qm-ﬁﬂ) +
—0j(1) = (L+ CVe)H* (Kj N (Ryer \ Qr(p\/g)))
> K4 (Kj N Qm-ﬁ)) — Cy/eH? (Kj N (Rrer \ Qm-ﬁ))) —0;(1).
Passing to the limit as j — oo and using , and , we get
lim, inf HO(K;) > lim inf H(J;) + (Qr1—yz)) — CV/er?
> limjinf HAT,) + (80(1 — V/e)? — CVe)rd.

Since, for € small, this is in contradiction with K; be a minimizing sequence, we finally conclude
that 6(0) > 1.

Step five: We now show that 6(z) < 1 for every z € K such that the approximate tangent
space to K exists. Again, for further purposes, we will actually show that 6(z) < 1 for every
x € K\ H such that holds. Arguing by contradiction, we assume that (z) =140 > 1.
As usually, we assume that z = 0 and 7 = {y : Y441,...,¥n = 0}. By the monotonicity of the
density established in Step 2, for every € > 0 we can find r > 0 such that

w(Qr)

KNQ, C Ry, 14+0< 7 S1l+o+eco (3.21)
r
Since HeL K j converges to u we have
d(7-. O\ d d ) [ C
HYUK;NQy) > (14 5 )7 HY(EK;NQr) \ Rrer) < T Vi > jo(r), (3.22)

Consider the map P : R” — R™ € D(0,r) with Lip P < 1+ C+/e defined in (3.15]), which
collapses R,.(;_, /7)., onto the tangent plane. By exploiting the fact that P(H) is a good class,
we find that
/Hd(Kj n QT) - Oj(l) < Hd(P(KJ N R(l—ﬁ)r,sr)) +Hd(P(K] N (RT‘7€T‘ \ R(l—ﬁ)r,s'r)))
n I
+ %d(P(Kj N(Qr\ Rrer))) -
I3

By construction, I; < r¢, while, by (3.22),
. o
I3 < (Lip P)* HY(K; 0(Qr \ Brer)) < (1+C V)T ot

Hence, as j — oo,
(1 + z)rd <r? 4+ liminf I + (1 + C\@)dgrd,
2 j—0o0 4
that is,

I
o < liminf . (3.23)
j—oo T

2 4
By (3.21]), we finally estimate that

limsup In, < (14 C\@)dﬂ(Qr \ Q(l—\/g)r)

j—00

<1 (1+C\@)d)

IN

(1+c\/§)d((1 tot+eo)—(1+o)(l— \/ad) rd. (3.24)
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By choosing ¢ sufficiently small, and provide the desired contradiction. In partic-
ular, by combining this with the previous step we deduce that § = 1 for every x such that K
admits an approximate tangent space at x, that is for % almost every x. Classical argument
in measure theory then implies that p = H¢_ K.

Step siz: We now show that the canonical density one rectifiable varifold associated to K is
stationary in R™ \ H. In particular, applying Allard’s regularity theorem, see [Sim83, Chapter
5], we will deduce that there exists an H%negligible closed set ¥ C K such that I' = K\ ¥ is a
real analytic manifold. Since being a stationary varifold is a local property, to prove our claim
it is enough to show that for every ball B CC R™ \ H we have
HU(K) < HY($(K)) (3.25)

whenever ¢ is a diffeomorphism such that spt{¢ — Id} C B. Indeed, by exploiting (3.25) with
¢ =Id+tX, X € C}(B) we deduce the desired stationarity property.

To prove we argue as in [DGM14, Theorem 7]. Given £ > 0 we can find § > 0 and a
compact set K C K N B with #%((K\ K)N B) < ¢ such that K admits an approximate tangent
plane 7(z) at every z € K,

sup sup |Vo(z) —Vo(y)|<e,  sup sup d(n(z),7(y)) <e, (3.26)
zeK YE€Ba s z€K y€KNBy 5

where d is a distance on G(d), the d-dimensional Grassmanian. Moreover, denoting by S, , the
set of points in B, , at distance at most e from = 4 7(z), then KN B, , C S, , for every r < ¢
and z € K. By Besicovitch covering theorem we can find a finite disjoint family of closed balls
{B;} with B; = By, ,, C BCCR"\ H, z; € K, and r; < §, such that H*(K \ U, B;) < . By
exploiting the construction of Step four, we can find j(¢) € N and maps P; : R" — R" with
Lip (P;) <14 C /e and P; = 1d on BY, such that, for a certain X; C S; = Sz, o1,

Pz(Xz) Cc B;n (ZEZ + 71'(1‘1)) ,

”Hd(Pi((KjﬂBi) \Xi)) <CyEward, V> (). (3.27)

Denoting with J7 the d-dimensional tangential jacobian with respect to the plane 7 and by
J j( the one with respect to K and exploiting (3.26)), (3.27), the area formula and that wy rf <
HU(K N B;) (by the monotonicity formula), and setting o = HA((K \ K) N B;), we get

HUS(P(K; N X,)) = / T3 g (@) dm (@) < (I @) + &) warf
Pi(K;NX;)

< / (JE 3(x) + 2€) dHY () + (Lip)* + &) o
KnB;
= HU (K N By)) +2e HYK N B;) + ((Lip ¢)? + €) a,

< (JTUD () + &) HUK N By) < (J7 (@) + £) (MUK N By) + )

(3.28)

where in the last identity we have used the area formula and the injectivity of ¢. Since P; = Id
on Bf, ¢ =1Id on B¢, B; C B and the balls B; are disjoint, the map ¢ which is equal to ¢ on
B\ U;B;, equal to the identity on B¢ and equal to ¢ o P; on B; is well defined. Moreover, by

, we get
HUG(K))) < HY(G(K)) + Ce
where C' depends only on K. By exploiting the definition of good class, we get that
HIUK) < HUS(K;)) + 0(1) < HI((K)) + Cc + 05(1).
Letting j — oo and € — 0 we obtain .
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Step seven: We finally address the dimension of the singular set. Recall that, by monotonicity,
the density function
HYKNB
04K, z) = lim —( y er)
r—0 wqr
is everywhere defined in R” \ H and equals 1 H%almost everywhere in K. Fixing z € K and

a sequence 7 | 0, the monotonicity formula, the stationarity of H%L K and the compactness
theorem for integral varifolds [AlI72, Theorem 6.4] imply that (up to subsequences)

K —
HAL < x> — ¥V locally in the sense of varifolds, (3.29)
Tk

where
(a) V is a stationary integral varifold: in particular @4(||V||,y) > 1 for y € spt(V);
(b) V' is a cone, namely (0y)4V =V, where )(z) = Az, A > 0;
(c) ©(IV],0) = ©U(K, ) > ©(|[V]],y) for every y € R™.
Recall that the tangent varifold V' depends (in principle) on the sequence (ry). We denote

by TanVar(K,z) the (nonempty) set of all possible limits V as in (3.29)), varying among all
sequences along which (3.29) holds. Given a cone W we set

Spine(W) = {y € R" : ©(|W||,y) = ©(|W],0)}. (3.30)

By [AImO00, 2.26], Spine(WV) is a vector subspace of R", see also [Whi97, Theorem 3.1]. We can
stratify K in the following way: for every k£ = 0,...,n we let

A :={r € K: for all V € TanVar(K, z), dim Spine(V) < k}.

Clearly Ag C -+ C Ay = --- = Ay; moreover the following holds: dimy Ay < k, see [Alm00}, 2.28]
and [Whi97, Theorem 2.2]. In order to prove our claim, we need to show that Az\ Ag—1 C K\,
where X, as in Step six. To this end we note that the monotonicity formula for stationary
varifolds implies that if W is a d-dimensional stationary cone with dim Spine(W) = d, then
Wl = e4(|W|,0)HL« for some d-dimensional plane E| m. In particular since every x €
Ag\ Ag—1 admits at least one flat tangent varifold, for every such x there exists a sequence ry,
satisfying
K —
Tk

HL v — mHL

moreover m = O%(K,z) by (c). But then, the very same proof of Step five above implies that
O%K,z) = 1. Thus every x € Ag\ Ay_; satisfies the hypotheses of Allard’s regularity Theorem
[AIl72] Regularity Theorem, Section 8], implying that K N Q%% is a real analytic submanifold.
Equivalently x ¢ 3 and this concludes the proof.

O

4. PROOF OF THEOREMS AND [LL8]

In this Section we prove Theorem [I.5] and With Theorem [1.3] at hand, the proofs are
quite similar to the corresponding ones in [DGM14] (see Theorems 4 and 7 there), hence we
limit ourselves to provide a short sketch underlying only the main differences.

Proof of Theorem [1.5. We start by proving that F(H,C) is a good class in the sense « of Definition
let K € F(H,C),z € K, r € (0,dist(z, H)) and ¢ € D(z, 7). We show that p(K) € F(H,C)

ndeed up to a rotation spt(W) = Spine(W) x T, where T is a cone in R"~%. If T" # {0} then ©%(||W||,0) >
O (||W||,y) for any y € Spine(W) \ {0}, which contradicts (B.30).
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arguing by contradiction: assume that v(S™~) N ¢(K) = @ for some v € C and, without loss of
generality, suppose also that v(S™~4) N (K \ B;,) = 0. By Definition [I.1| there exists a sequence

(pj) CD(x,r) such that lim [|¢; — ¢l|co = 0.
j

Since v(S™¢) is compact and ¢; = Id outside B, ., for j sufficiently large v(S™~ %) N, (I?) =
moreover ¢; is invertible, hence (pj_l (W(S"*d)) NK = (. But the property for ¢; of being
isotopic to the identity implies cpjfl oy € C, which contradicts KeF (H,C). This proves (a).
Given a minimizing sequence (K;) C F(H,C) which consists of rectifiable sets, we can
therefore find a set K with the properties stated in Theorem In order to conclude (b),
namely that K € F(H,C), we refer to [DGM14, Theorem 4(b)]: the proof is the same.
U

Proof of Theorem|[1.8, As already observed in Remark A(H, Kj) is a good class and we
can therefore apply Theorem We thus know that HL K § A pu = HULK and that K is
a smooth set away from H and from a relatively closed set 3 of dimension less or equal than
(d —1). The conclusion of the proof can now be obtained by repeating verbatim Steps 4 and 6
in the proof of Theorem 7 in [DGM14].

O
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