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Introduction

Following Griffith’s theory, hyperelastic brittle media subject to fracture can be modeled
by the introduction, besides the elastic volume energy, of a surface term which accounts
for crack initiation. In its simplest formulation, the energy of a deformation u will be of
the form

(1) E(u,K) = . f(Vu)de + XH" 1K),

where Vu is the deformation gradient, 2 the reference configuration, and K is the crack
surface. The bulk energy density f accounts for elastic deformations outside the crack,
while X\ is a constant given by Griffith’s criterion for fracture initiation (see [49], [50],
[54], [53], [14]). The existence of equilibria, under appropriate boundary conditions, can
be deduced from the study of minimum pairs (u, K) for the energy (1), and a description
of crack growth can be obtained by a limit of successive minimizations at fixed time steps,
as outlined in [36] (see also [27], and [40]).

The presence of two unknowns, the surface K and the deformation u, can be
overcome by a weak formulation of the problem in spaces of discontinuous functions. The
space of “special functions of bounded variation” SBV (£2; R™) has been introduced by
De Giorgi and Ambrosio [37] as the subset of R™-valued functions of bounded variation
on the open set 2 C R™, whose measure first derivative can be written in the form

2 Du=Vul" Q+ (ut —u)@uvyH" 1L S,
(2)

where Vu is now the approximate gradient of u, S, is the complement of the set of
Lebesgue points of u, which admits a unit normal v,,, and ut, u— are the approximate
values of u on both sides of S,. The measures £" and H" ' are the n-dimensional
Lebesgue measure and the (n — 1)-dimensional Hausdorff measure, respectively. The
energy in (1) can be rewritten as

(3) £(u) = /Q F(Vu) dz + NH(Su),

which makes sense on SBV (2;R™). If f is quasiconvex and satisfies some standard
growth conditions, then we can apply the direct methods of the calculus of variations to
obtain minimum points for problems involving &, using Ambrosio’s lower semicontinuity
and compactness theorems (see [4]-[7]). A complete regularity theory for minimum points
u for £ has not been developed yet, but in some cases it is possible to prove that the jump
set S, is H" '-equivalent to its closure (see [38], [31]) or even more regular (see [12],
[11]), and that u is smooth on 2\ S, , thus obtaining minimizing pairs (u, K) = (u, S,,)
for the functional E.



The functionals F on SBV (2; R™) which have bulk and surface parts, and satisfy
the translation invariance condition F(u) = F(u + ¢) for all constant vectors ¢, can be
written in the form

(4) F(u) :/Qf(x, Vu) dx+/s gz, (ut —u~) ®Vu)dH”_1

u

(we will adopt the equivalent notation g(x,ut — u—,v,) in the course of the paper).
Necessary and sufficient conditions for the lower semicontinuity of such functionals F
are described in [6], [9], [7]. In the formulation (4) are included non-isotropic, non-
homogeneous Griffith materials, when

(5) g(ac,a@y):g(x,y),

where the condition g(x,v) = g(x, —r) must be imposed to have a good definition of the
surface integral. We can also include in this setting fracture problems in the framework
of Barenblatt’s models, taking

(6) 9(x,a ®v) = g(|al).

We shall not treat directly Barenblatt materials, but we remark that their study can be
carried on by a singular perturbation approach from the study of models of the type (5)
(see [24]). Many other problems in Mathematical Physics and Computer Vision involve
minimum pairs with a “free discontinuity set” K and an unknown function u as above
(see, e.g., [52], [13], [2], [25], [8], [9], [32], [33]). We shall be content to interpret our
results in the framework of nonlinear fracture mechanics.

In this paper we study the asymptotic behaviour of functionals of the type (4)
modeling cellular elastic materials with fine microstructure. The study of this kind of
nonlinear media, but without considering the possibility of fracture (i.e., in the framework
of Sobolev functions), has been carried on by S. Miiller [51] and A. Braides [16] (see also
[17], [18], [19], [21], [26], [47]; a wide literature exists for the linear case, or when u is
scalar-valued; we refer the interested reader to the rich bibliography of [35]). Here we
consider functionals

(7 Few) = [ 1E ot [ ot —ur) @) a

where f and g are Borel functions, periodic in the first variable, which model the response
of the material to elastic deformation, and to fracture, respectively, at a microscopical
scale (which is given by the small parameter ). The behaviour of sequences of minima
for problems involving F., and of the corresponding minimizers, can be deduced from
the I'-convergence of this sequence (see [39], [35]). This analysis is usually referred to
as homogenization. The main result of this paper is showing that, under the growth
conditions (p > 1, a, > 0)

alflP < flz,€) < B(1+[¢P)

for all x € Rn, & € M™*",
a<g(z ) <p

(8)
we obtain, in the limit when € — 0, a minimum problem for the functional

(9) «/Thom(u) = /thom(vu) dz + /S ghom(<u+ - U_) ® Vu) dHn_l.

u

2



The integrands fhom and gnom can be characterized by some asymptotic formulas. The
homogenized bulk energy density is the same integrand as obtained in [16] in the case
without fracture:

(10)  from(&) = lim inf{in/m[n Flw, Vut &) de - u e W0, 70" Rm)}

T—+oo

while the function gnom is given on rank-one matrices by

Jhom (2 ® V) = lim inf / gz, (ut —u~) @uy)dH" 1 -
" Cen=lm i [ gl u) @)

u e SBV(TQ,;R™),Vu=_0ae., u=1u., on d(TQ,)},

where @), is any unit cube in R™ with centre in the origin and one face orthogonal to
v, and

_Jz if(x,v) >0
(12) e (¥) = {0 if (z,v) < 0.

Note that by (9) it is sufficient to define gpom on rank-one matrices. From (9)—(11) we
obtain that the overall behaviour of the medium described by (7) at the scale ¢ is the one
of a homogeneous material whose bulk elastic response is given by the study of F. only
on elastic deformations without cracks, and whose response to fracture can be derived
by the examination of ‘stiff deformations’ (i.e., where Vu = 0). In particular, note
that the homogenized surface energy density is not influenced by f; this phenomenon is
particular of the process of homogenization, since in general we do have an interaction
(see [3] Theorem 4.1). We mention also that the homogenization under SBV-growth
conditions (8) gives rise to a different type of phenomena than when a growth of order
one is allowed; i.e.,

(13) flx,§) <~lg] or  g(x,8) <l

(e.g., if g(x,-) is positively homogeneous of degree one), in which case the homogenized
functional is defined and finite on the whole BV (Q2; R™) (see [19]).

The paper is organized as follows. In Section 1 we recall the main definitions and
preliminaries on SBV functions, and we introduce the space SBV?(Q2;R™) of SBV -
functions whose approximate gradient is p-summable and whose jump set is H™ ™! -finite.
Section 2 is devoted to the statement of the homogenization result. In Sections 2-7 we
deal with functionals as in (7), with ¢ satisfying the technical assumption

(14) a(l+[§]) < g(x, ) < 61+ [€]),

which allows us to limit our analysis to SBV?(Q; R™). The treatment of the case with
g satisfying the growth condition (8) is carried on in Section 8 by a singular perturbation
approach. The proof of the homogenization theorem relies on several technical results.
In Section 3 we give a compactness theorem with respect to I'-convergence for function-
als defined in SBVP(Q2;R™). Its proof is based on a “fundamental estimate” (Proposi-
tion 3.1), which allows the application of the localization techniques of I'-convergence (see
[35]). We also prove a truncation lemma (Lemma 3.5), which, in several cases, permits
to deal with equibounded sequences. In Section 4 we apply the techniques of Buttazzo
and Dal Maso [29] and of Ambrosio and Braides [8] to give an integral representation on
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WHP(Q; R™) and on spaces of “partitions” BV (Q;T) (T C R™ is any fixed finite set)
of the functionals given by the compactness argument of Section 3. The characterization
by formula (10) of the volume energy density which describes the integral representation
on WP(Q; R™) is obtained in Section 5. In order to use the homogenization results of
[16] and [51], we apply a technique introduced by Ambrosio (see [7]), which allows to pass
from sequences of SBV -functions with vanishing surface energy to sequences of Lipschitz
functions in the description of the process of I'-limit. The construction of minimizing
sequences with surface energy tending to 0 is obtained by a scaling argument, which is
based on the periodic structure of the problem. A similar procedure leads in Section 6
to the characterization by formula (11) of the homogenized surface energy density: after
a scaling argument, which again is possible by the periodicity assumptions, we can pass
from sequences in SBV?(Q); R™) with vanishing bulk energy to sequences with Vu = 0.
This passage is carried on by a careful use of the coarea formula. In Section 7 we prove
the integral representation (9) on SBVP(Q; R™) N L (Q; R™), from which the general
result follows by approximation. The two key points are the application of the strong
convergence results in SBVP(Q; R™) of piecewise smooth functions proven by Braides
and Chiado Piat [23], which gives an inequality in (9) (Proposition 7.1), and, for the
opposite inequality, a blow-up argument which locally reduces the problem to the case of
linear or piecewise constant functions. The characterization of the I'-limits through for-
mulas (10) and (11), together with the compactness argument of Section 2 conclude the
proof. Finally in Section 8 we describe the applications of the homogenization theorem
to problems in fracture mechanics.

1. Notation and preliminaries

Let m > 1 and n > 1 be fixed integers. If ) is an open subset of R” we denote by
A(Q) and B(£2) the families of the open and Borel subsets of 2, respectively; moreover,
we set A = A(R") and B = B(R™), while Ag stands for the family of the bounded open
subsets of R™. If z,y € R™ then (x,y) denotes their scalar product; B,(z) is the open
ball with centre 2 and radius p, and S"~' the surface of the unit ball By(0); M™*" is
the space of the m x n real matrices. The usual product of a matrix £ € M™*" and a
vector x € R™ is denoted by & - x.

The Lebesgue measure and the (n — 1)-dimensional Hausdorff measure in R”
are denoted by L£™ and H" ™', respectively, but we also write |E| in place of £"(E).
Moreover, wy, = |B1(0)].

If @ € A, we use standard notation for the Lebesgue and Sobolev spaces
LP(Q;R™) and WHP(Q; R™).

Functions of bounded variation. For the general theory of the functions of bounded
variation we refer to [43], [48], [42] and [56]; here we just recall some definitions and
results we shall use in the sequel.
Let €2 be an open subset of R™ and u: ) — R™ be a Borel function. We say that
z € R™ is the approximate limit of u in z and we write z = ap-limy,_, u(y) if for every
e>0
lim = {y € By(2) N9+ uly) — 2| >} = 0.

We define S, as the subset of 2 where the approximate limit of u does not exist. It
turns out that S, is a Borel set, |S,| =0 and w is approximately continuous a.e. in 2;
more precisely, u(x) = ap-limy_., u(y) for a.e. z € Q\ S,.
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We say that u = (u!,...,u™) € L'(Q;R™) is a function of bounded variation if
its distributional first derivatives D;ui are (Radon) measures with finite total variation
in Q. This space will be denoted by BV (;R™). We shall use Du to indicate the
matrix-valued measure whose entries are D;uJ .

If w e BV(Q;R™), then S, is countably (n — 1)-rectifiable, i.e.

(1.1) Su=NuU(lJ K.

ieN

where H""!'(N) = 0 and (K;) is a sequence of compact sets, each contained in a C*
hypersurface I';. Moreover, there exist Borel functions v,: Sy, — S™ ! and ut,u—: S, —
R such that for H" '-a.e. z € S,

e [ fuly) - wt@ldy =0, Tmpr [ july) - u ()] dy =0,
p—0 B (z)nQ p—0 B, ()N
where By (z) = {y € By(z) : {y — z,vu(x)) > 0} and B, (z) = {y € By(v) : {y —
z,vu(z)) < 0}. Hence, for H" '-ae. z €S,

lim p=7|{y € By(2) N2 {y — @, Fvu(2)) > 0, |uly) — v (z)[ >} =0

for every € > 0. The triplet (ut(x),u=(z), vy (x)) is uniquely determined up to a change
of sign of v, (x) and an interchange between ut(x) and u=(z). The vector v, is normal
to Sy, in the sense that, if S, is represented as in (1.1) then v, (z) is normal to T'; for
H" -ae. x € K;. In particular, it follows that v, (z) = fv,(z) for H" '-ae. z €
Su NSy, and u,v € BV(Q;R™). If x ¢ S, we define ut(x) = u=(z) = ap-limy—, u(y).

We denote by Vu the density of the absolutely continuous part of Du with respect
to the Lebesgue measure. Vu(z) turns out to be the approximate differential of u at x
for a.e. x € 2, in the sense that

/ uly) — u(x) — Vu(z) - (y — )|
B, ()N

ly — x|

lim p—" dy =0.

p—0

We point out that if u,v € BV (2; R™) then Vu(z) = Vou(z) for a.e. x € Q such that
u(x) = v(x).

It is easy to verify that if u,v € BV (2;R™) and ¢ is a smooth real function
on Q, then (u+ v)* = vt +vF, (pu)* = put, |[ut —v¥| < [Jlu — v|[p=@rm) and
Vipu) =u® Ve + pVu.

We say that a function v € BV (Q; R™) is a special function of bounded variation
if the singular part of Du is given by (ut —u~) @ vy, H" 'S, i.e.

Du=Vul"+ (ut —u") QuaH L S,.

We denote the space of the special functions of bounded variation by SBV (Q; R™). The
introduction of this space is due to De Giorgi & Ambrosio [37]. For the properties of
the functions u € SBV (2; R™) we refer to [5] and [6]. Here we mention the following
result (see [10]): if v € SBV(2;R™) and ¢:R™ — R™ is a Lipschitz function with
Lipschitz constant L, then ¢(u) € SBV(Q;R™), S,y € Su, (¢(u))* = o(ut), and
IVp(u)| < L|Vu| a.e. in .



Let p > 1; the space SBVP(Q;R™) is defined as the space of the functions
u € SBV(Q; R™) such that

H" 1Sy NQ) < 400 and Vu € LP(Q; M™*™),

Sets of finite perimeter. Let 2 € A and E € B. We say that E has finite perimeter
in Q if the characteristic function xyg of E belongs to BV (€;R). Define the essential
boundary of E as

O'FE ={x e Rn: limsaolpp*ﬂBp(a:) NE| >0 and limsgpp*ﬂBp(a:) \ E| > 0}.
p— p—
If F is a set of finite perimeter in €2, then
[ 1Dxel = @0 E)s
Q

this value is the perimeter of E in Q. If w € BV(Q;R), then {x € Q: u(z) > t} has
finite perimeter in 2 for a.e. ¢t € R, and the following Fleming & Rishel coarea formula
holds:

+oo
(1.2) /B|Du| = [ HTBRO e ulw) > hdl

for every B € B(2). For an exposition of the theory of sets of finite perimeter see the
books quoted above for the functions of bounded variation.

Approximation of BV functions by Lipschitz functions. Let u be a non-negative finite
Radon measure on Y =|0,1[". For every = € Y let us define

p(By(z))
By ()]

M () is called the (local) maximal function of p. If p is absolutely continuous with
respect to the Lebesgue measure and h is its density, we also set M(h) = M (u). In [7]
M (p) is defined with respect to the unit ball Bi(0) instead of Y. However, it is easy
to see that the analogous of Proposition 2.2 and Theorem 2.3 in [7] still hold, as in the
following two statements.

M(p)(x) = Sup{ : p > Osuch that B,(x) C Y} .

Proposition 1.1. Let u be as above. Then there exists a constant c¢(n) > 0 such that

{z eV : M(p)(z) > N} < M

for every A > 0. Moreover, if pu is absolutely continuous with respect to the Lebesgue
measure and its density h belongs to LP(Y') for some p > 1, then

/Y (M()(2)pdz < C(n,p) / (h(a))wdz

Y

with C(n,p) =p2pc(n)/(p—1).



Theorem 1.2. Let A >0, ue BV(Y;R™)NL>(Y;R™), and let
E={x €Y :M(|Du|)(x) > A}.

Then, for every 0 < ¢ < 1 we can find a Lipschitz function v : Y. — R™, where
Yz =le, 1 —¢[", such that u=v a.e. on Yz \ E, and the Lipschitz constant Lip(v,Y:) of
v on Y: satisfies the inequality

. 2
Lip(v,Y2) < m(e/(mA+ = [ull =y mem))

for a suitable positive constant ¢'(n).

I"-convergence. We recall briefly the notion of I'-convergence ([39]). Let (X,d) be a
metric space and let F,: X — R be a sequence of functionals on X, and let F: X — R.
We say that (F}) I'-converges to F' at the point x € X with respect to the
topology induced by d, if the following conditions are satisfied:
(i) for every sequence (xp) in X such that d(zp,z) — 0, we have F(z) <

liminf Fp, (zp); -
h—+4o00

(ii) there exists a sequence (xp) in X such that d(zp,z) — 0 and F(x) =

lim F .
i )

We say that (F}) I'-converges to F' on the space X with respect to the topology induced
by d if (i) and (ii) hold for every x € X . In this case F is called the I'-limit of (F}),

and we write F' =1- lim Fj,.
h—-+o00

For a complete treatment of the subject we refer to [35]. Here we only recall the
following facts. If (F}) I'-converges to F' then F' is lower semicontinuous. If (Fj) is
a constant sequence, i.e. if Fj is equal to the same functional G for every h € N,
then the I'-limit exists and coincides with the lower semicontinuous envelope (or relaxed
functional) G of G on the space X with respect to the topology induced by d (see [28]).
Under suitable coercivity conditions, I'-convergence guarantees the convergence of the
minimum values of the functionals F}, to the minimum value of their I'-limit.

Quasiconverity. We finally recall that a continuous function f : M™*" — R is quasi-
convez if for every open set Q and £ € M™*" we have [Q|f(§) < [, f(€ + Du)dx for
all u € C}(; R™). Quasiconvexity is a well-known necessary and sufficient condition for
the weak lower semicontinuity of integral functionals defined on Sobolev spaces (see [15],
1], [34], [28)).

2. Statement of the main result

Let f: R?» x M™ "™ — [0,40c0] and g : R» x Rm x §"' — [0, +00[ be two Borel
functions. We suppose that f satisfies
i) for every £ € M™*™ the function f(-,&) is 1-periodic, i.e., f(z +¢e;, &) = f(z,¢)
for every i =1,...,n and z € R";
ii) there exist two constants ¢; > 0 and c2 > 0 such that

alglP < f(z,8) < ca(1+[¢]P)

for a.e. x € R™ and for every £ € M™*",
and ¢ satisfies



i) g(z,s,v) = g(z,—s,—v) for every (z,s,v) € R» x Rm x "1,
ii) g(-,s,v) is I-periodic for every (s,v) € Rm x §" 1,
iii) there exist a function w : [0, +oo[— [0, +o0[, continuous and non decreasing with
w(0) =0, and a constant L > 0, such that w(¢) < Lt for ¢ > 1 and

lg(z,5,v) — g(z,t,v)] < w(|s—t|) forevery z € R*, s,tc Rm, v e §" !,
iv) there exist two constants ¢z > 0 and ¢4 > 0 such that
cs(1+1s]) < g(z,s,v) < ca(l+|s])

for every (z,s,v) € R x Rm x §" 1,
For every e >0, A€ A, u € SBVioc(A;R™) and B € B(A) we define

(2.1) F.(u,B) = /Bf(g,Vu) da:-i—/s g(f,iﬁ —u—,v)dH .

wNB €

We remark that there exists a one-to-one correspondence between (R™ \ {0}) x
S™~ 1 modulo the equivalence relation (s,v) ~ (—s,—v) and the space of matrices of
rank equal to 1. Hence we could as well write the functional in (2.1) in the form

RwB) = [ 1EVodos [ gt ) mw)an
B € S.NB €

with the identification g(x,s ® v) = g(z, s,v), to have a symmetric notation in the two
integrals. However, in the sequel we shall always use the notation (2.1) to highlight the
different behaviour of the surface integral with respect to ut —u~ and vy, .

The following propositions introduce the functions from and gnom which will

appear in the integral representation of the limit functional of the family (F:)s>0.

Proposition 2.1. For every £ € M™*"™ there exists

fuom(€) = Tim inf{ f(g, Vu+ &) de:ue WHP(0, 1] Rm)} .
e o1

The function from s quasiconvex, and for every & € R™

Cl‘ﬂp < fhorn(g) < 02(1+|§‘p)

Moreover, for every infinitesimal sequence () of positive numbers and for every Q € Ao
the sequence u — [, f(i,Vu) dx T -converges to the functional u — [ fuom(Vu)dz

on WP (Q; R™) with respect to the LP -topology .
Proof. For the proof see [16] and [17] (Theorem 2.3 and the subsequent remark, Propo-
sition 1.8 and Remark 1.7). O

Proposition 2.2. For every (z,v) € R™ x S"~! there exists

Ghom (2, V) = 21_1)1’(1) inf{ - g(g,uﬁL — U, Vy) dH™ 1 -
’U,m v

u€ SBV(Q,;R™),Vu=0a.e., u=1u;, on GQ,,} ,
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where Q, is any unit cube in R™ with centre in the origin and one face orthogonal to v
(the limit being independent of such a choice), and

_fz dif(xz,v) >0
uz’”(x)_{() if (x,v) < 0.

The function gnom is continuous on (R™\ {0}) X S”_17 and
c3(142]) < ghom(z,v) < ca(l+2]).

for every (z,v) € (Rm\ {0}) x "1
The proof of Proposition 2.2 is postponed to Section 6.
For every A€ A, u € SBVioc(A;R™) and B € B(A) we define

Fhom(u, B) = / from (Vu) dx + / Ghom (Ut —u—, 1) dH" L.
B S

wNB

The main result of the paper is the following homogenization theorem.

Theorem 2.3. Let (F:)es0 and Fhom be as above. Let (g1,) be an infinitesimal sequence
of positive real numbers. Then for every A € Ay

Fhom('7A) = F_hEI—i{loo F€h<7A)

on the space SBVP(A;R™) with respect to the L'(A;R™)-topology, and on the space
SBVP(A;R™) N LP(A; R™) with respect to the LP(A; R™)-topology.

In the case when f and g are constant with respect to the first variable, we
immediately obtain the following relaxation result (see also [44]).

Corollary 2.4. Let Q€ Ay and
F(u) = / f(Vu)dz —l—/ glut —u=, v )K"
Q SuNQ
for u € SBVP(Q;R™). Then the lower semicontinuous envelope of F' on SBV?(Q; R™)

with respect to the L*(Q; R™)-topology (or on SBVP(Q;R™) N LP(Q; R™) with respect
to the LP(Q; R™)-topology) is given by

Fu)= [ f(Vu)dx glut —u—, vy ”_1,
F(U)—/Qf(v)d +[Smg<+ V)M

where

f&) = inf{/]o ” f(Vu+&)dx :ue€ W(l),p(]()’ 1[”;Rm)} :

i.e., f is the quasiconvex envelope of f (see [34]), and

g(z,v) = inf{ glut —u—,vy)dH" "
S.NQ.

u € SBV(Qu;R™),Vu=0a.e., u=us, ondQ,},

for every € € M™ ™ and (z,v) € Rm x 8"~ ' with Q, and u., as in Proposition 2.2.



3. A compactness result on SBV?({2;R™)

In this section we prove some general properties for functionals of the form

F.(u,A) = / fe(x,Vu)dx —|—/ ge(z,ut —u—, v dH™ 1,
A S.NA
where fo : R x M™*" — [0,+o00[ and g : R x Rm x S7=1 — [0, 00| are Borel
functions satisfying

c1lélp < fo(x,8) < ca(1+[€|P), for a.e. x € R™ and for every £ € M™*"
cs(1+1s]) < ge(x,8,v) < ea(1+]s]), for every (z,s,v) € Rn x Rm x §"7!

for suitable positive constants ¢;. Moreover, we suppose that g-(z,s,v) = g-(x, —s, —v)
for every (z,s,v) € R* x R™ x "1, In particular we can have f.(x,&) = f(£,6) and
ge(w,8,v) = g(Z,s,v), where f and g are the functions introduced in Section 2.

For every A€ A, u € SBVioc(A;R™), and B € B(A) let
(3.1) H(u, B) = / Vulpda +/ (14 |ut —u-|)dH" T .
B S.NB

The functional H(-, A) is lower semicontinuous on SBVij,.(A4; R™) with respect to the
Li (A;R™)-topology: see [6] Theorems 2.2 and 3.7 or [7] Theorem 4.5 and Remark 4.6.

In view of the growth conditions satisfied by f- and g., there exist y1,72 > 0
such that for every ¢ > 0,

(3.2) M H(u, A) < Fe(u, A) < 72(H(u, A) + |A]).

Hence, for every A € Ap the I'-limit of any sequence (F%, (-, A)) (e, — 0) on a sub-
space of SBVic(A; R™) with respect to a topology stronger than Li (A;R™) is finite
exactly on SBVP(A;R™). Thus in the sequel we shall restrict ourselves to the space
SBVP?(A;R™). The crucial properties of the I'-limit are based on the so-called funda-

mental estimate ([35]), of which we give now an SBV -version.

Proposition 3.1. (fundamental estimate) Let (F.) be the family of functionals defined
in (2.1). For every n > 0 and for every A’, A”, B € A, with A’ CC A", there
exists a constant M > 0 with the following property: for every € > 0 and for every
u € SBVP(A”;R™), v € SBVP(B;R™) there exists a function ¢ € C§°(A") with
v =1 in a neighbourhood of A’ and 0 < ¢ < 1 such that

Fe(pu+ (1= 9o, AUB) < (1+n)[F(u, A”) + Fe(v, B)] + M|u — v}, g.qm) + 1
where S = (A" \ A")NB.

Remark 3.2. From the proof it follows that the cut-off function ¢ can be chosen in a
finite family depending only on 7, A’, and A”.

Proof. Let n > 0, A’, A” and B be fixed as in the statement. Let k£ € N satisfy

1 . C2 ¢4
(3.3) EmaX(QP 10—1,5,62|(A”\A’)HB]) < 7.
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Let Ai,...,Ar+1 be open subsets of R™ such that A’ CC Ay CC A2 CC --- CC
Ag+1 CC A”. For every i =1,...,k let ¢; be a function in C§°(Ai41) with ¢; =1 on
a neighbourhood V; of A;. Define

Cc2
— 9p—1_2
M =2 k 1I<na’§k”v90'LHL°° :

Fixed ¢ > 0, u € SBVP(A”), and v € SBV?(B), define on A’ U B the function
wi = piu+ (1 — p;)v (where u and v are extended arbitrarily outside A” and B,
respectively). Then for i =1,...k

F.(wi,A’UB) < F.(u,(AYUB)NV;)
(3.4) + F.(v, B\ spty;) + F-(w;, BN (Aj11 \ A3))
S FE(ua A”) + FE(UaB) + F5<wivB N (Ai+1 \E)) .

Set T; = BN (A1 \ A;), we estimate the last term:

(1+ |Vwi|P)d:L‘+C4/ (1+ |w —w; |)dH™
S’wimTi

F(w,T;) < 02/
T;
< CQ(|TZ-|+/ iV + (1= i) Vo + (V) (u - v)|rda)
T;

+ (/ (14 ut —u=])dH" +/ (14 [vt — v~ [)dH" "

(Su\Sy)NT, (Sv\Su)
F et - u) (- gt - o) )

S,NS,NT;
< (|l + 271 [ (Va4 [Top + [Tl - o) da)
T

+C4(/ (1+|u+—uy)dH”—1+/ (1 4o+ — v ar)

SuNT; S»NT;
<2P12/f VudaH—/f Vvdx)

+ 0—4(/ g(f,m‘ —uT, ) dH" ! —l—/ g(g,zﬂ' — v, V) dHn_1>
e NJs,.nT; € S,nT; €

+ o (1T + 21 (19l o< 1w = vl o))

< BT + B0, 1) + o (1T + 2071 max [Verlf) = ol r,).

where vy = max(2r~1¢2, ). Hence there exists io € {1,...,k} such that
1 F
FE(wl'07Ti()) S Elz: wla Z
< L(F.(u, A7) + F.(v, B)) + 2|S| + M[ju — v|”
~k k LP(S;R™)

where S = (A”\ A’) N B. From (3.4) it follows that
c
Fe(wiy, A'UB) < (1+ ) (Fe(u, A) + Fe(v, B)) + 21| + Ml = vl g m -

11



By (3.3) the proof of Proposition 3.1 is accomplished. O

Proposition 3.3. Let (g) be an infinitesimal sequence of positive numbers. Then
there exist a subsequence (€,(1)) of (en) and a functional Fy defined on the set {(u, A) :
Ae Ajue SBVP(A;R™)NLP(A;R™)} and with values in [0, +o0] such that for every
Ae Ao
FO('? A) =1TI- hgr—lr—loo Feo—(h) ('7 A)

on the space SBVP(A;R™) N LP(A;R™) endowed with the LP(A; R™)-topology. More-
over, for every Q € Ay and u € SBVP(Q; R™) N LP(Q; R™) the set function Fo(u,-) is
the restriction to A(Q2) of a Borel measure on €.

Proof. For every ¢ > 0 let G¢ : LP(R?;R™) x A — [0, +00] be defined by

F.(u,A), ifulsa € SBVP(A;R™)
400, otherwise.

Ge(u, A) = {

By Theorem 16.9 in [35] there exist a subsequence (g,(p)) of (x) and a functional Gy :
LP(R™;R™) x A — [0, +00] such that Gy = f(Lp(R";Rm))—hliIf Ge,q, - Adopting

the the notation of [35], whom we refer to for details and precise definitions, this means
that Gg is the inner regular envelope of both the I'-lower and the I'-upper limit of the
sequence (Ge,, ). By (3.2)

NH(u, A) < Gelu, A) < 12 (H(u, A) +|A])

for every ¢ > 0, A € A and v € LP(R";R™) with u|s4 € SBV?(A;R™). Taking into
account Proposition 3.1 we can apply the same method of proof as in Theorem 18.7 in
[35]. Thus we obtain that for every A € Ao the sequence (Ge,,, (-, 4)) of functionals
on LP(R™;R™) I'-converges to Go(-, A) with respect to the L¥(R™; R™)-topology at
all points u € LP(R™;R™) with u|s € SBVP(A;R™).

For every A € A and u € SBVP(A; R™)NLP(A; R™) define Fy(u, A) = Go(u, A),
where @ is any LP-extension of u to R™. This definition is well posed since from the T'-
convergence of (G-, ,,) to Go it follows that for every u, v € LP(R"; R™), if ula = v|a
then Go(u, A) = Go(v, A). Now the stated convergence of F._,, (-, A) is easily proved.
Observe now that Ge(u,-) is the restriction to A of a Borel measure on R™ for every
w. Then, by Proposition 3.1 and by Theorem 18.5 in [35] (which holds with the same
proof also for vector valued L”-functions), for every u € LP(R™;R™) the set function
Go(u,-) is the restriction to A of a Borel measure on R”. From that we obtain the

stated measure property of Fp. O
We prove now some further properties of the I'-limit Fj.

Proposition 3.4. Let (gp,) be an infinitesimal sequence of positive numbers, and A €
Ao such that the limit Fo(-, A) = F_hhrf F., (-, A) exists on the space SBVP(A;R™)N

LP(A;R™) endowed with the LP(A;R™)-topology. Then for every sequence (up) in
SBVP?(A;R™) converging in L*(A;R™) to a function v € SBVP(A;R™)NL>(A;R™)
we have Fy(u, A) < %Ziminf F., (up, A).

For the proof we need a technical lemma (see also [30]).

12



Lemma 3.5. Let A € Ay and let (up) be a sequence in SBVP(A;R™) which is
bounded in L'(A;R™) and such that (H(un,A)) is bounded. Then for every n > 0,
My > 0 and h € N there exists a Lipschitz function p : R™ — R™ with Lipschitz
constant less than or equal to 1 satisfying the property

_Jy iflyl < an
‘Ph(y)—{o if ly| > bn .

for suitable constants ap,bn, € R with Moy < ap < by, such that

F€h(90h(uh)aA) < F5h(uh’A) +n

for every h € N. The function ¢y can be chosen in a finite family independent of h.

Proof. Fix n > 0, My > 0. Let (aj) be a strictly increasing sequence of positive real
numbers such that for every j € N there exists a Lipschitz function ¢; : R™ — R™
with Lipschitz constant less than or equal to 1 satisfying

oy = Jy ity < ay
@](y>—{0 if|y]>aj+1.

The sequence (aj) will be determined subsequently in a suitable way (see (3.6)) and will
depend only on 7 and My. For every h € N and j € N let w) = ¢;(us). Consider the
volume part of Fg, (wj, A); we have

/fsh(a:,Vw‘,i)dg::/ fsh(:):,Vuh)dx%—/ fen(2,0) dx
A An{lun| < aj}

An{|un|>a;4+1}

+/ ft%(x’ V’w%) dx
An{aj<|un| < aji1}

< / for (@, Vun) dz + col AN {Jun] > aj1}]
A

—I—CQ/ (1 +[Vup|p) dz.
Anfa;<|un| < ajq1}

As for the surface part, it is not restrictive to assume that |u; | < [uf| H" '-a.e. on

Su,, - Since (wfb)i = ¢;(u) we have

/ Ger (@, (wh)F = (w)) =, v ) dAH"

S jNA h
h
</ e (03 0) = 93(06), v ) A
(Sup, \{aj1 <Juy [})NA
5 .
The set Su, \ {aj+1 < |uj, |} can be decomposed as U S?, where
i=1
St={lufl <a;}, 83 =A{lu| <aja501 < |uf]},
Si=Aluyl <a; <l <ajn},  Si={a; < lu,lluf] <ajia},

S?={a; < |uy| <ajp1 < |uf|}.
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Hence, taking into account the Lipschitz continuity of ¢;, we have

/ Gen (@, (w] ) — (wl) =, v, ;) dH
S iNA h

h

< [ gaed —upo) 0 e [ (g e
SINA SiNA
# e [ @l -

We now use these inequalities to estimate % Z;VZI Fe, (w%, A), for every fixed h € N and

N € N. Note that each of the families ({a; < |un| < aj41})jen,(S7)jen(i = 3,4,5)
consists of pairwise disjoint sets. Then

N

1 .

NZF (w), A) < F., (up, A)
J=1

N
1
(3.5) o (el AN {Junl > a1} +C4/_ (14 Juy ) dH™)
j=1 SInA
1
-+ N(CQ / (1+ |Vuplp)dx + 304/ (1 + |u)f —uy ) dH"fl) :
A Su, NA

By assumption there exists a constant ¢ > 0 such that

C2 / (1+ |Vup|p) dz + 304/ (1+ |u; —uy|) dH" ! < ¢
A Su, NA

for every h € N. Choose N € N such that ¢/N < n/3. Moreover, we have (we can
suppose ¢4 > 1)

ez [ upan = [ (] = g ane!
SinA SInA

2

> (aj+1—aj)H"H(S3NA),

whence
1 + aj
aj+1 — a;

/ Uy A <
SINA

The sequence (a;) is now defined recursively by the following conditions

2l AN {|up| > ar}| < n/3 forevery h € N, a1 > My
3.6 1 i
(36) 040l < n/3 for every j € N,
aj+1 — aj

which is possible by the assumed boundedness of (u;) in L'(A4;R™). From (3.5) we
now obtain

N

1

NZth wh, < Fe, (up,A)+n.
J=1

14



Therefore for every h € N there exists j(h) € {1,..., N} such that th(wi(h),A) <
Fe, (un, A) +n. The function ¢p = @) is the Lipschitz function we were looking for.
Note that N is independent of h. O

Remark 3.6. From its proof it follows immediately that the previous lemma still
holds for the functionals of the type Fi,(u,A) = [, fe,(x,Vu)da or Fi,(u,A) =

fsumA gey, (Tyut —u=, 1) dH™ !, with f=, and g, as above.

Proof of Proposition 3.4. We can assume that (F;, (up, A)) converges to a finite
value. Fix n > 0. By applying Lemma 3.5 to the sequence (up) with My = ||u||ec, We
obtain a sequence (vy) in SBVP(A;R™) N L (A;R™), bounded in L>(A;R™), such
that v, — w in LP(A;R™) and lggJir%(f)FEh(vh,A) < %Eilgth(uh,A) + n. By the

['-convergence of (F,) we have Fy(u, A) < I}im Jirnf F._, (vn, A). The arbitrariness of n

7(h)

concludes the proof. 0

In the following lemma we assume fc,(z,§) = f(5,§) and ge,(z,s,v) =
g(%, s,v) where f and g are the functions introduced in Section 2.

Lemma 3.7. Let (¢5) be an infinitesimal sequence of positive numbers such that for ev-
ery A € Ao the limit Fo(-,A) = F—hlim F., (-, A) exists on SBVP(A;R™)NLP(A; R™)
——+00

with respect to the LP(A; R™)-topology. Then for every u € SBVP(A;R™)NLP(A; R™),
a € R™ and y € R™ we have

(i) Fo(u+a,A) = Fy(u, A), (i) Fo(ryu,myA) = Fo(u, A),
where (tyu)(x) =u(zr —y) and Ty A=A+y.
Proof. First we prove (i). Let (up) in SBVP(A;R™) N LP(A;R™) be a sequence con-

verging to u in LP(A;R™) and such that (F;, (up,A)) converges to Fy(u,A). Then
(up, + a) converges to u+a in LP(A;R™) and

Fo(u+a,A) < lhimJirnf F., (up +a,A) = l}}mJirnf F., (up, A) = Fo(u, A) .

On the other hand, Fo(u, A) = Fo((u +a) + (—a),A) < Fo(u+a,A).

We prove now (ii). There exists a sequence (zp) in Z™ such that y, = epzp
converges to y. Let (up) be a sequence as in the proof of (i). Set v, = 7y, un : A+yn —
R™; by taking the periodicity assumptions on f and g into account we get

T+ T + _ n—
Fuolin, ) = [ ST Vunydo s [ g0t v an !
A €h Su, NA h

:/ f(ﬁ,Vvh)dx-l—/ g(ﬁ,v;{—v;,yvh)dH"ﬂ.
Atyn  Eh Su, N(A+yn)  €h

Let B CC A; for h sufficiently large we may assume A + y, 2 B + y; hence

Folond) = [ f(E Voydot [ (vt — ) dHPL
Bty €h Su,N(B+y) €h

which yields Fo(u, A) > Fo(ryu, B+y), since (vp,) converges to T,u, By the arbitrariness
of B CC A we have also Fy(u,A) > Fo(ryu,7yA). We conclude the proof of (ii) by
noticing that Fy(ryu,7yA) > Fo(m—y(myu), 7—y(1yA)) = Fo(u, A). O
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4. Integral representation on W'?(Q;R™) and on partitions

On account of Proposition 3.3 we shall try to identify the I'-limits of convergent sequences
of functionals F.. Therefore, up to Section 7 we shall assume that an infinitesimal
sequence (gp,) of positive numbers is given, such that for every A € Ay the limit

(4.1) Fo(-A) =T- lim F.,(,A)

exists on the space SBV?(A;R™)N LP(A;R™) endowed with the LP(A; R™)-topology.
In particular Fy(-, A) is lower semicontinuous with respect to the L?(A; R™)-topology.
As we have seen, for every Q € Ay and u € SBV?(Q; R™) N LP(2; R™) the set function

Fo(u,-) can be extended to a Borel measure on 2. Such a measure is given by (see [35]
Theorem 14.23)

(4.2) Fo(u, B) = inf{Fo(u, A) : A € A(Q), B C A}

for every B € B()). Moreover, from the considerations at the beginning of Section 3 it
follows that there exist two constants 71, v2 > 0 such that for every u € SBV?(A; R™)N
LP(A;R™) we have y1H (u, A) < Fo(u, A) < v2(H (u, A)+|A]), where H is defined in
(3.1). By (4.2) we obtain immediately

(4.3) WH(u, B) < Fo(u, B) < 7(H(u, B) + |B|)
for every B € B(2).

Proposition 4.1. There exists a unique quasiconver function f : M™*™ — [0, +o0[
with the following properties: B
(i) there exist v1, v2 > 0 such that ~y||P < f(§) < v2(1 + [&|P)  for every
5 c MmXTL .

(ii) for every A € Ao and u € W P(A; R™) we have Fy(u, A) = / F(Vu) da.
A

Proof. Let Q € Ap and consider Fy : WHP(Q; R™) x A(Q) — [0, 4+00[. This functional
satisfies the assumptions of Theorem 1.1 in [29], i.e., for every u,v € W P(Q; R™) and
Ae AQ):

a) Fo(u,A) = Fo(v, A) whenever u|g = v|a;

b) the set function Fy(u,-) is the restriction to A(2) of a Borel measure on €2;

¢) Fo(u,A) < ¢ [,(1+4 |Dulp)dz, with ¢ a positive constant;

d) Fo(u+a,A) = Fo(u, A) for every a € R™;

e) Fy(-, A) is sequentially weakly lower semicontinuous on W'?(Q; Rm).
In fact, properties b), ¢), and d) follow from Proposition 3.3, estimate (4.3) and Lemma
3.7, respectively, while a) and e) can be obtained immediately from the fact that Fy(-, A)
is the I'-limit (4.1).

By [29] Theorem 1.1, the Carathéodory function f : Rm x M™*"™ — [0, 400]

defined by

e 1 Fo(ug, By())
(4.4) f(z,8) = hf;ljélpou_gw
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(ug is the linear function defined by ug(x) = € - ) gives the integral representation
Fo(u,) = | Flo,Du)do
Q

for every u € WP(Q; R™). The function ]7(:1:, -) is quasiconvex for a.e. = € R”, and,
from (4.4) and Lemma 3.7, we obtain that f(x,¢) is constant with respect to x € R».

Consequently we can drop the dependence on x. Finally, the uniqueness of f follows
from (4.4), while (i) follows from b) and (4.3). O

The next step is to obtain an integral representation formula for Fy on finite
partitions, i.e., on those BV functions which take only a finite set of values. It will be
achieved by applying a theorem due to Ambrosio and Braides. Given Q2 € Ap and a
finite subset T' of R™ we denote by BV (€;T) the set of functions u : 2 — T which
belong to BV (Q; R™). It turns out that BV (Q;T) C SBVP(Q;R™) N L>(2; R™).

Proposition 4.2. There exists a unique function § : Rmx S"~ 1 — [0, +00[ continuous
in the second variable and such that

(i) g(—s,—v) =g(s,v) for every (s,v) € Rm x §"~1;

(ii) for every finite subset T of R™

Fo(u,S) = / glut —u=,vy) dH™!
S
for every A€ Ay, u€ BV(A;T) and S Borel subset of S, N A.

Proof. Let T be a finite subset of R™ and let Q € Ay. For every A € A(Q) and
u € BV(;T) we define Gr(u, A) = Fo(u, Sy, N A), where Fy(u,S, N A) is defined in
( 2). Let us show that the assumptions of Theorem 3.1 in [8] are satisfied by Gr :
BV (Q;T) x A(f2) — [0, +o0[ in the following form:

i) 0 < Gr(u,A) < AH" Y(ANS,) with A € R fixed;

(ii) Gr(u,-) is the restriction to A(€2) of a Borel measure on ;

(iii) Gr(u,A) = Gr(v,A) whenever v =v a.e. in A;

(iv) if up — u a.e. in A, then Gr(u, A) < %ngGT(uh’A);

)

(v) for every y € R* Gr(ryu,7yA) = Gr(u,A) (where (ryu)(z) = u(zr —y) and

TyA = A+ y) whenever 7yA C Q.

Property (i) follows immediately from the definition of Gr and from estimate (4.3).
As to (ii) the Borel measure Fy(u,-) on £ (see (4.2)), restricted to S, is an extension
of Gr(u,-). The proof of (iii) follows immediately from (4.1) and the definition (4.2) of
Fo(u,-) on Borel sets.

Let us come to (iv). If up — w a.e. on A, by the equiboundedness of (uy) it
turns out that up — u in LP(A;R™). For every E open subset of A with S, NACFE
we have

Fo(u, E) < liminf Fo(up, E) .

h—+o00
Furthermore, by (4.3)
F()(uh, E) = Fo(uh, Suy, N E) + Fo(uh, FE \ Suh) < Fo(uh, Suy, N A) + ’yg‘E’ .
Thus,

Fo(u, E) < %mlanO(uh;Suh NA)+ y|E|.
——+00
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By passing to the infimum over all open sets £ O S, N A, we get

Fo(u, Sy NA) < lgminf Fo(up, Sy, NA).

— 400

Finally, for the proof of (v) it is enough to refer to the property of translation
invariance shown for Fy in Lemma 3.7.

At this point we can apply Theorem 3.1 in [8], which yields the existence of a
unique continuous function g : Q x T x T x S"~1 — [0, +00[ such that g (x,a,b,v) =
g’%(xﬂ b7 a, _V) and

(4.5) Fo(u,SuNA)=Gr(u,A) = / g3z ut u—, w) dH™ 1
S.NA

for every u € BV (;T) and A € A(f2). Define

ab _Ja if{(xr—z0,v) >0 B ol _
U$O»V(x)_{b if(x—:co,y> <0 ’ HJJo,V_{yER '<y 370>V>_O}

whenever x,290 € R", a,b € R™ and v € S""'. The continuity of g$(-,a,b,v) yields
that

F g7bl/7 Hm v N B
(4.6) 9% (20, a,b,v) = lim 0(:_01’ 0, »(70))
p—0 H (on,z/ N Bp(m()))

for every (zo,a,b,v) € QxT xT x S™'. This allows us to replace the integrand function
in (4.5) by a function g(x, a,b,v), valid for all Q and T, defined on R? xRmxRmx §" "1,
From (4.6) and Lemma 3.7 we also obtain that ¢ is independent of x and depends on
(a,b) through the difference a — b. Therefore we can write

Fo(u, Sy NA) = / g(ut —u=, vy dH™ T
S.NA

for every finite subset T" of R™, A € Ay and u € BV (A;T). Since Fy(u, )L S, is a
regular Borel measure, this immediately yields the integral representation on the Borel
subsets of 5, stated in the proposition. O

5. Characterization of the homogenized bulk energy density
The goal of this section is to prove that the function f given in Proposition 4.1 is precisely

the function fhom introduced in Proposition 2.1. This will be achieved in the next two
propositions. We shall use the notation Y =]0, 1[".

Proposition 5.1. For every £ € M™*"™ we have f(€) < from(§).

Proof. Fix £ € M™*"™. From the definition of fuom, for every o > 0 there exists
e =¢(0) > 0 and a function v € W§P(Y;R™) such that

/Yf(§,§+w(w))dw < From(€) 10
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We still denote by v the 1-periodic extension of v to R”. For every h € N define
up(x) =€ -+ 5—hv(ix) for z € R™. Since (v(Zx))n is bounded in LP(Y;R™), we
g Eh

have that (up) converges to £ -z in LP(Y;R™). We may assume that ¢ = 1/k for a
suitable k € N, so that the function x +— f(%,n) is Y -periodic for every 7. Hence, by
the definition of Fy:

Fo(§-z,Y) < liminf/ f(%,f—F(VU)(i:E)) dx
Y

h——+o0o Eh
< liminf (g—h)"/ f(E £+ Vou(z))dx
T h—+4oo € ([e/en]+1)Y g’

h—+4o00 IS

— lim inf (g—h)”([i} + 1)”/Yf(§,§+Vv(x))dw.

Therefore Fy(§-2,Y) < from(§) + 0. The conclusion follows from Proposition 4.1 and
the arbitrariness of o > 0. O

Proposition 5.2. For every £ € M™*"™ we have f(£) > from(§).
Proof. For the sake of clarity, the proof will be divided in three steps. Fix £ € M™*™.

Step 1. There exist a sequence of positive real numbers (ayp) converging to 0 and a
sequence of functions (wp) in SBVP(Y;R™)N LP(Y;R™) such that

(i) wp — & x in LP(Y;R™)

(5.1) (ii)  Jim H" H(Sw, NY) =0
i) tmsw [ Van@)de < fi6).

Proof. By assumption there exists a sequence (vp,) in SBV?(Y;R™)N LP(Y;R™) such
that vy, — 0 in LP(Y;R™) and

i L (€ oY) = Fo(§- 2, Y) = F(©).

Set up(z) =& -+ vn(x), [|valLe(virm) = a,(l”/p)ﬂ. It is easy to see that there exists a

divergent sequence (kj) of natural numbers such that, setting 3, = kpep,, one has

By — 0, %Ho.
h

Now, in order to be able to introduce the sequence (wy,), let us consider for every h € N
and A € N7 the set Qpn = On(A+Y). Let A(h) € N™ be the index of a “minimal
cube”, i.e.,

Fep (un, Qo)) < Fep (un, Qux)

for every A € N™ with @, C Y, and set

Qn = Quxrnys Th=BrA(h), wi(z)=§ 2+ %Uh(xh + Bhz), wEY.
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Let us prove (5.1)(i). Easy computations show that

1 1/p
wp — & x|\ pe v rm :—/ vp(y)|P dy
|| HL (Y;R™) (5h)(n/p)+1( o | ( )| )

1 Oh
S piyvmrmy = (—)®/p)+1
< Gy el s = (507
The conclusion is now immediate by our assumptions on oy, /G .
Let us prove (5.1)(ii). For every h € N

%}"FE}L (un, Qn) > [i]“cw*(suh Q).

Therefore, since the sequence (F:, (up,Y)) is bounded, there exists a constant C' > 0
such that for every h € N

th(Uh,Y) 2 [

n—1 C
H (Suh N Qh) S []_/bh]n .

On the other hand Sy, NY = ﬁih((Svh NQr) —xn) = B%((Suh NQn)— xn), which implies

n—1
Hn_l(Swh ﬂY) _ 1 1/6h ) 1

(BT [1/54] [1/B4]

Since (1) converges to 0 as h tends to +oo, the proof of (5.1)(ii) is accomplished.

Let us now define oy, = €,/0y. Then «ap — 0 as h — +00. We now prove
(5.1)(ili). By taking into account the periodicity assumption on f and the fact that
Bn/en € N, we have

H" 1 (Su, N Q) < C(

/f(i,th(x))dx:/f(i,£+(Vvh)(mh+ﬁhx))dx
y Op y Qp

1 Y — Th 1

_ y .
(Brn)" th( - ’5+Vvh(y))dy—(ﬁh)n th(gh,uv n(y)) dy

Yo \"r Lyng (o, B \" 5
= ([1/5h]> [6h} F, (un, Qn) < <[1/ﬁh]> Fe, (up,Y).

Hence, limsup/ f(i,th(ac))d:U < lim F,(up,Y) = f(€), which proves (5.1)(iii).
h—-+oo v ap h—-+oco

Step 2. For every fixed n > 0 the sequence (wp) can be chosen in such a way that

(i) JA >0 VheN [wylperymrm) <A
(ii) wp — & x in LP(Y;R™)

(5.2) (iii) hhr+n H" (S, NY)=0

(v)  limsup /y F V@) de < Fl©) +1.

h——+o0o

Proof. Apply Remark 3.6 to the sequence of functionals u — [, f(Z, Vu(z)) dz. Thus,

h 9
Lemma 3.5 applied to (wp), with Mo = [|£ - || (v;rm), furnishes a sequence ¢ (wp,)

20



which satisfies properties (5.2), as one can easily check on account of properties (5.1) and
the fact that S, (,) € Sw, . Now the functions ¢, (wy) are renamed wy, .

Step 3. We replace the sequence (wy,) with a suitable sequence in W (actually Lipschitz
functions), still satisfying properties similar to (5.2)(ii) and (5.2)(iv), and apply the
homogenization results in W',

Proof. We first need a preliminary remark. By Proposition 1.1 for every h € N we have

C(p,n)

a1

/Mp(|th|)da: < C’(p,n)/ Vuwplpdz < /f(i,vwh)da;.
Y Y y COhn

Then the sequence (M?(|Vwp|)) is bounded on L'(Y). This ensures, as proved in [1]
Lemma 1.7, a weak equi-integrability property for (MP?(|Vwy|)). More precisely, for any
e > 0 there exist a Borel set C. CY, § > 0 and an infinite set S C N such that |C:| < ¢
and for all C € B(Y)

if CNC: =0, and |C| < §, then /Mp(|th|)dx<6 forall h € S.
C

Fix € > 0 and let C: and 0 enjoy this property. It will not be restrictive to assume
S = N. Since (MP(|Vwyl)) is bounded in L'(Y) we can choose A. > 1 such that for
every A > A and h e N

A
Hzx €Y : M(|[Vwy|) > A} < and - <A,

where A is given in (5.2)(i).

By Theorem 1.2 for every h € N and A > . fixed, there exists a Lipschitz
function wp, » : Y2 — R™ whose Lipschitz constant does not exceed 2m(c’'(n) + 1)\,
such that wp x = wy a.e. on Y \ Ej \, where

Eh,)\ = {I €Y. M(|th|) > 2)\}
Since M (|Dwp|) < M(|Vwy|) + M(|D5wp]), by Proposition 1.1 we have

|Ena \ Ce| < {z € Y\ Cc: M(|Vws|)(z) > A} + [{z € Y : M(|Dswnl)(z) > A}
< HzeY\C:: MP(|Vwy|)(z) > AP} + )\_lc(n)]DSwh](Y)

<A / MP([Vwn]) dz + 20 e(n) [wn | 1 vy K" (Swy, 1Y)

{M(IVwn)>A\Ce
< eXNP 4227 e(n)AH" (S, NY).

This implies by (5.2)(iii) that

(5.3) llilszrup ANP|Ep A\ C:| < €.

Moreover, for a suitable constant K = K(n,m) > 0 we have

(5.4) 0 < f(-=,Vupa) < KX on Yz,
ap
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Thus, since Vwp x = Vwy, on Yz \ Ep, \ we get

/ f(— Vwp, ,\)dx < / f(— th)dx+K)\P]Eh,\\C]
Y\Ce  Oh (YA\CO\Enx  Oh

g/f(i,th)dx+K)\P]Eh7A\CE].
Yy Qp

By taking into account (5.2)(iv) and (5.3) the previous inequality yields

hmsup/ f(i Vwpy) de < hmsup/ f(— th dx + Ke
h— 400 Y.\C Op h——+4oco

(5.5)
< f(&) + Ke+n.
From (5.4) we also deduce that for every A > . there exist an increasing sequence (o (h))

of natural numbers and a function ¢ € L*(Yz) such that f(z/asm), Vwem),x) — ¢
in w*-L>°(Y;). In particular, for all B € B(Yz)

i
5.6 de = i NVwon ) dz .
(56) [ o= tim [ AT T ds

On the other hand, by passing, if necessary, to a further subsequence (still depending on
\) we can assume with no loss of generality that there exists wy € W (Y.) such that
Wa(h),x — Wy in w*-Wh°(Y:). By Proposition 2.1

/fhom Vwy)dr < hmlnf/ f( , Ve (p, 1) da:—/go(ac) dr .
h—+oo [ 4 a(h) A

for all A € A(Yz). It follows that fhom(Vwa(z)) < ¢(z) for a.e. x € Yz. Then (5.5)
and (5.6) with B =Y.\ C: imply

/ frhom(Vwy) dx < limsup/ f(— Vwp y) de < f(§)+K5+n.
Y\C h—+o0 Jy\c. Qh

Therefore,

(5.7) Joom (E)[Ye \ Cx,

:/ from(§) dz < f(€) + Ke +1,
Y \Ce a

where C.x =C-U{z €Y. 1wy #E& -z}, and A > A..
Since (|Dwp|(Y)) is a bounded sequence, by Proposition 1.1 there exists a constant
C > 0 such that

»IQ

{z € Yo woimyn # Wony } < [Eoma] <

By the lower semicontinuity of the functional w — |[{x € Y: : w(x) # 0}| with respect to
the convergence in measure we infer

{reYerun(@) £6-a} < 5.

Hence, from (5.7), fhom(&)((1 —e)" —e — %) < f(€) + Ke +n. The conclusion now

follows if we consider successively the limits as A — +o00, ¢ - 0+, and n — 0t. O
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6. Characterization of the homogenized surface energy density

Here we first prove Proposition 2.2, where the function gnom is introduced. Then, as
we did in the previous section for the volume part, we prove that the function g, which
represents Fp on finite partitions according to Proposition 4.2, is actually the function

Ghom -

Proof of Proposition 2.2. For every orthonormal basis v = (vp,v1,...,vp—1) of R?|

set
11
QV — {O[oVo—f—""f‘Oén—an—l QQ,...,0n—1 E]_iyé[}7

and for every z € R™ and € > 0

I.(v) = inf{ g(g,tﬁ —u—,v)dH" ! s u e SBV(Q,;R™),
(6.1) SunQu €

Vu =0 a.e., u = Uy, on 8QV} .

For the following four steps we consider z € R™ fixed.

Step 1. Let v = (wo,v1,...,Vn—1) and v/ = (vo,v,...,v,_;) be two orthonormal

bases of R™ with equal first vector. Suppose v is an orthonormal “rational basis”,
e, for all i € {0,...,n — 1} there exists 7, € R\ {0} such that r;v; € Z». Then
limsup,_,o I:(v') < liminf._.o I (V).

Proof. For every 1 =1,...,n—1 let v; > 0 be such that v; = v;i; € Z". If we set

11
P = {0111}1 + ...+ an—1Un—1: Aly...,0np—1 < [—5,5[},

then the function g is P-periodic in the first variable, in the sense that g(x+liv1 +---+
ln—1Vp—1,w, u) = g(x,w, u) whenever (x,w,u) € R® x Rm x S*=1 and ly,l2,...,lh—1 €
Z.

Let € >0, n >0 and o > 0 be fixed. Let u. € SBV(Q,; R™) with Vu. =0 a.e.
and u: = U, on 0Q, be such that

(6.2) / gE ot —us v ) dH Y < L)+ o
SucNQ, €
For every A = (A1,..., A1) € Z"—1 set

xx =nAv1 + -+ Ap—ivp—1), Qx=xx+ gQ” )

We have to choose properly the centres x). Let

A=A(n,e)={\eZr-1:Q\ C Q. and azz(zl,... ln_1) € Zn—1,

I)\GZZ +7r7z Vz—f’T]P}.

It is easy to see that
i) the cubes of the family (@) are pairwise disjoint;
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ii) denoting by S =S, the hyperplane (z,19) = 0, we have

z,vQ

lim 1SN (Q\ [ @) =0

AEA

(Le. lim(Dyn—14A(n,e) =1).
n—0"¢
Define u, : Q. — R™ by

un(x):{ug(%(ac—xA)) ifre@r, e

Uz, (T) otherwise.

It turns out that Sy, € SU[Jycp @, and clearly
/ x —|— — n—l
LY < [ g -y, dr
Suﬁ HQV/ n

We can estimate this integral. We have

T _ .
Ilz/ g(—,uﬂ{—un,yun)dﬂ 1
SunmUAE,\Qk n

-2

where the change of variable x +— %(w — x)) has been applied on Q. Then, by the
P-periodicity of g and by (6.2)

g(g AL+ A1Vt ud — Uz, vy ) dHYT,
weNQ, &

I < (g)nil#A(n,e)(IE(V)—i—a).

Let us come to S, N(S\ Uycp @r):

x _ _
(=, ub — uy, V) dH" 1

/S“”?ﬁ(S\UAEA Qy) 7
< al+ )RS N @\ | Qa)).

AEA

IQE

The estimates now obtained for I; and I2, together with property ii) satisfied by A,
yield
limsgp I,(v) < I.(v)+ 0.
17—)
We conclude by taking the lower limit for ¢ — 0 and by considering the arbitrariness of
o>0.

Step 2. Let v = (vo,v1,...,vn—1) and v/ = (vo,v],...,V,_;) be two orthonormal ratio-
nal bases of R with equal first vector. Then the limits lim._o I () and lim._ I (v')
exist and are equal.

Proof. By applying Step 1 with v = 1/ we obtain the existence of the limits. By
exchanging the roles of v and v/ we obtain that they are equal.
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Step 3. For every o > 0 there exists 6 > 0 (independent of z € R™) such that if

v=(vo,v1,...,vn—1) and v/ = (v}, v],...,v,_,) are two orthonormal bases of R” with

lvi — V| <6 for every i =0,...,n —1, then

liminf I.(v) — Ko < limitl)qflg(y’) < limsup I (v') < limsup I.(v) + Ko .
e—

e—0 e—0 e—0

where K =1+ 2c4(1 + |2]).
Proof. We shall use the notation

Quny=(1-n)Q. (v orthonormal basis of R?, 0 <np < 1).
Let o > 0 be fixed and let 0 < n <1 be such that
(6.3) 20—-(1—-2n)" ) <o.
It is easy to see that there exists 6 > 0 with the property that for every pair v =
(vo,v1,...,vn—1) and v/ = (v}, vy,...,v,_,) of orthonormal bases of R", if |v; —v}| < ¢

(1=0,...,n—1), then

(1) aQV’,n C Ql/ \@I/,2T]
() HN(OQu ) N (HAHY) <o,

where H and H’ denote the halfspaces (z,1p) > 0 and (z,1}) > 0, respectively. Fix
v and v/ with this property. Given & > 0 there exists u € SBV(Q,;R™) such that
Vu=0 ae., u=1u,, on 0Q, and

/ g(Z ut —um ) dH T < L)+ 0.

S5.NQ, ¢

We consider u extended with value u.,, on the whole R”. Then we can define
v:R* - R™ | v(x) =u(x/(1—2n)).

We have S, N1 Q. = ((1 —21)S,) N Q. , and

T n—1
g(————— vt —v— 1) dH
(G = )

= (1—2n)n1 / g(g,uJr —u, ) dH™ !
Sul(t257Qv) €

< / Q(Q:UJF —u—, v dH" T ea(1+ |2))[1 = (1 —2n)»—1];
S.NQ, €

hence

00 [ ol ) M S L) koL DL (12,

Define w : @, — R™ by

o on Qu
w(x) - uZ,V(/) on Ql// \ QV’:U .
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Clearly

x
6.5 I.1_o (V) < / g(————, wt —w—,vy) dH™ L.

We estimate the integral. We have
SwNQu C (Sv n Qu’m) U (Sw A an’,n) U (Suz,,,é N (QV’ \QV’,n)) :

Note that (0Q. ) N (H N H’) is contained in the open set (Q, \@,42,]) NHNH
(property 1)); since on this open set the function v takes the value z, we conclude that

SwN(0Qu »)NHNH’ = (). In the same way we obtain that Swﬂ((an,/m)\(ﬁUH/)) = 0.
Therefore, up to a H™ ' -negligible set,

S N (0Qur ) C (0Qurm) N (HAHY).

Moreover, |wt —w=| < [z| on (0Qu/,) N (H N H’) (v takes the values 0 or z on the
open set @y \ Q, 2, 2 9Qv ). Thus, in view of property (ii) above,

x n—1
J(————,wt —w,vy)dH
/swmQV, Ca=) )

T
< — vt —u, ) dH 1 1—(1—n)n-1),
< /mug(eu—zm’“ v, dH T e (L [2) (o4 1= (1= )t

and, by (6.4) and (6.5)
Ii—on (V') < L(v) + 0+ ca(l + |2]) (o + 2(1 — (1 — 2p)t-")) .

In view of our choice of n
13(1,2,,7)(1//) S IE(I/) + Ko

(with K =14 2ca(1 + |2|)). Finally, by letting ¢ tend to 0 we have

liminf I. (') < limi(I)lf I.(v)+ Ko
E—>

e—0
limsup I (') < limsup I.(v) + Ko .
e—0 e—0
The symmetry of the roles of v and v/ allow us to exchange them, thus concluding the
proof of Step 3.

Step 4. Let v = (vo,v1,...,Vn—1) and v/ = (vo,vy,...,v),_1) be two orthonormal bases
of R” with equal first vector. Then the limits lim._o I-(v) and lim._o I (v') exist and
are equal. For this reason and our purposes we will take the freedom to denote by v
both a vector of S»—1 and any orthonormal basis of R” with v as first element.

Proof. Let o > 0 be fixed, and § > 0 as in Step 3. Let pu = (o, pt1,. .., n—1) and

' = (po, 1y, .-, pl,_1) be two rational orthonormal bases of R™ and
lpo —wvol <6, i —vi| <6 |\t —vl| <9 (it=1,....,n—1).

I. () and I-(p') converge to the same limit [ when € — 0. Then it is enough to observe
that Step 3 yields

|- Ko < lim%lflg(l/) < limsupl.(v) < I+ Ko
E—

e—0
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and the analogous inequalities for v’.

Step 5. For every z € R™ the function gpom(z,-) is continuous on S™—1  uniformly with
respect to z when the latter varies on bounded sets.
Proof. The proof follows immediately from Steps 3 and 4.

Step 6. For every v € S7~1 the function gnhom(-, V) is continuous on R™ \ {0}.
Proof. Let v € S»~1 and let @, be any unit cube in R™ with center in the origin and
one face orthogonal to v. Fix a, z € Rm \ {0}.

For every o > 0, from the definition of gnom it follows that there exists g > 0
such that for every € < g9 we can find u € SBV(Q,; R™) with Vu =0 a.e., u = uq,p
on 0@, and

(6.6) / g(z,u‘F — U, Uy dH" 1 < GJhom(a, V) + 0.
S.NQ, €
We introduce the notation |s|| = | ax |si|, when s = (s1,...,8m) € R™.
Assuming, for simplicity, ||a|| = |a1|, we define a matrix C = (¢;;) € M™*™ by
ci1 = (zi —ai) /a1 fori=1,...,m, cij =0 otherwise.

Note that (C' + I)a = z; hence, for every € < g¢, if we denote by I. the infimum (6.1)
corresponding to @, , we have

I. < / g(
S.NQu

< / q(
S.NQu

hence, from (6.6),

(CH Dt —um), ) dH™

M8 o8

,u+—u,yu)dH"_1+/ w(|C(ut —u=)])dH"
SuNQu

(]z—a|

Ie < ghom(a, V) +o ‘|‘/ ]u* — Uf‘) dHn_l .

SuNQ. llall

We estimate the last term on the right hand side. Note that there exists a constant
K > 0 such that w(t) < K(1+t), foreveryt > 0. Then, for every a >0

/ w(]z—a| lut —u=|) dH"
SuNQ,

al

<K (1+ u!u*‘ —u~|)dH" !

SuNQuN{|ut —u—|>a} [all

+/ w(|z —a|&) dH™ !
S.NQ, all

1 [z—d / —1 |z —a -1

< K(— lut —u=|dH"" +w a) " (SuNQy)
G Jsoa, e

1 |z—aq] |z — al 1/ x 1
< | K(—+  —)4+w(l——a)|— —ut —u,v,)dH .
B T ) O NG J oo, 96 )

Inserting this in the estimate of I. and recalling (6.6) we get

1 1 |z—a |z — al
L < grom(a.v) + 0+ — (K(= + S0 + w(E=0) ) (ghom(a,) + 0).
E o G+ T He G
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Now we let € and o tend to 0 successively, obtaining

1 1 |z—aq] |z — al
(6.7) Ghom (2,7) < Ghom(a,v) + £<K(a + W) +w(“T”a)>ghom(a,y).

This inequality holds for every a, z € R™ \ {0} and a > 0. Fix now a € R™ \ {0}.
From (6.7), with a = 1, we deduce that there exists a constant K1(a) > 0 such that

Ghom (2,v) < Ki(a), forevery z € Bs(a), §=|al.

Observe now that (6.7) clearly holds with the roles of a and z reversed. Hence for every
z € Bs (a) :

1 1 zZ—a
(68) ghom(a, V) < ghom(za V) +— [K(_ + ‘ |

S B e m).

2]

Let z tend to @ in (6.7) and (6.8). Then for every o > 0

. K
lim sup ghom(zu V) S ghom(aa V) + _C ghom(au V)

z—a Qc3

K
i inf guom (2,) > ghom(a,7) — —— K1 (a) .
z—a acs

We conclude letting o tend to +oc0.
Step 7. We prove the stated estimates of gnom -

Proof. From the analogous estimates for g it follows that it is enough to prove that

inf{ (L4 |ut —u=|)dH" ' :u € SBV(Qu; R™) ,Vu =0 ae., u=us, on 9Qy,}
> 14 |7].

Let u be an admissible function for this infimum; we intend u extended to the whole
of R" with value u., on {z € R" : |(z,v)| > 3} and by periodicity on {z € R" :
[(z,v)| < 4}. For every k € N let uj : Q, — R™ be defined by ui(z) = u(kz). It
is easy to see that (uy) converges to u,, in L'(Q,;R™). Since the functional u
1+ |ut —u—|)dH" " is L' (Q,; R™)-lower semicontinuous (see [6] Theorem 3.7)

fsu leI (
we have

1+ 2] < liminf/ (1 + Juf —uy [)dH™ ! =/ (14 Jut —u=|)dH™ ",
k=t Js, nQ. 5uNQy

This concludes the proof. O

Proposition 6.1. For every (z,v) € R™ x S"' we have §(z,v) < ghom(2, V).

Proof. Since g and gnom are continuous in the second variable we can restrict ourselves
to the case in which tv € Q» for some t € R\ {0}. Without loss of generality we can
suppose v = e;. Indeed, let (e},...,ep) be a “rational basis” of R™ (see Step 1 of the
previous proposition), with ¢/ = v. Then there exist r1,...,7, € R\ {0} such that
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v1 =T1€],...,0n = Tpen belong to Zn. It follows that a 1-periodic function ¢ on R»
satisfies p(z) = @(x + v;) for every i = 1,...,n and x € R”. As a consequence, if
A is the n X n matrix such that Av; = e; (i = 1,...,n), then the change of variable
x +— y = Az transforms 1-periodic functions in 1-periodic functions and the direction

of v in the direction of e .

Define @ =]—1, 3[" and

(6.9) s (z) = {z if é:c er) > o

Fix o > 0; there exist € = (o) > 0 and v € SBV(Q;R™) with Vv =0 a.e. and v = u,
on 0@ such that

(6.10) / g(z,vJr — v, ) dH" Y < grom(z,e1) + 0.
S,NnQ €

We intend the function v extended to R™ with value u. on R\ {z € R : [(z,e1)| > 1}
and by periodicity on {x € R" : [(z,e1)] < %} For every h € N we define

wp(z) = v(ix), req.

The sequence (wp) converges to u, in LP(Q;R™):

Paxr = Ehym V—U p
/Q|wh—uzrd ( )/EQ/Ehu D W)rdy

9
Eh n
=(7) (v —uz)(y)Pdy
(= Qn{[(z.e1)|<}
Eh\n 1 € n—1
< (2142 [ ) —wtledy.

which tends to 0 as h tends to +o0o. Fix 7 > 0 and set Q, = {z € Q : |(x,e1)| < n}.
By the definition of Fy we have

Fo(uz,Qn) < liminf (/ f(i,O) d:v—i—/ g(i,w,;r — W}V, ) dAH™ )
Q, C¢h Sw;, NQy

h——+oo £n
g
g CQ’Q'Q‘ + hminf (—h)nil g(y7v+ —v, V’U) dH'rL—l )
h—+4o00 £ (i@n)msv e

We may suppose that ¢ = % for a suitable k € N. Then the function y — g(¥,s,v) is
1-periodic. Hence

.. Eh\, _ € n—1 Yy _ n—
Fo(us, @n) < e2f@ul +liminf ()n=1([ ] +2) /QHSU g(Z,vt — v, m) AR

By (6.10)
FO(uZa Qn) < 02|Q77| +ghom(zuel) +o.

and, by means of Propositions 4.1 and 4.2:

F0)|Qn| +3(z,e1) < c2|Qp| + ghom(z,e1) + 0.
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As 7 — 0t and 0 — 0t we obtain g(z,e1) < gnhom(z,€1). O

Proposition 6.2. For every (z,v) € R™ x S"' we have §(2,V) > ghom(2,V) .

Proof. Fix (z,v) € (R™\ {0}) x S"~'. As in the proof of the previous proposi-
tion without loss of generality we may suppose v = e;. Let u, be defined by (6.9).
Fix o €]0,1] and define Q, =]—%,%[x]—%,3[*"". There exists a sequence (vj,) in
SBV?(Qos; R™) N LP(Qs; R™) such that

Vh — Uz in Lp(QU;Rm)a and FEh(UhaQU) - FO(UZ7QU)'

By applying the truncation Lemma 3.5 for every n €]0,1[ we can find a sequence (up,)
in SBV?(Qs;R™) N L>(Qs; R™) such that (up) is equibounded, and up, — u, in
L?(Qs;R™) and Fr, (up, Qo) < F, (vn,Qs) +n for every h € N, so that

lilgil;ngh(uthU) < Fo(uz, Qo) +1 = f(0)o +g(z,e1) + 7.

In the last equality we have taken into account Propositions 4.1 and 4.2.
It is easy to see that there exists a non decreasing sequence (nj) of natural numbers
such that (np) tends to +oo, (npep) tends to 0 and

1
( ] / lup, — uzPdx — 0.
npen)" Jo,

For every h € N we set (3, = npep, and for A € {0} x Zn—1

Thox = BrA, Qnx =xhx+ BrQo .

Let A(h) € {0} x Z"—1 be the index of a “minimal cube”, i.e.,

Fep (un, Qo)) < Fep, (un, Qnx)

for every A € {0} x Zn—! with Qp» C Q,. We define

Th = ThA(h) Qn = Qnxn); wp(x) = up(zn + Prx), € Qo .

Clearly wp € SBV?(Qs; R™) N L>™(Qs; R™). Let us prove that
(i) (wp) is equibounded;
(ii)) wp — uy in LP(Qs; R™); (iii) / |Vwp|pdz — 0;

o

(6.11)

) tmswp [ g = w v ) < FO) 4 Gz 4,
h— 400 Swtho ap

where (o) is a suitable infinitesimal sequence.
Property (i) is obvious, while (ii) is checked as follows:

1 1
/ !wh—uzlpdxz—n/ un — uzlP dy < —n/ |un — u=[P dy
Q Bi Jan Qo

o
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which tends to 0 as h tends to oo thanks to our assumptions on ;. Let C be an
upper bound for the sequence (F:, (upn,Qs)). Then

1

C > F.,(un, Qs) > Z F., (un,Qnx) > [E}ansh(uh,Qh)
M e,
(6.12) s Lqn T Gun) da
N [ﬂh} Qn f(??h, h)
> cl[i}nl/ |Vup|Pdx .
B .

We estimate now fQ |Vwy, [Pdz. We have

| wunleas = [ 15 Funn + gapds = 3 [ 19y

o Qo’ h

n C
hence, by (6.12) / \Vwy |pde < 377" [l/ﬁ/%’ which tends to 0 as h tends to +o0o
Qo h
Thus (6.11)(iii) holds.
Finally, we prove (6.11)(iv), with aj, = &,/ Taking into account that Z* € Zn
we have:

x _ _
/ g(—,wf;—wh,ywh)dHn !
Suw,NQs  *h

T _
_ / o= it (e + Buz) — 1, (2 + Bu), van, ) dH
SupNQas Eh/Dn

1 Y — Th _ n—
N / (=20 it (y) = i (1), v ) AR (1)
By, 21 4Bh (Sw), NQa) Eh
1 Yy — n—
N / oLt — v dH A (y)
h Suthh Eh
< 1 < 1 1
= ?Fah (un, Qn) < 5}7;_1 [1/8n]"—1 Fe, (un, Qo) .

Therefore,

x
limsup/ g(— i —wy vy, ) dH" < limsup Fr, (up, Qo)
h— 400 Swtha ap, h— 400

< f(0)o +g(z,e1) + 1,

which proves (6.11) (iv).
We now modify the sequence (wp) as to satisfy the boundary condition u, on
0Q.. Let K, be a compact subset of (), such that

(6.13) c2|Qo \ Kyl + ca(1+ [2)H" 7 (Su. N (Qo \ Ky)) < 1.

We apply the fundamental estimate (Proposition 3.1) with A’ a neighbourhood of K,
strictly contained in Q,, A” = Q» and B = Q, \ K;. Then there exist a constant
M > 0 and, for every h € N, a function ¢ € C§°(Qs) with 0 < ¢;, < 1 such that

Fo, (pnwn + (1 = ¢n)uz, Qo) < (14 1) [Fay, (why Qo) + Fay, (12, Qo \ Ky)]
+ M|jwp, — UZHip(QG;Rm) +n.
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Set W, = prwn + (1 — pp)uz; by (6.13)
Fo (80, Qo) < (1 1) [Fy (0, Qo) 1] + M — sl 0 gy + 71

and l}ilm sup Fo, (W, Qo) < (1+1n) I}ilm sup Fu, (wh, Qo) + 3n. Moreover, by Remark 3.2,
—+00 ——+00

the functions ¢ can be chosen in a finite family independent of h. This implies that
the sequence (||Vn|r>~(q,;r")) is bounded, so that (fQ |V, |Pdx) converges to 0.

Summing up, for every n > 0 we have found a sequence (@) in SBV?(Qs; R™)N
L (Qs;R™) such that

(i) (wp) is equibounded; (ii) / |V |pde — 0;

o

. i ~p s n—1
(6.14) (i)  limsup /S ) chg(ah,wh wy, vy, ) dH
W

< (L +n)(c2 + £(0))o + g(z, e1) +n] + 3n;
(iv) @Wp =wu, on a neighbourhood of 0Q), .

Our next aim is to obtain from (wy) a suitable sequence (vp) with Vup, =0 a.e.
Let (kp) be a divergent sequence in N such that

lim £y (/ ’Vﬂ}hlpdm) 1/p =0.
QO'

It is not restrictive to assume that % < |zt| for every i = 1,...,m with 2zt # 0. Let
M € N be such that || =, ,rm) < M for every h € N. By the coarea formula
(1.2), for every i =1,...,m

/ |mg|dx=/ |m;g|dx=/ D
QU QU\S;\}—L QU\S/'LU\}—L

:/ H' " (Qa \ S ) N0 ({a € Qo+ @ (x) > 1)) dt

—-M

then for every | € Z, with —k, M < [ < kM , there exists t% € ] ﬁ, llj—hl[ such that

kpM—1 1
(6.15) / V@jde > > —H"((Qo \ S5 ) NI ({z € Qo : @), (x) > 11})) .
Qo I=—kn M kn

In addition we define ¢{ = —M if | = —k;,M — 1 and ¢} = M if | = kM. For every
l € Z, with —kpyM —1 < I < kM, set Z] = {z € Qy : t] < wj,(x) < tj,,}. We have
Qo =, Z}, therefore we can define v, : Qo — R™ by

0 ift; <0<ty
zi =9 % it <zt <t
t; otherwise.

i
Up,

This definition is well-posed since 2/kj, < |2%] if z* # 0. Each set Z! has finite perimeter
in Q, since it is the difference {wj > tj} \ {wj > tj,,} between two sets of finite
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perimeter. It follows that v;, € SBV(Qs;R™). Furthermore, by (6.14)(iv), it is clear
that vy = u, on a neighbourhood of 0@Q),. From the definition of v;, we also have that

max ||v, — @% | (@, rm) < 2/kn. If we now consider v, extended to Q =] — 3, 3["
1<i<m ’

with value u, on @\ Qs, then v, is an admissible function for the formula defining
ghom(Z, €1). Hence let us est.imate vah "o g(aih, v;{‘ - v,;, Vuy,) c‘lHnil_ First of all notice
that Sy, Qs € U; U,(0°2]) N Qo ; since Zj = {wj, > tj} \{wj, > t},,}, it is easy to see
that

0" Z) CO{x € Qo : W (x) > t]} U {x € Qo : Wj,(x) >t} 1}

and therefore

m kpM-—1
Su.NQ ) U (0{zcQo: (@) > }) N Qs
i=1l=—k, M

(the terms corresponding to | = —kpM — 1 and [ = k;, M do not contribute). Then we

have
£ + — n—1
/ g(—, v — v, ) dH
(Su, NQ\S~  Oh
Wh

< ca(14+2MYH" (S0, N (Qo \ S5))

m kpM-—1
<al+2M)>0 Y HTH(Q0\S5) N0 @ € Qo s Bh(x) > 1))
i=1l=—k, M

Thus, by (6.15)

Oh

/ g<£,U; — vy, vy ) AH T < C4(1—|—2M)kh2/ V@ | d
(Svth)\S;h i=1 Qo

< ckh(/ V@ P da)

o

for a suitable positive constant c¢. Hence, by the condition on (k) we get
x
(6.16) lim g(—, v} — vy vy, ) dH" = 0.
h=too J(s,,nQ\s~ — Oh
Wh

On the other hand, by taking into account the continuity properties of ¢ and that
Vo, = Vg5 H" !a.e. on Sy, N Sah, we get,

x _ _
/ g(—,vF — vy vy, ) dH" !
(Svh NQ)NS~ @h
Wh

x
~F n—1
< / g(_uwh _wh7V{;h)dH
Suhms/\ on‘ ah
Wh

+f oy — B |+ oy, — @y |) dr
Sup NS~ NQ,
Wh

L ~ -1
S/ g(—,w;:—wh,yah)dH"
S~ NQ, Gh

Wh

n 4
+H 1(S7Jh ﬂS’L/t;h ng)OJ(k—)
h
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From (6.14)(iii) and the coercivity condition of g we obtain that H"_l(Sah N(Qs)) is
bounded and

. xr _ _
hmsup/ g(—, v — v, v, ) dH" !
h—+o00 (Su, NQ)NS~ Qap,

Wh

A~

. X ~ _
< limsup g(—, @ — @, v~ ) dH !
h—-+o00 S~ NQ, ap Wh
Wh

< (L4 n)[(c2 + f(0))o + g(z,e1) +n] + 3n.

From this and (6.16) we conclude that

. € _ —
ghom('z,el) < hmsup/ g(_7v}J{_Uh>Vvh)dHn '
h—+o00 Svh nQ (673

< (1+0)((e2 + FO)o +G(z 1) +n) +3n.

By letting n and o tend to 01, we finally obtain ghom(z,e1) < g(z,e1). O

7. Integral representation of the homogenized functional

We shall study first the homogenized functional Fy on the space SBVP(Q;R™) N
L®(Q: Rm), with Q € Aj.

Proposition 7.1. Let Q € Ay and uw € SBVP(Q;R™)NL>(Q;R™). Then

Fo(u,Q) < / from (Vu) dx —|—/ Ghom (ut —u=—, 1y, dH" 1.
Q S

wNQ

Proof. We proceed in a similar way as in [23] Lemma 6.2. Let K be a compact subset
of S, with finite (n — 1)-dimensional upper Minkowski content, i.e., with the property
that there exists a constant C' > 0 such that for every h € N

(7.1) h|Bn| < C, where By, = {x € R" : dist(z, K) < 1/h}.

We can assume that Bj C Q for every h € N.

For any given infinitesimal sequence (oj) of positive numbers, with the same
technique used in the last part of the proof of Proposition 6.2, we can find a sequence
vp, € BV(Bp;T},), for suitable finite subsets T}, of R™ such that

v —vnllLoo (B mRm) < o

(7.2) Jm

HY (S0, 1 Ba) \ Su) <
Oh By,

|Vu|dz.

For every h € N consider a function ¢, € C§°(Bp) with ¢p =1 on Bap, 0 < ¢, <1
and [|[Vop||re@rr) < coh, where ¢o > 0 is independent of h. Define up = @pvn +
(1 — ¢p)u. Then (vp) converges to uw in L% (2; R™) so that

(7.3) Fo(u,Q) < %imjiLnf Fo(up, Q).
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We have

Fo(un, Q) < Fo(vn, Ban) + Fo(un, Bn \ K) + Fo(u, Q2 \ spten)
Fo(vn, Ban N Sy N Syy,) + Fo(vn, Ban \ (Su N Sy,))

+F0(uh,Bh \ K) + F()(U,Q \gu) + F()(u,gu\K) .

IA A

(7.4)

We now estimate each term.
By the integral representation of Fy on finite partitions (Propositions 4.2, 6.1 and
6.2) and on W?(Q;R™) (Propositions 4.1, 5.1 and 5.2) we have

Fo(vp, Bop, NS, NSy, ) = / Ghom (V) — vy vy, ) dH" !

v, NSuNBap

S / ghom(vfi_ - U}:a Vu) dHn_l
SN

Fo(u,Q\ S.) < /thom(Vu)d.r.

Moreover, by (4.3), (7.1) and (7.2) we have (¢ denotes a positive constant independent
of h and K and which may vary from line to line)

Folon, B\ (S.150,)) < 7a(|Banl + [ (L + loyf — vy ) i)
( vhﬂBQh)\Su

< ¢(IBanl + H" 7 ((Sw, N Ban) \ Su)

1
< ¢(|Bap| + —/ \Vu|dz),
Oh By

and

Fo(up, Br \ K) < c<]Bh|+/ |vh—u]p|Vgoh\de+/ |Vu|pdx
By,

By,

+f (14 o — v D dH" ™+ 1 (S0 \ K) 1 By))
(S, NBu)\Su

< c(Cn +Ch,p—1ag+/

1
Vulpdz + — |Vu|dx+H”_1(Su\K)).
Bp, Oh JBy

Since

/ \Vu|dz < |Bh|1—%(/ Vulp dz)'? < (C/h)l—%(/ Vulp dz) '
Bhn By,

By,
choosing (o) so that hi=1/rgy, = ([, [Vulr dx)l/Qp, we have

1
hr=1gh — 0, — |Vu|de — 0  as h — +o0.
Oh By,
In conclusion, from (7.3) and (7.4) we obtain

Fo(u, ) < /fhom(Vu) dz + lim inf ghom(fu}f—v;,uu)d?‘ln_l
Q h—+o0 Js,na

+ cH" NS\ K) + Fo(u, Sy \ K),
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and, in view of the continuity of gnom(-, V)

Fo(u, Q) < / From (Vat) d + / Ghom (ut — =, 1) dH"
Q S

w2

+ ¢H" (S \ K) + Fo(u, Sy \ K) .

By (1.1) and by Lemma 3.2.38 in [43] we can find a sequence (K}) of compact subsets of
S, with finite (n — 1)-dimensional upper Minkowski content and such that H™ (S, \
K}p) — 0 as h — +oo. Therefore

(7.5) Fo(u,9) < / fhom (Vu) dx + / Ghom (Ut — u=, 1) dH" ' + Fo(u, Sy \ Su),
Q S

N

We use now the “strong approximation” result in SBVP(Q;R™) given by
Lemma 5.2 and Remark 5.3 in [23], which guarantees the existence of a sequence (up)
in SBVP(Q;R™) N L™ (Q; R™) such that [Jup||p=@rm) < ||l @rm) and

(i) wp, — w in LP(Q;R™);

(ii) Vup, — Vu in LP(Q;M™*");
; (i) H"'(Su,AS.) — 0
I A e R U L
Sy, US.

(v) H"'(Sup \ Su,) = 0.

(iv

Then Fo(upn, Sy, \ Su,) — 0 by (4.3), so that the application of (7.5) to the functions
up, yields

Fo(u,) < lhimiano(uh,Q)
— 400

< liminf(/ Jnom (Vup) dz +/ Ghom (U} — uy v, dHn—1> _
h—=+00"Jq Suj, NQ2

We conclude by passing to the limit taking into account the strong convergence of (up,).
O

By (4.3) Fo(u,) = Fo(u, )L (2\ Su) + Fo(u,-) S, is the decomposition of
Fo(u,-) in the sum of two Borel measures on 2 which are absolutely continuous with
dFO(“?') dF()(U,)
——>— and — ,

dc d(H" ™" Sy,)

respect to £ and H" 'S, , respectively. We denote by

respectively, their densities.

Proposition 7.2. Let Q € Ay and uw € SBVP(Q;R™)NL>(Q;R™). Then

Fo(u,Q\ Sy) > /thom(Vu)dx.

Proof. It is enough to prove that

d Fy(u,-)

> ’YL_ .C. .
dLr = fhom(vu) L"-a.e. on
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For L"-a.e. xg €  the function u is approximately differentiable in z¢ and

dFo(u,-) . Fo(u, Bp(zo))

(7~6) dﬁn | xo ,D_’0+ wnpn

Let o € € be a point with both these properties. Fix 0 < § < 1 and 0 < p <
dist(zo,082) A 1. We can find a sequence (up) (depending on p) in SBV?(B,(zo)) N
L?(B,(z0)) such that

w = w i (B0l R™) Fe (i, By(eo)  — Folu, Bylao)).

Consider a sequence (£;,) in R™ converging to z¢ and such that &, /e, € Zm. There
exists ho € N (depending on ¢ and p) such that &,+pB;s(0) C B,(xo) for every h > hg.
We can then define

unp: Bs(0) = R™,  up,(y) = %(Uh(gh + py) — u(z0))

1
for every h > ho and u, : B1(0) — R™, up(y) = ;(u(zo + py) — u(z0)) . Clearly,

up,, € SBVP(B;s(0);R™) and u, € SBV?(B1(0); R™). From the convergence of (up)
to u in LP(B,(x0); R™) and from the continuity of translations in L' it follows that

(7.7) Unp — up in LY(Bs(0); R™) .
Moreover, if for every A € Ap and v € SBV?(A;R™) we define

Fp (v, A) :/Af(#,Vv) dy+03/ (1+ vt —v=|)dH" !

SyNA

(c3 is the constant appearing in property iv) satisfied by g (Section 2)), then

F()(u, Bp(.ib'o)) '

(78) I;LIEEL;};) Fh,p(uh,p, B(s(O)) < p”

Indeed, for every v € SBV?(Bs(0); R™) we have

Fi. (v, B5(0)) < / F(—L Tv)dy

Bs(0) en/p’
+ 8 (14 plot —v=])dH" !
P Js,nBs(0)
Y
S f(—7 VU) dy
/Bé(o) en/p

1 / Yy n—1
+ = g(—— p(vt —v=),vp) dH" .
P Js,nBs©)  En/P
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Then for every h > hg

Fi p(ttnp, Bs(0)) < /B ) £ (Fun) (En + py) dy

Eh

1 Y _ n—

s f o2 (= ) (En + py), v, ) A"
P Suy.,NBs(0) €h

1 T —&p

= — f( s (Vup)(z)) do

P" Jen+pBs(0) €h
1 T — fh + — n—1
— g Uy — Uy V) AH

P" J S, N(En+pBs(0)) €h

1
< —(/ F(E5, V) da
pn Bﬂ(xo) €h

x _
+/ g(—,ui’—u;,uuh)d%n 1).
Su,NBy(zo) Eh

By taking the upper limit we obtain (7.8).

Let now (pr) be an infinitesimal sequence of positive numbers with 0 < pp <
dist(xg,002) A 1. In view of (7.7) and (7.8), for every k € N there exists hy € N such
that the function vy = up, ,, has the following properties:

1

(7.9) lve = wpi L2 (Bs0)mm) < ¢
Fo(u, B, (x 1
(7.10) Fhyepn (v, Bs(0)) < ol pkff( o) T

Moreover, hj, can be chosen so that the sequence (ep, /pr) tends to 0 as k — +o0o. We
can apply Proposition 3.3 to the sequence (Fp, ,, )k, obtaining the existence of a strictly
increasing sequence (o(k)) of natural numbers such that for every A € Ap the limit

Fo(,A) =T- kEIJPoo Eroiy o0 (+4)

exists on the space SBV?(A; R™)N LP(A; R™) endowed with the LP(A; R™)- topology.
Since we assumed that u is approximately differentiable in z¢, if we define w(y) =
Vu(zo) -y, (y € R") then for every p >0

|u(z) = u(zo) = Vu(xo) - (x — o)

1
| tusto)-wldy = - dn
B1(0) P" JB,(x0) P
1 / [u(z) — u(@o) — Vu(wo) - (z — z0)| ,
P JB,(x0) |z — o 7

which tends to 0 as p tends to 0. Hence (u,) converges to w in L1(B1(0); R™) as p
tends to 0. It follows, by (7.9), that (vx) converges to w in L1(Bs(0); R™). We now
apply Proposition 3.4 to the sequence of functionals (Fp,,, p, ., ); by (7.10)

ﬁo (w, B5(0)) < liminf Fho’(k)apo'(k) (va(k)a B;(0))

k—+o00
Fo(u, B T F B
< liminf o SGW( 0)) = lim —O(u7 p(x0)>.
k—+o0 P (k) p—07F p"
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Propositions 4.1, 5.1 and 5.2 applied to ﬁo, yield
wndnfhom(VU(l'O)) < lim

Let now § — 1. The conclusion follows from (7.6). O

Proposition 7.3. Let Q € Ay and uw € SBVP(Q;R™)NL>(Q;R™). Then

Fo(u, S, NQ) > / Ghom (ut —u—,vy) dH™ L.
S.NQ

Proof. We use the same blow-up technique employed for Proposition 7.2. It is clearly
enough to prove that

dFO(“? )
d(H" 1L S,)

> Ghom (Ut —u—, 1) H" lae on S,.
We know that for H" '-a.e. z¢ € S, the triplet (ut(xo),u(z0),vu(z0)) is defined,
and, by the Besicovitch Differentiation Theorem (see, e.g., [55] Theorem 4.7)

d Fy(u,-) — lim Fo(u, By(z0))
d(anl | Su) p—0+ wn_lpn—l

(7.11)

(recall that H" *-a.e. on S, the (n—1)-dimensional density of H" 'S, is 1 (see [43]
Theorem 3.2.19)). Let xg € S, besuch apoint. Fix 0 < § < 1,and 0 < p < dist(zg, 00).
Let (up), (&) and ho be as in the proof of the previous proposition. We can then define

un,p : Bs(0) — R™ Un,p(y) = un(&n + py)
for every h > ho and u, : B1(0) — Rm™ up(y) = u(zo + py). Clearly, upn, €
SBV?(Bs(0); Rm) N LP(Bs(0); R™), u, € SBVp(Bl(O) R™) N L>*(B1(0); R™), and
(7.12) Uh,p 7 Up in LP(Bs(0); R™).

Let n > 0 and define A, s = B5(0)N >, , with > = {2z € R": [(z,vu(20))| < n}. We
have

< Fo(u, By(w0))

(7.13) limsup Fe, /p(un,p, Ans) < P

whenever p is such that ¢ /pP~1 > c¢y. Indeed, for every p > 0 such that co < ¢;/pr—1
and for every v € SBVP(Bs(0); R™) N LP(Bs(0); R™) we get

A (Vopydy+ [ g ot - o !

F (U,A ’5) < 62/
en/p Ui SunAy s <‘5h/[)

An,é

C1 ) n—1
< |Vv\de—|—/ q( Lot — T vy dH™TT 4 ol Ay s
pr~1 /3,5(0) S,NBs(0) en/p !

IN

y y n—1
p/ f2- —W>dy+/ g(=2 ot — v ) dHP o] Ay g
Bs(0) €h/P S»NBs(0) en/p !
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Then for h > hog

Fuy st p Aps) < p / S (Vun) (En + pw)) dy

Bs;(0) Eh
pPY 4 — n—1
+ g(_7uh7p _Ump»’/uh,p)dH + 2| Ap s
Suy,,,NBs(0)  Eh

1 xr —
= — / f( gh,Vuh(:U))dx
p €n+pBs(0) Eh

1

n—1 / g €
P &n+p(Su;, ,NBs(0)) h
1

< o) S T

xr _ _
+/ g(—,u;—uh,yuh)dH” 1>+62|An,5|'
S, NB, ()

LU — Uy, Vay, ) dH™ ! + ca| Ay s

Eh

By taking the upper limit we get (7.13).

Let now (pg) be an infinitesimal sequence of positive numbers. We can assume
that the condition ¢1/pf~" > ¢o is satisfied for every k € N. In view of (7.12) and
(7.13), for every k € N there exists hr € N such that the function vy = uy, ,, has the
following properties:

1
(7.14) vk — wpy || e (Bs(0);Rm) < Z
Fo(u, B,, (x 1
(7.15) thk/pk(vk,An,a) < ol pnfkl( o)) + c2| Ay s +E'
k

Moreover, hj, can be chosen so that the sequence ay = €y, /pr tends to 0 as k tends to
+o00. We can apply Proposition 3.3 to the sequence (Fy, ), obtaining the existence of
a subsequence (F,, ) such that for every A € Ap the limit

Yo (k)

FO('> A) =TI- kgrfoo Fao’(k) ('7 A)

exists on the space SBV?(A; R™)N LP(A; R™) endowed with the L?(A; R™)-topology.
It is easy to see that (u,,) converges in L¥(Bs(0); R™) to the function

~ Ju(xo) if (z,vu(z0)) <O
w(y) = {u+(a:0) if (2. vu(z0)) > 0.

It follows, by (7.14), that (vg) converges to w in LP(A, 5; R™). Hence, by (7.15)

Fo(u, Bpa(k) (370))

ﬁo(w,Anﬁ) < likmianaa(k) (Vo(k), An,s) < likminf 5 + c2| Ay 5]
. Fo(u,B,(x
= lim ()(—_pl(())) + c2| Ay 5l -
p—0+ pr
Since Sy, N B5(0) C A, 5, we deduce that
~ Fo(u, B
Fo(w, Sy N Bs(0)) < lim o(u, By(ao)) + c2| Ay s




We can apply Propositions 4.2, 6.1 and 6.2 to ﬁ’o, thus obtaining

. Fo(u,By(x
wn715”_1ghom(u+(xo) — u_(l’o), Vu(xo)) < lim M + C2|A777§| .

p—0F prt
Finally, let 6 — 1, 7 — 0 and recall (7.11). O

Conclusion of the proof of Theorem 2.3. Let (¢5,) be an infinitesimal sequence of
positive numbers such that for every A € Ag the limit

(7.16) Fo(, 4) =T- lim Fe,(,A)

exists on the space SBVP(A;R™)N LP(A;R™) endowed with the L”(A;R™)-topology
(see (4.1)). So far, in view of Proposition 7.1 and Propositions 7.2 and 7.3, we have
obtained that

(7.17) Fo(u, A) = From(u, A) for every u € SBVP(A;R™) N L7 (A;R™),

where Fhom(u, A) = fA from (Vu) dx + fs Aalut —u, ) dH™'. We now prove that
for every A € Ay

(7.18) I- lim e, A) = Fuon( 4)

on the space SBVP(A;R™) endowed with the L'(A;R™)-topology, and on the space
SBVP(A;R™) N LP(A;R™) with respect to the LP(A; R™)-topology. To this aim fix
u € SBVP(A;R™).

Step 1. For every sequence (up) in SBVP(A;R™) converging to u in L'(A4;R™) we
have Fhom(u, A) < lngiraneh (up, A).

Proof. We can assume that the lower limit in the right-hand side is actually a limit and is
finite. Fix 7 > 0 and k& € N, and apply Lemma 3.5 to the sequence (up) with My = k;
we find a subsequence (e,(n)) of (en) and a Lipschitz function ¢p:R™ — R™ with

compact support, Lipschitz constant less than or equal to 1 and satisfying ¢ (y) = y if
ly| < k, such that for every h € N

Ffo(h) (QOIC (uc(h))7 A) < Fsa(h) (ua(h)a A) +1n.

Since (r(ue(n)))n converges to oi(u) in L”(A;R™), from (7.16) and (7.17) it follows
that

Fhom(cpk(u)v A) < 1}%214&.15 FEa(h) (ka (ua(h))a A)

< Jlm Fe,, (do(n), 4) +n = liminf Fe, (un, 4) +1.

By the arbitrariness of n > 0, to conclude it only remains to prove that

(7.19) kliin Fhom(pr(u), A) = From(u, A) .
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For every k € N set By, = {x € Q : |u(z)| > k} and S, = {x € Sy : |[ut(z)| >
k or lu=(x)| > k}. Then

[ Fhom (¢k(w), A) = Fhom(u, A)| = }/ (fnom (V(2x (1)) = friom(Vu)) dz

Ey

+/ (ghom(Wk(U+) — gok(u—),uu) — ghom(u+ — U_7Vu)) dHn—1|
Sk
= K(/Ek<1+ |Vulp)dw+/gk(1+ fut —u=|)dH"Y),

for a suitable constant K > 0. Since |Eg| tends to 0 and H" '({z € S, : |ut(z)| > k})
tends to 0 as k tends to 400, we obtain (7.19).

Step 2. There exists a sequence (up) in SBVP(A; R™)NLP(A; R™) which converges to u
in L'(A;R™) (or in LP(A;R™) if u € LP(A;R™)), and such that I}Lmiup F., (up, A) <

Fhom (u, A) .

Proof. For every k € N let pi:R™ — R™ be a Lipschitz function with compact
support, Lipschitz constant less than or equal to 1 and such that ¢i(y) =y if |y| < k.
Since ¢ (u) € SBVP(A;R™)NL>(A;R™), by (7.16) and (7.17) there exists a sequence
(vF), in SBVP(A;R™) N LP(A;R™) with the properties

oy - or(u) in LP(A;R™), Fe, (vf, A) o Fhom (i (u), 4)

as h tends to +oo. Therefore for every k£ € N we can find Ay € N such that hy < hry1
and

lvf — o (u)|| ramm) < 1/E, |Fzy, (0F, A) — From(¢r(u), A)| < 1/k

for every h > hy. Define uy = v,’j if hy < h < hgy1. Taking into account (7.19) and
that (pg(u)) converges to u in L'(A;R™) (or in LP(A;R™) if u € LP(A;R™)), we
conclude that (up) is the required sequence.

In view of Proposition 3.3 and of what we have proved up to now for a convergent
sequence of functionals F., Theorem 2.3 follows by applying Proposition 8.3 in [35],
which asserts that (F:,) converges to FhLom if and only if every subsequence of (F;,)
contains a further subsequence converging to Fjop, .0

8. Homogenization in fracture mechanics

In this section we consider the homogenization of the functionals F. under prescribed
boundary conditions. The result is then applied to the homogenization of a boundary
value problem for functionals whose surface energy density satisfies Griffith’s growth
conditions. Throughout this section n > 2.

Let F. (¢ > 0) and Fiom be the functionals introduced in Section 2 and let €2 be a
bounded open subset of R” with piecewise C'! boundary. In order to prescribe boundary
values to functions in SBV?(Q;R™), we introduce a bounded open subset ' of R»
containing 2, a function ¢ € SBV?({); R™) and we define

Dy ={uec SBVP(Q;R™) :u=¢ ae. on Q\Q}.
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Now let 7 = Q' N OQ and for every u € Dy and ¢ > 0 set

F?(u) = F-(u,QUy),  Fy

hom

(u) = Fhom(u, QU 7).

Theorem 8.1. Assume ¢ € SBVP(Q;R™) N L>®(Q;R™) and H" *(y) < +00. Let

=T- lim Fﬁi on Dy

(en) be an infinitesimal sequence of positive numbers. Then F? ,
— T 00

hom

with respect to the L*(Q; R™)-topology.

For the proof we need two lemmas, the first of which collects simple facts whose
proof is omitted.

Lemma 8.2. (a) Let M be a non-empty subset of R" and let ¥ : R* — R be
defined by ¥ (x) = dist(x, M). Then 1 is differentiable a.e. in R™ and at every point of
differentiability * ¢ M we have |Di(z)] = 1.

(b) Let Q2 be an open subset of R™ with C'-boundary, and let M be a non-empty
subset of 0. Assume M be open in 02 and let xo € M. If v(xo) denotes the inner
unit normal of O in xq, then

lim Di(x) = (o).

I—PIO
€A

where A is the subset of 0 where v s differentiable.

Lemma 8.3. Let ¢ and 7 be as in Theorem 8.1. Then for every u € Dy NL>(Q; R™)
and o > 0 there exist us € Dy N L (Y; R™) such that
(i) ue — u in LP(QV;R™) as 0 — 0;
(i) H" 1 (Su, Ny) =0 for every o > 0;
(iii) limsup Fhom (te, QUY) < Fhom(u, QUY).

o—0

Proof. By a simple reflection argument, it is not restrictive to assume that H"_1(5¢ N
v) = 0. Note that if w € SBV({; R™), for H* ' ae. xo0 € Sy, N v the vector vy (zo)is
normal to «; in such a case we agree to choose as 1, (xo) the inner normal with respect
to €. Then it easily turns out that

1
(8.1) lim
p—0 wpp™

{x € By(xo) N Q: |u(x) —ut(xo)| >e}| =0 for every € > 0.

Let u € Dy N L>(Q;R™) and o > 0 be fixed. Define v = u — ¢. Since
H" 1 (Sy N7) =0, we have

ut(xo) —u=(zo) = v+ (x0) for H" -a.e. 0 € Sy N7y,

For every = € v we denote by v(x) the unit inner normal to v in = with respect to €.
Let E be the set of the points xg € Sy, N~y such that v, (zo) = v(xo) and there exists
p1(zo) > 0 with the property: for all p < pi(xo)

1

(8.2) |—u}n_1pn_1

/ Jnom (Ut — u™, 1) AH" " = gnom (v (20), vu(0))| < .
Bp(zo)Ny
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By the Besicovitch differentiation theorem for Radon measures and the fact that the
(n—1)-dimensional density of H" "'~ is 1 H" '-a.e. on v, we obtain that H"'(S,N
v\ E) =0. Let xg be fixed in E. Since ghom is continuous in (vt (xg),v(zo)) there
exists 7 > 0 such that for all (s,v) € Rm x S !

if |s —vt(x0)] < 7, and |v —v(zo)| < 7, then |ghom (S, V) — ghom (v (x0), v(x0))| < 0.
Moreover, by (8.1), there exists p2(z¢) > 0 such that

Vp < pa(zo) [z € By(zo) NQ: fo(z) —vt(zo)| > n}t| < opm.
Let ¢ : R® — [0, +00] be defined by 1(x) = dist(z,~). By Lemma 8.2 we can suppose

that
|DY(x) —v(xo)| < n for a.e. & € B,,(54)(z0) .

Then, if we set

Z, ={x € B,(xo) N : ¢ is differentiable in z,
|9hom (v(2), DY (2)) = ghom (v (20), v(20))| > 0},

we clearly have
(8.3) Vp < paleo)  |Ze] < opn.
For every t > 0 define

Vi={xeQ:y(x) <t} ve={x € Q:¢Y(x) =t} =QNIV;
St(xo) ={x € R": |{(x — xo,v(x0))| < t}.

We show that there exists p3(z9) > 0 such that
(8.4) Vp < p3(zo) VE>0 ViNnBy(xo) C Ss(xo) N By(xg) with § =t +op.
Indeed, from

[{z = 20, v(x0))|

A
acE’YO |CE o xO'

=0

(which holds for H" *-a.e. zo € v) we deduce the existence of p3(zo) > 0 such that
By (z0) (T0) N0 C v and

1
Vp < 2ps(zo0) Yz €N Bp(zo) [z —zo,v(20))| < F0p.

Let p < p3(zo) and = € Vi N By(xo). If T € 7 is such that ¢(z) = |z — Z|, then
|T — xo| < 2p, and

{2 — 2o, v(w0))| < [(& =T, v(x0))| + [(T — 2o, v(x0))| < t+0p.
This proves (8.4).
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Finally let us set p(xo) = min{pi(zo), p2(x0), p3(z0),c}. In addition to (8.2),
(8.3) and (8.4), by the regularity of v we can also suppose (possibly discarding from E
a further H" ' -negligible subset) that for every p < 7(zo):

_ 1
00 Byfwo) 2 genopnt,
(8.5) H" (v N B,y(x0)) < (14 0)wn_1p7=1 for every t < p(zo),
Ep(xo) c .

Let F = {B,(z0) : z0 € E,0 < p < p(w0)}, where p(x¢) is defined above, and let
G be an open set containing F. By the Besicovitch Covering Theorem (see [56]) there
exists a countable disjoint subset G = {B,,(x;) : i € N} of F which covers E up to a
H" ! -negligible set and whose elements are contained in G.

Let ¢« € N be fixed and define
ti = sup{t €]0, pi] : H""H(Z,, Nyz) > ap? ™! for ae. 7€)0,1]}.
We show that
(8.6) ti <\opi.

We can assome ¢; > 0; otherwise there is nothing to prove. By the coarea formula (1.2)
and Lemma 8.3 we have

2,

Pi
— / Dé(@)|de = [ H"N(Zp, () dt
Z,. 0

7

P
t;
> / \/Ep?_ldt = \/Ep?_lfi,
0

so that (8.3) implies (8.6).
Since ¢ is differentiable a.e. and [Su| = |Sy| = 0, from (8.6) and the coarea
formula we deduce that there exists 0 < t; < \/op; such that
1) is differentiable H" a.e. on e, N By, ()
(8.7) H" 7 (Su Nyt N By, (23)) =0, H"(Sy N, N By, (21)) =0
Hn_l(Zpi Ny) < \/EP?_I :

Define

¢ onA - ‘
o = { u otherwise on where 4 = EJN Vi By (i)
By the subadditivity of the perimeter we have
H' QN A) < Y HH QN OV, N By, (2:))) ;
i=1

therefore, since QN A(Vy, N By, (1)) C (y, N By, (x:)) U (V, N OB, (1)),

oo

(88)  HTNQNO"A) < 3 (M N By (w0) + T (Ve 0By (1))

i=1
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By (8.5) we have H" ! (y1, N By, (i) < 2(1+0)H" ' (yN B,,(x;)); moreover, by (8.4)
and the inequality t; < \/op; we obtain

H* (Vi 008y, (23)) < H" ™ (Stitapi (2:) N 0By, (1)) < 4(n — Nwn—1p] Vo,
so that, by (8.5)
(8.9) H" (Vi 008y, (x1)) < 8(n—1H" ! (v N By, (w:))Vo .
Since the balls B,,(x;) are pairwise disjoint, and H" '(y) < 400, we conclude that
H" N QN I*A) < +oo and A is a set of finite perimeter. In particular u, €
SBVP(Q/;R™).

Taking into account that D is the outer normal to ~:, with respect to Vi, N
B,,(zi), and that u and ¢ are approximately continuous H" '-a.e. on ~y,, we have

/ ghom(u?fL — Ug , Vua) dHn_l
Suom(vti OBPZ‘ (xl))

:/ Ghom (v, DY) dH™ !
Yvi,N By, (i)

= / (ghom (vF (1), v(x)) + o) dH"
Ye;NBp,; (zi)\Z
+ea(l+ [lu— @l )1 (n, N Z,,) -

In view of (8.5) and (8.2) the first of these two terms does not exceed

-1

(1 +0)(g(v(z:), v 0)wn—1p;

;) +
1+0 / Ghom (ut —u—,vy,) dH"™ Ly 20w, 105" 1),
YN By, (x4)

and by (8.5) again this is estimated by

(1+0) (/ Ghom (ut —u=, 1y, dH" 1 + 407'{”_1(7 N Bpi(xi))) .
’Ymez(Lu)

Moreover, by (8.7) (and (8.5))

All these inequalities yield that

/ ghom(u; - U;; Vua) dHn_l
=1 Suam('yti NB,, (z4))

(8.10)
< (1-1—0)/ Ghom (Ut — u—, 1) dH"fl—i-C’H”*l('y)\/E,
YNNG

for a suitable constant C' > 0 independent of o.
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We finally show that the family (u,) satisfies the required properties. Clearly
Uy € Dy N L(Q; R™), and property (i) holds. Since H" '-a.e. g € v\ Sy is a point
of approximate continuity for both ¢ and w, we obtain that H" (S, N (v \ S.)) = 0.
Moreover, H" *-a.e. point zo in E belongs to B, (z;) for some i € N. Since u, = ¢
in a neighborhood of zg and H”_1(5¢ N+v) =0, we conclude that xo ¢ S, . Therefore
H" Sy, Ny) =0.

It remains only to prove (iii). We have

Fhom(tts, 2U7) < / Fuom(V) do + / from (V) da
Q 'YUVU
+ / Ghom (Ut —u=, 1) dH™ ! + / Ghom (Ud — Uy, V) dH" L.
SuN Su, NQNO* A

Since t, N By, (zi) € 0*A (up to a set of zero H" ™ -measure), we have

HH QN0 AN | (N By, (22)) = H*HQN " A) = Y H" (e, N By (a4) ;

ieN i=1
therefore, in view of (8.8) and (8.9)
H*H QN AN | (N By, (24))) < 8(n— YR (7)o
ieN
This and (8.10) yield that
/ Ghom (Ud — Uy, V) dH" ! < (1+ a)/ Ghom (Ut —u=, 1) dH" ! + e/o
S, NQNO* A NG

for a suitable ¢ > 0 independent of o. Then

Fhom(uzﬂ Qu ’Y) S / fhom(vu) dx + / ghom(u+ -—u, Vu) dHnil
Q S.

WNQ

om d om +— _a d n-l
+/Vafh (V) x+/smogh (6+ — 6 vy) dH

—|—(1+a)/ Ghom (U™ —u*,uu)dH”_l +c\o;
YNNG
hence

lim sup Fhom (0, 2 U7) < / From(Vut) d + / Ghom (1t — u=, 1) AL
Q SN

o—0
+ / Ghom(ut —u—, v, dH™ L.
YNNG
We conclude by the arbitrariness of the open set G containing E. O

Proof of Theorem 8.1. Let u € Dy, and let (up) be a sequence in Dy which converges
to u in L'(¥;R™). Then, by Theorem 2.3
?

hom

(u) < Fhom(u, ) < l}imJirnf F., (up, )

< limiangi(uh)—i—cz/ (1+|Volp) dx—l—&;/ (1+|¢+ —o—|)dHr™ .
h—+o0 Q\Q S,N(Q\Q)
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Note now that the values of Fﬁ; and FlLom do not depend on €, provided €2 N 0N
remains unchanged. Therefore, we can let ¥’ shrink to €2, thus obtaining

?

hom

(u) < Tim inf S, (un)

It remains to prove that for every u € Dy we can find a sequence (up) in Dy which
converges to u in L*(Q; R™), and

lflesup F., (up, QU7) < Fhom(u, QU7) .

In a first moment we assume that v € L°(€; R™). Then we can consider the functions
us (0 > 0) given by Lemma 8.3. By (i) and (iii) of this lemma, it is not difficult to
realize that it suffices to show that

(8.11)

Fhom(uo, QU~) > inf{limsup F., (un, QUY) : (up) in Dy, up — us in L'(;R™) }.
h— 400

Since (Fg, (-,§2)) I'-converges to Fhom(+,€2), for every o > 0 we find a sequence (vp) in
SBVP?(Q; R™) N LP(Q2; R™) converging to ues in LP(2; R™) and such that

hll)rf F., (vn, Q) = Fhom(us, §2) .

For every n > 0 let K, be a compact subset of {} with the following property:
(8.12) / 1+ [Vuglp)dz < n, H*™(Su, N (QU)\ Ky) < 1
Q\K

this is possible since H" (S, Ny) = 0. Now we join v;, and u, by means of Proposition
3.1 with A” = Q, A’ CC Q a neighborhood of K, and B = '\ K,,. Then we get a
sequence (wy) in Dy which converges to u, in LP(£; R™) and satisfies the inequality

Foy (1, ) < (14 0) | Foy (00, 2) + Py (o, 0\ K| + Mvn = ol o omem) + 1
for a suitable constant M independent of h. Since wy, = u, = ¢ on '\ Q, we have

Foy (w03, QU7) < (14 0) [Py (08, Q) + Py (g, (QUA) \ Ko | + 0P, (6,2\ )

+ Mllvp, — te|| Lr@rm) + 1,
and, denoting by I the right-hand side of (8.11), by (8.12) we have

I < limsup Fy, (wp, Q2U7) < (14 1) (From(tes, 2) + cn) + n(limsup Fr, (¢, ¥ \ﬁ) +1),
h— 400 h—+4oco

for a suitable constant ¢ depending only on [|us|| o /;rm). We can now let 7 tend to
0, obtaining I < Fhom(te, ) < Fhom(us, 2U7); ie., (8.11).

Finally, consider the general case u € Dy . For every R > 0 let ¢r : R™ — R™ be
a Lipschitz function with compact support, Lipschitz constant less than or equal to 1, and
such that ¢r(y) =y when |y| < R. We have Rlirfm Frhom(pr(u), QUy) = Fhom(u, QUY)
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(recall (7.19)); moreover, if R > ||¢||z then ¢r(u) € Dy. An easy diagonal argument
yields the conclusion. O

We turn now to the application of the above results to functionals whose surface
energy density satisfies Griffith’s growth conditions. More precisely we consider a Borel
function g : R™ x Rm x 8"~ — [0, +o0[ such that

(i) g(z,s,v) = g(x,—s,—v) for every (z,s,v) € R» x Rm x Sn—1;
(ii) g(-,s,v) is 1-periodic for every (s,v) € Rm x S"~!;
(iii) there exists a function w : [0, +oo[— [0, +oo[ continuous and non-decreasing, such

that w(0) =0 and
lg(z,s,v) — g(z,t,v)| < w(|s—t|) forevery z € R?, s,;tc Rm™, veS"
(iv) there exist two positive constants « and 3 such that
a < g(z,s,v) < [ for every (z,s,v) € R» x Rm x §"1,
Note that these assumptions on g differ from those of Section 2 only in the growth

conditions.

We also consider a function f: R? x M™*"™ — [0, +o00[, which represents the bulk
energy density and satisfies the same properties as in Section 2. The function f gives rise
to the function fyom according to Proposition 2.1. Moreover, under the present growth
conditions on ¢, Steps 1 through 5 in the proof of Proposition 2.2 remain unchanged and
Step 7 still works with minor modifications. Thus, for every (z,v) € R™ x 5™~ there
exists

e— g

Ghom (7, V) = lim inf{/ g(f,u‘F —um, ) dH T
S.NQ.
u € SBV(Q,;R™),Vu =0a.e., u=1u,, on 6@1,} ,

where (), is any unit cube in R™ with centre in the origin and one face orthogonal to
v, and
a < ghom(Z7V) < ﬁ

For every u € Dy and € > 0 define

) = [ fEVwdet [ gt - m)dn
o € S.N(QUy) €
Fhom(u) = / from(Vu) dx + / Ghom (Ut — u=, 1) dH" .
Q S, N(QUY)

Theorem 8.4. Let (ep,) be an infinitesimal sequence of positive numbers. Assume that
there exists a sequence (up) in Dy such that

lim (F%, (up) —inf Fy,) =0, sup ||| Lo (;rm) < +00 .
h—+4o0 Dy heN
Then the functional Fyhom attains its infimum on Dy and I%in Fhom = lim inf F;, .

@ h—+oo p,
Moreover, there erists a subsequence (uy(p)) of (un) which converges in LY R™) to
a minimizer of From on Dg .
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Proof. For every € > 0, j € N define

FwB) = [ fE Vot [ gt —um ) an
B € S

wNB €

FY(u, B) = F.(u, B) +/ (Jut —u-| —2j) VOdH ",
S.NB

B S.NB

whenever A € A, u € SBVP(A;R™) and B € B(A), where (see Proposition 2.2)

From (2, V) = lim inf{/ (9(Z,ut —u=, ) + (Jut —u=| — 2§) VO)dH™ ' :
S.NQ.

e— €

u€ SBV(Q,;R™),Vu =0 a.e., u =u,, on GQU} ,

for every (z,v) € Rm x S™71.
Let us show that for every (z,v) € Rm x §"*

(8.13) ‘hlf gl (2,V) = ghom(2,V) .
j—Foo

Let (z,v) € R™ x 5" ! be fixed. For every o > 0 there exists h, € N and u, €
SBV(Q.; R™) such that Vu, =0 a.e., ug = u,, on 0Q, and

(8.14) / g(hox,ud —ug,vu,) dH" ' < ghom(2,v) + 0.
Suy NQy

Let pr : R™ — R™ be a Lipschitz function with compact support and such that
vr(y) =y if ly] < R. Then (8.14) still holds with u, replaced by ¢(us), provided R
is sufficiently large. Thus we can assume that u, is bounded.

Consider u, extended with value u,, on {x € R : |[(z,v)] > 1/2} and by
periodicity on {z € R" : |(z,v)| < 1/2}. Then it is possible to define

uf (z) = uo (kx) (x € R").
Clearly uf € SBV(Q.,;R™), Vu = 0 ae. on Q,, uj = u;, on 0Q, and

|ug |l L= (q.:rm) = |tc|lL~(q,;rm). Moreover, by a change of variable, we have

/ g(khow, (ug)* = (uf) =, vug) dH" ! = / g(how,uf — g, vu, ) dH" .
SugﬂQu SueNQu

Therefore, for every j > ||uo|/z= (0, rm)

gl (zv)= lim inf{ (g(khox,ut —u=,vy) + (Jut —u=| —2j) VO)dH" ' :
k—+o00 S.NQ.

u € SBV(Q,;R™),Vu =0 a.e., u=1u,, on 6Q,,}

< limsup/ g(khox, (uf)™ — (uf) =, vug) dH™ ™' < ghom(z,v) + 0.
k—+o0 JS

o
“k
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Since gﬁom > Ghom , We obtain (8.13).
We now prove that (up) has a subsequence which converges in L' to a minimizer
of From . Note that

limsup F., (un, Q) < limsup (F:, (un, QUY) + F-, (6,2 \ Q))
h—+o00 h—+4o00

< limsup (inf F., (-, QU ) + Fz, (¢, 2\ Q)
h—+oco Dy

< timsup £, (6.9) < K( [ (1+[0)do +H'(5,19)
h—+oco /

for a suitable constant K. Hence, from the growth conditions of f and g from below we
obtain the boundedness of the sequence ([, [Vup[Pdz+H"""(Su, ﬂQ’))h . Since (up) is
equibounded, we can apply Ambrosio’s compactness and lower semicontinuity theorems
([4], [6]), deducing the existence of a subsequence (uy()) of (up) which converges in
L'Y(Y;R™) to a function ug € SBV?(QY;R™). Clearly up € Dg. Moreover, for every
J = supy |[unlre@rm) V || L~ @ rm)

/ Jrhom(Vuo) da + /S . Jhom (Ug — ug , Vg ) dH™ ™ < FJ_(ug, Q')
!/ um /!

< liminf F; U ).
= h—too Ea(h)( €o(h)? )

Therefore, if we set

cor = /  From(Ve) da + / _ Ghom (9T — ¢, v) dH" T —limsup I, (¢, 2\ Q),
ong SN (Q\Q) h—+o0

we obtain
From(uo) + cor < liminf inf Feo
h—+4o0c0 p ¢
Note now that for every ¢ > 0 the value inf, . F is clearly independent of the choice
of €V, provided € N O keeps unchanged. By means of a diagonal argument we can
make the subsequence (g,()) independent of ) if the latter is taken in a sequence (£27,)
which shrinks to 2. Thus we obtain

(8.15) From(uo) < liminf inf Fy

gy o(h) *

On the other hand, for every fixed u € Dy by Theorem 8.1, applied to the sequence
(FZ,)n, there exists a sequence (v;,) in Dy such that

hhrf Fl (v, QU~) = Fgom(u, QU~).
Therefore .
F  (u,QU~) > limsup F;, (v, QU~) > limsupinf F, .

h— 400 h—+4o00 Dy

Let j tend to +0o and apply (8.13); then

Fhom(u) > limsupinf Fy,, .

o1



This, together with (8.15), immediately implies that uo is a minimizer of Fjon, and

that the subsequence (inf F:_,,), and hence the whole sequence (inf F%, ), converges to
Dy Dy

min Fiom . O

Dy

Ezample 8.5 (Homogenization of a composite medium with a chessboard structure) We
illustrate the homogenization process by a simple example, that shows how the bulk and
surface energy behaviours can differ. Let m =1, n = 2, and let a : R?2 — [0, +o0[ be
the 1-periodic function defined on [0, 1[2 by

a(xy,z2) = {1 if [21| V |z2| < 3 or |z1| Afwe| > 2
7 2 otherwise.

Consider the functionals

Fe(u,Q):/Qa(g)]DuPda:—i—/ a(g)dH”_l;

QNS

i.e., we take f(x,€) = a(z)[£|?2, and g(zx,s,v) = a(z). The functional F; represents a
composite, with a chessboard structure of mesh size ¢, of two isotropic materials whose
local energies are

g(/A Duldz + W' (AN S,))

with j =1 and 2, respectively. The homogenized functional of (F;) is

Firom (u, 2) =\/§/ IDu|2dx+/ W) dH
Q Q

NSy

where the function ¢ : ST — [0, +00) is given by
Y(v) = (V2 = 1) min{[u], [vo|} + max{|v1], |v2]}.

In fact, it is proven in [41] (see also [45] Proposition 3.1) that the homogenization of
Joa(2)|Dul2dz in WH*(Q) gives V2 [, |Dul? dz, while the formula for ¢ is obtained
from [22] Example 5.2, once we remark that in the definition of ghom Wwe can restrict to
the case of u taking values in {0,1}. Note the loss of isotropy in the surface term.
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