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Introduction

Following Griffith’s theory, hyperelastic brittle media subject to fracture can be modeled
by the introduction, besides the elastic volume energy, of a surface term which accounts
for crack initiation. In its simplest formulation, the energy of a deformation u will be of
the form

(1) E(u,K) =
∫

Ω\K
f(∇u) dx+ λHn−1(K),

where ∇u is the deformation gradient, Ω the reference configuration, and K is the crack
surface. The bulk energy density f accounts for elastic deformations outside the crack,
while λ is a constant given by Griffith’s criterion for fracture initiation (see [49], [50],
[54], [53], [14]). The existence of equilibria, under appropriate boundary conditions, can
be deduced from the study of minimum pairs (u,K) for the energy (1), and a description
of crack growth can be obtained by a limit of successive minimizations at fixed time steps,
as outlined in [36] (see also [27], and [40]).

The presence of two unknowns, the surface K and the deformation u , can be
overcome by a weak formulation of the problem in spaces of discontinuous functions. The
space of “special functions of bounded variation” SBV (Ω; Rm) has been introduced by
De Giorgi and Ambrosio [37] as the subset of Rm -valued functions of bounded variation
on the open set Ω ⊂ Rn , whose measure first derivative can be written in the form

(2) Du = ∇uLn Ω + (u+ − u−)⊗ νuHn−1 Su,

where ∇u is now the approximate gradient of u , Su is the complement of the set of
Lebesgue points of u , which admits a unit normal νu , and u+ , u− are the approximate
values of u on both sides of Su . The measures Ln and Hn−1 are the n -dimensional
Lebesgue measure and the (n − 1)-dimensional Hausdorff measure, respectively. The
energy in (1) can be rewritten as

(3) E(u) =
∫

Ω

f(∇u) dx+ λHn−1(Su),

which makes sense on SBV (Ω; Rm). If f is quasiconvex and satisfies some standard
growth conditions, then we can apply the direct methods of the calculus of variations to
obtain minimum points for problems involving E , using Ambrosio’s lower semicontinuity
and compactness theorems (see [4]–[7]). A complete regularity theory for minimum points
u for E has not been developed yet, but in some cases it is possible to prove that the jump
set Su is Hn−1 -equivalent to its closure (see [38], [31]) or even more regular (see [12],
[11]), and that u is smooth on Ω \ Su , thus obtaining minimizing pairs (u,K) = (u, Su)
for the functional E .
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The functionals F on SBV (Ω; Rm) which have bulk and surface parts, and satisfy
the translation invariance condition F(u) = F(u+ c) for all constant vectors c , can be
written in the form

(4) F(u) =
∫

Ω

f(x,∇u) dx+
∫
Su

g(x, (u+ − u−)⊗ νu) dHn−1

(we will adopt the equivalent notation g(x, u+ − u−, νu) in the course of the paper).
Necessary and sufficient conditions for the lower semicontinuity of such functionals F
are described in [6], [9], [7]. In the formulation (4) are included non-isotropic, non-
homogeneous Griffith materials, when

(5) g(x, a⊗ ν) = g̃(x, ν) ,

where the condition g̃(x, ν) = g̃(x,−ν) must be imposed to have a good definition of the
surface integral. We can also include in this setting fracture problems in the framework
of Barenblatt’s models, taking

(6) g(x, a⊗ ν) = g̃(|a|).

We shall not treat directly Barenblatt materials, but we remark that their study can be
carried on by a singular perturbation approach from the study of models of the type (5)
(see [24]). Many other problems in Mathematical Physics and Computer Vision involve
minimum pairs with a “free discontinuity set” K and an unknown function u as above
(see, e.g., [52], [13], [2], [25], [8], [9], [32], [33]). We shall be content to interpret our
results in the framework of nonlinear fracture mechanics.

In this paper we study the asymptotic behaviour of functionals of the type (4)
modeling cellular elastic materials with fine microstructure. The study of this kind of
nonlinear media, but without considering the possibility of fracture (i.e., in the framework
of Sobolev functions), has been carried on by S. Müller [51] and A. Braides [16] (see also
[17], [18], [19], [21], [26], [47]; a wide literature exists for the linear case, or when u is
scalar-valued; we refer the interested reader to the rich bibliography of [35]). Here we
consider functionals

(7) Fε(u) =
∫

Ω

f(
x

ε
,∇u) dx+

∫
Su

g(
x

ε
, (u+ − u−)⊗ νu) dHn−1,

where f and g are Borel functions, periodic in the first variable, which model the response
of the material to elastic deformation, and to fracture, respectively, at a microscopical
scale (which is given by the small parameter ε). The behaviour of sequences of minima
for problems involving Fε , and of the corresponding minimizers, can be deduced from
the Γ-convergence of this sequence (see [39], [35]). This analysis is usually referred to
as homogenization. The main result of this paper is showing that, under the growth
conditions (p > 1, α , β > 0)

(8)
α|ξ|p ≤ f(x, ξ) ≤ β(1 + |ξ|p)

α ≤ g(x, ξ) ≤ β
for all x ∈ Rn, ξ ∈Mm×n,

we obtain, in the limit when ε→ 0, a minimum problem for the functional

(9) Fhom(u) =
∫

Ω

fhom(∇u) dx+
∫
Su

ghom((u+ − u−)⊗ νu) dHn−1.
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The integrands fhom and ghom can be characterized by some asymptotic formulas. The
homogenized bulk energy density is the same integrand as obtained in [16] in the case
without fracture:

(10) fhom(ξ) = lim
T→+∞

inf
{ 1
Tn

∫
]0,T [n

f(x,∇u+ ξ) dx : u ∈W 1,p
0 (]0, T [n ; Rm)

}
,

while the function ghom is given on rank-one matrices by

(11)
ghom(z ⊗ ν) = lim

T→+∞

1
Tn−1

inf
{∫

TQν∩Su
g(x, (u+ − u−)⊗ νu) dHn−1 :

u ∈ SBV (TQν ; Rm),∇u = 0 a.e., u = uz,ν on ∂(TQν)
}
,

where Qν is any unit cube in Rn with centre in the origin and one face orthogonal to
ν , and

(12) uz,ν(x) =
{
z if 〈x, ν〉 ≥ 0
0 if 〈x, ν〉 < 0 .

Note that by (9) it is sufficient to define ghom on rank-one matrices. From (9)–(11) we
obtain that the overall behaviour of the medium described by (7) at the scale ε is the one
of a homogeneous material whose bulk elastic response is given by the study of Fε only
on elastic deformations without cracks, and whose response to fracture can be derived
by the examination of ‘stiff deformations’ (i.e., where ∇u = 0). In particular, note
that the homogenized surface energy density is not influenced by f ; this phenomenon is
particular of the process of homogenization, since in general we do have an interaction
(see [3] Theorem 4.1). We mention also that the homogenization under SBV-growth
conditions (8) gives rise to a different type of phenomena than when a growth of order
one is allowed; i.e.,

(13) f(x, ξ) ≤ γ|ξ| or g(x, ξ) ≤ γ|ξ|

(e.g., if g(x, ·) is positively homogeneous of degree one), in which case the homogenized
functional is defined and finite on the whole BV (Ω; Rm) (see [19]).

The paper is organized as follows. In Section 1 we recall the main definitions and
preliminaries on SBV functions, and we introduce the space SBV p(Ω; Rm) of SBV -
functions whose approximate gradient is p -summable and whose jump set is Hn−1 -finite.
Section 2 is devoted to the statement of the homogenization result. In Sections 2–7 we
deal with functionals as in (7), with g satisfying the technical assumption

(14) α(1 + |ξ|) ≤ g(x, ξ) ≤ β(1 + |ξ|),

which allows us to limit our analysis to SBV p(Ω; Rm). The treatment of the case with
g satisfying the growth condition (8) is carried on in Section 8 by a singular perturbation
approach. The proof of the homogenization theorem relies on several technical results.
In Section 3 we give a compactness theorem with respect to Γ-convergence for function-
als defined in SBV p(Ω; Rm). Its proof is based on a “fundamental estimate” (Proposi-
tion 3.1), which allows the application of the localization techniques of Γ-convergence (see
[35]). We also prove a truncation lemma (Lemma 3.5), which, in several cases, permits
to deal with equibounded sequences. In Section 4 we apply the techniques of Buttazzo
and Dal Maso [29] and of Ambrosio and Braides [8] to give an integral representation on
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W 1,p(Ω; Rm) and on spaces of “partitions” BV (Ω;T ) (T ⊂ Rm is any fixed finite set)
of the functionals given by the compactness argument of Section 3. The characterization
by formula (10) of the volume energy density which describes the integral representation
on W 1,p(Ω; Rm) is obtained in Section 5. In order to use the homogenization results of
[16] and [51], we apply a technique introduced by Ambrosio (see [7]), which allows to pass
from sequences of SBV -functions with vanishing surface energy to sequences of Lipschitz
functions in the description of the process of Γ-limit. The construction of minimizing
sequences with surface energy tending to 0 is obtained by a scaling argument, which is
based on the periodic structure of the problem. A similar procedure leads in Section 6
to the characterization by formula (11) of the homogenized surface energy density: after
a scaling argument, which again is possible by the periodicity assumptions, we can pass
from sequences in SBV p(Ω; Rm) with vanishing bulk energy to sequences with ∇u = 0.
This passage is carried on by a careful use of the coarea formula. In Section 7 we prove
the integral representation (9) on SBV p(Ω; Rm) ∩ L∞(Ω; Rm), from which the general
result follows by approximation. The two key points are the application of the strong
convergence results in SBV p(Ω; Rm) of piecewise smooth functions proven by Braides
and Chiadò Piat [23], which gives an inequality in (9) (Proposition 7.1), and, for the
opposite inequality, a blow-up argument which locally reduces the problem to the case of
linear or piecewise constant functions. The characterization of the Γ-limits through for-
mulas (10) and (11), together with the compactness argument of Section 2 conclude the
proof. Finally in Section 8 we describe the applications of the homogenization theorem
to problems in fracture mechanics.

1. Notation and preliminaries

Let m ≥ 1 and n ≥ 1 be fixed integers. If Ω is an open subset of Rn we denote by
A(Ω) and B(Ω) the families of the open and Borel subsets of Ω, respectively; moreover,
we set A = A(Rn) and B = B(Rn), while A0 stands for the family of the bounded open
subsets of Rn . If x, y ∈ Rn then 〈x, y〉 denotes their scalar product; Bρ(x) is the open
ball with centre x and radius ρ , and Sn−1 the surface of the unit ball B1(0); Mm×n is
the space of the m× n real matrices. The usual product of a matrix ξ ∈ Mm×n and a
vector x ∈ Rn is denoted by ξ · x .

The Lebesgue measure and the (n − 1)-dimensional Hausdorff measure in Rn

are denoted by Ln and Hn−1 , respectively, but we also write |E| in place of Ln(E).
Moreover, ωn = |B1(0)| .

If Ω ∈ A , we use standard notation for the Lebesgue and Sobolev spaces
Lp(Ω; Rm) and W 1,p(Ω; Rm).

Functions of bounded variation. For the general theory of the functions of bounded
variation we refer to [43], [48], [42] and [56]; here we just recall some definitions and
results we shall use in the sequel.

Let Ω be an open subset of Rn and u: Ω→ Rm be a Borel function. We say that
z ∈ Rm is the approximate limit of u in x and we write z = ap- limy→x u(y) if for every
ε > 0

lim
ρ→0

ρ−n|{y ∈ Bρ(x) ∩ Ω : |u(y)− z| > ε}| = 0 .

We define Su as the subset of Ω where the approximate limit of u does not exist. It
turns out that Su is a Borel set, |Su| = 0 and u is approximately continuous a.e. in Ω;
more precisely, u(x) = ap- limy→x u(y) for a.e. x ∈ Ω \ Su .
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We say that u = (u1, . . . , um) ∈ L1(Ω; Rm) is a function of bounded variation if
its distributional first derivatives Diuj are (Radon) measures with finite total variation
in Ω. This space will be denoted by BV (Ω; Rm). We shall use Du to indicate the
matrix-valued measure whose entries are Diuj .

If u ∈ BV (Ω; Rm), then Su is countably (n− 1)-rectifiable, i.e.

(1.1) Su = N ∪
(⋃
i∈N

Ki

)
,

where Hn−1(N) = 0 and (Ki) is a sequence of compact sets, each contained in a C1

hypersurface Γi . Moreover, there exist Borel functions νu:Su → Sn−1 and u+, u−:Su →
Rm such that for Hn−1 -a.e. x ∈ Su

lim
ρ→0

ρ−n
∫
B+
ρ (x)∩Ω

|u(y)− u+(x)| dy = 0 , lim
ρ→0

ρ−n
∫
B−ρ (x)∩Ω

|u(y)− u−(x)| dy = 0 ,

where B+
ρ (x) = {y ∈ Bρ(x) : 〈y − x, νu(x)〉 > 0} and B−ρ (x) = {y ∈ Bρ(x) : 〈y −

x, νu(x)〉 < 0} . Hence, for Hn−1 -a.e. x ∈ Su

lim
ρ→0

ρ−n|{y ∈ Bρ(x) ∩ Ω : 〈y − x,±νu(x)〉 > 0 , |u(y)− u±(x)| > ε}| = 0

for every ε > 0. The triplet (u+(x), u−(x), νu(x)) is uniquely determined up to a change
of sign of νu(x) and an interchange between u+(x) and u−(x). The vector νu is normal
to Su , in the sense that, if Su is represented as in (1.1) then νu(x) is normal to Γi for
Hn−1 -a.e. x ∈ Ki . In particular, it follows that νu(x) = ±νv(x) for Hn−1 -a.e. x ∈
Su ∩ Sv and u, v ∈ BV (Ω; Rm). If x /∈ Su we define u+(x) = u−(x) = ap- limy→x u(y).

We denote by ∇u the density of the absolutely continuous part of Du with respect
to the Lebesgue measure. ∇u(x) turns out to be the approximate differential of u at x
for a.e. x ∈ Ω, in the sense that

lim
ρ→0

ρ−n
∫
Bρ(x)∩Ω

|u(y)− u(x)−∇u(x) · (y − x)|
|y − x|

dy = 0 .

We point out that if u, v ∈ BV (Ω; Rm) then ∇u(x) = ∇v(x) for a.e. x ∈ Ω such that
u(x) = v(x).

It is easy to verify that if u, v ∈ BV (Ω; Rm) and ϕ is a smooth real function
on Ω, then (u + v)± = u± + v± , (ϕu)± = ϕu± , |u± − v±| ≤ ‖u − v‖L∞(Ω;Rm) and
∇(ϕu) = u⊗∇ϕ+ ϕ∇u .

We say that a function u ∈ BV (Ω; Rm) is a special function of bounded variation
if the singular part of Du is given by (u+ − u−)⊗ νuHn−1 Su , i.e.

Du = ∇uLn + (u+ − u−)⊗ νuHn−1 Su .

We denote the space of the special functions of bounded variation by SBV (Ω; Rm). The
introduction of this space is due to De Giorgi & Ambrosio [37]. For the properties of
the functions u ∈ SBV (Ω; Rm) we refer to [5] and [6]. Here we mention the following
result (see [10]): if u ∈ SBV (Ω; Rm) and ϕ: Rm → Rm is a Lipschitz function with
Lipschitz constant L , then ϕ(u) ∈ SBV (Ω; Rm), Sϕ(u) ⊆ Su , (ϕ(u))± = ϕ(u±), and
|∇ϕ(u)| ≤ L|∇u| a.e. in Ω.

5



Let p > 1; the space SBV p(Ω; Rm) is defined as the space of the functions
u ∈ SBV (Ω; Rm) such that

Hn−1(Su ∩ Ω) < +∞ and ∇u ∈ Lp(Ω;Mm×n) .

Sets of finite perimeter. Let Ω ∈ A and E ∈ B . We say that E has finite perimeter
in Ω if the characteristic function χE of E belongs to BV (Ω; R). Define the essential
boundary of E as

∂∗E = {x ∈ Rn : lim sup
ρ→0

ρ−n|Bρ(x) ∩ E| > 0 and lim sup
ρ→0

ρ−n|Bρ(x) \ E| > 0} .

If E is a set of finite perimeter in Ω, then∫
Ω

|DχE | = Hn−1(Ω ∩ ∂∗E) ;

this value is the perimeter of E in Ω. If u ∈ BV (Ω; R), then {x ∈ Ω : u(x) > t} has
finite perimeter in Ω for a.e. t ∈ R , and the following Fleming & Rishel coarea formula
holds:

(1.2)
∫
B

|Du| =
∫ +∞

−∞
Hn−1(B ∩ ∂∗{x ∈ Ω : u(x) > t}) dt

for every B ∈ B(Ω). For an exposition of the theory of sets of finite perimeter see the
books quoted above for the functions of bounded variation.

Approximation of BV functions by Lipschitz functions. Let µ be a non-negative finite
Radon measure on Y =]0, 1[n . For every x ∈ Y let us define

M(µ)(x) = sup
{µ(Bρ(x))
|Bρ(x)|

: ρ > 0 such thatBρ(x) ⊆ Y
}
.

M(µ) is called the (local) maximal function of µ . If µ is absolutely continuous with
respect to the Lebesgue measure and h is its density, we also set M(h) = M(µ). In [7]
M(µ) is defined with respect to the unit ball B1(0) instead of Y . However, it is easy
to see that the analogous of Proposition 2.2 and Theorem 2.3 in [7] still hold, as in the
following two statements.

Proposition 1.1. Let µ be as above. Then there exists a constant c(n) > 0 such that

|{x ∈ Y : M(µ)(x) > λ}| ≤ c(n)µ(Y )
λ

for every λ > 0 . Moreover, if µ is absolutely continuous with respect to the Lebesgue
measure and its density h belongs to Lp(Y ) for some p > 1 , then∫

Y

(M(µ)(x))pdx ≤ C(n, p)
∫
Y

(h(x))pdx ,

with C(n, p) = p 2pc(n)/(p− 1) .
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Theorem 1.2. Let λ > 0 , u ∈ BV (Y ; Rm) ∩ L∞(Y ; Rm) , and let

E = {x ∈ Y : M(|Du|)(x) > λ} .

Then, for every 0 < ε < 1 we can find a Lipschitz function v : Yε → Rm , where
Yε =]ε, 1− ε[n , such that u = v a.e. on Yε \E , and the Lipschitz constant Lip(v, Yε) of
v on Yε satisfies the inequality

Lip(v, Yε) ≤ m
(
c′(n)λ+

2
ε
‖u‖L∞(Y ;Rm)

)
,

for a suitable positive constant c′(n) .

Γ-convergence. We recall briefly the notion of Γ-convergence ([39]). Let (X, d) be a
metric space and let Fh:X → R be a sequence of functionals on X , and let F :X → R .

We say that (Fh) Γ-converges to F at the point x ∈ X with respect to the
topology induced by d , if the following conditions are satisfied:

(i) for every sequence (xh) in X such that d(xh, x) → 0, we have F (x) ≤
lim inf
h→+∞

Fh(xh);

(ii) there exists a sequence (xh) in X such that d(xh, x) → 0 and F (x) =
lim

h→+∞
Fh(xh).

We say that (Fh) Γ-converges to F on the space X with respect to the topology induced
by d if (i) and (ii) hold for every x ∈ X . In this case F is called the Γ-limit of (Fh),
and we write F = Γ- lim

h→+∞
Fh .

For a complete treatment of the subject we refer to [35]. Here we only recall the
following facts. If (Fh) Γ-converges to F then F is lower semicontinuous. If (Fh) is
a constant sequence, i.e. if Fh is equal to the same functional G for every h ∈ N ,
then the Γ-limit exists and coincides with the lower semicontinuous envelope (or relaxed
functional) G of G on the space X with respect to the topology induced by d (see [28]).
Under suitable coercivity conditions, Γ-convergence guarantees the convergence of the
minimum values of the functionals Fh to the minimum value of their Γ-limit.

Quasiconvexity. We finally recall that a continuous function f : Mm×n → R is quasi-
convex if for every open set Ω and ξ ∈ Mm×n we have |Ω|f(ξ) ≤

∫
Ω
f(ξ + Du) dx for

all u ∈ C1
0(Ω; Rm). Quasiconvexity is a well-known necessary and sufficient condition for

the weak lower semicontinuity of integral functionals defined on Sobolev spaces (see [15],
[1], [34], [28]).

2. Statement of the main result

Let f : Rn ×Mm×n → [0,+∞[ and g : Rn × Rm × Sn−1 → [0,+∞[ be two Borel
functions. We suppose that f satisfies

i) for every ξ ∈ Mm×n the function f(·, ξ) is 1-periodic, i.e., f(x+ ei, ξ) = f(x, ξ)
for every i = 1, . . . , n and x ∈ Rn ;

ii) there exist two constants c1 > 0 and c2 > 0 such that

c1|ξ|p ≤ f(x, ξ) ≤ c2(1 + |ξ|p)

for a.e. x ∈ Rn and for every ξ ∈Mm×n ,
and g satisfies
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i) g(x, s, ν) = g(x,−s,−ν) for every (x, s, ν) ∈ Rn ×Rm × Sn−1 ;
ii) g(·, s, ν) is 1-periodic for every (s, ν) ∈ Rm × Sn−1 ;
iii) there exist a function ω : [0,+∞[→ [0,+∞[ , continuous and non decreasing with

ω(0) = 0, and a constant L > 0, such that ω(t) ≤ Lt for t ≥ 1 and

|g(x, s, ν)− g(x, t, ν)| ≤ ω(|s− t|) for every x ∈ Rn , s, t ∈ Rm , ν ∈ Sn−1 ;

iv) there exist two constants c3 > 0 and c4 > 0 such that

c3(1 + |s|) ≤ g(x, s, ν) ≤ c4(1 + |s|)

for every (x, s, ν) ∈ Rn ×Rm × Sn−1 .
For every ε > 0, A ∈ A , u ∈ SBVloc(A; Rm) and B ∈ B(A) we define

(2.1) Fε(u,B) =
∫
B

f(
x

ε
,∇u) dx+

∫
Su∩B

g(
x

ε
, u+ − u−, νu) dHn−1 .

We remark that there exists a one-to-one correspondence between (Rm \ {0}) ×
Sn−1 modulo the equivalence relation (s, ν) ∼ (−s,−ν) and the space of matrices of
rank equal to 1. Hence we could as well write the functional in (2.1) in the form

Fε(u,B) =
∫
B

f(
x

ε
,∇u) dx+

∫
Su∩B

g(
x

ε
, (u+ − u−)⊗ νu) dHn−1 ,

with the identification g(x, s⊗ ν) = g(x, s, ν), to have a symmetric notation in the two
integrals. However, in the sequel we shall always use the notation (2.1) to highlight the
different behaviour of the surface integral with respect to u+ − u− and νu .

The following propositions introduce the functions fhom and ghom which will
appear in the integral representation of the limit functional of the family (Fε)ε>0 .

Proposition 2.1. For every ξ ∈Mm×n there exists

fhom(ξ) = lim
ε→0

inf
{∫

]0,1[n
f(
x

ε
,∇u+ ξ) dx : u ∈W 1,p

0 (]0, 1[n; Rm)
}
.

The function fhom is quasiconvex, and for every ξ ∈ Rm

c1|ξ|p ≤ fhom(ξ) ≤ c2(1 + |ξ|p) .

Moreover, for every infinitesimal sequence (εh) of positive numbers and for every Ω ∈ A0

the sequence u 7→
∫

Ω
f( xεh ,∇u) dx Γ-converges to the functional u 7→

∫
Ω
fhom(∇u) dx

on W 1,p(Ω; Rm) with respect to the Lp -topology .

Proof. For the proof see [16] and [17] (Theorem 2.3 and the subsequent remark, Propo-
sition 1.8 and Remark 1.7).

Proposition 2.2. For every (z, ν) ∈ Rm × Sn−1 there exists

ghom(z, ν) = lim
ε→0

inf
{∫

Su∩Qν
g(
x

ε
, u+ − u−, νu) dHn−1 :

u ∈ SBV (Qν ; Rm),∇u = 0 a.e., u = uz,ν on ∂Qν
}
,
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where Qν is any unit cube in Rn with centre in the origin and one face orthogonal to ν
(the limit being independent of such a choice), and

uz,ν(x) =
{
z if 〈x, ν〉 ≥ 0
0 if 〈x, ν〉 < 0 .

The function ghom is continuous on (Rm \ {0})× Sn−1 , and

c3(1 + |z|) ≤ ghom(z, ν) ≤ c4(1 + |z|) .

for every (z, ν) ∈ (Rm \ {0})× Sn−1

The proof of Proposition 2.2 is postponed to Section 6.
For every A ∈ A , u ∈ SBVloc(A; Rm) and B ∈ B(A) we define

Fhom(u,B) =
∫
B

fhom(∇u) dx+
∫
Su∩B

ghom(u+ − u−, νu) dHn−1 .

The main result of the paper is the following homogenization theorem.

Theorem 2.3. Let (Fε)ε>0 and Fhom be as above. Let (εh) be an infinitesimal sequence
of positive real numbers. Then for every A ∈ A0

Fhom(·, A) = Γ- lim
h→+∞

Fεh(·, A)

on the space SBV p(A; Rm) with respect to the L1(A; Rm)-topology, and on the space
SBV p(A; Rm) ∩ Lp(A; Rm) with respect to the Lp(A; Rm)-topology.

In the case when f and g are constant with respect to the first variable, we
immediately obtain the following relaxation result (see also [44]).

Corollary 2.4. Let Ω ∈ A0 and

F (u) =
∫

Ω

f(∇u) dx+
∫
Su∩Ω

g(u+ − u−, νu)Hn−1

for u ∈ SBV p(Ω; Rm) . Then the lower semicontinuous envelope of F on SBV p(Ω; Rm)
with respect to the L1(Ω; Rm)-topology (or on SBV p(Ω; Rm) ∩ Lp(Ω; Rm) with respect
to the Lp(Ω; Rm)-topology) is given by

F (u) =
∫

Ω

f(∇u) dx+
∫
Su∩Ω

g(u+ − u−, νu)Hn−1 ,

where
f(ξ) = inf

{∫
]0,1[n

f(∇u+ ξ) dx : u ∈W 1,p
0 (]0, 1[n; Rm)

}
,

i.e., f is the quasiconvex envelope of f (see [34]) , and

g(z, ν) = inf
{∫

Su∩Qν
g(u+ − u−, νu) dHn−1 :

u ∈ SBV (Qν ; Rm),∇u = 0 a.e., u = uz,ν on ∂Qν
}
,

for every ξ ∈Mm×n and (z, ν) ∈ Rm×Sn−1 , with Qν and uz,ν as in Proposition 2.2 .
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3. A compactness result on SBV p(Ω; Rm)

In this section we prove some general properties for functionals of the form

Fε(u,A) =
∫
A

fε(x,∇u) dx+
∫
Su∩A

gε(x, u+ − u−, νu) dHn−1 ,

where fε : Rn ×Mm×n → [0,+∞[ and gε : Rn × Rm × Sn−1 → [0,+∞[ are Borel
functions satisfying

c1|ξ|p ≤ fε(x, ξ) ≤ c2(1 + |ξ|p) , for a.e. x ∈ Rn and for every ξ ∈Mm×n

c3(1 + |s|) ≤ gε(x, s, ν) ≤ c4(1 + |s|) , for every (x, s, ν) ∈ Rn ×Rm × Sn−1

for suitable positive constants ci . Moreover, we suppose that gε(x, s, ν) = gε(x,−s,−ν)
for every (x, s, ν) ∈ Rn ×Rm × Sn−1 . In particular we can have fε(x, ξ) = f(xε , ξ) and
gε(x, s, ν) = g(xε , s, ν), where f and g are the functions introduced in Section 2.

For every A ∈ A , u ∈ SBVloc(A; Rm), and B ∈ B(A) let

(3.1) H(u,B) =
∫
B

|∇u|pdx+
∫
Su∩B

(1 + |u+ − u−|) dHn−1 .

The functional H(·, A) is lower semicontinuous on SBVloc(A; Rm) with respect to the
L1

loc(A; Rm)-topology: see [6] Theorems 2.2 and 3.7 or [7] Theorem 4.5 and Remark 4.6.
In view of the growth conditions satisfied by fε and gε , there exist γ1, γ2 > 0

such that for every ε > 0,

(3.2) γ1H(u,A) ≤ Fε(u,A) ≤ γ2(H(u,A) + |A|) .

Hence, for every A ∈ A0 the Γ-limit of any sequence (Fεh(·, A)) (εh → 0) on a sub-
space of SBVloc(A; Rm) with respect to a topology stronger than L1

loc(A; Rm) is finite
exactly on SBV p(A; Rm). Thus in the sequel we shall restrict ourselves to the space
SBV p(A; Rm). The crucial properties of the Γ-limit are based on the so-called funda-
mental estimate ([35]), of which we give now an SBV -version.

Proposition 3.1. (fundamental estimate) Let (Fε) be the family of functionals defined
in (2.1) . For every η > 0 and for every A′ , A′′ , B ∈ A , with A′ ⊂⊂ A′′ , there
exists a constant M > 0 with the following property: for every ε > 0 and for every
u ∈ SBV p(A′′; Rm) , v ∈ SBV p(B; Rm) there exists a function ϕ ∈ C∞0 (A′′) with
ϕ = 1 in a neighbourhood of A′ and 0 ≤ ϕ ≤ 1 such that

Fε(ϕu+ (1− ϕ)v,A′ ∪B) ≤ (1 + η)
[
Fε(u,A′′) + Fε(v,B)

]
+M‖u− v‖pLp(S;Rm) + η ,

where S = (A′′ \A′) ∩B .

Remark 3.2. From the proof it follows that the cut-off function ϕ can be chosen in a
finite family depending only on η , A′ , and A′′ .

Proof. Let η > 0, A′ , A′′ and B be fixed as in the statement. Let k ∈ N satisfy

(3.3)
1
k

max
(
2p−1

c2
c1
,
c4
c3
, c2|(A′′ \A′) ∩B|

)
≤ η .
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Let A1, . . . , Ak+1 be open subsets of Rn such that A′ ⊂⊂ A1 ⊂⊂ A2 ⊂⊂ · · · ⊂⊂
Ak+1 ⊂⊂ A′′ . For every i = 1, . . . , k let ϕi be a function in C∞0 (Ai+1) with ϕi = 1 on
a neighbourhood Vi of Ai . Define

M = 2p−1
c2
k

max
1≤ i≤ k

‖∇ϕi‖pL∞ .

Fixed ε > 0, u ∈ SBV p(A′′), and v ∈ SBV p(B), define on A′ ∪ B the function
wi = ϕiu + (1 − ϕi)v (where u and v are extended arbitrarily outside A′′ and B ,
respectively). Then for i = 1, . . . , k

Fε(wi, A′ ∪B) ≤ Fε(u, (A′ ∪B) ∩ Vi)
+ Fε(v,B \ sptϕi) + Fε(wi, B ∩ (Ai+1 \Ai))(3.4)
≤ Fε(u,A′′) + Fε(v,B) + Fε(wi, B ∩ (Ai+1 \Ai)) .

Set Ti = B ∩ (Ai+1 \Ai), we estimate the last term:

Fε(wi,Ti) ≤ c2

∫
Ti

(1 + |∇wi|p) dx+ c4

∫
Swi∩Ti

(1 + |w+
i − w

−
i |) dH

n−1

≤ c2
(
|Ti|+

∫
Ti

|ϕi∇u+ (1− ϕi)∇v + (∇ϕi)(u− v)|pdx
)

+ c4
(∫

(Su\Sv)∩Ti
(1 + |u+ − u−|) dHn−1 +

∫
(Sv\Su)∩Ti

(1 + |v+ − v−|) dHn−1

+
∫
Su∩Sv∩Ti

(1 + |ϕi(u+ − u−) + (1− ϕi)(v+ − v−)|) dHn−1
)

≤ c2
(
|Ti|+ 2p−1

∫
Ti

(|∇u|p + |∇v|p + |∇ϕi|p|u− v|p) dx
)

+ c4
(∫

Su∩Ti
(1 + |u+ − u−|) dHn−1 +

∫
Sv∩Ti

(1 + |v+ − v−|) dHn−1
)

≤ 2p−1
c2
c1

(∫
Ti

f(
x

ε
,∇u) dx+

∫
Ti

f(
x

ε
,∇v) dx

)
+
c4
c3

(∫
Su∩Ti

g(
x

ε
, u+ − u−, νu) dHn−1 +

∫
Sv∩Ti

g(
x

ε
, v+ − v−, νv) dHn−1

)
+ c2

(
|Ti|+ 2p−1

(
‖∇ϕi‖L∞‖u− v‖Lp(Ti)

)p)
≤ γ(Fε(u, Ti) + Fε(v, Ti)) + c2

(
|Ti|+ 2p−1

(
max

1≤ i≤ k
‖∇ϕi‖pL∞

)
‖u− v‖pLp(Ti)

)
,

where γ = max(2p−1 c2
c1
, c4c3 ). Hence there exists i0 ∈ {1, . . . , k} such that

Fε(wi0 , Ti0) ≤ 1
k

k∑
i=0

Fε(wi, Ti)

≤ γ

k

(
Fε(u,A′′) + Fε(v,B)

)
+
c2
k
|S|+M‖u− v‖pLp(S;Rm)

where S = (A′′ \A′) ∩B . From (3.4) it follows that

Fε(wi0 , A′ ∪B) ≤ (1 +
γ

k
)
(
Fε(u,A′′) + Fε(v,B)

)
+
c2
k
|S|+M‖u− v‖pLp(S;Rm) .
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By (3.3) the proof of Proposition 3.1 is accomplished.

Proposition 3.3. Let (εh) be an infinitesimal sequence of positive numbers. Then
there exist a subsequence (εσ(h)) of (εh) and a functional F0 defined on the set {(u,A) :
A ∈ A, u ∈ SBV p(A; Rm) ∩Lp(A; Rm)} and with values in [0,+∞] such that for every
A ∈ A0

F0(·, A) = Γ- lim
h→+∞

Fεσ(h)(·, A)

on the space SBV p(A; Rm) ∩ Lp(A; Rm) endowed with the Lp(A; Rm)-topology. More-
over, for every Ω ∈ A0 and u ∈ SBV p(Ω; Rm) ∩Lp(Ω; Rm) the set function F0(u, ·) is
the restriction to A(Ω) of a Borel measure on Ω .

Proof. For every ε > 0 let Gε : Lp(Rn; Rm)×A → [0,+∞] be defined by

Gε(u,A) =
{
Fε(u,A) , if u|A ∈ SBV p(A; Rm)
+∞ , otherwise.

By Theorem 16.9 in [35] there exist a subsequence (εσ(h)) of (εh) and a functional G0 :
Lp(Rn; Rm) × A → [0,+∞] such that G0 = Γ(Lp(Rn; Rm))- lim

h→+∞
Gεσ(h) . Adopting

the the notation of [35], whom we refer to for details and precise definitions, this means
that G0 is the inner regular envelope of both the Γ-lower and the Γ-upper limit of the
sequence (Gεσ(h)). By (3.2)

γ1H(u,A) ≤ Gε(u,A) ≤ γ2

(
H(u,A) + |A|

)
for every ε > 0, A ∈ A and u ∈ Lp(Rn; Rm) with u|A ∈ SBV p(A; Rm). Taking into
account Proposition 3.1 we can apply the same method of proof as in Theorem 18.7 in
[35]. Thus we obtain that for every A ∈ A0 the sequence (Gεσ(h)(·, A)) of functionals
on Lp(Rn; Rm) Γ-converges to G0(·, A) with respect to the Lp(Rn; Rm)-topology at
all points u ∈ Lp(Rn; Rm) with u|A ∈ SBV p(A; Rm).

For every A ∈ A and u ∈ SBV p(A; Rm)∩Lp(A; Rm) define F0(u,A) = G0(ũ, A),
where ũ is any Lp -extension of u to Rn . This definition is well posed since from the Γ-
convergence of (Gεσ(h)) to G0 it follows that for every u , v ∈ Lp(Rn; Rm), if u|A = v|A
then G0(u,A) = G0(v,A). Now the stated convergence of Fεσ(h)(·, A) is easily proved.
Observe now that Gε(u, ·) is the restriction to A of a Borel measure on Rn for every
u . Then, by Proposition 3.1 and by Theorem 18.5 in [35] (which holds with the same
proof also for vector valued Lp -functions), for every u ∈ Lp(Rn; Rm) the set function
G0(u, ·) is the restriction to A of a Borel measure on Rn . From that we obtain the
stated measure property of F0 .

We prove now some further properties of the Γ-limit F0 .

Proposition 3.4. Let (εh) be an infinitesimal sequence of positive numbers, and A ∈
A0 such that the limit F0(·, A) = Γ- lim

h→+∞
Fεh(·, A) exists on the space SBV p(A; Rm)∩

Lp(A; Rm) endowed with the Lp(A; Rm)-topology. Then for every sequence (uh) in
SBV p(A; Rm) converging in L1(A; Rm) to a function u ∈ SBV p(A; Rm)∩L∞(A; Rm)
we have F0(u,A) ≤ lim inf

h→+∞
Fεh(uh, A) .

For the proof we need a technical lemma (see also [30]).
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Lemma 3.5. Let A ∈ A0 and let (uh) be a sequence in SBV p(A; Rm) which is
bounded in L1(A; Rm) and such that (H(uh, A)) is bounded. Then for every η > 0 ,
M0 > 0 and h ∈ N there exists a Lipschitz function ϕh : Rm → Rm with Lipschitz
constant less than or equal to 1 satisfying the property

ϕh(y) =
{
y if |y| ≤ ah
0 if |y| > bh .

for suitable constants ah ,bh ∈ R with M0 ≤ ah < bh , such that

Fεh(ϕh(uh), A) ≤ Fεh(uh, A) + η

for every h ∈ N . The function ϕh can be chosen in a finite family independent of h .

Proof. Fix η > 0, M0 > 0. Let (aj) be a strictly increasing sequence of positive real
numbers such that for every j ∈ N there exists a Lipschitz function ϕj : Rm → Rm

with Lipschitz constant less than or equal to 1 satisfying

ϕj(y) =
{
y if |y| ≤ aj
0 if |y| > aj+1 .

The sequence (aj) will be determined subsequently in a suitable way (see (3.6)) and will
depend only on η and M0 . For every h ∈ N and j ∈ N let wjh = ϕj(uh). Consider the
volume part of Fεh(wjh, A); we have∫

A

fεh(x,∇wjh) dx =
∫
A∩{|uh| ≤ aj}

fεh(x,∇uh) dx+
∫
A∩{|uh|>aj+1}

fεh(x, 0) dx

+
∫
A∩{aj<|uh| ≤ aj+1}

fεh(x,∇wjh) dx

≤
∫
A

fεh(x,∇uh) dx+ c2|A ∩ {|uh| > aj+1}|

+ c2

∫
A∩{aj<|uh| ≤ aj+1}

(1 + |∇uh|p) dx .

As for the surface part, it is not restrictive to assume that |u−h | ≤ |u
+
h | H

n−1 -a.e. on
Suh . Since (wjh)± = ϕj(u±h ) we have∫

S
w
j
h

∩A
gεh(x,(wjh)+ − (wjh)−, νwj

h
) dHn−1

≤
∫

(Suh\{aj+1≤ |u−h |})∩A
gεh(x, ϕj(u+

h )− ϕj(u−h ), νuh) dHn−1 .

The set Suh \ {aj+1 ≤ |u−h |} can be decomposed as
5⋃
i=1

Sji , where

Sj1 = {|u+
h | < aj} , Sj2 = {|u−h | < aj , aj+1 ≤ |u+

h |} ,
Sj3 = {|u−h | < aj ≤ |u+

h | < aj+1} , Sj4 = {aj ≤ |u−h |, |u
+
h | < aj+1} ,

Sj5 = {aj ≤ |u−h | < aj+1 ≤ |u+
h |} .
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Hence, taking into account the Lipschitz continuity of ϕj , we have∫
S
w
j
h

∩A
gεh(x,(wjh)+ − (wjh)−, νwj

h
) dHn−1

≤
∫
Sj1∩A

gεh(x, u+
h − u

−
h , νuh) dHn−1 + c4

∫
Sj2∩A

(1 + |u−h |) dH
n−1

+
5∑
i=3

c4

∫
Sj
i
∩A

(1 + |u+
h − u

−
h |) dH

n−1 .

We now use these inequalities to estimate 1
N

∑N
j=1 Fεh(wjh, A), for every fixed h ∈ N and

N ∈ N . Note that each of the families ({aj < |uh| ≤ aj+1})j∈N , (Sji )j∈N(i = 3, 4, 5)
consists of pairwise disjoint sets. Then

(3.5)

1
N

N∑
j=1

Fεh(wjh, A) ≤ Fεh(uh, A)

+
1
N

N∑
j=1

(
c2|A ∩ {|uh| > aj+1}|+ c4

∫
Sj2∩A

(1 + |u−h |) dH
n−1
)

+
1
N

(
c2

∫
A

(1 + |∇uh|p) dx+ 3c4
∫
Suh∩A

(1 + |u+
h − u

−
h |) dH

n−1
)
.

By assumption there exists a constant c > 0 such that

c2

∫
A

(1 + |∇uh|p) dx+ 3c4
∫
Suh∩A

(1 + |u+
h − u

−
h |) dH

n−1 ≤ c

for every h ∈ N . Choose N ∈ N such that c/N ≤ η/3. Moreover, we have (we can
suppose c4 ≥ 1)

c ≥
∫
Sj2∩A

|u+
h − u

−
h | dH

n−1 ≥
∫
Sj2∩A

(|u+
h | − |u

−
h |) dH

n−1

≥ (aj+1 − aj)Hn−1(Sj2 ∩A) ,

whence ∫
Sj2∩A

(1 + |u−h |) dH
n−1 ≤ c

1 + aj
aj+1 − aj

.

The sequence (aj) is now defined recursively by the following conditions

(3.6)
c2|A ∩ {|uh| > a1}| ≤ η/3 for every h ∈ N , a1 ≥ M0

c4c
1 + aj

aj+1 − aj
≤ η/3 for every j ∈ N ,

which is possible by the assumed boundedness of (uh) in L1(A; Rm). From (3.5) we
now obtain

1
N

N∑
j=1

Fεh(wjh, A) ≤ Fεh(uh, A) + η .

14



Therefore for every h ∈ N there exists j(h) ∈ {1, . . . , N} such that Fεh(wj(h)
h , A) ≤

Fεh(uh, A) + η . The function ϕh = ϕj(h) is the Lipschitz function we were looking for.
Note that N is independent of h .

Remark 3.6. From its proof it follows immediately that the previous lemma still
holds for the functionals of the type Fεh(u,A) =

∫
A
fεh(x,∇u) dx or Fεh(u,A) =∫

Su∩A gεh(x, u+ − u−, νu) dHn−1 , with fεh and gεh as above.

Proof of Proposition 3.4. We can assume that (Fεh(uh, A)) converges to a finite
value. Fix η > 0. By applying Lemma 3.5 to the sequence (uh) with M0 = ‖u‖∞ , we
obtain a sequence (vh) in SBV p(A; Rm) ∩ L∞(A; Rm), bounded in L∞(A; Rm), such
that vh → u in Lp(A; Rm) and lim inf

h→+∞
Fεh(vh, A) ≤ lim inf

h→+∞
Fεh(uh, A) + η . By the

Γ-convergence of (Fεh) we have F0(u,A) ≤ lim inf
h→+∞

Fετ(h)(vh, A). The arbitrariness of η

concludes the proof.

In the following lemma we assume fεh(x, ξ) = f( xεh , ξ) and gεh(x, s, ν) =
g( xεh , s, ν) where f and g are the functions introduced in Section 2.

Lemma 3.7. Let (εh) be an infinitesimal sequence of positive numbers such that for ev-
ery A ∈ A0 the limit F0(·, A) = Γ- lim

h→+∞
Fεh(·, A) exists on SBV p(A; Rm)∩Lp(A; Rm)

with respect to the Lp(A; Rm)-topology. Then for every u ∈ SBV p(A; Rm)∩Lp(A; Rm) ,
a ∈ Rm and y ∈ Rn we have

(i) F0(u+ a,A) = F0(u,A) , (ii) F0(τyu, τyA) = F0(u,A) ,

where (τyu)(x) = u(x− y) and τyA = A+ y .

Proof. First we prove (i). Let (uh) in SBV p(A; Rm) ∩ Lp(A; Rm) be a sequence con-
verging to u in Lp(A; Rm) and such that (Fεh(uh, A)) converges to F0(u,A). Then
(uh + a) converges to u+ a in Lp(A; Rm) and

F0(u+ a,A) ≤ lim inf
h→+∞

Fεh(uh + a,A) = lim inf
h→+∞

Fεh(uh, A) = F0(u,A) .

On the other hand, F0(u,A) = F0((u+ a) + (−a), A) ≤ F0(u+ a,A).

We prove now (ii). There exists a sequence (zh) in Zn such that yh = εhzh
converges to y . Let (uh) be a sequence as in the proof of (i). Set vh = τyhuh : A+ yh →
Rm ; by taking the periodicity assumptions on f and g into account we get

Fεh(uh, A) =
∫
A

f(
x+ yh
εh

,∇uh) dx+
∫
Suh∩A

g(
x+ yh
εh

, u+
h − u

−
h , νuh) dHn−1

=
∫
A+yh

f(
x

εh
,∇vh) dx+

∫
Svh∩(A+yh)

g(
x

εh
, v+
h − v

−
h , νvh) dHn−1 .

Let B ⊂⊂ A ; for h sufficiently large we may assume A+ yh ⊇ B + y ; hence

Fεh(uh, A) ≥
∫
B+y

f(
x

εh
,∇vh) dx+

∫
Svh∩(B+y)

g(
x

εh
, v+
h − v

−
h , νvh) dHn−1 ,

which yields F0(u,A) ≥ F0(τyu,B+y), since (vh) converges to τyu , By the arbitrariness
of B ⊂⊂ A we have also F0(u,A) ≥ F0(τyu, τyA). We conclude the proof of (ii) by
noticing that F0(τyu, τyA) ≥ F0(τ−y(τyu), τ−y(τyA)) = F0(u,A) .
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4. Integral representation on W 1,p(Ω; Rm) and on partitions

On account of Proposition 3.3 we shall try to identify the Γ-limits of convergent sequences
of functionals Fε . Therefore, up to Section 7 we shall assume that an infinitesimal
sequence (εh) of positive numbers is given, such that for every A ∈ A0 the limit

(4.1) F0(·, A) = Γ- lim
h→+∞

Fεh(·, A)

exists on the space SBV p(A; Rm)∩Lp(A; Rm) endowed with the Lp(A; Rm)-topology.
In particular F0(·, A) is lower semicontinuous with respect to the Lp(A; Rm)-topology.
As we have seen, for every Ω ∈ A0 and u ∈ SBV p(Ω; Rm)∩Lp(Ω; Rm) the set function
F0(u, ·) can be extended to a Borel measure on Ω. Such a measure is given by (see [35]
Theorem 14.23)

(4.2) F0(u,B) = inf{F0(u,A) : A ∈ A(Ω), B ⊆ A}

for every B ∈ B(Ω). Moreover, from the considerations at the beginning of Section 3 it
follows that there exist two constants γ1 , γ2 > 0 such that for every u ∈ SBV p(A; Rm)∩
Lp(A; Rm) we have γ1H(u,A) ≤ F0(u,A) ≤ γ2

(
H(u,A) + |A|

)
, where H is defined in

(3.1). By (4.2) we obtain immediately

(4.3) γ1H(u,B) ≤ F0(u,B) ≤ γ2(H(u,B) + |B|)

for every B ∈ B(Ω).

Proposition 4.1. There exists a unique quasiconvex function f̃ : Mm×n → [0,+∞[
with the following properties:

(i) there exist γ1 , γ2 > 0 such that γ1|ξ|p ≤ f̃(ξ) ≤ γ2(1 + |ξ|p) for every
ξ ∈Mm×n ;

(ii) for every A ∈ A0 and u ∈W 1,p(A; Rm) we have F0(u,A) =
∫
A

f̃(∇u) dx .

Proof. Let Ω ∈ A0 and consider F0 : W 1,p(Ω; Rm)×A(Ω)→ [0,+∞[ . This functional
satisfies the assumptions of Theorem 1.1 in [29], i.e., for every u, v ∈ W 1,p(Ω; Rm) and
A ∈ A(Ω):

a) F0(u,A) = F0(v,A) whenever u|A = v|A ;
b) the set function F0(u, ·) is the restriction to A(Ω) of a Borel measure on Ω;
c) F0(u,A) ≤ c

∫
A

(1 + |Du|p) dx , with c a positive constant;
d) F0(u+ a,A) = F0(u,A) for every a ∈ Rm ;
e) F0(·, A) is sequentially weakly lower semicontinuous on W 1,p(Ω; Rm).

In fact, properties b), c), and d) follow from Proposition 3.3, estimate (4.3) and Lemma
3.7, respectively, while a) and e) can be obtained immediately from the fact that F0(·, A)
is the Γ-limit (4.1).

By [29] Theorem 1.1, the Carathèodory function f̃ : Rn × Mm×n → [0,+∞[
defined by

(4.4) f̃(x, ξ) = lim sup
ρ→0

F0(uξ, Bρ(x))
|Bρ(x)|
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(uξ is the linear function defined by uξ(x) = ξ · x) gives the integral representation

F0(u,Ω) =
∫

Ω

f̃(x,Du) dx

for every u ∈ W 1,p(Ω; Rm). The function f̃(x, ·) is quasiconvex for a.e. x ∈ Rn , and,
from (4.4) and Lemma 3.7, we obtain that f̃(x, ξ) is constant with respect to x ∈ Rn .
Consequently we can drop the dependence on x . Finally, the uniqueness of f̃ follows
from (4.4), while (i) follows from b) and (4.3).

The next step is to obtain an integral representation formula for F0 on finite
partitions, i.e., on those BV functions which take only a finite set of values. It will be
achieved by applying a theorem due to Ambrosio and Braides. Given Ω ∈ A0 and a
finite subset T of Rm we denote by BV (Ω;T ) the set of functions u : Ω → T which
belong to BV (Ω; Rm). It turns out that BV (Ω;T ) ⊆ SBV p(Ω; Rm) ∩ L∞(Ω; Rm).

Proposition 4.2. There exists a unique function g̃ : Rm×Sn−1 → [0,+∞[ continuous
in the second variable and such that

(i) g̃(−s,−ν) = g̃(s, ν) for every (s, ν) ∈ Rm × Sn−1 ;
(ii) for every finite subset T of Rm

F0(u, S) =
∫
S

g̃(u+ − u−, νu) dHn−1

for every A ∈ A0 , u ∈ BV (A;T ) and S Borel subset of Su ∩A .

Proof. Let T be a finite subset of Rm and let Ω ∈ A0 . For every A ∈ A(Ω) and
u ∈ BV (Ω;T ) we define GT (u,A) = F0(u, Su ∩ A), where F0(u, Su ∩ A) is defined in
(4.2). Let us show that the assumptions of Theorem 3.1 in [8] are satisfied by GT :
BV (Ω;T )×A(Ω)→ [0,+∞[ in the following form:

(i) 0 ≤ GT (u,A) ≤ ΛHn−1(A ∩ Su) with Λ ∈ R fixed;
(ii) GT (u, ·) is the restriction to A(Ω) of a Borel measure on Ω;

(iii) GT (u,A) = GT (v,A) whenever u = v a.e. in A ;
(iv) if uh → u a.e. in A , then GT (u,A) ≤ lim inf

h→+∞
GT (uh, A);

(v) for every y ∈ Rn GT (τyu, τyA) = GT (u,A) (where (τyu)(x) = u(x − y) and
τyA = A+ y ) whenever τyA ⊆ Ω.
Property (i) follows immediately from the definition of GT and from estimate (4.3).

As to (ii) the Borel measure F0(u, ·) on Ω (see (4.2)), restricted to Su , is an extension
of GT (u, ·). The proof of (iii) follows immediately from (4.1) and the definition (4.2) of
F0(u, ·) on Borel sets.

Let us come to (iv). If uh → u a.e. on A , by the equiboundedness of (uh) it
turns out that uh → u in Lp(A; Rm). For every E open subset of A with Su ∩A ⊆ E
we have

F0(u,E) ≤ lim inf
h→+∞

F0(uh, E) .

Furthermore, by (4.3)

F0(uh, E) = F0(uh, Suh ∩ E) + F0(uh, E \ Suh) ≤ F0(uh, Suh ∩A) + γ2|E| .

Thus,
F0(u,E) ≤ lim inf

h→+∞
F0(uh, Suh ∩A) + γ2|E| .
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By passing to the infimum over all open sets E ⊇ Su ∩A , we get

F0(u, Su ∩A) ≤ lim inf
h→+∞

F0(uh, Suh ∩A) .

Finally, for the proof of (v) it is enough to refer to the property of translation
invariance shown for F0 in Lemma 3.7.

At this point we can apply Theorem 3.1 in [8], which yields the existence of a
unique continuous function gΩ

T : Ω× T × T × Sn−1 → [0,+∞[ such that gΩ
T (x, a, b, ν) =

gΩ
T (x, b, a,−ν) and

(4.5) F0(u, Su ∩A) = GT (u,A) =
∫
Su∩A

gΩ
T (x, u+, u−, νu) dHn−1

for every u ∈ BV (Ω;T ) and A ∈ A(Ω). Define

ua,bx0,ν(x) =
{
a if 〈x− x0, ν〉 ≥ 0
b if 〈x− x0, ν〉 < 0 , Πx0,ν = {y ∈ Rn : 〈y − x0, ν〉 = 0}

whenever x, x0 ∈ Rn , a, b ∈ Rm and ν ∈ Sn−1 . The continuity of gΩ
T (·, a, b, ν) yields

that

(4.6) gΩ
T (x0, a, b, ν) = lim

ρ→0

F0(ua,bx0,ν ,Πx0,ν ∩Bρ(x0))
Hn−1(Πx0,ν ∩Bρ(x0))

for every (x0, a, b, ν) ∈ Ω×T×T×Sn−1 . This allows us to replace the integrand function
in (4.5) by a function g̃(x, a, b, ν), valid for all Ω and T , defined on Rn×Rm×Rm×Sn−1 .
From (4.6) and Lemma 3.7 we also obtain that g̃ is independent of x and depends on
(a, b) through the difference a− b . Therefore we can write

F0(u, Su ∩A) =
∫
Su∩A

g̃(u+ − u−, νu) dHn−1

for every finite subset T of Rm , A ∈ A0 and u ∈ BV (A;T ). Since F0(u, ·) Su is a
regular Borel measure, this immediately yields the integral representation on the Borel
subsets of Su stated in the proposition.

5. Characterization of the homogenized bulk energy density

The goal of this section is to prove that the function f̃ given in Proposition 4.1 is precisely
the function fhom introduced in Proposition 2.1. This will be achieved in the next two
propositions. We shall use the notation Y =]0, 1[n .

Proposition 5.1. For every ξ ∈Mm×n we have f̃(ξ) ≤ fhom(ξ) .

Proof. Fix ξ ∈ Mm×n . From the definition of fhom , for every σ > 0 there exists
ε = ε(σ) > 0 and a function v ∈W 1,p

0 (Y ; Rm) such that∫
Y

f(
x

ε
, ξ +∇v(x)) dx ≤ fhom(ξ) + σ .
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We still denote by v the 1-periodic extension of v to Rn . For every h ∈ N define
uh(x) = ξ · x +

εh
ε
v(
ε

εh
x) for x ∈ Rn . Since (v( ε

εh
x))h is bounded in Lp(Y ; Rm), we

have that (uh) converges to ξ · x in Lp(Y ; Rm) . We may assume that ε = 1/k for a
suitable k ∈ N , so that the function x 7→ f(xε , η) is Y -periodic for every η . Hence, by
the definition of F0 :

F0(ξ · x, Y ) ≤ lim inf
h→+∞

∫
Y

f
( x
εh
, ξ + (∇v)(

ε

εh
x)
)
dx

≤ lim inf
h→+∞

(
εh
ε

)n
∫

([ε/εh]+1)Y

f(
x

ε
, ξ +∇v(x)) dx

= lim inf
h→+∞

(
εh
ε

)n
([ ε
εh

]
+ 1
)
n

∫
Y

f(
x

ε
, ξ +∇v(x)) dx .

Therefore F0(ξ · x, Y ) ≤ fhom(ξ) + σ . The conclusion follows from Proposition 4.1 and
the arbitrariness of σ > 0.

Proposition 5.2. For every ξ ∈Mm×n we have f̃(ξ) ≥ fhom(ξ) .

Proof. For the sake of clarity, the proof will be divided in three steps. Fix ξ ∈Mm×n .

Step 1. There exist a sequence of positive real numbers (αh) converging to 0 and a
sequence of functions (wh) in SBV p(Y ; Rm) ∩ Lp(Y ; Rm) such that

(i) wh → ξ · x in Lp(Y ; Rm)
(ii) lim

h→+∞
Hn−1(Swh ∩ Y ) = 0(5.1)

(iii) lim sup
h→+∞

∫
Y

f(
x

αh
,∇wh(x)) dx ≤ f̃(ξ) .

Proof. By assumption there exists a sequence (vh) in SBV p(Y ; Rm)∩Lp(Y ; Rm) such
that vh → 0 in Lp(Y ; Rm) and

lim
h→+∞

Fεh(ξ · x+ vh, Y ) = F0(ξ · x, Y ) = f̃(ξ) .

Set uh(x) = ξ · x+ vh(x), ‖vh‖Lp(Y ;Rm) = σ
(n/p)+1
h . It is easy to see that there exists a

divergent sequence (kh) of natural numbers such that, setting βh = khεh , one has

βh → 0 ,
σh
βh
→ 0 .

Now, in order to be able to introduce the sequence (wh), let us consider for every h ∈ N
and λ ∈ Nn the set Qh,λ = βh(λ + Y ). Let λ(h) ∈ Nn be the index of a “minimal
cube”, i.e.,

Fεh(uh, Qh,λ(h)) ≤ Fεh(uh, Qh,λ)

for every λ ∈ Nn with Qh,λ ⊆ Y , and set

Qh = Qh,λ(h), xh = βhλ(h), wh(x) = ξ · x+
1
βh
vh(xh + βhx), x ∈ Y .
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Let us prove (5.1)(i). Easy computations show that

‖wh − ξ · x‖Lp(Y ;Rm) =
1

(βh)(n/p)+1

(∫
Qh

|vh(y)|p dy
)1/p

≤ 1
(βh)(n/p)+1

‖vh‖Lp(Y ;Rm) = (
σh
βh

)(n/p)+1 .

The conclusion is now immediate by our assumptions on σh/βh .
Let us prove (5.1)(ii). For every h ∈ N

Fεh(uh, Y ) ≥
[ 1
βh

]n
Fεh(uh, Qh) ≥

[ 1
βh

]n
c3Hn−1(Suh ∩Qh) .

Therefore, since the sequence (Fεh(uh, Y )) is bounded, there exists a constant C > 0
such that for every h ∈ N

Hn−1(Suh ∩Qh) ≤ C

[1/bh]n
.

On the other hand Swh ∩Y = 1
βh

((Svh ∩Qh)−xh) = 1
βh

((Suh ∩Qh)−xh), which implies

Hn−1(Swh ∩ Y ) =
1

(βh)n−1
Hn−1(Suh ∩Qh) ≤ C

(
1/βh
[1/βh]

)n−1

· 1
[1/βh]

.

Since (βh) converges to 0 as h tends to +∞ , the proof of (5.1)(ii) is accomplished.
Let us now define αh = εh/βh . Then αh → 0 as h → +∞ . We now prove

(5.1)(iii). By taking into account the periodicity assumption on f and the fact that
βh/εh ∈ N , we have∫

Y

f(
x

αh
,∇wh(x)) dx =

∫
Y

f(
x

αh
, ξ + (∇vh)(xh + βhx)) dx

=
1

(βh)n

∫
Qh

f(
y − xh
εh

, ξ +∇vh(y)) dy =
1

(βh)n

∫
Qh

f(
y

εh
, ξ +∇vh(y)) dy

≤
(

1/βh
[1/βh]

)n[ 1
βh

]n
Fεh(uh, Qh) ≤

(
1/βh

[1/βh]

)n
Fεh(uh, Y ) .

Hence, lim sup
h→+∞

∫
Y

f(
x

αh
,∇wh(x)) dx ≤ lim

h→+∞
Fεh(uh, Y ) = f̃(ξ), which proves (5.1)(iii).

Step 2. For every fixed η > 0 the sequence (wh) can be chosen in such a way that

(5.2)

(i) ∃Λ > 0 ∀h ∈ N ‖wh‖L∞(Y ;Rm) ≤ Λ

(ii) wh → ξ · x in Lp(Y ; Rm)

(iii) lim
h→+∞

Hn−1(Swh ∩ Y ) = 0

(iv) lim sup
h→+∞

∫
Y

f(
x

αh
,∇wh(x)) dx ≤ f̃(ξ) + η .

Proof. Apply Remark 3.6 to the sequence of functionals u 7→
∫
Y
f( x

αh
,∇u(x)) dx . Thus,

Lemma 3.5 applied to (wh), with M0 = ‖ξ · x‖L∞(Y ;Rm) , furnishes a sequence ϕh(wh)
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which satisfies properties (5.2), as one can easily check on account of properties (5.1) and
the fact that Sϕh(wh) ⊆ Swh . Now the functions ϕh(wh) are renamed wh .

Step 3. We replace the sequence (wh) with a suitable sequence in W 1,p (actually Lipschitz
functions), still satisfying properties similar to (5.2)(ii) and (5.2)(iv), and apply the
homogenization results in W 1,p .
Proof. We first need a preliminary remark. By Proposition 1.1 for every h ∈ N we have∫

Y

Mp(|∇wh|) dx ≤ C(p, n)
∫
Y

|∇wh|pdx ≤
C(p, n)
c1

∫
Y

f(
x

αh
,∇wh) dx .

Then the sequence (Mp(|∇wh|)) is bounded on L1(Y ). This ensures, as proved in [1]
Lemma I.7, a weak equi-integrability property for (Mp(|∇wh|)). More precisely, for any
ε > 0 there exist a Borel set Cε ⊆ Y , δ > 0 and an infinite set S ⊆ N such that |Cε| < ε
and for all C ∈ B(Y )

if C ∩ Cε = ∅ , and |C| < δ, then
∫
C

Mp(|∇wh|) dx < ε for all h ∈ S .

Fix ε > 0 and let Cε and δ enjoy this property. It will not be restrictive to assume
S = N . Since (Mp(|∇wh|)) is bounded in L1(Y ) we can choose λε ≥ 1 such that for
every λ ≥ λε and h ∈ N

|{x ∈ Y : M(|∇wh|) > λ}| < δ and
Λ
ε
< λ ,

where Λ is given in (5.2)(i).
By Theorem 1.2 for every h ∈ N and λ ≥ λε fixed, there exists a Lipschitz

function wh,λ : Yε → Rm whose Lipschitz constant does not exceed 2m(c′(n) + 1)λ ,
such that wh,λ = wh a.e. on Yε \ Eh,λ , where

Eh,λ = {x ∈ Y : M(|Dwh|) > 2λ} .

Since M(|Dwh|) ≤ M(|∇wh|) +M(|Dswh|), by Proposition 1.1 we have

|Eh,λ \ Cε| ≤ |{x ∈ Y \ Cε : M(|∇wh|)(x) > λ}|+ |{x ∈ Y : M(|Dswh|)(x) > λ}|
≤ |{x ∈ Y \ Cε : Mp(|∇wh|)(x) > λp}|+ λ−1c(n)|Dswh|(Y )

≤ λ−p
∫
{M(|∇wh|)>λ}\Cε

Mp(|∇wh|) dx+ 2λ−1c(n)‖wh‖L∞(Y ;Rm)Hn−1(Swh ∩ Y )

≤ ελ−p + 2λ−1c(n)ΛHn−1(Swh ∩ Y ) .

This implies by (5.2)(iii) that

(5.3) lim sup
h→+∞

λp|Eh,λ \ Cε| ≤ ε .

Moreover, for a suitable constant K = K(n,m) > 0 we have

(5.4) 0 ≤ f(
x

αh
,∇wh,λ) ≤ Kλp on Yε .
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Thus, since ∇wh,λ = ∇wh on Yε \ Eh,λ we get∫
Yε\Cε

f(
x

αh
,∇wh,λ) dx ≤

∫
(Yε\Cε)\Eh,λ

f(
x

αh
,∇wh) dx+Kλp|Eh,λ \ Cε|

≤
∫
Y

f(
x

αh
,∇wh) dx+Kλp|Eh,λ \ Cε| .

By taking into account (5.2)(iv) and (5.3) the previous inequality yields

lim sup
h→+∞

∫
Yε\Cε

f(
x

αh
,∇wh,λ) dx ≤ lim sup

h→+∞

∫
Y

f(
x

αh
,∇wh) dx+Kε

(5.5)

≤ f̃(ξ) +Kε+ η .

From (5.4) we also deduce that for every λ ≥ λε there exist an increasing sequence (σ(h))
of natural numbers and a function ϕ ∈ L∞(Yε) such that f(x/ασ(h),∇wσ(h),λ) ⇀ ϕ
in w∗-L∞(Yε). In particular, for all B ∈ B(Yε)

(5.6)
∫
B

ϕ(x) dx = lim
h→+∞

∫
B

f(
x

ασ(h)
,∇wσ(h),λ) dx .

On the other hand, by passing, if necessary, to a further subsequence (still depending on
λ) we can assume with no loss of generality that there exists wλ ∈W 1,∞(Yε) such that
wσ(h),λ → wλ in w∗-W 1,∞(Yε). By Proposition 2.1∫

A

fhom(∇wλ) dx ≤ lim inf
h→+∞

∫
A

f(
x

ασ(h)
,∇wσ(h),λ) dx =

∫
A

ϕ(x) dx .

for all A ∈ A(Yε). It follows that fhom(∇wλ(x)) ≤ ϕ(x) for a.e. x ∈ Yε . Then (5.5)
and (5.6) with B = Yε \ Cε imply∫

Yε\Cε
fhom(∇wλ) dx ≤ lim sup

h→+∞

∫
Yε\Cε

f(
x

αh
,∇wh,λ) dx ≤ f̃(ξ) +Kε+ η .

Therefore,

(5.7) fhom(ξ)|Yε \ Cε,λ| =
∫
Yε\Cε,λ

fhom(ξ) dx ≤ f̃(ξ) +Kε+ η ,

where Cε,λ = Cε ∪ {x ∈ Yε : wλ 6= ξ · x} , and λ ≥ λε .
Since (|Dwh|(Y )) is a bounded sequence, by Proposition 1.1 there exists a constant

C > 0 such that

|{x ∈ Yε : wσ(h),λ 6= wσ(h)}| ≤ |Eσ(h),λ| ≤
C

λ
.

By the lower semicontinuity of the functional w 7→ |{x ∈ Yε : w(x) 6= 0}| with respect to
the convergence in measure we infer

|{x ∈ Yε : wλ(x) 6= ξ · x}| ≤ C

λ
.

Hence, from (5.7), fhom(ξ)
(
(1 − ε)n − ε − C

λ

)
≤ f̃(ξ) + Kε + η . The conclusion now

follows if we consider successively the limits as λ→ +∞ , ε→ 0+ , and η → 0+ .
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6. Characterization of the homogenized surface energy density

Here we first prove Proposition 2.2, where the function ghom is introduced. Then, as
we did in the previous section for the volume part, we prove that the function g̃ , which
represents F0 on finite partitions according to Proposition 4.2, is actually the function
ghom .

Proof of Proposition 2.2. For every orthonormal basis ν = (ν0, ν1, . . . , νn−1) of Rn ,
set

Qν =
{
α0ν0 + · · ·+ αn−1νn−1 : α0, . . . , αn−1 ∈ ]− 1

2
,

1
2

[
}
,

and for every z ∈ Rm and ε > 0

(6.1)
Iε(ν) = inf

{∫
Su∩Qν

g(
x

ε
, u+ − u−, νu) dHn−1 : u ∈ SBV (Qν ; Rm) ,

∇u = 0 a.e., u = uz,ν0 on ∂Qν
}
.

For the following four steps we consider z ∈ Rm fixed.

Step 1. Let ν = (ν0, ν1, . . . , νn−1) and ν′ = (ν0, ν′1, . . . , ν
′
n−1) be two orthonormal

bases of Rn with equal first vector. Suppose ν is an orthonormal “rational basis”,
i.e., for all i ∈ {0, . . . , n − 1} there exists ri ∈ R \ {0} such that riνi ∈ Zn . Then
lim supε→0 Iε(ν′) ≤ lim infε→0 Iε(ν).
Proof. For every i = 1, . . . , n− 1 let γi > 0 be such that vi = γiνi ∈ Zn . If we set

P =
{
α1v1 + . . .+ αn−1vn−1 : α1, . . . , αn−1 ∈ [−1

2
,

1
2

[
}
,

then the function g is P -periodic in the first variable, in the sense that g(x+ l1v1 + · · ·+
ln−1vn−1, w, µ) = g(x,w, µ) whenever (x,w, µ) ∈ Rn×Rm×Sn−1 and l1, l2, . . . , ln−1 ∈
Z .

Let ε > 0, η > 0 and σ > 0 be fixed. Let uε ∈ SBV (Qν ; Rm) with ∇uε = 0 a.e.
and uε = uz,ν0 on ∂Qν be such that

(6.2)
∫
Suε∩Qν

g(
x

ε
, u+
ε − u−ε , νuε) dHn−1 ≤ Iε(ν) + σ .

For every λ = (λ1, . . . , λn−1) ∈ Zn−1 set

xλ = η(λ1v1 + · · ·+ λn−1vn−1) , Qλ = xλ +
η

ε
Qν .

We have to choose properly the centres xλ . Let

Λ = Λ(η, ε) = {λ ∈ Zn−1 : Qλ ⊆ Qν′ , and ∃l = (l1, . . . , ln−1) ∈ Zn−1,

xλ ∈
n−1∑
i=1

li(
η

ε
+ ηγi)νi + ηP}.

It is easy to see that
i) the cubes of the family (Qλ)λ are pairwise disjoint;
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ii) denoting by S = Suz,ν0 the hyperplane 〈x, ν0〉 = 0, we have

lim
η→0
Hn−1(S ∩ (Qν′ \

⋃
λ∈Λ

Qλ)) = 0

(i.e. lim
η→0

(
η

ε
)n−1#Λ(η, ε) =1).

Define uη : Qν′ → Rm by

uη(x) =
{
uε( εη (x− xλ)) if x ∈ Qλ , λ ∈ Λ
uz,ν0(x) otherwise.

It turns out that Suη ⊆ S ∪
⋃
λ∈ΛQλ , and clearly

Iη(ν′) ≤
∫
Suη∩Qν′

g(
x

η
, u+
η − u−η , νuη ) dHn−1 .

We can estimate this integral. We have

I1 ≡
∫
Suη∩

⋃
λ∈Λ

Qλ

g(
x

η
, u+
η − u−η , νuη ) dHn−1

=
∑
λ

(η
ε

)n−1
∫
Suε∩Qν

g(
y

ε
+ λ1v1 + · · ·+ λn−1vn−1, u

+
ε − u−ε , νuε) dHn−1 ,

where the change of variable x 7→ ε
η (x − xλ) has been applied on Qλ . Then, by the

P -periodicity of g and by (6.2)

I1 ≤
(η
ε

)n−1#Λ(η, ε)(Iε(ν) + σ) .

Let us come to Suη ∩ (S \
⋃
λ∈ΛQλ):

I2 ≡
∫
Suη∩(S\

⋃
λ∈Λ

Qλ)

g(
x

η
, u+
η − u−η , νuη ) dHn−1

≤ c4(1 + |z|)Hn−1(S ∩ (Qν′ \
⋃
λ∈Λ

Qλ)).

The estimates now obtained for I1 and I2 , together with property ii) satisfied by Λ,
yield

lim sup
η→0

Iη(ν′) ≤ Iε(ν) + σ .

We conclude by taking the lower limit for ε→ 0 and by considering the arbitrariness of
σ > 0.

Step 2. Let ν = (ν0, ν1, . . . , νn−1) and ν′ = (ν0, ν′1, . . . , ν
′
n−1) be two orthonormal ratio-

nal bases of Rn with equal first vector. Then the limits limε→0 Iε(ν) and limε→0 Iε(ν′)
exist and are equal.
Proof. By applying Step 1 with ν = ν′ we obtain the existence of the limits. By
exchanging the roles of ν and ν′ we obtain that they are equal.
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Step 3. For every σ > 0 there exists δ > 0 (independent of z ∈ Rm ) such that if
ν = (ν0, ν1, . . . , νn−1) and ν′ = (ν′0, ν

′
1, . . . , ν

′
n−1) are two orthonormal bases of Rn with

|νi − ν′i| < δ for every i = 0, . . . , n− 1, then

lim inf
ε→0

Iε(ν)−Kσ ≤ lim inf
ε→0

Iε(ν′) ≤ lim sup
ε→0

Iε(ν′) ≤ lim sup
ε→0

Iε(ν) +Kσ .

where K = 1 + 2c4(1 + |z|).
Proof. We shall use the notation

Qν,η = (1− η)Qν (ν orthonormal basis of Rn , 0 < η < 1) .

Let σ > 0 be fixed and let 0 < η < 1 be such that

(6.3) 2(1− (1− 2η)n−1) < σ .

It is easy to see that there exists δ > 0 with the property that for every pair ν =
(ν0, ν1, . . . , νn−1) and ν′ = (ν′0, ν

′
1, . . . , ν

′
n−1) of orthonormal bases of Rn , if |νi−ν′i| < δ

(i = 0, . . . , n− 1), then

(i) ∂Qν′,η ⊆ Qν \Qν,2η
(ii) Hn−1((∂Qν′,η) ∩ (H4H ′)) < σ,

where H and H ′ denote the halfspaces 〈x, ν0〉 > 0 and 〈x, ν′0〉 > 0, respectively. Fix
ν and ν′ with this property. Given ε > 0 there exists u ∈ SBV (Qν ; Rm) such that
∇u = 0 a.e., u = uz,ν0 on ∂Qν and∫

Su∩Qν
g(
x

ε
, u+ − u−, νu) dHn−1 ≤ Iε(ν) + σ .

We consider u extended with value uz,ν0 on the whole Rn . Then we can define

v : Rn → Rm , v(x) = u(x/(1− 2η)) .

We have Sv ∩Qν = ((1− 2η)Su) ∩Qν , and∫
Sv∩Qν

g(
x

ε(1− 2η)
, v+ − v−, νv) dHn−1

= (1− 2η)n−1

∫
Su∩( 1

1−2ηQν)

g(
y

ε
, u+ − u−, νu) dHn−1

≤
∫
Su∩Qν

g(
y

ε
, u+ − u−, νu) dHn−1 + c4(1 + |z|)[1− (1− 2η)n−1] ;

hence

(6.4)
∫
Sv∩Qν

g(
x

ε(1− 2η)
, v+−v−, νv) dHn−1 ≤ Iε(ν)+σ+c4(1+ |z|)[1− (1−2η)n−1] .

Define w : Qν′ → Rm by

w(x) =
{
v on Qν′,η
uz,ν′0 on Qν′ \Qν′,η .
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Clearly

(6.5) Iε(1−2η)(ν′) ≤
∫
Sw∩Qν′

g(
x

ε(1− 2η)
, w+ − w−, νw) dHn−1 .

We estimate the integral. We have

Sw ∩Qν′ ⊆ (Sv ∩Qν′,η) ∪ (Sw ∩ ∂Qν′,η) ∪ (Suz,ν′
0
∩ (Qν′ \Qν′,η)) .

Note that (∂Qν′,η) ∩ (H ∩ H ′) is contained in the open set (Qν \ Qν,2η) ∩ H ∩ H ′
(property i)); since on this open set the function v takes the value z , we conclude that
Sw∩(∂Qν′,η)∩H∩H ′ = ∅ . In the same way we obtain that Sw∩((∂Qν′,η)\(H∪H ′)) = ∅ .
Therefore, up to a Hn−1 -negligible set,

Sw ∩ (∂Qν′,η) ⊆ (∂Qν′,η) ∩ (H4H ′) .

Moreover, |w+ − w−| ≤ |z| on (∂Qν′,η) ∩ (H ∩H ′) (v takes the values 0 or z on the
open set Qν \Qν,2η ⊇ ∂Qν′,η ). Thus, in view of property (ii) above,∫
Sw∩Qν′

g(
x

ε(1− 2η)
, w+ − w−, νw) dHn−1

≤
∫
Sv∩Qν

g(
x

ε(1− 2η)
, v+ − v−, νv) dHn−1 + c4(1 + |z|)

(
σ + 1− (1− η)n−1

)
,

and, by (6.4) and (6.5)

Iε(1−2η)(ν′) ≤ Iε(ν) + σ + c4(1 + |z|)
(
σ + 2(1− (1− 2η)1−n)

)
.

In view of our choice of η
Iε(1−2η)(ν′) ≤ Iε(ν) +Kσ

(with K = 1 + 2c4(1 + |z|)). Finally, by letting ε tend to 0 we have

lim inf
ε→0

Iε(ν′) ≤ lim inf
ε→0

Iε(ν) +Kσ

lim sup
ε→0

Iε(ν′) ≤ lim sup
ε→0

Iε(ν) +Kσ .

The symmetry of the roles of ν and ν′ allow us to exchange them, thus concluding the
proof of Step 3.

Step 4. Let ν = (ν0, ν1, . . . , νn−1) and ν′ = (ν0, ν′1, . . . , ν
′
n−1) be two orthonormal bases

of Rn with equal first vector. Then the limits limε→0 Iε(ν) and limε→0 Iε(ν′) exist and
are equal. For this reason and our purposes we will take the freedom to denote by ν
both a vector of Sn−1 and any orthonormal basis of Rn with ν as first element.
Proof. Let σ > 0 be fixed, and δ > 0 as in Step 3. Let µ = (µ0, µ1, . . . , µn−1) and
µ′ = (µ0, µ′1, . . . , µ

′
n−1) be two rational orthonormal bases of Rn and

|µ0 − ν0| < δ , |µi − νi| < δ , |µ′i − ν′i| < δ (i = 1, . . . , n− 1) .

Iε(µ) and Iε(µ′) converge to the same limit l when ε→ 0. Then it is enough to observe
that Step 3 yields

l −Kσ ≤ lim inf
ε→0

Iε(ν) ≤ lim sup
ε→0

Iε(ν) ≤ l +Kσ
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and the analogous inequalities for ν′ .

Step 5. For every z ∈ Rm the function ghom(z, ·) is continuous on Sn−1 , uniformly with
respect to z when the latter varies on bounded sets.
Proof. The proof follows immediately from Steps 3 and 4.

Step 6. For every ν ∈ Sn−1 the function ghom(·, ν) is continuous on Rm \ {0} .
Proof. Let ν ∈ Sn−1 and let Qν be any unit cube in Rn with center in the origin and
one face orthogonal to ν . Fix a , z ∈ Rm \ {0} .

For every σ > 0, from the definition of ghom it follows that there exists ε0 > 0
such that for every ε < ε0 we can find u ∈ SBV (Qν ; Rm) with ∇u = 0 a.e., u = ua,ν
on ∂Qν and

(6.6)
∫
Su∩Qν

g(
x

ε
, u+ − u−, νu) dHn−1 ≤ ghom(a, ν) + σ .

We introduce the notation ‖s‖ = max
1≤ i≤m

|si| , when s = (s1, . . . , sm) ∈ Rm .

Assuming, for simplicity, ‖a‖ = |a1| , we define a matrix C = (cij) ∈Mm×m by

ci1 = (zi − ai)/a1 for i = 1, . . . ,m, cij = 0 otherwise.

Note that (C + I)a = z ; hence, for every ε < ε0 , if we denote by Iε the infimum (6.1)
corresponding to Qν , we have

Iε ≤
∫
Su∩Qν

g(
x

ε
, (C + I)(u+ − u−), νu) dHn−1

≤
∫
Su∩Qν

g(
x

ε
, u+ − u−, νu) dHn−1 +

∫
Su∩Qν

ω(|C(u+ − u−)|) dHn−1 ;

hence, from (6.6),

Iε ≤ ghom(a, ν) + σ +
∫
Su∩Qν

ω
( |z − a|
‖a‖

|u+ − u−|
)
dHn−1 .

We estimate the last term on the right hand side. Note that there exists a constant
K > 0 such that ω(t) ≤ K(1 + t) , for every t ≥ 0. Then, for every α > 0∫

Su∩Qν
ω
( |z − a|
‖a‖

|u+ − u−|
)
dHn−1

≤ K

∫
Su∩Qν∩{|u+−u−|>α}

(
1 +
|z − a|
‖a‖

|u+ − u−|
)
dHn−1

+
∫
Su∩Qν

ω
( |z − a|
‖a‖

α
)
dHn−1

≤ K
( 1
α

+
|z − a|
‖a‖

) ∫
Su∩Qν

|u+ − u−| dHn−1 + ω
( |z − a|
‖a‖

α
)
Hn−1(Su ∩Qν)

≤
[
K
( 1
α

+
|z − a|
‖a‖

)
+ ω

( |z − a|
‖a‖

α
)] 1
c3

∫
Su∩Qν

g(
x

ε
, u+ − u−, νu) dHn−1 .

Inserting this in the estimate of Iε and recalling (6.6) we get

Iε ≤ ghom(a, ν) + σ +
1
c3

(
K
( 1
α

+
|z − a|
‖a‖

)
+ ω

( |z − a|
‖a‖

α
))

(ghom(a, ν) + σ) .
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Now we let ε and σ tend to 0 successively, obtaining

(6.7) ghom(z, ν) ≤ ghom(a, ν) +
1
c3

(
K
( 1
α

+
|z − a|
‖a‖

)
+ ω

( |z − a|
‖a‖

α
))
ghom(a, ν) .

This inequality holds for every a , z ∈ Rm \ {0} and α > 0. Fix now a ∈ Rm \ {0} .
From (6.7), with α = 1, we deduce that there exists a constant K1(a) > 0 such that

ghom(z, ν) ≤ K1(a) , for every z ∈ Bδ(a) , δ = |a| .

Observe now that (6.7) clearly holds with the roles of a and z reversed. Hence for every
z ∈ Bδ(a):

(6.8) ghom(a, ν) ≤ ghom(z, ν) +
1
c3

[
K
( 1
α

+
|z − a|
‖z‖

)
+ ω

( |z − a|
‖z‖

α
)]
K1(a) .

Let z tend to a in (6.7) and (6.8). Then for every α > 0

lim sup
z→a

ghom(z, ν) ≤ ghom(a, ν) +
K

αc3
ghom(a, ν)

lim inf
z→a

ghom(z, ν) ≥ ghom(a, ν)− K

αc3
K1(a) .

We conclude letting α tend to +∞ .

Step 7. We prove the stated estimates of ghom .

Proof. From the analogous estimates for g it follows that it is enough to prove that

inf
{∫

Su∩Qν
(1 + |u+ − u−|) dHn−1 : u ∈ SBV (Qν ; Rm) ,∇u = 0 a.e., u = uz,ν on ∂Qν

}
≥ 1 + |z| .

Let u be an admissible function for this infimum; we intend u extended to the whole
of Rn with value uz,ν on {x ∈ Rn : |〈x, ν〉| > 1

2} and by periodicity on {x ∈ Rn :
|〈x, ν〉| < 1

2} . For every k ∈ N let uk : Qν → Rm be defined by uk(x) = u(kx). It
is easy to see that (uk) converges to uz,ν in L1(Qν ; Rm). Since the functional u 7→∫
Su∩Qν (1+ |u+−u−|) dHn−1 is L1(Qν ; Rm)-lower semicontinuous (see [6] Theorem 3.7)

we have

1 + |z| ≤ lim inf
k→+∞

∫
Suk∩Qν

(1 + |u+
k − u

−
k |) dH

n−1 =
∫
Su∩Qν

(1 + |u+ − u−|) dHn−1 .

This concludes the proof.

Proposition 6.1. For every (z, ν) ∈ Rm × Sn−1 we have g̃(z, ν) ≤ ghom(z, ν) .

Proof. Since g̃ and ghom are continuous in the second variable we can restrict ourselves
to the case in which tν ∈ Qn for some t ∈ R \ {0} . Without loss of generality we can
suppose ν = e1 . Indeed, let (e′1, . . . , e

′
n) be a “rational basis” of Rn (see Step 1 of the

previous proposition), with e′1 = ν . Then there exist r1, . . . , rn ∈ R \ {0} such that
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v1 = r1e′1, . . . , vn = rne′n belong to Zn . It follows that a 1-periodic function ϕ on Rn

satisfies ϕ(x) = ϕ(x + vi) for every i = 1, . . . , n and x ∈ Rn . As a consequence, if
A is the n × n matrix such that Avi = ei (i = 1, . . . , n), then the change of variable
x 7→ y = Ax transforms 1-periodic functions in 1-periodic functions and the direction
of ν in the direction of e1 .

Define Q =]− 1
2 ,

1
2 [n and

(6.9) uz(x) =
{
z if 〈x, e1〉 ≥ 0
0 if 〈x, e1〉 < 0 .

Fix σ > 0; there exist ε = ε(σ) > 0 and v ∈ SBV (Q; Rm) with ∇v = 0 a.e. and v = uz
on ∂Q such that

(6.10)
∫
Sv∩Q

g(
x

ε
, v+ − v−, νv) dHn−1 ≤ ghom(z, e1) + σ .

We intend the function v extended to Rn with value uz on Rn\{x ∈ Rn : |〈x, e1〉| > 1
2}

and by periodicity on {x ∈ Rn : |〈x, e1〉| < 1
2} . For every h ∈ N we define

wh(x) = v(
ε

εh
x) , x ∈ Q .

The sequence (wh) converges to uz in Lp(Q; Rm):∫
Q

|wh − uz|pdx =
(εh
ε

)n ∫
εQ/εh

|(v − uz)(y)|pdy

=
(εh
ε

)n ∫
( ε
εh
Q)∩{|〈x,e1〉|< 1

2}
|(v − uz)(y)|pdy

≤
(εh
ε

)n([ ε
εh

]
+ 2
)n−1

∫
Q

|v(y)− uz(y)|pdy ,

which tends to 0 as h tends to +∞ . Fix η > 0 and set Qη = {x ∈ Q : |〈x, e1〉| < η} .
By the definition of F0 we have

F0(uz,Qη) ≤ lim inf
h→+∞

(∫
Qη

f(
x

εh
, 0) dx+

∫
Swh∩Qη

g(
x

εh
, w+

h − w
−
h , νwh) dHn−1

)
≤ c2|Qη|+ lim inf

h→+∞
(
εh
ε

)n−1

∫
( ε
εh
Qη)∩Sv

g(
y

ε
, v+ − v−, νv) dHn−1 .

We may suppose that ε = 1
k for a suitable k ∈ N . Then the function y 7→ g(yε , s, ν) is

1-periodic. Hence

F0(uz, Qη) ≤ c2|Qη|+ lim inf
h→+∞

(
εh
ε

)n−1
([ ε
εh

]
+ 2
)n−1

∫
Q∩Sv

g(
y

ε
, v+ − v−, νv) dHn−1 .

By (6.10)
F0(uz, Qη) ≤ c2|Qη|+ ghom(z, e1) + σ .

and, by means of Propositions 4.1 and 4.2:

f̃(0)|Qη|+ g̃(z, e1) ≤ c2|Qη|+ ghom(z, e1) + σ .
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As η → 0+ and σ → 0+ we obtain g̃(z, e1) ≤ ghom(z, e1).

Proposition 6.2. For every (z, ν) ∈ Rm × Sn−1 we have g̃(z, ν) ≥ ghom(z, ν) .

Proof. Fix (z, ν) ∈ (Rm \ {0}) × Sn−1 . As in the proof of the previous proposi-
tion without loss of generality we may suppose ν = e1 . Let uz be defined by (6.9).
Fix σ ∈]0, 1[ and define Qσ =]−σ2 ,

σ
2 [×]− 1

2 ,
1
2 [n−1 . There exists a sequence (vh) in

SBV p(Qσ; Rm) ∩ Lp(Qσ; Rm) such that

vh → uz in Lp(Qσ; Rm), and Fεh(vh, Qσ)→ F0(uz, Qσ) .

By applying the truncation Lemma 3.5 for every η ∈]0, 1[ we can find a sequence (uh)
in SBV p(Qσ; Rm) ∩ L∞(Qσ; Rm) such that (uh) is equibounded, and uh → uz in
Lp(Qσ; Rm) and Fεh(uh, Qσ) ≤ Fεh(vh, Qσ) + η for every h ∈ N , so that

lim sup
h→+∞

Fεh(uh, Qσ) ≤ F0(uz, Qσ) + η = f̃(0)σ + g̃(z, e1) + η .

In the last equality we have taken into account Propositions 4.1 and 4.2.
It is easy to see that there exists a non decreasing sequence (nh) of natural numbers

such that (nh) tends to +∞ , (nhεh) tends to 0 and

1
(nhεh)n

∫
Qσ

|uh − uz|p dx→ 0 .

For every h ∈ N we set βh = nhεh and for λ ∈ {0} × Zn−1

xh,λ = βhλ , Qh,λ = xh,λ + βhQσ .

Let λ(h) ∈ {0} × Zn−1 be the index of a “minimal cube”, i.e.,

Fεh(uh, Qh,λ(h)) ≤ Fεh(uh, Qh,λ)

for every λ ∈ {0} × Zn−1 with Qh,λ ⊆ Qσ . We define

xh = xh,λ(h) , Qh = Qh,λ(h), wh(x) = uh(xh + βhx) , x ∈ Qσ .

Clearly wh ∈ SBV p(Qσ; Rm) ∩ L∞(Qσ; Rm). Let us prove that

(6.11)

(i) (wh) is equibounded;

(ii) wh → uz in Lp(Qσ; Rm) ; (iii)
∫
Qσ

|∇wh|pdx→ 0 ;

(iv) lim sup
h→+∞

∫
Swh∩Qσ

g(
x

αh
, w+

h − w
−
h , νwh) dHn−1 ≤ f̃(0)σ + g̃(z, e1) + η ,

where (αh) is a suitable infinitesimal sequence.
Property (i) is obvious, while (ii) is checked as follows:∫

Qσ

|wh − uz|p dx =
1
βnh

∫
Qh

|uh − uz|p dy ≤
1
βnh

∫
Qσ

|uh − uz|p dy
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which tends to 0 as h tends to +∞ thanks to our assumptions on βh . Let C be an
upper bound for the sequence (Fεh(uh, Qσ)). Then

(6.12)

C ≥ Fεh(uh, Qσ) ≥
∑

λ∈{0}×Zn−1
Qh,λ⊆Qσ

Fεh(uh, Qh,λ) ≥
[ 1
βh

]n−1
Fεh(uh, Qh)

≥
[ 1
βh

]n−1
∫
Qh

f(
x

εh
,∇uh) dx

≥ c1
[ 1
βh

]n−1
∫
Qh

|∇uh|pdx .

We estimate now
∫
Qσ
|∇wh|pdx . We have∫

Qσ

|∇wh|pdx =
∫
Qσ

|βh(∇uh)(xh + βhx)|pdx = βp−nh

∫
Qh

|∇uh(y)|pdy ;

hence, by (6.12)
∫
Qσ

|∇wh|pdx ≤ βp−nh

C/c1
[1/βh]n−1

, which tends to 0 as h tends to +∞

Thus (6.11)(iii) holds.
Finally, we prove (6.11)(iv), with αh = εh/βh . Taking into account that xh

εh
∈ Zn

we have:∫
Swh∩Qσ

g(
x

αh
, w+

h − w
−
h , νwh) dHn−1

=
∫
Swh∩Qσ

g(
x

εh/βh
, u+
h (xh + βhx)− u−h (xh + βhx), νwh) dHn−1

=
1

βn−1
h

∫
xh+βh(Swh∩Qσ)

g(
y − xh
εh

, u+
h (y)− u−h (y), νuh) dHn−1(y)

=
1

βn−1
h

∫
Suh∩Qh

g(
y

εh
, u+
h − u

−
h , νuh) dHn−1(y)

≤ 1
βn−1
h

Fεh(uh, Qh) ≤ 1
βn−1
h

1
[1/βh]n−1

Fεh(uh, Qσ) .

Therefore,

lim sup
h→+∞

∫
Swh∩Qσ

g(
x

αh
,w+
h − w

−
h , νwh) dHn−1 ≤ lim sup

h→+∞
Fεh(uh, Qσ)

≤ f̃(0)σ + g̃(z, e1) + η ,

which proves (6.11) (iv).
We now modify the sequence (wh) as to satisfy the boundary condition uz on

∂Qσ . Let Kη be a compact subset of Qσ such that

(6.13) c2|Qσ \Kη|+ c4(1 + |z|)Hn−1
(
Suz ∩ (Qσ \Kη)

)
≤ η .

We apply the fundamental estimate (Proposition 3.1) with A′ a neighbourhood of Kη

strictly contained in Qσ , A′′ = Qσ and B = Qσ \ Kη . Then there exist a constant
M > 0 and, for every h ∈ N , a function ϕh ∈ C∞0 (Qσ) with 0 ≤ ϕh ≤ 1 such that

Fαh(ϕhwh + (1− ϕh)uz, Qσ) ≤ (1 + η)
[
Fαh(wh, Qσ) + Fαh(uz, Qσ \Kη)

]
+M‖wh − uz‖pLp(Qσ ;Rm) + η .
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Set ŵh = ϕhwh + (1− ϕh)uz ; by (6.13)

Fαh(ŵh, Qσ) ≤ (1 + η)
[
Fαh(wh, Qσ) + η

]
+M‖wh − uz‖pLp(Qσ;Rm) + η ,

and lim sup
h→+∞

Fαh(ŵh, Qσ) ≤ (1 + η) lim sup
h→+∞

Fαh(wh, Qσ) + 3η . Moreover, by Remark 3.2,

the functions ϕh can be chosen in a finite family independent of h . This implies that
the sequence (‖∇ϕh‖L∞(Qσ ;Rn)) is bounded, so that (

∫
Qσ
|∇ŵh|pdx) converges to 0.

Summing up, for every η > 0 we have found a sequence (ŵh) in SBV p(Qσ; Rm)∩
L∞(Qσ; Rm) such that

(6.14)

(i) (ŵh) is equibounded; (ii)
∫
Qσ

|∇ŵh|pdx→ 0 ;

(iii) lim sup
h→+∞

∫
S
ŵh

∩Qσ
g(

x

αh
, ŵ+

h − ŵ
−
h , νŵh) dHn−1

≤ (1 + η)[(c2 + f̃(0))σ + g̃(z, e1) + η] + 3η ;
(iv) ŵh = uz on a neighbourhood of ∂Qσ .

Our next aim is to obtain from (ŵh) a suitable sequence (vh) with ∇vh = 0 a.e.
Let (kh) be a divergent sequence in N such that

lim
h→+∞

kh
(∫
Qσ

|∇ŵh|pdx
)1/p = 0 .

It is not restrictive to assume that 2
kh

< |zi| for every i = 1, . . . ,m with zi 6= 0. Let
M ∈ N be such that ‖ŵh‖L∞(Qσ;Rm) < M for every h ∈ N . By the coarea formula
(1.2), for every i = 1, . . . ,m∫

Qσ

|∇ŵih| dx =
∫
Qσ\S

ŵh

|∇ŵih| dx =
∫
Qσ\S

ŵh

|Dŵih|

=
∫ M

−M
Hn−1((Qσ \ Sŵh) ∩ ∂∗({x ∈ Qσ : ŵih(x) > t})) dt ;

then for every l ∈ Z , with −khM ≤ l < khM , there exists til ∈
]
l
kh
, l+1
kh

[
such that

(6.15)
∫
Qσ

|∇ŵih| dx ≥
khM−1∑
l=−khM

1
kh
Hn−1((Qσ \ Sŵh) ∩ ∂∗({x ∈ Qσ : ŵih(x) > til})) .

In addition we define til = −M if l = −khM − 1 and til = M if l = khM . For every
l ∈ Z , with −khM − 1 ≤ l < khM , set Zil = {x ∈ Qσ : til < ŵih(x) ≤ til+1} . We have
Qσ =

⋃
l Z

i
l , therefore we can define vh : Qσ → Rm by

vih|Zil =

 0 if til < 0 ≤ til+1

zi if til < zi ≤ til+1

til otherwise.

This definition is well-posed since 2/kh < |zi| if zi 6= 0. Each set Zil has finite perimeter
in Qσ since it is the difference {ŵih > til} \ {ŵih > til+1} between two sets of finite
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perimeter. It follows that vh ∈ SBV (Qσ; Rm). Furthermore, by (6.14)(iv), it is clear
that vh = uz on a neighbourhood of ∂Qσ . From the definition of vh we also have that

max
1≤ i≤m

‖vih − ŵih‖L∞(Qσ;Rm) ≤ 2/kh . If we now consider vh extended to Q =]− 1
2 ,

1
2 [n

with value uz on Q \ Qσ , then vh is an admissible function for the formula defining
ghom(z, e1). Hence let us estimate

∫
Svh∩Q

g( x
αh
, v+
h − v

−
h , νvh) dHn−1 . First of all notice

that Svh ∩Qσ ⊆
⋃
i

⋃
l(∂
∗Zil )∩Qσ ; since Zil = {ŵih > til} \ {ŵih > til+1} , it is easy to see

that
∂∗Zil ⊆ ∂

∗{x ∈ Qσ : ŵih(x) > til} ∪ ∂
∗{x ∈ Qσ : ŵih(x) > til+1}

and therefore

Svh ∩Qσ ⊆
m⋃
i=1

khM−1⋃
l=−khM

(
∂∗{x ∈ Qσ : ŵih(x) > til}

)
∩Qσ

(the terms corresponding to l = −khM − 1 and l = khM do not contribute). Then we
have ∫

(Svh∩Q)\S
ŵh

g(
x

αh
, v+
h − v

−
h , νvh) dHn−1

≤ c4(1 + 2M)Hn−1
(
Svh ∩ (Qσ \ Sŵh)

)
≤ c4(1 + 2M)

m∑
i=1

khM−1∑
l=−khM

Hn−1
(
(Qσ \ Sŵh) ∩ ∂∗{x ∈ Qσ : ŵih(x) > til}

)
.

Thus, by (6.15)∫
(Svh∩Q)\S

ŵh

g(
x

αh
, v+
h − v

−
h , νvh) dHn−1 ≤ c4(1 + 2M)kh

m∑
i=1

∫
Qσ

|∇ŵih| dx

≤ ckh
(∫
Qσ

|∇ŵh|p dx
)1/p

for a suitable positive constant c . Hence, by the condition on (kh) we get

(6.16) lim
h→+∞

∫
(Svh∩Q)\S

ŵh

g(
x

αh
, v+
h − v

−
h , νvh) dHn−1 = 0 .

On the other hand, by taking into account the continuity properties of g and that
νvh = ν

ŵh
Hn−1 -a.e. on Svh ∩ Sŵh , we get∫

(Svh∩Q)∩S
ŵh

g(
x

αh
, v+
h − v

−
h , νvh) dHn−1

≤
∫
Svh∩Sŵh

∩Qσ
g(

x

αh
, ŵ+

h − ŵ
−
h , νŵh) dHn−1

+
∫
Svh∩Sŵh

∩Qσ
ω(|v+

h − ŵ
+
h |+ |v

−
h − ŵ

−
h |) dH

n−1

≤
∫
S
ŵh

∩Qσ
g(

x

αh
, ŵ+

h − ŵ
−
h , νŵh) dHn−1

+Hn−1(Svh ∩ Sŵh ∩Qσ)ω(
4
kh

) .
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From (6.14)(iii) and the coercivity condition of g we obtain that Hn−1(S
ŵh
∩ (Qσ)) is

bounded and

lim sup
h→+∞

∫
(Svh∩Q)∩S

ŵh

g(
x

αh
, v+
h − v

−
h , νvh) dHn−1

≤ lim sup
h→+∞

∫
S
ŵh

∩Qσ
g(

x

αh
, ŵ+

h − ŵ
−
h , νŵh) dHn−1

≤ (1 + η)
[
(c2 + f̃(0))σ + g̃(z, e1) + η

]
+ 3η .

From this and (6.16) we conclude that

ghom(z, e1) ≤ lim sup
h→+∞

∫
Svh∩Q

g(
x

αh
, v+
h − v

−
h , νvh) dHn−1

≤ (1 + η)
(

(c2 + f̃(0))σ + g̃(z, e1) + η
)

+ 3η .

By letting η and σ tend to 0+ , we finally obtain ghom(z, e1) ≤ g̃(z, e1).

7. Integral representation of the homogenized functional

We shall study first the homogenized functional F0 on the space SBV p(Ω; Rm) ∩
L∞(Ω; Rm), with Ω ∈ A0 .

Proposition 7.1. Let Ω ∈ A0 and u ∈ SBV p(Ω; Rm) ∩ L∞(Ω; Rm) . Then

F0(u,Ω) ≤
∫

Ω

fhom(∇u) dx+
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1 .

Proof. We proceed in a similar way as in [23] Lemma 6.2. Let K be a compact subset
of Su with finite (n − 1)-dimensional upper Minkowski content, i.e., with the property
that there exists a constant C > 0 such that for every h ∈ N

(7.1) h|Bh| ≤ C , where Bh = {x ∈ Rn : dist(x,K) < 1/h} .

We can assume that Bh ⊆ Ω for every h ∈ N .
For any given infinitesimal sequence (σh) of positive numbers, with the same

technique used in the last part of the proof of Proposition 6.2, we can find a sequence
vh ∈ BV (Bh;Th), for suitable finite subsets Th of Rm , such that

(7.2)
‖u− vh‖L∞(Bh;Rm) ≤ σh

Hn−1((Svh ∩Bh) \ Su) ≤
√
m

σh

∫
Bh

|∇u| dx .

For every h ∈ N consider a function ϕh ∈ C∞0 (Bh) with ϕh = 1 on B2h , 0 ≤ ϕh ≤ 1
and ‖∇ϕh‖L∞(Ω;Rn) ≤ c0h , where c0 > 0 is independent of h . Define uh = ϕhvh +
(1− ϕh)u . Then (vh) converges to u in L∞(Ω; Rm) so that

(7.3) F0(u,Ω) ≤ lim inf
h→+∞

F0(uh,Ω) .
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We have

(7.4)

F0(uh,Ω) ≤ F0(vh, B2h) + F0(uh, Bh \K) + F0(u,Ω \ sptϕh)
≤ F0(vh, B2h ∩ Su ∩ Svh) + F0(vh, B2h \ (Su ∩ Svh))

+ F0(uh, Bh \K) + F0(u,Ω \ Su) + F0(u, Su \K) .

We now estimate each term.
By the integral representation of F0 on finite partitions (Propositions 4.2, 6.1 and

6.2) and on W 1,p(Ω; Rm) (Propositions 4.1, 5.1 and 5.2) we have

F0(vh, B2h ∩ Su ∩ Svh) =
∫
Svh∩Su∩B2h

ghom(v+
h − v

−
h , νvh) dHn−1

≤
∫
Su∩Ω

ghom(v+
h − v

−
h , νu) dHn−1

F0(u,Ω \ Su) ≤
∫

Ω

fhom(∇u) dx .

Moreover, by (4.3), (7.1) and (7.2) we have (c denotes a positive constant independent
of h and K and which may vary from line to line)

F0(vh, B2h \ (Su ∩ Svh)) ≤ γ2

(
|B2h|+

∫
(Svh∩B2h)\Su

(1 + |v+
h − v

−
h |) dH

n−1)

≤ c
(
|B2h|+Hn−1((Svh ∩B2h) \ Su)

)
≤ c(|B2h|+

1
σh

∫
Bh

|∇u| dx) ,

and

F0(uh, Bh \K) ≤ c
(
|Bh|+

∫
Bh

|vh − u|p|∇ϕh|pdx+
∫
Bh

|∇u|pdx

+
∫

(Svh∩Bh)\Su
(1 + |v+

h − v
−
h |) dH

n−1 +Hn−1((Su \K) ∩Bh)
)

≤ c
(
Ch−1 + Chp−1σph +

∫
Bh

|∇u|pdx+
1
σh

∫
Bh

|∇u| dx+Hn−1(Su \K)
)
.

Since ∫
Bh

|∇u| dx ≤ |Bh|1−
1
p
(∫
Bh

|∇u|p dx
)1/p ≤ (C/h)1− 1

p
(∫
Bh

|∇u|p dx
)1/p

,

choosing (σh) so that h1−1/pσh =
(∫
Bh
|∇u|p dx

)1/2p , we have

hp−1σph → 0 ,
1
σh

∫
Bh

|∇u| dx→ 0 as h→ +∞ .

In conclusion, from (7.3) and (7.4) we obtain

F0(u,Ω) ≤
∫

Ω

fhom(∇u) dx+ lim inf
h→+∞

∫
Su∩Ω

ghom(v+
h − v

−
h , νu) dHn−1

+ cHn−1(Su \K) + F0(u, Su \K) ,
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and, in view of the continuity of ghom(·, ν)

F0(u,Ω) ≤
∫

Ω

fhom(∇u) dx+
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1

+ cHn−1(Su \K) + F0(u, Su \K) .

By (1.1) and by Lemma 3.2.38 in [43] we can find a sequence (Kh) of compact subsets of
Su with finite (n − 1)-dimensional upper Minkowski content and such that Hn−1(Su \
Kh)→ 0 as h→ +∞ . Therefore

(7.5) F0(u,Ω) ≤
∫

Ω

fhom(∇u) dx+
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1 + F0(u, Su \ Su) ,

We use now the “strong approximation” result in SBV p(Ω; Rm) given by
Lemma 5.2 and Remark 5.3 in [23], which guarantees the existence of a sequence (uh)
in SBV p(Ω; Rm) ∩ L∞(Ω; Rm) such that ‖uh‖L∞(Ω;Rm) ≤ ‖u‖L∞(Ω;Rm) and

(i) uh → u in Lp(Ω; Rm) ;
(ii) ∇uh → ∇u in Lp(Ω;Mm×n) ;

(iii) Hn−1(Suh4Su) → 0;

(iv)
∫
Suh∪Su

(|u+
h − u+|+ |u−h − u−|) dH

n−1 → 0 ;

(v) Hn−1(Suh \ Suh)→ 0 .

Then F0(uh, Suh \ Suh) → 0 by (4.3), so that the application of (7.5) to the functions
uh yields

F0(u,Ω) ≤ lim inf
h→+∞

F0(uh,Ω)

≤ lim inf
h→+∞

(∫
Ω

fhom(∇uh) dx+
∫
Suh∩Ω

ghom(u+
h − u

−
h , νuh) dHn−1

)
.

We conclude by passing to the limit taking into account the strong convergence of (uh).

By (4.3) F0(u, ·) = F0(u, ·) (Ω \ Su) + F0(u, ·) Su is the decomposition of
F0(u, ·) in the sum of two Borel measures on Ω which are absolutely continuous with

respect to Ln and Hn−1 Su , respectively. We denote by
dF0(u, ·)
dLn

and
dF0(u, ·)

d(Hn−1 Su)
,

respectively, their densities.

Proposition 7.2. Let Ω ∈ A0 and u ∈ SBV p(Ω; Rm) ∩ L∞(Ω; Rm) . Then

F0(u,Ω \ Su) ≥
∫

Ω

fhom(∇u) dx .

Proof. It is enough to prove that

dF0(u, ·)
dLn

≥ fhom(∇u) Ln -a.e. on Ω .
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For Ln -a.e. x0 ∈ Ω the function u is approximately differentiable in x0 and

(7.6)
dF0(u, ·)
dLn


x0

= lim
ρ→0+

F0(u,Bρ(x0))
ωnρn

.

Let x0 ∈ Ω be a point with both these properties. Fix 0 < δ < 1 and 0 < ρ <
dist(x0, ∂Ω) ∧ 1. We can find a sequence (uh) (depending on ρ) in SBV p(Bρ(x0)) ∩
Lp(Bρ(x0)) such that

uh →
h

u in Lp(Bρ(x0); Rm) Fεh(uh, Bρ(x0)) →
h

F0(u,Bρ(x0)) .

Consider a sequence (ξh) in Rn converging to x0 and such that ξh/εh ∈ Zn . There
exists h0 ∈ N (depending on δ and ρ) such that ξh+ρBδ(0) ⊆ Bρ(x0) for every h ≥ h0 .
We can then define

uh,ρ : Bδ(0)→ Rm, uh,ρ(y) =
1
ρ

(
uh(ξh + ρy)− u(x0)

)
for every h ≥ h0 and uρ : B1(0) → Rm, uρ(y) =

1
ρ

(
u(x0 + ρy) − u(x0)

)
. Clearly,

uh,ρ ∈ SBV p(Bδ(0); Rm) and uρ ∈ SBV p(B1(0); Rm). From the convergence of (uh)
to u in Lp(Bρ(x0); Rm) and from the continuity of translations in L1 it follows that

(7.7) uh,ρ →
h

uρ in L1(Bδ(0); Rm) .

Moreover, if for every A ∈ A0 and v ∈ SBV p(A; Rm) we define

Fh,ρ(v,A) =
∫
A

f(
y

εh/ρ
,∇v) dy + c3

∫
Sv∩A

(1 + |v+ − v−|) dHn−1

(c3 is the constant appearing in property iv) satisfied by g (Section 2)), then

(7.8) lim sup
h→+∞

Fh,ρ(uh,ρ, Bδ(0)) ≤ F0(u,Bρ(x0))
ρn

.

Indeed, for every v ∈ SBV p(Bδ(0); Rm) we have

Fh,ρ(v,Bδ(0)) ≤
∫
Bδ(0)

f(
y

εh/ρ
,∇v) dy

+
c3
ρ

∫
Sv∩Bδ(0)

(1 + ρ|v+ − v−|) dHn−1

≤
∫
Bδ(0)

f(
y

εh/ρ
,∇v) dy

+
1
ρ

∫
Sv∩Bδ(0)

g(
y

εh/ρ
, ρ(v+ − v−), νv) dHn−1 .
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Then for every h ≥ h0

Fh,ρ(uh,ρ, Bδ(0)) ≤
∫
Bδ(0)

f(
ρy

εh
, (∇uh)(ξh + ρy)) dy

+
1
ρ

∫
Suh,ρ∩Bδ(0)

g(
ρy

εh
, (u+

h − u
−
h )(ξh + ρy), νuh,ρ) dHn−1

=
1
ρn

∫
ξh+ρBδ(0)

f(
x− ξh
εh

, (∇uh)(x)) dx

+
1
ρn

∫
Suh∩(ξh+ρBδ(0))

g(
x− ξh
εh

, u+
h − u

−
h , νuh) dHn−1

≤ 1
ρn

(∫
Bρ(x0)

f(
x

εh
,∇uh) dx

+
∫
Suh∩Bρ(x0)

g(
x

εh
, u+
h − u

−
h , νuh) dHn−1

)
.

By taking the upper limit we obtain (7.8).

Let now (ρk) be an infinitesimal sequence of positive numbers with 0 < ρk <
dist(x0, ∂Ω) ∧ 1. In view of (7.7) and (7.8), for every k ∈ N there exists hk ∈ N such
that the function vk = uhk,ρk has the following properties:

(7.9) ‖vk − uρk‖L1(Bδ(0);Rm) ≤
1
k

(7.10) Fhk,ρk(vk, Bδ(0)) ≤ F0(u,Bρk(x0))
ρkn

+
1
k
.

Moreover, hk can be chosen so that the sequence (εhk/ρk) tends to 0 as k → +∞ . We
can apply Proposition 3.3 to the sequence (Fhk,ρk)k , obtaining the existence of a strictly
increasing sequence (σ(k)) of natural numbers such that for every A ∈ A0 the limit

F̃0(·, A) = Γ- lim
k→+∞

Fhσ(k),ρσ(k)(·, A)

exists on the space SBV p(A; Rm)∩Lp(A; Rm) endowed with the Lp(A; Rm)- topology.
Since we assumed that u is approximately differentiable in x0 , if we define w(y) =

∇u(x0) · y , (y ∈ Rn) then for every ρ > 0∫
B1(0)

|uρ(y)−w(y)| dy =
1
ρn

∫
Bρ(x0)

|u(x)− u(x0)−∇u(x0) · (x− x0)|
ρ

dx

≤ 1
ρn

∫
Bρ(x0)

|u(x)− u(x0)−∇u(x0) · (x− x0)|
|x− x0|

dx ,

which tends to 0 as ρ tends to 0. Hence (uρ) converges to w in L1(B1(0); Rm) as ρ
tends to 0. It follows, by (7.9), that (vk) converges to w in L1(Bδ(0); Rm). We now
apply Proposition 3.4 to the sequence of functionals (Fhσ(k),ρσ(k)); by (7.10)

F̃0(w,Bδ(0)) ≤ lim inf
k→+∞

Fhσ(k),ρσ(k)(vσ(k), Bδ(0))

≤ lim inf
k→+∞

F0(u,Bρσ(k)(x0))
ρnσ(k)

= lim
ρ→0+

F0(u,Bρ(x0))
ρn

.
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Propositions 4.1, 5.1 and 5.2 applied to F̃0 , yield

ωnδnfhom(∇u(x0)) ≤ lim
ρ→0+

F0(u,Bρ(x0))
ρn

.

Let now δ → 1. The conclusion follows from (7.6).

Proposition 7.3. Let Ω ∈ A0 and u ∈ SBV p(Ω; Rm) ∩ L∞(Ω; Rm) . Then

F0(u, Su ∩ Ω) ≥
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1 .

Proof. We use the same blow-up technique employed for Proposition 7.2. It is clearly
enough to prove that

dF0(u, ·)
d(Hn−1 Su)

≥ ghom(u+ − u−, νu) Hn−1-a.e. on Su .

We know that for Hn−1 -a.e. x0 ∈ Su the triplet (u+(x0), u−(x0), νu(x0)) is defined,
and, by the Besicovitch Differentiation Theorem (see, e.g., [55] Theorem 4.7)

(7.11)
dF0(u, ·)

d(Hn−1 Su)
= lim
ρ→0+

F0(u,Bρ(x0))
ωn−1ρn−1

(recall that Hn−1 -a.e. on Su the (n−1)-dimensional density of Hn−1 Su is 1 (see [43]
Theorem 3.2.19)). Let x0 ∈ Su be such a point. Fix 0 < δ < 1, and 0 < ρ < dist(x0, ∂Ω).
Let (uh), (ξh) and h0 be as in the proof of the previous proposition. We can then define

uh,ρ : Bδ(0)→ Rm uh,ρ(y) = uh(ξh + ρy)

for every h ≥ h0 and uρ : B1(0) → Rm, uρ(y) = u(x0 + ρy). Clearly, uh,ρ ∈
SBV p(Bδ(0); Rm) ∩ Lp(Bδ(0); Rm), uρ ∈ SBV p(B1(0); Rm) ∩ L∞(B1(0); Rm), and

(7.12) uh,ρ→
h
uρ in Lp(Bδ(0); Rm) .

Let η > 0 and define Aη,δ = Bδ(0) ∩
∑
η , with

∑
η = {x ∈ Rn : |〈x, νu(x0)〉| < η} . We

have

(7.13) lim sup
h→+∞

Fεh/ρ(uh,ρ, Aη,δ) ≤
F0(u,Bρ(x0))

ρn−1
+ c2|Aη,δ| ,

whenever ρ is such that c1/ρp−1 ≥ c2 . Indeed, for every ρ > 0 such that c2 ≤ c1/ρp−1

and for every v ∈ SBV p(Bδ(0); Rm) ∩ Lp(Bδ(0); Rm) we get

Fεh/ρ(v,Aη,δ) ≤ c2

∫
Aη,δ

(1 + |∇v|p) dy +
∫
Sv∩Aη,δ

g(
y

εh/ρ
, v+ − v−, νv) dHn−1

≤ c1
ρp−1

∫
Bδ(0)

|∇v|pdy +
∫
Sv∩Bδ(0)

g(
y

εh/ρ
, v+ − v−, νv) dHn−1 + c2|Aη,δ|

≤ ρ

∫
Bδ(0)

f(
y

εh/ρ
,

1
ρ
∇v) dy +

∫
Sv∩Bδ(0)

g(
y

εh/ρ
, v+ − v−, νv) dHn−1 + c2|Aη,δ| .
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Then for h ≥ h0

Fεh/ρ(uh,ρ, Aη,δ) ≤ ρ

∫
Bδ(0)

f(
ρy

εh
, (∇uh)(ξh + ρy)) dy

+
∫
Suh,ρ∩Bδ(0)

g(
ρy

εh
, u+
h,ρ − u

−
h,ρ, νuh,ρ) dH

n−1 + c2|Aη,δ|

=
1

ρn−1

∫
ξh+ρBδ(0)

f(
x− ξh
εh

,∇uh(x)) dx

+
1

ρn−1

∫
ξh+ρ(Suh,ρ∩Bδ(0))

g(
x− ξh
εh

, u+
h − u

−
h , νuh) dHn−1 + c2|Aη,δ|

≤ 1
ρn−1

(∫
Bρ(x0)

f(
x

εh
,∇uh(x)) dx

+
∫
Suh∩Bρ(x0)

g(
x

εh
, u+
h − u

−
h , νuh) dHn−1

)
+ c2|Aη,δ| .

By taking the upper limit we get (7.13).
Let now (ρk) be an infinitesimal sequence of positive numbers. We can assume

that the condition c1/ρ
p−1
k ≥ c2 is satisfied for every k ∈ N . In view of (7.12) and

(7.13), for every k ∈ N there exists hk ∈ N such that the function vk = uhk,ρk has the
following properties:

(7.14) ‖vk − uρk‖Lp(Bδ(0);Rm) ≤
1
k

(7.15) Fεhk/ρk(vk, Aη,δ) ≤
F0(u,Bρk(x0))

ρn−1
k

+ c2|Aη,δ|+
1
k
.

Moreover, hk can be chosen so that the sequence αk = εhk/ρk tends to 0 as k tends to
+∞ . We can apply Proposition 3.3 to the sequence (Fαk)k , obtaining the existence of
a subsequence (Fασ(k)) such that for every A ∈ A0 the limit

F̃0(·, A) = Γ- lim
k→+∞

Fασ(k)(·, A)

exists on the space SBV p(A; Rm)∩Lp(A; Rm) endowed with the Lp(A; Rm)-topology.
It is easy to see that (uρk) converges in Lp(Bδ(0); Rm) to the function

w(y) =
{
u−(x0) if 〈x, νu(x0)〉 < 0
u+(x0) if 〈x, νu(x0)〉 ≥ 0 .

It follows, by (7.14), that (vk) converges to w in Lp(Aη,δ; Rm). Hence, by (7.15)

F̃0(w,Aη,δ) ≤ lim inf
k→∞

Fασ(k)(vσ(k), Aη,δ) ≤ lim inf
k→∞

F0(u,Bρσ(k)(x0))

ρn−1
σ(k)

+ c2|Aη,δ|

= lim
ρ→0+

F0(u,Bρ(x0))
ρn−1

+ c2|Aη,δ| .

Since Sw ∩Bδ(0) ⊆ Aη,δ , we deduce that

F̃0(w, Sw ∩Bδ(0)) ≤ lim
ρ→0+

F0(u,Bρ(x0))
ρn−1

+ c2|Aη,δ| .

40



We can apply Propositions 4.2, 6.1 and 6.2 to F̃0 , thus obtaining

ωn−1δn−1ghom(u+(x0)− u−(x0), νu(x0)) ≤ lim
ρ→0+

F0(u,Bρ(x0))
ρn−1

+ c2|Aη,δ| .

Finally, let δ → 1, η → 0 and recall (7.11).

Conclusion of the proof of Theorem 2.3. Let (εh) be an infinitesimal sequence of
positive numbers such that for every A ∈ A0 the limit

(7.16) F0(·, A) = Γ- lim
h→+∞

Fεh(·, A)

exists on the space SBV p(A; Rm) ∩ Lp(A; Rm) endowed with the Lp(A; Rm)-topology
(see (4.1)). So far, in view of Proposition 7.1 and Propositions 7.2 and 7.3, we have
obtained that

(7.17) F0(u,A) = Fhom(u,A) for every u ∈ SBV p(A; Rm) ∩ L∞(A; Rm),

where Fhom(u,A) =
∫
A
fhom(∇u) dx +

∫
Su∩A(u+ − u−, νu) dHn−1 . We now prove that

for every A ∈ A0

(7.18) Γ- lim
h→+∞

Fεh(·, A) = Fhom(·, A)

on the space SBV p(A; Rm) endowed with the L1(A; Rm)-topology, and on the space
SBV p(A; Rm) ∩ Lp(A; Rm) with respect to the Lp(A; Rm)-topology. To this aim fix
u ∈ SBV p(A; Rm).

Step 1. For every sequence (uh) in SBV p(A; Rm) converging to u in L1(A; Rm) we
have Fhom(u,A) ≤ lim inf

h→+∞
Fεh(uh, A).

Proof. We can assume that the lower limit in the right-hand side is actually a limit and is
finite. Fix η > 0 and k ∈ N , and apply Lemma 3.5 to the sequence (uh) with M0 = k ;
we find a subsequence (εσ(h)) of (εh) and a Lipschitz function ϕk: Rm → Rm with
compact support, Lipschitz constant less than or equal to 1 and satisfying ϕk(y) = y if
|y| ≤ k , such that for every h ∈ N

Fεσ(h)(ϕk(uσ(h)), A) ≤ Fεσ(h)(uσ(h), A) + η .

Since (ϕk(uσ(h)))h converges to ϕk(u) in Lp(A; Rm), from (7.16) and (7.17) it follows
that

Fhom(ϕk(u), A) ≤ lim inf
h→+∞

Fεσ(h)(ϕk(uσ(h)), A)

≤ lim
h→+∞

Fεσ(h)(uσ(h), A) + η = lim inf
h→+∞

Fεh(uh, A) + η .

By the arbitrariness of η > 0, to conclude it only remains to prove that

(7.19) lim
k→+∞

Fhom(ϕk(u), A) = Fhom(u,A) .
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For every k ∈ N set Ek = {x ∈ Ω : |u(x)| > k} and Sk = {x ∈ Su : |u+(x)| ≥
k or |u−(x)| ≥ k} . Then

|Fhom(ϕk(u), A)− Fhom(u,A)| =
∣∣ ∫
Ek

(
fhom(∇(ϕk(u))− fhom(∇u)

)
dx

+
∫
Sk

(
ghom(ϕk(u+)− ϕk(u−), νu)− ghom(u+ − u−, νu)

)
dHn−1

∣∣
≤ K

(∫
Ek

(1 + |∇u|p) dx+
∫
Sk

(1 + |u+ − u−|) dHn−1
)
,

for a suitable constant K > 0. Since |Ek| tends to 0 and Hn−1({x ∈ Su : |u±(x)| ≥ k})
tends to 0 as k tends to +∞ , we obtain (7.19).

Step 2. There exists a sequence (uh) in SBV p(A; Rm)∩Lp(A; Rm) which converges to u
in L1(A; Rm) (or in Lp(A; Rm) if u ∈ Lp(A; Rm)), and such that lim sup

h→+∞
Fεh(uh, A) ≤

Fhom(u,A).
Proof. For every k ∈ N let ϕk: Rm → Rm be a Lipschitz function with compact
support, Lipschitz constant less than or equal to 1 and such that ϕk(y) = y if |y| ≤ k .
Since ϕk(u) ∈ SBV p(A; Rm)∩L∞(A; Rm), by (7.16) and (7.17) there exists a sequence
(vkh)h in SBV p(A; Rm) ∩ Lp(A; Rm) with the properties

vkh→
h
ϕk(u) in Lp(A; Rm) , Fεh(vkh, A)→

h
Fhom(ϕk(u), A)

as h tends to +∞ . Therefore for every k ∈ N we can find hk ∈ N such that hk < hk+1

and

‖vkh − ϕk(u)‖Lp(A;Rm) ≤ 1/k,
∣∣Fεh(vkh, A)− Fhom(ϕk(u), A)

∣∣ ≤ 1/k

for every h ≥ hk . Define uh = vkh if hk ≤ h < hk+1 . Taking into account (7.19) and
that (ϕk(u)) converges to u in L1(A; Rm) (or in Lp(A; Rm) if u ∈ Lp(A; Rm)), we
conclude that (uh) is the required sequence.

In view of Proposition 3.3 and of what we have proved up to now for a convergent
sequence of functionals Fε , Theorem 2.3 follows by applying Proposition 8.3 in [35],
which asserts that (Fεh) converges to Fhom if and only if every subsequence of (Fεh)
contains a further subsequence converging to Fhom .

8. Homogenization in fracture mechanics

In this section we consider the homogenization of the functionals Fε under prescribed
boundary conditions. The result is then applied to the homogenization of a boundary
value problem for functionals whose surface energy density satisfies Griffith’s growth
conditions. Throughout this section n ≥ 2.

Let Fε (ε > 0) and Fhom be the functionals introduced in Section 2 and let Ω be a
bounded open subset of Rn with piecewise C1 boundary. In order to prescribe boundary
values to functions in SBV p(Ω; Rm), we introduce a bounded open subset Ω′ of Rn

containing Ω, a function φ ∈ SBV p(Ω′; Rm) and we define

Dφ = {u ∈ SBV p(Ω′; Rm) : u = φ a.e. on Ω′ \ Ω} .
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Now let γ = Ω′ ∩ ∂Ω and for every u ∈ Dφ and ε > 0 set

Fφε (u) = Fε(u,Ω ∪ γ) , Fφhom(u) = Fhom(u,Ω ∪ γ) .

Theorem 8.1. Assume φ ∈ SBV p(Ω′; Rm) ∩ L∞(Ω′; Rm) and Hn−1(γ) < +∞ . Let
(εh) be an infinitesimal sequence of positive numbers. Then Fφhom = Γ- lim

h→+∞
Fφεh on Dφ

with respect to the L1(Ω′; Rm)-topology.

For the proof we need two lemmas, the first of which collects simple facts whose
proof is omitted.

Lemma 8.2. (a) Let M be a non-empty subset of Rn and let ψ : Rn → R be
defined by ψ(x) = dist(x,M) . Then ψ is differentiable a.e. in Rn and at every point of
differentiability x /∈M we have |Dψ(x)| = 1 .

(b) Let Ω be an open subset of Rn with C1 -boundary, and let M be a non-empty
subset of ∂Ω . Assume M be open in ∂Ω and let x0 ∈ M . If ν(x0) denotes the inner
unit normal of ∂Ω in x0 , then

lim
x→x0
x∈A

Dψ(x) = ν(x0) ,

where A is the subset of Ω where ψ is differentiable.

Lemma 8.3. Let φ and γ be as in Theorem 8.1 . Then for every u ∈ Dφ∩L∞(Ω′; Rm)
and σ > 0 there exist uσ ∈ Dφ ∩ L∞(Ω′; Rm) such that

(i) uσ → u in Lp(Ω′; Rm) as σ → 0 ;
(ii) Hn−1(Suσ ∩ γ) = 0 for every σ > 0 ;
(iii) lim sup

σ→0
Fhom(uσ,Ω ∪ γ) ≤ Fhom(u,Ω ∪ γ) .

Proof. By a simple reflection argument, it is not restrictive to assume that Hn−1(Sφ ∩
γ) = 0. Note that if u ∈ SBV (Ω′; Rm), for Hn−1 -a.e. x0 ∈ Su ∩ γ the vector νu(x0)is
normal to γ ; in such a case we agree to choose as νu(x0) the inner normal with respect
to Ω. Then it easily turns out that

(8.1) lim
ρ→0

1
ωnρn

|{x ∈ Bρ(x0) ∩ Ω : |u(x)− u+(x0)| > ε}| = 0 for every ε > 0 .

Let u ∈ Dφ ∩ L∞(Ω′; Rm) and σ > 0 be fixed. Define v = u − φ . Since
Hn−1(Sφ ∩ γ) = 0, we have

u+(x0)− u−(x0) = v+(x0) for Hn−1 -a.e. x0 ∈ Su ∩ γ .

For every x ∈ γ we denote by ν(x) the unit inner normal to γ in x with respect to Ω.
Let E be the set of the points x0 ∈ Su ∩ γ such that νu(x0) = ν(x0) and there exists
ρ1(x0) > 0 with the property: for all ρ ≤ ρ1(x0)

(8.2)
∣∣ 1
ωn−1ρn−1

∫
Bρ(x0)∩γ

ghom(u+ − u−, νu) dHn−1 − ghom(v+(x0), νu(x0))
∣∣ ≤ σ .
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By the Besicovitch differentiation theorem for Radon measures and the fact that the
(n−1)-dimensional density of Hn−1 γ is 1 Hn−1 -a.e. on γ , we obtain that Hn−1(Su∩
γ \ E) = 0. Let x0 be fixed in E . Since ghom is continuous in (v+(x0), ν(x0)) there
exists η > 0 such that for all (s, ν) ∈ Rm × Sn−1

if |s− v+(x0)| ≤ η , and |ν − ν(x0)| ≤ η, then |ghom(s, ν)− ghom(v+(x0), ν(x0))| ≤ σ.

Moreover, by (8.1), there exists ρ2(x0) > 0 such that

∀ρ ≤ ρ2(x0) |{x ∈ Bρ(x0) ∩ Ω : |v(x)− v+(x0)| > η}| ≤ σρn .

Let ψ : Rn → [0,+∞[ be defined by ψ(x) = dist(x, γ). By Lemma 8.2 we can suppose
that

|Dψ(x)− ν(x0)| ≤ η for a.e. x ∈ Bρ2(x0)(x0) .

Then, if we set

Zρ = {x ∈ Bρ(x0) ∩ Ω : ψ is differentiable in x,

|ghom(v(x), Dψ(x))− ghom(v+(x0), ν(x0))| > σ},

we clearly have

(8.3) ∀ρ ≤ ρ2(x0) |Zρ| ≤ σρn .

For every t > 0 define

Vt = {x ∈ Ω : ψ(x) < t} , γt = {x ∈ Ω : ψ(x) = t} = Ω ∩ ∂Vt
St(x0) = {x ∈ Rn : |〈x− x0, ν(x0)〉| ≤ t} .

We show that there exists ρ3(x0) > 0 such that

(8.4) ∀ρ ≤ ρ3(x0) ∀t > 0 Vt ∩Bρ(x0) ⊆ Sδ(x0) ∩Bρ(x0) with δ = t+ σρ .

Indeed, from

lim
x→x0
x∈γ

|〈x− x0, ν(x0)〉|
|x− x0|

= 0

(which holds for Hn−1 -a.e. x0 ∈ γ ) we deduce the existence of ρ3(x0) > 0 such that
B2ρ3(x0)(x0) ∩ ∂Ω ⊆ γ and

∀ρ ≤ 2ρ3(x0) ∀x ∈ γ ∩Bρ(x0) |〈x− x0, ν(x0)〉| ≤ 1
2
σρ .

Let ρ ≤ ρ3(x0) and x ∈ Vt ∩ Bρ(x0). If x ∈ γ is such that ψ(x) = |x − x| , then
|x− x0| < 2ρ , and

|〈x− x0, ν(x0)〉| ≤ |〈x− x, ν(x0)〉|+ |〈x− x0, ν(x0)〉| ≤ t+ σρ .

This proves (8.4).
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Finally let us set ρ(x0) = min{ρ1(x0), ρ2(x0), ρ3(x0), σ} . In addition to (8.2),
(8.3) and (8.4), by the regularity of γ we can also suppose (possibly discarding from E
a further Hn−1 -negligible subset) that for every ρ ≤ ρ(x0):

Hn−1(γ ∩Bρ(x0)) ≥ 1
2
ωn−1ρn−1 ,

Hn−1(γt ∩Bρ(x0)) ≤ (1 + σ)ωn−1ρn−1 for every t < ρ(x0) ,(8.5)
Bρ(x0) ⊆ Ω′ .

Let F = {Bρ(x0) : x0 ∈ E, 0 < ρ ≤ ρ(x0)} , where ρ(x0) is defined above, and let
G be an open set containing E . By the Besicovitch Covering Theorem (see [56]) there
exists a countable disjoint subset G = {Bρi(xi) : i ∈ N} of F which covers E up to a
Hn−1 -negligible set and whose elements are contained in G .

Let i ∈ N be fixed and define

ti = sup{t ∈]0, ρi] : Hn−1(Zρi ∩ γτ ) >
√
σρn−1

i for a.e. τ ∈]0, t]} .

We show that

(8.6) ti <
√
σρi .

We can assome ti > 0; otherwise there is nothing to prove. By the coarea formula (1.2)
and Lemma 8.3 we have

|Zρi | =
∫
Zρi

|Dψ(x)| dx =
∫ ρi

0

Hn−1(Zρi ∩ γt) dt

>

∫ ti

0

√
σρn−1

i dt =
√
σρn−1

i ti ,

so that (8.3) implies (8.6).
Since ψ is differentiable a.e. and |Su| = |Sφ| = 0, from (8.6) and the coarea

formula we deduce that there exists 0 < ti <
√
σρi such that

ψ is differentiable Hn−1-a.e. on γti ∩Bρi(xi)
Hn−1(Su ∩ γti ∩Bρi(xi)) = 0 , Hn−1(Sφ ∩ γti ∩Bρi(xi)) = 0(8.7)
Hn−1(Zρi ∩ γti) ≤

√
σρn−1

i .

Define

uσ =
{
φ on A
u otherwise on Ω′ , where A =

⋃
i∈N

Vti ∩Bρi(xi) .

By the subadditivity of the perimeter we have

Hn−1(Ω ∩ ∂∗A) ≤
∞∑
i=1

Hn−1
(
Ω ∩ ∂(Vti ∩Bρi(xi))

)
;

therefore, since Ω ∩ ∂(Vti ∩Bρi(xi)) ⊆ (γti ∩Bρi(xi)) ∪ (V ti ∩ ∂Bρi(xi)),

(8.8) Hn−1(Ω ∩ ∂∗A) ≤
∞∑
i=1

(
Hn−1(γti ∩Bρi(xi)) +Hn−1(V ti ∩ ∂Bρi(xi))

)
.
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By (8.5) we have Hn−1(γti ∩Bρi(xi)) ≤ 2(1 + σ)Hn−1(γ ∩Bρi(xi)); moreover, by (8.4)
and the inequality ti <

√
σρi we obtain

Hn−1(V ti ∩ ∂Bρi(xi)) ≤ Hn−1(Sti+σρi(xi) ∩ ∂Bρi(xi)) ≤ 4(n− 1)ωn−1ρ
n−1
i

√
σ ,

so that, by (8.5)

(8.9) Hn−1(V ti ∩ ∂Bρi(xi)) ≤ 8(n− 1)Hn−1(γ ∩Bρi(xi))
√
σ .

Since the balls Bρi(xi) are pairwise disjoint, and Hn−1(γ) < +∞ , we conclude that
Hn−1(Ω ∩ ∂∗A) < +∞ and A is a set of finite perimeter. In particular uσ ∈
SBV p(Ω′; Rm).

Taking into account that Dψ is the outer normal to γti with respect to Vti ∩
Bρi(xi), and that u and φ are approximately continuous Hn−1 -a.e. on γti , we have∫

Suσ∩(γti∩Bρi (xi))
ghom(u+

σ − u−σ , νuσ ) dHn−1

=
∫
γti∩Bρi (xi)

ghom(v,Dψ) dHn−1

≤
∫
γti∩Bρi (xi)\Zρi

(ghom(v+(xi), ν(xi)) + σ) dHn−1

+ c4(1 + ‖u− φ‖L∞)Hn−1(γti ∩ Zρi) .

In view of (8.5) and (8.2) the first of these two terms does not exceed

(1 + σ)(g(v+(xi), ν(xi)) + σ)ωn−1ρ
n−1
i

≤ (1 + σ)
(∫
γ∩Bρi (xi)

ghom(u+ − u−, νu) dHn−1 + 2σωn−1ρ
n−1
i

)
,

and by (8.5) again this is estimated by

(1 + σ)
(∫
γ∩Bρi (xi)

ghom(u+ − u−, νu) dHn−1 + 4σHn−1(γ ∩Bρi(xi))
)
.

Moreover, by (8.7) (and (8.5))

Hn−1(γti ∩ Zρi) ≤
√
σρn−1

i ≤ 2
ωn−1

Hn−1(γ ∩Bρi(xi))
√
σ .

All these inequalities yield that

(8.10)

∞∑
i=1

∫
Suσ∩(γti∩Bρi (xi))

ghom(u+
σ − u−σ , νuσ ) dHn−1

≤ (1 + σ)
∫
γ∩G

ghom(u+ − u−, νu) dHn−1 + CHn−1(γ)
√
σ ,

for a suitable constant C > 0 independent of σ .
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We finally show that the family (uσ) satisfies the required properties. Clearly
uσ ∈ Dφ ∩ L∞(Ω′; Rm), and property (i) holds. Since Hn−1 -a.e. x0 ∈ γ \ Su is a point
of approximate continuity for both φ and u , we obtain that Hn−1(Suσ ∩ (γ \ Su)) = 0.
Moreover, Hn−1 -a.e. point x0 in E belongs to Bρi(xi) for some i ∈ N . Since uσ = φ
in a neighborhood of x0 and Hn−1(Sφ ∩ γ) = 0, we conclude that x0 /∈ Suσ . Therefore
Hn−1(Suσ ∩ γ) = 0.

It remains only to prove (iii). We have

Fhom(uσ,Ω ∪ γ) ≤
∫

Ω

fhom(∇u) dx+
∫
γ∪Vσ

fhom(∇φ) dx

+
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1 +
∫
Suσ∩Ω∩∂∗A

ghom(u+
σ − u−σ , νuσ ) dHn−1 .

Since γti ∩Bρi(xi) ⊆ ∂∗A (up to a set of zero Hn−1 -measure), we have

Hn−1
(
Ω ∩ ∂∗A \

⋃
i∈N

(γti ∩Bρi(xi))
)

= Hn−1(Ω ∩ ∂∗A)−
∞∑
i=1

Hn−1(γti ∩Bρi(xi)) ;

therefore, in view of (8.8) and (8.9)

Hn−1
(
Ω ∩ ∂∗A \

⋃
i∈N

(γti ∩Bρi(xi))
)
≤ 8(n− 1)Hn−1(γ)

√
σ .

This and (8.10) yield that∫
Suσ∩Ω∩∂∗A

ghom(u+
σ − u−σ , νuσ ) dHn−1 ≤ (1 + σ)

∫
γ∩G

ghom(u+ − u−, νu) dHn−1 + c
√
σ

for a suitable c > 0 independent of σ . Then

Fhom(uσ,Ω ∪ γ) ≤
∫

Ω

fhom(∇u) dx+
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1

+
∫
Vσ

fhom(∇φ) dx+
∫
Sφ∩Vσ

ghom(φ+ − φ−, νφ) dHn−1

+ (1 + σ)
∫
γ∩G

ghom(u+ − u−, νu) dHn−1 + c
√
σ ;

hence

lim sup
σ→0

Fhom(uσ,Ω ∪ γ) ≤
∫

Ω

fhom(∇u) dx+
∫
Su∩Ω

ghom(u+ − u−, νu) dHn−1

+
∫
γ∩G

ghom(u+ − u−, νu) dHn−1 .

We conclude by the arbitrariness of the open set G containing E .

Proof of Theorem 8.1. Let u ∈ Dφ , and let (uh) be a sequence in Dφ which converges
to u in L1(Ω′; Rm). Then, by Theorem 2.3

Fφhom(u) ≤ Fhom(u,Ω′) ≤ lim inf
h→+∞

Fεh(uh,Ω′)

≤ lim inf
h→+∞

Fφεh(uh) + c2

∫
Ω′\Ω

(1 + |∇φ|p) dx+ c4

∫
Sφ∩(Ω′\Ω)

(1 + |φ+ − φ−|) dHn−1.
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Note now that the values of Fφεh and Fhom do not depend on Ω′ , provided Ω′ ∩ ∂Ω
remains unchanged. Therefore, we can let Ω′ shrink to Ω, thus obtaining

Fφhom(u) ≤ lim inf
h→+∞

Fφεh(uh) .

It remains to prove that for every u ∈ Dφ we can find a sequence (uh) in Dφ which
converges to u in L1(Ω′; Rm), and

lim sup
h→+∞

Fεh(uh,Ω ∪ γ) ≤ Fhom(u,Ω ∪ γ) .

In a first moment we assume that u ∈ L∞(Ω′; Rm). Then we can consider the functions
uσ (σ > 0) given by Lemma 8.3. By (i) and (iii) of this lemma, it is not difficult to
realize that it suffices to show that
(8.11)
Fhom(uσ,Ω ∪ γ) ≥ inf

{
lim sup
h→+∞

Fεh(uh,Ω ∪ γ) : (uh) in Dφ , uh → uσ in L1(Ω′; Rm)
}
.

Since (Fεh(·,Ω)) Γ-converges to Fhom(·,Ω), for every σ > 0 we find a sequence (vh) in
SBV p(Ω; Rm) ∩ Lp(Ω; Rm) converging to uσ in Lp(Ω; Rm) and such that

lim
h→+∞

Fεh(vh,Ω) = Fhom(uσ,Ω) .

For every η > 0 let Kη be a compact subset of Ω with the following property:

(8.12)
∫

Ω\Kη
(1 + |∇uσ|p) dx < η , Hn−1(Suσ ∩ (Ω ∪ γ) \Kη) < η ;

this is possible since Hn−1(Suσ∩γ) = 0. Now we join vh and uσ by means of Proposition
3.1 with A′′ = Ω, A′ ⊂⊂ Ω a neighborhood of Kη and B = Ω′ \ Kη . Then we get a
sequence (wh) in Dφ which converges to uσ in Lp(Ω′; Rm) and satisfies the inequality

Fεh(wh,Ω′) ≤ (1 + η)
[
Fεh(vh,Ω) + Fεh(uσ,Ω′ \Kη)

]
+M‖vh − uσ‖Lp(Ω;Rm) + η

for a suitable constant M independent of h . Since wh = uσ = φ on Ω′ \ Ω, we have

Fεh(wh,Ω ∪ γ) ≤ (1 + η)
[
Fεh(vh,Ω) + Fεh(uσ, (Ω ∪ γ) \Kη)

]
+ ηFεh(φ,Ω′ \ Ω)

+M‖vh − uσ‖Lp(Ω;Rm) + η,

and, denoting by I the right-hand side of (8.11), by (8.12) we have

I ≤ lim sup
h→+∞

Fεh(wh,Ω ∪ γ) ≤ (1 + η)(Fhom(uσ,Ω) + cη) + η(lim sup
h→+∞

Fεh(φ,Ω′ \Ω) + 1) ,

for a suitable constant c depending only on ‖uσ‖L∞(Ω′;Rm) . We can now let η tend to
0, obtaining I ≤ Fhom(uσ,Ω) ≤ Fhom(uσ,Ω ∪ γ); i.e., (8.11).

Finally, consider the general case u ∈ Dφ . For every R > 0 let ϕR : Rm → Rm be
a Lipschitz function with compact support, Lipschitz constant less than or equal to 1, and
such that ϕR(y) = y when |y| ≤ R . We have lim

R→+∞
Fhom(ϕR(u),Ω∪γ) = Fhom(u,Ω∪γ)
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(recall (7.19)); moreover, if R ≥ ‖φ‖L∞ then ϕR(u) ∈ Dφ . An easy diagonal argument
yields the conclusion.

We turn now to the application of the above results to functionals whose surface
energy density satisfies Griffith’s growth conditions. More precisely we consider a Borel
function g : Rn ×Rm × Sn−1 → [0,+∞[ such that

(i) g(x, s, ν) = g(x,−s,−ν) for every (x, s, ν) ∈ Rn ×Rm × Sn−1 ;
(ii) g(·, s, ν) is 1-periodic for every (s, ν) ∈ Rm × Sn−1 ;

(iii) there exists a function ω : [0,+∞[→ [0,+∞[ continuous and non-decreasing, such
that ω(0) = 0 and

|g(x, s, ν)− g(x, t, ν)| ≤ ω(|s− t|) for every x ∈ Rn , s, t ∈ Rm , ν ∈ Sn−1 ;

(iv) there exist two positive constants α and β such that

α ≤ g(x, s, ν) ≤ β for every (x, s, ν) ∈ Rn ×Rm × Sn−1 .

Note that these assumptions on g differ from those of Section 2 only in the growth
conditions.

We also consider a function f : Rn×Mm×n → [0,+∞[ , which represents the bulk
energy density and satisfies the same properties as in Section 2. The function f gives rise
to the function fhom according to Proposition 2.1. Moreover, under the present growth
conditions on g , Steps 1 through 5 in the proof of Proposition 2.2 remain unchanged and
Step 7 still works with minor modifications. Thus, for every (z, ν) ∈ Rm × Sn−1 there
exists

ghom(z, ν) = lim
ε→0

inf
{∫

Su∩Qν
g(
x

ε
, u+ − u−, νu) dHn−1 :

u ∈ SBV (Qν ; Rm),∇u = 0 a.e., u = uz,ν on ∂Qν
}
,

where Qν is any unit cube in Rn with centre in the origin and one face orthogonal to
ν , and

α ≤ ghom(z, ν) ≤ β .

For every u ∈ Dφ and ε > 0 define

Fε(u) =
∫

Ω

f(
x

ε
,∇u) dx+

∫
Su∩(Ω∪γ)

g(
x

ε
, u+ − u−, νu) dHn−1 ,

Fhom(u) =
∫

Ω

fhom(∇u) dx+
∫
Su∩(Ω∪γ)

ghom(u+ − u−, νu) dHn−1 .

Theorem 8.4. Let (εh) be an infinitesimal sequence of positive numbers. Assume that
there exists a sequence (uh) in Dφ such that

lim
h→+∞

(Fεh(uh)− inf
Dφ

Fεh) = 0 , sup
h∈N
‖uh‖L∞(Ω;Rm) < +∞ .

Then the functional Fhom attains its infimum on Dφ and min
Dφ

Fhom = lim
h→+∞

inf
Dφ

Fεh .

Moreover, there exists a subsequence (uσ(h)) of (uh) which converges in L1(Ω; Rm) to
a minimizer of Fhom on Dφ .
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Proof. For every ε > 0, j ∈ N define

Fε(u,B) =
∫
B

f(
x

ε
,∇u) dx+

∫
Su∩B

g(
x

ε
, u+ − u−, νu) dHn−1 ,

F jε (u,B) = Fε(u,B) +
∫
Su∩B

(|u+ − u−| − 2j) ∨ 0 dHn−1 ,

F jhom(u,B) =
∫
B

fhom(∇u) dx+
∫
Su∩B

gjhom(u+ − u−, νu) dHn−1 ,

whenever A ∈ A , u ∈ SBV p(A; Rm) and B ∈ B(A), where (see Proposition 2.2)

gjhom(z, ν) = lim
ε→0

inf
{∫

Su∩Qν
(g(

x

ε
, u+ − u−, νu) + (|u+ − u−| − 2j) ∨ 0) dHn−1 :

u ∈ SBV (Qν ; Rm),∇u = 0 a.e., u = uz,ν on ∂Qν
}
,

for every (z, ν) ∈ Rm × Sn−1 .
Let us show that for every (z, ν) ∈ Rm × Sn−1

(8.13) lim
j→+∞

gjhom(z, ν) = ghom(z, ν) .

Let (z, ν) ∈ Rm × Sn−1 be fixed. For every σ > 0 there exists hσ ∈ N and uσ ∈
SBV (Qν ; Rm) such that ∇uσ = 0 a.e., uσ = uz,ν on ∂Qν and

(8.14)
∫
Suσ∩Qν

g(hσx, u+
σ − u−σ , νuσ ) dHn−1 < ghom(z, ν) + σ.

Let ϕR : Rm → Rm be a Lipschitz function with compact support and such that
ϕR(y) = y if |y| ≤ R . Then (8.14) still holds with uσ replaced by ϕ(uσ), provided R
is sufficiently large. Thus we can assume that uσ is bounded.

Consider uσ extended with value uz,ν on {x ∈ Rn : |〈x, ν〉| ≥ 1/2} and by
periodicity on {x ∈ Rn : |〈x, ν〉| < 1/2} . Then it is possible to define

uσk(x) = uσ(kx) (x ∈ Rn) .

Clearly uσk ∈ SBV (Qν ; Rm), ∇uσk = 0 a.e. on Qν , uσk = uz,ν on ∂Qν and
‖uσk‖L∞(Qν ;Rm) = ‖uσ‖L∞(Qν ;Rm) . Moreover, by a change of variable, we have∫

Suσ
k
∩Qν

g(khσx, (uσk)+ − (uσk)−, νuσ
k
) dHn−1 =

∫
Suσ∩Qν

g(hσx, u+
σ − u−σ , νuσ ) dHn−1 .

Therefore, for every j ≥ ‖uσ‖L∞(Qν ;Rm)

gjhom(z, ν) = lim
k→+∞

inf
{∫

Su∩Qν
(g(khσx, u+ − u−, νu) + (|u+ − u−| − 2j) ∨ 0) dHn−1 :

u ∈ SBV (Qν ; Rm),∇u = 0 a.e., u = uz,ν on ∂Qν
}

≤ lim sup
k→+∞

∫
Suσ
k

g(khσx, (uσk)+ − (uσk)−, νuσ
k
) dHn−1 ≤ ghom(z, ν) + σ .
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Since gjhom ≥ ghom , we obtain (8.13).
We now prove that (uh) has a subsequence which converges in L1 to a minimizer

of Fhom . Note that

lim sup
h→+∞

Fεh(uh,Ω′) ≤ lim sup
h→+∞

(Fεh(uh,Ω ∪ γ) + Fεh(φ,Ω′ \ Ω))

≤ lim sup
h→+∞

(inf
Dφ

Fεh(·,Ω ∪ γ) + Fεh(φ,Ω′ \ Ω))

≤ lim sup
h→+∞

Fεh(φ,Ω′) ≤ K
(∫

Ω′
(1 + |∇φ|p) dx+Hn−1(Sφ ∩ Ω′)

)
for a suitable constant K . Hence, from the growth conditions of f and g from below we
obtain the boundedness of the sequence

(∫
Ω′
|∇uh|pdx+Hn−1(Suh∩Ω′)

)
h

. Since (uh) is
equibounded, we can apply Ambrosio’s compactness and lower semicontinuity theorems
([4], [6]), deducing the existence of a subsequence (uσ(h)) of (uh) which converges in
L1(Ω′; Rm) to a function u0 ∈ SBV p(Ω′; Rm). Clearly u0 ∈ Dφ . Moreover, for every
j ≥ suph ‖uh‖L∞(Ω;Rm) ∨ ‖φ‖L∞(Ω′;Rm)∫

Ω′
fhom(∇u0) dx+

∫
Su∩Ω′

ghom(u+
0 − u

−
0 , νu0) dHn−1 ≤ F jhom(u0,Ω′)

≤ lim inf
h→+∞

Fεσ(h)(uεσ(h) ,Ω′) .

Therefore, if we set

cΩ′ =
∫

Ω′\Ω
fhom(∇φ) dx+

∫
Sφ∩(Ω′\Ω)

ghom(φ+− φ−, νφ) dHn−1− lim sup
h→+∞

Fεh(φ,Ω′ \Ω) ,

we obtain
Fhom(u0) + cΩ′ ≤ lim inf

h→+∞
inf
Dφ

Fεσ(h) .

Note now that for every ε > 0 the value infDφ Fε is clearly independent of the choice
of Ω′ , provided Ω′ ∩ ∂Ω keeps unchanged. By means of a diagonal argument we can
make the subsequence (εσ(h)) independent of Ω′ if the latter is taken in a sequence (Ω′n)
which shrinks to Ω. Thus we obtain

(8.15) Fhom(u0) ≤ lim inf
h→+∞

inf
Dφ

Fεσ(h) .

On the other hand, for every fixed u ∈ Dφ by Theorem 8.1, applied to the sequence
(F jεh)h , there exists a sequence (vh) in Dφ such that

lim
h→+∞

F jεh(vh,Ω ∪ γ) = F jhom(u,Ω ∪ γ) .

Therefore
F jhom(u,Ω ∪ γ) ≥ lim sup

h→+∞
Fεh(vh,Ω ∪ γ) ≥ lim sup

h→+∞
inf
Dφ

Fεh .

Let j tend to +∞ and apply (8.13); then

Fhom(u) ≥ lim sup
h→+∞

inf
Dφ

Fεh .
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This, together with (8.15), immediately implies that u0 is a minimizer of Fhom and
that the subsequence (inf

Dφ
Fεσ(h)), and hence the whole sequence (inf

Dφ
Fεh), converges to

min
Dφ

Fhom .

Example 8.5 (Homogenization of a composite medium with a chessboard structure) We
illustrate the homogenization process by a simple example, that shows how the bulk and
surface energy behaviours can differ. Let m = 1, n = 2, and let a : R2 → [0,+∞[ be
the 1-periodic function defined on [0, 1[2 by

a(x1, x2) =
{

1 if |x1| ∨ |x2| ≤ 1
2 or |x1| ∧ |x2| ≥ 1

2
2 otherwise.

Consider the functionals

Fε(u,Ω) =
∫

Ω

a(
x

ε
)|Du|2 dx+

∫
Ω∩Su

a(
x

ε
) dHn−1 ;

i.e., we take f(x, ξ) = a(x)|ξ|2 , and g(x, s, ν) = a(x). The functional Fε represents a
composite, with a chessboard structure of mesh size ε , of two isotropic materials whose
local energies are

j
(∫

A

|Du|2 dx+Hn−1(A ∩ Su)
)

with j = 1 and 2, respectively. The homogenized functional of (Fε) is

Fhom(u,Ω) =
√

2
∫

Ω

|Du|2 dx+
∫

Ω∩Su
ψ(ν) dHn−1 ,

where the function ψ : S1 → [0,+∞) is given by

ψ(ν) = (
√

2− 1) min{|ν1|, |ν2|}+ max{|ν1|, |ν2|}.

In fact, it is proven in [41] (see also [45] Proposition 3.1) that the homogenization of∫
Ω
a(xε )|Du|2 dx in W 1,2(Ω) gives

√
2
∫

Ω
|Du|2 dx , while the formula for ψ is obtained

from [22] Example 5.2, once we remark that in the definition of ghom we can restrict to
the case of u taking values in {0, 1} . Note the loss of isotropy in the surface term.
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[22] A. Braides and V. Chiadò Piat, A derivation formula for convex functionals defined on BV (Ω) , J.
Convex Anal. 2 (1995) (to appear).
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Dipartimento di Matematica, Università di Parma, via M. D’Azeglio 85/A, I-43100
Parma, Italy
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