THE NEHARI MANIFOLD FOR FRACTIONAL SYSTEMS
INVOLVING CRITICAL NONLINEARITIES

XIAOMING HE, MARCO SQUASSINA, AND WENMING ZOU

ABSTRACT. We study the combined effect of concave and convex nonlinearities on the
number of positive solutions for a fractional system involving critical Sobolev exponents.
With the help of the Nehari manifold, we prove that the system admits at least two positive
solutions when the pair of parameters (A, i) belongs to a suitable subset of R2.
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1. INTRODUCTION

This paper is concerned with the multiplicity of positive solutions for the following elliptic
system involving the fractional Laplacian

(=AY u = Mu|9%u + 22 |u|*2ulv|® in Q,

a-+
(1.1) (=A)*v = plo|t™%v + 2 [u*[v]*20  in Q,
u=v=0 on 0f2,

where Q € RY is a smooth bounded domain, \,x >0, 1 < ¢ < 2 and a > 1,8 > 1 satisfy
a+pf=2=2N/(N —2s),se (0,1) and N >2s. When o =, + =p <25, A= p and
u = v, problem (1.1) reduces to the semilinear scalar fractional elliptic equation

(—=A)su = Nu|9%u + |[u|P~2u in Q,
u=0 on 0f.

Recently, a great attention has been focused on the study of nonlinear problems like (1.2)
which involve the fractional Laplacian. This type of operators naturally arises in physical
situations such as thin obstacle problems, optimization, population dynamics, geophysical
fluid dynamics, mathematical finance, phases transitions, straitified materials, anomalous
diffusion, crystal dislocation, soft thin films, semipermeable membranes, flames propagation,
conservation laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic flows,

(1.2)
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multiple scattering, minimal surfaces, materials science and water waves, see [21]. We refer
to [12,23,25,28,29,31,34] for the subcritical case and to [3,4,11,14,15,22,24,26,30] for the
critical case. In the remarkable paper [9], Caffarelli and Silvestre gave a new formulation of
the fractional Laplacian through Dirichlet-Neumann maps. This is extensively used in the
recent literature since it allows to transform nonlocal problems to local ones, which permits
to use variational methods. For example, Barrios, Colorado, de Pablo and Sénchez [3] used
the idea of the s-harmonic extension and studied the effect of lower order perturbations in
the existence of positive solutions of (1.2). Bréndle, Colorado and de Pablo [5] investigated
the fractional elliptic equation (1.2) involving concave-convex nonlinearity, and obtained an
analogue multiplicity result to the problem considered by Ambrosetti, Brézis and Cerami
in [2]. In the case ¢ = 2 and p = 2}, Servadei and Valdinoci [26] studied (1.2) and extended
the classical Brézis-Nirenberg result [6] to the nonlocal case. In [8], Cabré and Tan de-
fined (—A)l/ 2 through the spectral decomposition of the Laplacian operator on € with zero
Dirichlet boundary conditions. With classical local techniques, they established existence of
positive solutions for problems with subcritical nonlinearities, regularity and L°°-estimates
for weak solutions. In particular, Tan [30] considered

(1.3) {(—A)1/2u = M+ udTin Q,

u=0 on 0f2,

investigating the solvability (see also [34] for a subcritical situation). Very recently, Col-
orado, de Pablo, and Sanchez [14] studied the following nonhomogeneous fractional equation
involving critical Sobolev exponent

(—=A)u = |u|>"2u+ f(zr) inQ,
u=20 on 0f2.

and proved existence and multiplicity of solutions under appropriate conditions on the size
of f. For the same problems, Shang, Zhang and Yang [22] obtained similar results.

The analogue problems to (1.1) for the Laplacian operator have been studied extensively
in recent years, see [1,13,19,20,32,33] and the references therein. In particular, Hu and
Lin [20] studied the Laplacian system with critical growth and obtained the existence and
multiplicity results of positive solutions by variational methods.

The purpose of this paper is to study system (1.1) in the critical case a4+ f = 2%. Using
variational methods and a Nehari manifold decomposition, we prove that system (1.1) admits
at least two positive solutions when the pair of parameters (A, 1) belongs to a certain subset
of R?. To our best knowledge, there are just a few results in the literature on the fractional
system (1.1) with both concave-convex nonlinearities and critical growth terms. We point
out that we adopt in the paper the spectral (or regional) definition of the fractional laplacian
in a bounded domain based upon a Caffarelli-Silvestre type extension (see [14]), and not the
integral definition. We shall refer to [27] for a nice comparison between these two different
notions. In [18], a problem like (1.1) with ¢ = 2 is investigated, using the integral notion,
from the point of view of existence, nonexistence and regularity.

To formulate the main result, we introduce

2 2
2F —¢q g 25—a\ 2—¢ 2—q 2% 252
1.4 A= =2 N)"2|Q| = L (ksS,, ,

S
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where || is the Lebesgue measure of €2, ks is a normalization constant and S(s, N), S, g are
best Sobolev constants that will be introduced later. For v > 0, we also consider

¢y = {(\p) ERL: 0< ATq +,u2%q <~}
Then we have the following

Theorem 1.1. The following facts holds

(1) system (1.1) has at least one positive solution for all (A, u) € G, .
(13) there is Ao < Ay such that (1.1) has at least two positive solutions for (A, pu) € Ep,.

Concerning regularity, one can get a priori estimates for the solutions to (1.1) and hence
obtain, as in [3, Proposition 5.2], that u,v € C*°(Q) for s = 1/2, u,v € C¥2(Q) if 0 < s <
1/2 and u,v € CH*71(Q) if 1/2 < s < 1.

The paper is organized as follows. In Section 2 we introduce the variational setting of the
problem and present some preliminary results. In Section 3 we show that the Palais-Smale
condition holds for the energy functional associated with (1.1) at energy levels in a suitable
range related to the best Sobolev constants. In Section 4 we give some properties about the
Nehari manifold and fibering maps. In Section 5 we investigate the existence of Palais-Smale
sequences. In Section 6 we obtain solutions to some related local minimization problems.
Finally, the proof of Theorem 1.1 is given in Section 7.

2. SOME PRELIMINARY FACTS

In this section, we collect some preliminary facts in order to establish the functional
setting. First of all, let us introduce the standard notations for future use in this paper. We
denote the upper half-space in Rf +1 by

Rf“ ={z=(z,y) = (z1,--- ,zn,y) € RNy > 0}.
Let Q ¢ RY be a smooth bounded domain. Denote by
Co =0 x (0,00) € RYT

the cylinder with base € and its lateral boundary by 9;Cq := 92 x (0,00). The powers
(—A)® of the positive Laplace operator —A, in 2, with zero Dirichlet boundary conditions
are defined via its spectral decomposition, namely

(—A)u(z) = a;pip;(x),
j=1

where (p;, ;) is the sequence of eigenvalues and eigenfunctions of the operator —A in
under zero Dirichlet boundary data and a; are the coefficients of u for the base {¢;}72; in

L?(2). In fact, the fractional Laplacian (—A)® is well defined in the space of functions
s = 2 = 2 s 1/2
H3(Q) = {u="Y"aj0; € LX)+ Jullmg = (Y adpj) " < o},
j=1 j=1

and [lullgg = H(_A)S/2UHL2(Q). The dual space H*(2) is defined in the standard way, as

well as the inverse operator (—A)~%.
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Definition 2.1. We say that (u,v) € H3(Q) x H§(Q) is a solution of (1.1) if the identity
[ (a)iu-a)k0n + (-a)u(-A)bp) do = [ Ol Zups + plol Zupa)do
Q Q
2 2
- fﬁ /Q Ju|*2ulv|Porda — a—l—ﬁﬁ /Q [u|*|v|*~2vpadz = 0,
holds for all (¢1,p2) € HS(2) x HE(L).

Associated with problem (1.1), we consider the energy functional

1

)= 5 [ (1A + 1205 0) do— < [ (lal? + oo

2
/ lu|*|v|Pda.
a+f Jo

The functional is well defined in H§(€2) x H{(€2), and moreover, the critical points of the
functional 7, correspond to solutions of (1.1). We now conclude the main ingredients of a
recently developed technique used in order to deal with fractional powers of the Laplacian.
To treat the nonlocal problem (1.1), we shall study a corresponding extension problem, which
allows us to investigate problem (1.1) by studying a local problem via classical variational
methods. We first define the extension operator and fractional Laplacian for functions in
HE(2) x H5(2). We refer the reader to [3-5,10] and to the references therein.

Definition 2.2. For a function v € H§(2), we denote its s-harmonic extension w = Eq(u)
to the cylinder Cq as the solution of the problem

div(y'=2Vw) =0 in Cq

w=20 on 0r,Cq

w = u. on  x {0},
and

(~A)u(z) = —k, lim yl-%(gjm,y),

y—0+
where ks = 2'72T(1 — 8)/T'(s) is a normalization constant.

The extension function w(z,y) belongs to the space

X[S)(CQ) = CgO(Q X [07 OO))”.HX(S)(CQ)

endowed with the norm

1/2
12l xs(cq) = <ks/c y1_25|V2|2dxdy> )
Q

The extension operator is an isometry between H(2) and X§(Cq), namely

lullgs @) = 1Es (W)l x5cq)s  for all u € HF(Q2).
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With this extension we can reformulate (1.1) as the following local problem

—div(y'=2Vw;) =0, —div(y'"?*Vws) =0 in Cq
wy = wz =0 on JrCq
(21) wl = u w2 = on Q X {0}
?f;}i = Awq |7 2wy + OC+B|w1|0‘ 2y |we|P on  x {0}
L %53 = pifwa|?" w2 + a+5|w1| wa|P 2w, on Q x {0},
where 5 )
- —ks lim y'72 wi, i=1,2
ovs y—0~+ oy

and wi, wy € X§(Cq) are the s-harmonic extension of u,v € HF (), respectively. Let
E§(Ca) == X§(Ca) x X((Ca).

An energy solution to this problem is a function (wq,ws) € E§(Cq) satisfying

ks Yy 2V - Viprdxdy + ks Yy 2V w, - Vpadxdy
CQ CQ

2
= /\/ w1 |9 2wy prda + / w1 | 2w1 [wa|P prdz
Q a+pB Jo

_ 273 _
+M/ |wa]? 2’w2<ﬂ2dl’+/ wi|*wa|? 2 wapadz,
Q a+ B Jq

for all (1, ¢2) € E§(Cq). If (w1, ws) € E§(Cq) satisfies (2.1), then (u,v) = (wi(+,0), w2 (-,0)),
defined in the sense of traces, belongs to the space H§(£2) x H§(€2) and it is a solution of the
original problem (1.1). The associated energy functional to the problem (2.1) is denoted by

ks 0
Iy p(w) =TI y (w1, we) = 2/C y' 7BV |* + [Vws|*)dady
Q

1
—q/()\]wlq+,u|w2| x—/ |wq | ]wg\ﬁdx
Q

Critical points of 7 ,, in E§(Cq) correspond to critical points of Jy , : H§(2) x H5(Q2) — R.
In the following lemma we list some relevant inequalities from [5].

Lemma 2.3. For any 1 <r < 2% and any z € X§(Cq), it holds

(2.2) ( /Q |u<ac>|%lac)2 <c /C IV Py, =T,

for some positive constant C = C(r,s, N, ). Furthermore, the space X§(Cq) is compactly
embedded into L"(QY), for every r < 2%.

Remark 2.4. When r = 2}, the best constant in (2.2) is denoted by S(s, N), that is

/yl_%!w(m,y)\zdmd@/

(2.3) S(s,N) := Xi(xclf)\{o} Co .
#eX§(Ca /za?OQ:d:cT;

([ 1#t 0 dz)
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It is not achieved in any bounded domain and, for all z € X S(]Rf ),

N—-2s

(2.4) / y' 72| V2(x, y)|Pdedy > S(s, N) / |2(x, ())|N2szsdx
Ry RN

S(s, N) is achieved for 2 = RY by functions w. which are the s-harmonic extensions of
S(N-2s)/2

(e2 + |z|2)(V=25)/2

(2.5) ue(x) := e>0, 2RV

Let U(z) = (1+ |x\2)255N and let W be the extension of U. Then

U(z)dz
W(m,y) = ES(U) = CN,Sy2S/ ( ) N+2s ?
B (o — 22 1 47)
is the extreme function for the fractional Sobolev inequality (2.4). The constant S(s, N)
given in (2.3) takes the exact value

V)

S

Z|

2T (M2 (1 - 5)(D(4))

D(s)D(R32)TN)s

S(s,N) =

and it is achieved for = RY by the functions ws.

Now, we consider the following minimization problem

/ Y125 ([Vun 2 + [Vaws|?)dedy
Cq

inf z
(w1,w2)€ES(Ca)\{0} (/ ‘wl‘a’wglﬁd.f)ﬁ
Q

Using ideas from [1], we establish a relationship between S(s, N) and S, g (see also [18]).

(2.6) Ssa8 1=

Lemma 2.5. For the constants S(s,N) and Ss o p introduced in (2.3) and (2.6), it holds

% *
(2.7) Seap = !(g)Q + (i) ’

In particular, the constant Ss o g is achieved for () = RN,

S(s,N).

Proof. Let {z,} C X§(Cq) be a minimization sequence for S(s, N). Let s,¢ > 0 to be chosen
later and consider the sequences wy ,, 1= sz, and wa,, 1= tz, in X§(Cq). By (2.6), we have

1-2s 2
Vizn(z, dxd
2 g /Cﬂy V2 (2, y)|"dzdy

(satﬂ)% 2 %
/ |2n| s dx
Q
2

—2a

> Ss.a.6-

ke

@ ¥|

Defining g : RT — RT by setting g(x) := 22 + 2z % | we have

Mzg(D, min g = g(zo) = 9(v/a/B) = <a>2%+ <6>;

(s009)% =
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Choosing s, t in the previous inequality such that s/t = \/a//3 and letting n — oo yields

()" () s

On the other hand, let {(win, w2n)} C EG(Ca) \ {0} be a minimizing sequence for S, 3.
Set hy, = spwy,y, for s, > 0 with [, |wy )% dx = Jo |h,|% dz. Then Young’s inequality yields

o * B * * *
/ywl,n|a|hn\ﬁdmg*/ |w1,n|25dx+*/ |hn28dx:/ \hn|25dx:/ oy |2 da.
0 2% Ja 2% Ja Q Q

In turn, we can estimate

/C Y2 (Ve y) 2 + |V (e, y)[2)dedy
Q

_2
([ sl Pae) =7
Q
%
2 [y BT ) o [V ()2 dady

Co
3
(/ | Pl ™7
Q

sot / y' |V (2, y) Pdedy
Ca

2/2:
</ |w17n|25 dac)
Q
28

8{?852/ y' 2|V h(x, y) Pdedy
Cq

2/2;
< / |y |5 dx)
Q

> S(s,N)g(sn) = S(s, N)g(v o/ B).

Passing to the limit in the last inequality we obtain

()" () e e

Whence, the conclusion follows by combining the previous inequalities. O

In the end of this section, we fix some notations that will be used in the sequel.

Notations. In this paper we use the following notations:

o [P(Q), 1 < p < oo denote Lebesgue spaces, with norm || - [|,. E = X§(Cq) x X§(Ca)

is equipped with the norm ||z||? = ||(wy, w2)||* = ||w1||§(5(cﬂ) + ngH?XS(CQ).

e The dual space of a Banach space E will be denoted by E~1. We set tz = t(w,ws) =
(twy,tws) for all z € E and t € R. z = (w1, ws) is said to be non-negative in Cq if
wi(z,y) > 0,wa(z,y) > 0in Cq and to be positive if wy(z,y) > 0,wa(z,y) > 0 in Cq.

e |Q] is the Lebesgue measure of 2. B(0;7) is the ball at the origin with radius r.

e O(e!) denotes |O(e!)| /et < C as e — 0 for t > 0. 0,(1) denotes 0,(1) — 0 as n — oc.

e (., C;, c will denote various positive constants which may vary from line to line.
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3. THE PALAIS-SMALE CONDITION

In this section we shall detect the range of values ¢ for which the (PS).-condition holds
for the functional 7 ,,. Let ¢ € R and set, for simplicity, £ := Ej(Cq). We say {2,} C E is
a (PS)csequence in E for T, , if Ty ;,(2n) = ¢+ 0n(1) and I} ,(2n) = 0n(1) strongly in E7Y
as n — oo. If any (PS).-sequence {z,} in E for Z, , admits a convergent subsequence, we
say that 7, , satisfies the (PS).-condition. We shall need the following preliminary result.

Lemma 3.1. Let {z,} C E be a (PS)c-sequence for Iy, with z, = z in E. ThenT; ,(z) =0
and there exists a positive constant Ky, depending only on q, N,S(s, N) and |QY|, such that

Thu(z) > =Ko (Aﬁ + ,uQQTq)

Proof. Consider z, = (w1 n,w2,) C E and z = (w1, wz) € E. If {2,} is a (PS).-sequence
for T, , with z, — z in E, then wy, — w; and wy, — wy in X§(Cq), as n — oo. Then, by
virtue of Sobolev embedding theorem (Lemma 2.3), we also have wq ,(-,0) — w;(-,0) and
wap(-,0) = wa(-,0) strongly in L(12), as n — oo. Of course, up to a further subsequence,
win(,0) = wi(-,0) and wapn(+,0) — wa(+,0) a.e. in Q. It is standard to check that I} (2) =
0. This implies that (Z} ,(z),z) = 0, namely

k:S/ yt=2s (\Vw1|2 + |Vw2|2) drdy = /()\\wl\q + plwe|?)dx + 2/ |w1|°‘\w2|5dx.
Ca Q Q

Consequently, we get

(3.1) T2 = (5 — o e /C Y2 (Vw2 4 [V ) dady
Q

1 1
(3 52) [l + pluzfyds

y (3.1), Holder and Young inequalities and the Sobolev embedding theorem, we obtain

Tuu2) = (5= g )P = (5 = 52) [ ol + hwal)a

24 @)t
> = |ll|? - 2 L1602 250/ (o |4

2 + millwz3,)

2

’; _ 4
EN” 22 = 210|028 (s, N) (A | + ez |)

2 2—
> <2l - O(Te AT | 4 2 [+ el )
= Szl = 2l = Ko (A= + u73)
= _KO ()‘ﬁ +MTEQ) )
which yields the assertion, where we have put

q
N 2-q 2 —
=T < 2({90>2 qv Ko = d q)ca

2 —
pp— _q /2.5
C:= g2 |Q| S(s,N)~

l\.‘!\-ﬁ

the positive constants involving only ¢, ||, S(s,N) an N. O
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Lemma 3.2. If {z,} C E is a (PS).-sequence for Iy, then {z,} is bounded in E.

Proof. Let 2z, = (w1, w2,n) C E be a (PS).-sequence for T, ,, and suppose, by contradiction,
that ||z, | — oo, as n — co. Put

Zn (wl,n w2 n )

Zn = (?,Ul,nan,n) = HZnH N Han7 HZnH

We may assume that z, — z = (w;,wz) in E. This implies that w;(-,0) — w;(-,0) and
Wa,p(+,0) — wa(+,0) strongly in L"(€2) for all 1 < r < 2% and, thus,

/(Ayal,nqum,nmm: /(/\|1171]q+u\{/52\q)da:+on(1).
Q Q

Since {z,} is a (PS). sequence for Z, , and ||z,|| — oo, we get

k _ _ . 2, ||772 ~ -
(32 M / Y2 (V@10 + [Vial?) dedy — 1221 / (AlBral? + 1l nl?)de
2 Ca q Q
21z 2;-2 - -
-l [ 1@l = 001,
s Q
and

(3.3) ks/ y' 2 (VWL + | Vi,a|?) dedy — Hzn!“/(M@Lan + plwg,n|?)dz
Cq Q

%2 / (@1 || T2l = 00 (1).
Q

Combining (3.2) and (3.3), as n — oo, we obtain

(3.4) ks 3/1_28 (|V@1,n|2 + |V7ﬂ2,n|2) dxdy
Ca
2(2; — q) q_g/ o~ 1
= “ox o) lI#n n n n(1).
q(zz_z)llz | Q(Alwl, 9 4 p| @, |T)dz + 0,(1)

In view of 1 < ¢ < 2 and ||z,]| — oo, (3.4) implies that
k/ Y (V1 a]* + [Viop|?) dody — 0,
Ca

as n — oo, which contradicts to the fact that ||z,|| = 1 for any n > 1. O

Lemma 3.3. 7, , satisfies the (PS). condition with c satisfying

N
25 (ksS 2 22
—0 < €< Cxo 1= NS (S;a’8> - Ky ()@Eq —i—/ﬂzq)7

where Ky is the positive constant introduced in Lemma 3.1

Proof. Let {z,} C E be a (PS).sequence for 7,, with ¢ € (—00,cx). Write 2, =
(w1 n,w2y). By Lemma 3.2, we see that {z,} is bounded in E and z, — z = (w1, ws2)
up to a subsequence and z is a critical point of Z) ,,. Furthermore, wi, — w1 and wo, — w2
weakly in X§(Ca), win(-,0) = wi(-,0) and wa,(-,0) = wa(-,0) strongly in L"(2) for every
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1 <r <2 and wyp(,0) = wi(-,0),wan(,0) = wa(-,0) a.e. in Q, up to a subsequence.
Hence, we have

(3.5) [ Ol alt + )z = [ (Nt + el + 0,0,

Let W1y, = w1y — w1, Way = Wa, — wz and 2z, := (Wi, Wa,,). Then, we obtain
1Z0]1? = llzall* = 12117 + 0n (D).

In light of [19, Lemma 2.1], we also get

(3.6) /Q|@1,n|°‘1’u\27n]5dx = /Q w1 | Jwe n|Pda — /Q w1 |*|wa|?dz + 0, (1).

Using 7 ,(2n) = ¢+ 0n(1) and I (zn) = on(1) and (3.5)-(3.6), we conclude

1 2 —~ —~
3D Gl =5 [ 1Bl @l ds = =T +0u ),
S

|’2n‘|2 - 2/ ‘ﬁl,n‘a’@Zanx = <I$\,u(zn)azn> - <I$\,M(Z)’Z> +on(1) = on(1).
Q
Hence, we may assume that
(3.8) ZalI2 = ¢, 2/ (51| n P e = £.
Q

If £ = 0, the proof is complete. If, by contradiction, ¢ > 0 then from (3.8) and the definition
of 8,3, we have

2
27*

2
AN i N . 27 . ~
i (5) =Ko i ([ 1810100 ) <t [0 = 1,
Q

which implies that ¢ > 2(k555,a,6/2)%- On the other hand, from Lemma 3.1, formulas (3.7)
and (3.8), we obtain

N
1 1 2s (ksSsap\? 2 2
c= <—>E+I,\,#(z)2 NS <25> — K ()\;q —i—,uﬁq),

which contradicts ¢ < ¢so. O
4. THE NEHARI MANIFOLD

Since the energy functional 7, ,, associated with (2.1) is not bounded on F, it is useful to
consider the functional on the Nehari manifold

Ny = {z € E\{0} : { ﬁ\u(z),z) = 0}.
Thus, z = (w1, w) € Ny, if and only if
(4.1) B(2):2) = 121 = Qulz) =2 [ unlwalda =0,
where
Qru(z) = /Q (w7 + plawa] ) da:

It is clear that all critical points of Z, , must lie on N, and, as we will see below, local
minimizers on N) , are actually critical points of 7, ,. We have the following results.
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Lemma 4.1. The energy functional Iy ,, is bounded below and coercive on N .

Proof. Let z = (w1, w2) € N, then by (4.1) and the Holder inequality and the Sobolev
embedding theorem

2% —2 2*—q
(12)  Thu(e) = ;2* 21 - 22 200()
2% ) 2 —q e
Ao (2 e ) a
> 222l - B2 s, )0 () e
Since 1 < ¢ < 2, the functional 7, , is coercive and bounded below on N} ;. O

The Nehari manifold N, , is closely linked to the fibering map @, : t — 7 ,(tz) given by

t2 t
2.(0) = Tt = 51217 = & [ el + s~ 255 [ ol

Such maps were introduced by Drabek and Pohozaev in [16] and later on used by Brown
and Zhang [7]. Notice that we have

(1) = t]2]2 — 10! / (Alwr]? + plws|7)dr — 2631 / o) dir,
Q Q

() = ||2]* — (¢ — D7 /Q(Mwl\q + plws|T)de — 2(25 — 1)¢% 72 /Q jwi|*|wz| da.

It is clear that ®/(¢t) = 0 if and only if tz € N, ,. Hence, z € N, , if and only if ®/(1) = 0.
Introduce now the functional

Rou(2) = (I} (), ).
Then, for every z € N, ,,, we have

(RY(2),2) = 2]2]12 — aQa(z) — 223 /Q o [* o P

(4.3) = (2 - @)lll* - 2(2 Q)/Qwﬂalwzlﬁdl‘

(2~ ) @nu2) — (2 221
Following the method used in [32], we split NV} , into three parts
N+“ ={zeNyu: (R),(2),2) >0},
N)(\)u = {Z € N)\,M : < I)\M(Z),Z> = 0}7
Ny =2 € Nyt (R ,(2),2) <0}
Then, we have the following lemmas.
Lemma 4.2. If z is a local minimizer for Iy, on Ny, and zy & j\/;(\)u, then I} ,(20) = 0.
Proof. Let zg = (wo,1,wo,2) € Ny, be a local minimizer for Zy , on Ny ,. Then zy solves
Min {Z) u(2) : Ry pu(2) = 0}.
Hence, there exists a Lagrange multiplier v € R such that 7} ,(20) = YR ,.(20). Thus,
(T3, (20); 20) = (R} u(20), 20) = 0.
Since zg & J\/')(\)M, then (R u(z[)), 20) # 0, yielding v = 0. This completes the proof. O
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Let A; be the positive number defined in (1.4). Then we have the following result.
Lemma 4.3. Assume that (\, p) € €y,. Then Ny , = 0.

2 2
Proof. Assume by contradiction that there exist A > 0 and p > 0 with 0 < A2=¢ + 27 < Aq
and such that ./\//(\) #0. Let z € N/{)’N. Then, by virtue of (4.3), we get

( 2{—q) 2
207 = =52 [ |wn|*wel dz,  |2l* = 53 w(2):
—q Ja 25—
By Holder inequality and the Sobolev embedding theorem, we have
2% *1
el > [ 2= gy FsSeas) 1]
2% — 25— 1
2l < (=28(s, N)HQl E ) YA )
2 — 2
which leads to the inequality
2 2 2t —q g, BN —s2or 2—¢ £272
AT 2—>( S(s,N Qz*) q[iks } — A,
Tt 2 (S N) s oy (500) |
contradicting the assumption. ([l

2 2
From Lemma 4.3, if 0 < AZ=¢ + p?=7 < Ay, we can write N , = /\/‘;ﬂ UN,, and define

— + -
a>\,,u T ZEI}\I/’£7H IA)H(Z)’ aA?M T Zel./I\l/g—u IA’M(Z)7 a)\7ﬂ T Zelnf_# I)HN(Z)'

Moreover, we have the following properties about the Nehari manifold N} ,,.
Theorem 4.4. The following facts holds
(2) If (A, 1) € Cn,, then we have ay,, < a;\ru < 0;
(13) If (A p) € Clq/2)2/~an,» then we have oy, > Co for some positive constant cgy
depending on A\, u, N, s and |Q].

Proof. (i) Let z = (w1, w2) € N+ By formula (4.3), we have

s 21> [ fun el

D) = (5= 2P+ 2 (3= ) [l
1o o

( )

= I2]* < 0.

and so,

Therefore, by the definition of a, ,, 04A L0 We can deduce that a) , < aj\ru < 0.
(ii) Let z € N;u. By equation (4.3),

2—q 2
sl < [ fun|*ualPd
2(23 - Q) Q
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By the Holder inequality and the Sobolev embedding theorem, we have
e B8 Y 2%
[ n sl < (S.)F a1
Q

Hence, we obtain

1
2 — 3=
1> (o) ) forallze G,

From the last inequality we infer that

*
—q
8
262 5. 2—gq PN T EEIP IS =S
> 2] [22 el - ;2: S(s. Ny 40l (A2 4 )

9 2
2—q \2%-2 2F -2 @=a)N 2—q 252
- - k ks a s - -

—23‘%*( RS (A“ﬂﬂ N
q2;

s

Thus, if AT 4 ,uﬁ < (q/Z)QQTQAl, then
Dau(z) > co, forallzeNy ,
for some positive constant co = co(A, i, S(s, N), |©2]).

Theorem 4.5. Let (A, p) € €r,. Then, for every z = (w1, w2) € E with
/ 1|7 wa|Pdz > 0,
Q

then there exist (unique) t~ =t~ (z) > 0 and t =t (z) > 0 such that

t*ze]\/';“, t*zENA_M.
In particular, we have
1
2 — q)|1z|? #-e
tt <tmax <t tmax = ( ( q)H H )
2:—a) [ fun|*fusldo
Q
as well as
+.) — - —
Ihu(tTz) = 0<Itrgtrrlnax Ty p(tz), It 2) = 1?2215(2)\7“(152).

Proof. Fix z = (w1, w2) € E with [, |w1|*|ws|’dz > 0. Put

(4.4) m(t) = 1279 2|2 — 2t2§—q/ (o1 |*ws|Pdz for £ > 0.
Q

Clearly, m(0) = 0 and m(t) — —oo as t — oco. Notice that

w'(t) = (2 — @t 7 2]® - 2(25 - @t T 1/ 1]z de.

13
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Clearly, m'(t) = 0 at t = tmax, W' (t) > 0 for t € (0, tmax) and m'(¢) < 0 for t € (tmax, 00).
Moreover, by a direct calculation we obtain

2-q_
2F—2
2—q \&5 2—q 3 2
mitwss) = 11 () 2o ) |
i P-4 / o1 | wn | da
Q
25 -2\ / 2-¢ 2\
> |z ( 22 ( k.S, ) =
> Il (23 —Q> 2(2% —Q)( o)
Therefore, we have
m(0) =0
< Q) p(wr, ws)
25—q q,. 2 _2_ 2—gq
(45) <100 5 S5, Ny 1 25 o)
2—q
2% -2 2—gq 2\ 272
<||z||? | = ksSo.3)2
I (2: - q> <2<2;f —g e )
< m(tmax)
for 0 < AZ-7 + ,u?%q < A1. By the equation for ®/,(¢) and (4.4) we get
(4.6) P (t) =17t [m(t) — /(/\w‘{ —i—uwg)dx] .
Q
Furthermore, if tz € N, ,, then
(4.7) t7 (1) = D(¢).
By (4.5) and (4.6), there exist unique ¢+ and ¢~ such that 0 < t* < tpax <t~ such that
m(t+) = Q)\,u(wla w2) = m(t_)v m/(t+) >0> m/(t_)a

and (4.6) implies ®.(¢t7) = ®.(t7) = 0. By (4.7), we have ®7(t") > 0,®”(t") < 0. This
shows that ®,(¢) has a local minimum at ¢ and local maximum at ¢~ with t*z € N‘;u’ t~z €
Ny - Moreover, Ty ,(t72) > Iy u(tz) > Iy, (t72) for all t € [t7,¢7] and I, ,(t72) < Iy u(t2)
for all ¢ € [0,¢7]. Hence, Z ,(t*2) = mino<i<tya, Znp(tz) and Iy ,(t72) = maxe>o Ly ,(t2),
concluding the proof. O

5. EXISTENCE OF PALAIS-SMALE SEQUENCES

Lemma 5.1. Let (A, p) € Gp,. Then, for any z € N ,,, there exists r > 0 and a differentiable
map & : B(0;7) C E — R such that £(0) =1 and £(h)(z — h) € N, for every h € B(0;r).

Let us set

T = 2k, / y' "% (Vwy - Vhy + Vws - Vhg) dzdy,
Ca
Tz = q/ (Alw1]9%wihy + plwe|9*wshs) da,
Q

T3 = 2/ <a|w1|a_2w1h1|w2|ﬁ + B|w1|"‘|w2|5_2w2h2> dx,
Q
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for all (hi,he) € E and (w1, ws2) € E. Then

(5.1) (€(0),h) = LR

2~ )2l — 2(2: — ) /Q s [*eo) Pz

for all (hi,he) € E.
Proof. For z = (w1, w2) € N, define a function 7, : R x E — R by
H(&,p) = (T) . (£(2 = p)),&(2 — p))

/ Y2 IV (wy — o)+ [V (g — po)|?) dady
Ca

k:
/ (Mlewr — pa]? + lws — pol?) de — 26% / o1 — p1|® fws — pold.
Q
Then #(1,0) = (I} ,(2),2) = 0 and, by Lemma 4.3, we have
d% ) 9 * o
AL OO) _ gy, [ Ol + sty do —22: [ Jun[*fuala
d§ Q Q

= (2 q)fl=l? — 225 —q) /Q [ *uws| e # 0.

In turn, by virtue of the Implicit Function Theorem, there exists » > 0 and a function
¢€: B(0;7) C E — R of class C! such that £(0) = 1 and formula (5.1) holds, via direct
computation. Moreover, 7(£(h), h) = 0, for all h € B(0;7), is equivalent to

(Z\ u(&(R)(z = h)),&(h)(z = h)) =0, for all h € B(0;7),
namely {(h)(z — h) € Ny . O
Lemma 5.2. Let (A, ) € €n,. Then, for each z € ./\/')\_’#, there exists r > 0 and a differen-

tiable function £~ : B(0;7) C E — RY such that £ (0) =1, £ (h)(z — h) € /\/:(u for every
h € B(0;r) and formula (5.1) holds.

Proof. Arguing as for the proof of Lemma 5.1, there exists r > 0 and a differentiable function
¢ : B(0;r) C E — R* such that £ (0) =1, £ (h)(z — h) € Ny, for all h € B(0;r) and
formula (5.1) holds. Since

(Rhu(2),2) = (2= q)ll=]1* — 2(2% — Q)/Q [wr]*ws|’de < 0,

by the continuity of the functions R/ , and 7, up to reducing the size of r > 0, we get

(RAu(& (W) (z = h)) 5_(/1)(2 —h)) = 2= q)lle” (h)(= = h)|?

2(25 = a) [ 16 (1) = WlliE (= = h)alda <,
where (§7(h)(z — h)); € X§(Cq) denote the components of {~(h)(z — h). This implies that
the functions {7 (h)(z — h) belong to Ny . O

Proposition 5.3. The following facts hold.
(i) Let (A, pt) € G, Then there is a (PS)a, ,-sequence {z,} C Ny, for Ty .
(i) Let (A, p) € € g/22/2-an, - Then there is a (PS)‘“;,M -sequence {z,} C N):u for I, ,.
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Proof. (i) By Lemma 4.1 and Ekeland Variational Principle [17], there exists a minimizing
sequence {z,} C Ny, such that

1
I)\#(Zn) <oy + E,

1
(5.2) Dyul(zn) < Iy u(w) + EHw — zy||,  for each w € Ny .
Taking n large and using a , < 0, we have
1 1 1 1
63 D)= (5=l = (5 = 5) [ Mlunalt + o)
S S
o
<ot <t

This yields that

(5.4) s < / (A1 n]? + pelwsn|?)da
- Q) Q

*
2s

-4 q,. 2 2 2—gq
<[] > S(s, N)72(A270 4 p2a) 2 ||zp]|7.
Consequently, z, # 0 and combining with (5.3) and (5.4) and using Holder inequality

23 a2 g, 2 2 g-2]a
lzall > [_Q(Q(iiq)amﬁl T S(s, N) (AT + pu7a) ] :
S
and
1
2(2% — 25-q 2 2 9 g]7a
(5‘5) Han < [HK“ % S(S,N)_%()\qu +M23q)22q:| ! .
q s

Now we prove that
HIﬁ\,u(zn)HEA — 0, asn — oo.

Fix n € N. By applying Lemma 5.1 to z,, we obtain the function &, : B(0;r,) — RT for
some 7y, > 0, such that &,(h)(z, —h) € Ny . Take 0 < p < ry. Let w € E with w # 0 and
put h* = £ We set h, = &,(h*)(z, — h*), then h, € N, ,,, and we have from (5.2) that

el

1
Dau(hp) = Inp(zn) 2 _Eth — Zn|-
By the Mean Value Theorem, we get
1
<I3\,,u(zn)7 hy — zZn) + O(th —znl) = _Eth — zn|-
Thus, we have
* * * 1
(Thu(zn)s =07) + (& (A7) = (T4 (20), 20 = B7) = =l = zall 4 o[ By = zall)-

Whence, from &,(h*)(z, — h*) € Ny, it follows that
w

(T n): )+ Gnlh) = DB o) = Bulhg), 20 = )

1
> _ﬁth — znll + O(th — znl])-
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So, we get

(5.6) (T, (20), olllh, — znll)

w> 1
< —|lhp — 2zl +
1/ = mnp" "

[l
+ Wp)_l)glx,u(zn) = Iy u(hp), 2 — 17).

Since [|hy — zn | < pl€n(R7)| + [§n(h*) — 1|[|25]| and
n h*) -1 /
tim S0P =1 e oy

p—0 P
For fixed n € N, if we let p — 0 in (5.6), then by virtue of (5.5) we can choose a constant
C > 0 independent of p such that

(Thulon). o) < 0+ IO

n

Thus, we are done once we prove that ||£/,(0)|| remains uniformly bounded. By (5.1), (5.5)
and Holder inequality, we have

|(£,(0), B)| < Cih||

2= Dllnll? = 22 =0) [ sl

for some C7 > 0. We only need to prove that

(2= @)llzall? =220 —a) /Q w1 | |w2,n|*d

for some Cy > 0 and n large enough. We argue by contradiction. Suppose that there exists
a subsequence {z,} such that

(5.7) (2 = @)ll=nll* — 2(25 - Q)/Q [wi,n]*wa,n | de = 0n(1).

By virtue of (5.7) and the fact that z, € Ny ,, we have

2(2 —¢q
= / (w1 |wan| Pz + 0n (1), ||za]® =
2—q Jo

Z 027

2F —q
22 o 2@)\,#(271) + On(l)
Taking into account that Z ,(z,) — ax, < 0 as n — oo, we have [|z,|| /4 0 as n — oo.
Then, arguing as in the proof of Lemma 4.3 yields (A, ) &€ @a,, a contradiction. Then,

lznll* =

C
T4 (z0), o) < =
< s HUJH> n
This proves (i). By Lemma 5.2, one can prove (ii), but we shall omit the details here. [

6. LOCAL MINIMIZATION PROBLEMS

Now, we establish the existence of a local minimizer for Z, , in N, ;r R

Proposition 6.1. Let (X, ) € €a,. Then Iy, has a local minimizer z* in ./\/';L“ satisfying
the following conditions:

(1) Du(zF) = aru = O‘RL,/J <0;

(ii) 2T is a positive solution of (2.1).
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Proof. By (i) of Proposition 5.3, there exists a minimizing sequence {z,} = {(win,w2n)}
for 7, , in NV, , such that, as n — oo,
(6.1) Dop(zn) = arp+on(1) and I} ,(2n) = 0x(1) in B~

By Lemma 4.1, we see that 7, , is coercive on N}, and {z,} is bounded in E. Then there

exists a subsequence, still denoted by {z,} and 2+ = (w]",wy) € E such that, as n — oo,

wy g, — w, wa, — wy, weakly in X§(€),
Wi, — wf, way — wj, strongy in L"(Q) for all 1 <r < 2%,
W1, — wf, wo,p — w;, a.e. in €,

up to subsequences. This implies that, as n — oo,

(6.2) Qrpu(zn) = Qapu(z") + 0n(1).

We claim that 27 is a nontrivial solution of (2.1). From (6.1)-(6.2), it is easy to verify that
2T is a weak solution of (2.1). From z, € N} , and (4.2) we deduce that

_ 925 —2) q2;
(6.3) Qapulzn) = 202 —q) 2 g

Let n — oo in (6.3), by (6.1), (6.2) and ay , < 0, we have

||Zn||2 - IA,#(Zn)~

*

q2
Q,\,#(er) > T o _Sqo%u > 0.

s

Therefore, zT € N, , is a nontrivial solution of (2.1). Now we show that z, — zT strongly
in £ and 7, ,(27) = ay . Since 2+ € N, ,, then by (6.3), we obtain

axp < IML(Zﬂ

_ Sz %oa +
S - B 1006
. s 5o 2t—gq
< nh_g)lo (Nllznll - Sq2z Q,\,M(Zn))
= lim I)\’M(Zn) = Q) -

n—oo

This implies that Z, ,(21) = ay,, and lim, e [|25 ]| = ||27|%. Set Z, = 2, — ™. Then, that

=12 2 2

IZall* = llznll® = 1271 + 0n(1).
Hence, z, — 27 in E. We claim that 2T € N/\”LM. Assume by contradiction that 2T € Ny
Then, by Theorem 4.5, there exist (unique) ¢]” and ¢; with ¢ 2" € N;u and t] 2" € N):N'
In particular, we have ¢ < ¢; = 1. Since
d . 2 .
$Z>\7u(tz )]t:tf =0, and @ZAw(tz )|t:t1+ > 0,
there exists t] < t* < ¢ such that Z, ,(t] 2%) < T, ,(t*2"). By Theorem 4.5, we have

I)\,#(tfﬁ) < IA,u(t*ZJr) < Ik,u(tl_zﬂ = IMA(Z'JF)’

a contradiction. Since Ty ,(z7) = I, ,(Jwi |, |ws]) and (Jwy |, |wy|) € Ny, by Lemma 4.2
we may assume that z* is a nontrivial nonnegative solution of (2.1). Then by the Strong
Maximum Principle [10, Lemma 2.4], we have w} ,w§ > 0 in Cq, hence, 2% is a positive

solution for (2.1). O
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Next we will use w. = Es(u.), the family of minimizers for the trace inequality (2.4), where
ue is given in (2.5). Without loss of generality, we may assume that 0 € 2. We then define
the cut-off function ¢ € C§°(Cq),0 < ¢ < 1 and for small fixed p > 0,
1) (l‘, y) € Bp7
x,y) =
(Z)( y) { 07 (xvy) g B2p7
where B, = {(z,y) : |z|* + y* < p?,y > 0}. We take p so small that B, C Cq. Recall W is
the extension of U introduced in Section 2, we have (cf. [3]) [VW(z,y)| < Cy~*W(z,y). Let
1

T)= ———N_325> e > 0.
(2 +Jaf?) "7
Then the extension of U, (z) has the form
U:(2)dz _ x
Wg(fl?,y) — CN,syQS/ E( ) e = 523 NW (7, Q) )
= (o — o2 +4) " o

Notice that pW. € X;(Cq), for € > 0 small enough.

Lemma 6.2. There is z € E\{0} nonnegative and A* > 0 such that for (\, ) € Ga=
supZy ,(tz) < Coo,
>0

where co 15 given in Lemma 3.3. In particular, o, , < oo for all (A, ) € G-

Proof. By an argument similar to that of the proof of [3, formula (3.26)], we get

(6.4) oW % = k:/ y 72 VWP dady + O(1)
0 R14_1

=2 N, / y 7 VW (2, y)|Pdedy + O(1).
RY*!
We notice that

2
U3 = | |gU-[%d :/qﬁ(m)‘ d
||¢ 6”25 /Q|¢ E| € O (EQ—F‘LUP)N Z,

2: 1 SN2
Uell5 = ———vdr = Ull5:.
0% = [ oy pyeds == 01

Then, one has that

g [ @) -1 e
|Ue 2} I 2 o (€2 +|z|2)N ri\@ (62 4 [z]2)N
which yields
. 1 dx
U3 — MU 3 g/ dﬂ«’+/ [CEBL
([ ¢Ue |55 1U 1153 OBy &+ 2PN m\q (€2 + [2P)N

/ dx < / dx c
RN\ B(0;p0) (52 + |x‘2)N RN\ B(0;p) |x|2N
This implies that

1-— C3€N”U

o 2 7 —2%
2o < ENOUE U5 < 14 Cae™|U

—2*
2% -
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Taking € so small that 02€N||U||2_;2; < 1, since 2/2% = (N — 2s)/N < 1, we obtain

_9* —2% * — —
1= VU < (1 - eV GyllUNI2 )% < eV 6UL | U152
—o* * —2%
<(1+ 6NC'3HU||27; 5)2/25 <1+ €NC3HU||2; °

Hence | %S =2 N|U %S + O(£%%). Since W = E,(U) optimizes (2.4), by (6.4) we have
EZSNkS/ y B VW, y)|Pdady + O(1
o oWy g V@) )
' 16U:(13 2~ N|U[3. + O(e*)
ks/ y' VW (@, y) [P dady
= Rﬁ-H (1 —I-O(&N_QS))
17113,

= kS(s,N) 4+ O(eN %),

Now we consider the function J : E — R defined by J(2) := 1/2||z|? — 2/2} [, |w1|®|ws|’dz.
Set wo1 = VadWs, wos = /BeW: and zyp := (wo1,wp2) € E. Notice that J(0) = 0
J(tzp) > 0 for ¢ > 0 small and J(tzp) < 0 for ¢ > 0 large. The map ¢ — J(tzp) maximizes at

2 1
69 toim (Rl yate
2 [ woallunal’de
Q

Then from (2.7), (6.5) and (6.6), we conclude that

22%
|20/ %52

sup J(tz0) = J(tozo) = (1 ! >

t>0 2 72

1
' T N-2s
2 2s

il
N

(o + B)ks /C y“QSIV(cbWa)\ dxdy] 2

2
(at6? [ ovifiar) ™
Q
ks / y”svwwazlg

B oy
(6.7) :f”s(a) e <5> “*P 1 Ca
6 N2 % L\ B * « } i (/|¢U5|2:d$>25
Q

s rfa\et B 1o IR -
-tz [(5) 7 (2) TP s o)

= fv-zs k 88 Ne] + O( N 25)}
N2 2
s 1 N 2s (ksSs.a8 2
= sz\,?(ksss,a,/j)% + O(EN_QS) = N (2’ ’ ) + O(EN_QS).
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We now choose d; > 0 so small that, for all (\, u) € €5,, we get

N
2s [ ksS 2s 2 2
Coo = N ( 5 ;a,,8> — KO()\Lq —i—/ﬂ*Q) > 0.
By the definition of 7 ,, and 2y, we have

2
Ty u(tzo) < 5”20“2, forall ¢ > 0 and A\, u > 0,

which implies that there exists ty € (0,1) satisfying
sup Iy ,(tz0) < coo, forall (A, p) € 5,.
tel0,to]
Hence, from (6.7) and «, 5 > 1 we see that

sup I . (tz0)
t>1o

td
(6.8) — sup (J(tz0) — —Qau(t20) )
t>to q
25 (ksSsa\ o
< . 9 )
(=5

td g g
N-2s\ _ lo g g q
SN > +O(e ) . ()\042 —|—,uﬁ2>/B( |Ue|?dx

0;p)

23 ksssaﬁ % N—2 tg /
< —(—=)" +0E") = =(A+ Ue|dz.
¥ (T5) T O = 20w [

Letting 0 < € < p, we have

1 1
/ |Ug|qd1’ = / 2(N—25) dx Z / mda} = 047
B(0;p) B(0p) (€2 + |x]2)” = B(0:p) (2p2)" 2

1
for some Cy = Cy4(N, s, p). Combining this with (6.8), for ¢ = ()\2%1 + ,uﬁ) N=2s < p,

2s 1 ksS X 2 2 td
supZy . (tzo) < NS (%ﬂ) *+0 </\2*q + ,u,2*q> — O\ 4 p)Cy.
t>to q

Choosing do > 0 small enough, for all (\, u) € €j,, we have
2 2 td 2 2
2— — — 70 — 2— —
O (A7 + p7) 200+ )Ca < Ko (A5 4+ 2 ).
If we set A* = min{é1, pV 25,62} > 0, then for (), ) € Gr+,

(6.9) supZy ,(t20) < Coo-
>0

Finally, we prove that @, , < Coo for all (A, ) € €p+. Recall that

20 = (wo,1, wo.2) = (VagWs, /BOW:).
Bdx > 0, by Theorem 4.5 there exists to > 0 such that tgzo € ./\/;\_#. By
the definition of a , and (6.9), we conclude that

Since [, [wo,1|*wo,2

oy, < Ty u(tozo) < 81>110)I)\,#(tz0) < Coo
t>

for all (A, ) € Ca-. O
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Let A* be as in Lemma 6.2. We prove the existence a local minimizer for Z, , on Ny R

Proposition 6.3. Let A* > 0 be as in Lemma 6.2 and set
As = min{A*, (¢/2)=7 A1 ).

For (A, 1) € €y, Iy has a minimizer 2~ in Ny, with Ty ,(27) = o ,. Furthermore, 2~
is a positive solution of (2.1).

Proof. By (ii) of Proposition 5.3, there is a (PS) sequence {z,} C Ny, for 7, , for all

ay .,

)

(A1) € Glg2)2/-0)p, -

By Lemmas 3.3 and 6.2 and (ii) of Theorem 4.4, for all (A, ) € @+, Iy, satisfies the
(PS) condition and o, , > 0. Then, there exists a subsequence still denoted by {zp} and
u ;

a;’
27 = (wy (z,y),w, (z,y)) € N;M such that z, — 2~ strongly in £ and 7, ,(¢7) = a; , > 0,
for all (A, ) € €a,. Arguing as in the proof of Proposition 6.1, for (A, u) € €,, we obtain
that 2z~ is a positive solution of (2.1). O

7. PROOF OF THE MAIN RESULT CONCLUDED

By Proposition 6.1, for (\, 1) € €j,, system (2.1) admits a positive solution 2% € ./\/';FM.
By Proposition 6.3, a positive solution z= € N, W exists for all (A, u) € €p,. Furthermore,
since ./\/';FM NNy, = (), then 2T, 2z~ are distinct positive solutions of system (2.1). In turn,
(u*(x), vF(x)) = (wi(z,0), w3 (x,0)) are distinct positive solutions of (1.1). O
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