A NONLINEAR LIOUVILLE THEOREM FOR
FRACTIONAL EQUATIONS IN THE HEISENBERG
GROUP

ELEONORA CINTI AND JINGGANG TAN

ABSTRACT. We establish a Liouville-type theorem for a subcrit-
ical nonlinear problem, involving a fractional power of the sub-
Laplacian in the Heisenberg group. To prove our result we will use
the local realization of fractional CR covariant operators, which
can be constructed as the Dirichlet-to-Neumann operator of a de-
generate elliptic equation in the spirit of Caffarelli and Silvestre
[9], as established in [I6]. The main tools in our proof are the CR
inversion and the moving plane method, applied to the solution of
the lifted problem in the half-space H™ x RT.

1. INTRODUCTION AND MAIN RESULTS

In this paper we establish a Liouville-type result for the following
fractional nonlinear problem in the Heisenberg group:

Piu=w’ in H". (1.1)

Here 73% denotes a CR covariant operator of order 1/2 in H", whose

principal symbols agree with the pure fractional power 1/2 of the
Heisenberg Laplacian —Apy. In [I6] Frank, Gonzalez, Monticelli and
one of the authors, study CR covariant operators of fractional orders
on orientable and strictly pseudoconvex CR manifolds. In particular,
they focuse on the construction of such operators as the Dirichlet-to-
Neumann map associated to a degenarate elliptic equation in the spirit
of Caffarelli and Silvestre [9].

In this context, the Heisenberg group H" plays the same role as R™ in
conformal geometry, in the sense that, as shown by Folland and Stein
n [I4], H" approximates the pseudohermitian structure of a general
orientable and strictly pseudoconvex CR manifolds (see also [20]).
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Given a Kéhler-Einstein manifold X', CR covariant operators of frac-
tional order ~ are pseudodifferential operators whose principal symbol
agrees with the pure fractional powers of the CR sub-Laplacian on the
boundary M = 90X. They can be defined using scattering theory, as
done in [12] 22] 21], 20]. In the particular case of the Heisenberg group,
they are the intertwining operators on the CR sphere, which can be
calculated using representation theory techniques (see [§]).

In [16], in order to construct fractional CR covariant operators in
the specific case of the Heisenberg group, H" is identified with the
boundary of the Siegel domain in R?*"™2 (see Section 2 for the precise
definition) and it is crucial to use its underlying complex hyperbolic
structure.

Another possible approach in the construction of fractional powers
of the sub-Laplacian consists in using purely functional analytic tools
as done by Ferrari and Franchi [15] who proved an extension result for
fractional operators defined by using the spectral resolution of the sub-
Laplacian in general Carnot groups, see also [I3, 28]. The operators
considered in [I5] are different in nature from the ones in [16], they
correspond to the pure fractional powers of the sub-Laplacian and do
not enjoy the CR covariance property.

Since it will be of utmost importance in the sequel, we recall here
the extension result proven in [16].

Theorem 1.1 (see Theorem 1.1 in [16]). Let v € (0,1), a = 1 — 2.
For each uw € C>(H"), there ezists a unique solution E,u = U for the
extenston problem

U adU 02U 1 .
- /\2— A U=0 in H* :=H"x Rt
o xox o Tt AR

U=u onaﬁi:H”x{)\:O}.
(1.2)
Moreover,
0U

where ¢y is a constant depending only on v which precise value is given
by
¢, = I'(9) 921
(=)
In (1.2)) Ay denotes the sublaplacian in the Heisenberg group, which
precise definition is given in Section 2 below. Observe that, differently

from the extension result established in [I5], here we have the addi-

)\QBU

5z Which appears when one considers CR fractional

tional term
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sub-Laplacian. When a = 1/2 the equation in (1.2)) satisfied by U
becomes:

0*U 0*U

[ 2_
Iz + A BT + AHU (1.3)
and we have
ou
Pre=—e i on
Replacing A in (1.3 by V2, we will consider the operator
0? 0?
A+ —— +4)? 1.4
L= Ay + Iz + 4N — ETEh (1.4)

Our Liouville-type theorem is the analogue, for the fractional oper-
ator 731 of a result by Birindelli and Prajapat [4], for the sublaplacian

Apy. In [4], the authors establish a nonexistence result for a class of
positive solution of the equation

— Agu = u?, (1.5)

for p subecritical (ie. 0 < p < Q—Jr;, where ) = 2n + 2 denotes the
homogeneous dimension of H™). The technique they used is based
on the moving plane method (which goes back to Alexandrov [I] and
Serrin [27]), adapted to the Heisenberg group setting. This method
requires two basic tools: the maximum principle and invariance under
reflection with respect to a hyperplane. Since the operator —Ay is
not invariant under the usual reflection with respect to hyperplanes,
Birindelli and Prajapat needed to introduce a new reflection, called
H-reflection, under which —Ap is invariant. Since it will be important

in the sequel, we recall here the definition of H-reflection.

Definition 1.2. For any £ = (z,y,t) € H", we consider the plane
T, ={¢&cH" : t=pu}. We define

gu = (yaxa 2[’6 - t)a
to be the H-reflection of § with respect to the plane T),.

Due to the use of this reflection, the proof of the non existence
result in [4] requires the solution w of (1.5) to be cylindrical, that
is, u(x,y,t) = u(rp,t) must depend only on 7y and ¢ where ry =
(|2 + |y [2)>.

We can now state our main result, which is the analogue for the
operator P1 of the Liouville result contained in [4].
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Theorem 1.3. Let () < p < Q 1,
dimension of H". Then there exists no cylindrical solution u € C*(H")

of

where Q) = 2n+2 is the homogeneous

(1.6)

P%u =uP n H",
u >0 . H™.

Using the local formulation (1.2)) established in [16], the above the-
orem will follow as a corollary of the following Liouville-type result for
a nonlinear Neumann problem in the half-space H" x R*.

Theorem 1.4. Let 0 < p < ¢ and U € C2(H" xRT)NC'(H* x R¥)

be a nonnegative solution of
0?U 0?U
+4AN—— + AgU =0 in H" x RF
ag oz o R (1.7)
———Up on H" x {\ = 0}.

Suppose that U(q:,y,t, A) = Ulro,t,\) depends only on 1o,t,\, where
1
ro = (|z|*> + |y|*)2. Then U = 0.

In the Euclidean case, classical nonexistence results for subcritical
nonlinear problems in the all space R™ are contained in two works by
Gidas and Spruck [19] and by Chen and Li [I0]. Analogue results for
nonlinear Neumann problems in the half-space R’} where established
n [24] 25], using the methods of moving planes and moving spheres.

In the Heisenberg group setting there are several papers concerning
nonexistence results for problem (1.5)). Garofalo and Lanconelli [17]
proved some nonexistence results for positive solutions of when
p is subcritical, under some integrability conditions on v and Vu. In
23] 29] similar nonexistence results for positive solutions of (L.F]) in
the half-space are established for the critical exponent p = Q+2 In [5],
a Liouville-type result for solution of . is proved Wlthout requlrmg
any decay condition on w, but only for 0 < p < & As explained
before, in [4] Birindelli and Prajapat extends this last result to any
0<p< Q+2 but only in the class of cylindrical solution. A last more
recent result in this context was proven by Xu in [30], who established

that there are no positive solution of - for 0 < p < (C(?QBQQ). This
result uses a different technique, based on the vector field method,
and improves the results contained in [I7] and [5], since it does not
require any decay on the solution u and it improves the exponent p.

Nevertheless it seems not allow to reach the optimal exponent Q2

—2
(observe that Q("EQ < %QJ{)? < 8%)
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In this paper we aim to establish a first Liouville-type result for
a CR fractional power of —Apg; this is, to our knowledge, the first
nonexistence result in this fractional setting.

Let us comment now on the basic tools in the proof of our main
result. Following [4], in order to get a nonexistence result, we combine
the method of moving planes with the CR inversion of the solution w.

The CR inversion was introduced by Jerison and Lee in [26], and it is
the analogue of the Kelvin transform, in the Heisenberg group context.
In Section 3 we will give the precise definition of CR inversion and we
will show which problem is satisfied by the CR inversion of a solution
of .

As said before, the moving plane method is based on several version
of the maximum principles. More precisely we will recall the classical
Bony’s maximum principle and we will prove two versions of the Hopf’s

Lemma (see Propositions [4.3] and [4.6).

The paper is organized as follows:

e in Section 2 we recall some basic facts on the Heisenberg group
and we will introduce the fractional CR operator 73% ;

e in Section 3 we will introduce the CR inversion of a function u
and prove a lemma concerning the CR inversion of a solution
of our problem (|1.7));

e in Section 4 we establish a maximum principle and Hopf’s Lemma
for our operator, which will be basic tools in the method of mov-

ing planes;
e in Section 5 we will prove our main results Theorems [L.3] and
L4

2. PRELIMINARY FACTS ON THE HEISENBERG GROUP

In this section we recall some basic notions and properties concerning
the Heisenberg group, see also [6] and [2§].

We will denote the points in H" using the notation £ = (z,y,t) =
(1, ey iy Y1y ooy Yny t) € R™ X R™ X R. The Heisenberg group H" is
the space R?"*! endowed with the group law o defined in the following
way:
gof = (a?—i—x,@—i—y,f-kt—i— 2Z($]QJ — y]fj))

j=1

The natural dilation of the group is given by d,(¢) := ({x, ly, (*t), and
it satisfies 0,(£ 0 &) = 0,(£) 0 0,(€).
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In H™ we will consider the gauge norm defined as

n

= [ @2 +92)" + 27,

i=1
which is homogeneous of degree one with respect to d,. Using this

norm, one can define the distance between two points in the natural
way:

du(€,€) = €7 0 &l

where 5*1 denotes the inverse of é with respect to the group action.
We denote the ball associated to the gauge distance by

Bu(&, R) :=={{ € H" : du(&, &) < R}
Denoting by |A| the Lebesgue measure of the set A, we have that
| Bu(&o, R)| = |Bu(0, R)| = R®|Bu(0,1)].

Here () = 2n + 2 denotes the homogeneous dimension of H".
For every j = 1,--- ,n, we denote by X;, Y;, and T the following
vector fields:

0 0 0 0 0

Xj= 2 oo V=2 oo T=2

I 9, TV N T 8y, T Mg ot
They form a basis of the Lie Algebra of left invariant vector fields.
Moreover, an easy computions shows that [Xj,Y;] = —46;;7. The

Heisenberg gradient of a function f is given by

VHf:(lev'” 7an7}/1f7"' 7Ynf)

Finally, we define the sublaplacian as

n

Ay =) (XF+Y)

7j=1
~ 0 0 0” 92 o2
=D ot gt o —Arn o HAT ) o5

It can be written also in the form Ay = div(AV7), where A = @; is
the (2n + 1) x (2n 4+ 1) symmetric matrix given by @y; = dy; for k,j =
17 ey 271, aj(2n+1) = 6(2n+1)j = 2y] fOI‘j = ]_, D Ej(2n+1) = 6(2n+1)j =
—2x; for j =n+1,...2n and Gant1)eer) = 4z + |y?). It is easy
to observe that A is positive semidefinite for any (x,v,t) € H". This
operator is degenerate elliptic, and it is hypoelliptic since it satisfies
the Hormander condition.



NONLOCAL LIOUVILLE THEOREM 7

We pass now to describe CR covariant operators of fractional orders
in H". For more precise notions of CR geometry and for the construc-
tion of CR covariant fractional powers of the sub-Laplacian on more
general CR manifolds, we refer to [16] and references therein. Here we
just consider the case of the Heisenberg group, since it is the one of
interest.

Introducing complex coordinates ( = x+iy € C", we can identify the
Heisenberg group H" with the boundary of the Siegel domain 2,1 C
C"*1, which is given by

QnJrl = {(Cla cee 7<n+1) - (CaCn+1) ceC"xC ‘ Q(C>Cn+1) > 0}7
with

(¢, Go1) = Im Gy — Z |Cj|27
j=1

through the map ((,t) € H" — ((,t + i|¢[*) € 0Q41. Tt is possible
to see that X = €),,, is a Kahler-Einstein manifold, endowed with
a Kéahler form w, (which precise expression can be found in formula
(1.4) in [16]), and a corresponding Kéhler metric g, (see formula (1.6)
in [I6]). Using this metric, one can see that €2,,; can be identified
with the complex hyperbolic space. The boundary manifold M =
0€),, 11 inherits a natural CR structure from the complex structure of
the ambient manifold. Given a CR structure, it is possible to associate
to it a contact form 6, that in the specific case of the Heisenberg group,

is given by

1

j=1

0 —

This form satisfies 0(T) = 1.

Scattering theory tells us that for s € C, Re(s) > %, and except

for a set of exceptional values, given f smooth on M, the eigenvalue
equation
—Agpu—s(m—s)u=0, inX

has a solution u with the expansion
u=qmF 4+ ¢G for some F,G € (C>(X),
{F m=f
The scattering operator is defined as
S(s): C¥(M) — C®(M)
by
S(s)f = Glm-
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We set s = ™2 for v € (0,m)\N. The conformal fractional sub-
Laplacian on H" = M (associated to the contact form #) is defined in
the following way:

PIf = C,S(s)/, (2:2)

for a constant
o T
C, =21

k (=)

For v =1 and vy = 2 we have (see [16]):
Pl= Ay and P!=AL+T°

A crucial property of 77,‘3 is its conformal covariance. Indeed, if we

consider a conformal change of the contact form f = wiri= 0, then the
corresponding fractional operator is given by:

_ntlty

PI() = w i Ph(w -).

For further details on CR covariance and on the geometric properties
of the operator 773 we refer to [16]; here we just emphasize that this
covariance property is reflected in the fact that the extension operator
L defined in ([1.4)) well behaves under C'R inversion (as we will see later
in Section 3), and this will be crucial in the proof of our main result.

As explained in the introduction, one of the main result in [16], is the
characterization of these fractional operators via the extension problem
(1.2). Since throughout this paper we will work on this lifted problem in

the extended space, let us introduce some notations in Hr = H® x R™.
Since, the contact form 6 is fixed (and it is the one defined in (2.1))),
for simplicity of notations we will write P, instead of 73'3.

Analougsly to H”, in H" we define the following group low (that for
simplicity of notation we still denote by o):

~ A

f;?I'Z: (xlv"' y Tns Y1, 0 7ynat>)\) € H" and 2 = (i'la"' 7*§3n7g15"' >gnata)‘> €
H", we set

Zozi=(d+a gy d+t+2) (20 — yd), A+ ).
j=1

Moreover we consider the norm given by

[2lgn = [(|2* + [y[* + A%)* + 7] 4.
Finally we denote the distance dg between z and 2, by

dﬁ(z,é) = |2_1 o Zlﬁn.
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Observe that when A = A = 0, that is z and 2 belong to H™, ds(2,2) =
du(z, 2). Moreover, given z € H" we set

B(z,R) = {z € C""" | d3(2, 2) < R}
and for any zp € H" x {0} we denote
B (20, R) = {z € H" x R" | dz(z, 20) < R,\ > 0}.

The operator £ (defined in ([1.4))), writing explicitly all the terms,
becomes

P2 I o2 o2
_ 0 LAY g,
L=gutl <8J:2+8y]2+ Y oot xj@%-@t)

Jj=l1 J

n 82
j=1

Also in this case, we can write £ = div(AV7T), where now A is the (2n+
2) X (2n + 2) symmetric matrix given by ay; = d; if k,j =1,--- ,2n,

Ajant1) = Q@nt1); = 245 L7 =1, ,n, ajonr1) = a@nr1y; = —2x; if
J=n+1.2n, agpi1)@ent) = 4(’9’3‘2 + ’y‘Q + >\2), A(2n+2)(2n+2) = 1,
Ujan+2) = Qant2); = 0if j =1,-+- 2n + 1.

In the sequel it will be useful to express L for cylindrical and radial
functions. R
For a point z = (x,y,t,\) € H", let

r=(lz + [y + )2,
p= (7“4 + t2)1/4.

Suppose that W is a radial function, that is, ¥ depends only on p; then
a direct computation gives:

DU _oVop L, 0 9V _oud ., o
Oxj_é?p@:rj_p T ap’ 8yj_(9p8yj_p yj@p’
oV Wy . OV
oF _ YO0 _ 8,2\ 0%
ax  apox LT o)
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Then we deduce that
4,..2 4..2 4 .2 4.2
82\If_rxj82\11 pire + 2p%x; — 3rx; Ov

0x? — p5 0Op? i ap’
PU R PU phr? 4 2pty} — 3rty? o

dy;  pb Op? P ap’
0*U _ r*\2 920 N pir? 4+ 2piN2 — 3ri)? v
oNr pb 0Op? P dp’

PV t? PV N 2p" — 3t> 0W
o2 4p5 9p? 407 Op’

Hence, by using that

1 — 2

SOT 12?2y N ) =
P P
and
1 n
l@n 1ot + (2" =30+ 201 = 30) (3 (e +4) + X0)]
j=1
1 2
=—[(2n +1)p"r? + 2p"r? = 3r° +-12(2p" = 3t%)] = Q—Z
P p
we conclude that
r2 (dPV(p)  Qd¥(p)
L¥(p) =5 - : 2.3
(v) p2(dp2+pdp> 23

In a similar way, we deduce that for a cylindrical symmetric function

¢ = (b(?’, t),

¢ Q—20¢ 0%¢
Lo=— — 4P
¢ or? r  Or T ot?
Using the radial form ([2.3) for £, an easy computation yields the fol-
lowing lemma.

(2.4)

Lemma 2.1. Let (p) = pQ—l_l = p%% for p # 0. Then we have that

Lp(p)=0  in H* x R*\ {0}, (2.5)
—Zp(p) =0 on H" x {A=0}\{0}. |
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3. CR INVERSION
Following [4] and [26], we define the CR inversion in the half-space
7 = H* x R+,
For any (x,y,t,\) € H, let as before r = (|z|* + |y|* + )\2)% and
p=(r*+2)1. We set

_ wittyr? oyt —ar? ~ t o~ A
.lei:T, Z:T,t:_E’)\:;
The CR inversion of a function U defined on ]I?]I’}r, is given by
1 -~
v(x,y,t,\) = —=—U(Z,75,t,\).
pe!

The following lemma shows which equation is satisfied by the CR in-
version of a solution of problem (|1.7)).

Lemma 3.1. Suppose that U € C’%ﬁi)ﬂC(ﬁTﬁ) is a solution of (1.7)).
Then the CR inversion v of U satisfies

3.1
_% = Q- U=@FDyr op H™ x {X = 0} \ {0}. .

Proof. Since it is just a long computation, we will give the details of
the proof for cylindrical solutions U(r,t), but the statement holds true
for any solution.

It is clear that
o ez a2 se PP AP+ A (e 4 JyP+ A
P =3+ g+ M= 3 + o = Pt

and
~ ~14 | 2\i 1
p= (i + )k =

In the same way:
2

- - . T
it = [af? + 13 = 75,

Therefore, if U depends only on (r,t) (respectively on (rg, %, A)), then
so does also v. The following relations are useful

8f_t2—r4 8?_—7"75

or 5 ot pf
ot 4aw® ot 22—t 2t

or ps’a_ e e
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Now we have

v (1-Q)r? 1 2—rt0U  4tr3oU
o~ e Ut ol s

and
v 0 ,(1-Q)rd 201 —Q)r® 2 —r* OU  4r3t OU
a7 = o s o e TR %7
1 .0 t2—1rt 8U 0 A4Ardt oU
+ 53 [5—( e )7 T —(—5)—7]
p reop r r p ot
1 2 —rt J0°U  t?— 4r3t 0*U  4r3t ., 0U
2 2 - 2.
+pQ_1[ () = St & orar ) 8152]

U +

The derivatives with respect to ¢ are given by

v (1-Q)t 1 —rtdU t*—r*0U

ot~ 2p@+3 pQ—l[ s ﬁ—i_ P8 g]

and

Pv 9 ,(1-Q)t 2(1-Q)t.,—rt. oU 1?2 —r* OU

32 = a1 gpe U+ T ()57 + )57

1 [8(—7“75)8U+ 0 (t2—7"4)0U]

pl=1ot" pS 7 or - ort p® 7Ot

1 rt ,0?U  —rt 2 —rt 0?U 2 —rt ,OU

pQ_1[<p6> R O G =
1 0 _ —rt.0U 0 t2—r* 0U

+pQ—2[§2< e )ﬁJra( e >§]'

Let us denote

_|_

+

0*U 0*U 0*U oUu oU
LU = - = b + by— + cU.
Mo T g T e T T T
Then
c=0,
1 2 4\2 2/ N2 1
a; = —Q+11[(t — )+ Ar3(rt)?] = orel
p p
1
ay = —pQ+13 [2(t2 — r*)(4r3t) — 8r2(rt)(t* — r*)] = 0,
1 4r?
6,2 Mo
as = pQ+15[16Tt +47" ( T) ]_WF
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By using that

o t?—rt —4r3 (2 +rt)  6(t2 —rt)r?
E( pe ) = 10 - 10 ’
9, —rt r(t2 +r*)  3rt?
a( p6):_ P10 +p10’

we can see that

2(1 — Q)r*(t* — r*) 1 o 2=t

by = T,OQ+9 pQ_l 5( p6 )
Q-2 —rH)(t2+rY)  4r?(1—-Q)(—r*?) 4r? 0 —rt
+ r P+ rpQ+9 pe-1 a< Pz )
21— Q)i =) —4rt (2 4+t 6(82 — rt)rt
- rp@+o + rpQ+9 - rp@+9 )
Q-2(8 =) +rY)  4(1-Q)(—r'®)
T r pQ+9 + TpQ+9

art(t? 4ty 12042
B rp@+9 - 1 p@+9

L Q-2 1 Q-2
- pe+3 r - Qs F

We have that

0 Art.  12r%t(t* 1Y) 325t

67«( p8 ) p12 p12 ’
O 2 —rt 2+t AP —r?)
5( o )= 12 - PR

Then we see that the following term vanishes, that is,

8(1 — Q)r’t 1 0 413t N 4(Q — 2)r3t(t* + rt)

by = p@+11 p@-1 E( e ) r @il
ML= Q=) | 4 9 £ vt
+ PR+ pQ-1 a( P )
8(1—Q)r% | 12r%( + 1Y) 32r%  4(Q — 2)r*t(* + ')
= pQ+11 ( pQ+11 - Q-+ + prea

A(L—Q)r*t(t2 —rt) | 82t + 1Y) 16022 — 1)

pQ+11 ( pQ+11 pQ+11 ) =0.
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This shows that Lv(x,y,t,\) = mEU(E, @,ZX) = 0. Finally, the
Neumann data becomes:

v
—hm 6)\(37 y,t,\) = — lim

O

4. MAXIMUM PRINCIPLE AND HOPF’S LEMMA

Basic tools in the method of moving planes are the maximum prin-
ciple and Hopf’s Lemma. We start by recalling the classical maximum
principle for Hormander-type operators due to Bony [7].

Proposition 4.1. ([7]) Let V be a bounded domain in H", let Z be a
smooth vector field on V and let a be a smooth nonnegative function.

Assume that U € C*(V) N CH(V) is a solution of

—LU+ Z(2)U +a(z)U >0 in V,
U>0 on OV.

Then U >0 in V.

(4.1)

We prove now two Hopf’s Lemmas. The first one is Hopf’s Lemma
for the operator L in a subset ¥V of H". We first define the interior ball
condition in this setting.

Definition 4.2. Let V C H". We say that V satisfies the interior dg-
ball condition at P € OV if there exist a constant R > 0 and a point
20 € V, such that the ball B(zo, R) C V and P € 0B(zy, R), where

B(zo, R) = {z € H" | dg(z,20) < R}.
Lemma 4.3. Let V C H” satisfy the interior dg-ball condition at the
point Py € 0V and let U € C2(V) N CH(V), be a solution of

— LU > c1(2)U in V (4.2)

with ¢, € L>®(V). Suppose that U(z) > U(Py) = 0 for every z € V.
Then

lim U(FRy) —U(Fy — sv)

s—0 S

< 0.

where v 1s the outer normal to 0V in F.

Remark 4.4. We observe that if the function ¢; in Lemma [[.5 is
identically zero, then we can drop the assumption U(Py) = 0.
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Proof. By assumption, there exist a point zg = (Z1, ..., Zn, U1, -, Un, t, 5\)
and a radius R > 0 such that the ball B(zp, R) C V and Py € 0B(z0, R).
We consider the function

P = Ue K@= for K > 0. (4.3)
An easy computation yields
PV ples ou 92U
a—x%ZG K( #1)? [4K2(:L'1—ZII1) U—-2KU — 4K(.’L’1—Zl§'1)a 1-{—8—1'%],
and
82_¢ _ e—K(Il—il)282_U (32_1# — o K(z1—a1) 28 U
o3 B dx3’ Oy B 83/
82_¢ — e*K(x1*i1)282_U7
ON? ON?
where j =2,--- ;n,k=1,--- . n.
Moreover,
0% (112 oU 90U
— o (z1—21) 2K _ ve
g0t ¢ (P2 (@ = &) 5+ B
a2¢ — ¢ K:El zl 2 82
(%j@t 8£L‘]8t

Therefore, we have
L+ 4K (21 — 1) X1 = e K@ =20 42 () — #,)%U 4 LU — 2K U]
and hence for K sufficiently large, we deduce
—L1p —AK (x1 — 31) X1 > 0.
We introduce now the function ¢ = el _ e_o‘p2, where p =
ds(2,20), and 0 < p < R. Since ¢ depends only on the distance from

20, and £ and X; are invariant with respect to the group action in Jﬁln,
we can use formula (2.3) where now p = dg(z, " o z,0), and the factor

;—z is replaced by the function G(z; ' o z), where
Z?:l(sz + yjz) + N
(S5 4 42) 4+ + 2]

Choosing « sufficiently large, we have

G($1,.-.,$n,y1,---,yn,t, )\) = (44)

- £¢ - 4K<£L‘1 - .fl)X1¢
= [G(z" 0 2) (40" = 2(Q + 1)a)
—8Ka(z1 — &1)pXip e >0,
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Let A := B(zo, R) \ B(z0, R1) for 0 < R; < R. For ¢ small enough
Y(z) +ep(z) >0 in 0A = 0B(z, R) U 0B(z0, R1).

Then, by Proposition [4.1] we obtain that 1(z) + e¢(z) > 0 in A.
Therefore, using that ¥(Fy) = ¢(Py) = 0, we deduce that for s small

V(Fo) — v(Po — sv) +e(p(Po) — ¢(Fo — sv)) < 0.

Using that ¢ is strictly increasing in p, we deduce
Ry) — (P —
iy YU = U — sv)

s—0 S

<0,

which, in turn, implies that
lim U(P()—SV)—U<P0)

s—0 S

< 0.

For any 2 C H", we denote by C the infinite cylinder
C =Q x(0,400).

Before proving our second Hopf’s Lemma, let us recall the notion of
interior ball condition in the Heisenberg group.

Definition 4.5. Let Q0 C H". We say that 2 satisfies the interior
Heisenberg ball condition at & € OS2 if there exist a constant R > 0
and a point & € €, such that the Heisenberg ball By(&, R) C Q and
g € aBH(&b R)

Lemma 4.6. Let 2 C H" satisfy the interior Heisenberg ball condition
at the point P € 0Q and let U € C*(C) N CY(C), be a nonnegative
solution of
—LU > ¢1(2)U  in C, (4.5)
—0\U > 2(§)U  on 1,
with ¢1,¢o € L®(C) and c; is nonnegative. Suppose that U((P,0)) =0
and U 1s not identically null.
Then

8,U(P,0) < 0, (4.6)

where v 1s the outer normal to 0X) in P.

Proof. We follow the proof of Lemma 2.4 in [11].
By the strong maximum principle and by Lemma 4.3 we have that

U>0 on CUS. (4.7)
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Indeed, the strong maximum principle ensures that U > 0 in C, more-
over U cannot vanish at a point in €2, otherwise at this point the Neu-
mann condition would be violated by Lemma |4.3|

We start by proving the lemma in the case ¢;(z) = c2(§) = 0.

Since () satisfies the interior Heisenberg ball condition at P, there
exist zop € Q x {0} and R > 0, such that the ball B (2, R) is con-

tained in the cylinder C and (OC N{\ > 0}) N 9BT(z, R) = {(P,0)}.
We consider the set

A= <B+(20,R) \ B+ (20, R/z)) n{\ >0}

We observe that {(P,0)} = 0ANAC N {\ > 0}.
For z € A we consider the function 7(z) = e~ — e~** where
p = dg(z, 29). Writing £ in radial coordinates as in (2.3)), we have that

Ln(p) = Gz 0 2) (40°0* — 2(Q + 1)a) e,

where G is defined as in (4.4)).
Therefore, for a sufficiently large, we have that

— Ln <0, (4.8)

By (4.7) we deduce that U > 0 on 0B (2o, R/2) N {\ > 0}. Hence, we
may choose € > 0 such that

U—en>0 on 0B"(z,R/2)N{\>0}.

Claim: U —en >0 in A.

Indeed, using (4.8), we deduce that —L£(U —en) > 0 in A. Hence,
by the maximum principle, we have that the minimum of U — en is
attained only on 0.A (unless U — e is constant). Now, on one side we
have that

U—-en>0 on dAN{\>0}.

On the other side, since 9yn = 0 on {\ = 0}, we deduce that —0,(U —
en) >0 on 0AN{A =0}.

Thus, using Lemma [4.3, we conclude that the minimum of U — en
cannot be achieved on <B+(ZO,R)\B+(ZO,R)/2)) N {\ = 0}. This
reaches the claim.

Finally, since (U —en)((P,0)) = 0, we deduce that 0,(U —en)((P,0)) <
0, which in turn implies that 0, U ((P,0)) < 0 using that 9,n((P,0)) < 0.
This concludes the case ¢;(z) = ¢(€) = 0.
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In the general case, we introduce the function v = e " U and we
compute

—Lv —e PALU 4 28 P U, — B2
c1(2) — B2v + 2Be PN (BeP v + ePuy)

= a(2) + % + 200y,

v

Therefore, we have
—Lv — 2By > ¢1(2) + F*v > 0.
Moreover, for £ large enough
—0\v > (B + ca2(2))v > 0.

We can apply the first part of the proof to the function v, noting that
the same argument works when the operator L is replaced by £+230,.

O
5. PROOF OF THEOREMS [L.3] AND [[4]
In this last section we give the proof of our Liouville-type result.
We consider a solution U = U(|(x,y)|,t, \) of
LU =0 in H" := H"* x RY,
—0\U =U? onH" = 0HY, (5.1)
U>0 in H .

First of all, we perform the CR inversion of U. For z = (z,y,t,\) €
H", let

1
where z = p% (xt + yr? yt — xr?, —t, \p?), r = (Z?Zl(xf +y2) + A%)?
and p(z) = (r* + 121 = ds(2,0). We have seen in Lemma [3.1] that w

satisfies

Lw=0 in H? \ {0}, (52)
—O\w = pPQ-D=@+F Dy on H* x {\ =0} \ {0}. '

Observe that the function w could be singular at the origin and it
satisfies lim, o p¥~'w(2) = U(0), hence

0<w(z) < for p(z) > 1, (5.3)

P22
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for some positive constant C'. We start now applying the moving plane
method. We will move a hyperplane orthogonal to the ¢-direction and
use the H-reflection. More precisely, for any p < 0, let

T—{ZE]HI |t = p}, and 3, {ZE]I-]I |t < p}. For z € 3, we
define z, = (y,z,2p —t, ). To avoid the singular point, we consider

Y =2u\ {eut,
where ey = (0,0,2u,0) is the reflection of the origin. We recall that, as
shown in the proof of Lemma [3.1] if U depends only on (rg, ¢, \), then
so does w.
Let now

wu(z) = wu(l(z,y)l, A) w(|(z,y)], 21 — 1, )
= wy,z,2u—1,2) = w(z),
and
W, (2) = w,(2) —w(z) =w(z,) —w(z), z&€3,.
By using the invariance of the operator under the CR transform as in
Lemma [3.1) and the fact that p(z,) < p(z), we deduce that

LW, =0 in 17\ {0,e,},
—OW\W, > c(z, )W, onH"\ {0,e,},

-1
where ¢(z, pu) = p(Q%zp(Q,l) and VU, (z) is between w(z) and w,(2). By
the definition of w, and w, we have that ¢(z, u) = C/p* at infinity.

We now define the function:

ho = p(z + Baeant2) ",
where ey, 10 = (0,--+,0,1), B > 0 and

0< B <Q—1, Pépil < 31, (5.4)

where C is the constant in (15.3)).
We consider .
W'u = W‘u/hjo in 2“.
The following lemma will let us start moving the hyperplane 7}, from
—00.

Proposition 5.1. Assume that w € C2(H?) N C*(H?) \ {0} satisfies
(5-2). Then (i) For < 0 with |u| large enough, if infs, W < 0, then
the infimum is attained at some point zy € 3, \ {e,}. (11) For any po,
there exists an Ry > 0 such that whenever infyg, Wu 18 attained at zy €
3,0\ {e,} with W#(zo) <0 and p < g, then p(zp) = dg.(20,0) < Ry.
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Proof. We follow the proof of Proposition 6.3 in [11].
We first observe that by the maximum principle and Hopf’s Lemma
(see Lemma |4.3))
min{w(z) : 2 € IBY(0,1)N{\ > 0}} =d > 0.

We define for z € A, := B*(0,1) \ BT(0,¢) the function

1-Q _ _1-Q
9e(z) = dp(Z)l — 5Q:€1

By Lemma ¢, is harmonic in A, and satisfies
0}.

By the maximum principle and Hopf’s Lemma we have that w(z)
¢.(z) for z € A.. Since for every z we have lim, ¢ ¢.(z) = dp(2)*~¢
d, we deduce that

%qi\g =0on A.N{\ =

>
>

w(z) >d on B(0,1)\ {0}.

Since w(z) — 0 as p(z) — oo, it follows that for p large in absolute
value, we have w < d in B*(z,,1). For such p we have clearly W, > 0
on Bt (z,,1), and therefore

W,>0 on B(z,1). (5.5)
It follows that, for p < 0 large in absolute value,

1£5 W, <0 implies iguf W, = - Big‘lfz“,l) W,
We conclude the proof of i) observing that Wu(z) — 0 as p(z) — oc.
To prove (ii), suppose that zy is a minimum point of W, such that
W, (20) < 0. We want to show that p(zp) cannot be too large.
By the definition of W,, a direct calculation gives

{—ﬁ’vﬁ = L0yy, 4 o(The . Ty, + 2209\, + AN T,) in 3, \ {e,},

h() hO

— W, > (elz,p) + 329 ) W, on 9%, 0 {A =0} {5},

where ¢(z, ) = ppr@ D= @FIWP and ¥, (z) is between w,(z) and

w(z). Since %}?) = B1(B1 — (Q — 1)) p(z + Bae2ny2) ™2 < 0, using the
maximum principle we deduce that zy does not belong to the interior
of ¥,.

Assume now that 2o € 9, N {A = 0} \ {z,}. As above we conclude

—1 .
that U, (20) < w(z) < #, and hence that c(zg, u) < %. Since

82—20 = —Blﬁie(z + Ba€ani2) 2, using assumptions (5.4), we would de-
duce that 9\W,,(29) < 0if p(z) were large enough. This is inconsistent

with the fact zg is a minimum and concludes the proof of ii). U
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Proof of Theorem[1.4 By Proposition [5.1] we deduce that for p nega-
tive and large in absolute value we have that W, > 0 and hence W, > 0
in ¥,,. Let us define p1p = sup{p < 0| W, >0 on X, \e, for allo < u}.
We only need to prove that pg = 0. Suppose that pg # 0 by contradic-
tion. By continuity, W,, > 0 in ¥,,. By the maximum principle (and
Hopf’s Lemma), we deduce that W,, =0in X, or

W >0 on S, U (@5, N{A=0}n{t<mh)\{ew) (5.6)

If W,, = 0, then w would be even in the ¢ variable with respect to
t = po < 0 and this would contradict the Neumann condition satisfied
by w (we remind that p(z,,) < p(z) since we are assuming o < 0),
hence W,, = 0 is impossible and therefore holds.

By the definition of pg there exists pr — o, po < pr < 0 such that
infzﬂk Wuk < 0.

We observe that for some positive by:

min{WuO(z) | 2 € OB (e, |1t0]/2) mﬁm} = b,

From this fact, using a similar argument to the one of point i) in Propo-
sition |9.1, we deduce that

Wuo >0by in B+<€u0’ |:u0|/2) \ {eﬂo}'
Therefore, we have that

klggoinf {W,uk(z> | z € BJr(e#k’ |10l/2) \ {euk}} > by

Using this bound and the fact that W, (2) — 0 as p(z) — oo, we
deduce that for £ large enough, the negative infimum of W, is attained
at some point 2z € X, \ B (e, [pol/2).

By Proposition [5.1| we know that the sequence {z;} is bounded and
therefore, after passing to a subsequence, we may assume that z, — zj.
By we have that W, (z0) = 0 and zo € 90X, N {t = po}-

If 2, € 3, N{A > 0} for an infinite number of k, then VW, (z) = 0,
and therefore, by continuity

VW, (2) = 0. (5.7)
If 2z € 03,, N ]ﬁlﬁ, then by Lemma , we have that %—f(zo) < 0,

which gives a contradiction. Analogously, using Lemma [4.6] we get a
contradiction if we assume that zy € 0X,, N {A =0} N {t = po}.

In the case in which z, € 0¥, N{A = 0} N {t < px}, we still
have that the derivatives of W, at z; in all directions except the A
direction vanish. Passing to the limit and arguing as above, we get a
contradiction. Hence we have established that py = 0. This implies
that v is even in ¢, but since the origin 0 on the t-axes is arbitrary, we
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can perform the CR transform with respect to any point and then we
conclude that w is constant in the direction ¢.
This shows that U is actually a solution of the following problem

AU =0 in RY"+!
m (5.8)
—o\U =UP onR*".
Since % = gZ—ﬁ’ < 322, we conclude the proof by using the standard
Liouville type theorem for problem (5.8)) (see [L11 24]).
O

The following lemma allows us to deduce Theorem by Theorem
L4

Lemma 5.2. Let u € C*(H") be cylindrically symmetric and positive
(respectively nonnegative). Then the corresponding solution U of the
extenston problem is cylindrically simmetric, i.e. U = U(ro,t,\)
with ro = /2% + 42, U is positive (respectively nonnegative) and more-
over U € C’Q(]T-\]Iﬁ) N Cl(]ﬁl’j_)

Proof. The main tool in the proof of the Lemma relies on the construc-
tion of the extension U = & pu by using the Fourier transform in H"

(we refer for details to Section 5 in [16] and to [2]). Let us recall the
Fourier transform of a smooth function w((,t), (¢,t) € H",

Flu)(p) = / u(C,t)me , dddt, (5.9)
where 7¢', denotes the irreducible representation

" (s — g)eiut+2u(£<—|€\2/2)’ w0,
me (€)= it 2u(E-C—(C2/2)
(€ + Q)emrttan . p<0,

for a holomorphic function ¥(¢),£ € H" in the Bargmann space with

orthogonal basis
_ (V2lple)*

Y,
The inversion formula is given by
2n—1 3 "
6ot = 2oy [ o L F ) il (5.10)
R

o
(¢t)~*
The extension operator &/, maps a function u on the Heisenberg

group to a function U = & ou on H" x (0,00). For every ¢ > 0, every

where 7} = is the adjoint operator of m/ .
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multi-index vector av and p € R, U(-, q) = &12u(-, q) is implicitly given
through the Fourier multiplier

E (- q),, (1) = Ualit, q) = 6a(2llq) iia(p), (5.11)
where i, (1) = F(u) (1)U,

3 tn+2)al 3

2 2

baly) = ret—=—) V2 o v<2+"—+2m, §7y>7
I'(v) 2 2

and V'(a,b,y) is the solution of Kummer’s equation

1

V(a,b, y) = m/o enyTafl(l + T)bfafl dr .

—

Note that the function ¢ — & pu(-, q)a(pt) solves the equation

1 —
(0000 + 505 — 17 — |pl(n + 2]al)) &1 j2u (-, ), (1) = 0,

and therefore U = & jpu satisfies
1 1
(qaqq + 5811 + qOu + EAb) U=0. (5.12)

We observe that the change of variable ¢ = ’\72 transforms equation

(5.12) above into the extension ([1.2]).

For every multi-index vector a and p € R, we have

o 2n—1 . . .
Un(Cfoa) = 2o [ [t 2200 2lula) o) 11"
2n—1 .
== [ [t ntioatelu) ([ ulG.omtdgaewa,) ]

omn 1
= Wm// tr ¢a(2lula) (u(C, )7 ;i 7E Vo) Iul”} d¢dtdp.

We observe that if u is cylindrically symmetric with respect to (, that
is, for the rotation R, ,,

u(( 1) = u(Ray(C): 1),

then the extension U,((,t,q) of & ppu(-,q), is cylindrically symmetric
with respect to ( = (x,y) for each ¢. That is,

UG 1, q) = U(Ray(C), t,q).
After the change of variables ¢ = A?/2, we deduce that U((,t,)\) is
cylindrically symmetric with respect to ( = (x,y) for each A.

O
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Proof of Theorem[1.5 By Lemma [5.2] we see that if u is a cylindrical
function, that is u = u(|(x,y)|, ), then its extension U satisfying
is also cylindrical in the all halfspace H" x R, in the sense that U =
U(|(x,y)|,t,\). Using this fact, the conclusion follows as a corollary of
Theorem [L4]

U
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