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Abstract

Weak continuity properties of minors and lower semicontinuity properties
of functionals with polyconvex integrands are addressed in this paper.
In particular, it is shown that if {u,} is bounded in W'~ (4 RY),

{adjVun} C LT (;RY*Y) | and if u € BV (;RY) are such that
Up — w in L1 (Q;RN) and

det Vu, = p

in the sense of measures, then for £V a.e. z € Q

det Vu (z) = % ().

The result is sharp and counterexamples are provided in the cases where
regularity of {u,} or the type of weak convergence are weakened.



1 Introduction

The search for the least integrability spaces that ensure weak continuity of null
lagrangians, and in particular of geometrically relevant operators such as the
adjoint of the strain and the Jacobian determinant, has been for decades in the
agenda of experts in geometric measure theory, in the calculus of variations, in
partial differential equations and in nonlinear elasticity. This is a subject that
attracts the interest of experts from a wide palette of analytical expertise, and
it requests tools from different areas of mathematics and continuum mechanics.
In this paper we focus our attention on the Jacobian determinant, and the
question we address is: what are the sharpest hypotheses under which we may
guarantee that if {u,} C WH1(Q;RY) converges to a function u then

detVu,, — detVu?

Here, and in what follows, Q2 C RY is an open bounded set, and the choice of
topologies of convergence to be considered for the sequences {u, } and {detVu,}
are at the core of the problem. This question surfaces naturally in the study
of cavitation of rubber-like materials (see e.g. Ball [7], James and Spector [27],
Miiller and Spector [39], Sivaloganathan [42]), and recently there have been
deep developments in this theory and in related generalizations motivated by
the study of vorticity in the Ginzburg-Landau model (see e.g. Alberti, Baldo
and Orlandi [3], [4], Bethuel, Brezis and Heléin [8], Jerrard and Soner [28], [29],
[30]). A positive statement is of relevance but so is a negative one as it surely
underlines the formation of defects.
It is well known that

ty, — uin WHY(Q; RY) = det Vu,, = det Vu in the sense of measures.

This, by now classical, result has been established by Morrey [34] and Resheth-
nyak [41], and its proof relies on a simple integration by parts and on the fact
that in WY (Q;RY) the Jacobian determinant detVu agrees with the distri-
butional determinant

Det Vu := ZN: (—1)"*! 9 (4 O(us,..,un)
) ami 18(1'1,...,.'177;71,(51‘4»1,.--,.Z'N) )

i=1

It is clear that Det Vu is well defined in the sense of distributions on a class
wider than W1V (Q; RV ) Typically adopted subclasses are those of functions
u € WHN=L(Q:RY) with u; bounded, and also u € WP (Q;RN) for some
p > N2/(N +1). In the latter case, by the Sobolev Imbedding Theorem we
have u € LN’ (Q;RN )7 and thus Holder inequality ensures that the products
involved in the definition of DetVu are well defined in L'. More generally, we
may also consider the case where v € WP (Q;RN), adjVu € LI(Q;RVN*N),
with 1/p+1/¢ <1+ 1/N. We recall that adj A is the transpose of the matrix
of cofactors of A, and it is called the adjugate of A.



There is an extensive literature in the subject (see e.g. Ball [6], Brezis, Fusco
and Sbordone [10], Brezis and Nirenberg [11], [12], Coifman, Lions , Meyer and
Semmes [14], Dacorogna and Murat [15], Giaquinta, Modica and Soucek [23],
Hajlasz [24], Iwaniec and Sbordone [26], Morrey [34], Miiller [35], [36], [38],
[37], Miiller, Tang and Yang [40], Reshetnyak [41]), and this introduction by no
means intends to be a survey exposition.

Recently Iwaniec and Onninen [25] proved the following result:

Theorem 1.1 Let u,, u € WHN=1 (RY;RY) be such that {adjVu,} is a se-
quence bounded in L~-T (RN; RNXN) and u, — u in WHN-1 (RN; RN) . Then

lim (det Vuy,v) = (det Vu, v)

n—oo

for every v € VMO (]RN), and, in particular,

lim det Vuy,vdx = / det Vu,vdx

k—oo JpN RN
for every v € Cy (RN) .

Since |det A| < |adj A|N/ (N=1) "the hypotheses of the previous theorem imply
that {det Vu,} is bounded in L' (R"). Therefore we are led naturally to study
the convergence of {det Vu,} in the case where the assumption

{adj Vu,} is bounded in L™ (RY; RNV
is weakened to read
{adj Vu,} C L¥T (RY;RV*N) and {det Vu,} is bounded in L' (R").

Clearly, in this this case we can only expect {det Vu, }, or a subsequence of it,
to converge weak-* to a Radon measure u, and thus the all we can expect (or

wish for) is that
% = detVu.

This statement is in the same spirit of earlier work by Marcellini [32], Giaquinta,
Modica and Soucek [23], Fonseca and Marcellini [20], Jerrard and Soner [28],
and others.

More recently, Fonseca, Fusco and Marcellini in [17] introduced the notion
of total variation of the Jacobian determinant, defined via relaxation for u €
L (RY) nWhe (Q;RY) for some p > N — 1, by

TV (u,Q) = inf{ lhim+inf / |detVu, (z)| dz:u, € WHY (Q;RY)
— T 00 9]

Uy — u in WHP (Q;RN) },



This definition is conform with the approach commonly used for variational
problems with non-standard growth and coercivity conditions (see e.g. Acerbi,
Bouchitté and Fonseca [1], Acerbi and Dal Maso [2], Bouchitté, Fonseca and
Maly [9], Celada and Dal Maso [13], Fonseca and Maly [19], Fonseca and Mar-
cellini [20], Maly [31], Giaquinta, Modica and Soucek [23], Marcellini [32], [33]).
In [17] an explicit characterization of TV (u,(?) is given for some classes of lo-
cally Lipschitz-continuous away from a given point. When DetDu is a Radon
a measure, in general its total variation differs from the total variation of the
Jacobian determinant, TV (u,{2), although several examples suggest that, at
least for some ranges of p, its absolutely continuous part with respect to the
N —dimensional Lebesgue measure reduces to detVu. Indeed, this holds when
u e WHP (Q;RY) and adjVu € LI(Q;RV*N) with 1/p+1/qg < 14 1/N (see
Miiller [36]). We also recall the typical example of radially symmetric maps
of the type u(z) := z/|z|, detVu = 0 a.e. in Bj, where DetVu = wy do (see
Fonseca and Marcellini [20], Giaquinta, Modica and Soucek [23]).
The main result of the paper is the following theorem:

Theorem 1.2 Let {u,} be a sequence bounded in WHN=1 (O RY), with
{adj Vau, } € L¥T (; RV*N) . (1.1)
Assume that u,, — u in L' (Q;RN) for some u € BV (Q;RN) and

det Vu, A I

in the sense of measures. Then for LV a.e. x € Q

d
det Vu (z) = dc—uN (z). (1.2)

Here for v € BV (Q; RN ) we denote by Vu the Radon—-Nikodym derivative
of the distributional derivative Du of u, with respect to the N-dimensional
Lebesgue measure £V,

Remark 1.3 (i) The hypothesis that v € BV (Q;R") is clearly redundant,
since it is implied by the boundedness of {u,,} in WHN=1 (Q;RY) (when N > 3
we actually get that u € W=t (Q;RY)).

(ii) Condition (1.1) is used, throughout the paper, to guarantee that Det Vu,, =
det Vuy, (see [36]). Note that it is automatically satisfied if {u, } € W1V (Q;RY).
(iii) We are unable to establish an analog result for minors of lower order since
the proof of Theorem 1.2 is strongly hinged on a version of the isoperimetric
inequality for the determinant.

However, based on the geometric measure theory results of Giaquinta, Mod-

ica, Soucek [22], Celada and Dal Maso [13] have resolved this question under
the additional assumption that {u,} is bounded in L> (see Remark 3.8).
(iv) We point out that if we had assumed that {adjVu,} was bounded in
L~ (Q;RNXN), then we would be (at least for N > 3) in the framework of
Theorem 1.1 of Iwaniec and Onninen. This would allow us to conclude (1.2)
immediately, as in this case Theorem 1.1 would yield p = det Vul™ Q.



The result of Theorem 1.2 is sharp and counterexamples are provided in
Theorems 1.4, 1.5, 1.6, and 1.7 to address the cases where regularity of {u,}
or the type of weak convergence are weakened. These theorems are stated and
will be proved for €2 a N-dimensional interval, i.e.

Qz(al,bl) X oo X ((Z]\/',b]\/')7

with a; < b;, 1 =1,..., N. Analog conclusions may be derived for any bounded
domain in R¥, although proofs then become more technical.

Theorems 1.4 and 1.5 illustrate that care must be taken when relaxing the
regularity of the sequence {u,,}.

Theorem 1.4 Let 1 < p < N, let u € WHN(Q;RY), and let p € M R).
There exists a sequence {u,} C WIP(Q;RN) such that

Uy —u in WHP(Q;RY), det Vau,, = p in M R). (1.3)

Theorem 1.5 Let 1 < p < N, 1 < q < oo, let u € WHN (RN, and let
f € LU(Q). There exists a sequence {u,} C WHP(Q;RYN) such that

Uy —u in WHP(Q;RY)  and  det Vu,, — f in LY(Q).

The two results below show that the boundedness of {u,, } in WHV=1 (Q; RY)
cannot be weakened.

Theorem 1.6 Let 1 <p <N —1, let u € W-N(RY), and let p € ML R).
There exists a sequence {u,} C C1(Q;RYN) such that

Up —u in WHP(QRY),  det Vu, = in M(Q;R).

Theorem 1.7 Let 1 <p <N —-1,1<qg <oo, letue WEN(Q;RYN), and let
f € LYQ). There exists a sequence {u,} C C1(;RYN) such that

Uy —u in WHP(Q;RY), det Vu,, — f in LYQ).

We conclude the introduction by noting that Theorem 1.2 may be exploited
to derive new proofs of lower semicontinuity results for polyconvex integrands
which previously had been obtained using cartesian currents techniques (see
Theorem 5.2).

2 Preliminaries

In this section we recall well-known results concerning area and change of vari-
able formulas. We end with a new version of the isoperimetric inequality for the
determinant (see Theorem 2.6 below).

In the sequel Q C RY is an open set, and 9 (Q) and 91 (2; R) stand for the
space of positive and real-valued Radon measures defined on 2, respectively.



Proposition 2.1 Let {u,} C M (4 R) be a sequence of Radon measures such
that p, — w in M (Q;R) . Assume that |p,| = v in M (Q;R), and let E C Q
be a bounded, measurable set, with v(OF) = 0 and dist (E,0Q) > 0. If u €

C(Q)NL>®(Q) then
/ wdpy, — / wds.
E E

Proof. Step 1: We consider first the case where u = 1. Fix ¢ > 0 and
choose an open set D O E such v (D\E) < 5. Let ¢ € C.(D;[0,1]) be such
that ¢ =1 on E. We have

ln (E) — p(E)| <

[ - [ sodu‘ + nl (D\E) + |1 (D\).

Hence
lim sup | (E) — 1 (E)| < 2v (D\E) <e.

n—oo

Given the arbitrariness of ¢ > 0 we obtain the desired result.
Step 2: Set A, := upy,. It is clear that A, — X in M (4 R), where X := u p,
and, since |\, | < [Jul| o |#n], up to the extraction of a subsequence, and without

loss of generality we may assume that |\,| — v in 9% (Q;R). Observe that
v (OF) =0, because v < ||u||, v. By part (i) it follows that A\, (E) = A(E). m

The following proposition is due to Celada and Dal Maso [13].

Proposition 2.2 Let Q C RY be an open set, and let {j1,,} C M (4 R) be a
sequence of Radon measures such that

(i) pn — T € D' (Q) in the sense of distributions;
(ii) pt = v in M(Q).
Then T can be identified with a measure p and pr, — p in M (Q;R).
For each matrix A € R¥¥ let My (A) be the collection of all minors of
order k, with 1 < k < min{d, N}, and define
M(A) == (A, M3 (A),-- , Mingany (4)),

where

o k)= (Z) (J/D BT —di)v!!(zv e



It can be shown that
Mi(A+ B <C (1+1A1) 0+ M (B) +- + M (B)). (2)

When d = N then
My (AB)] < My (A)] Mk (B)], (2:2)

My (A) = det A, and Mpy_q (A) is the list, up to sign, of the coeflicients of
the adjugate of A. We recall that the adjugate of A, denoted by adj A, is the
transpose of the matrix of cofactors of A, adj A = (cof A)T. In particular,

AadjA=det Aly, (2.3)
thus
det (4 adj A) = (det A)™

and so
|det A|Y = |det A| |det adj A| < |det A |adj A",

which, in turn, yields
|det A| < [adj AN/ VD (2.4)

In the sequel we will use repeatedly the fact that if a, b € RV then
det(In+a®b)=1+a-b. (2.5)

If u: RV — RV is a Lipschitz function and if E ¢ RY is measurable, we
define the counting function (or Banach indicatriz) of u at y with respect to the
set I as

N(quay) = HO ({l’ EL: U(ZL’) :y})v

and the degree of u at y with respect to the set E as
deg (u, E,y) := N (u, EN{det Vu > 0} ,y) — N (u, EN{det Vu < 0},y) .

When E is open and |u (9F)| = 0 then the function deg (u, E,-) coincides £
a.e. with the topological degree. We refer to [18] for more details. Next we state
the well-know area and change of variable formulas.

Theorem 2.3 (Area Formula) If u : RY — RY is a Lipschitz function and
if E C RN is a measurable set, then N (u, E,-) is measurable,

/ |det Vu (x)] dz = N (u, E,y) dy,
E u(E)

and

/ det Vu (z) dx :/ deg (u, E,y) dy.
E RN



Theorem 2.4 (Change of variable) Let f : RY — [0,00] be a Lebesgue
measurable function, and let v : RV — RN be a Lipschitz function. Then

/f ) |det Vu (x |d1:—/ f(y) N (u, E,y) dy.

Moreover, if f € L* (RN) then
/ f(u(z))det Vu (z) de = [ (y) deg (u, E,y) dy.
]RN

The following proposition prepares the ground for a new variant of the
isoperimetric formula (see Theorem 2.6).

Proposition 2.5 Let Q be a Lipschitz domain. Suppose that v € C! (ﬁ; RN).
Then

(i) for allw € C*(RN;RY)

/ divy w (u (z)) det Vu (z) de = / v(z)-adj Vu (z)w (u(z)) dHN 1
Q

o

(2.6)
(ii) for all w € CH(RN;RYN) with ||w|le < 1
/ div, w ))det Vu(z) dz| < C | cof Vu (z) v (z) | dHN L.
oQN{u1#0}
Proof. (i) It is well known that (cf. [34])
29
Za—cofvu )i =0, i=1,...,N, (2.7)

in the sense of distributions. Hence, also by (2.3), we have

2 [
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i=1
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By the Gauss-Green formula for Lipschitz sets we obtain (2.6).
(ii) Denote

p(Y) = (0,42, -, yn)-
By (2.6) we have

/ divy, w(u(z)) det Vu(z) de = / cof Vu(z) v(z) - w(u(z)) dHN 1 ()
Q To)

- /asz cof Vu(z) v(z) - [w(u(x)) — w(p(u(x)))] dHN ! (x)
+/ cof Vu(z) v(z) - [w(p(u(z))) — plw(p(u(z))))] dHN 1 (x)
B!

+/ cof Vu(z) v(z) - p(w(p(u(z)))) dHY ' (z)
o0
:le + IQ + 13.

Since p(u(z)) = u(x) on {u; = 0}, we have
|| < 2/ |(cof Vu (z) v (z) | dHN 71 (x).
oQN{u1#0}

For the second term we have
div(wop—powop) =0,
and thus

I, = /Qdivy(w op—powop)(u(z)) det Vu(z) dz = 0.

Finally, using the fact that the rows of cof Vu except the first one are exterior
multiples of Vuy (and thus orthogonal to Vuy), we deduce that

N

cof Vu(z) v(z) - p(w(p(u(r)))) = p_ (cof Vu(z) v(x)); wi(p(u(z))) = 0
=2

on {u; =0} C {Vu1 LT, (99)}, where the symbol T, (92) denotes the tangent
space of 0L at = and v(x) is parallel to Vu,. It follows
|I5] < / | cof Vu (z) v (z) | dHN 1 (z),
89N {u17#0}

and this concludes the proof. [

Theorem 2.6 (Isoperimetric Inequality for the Determinant) Let ) C
RY be an open bounded set with Lipschitz boundary and let u € C* (Q;RN).
Then

N _
N-1

/detVuda: < C(N) / ladj Vu| dHN 1
Q 0N {u1#0}



Proof. Let
f(y) = deg (u, 2, y) .
We claim that f belongs to BV (]RN ) and that

D7 &) <o) | jadj V| aH™ . (2)
99N {u1 £0}

Indeed, if w € C! (RV;RY) and |Jw||,, <1 then

- f(y)divw (y) dy = - deg (u, 2, y) divw (y) dy

= [ divyw (u(z))det Vudx
Q

<C | cof Vu () | dHN 71 (),
oQN{u1#0}

where we have used the Change of Variable Formula, Proposition 2.5, and the
fact that u € C* (Q;RN) .

In view of (2.8), by the Area Formula and Sobolev Embedding Theorem we
have

/ f(y)dy‘é [P gy
RN RN

< (V) (IDf| (®RY))V N

/ det Vudx
A

< C(N) (/ ladj Vul dHN1> :
aNN{u1 A0}

where we used the fact that f (y) € N, and thus |f (y)| < |f (y)|N/(N_1) . ]

3 Weak convergence of determinants

In this section we assume throughout that  is an open, bounded subset of RV.
The following result is well-known (see Ball [6], Morrey [34]), and it is the
starting point for the study of weak convergence of minors.

Theorem 3.1 (i) If u, — u in WHY (Q;RY) then det Vu, X det Vu in the
sense of measures.
(ii) If up, — u in WHN-1 (Q;RN) then adjVu, — adjVu in the sense of

measures.

Although the theorem below may also be considered to be a classical result,
we present a proof here for the convenience of the reader.

10



Theorem 3.2 Let
{un} C WHNL(Q;RY) | {adj Vu,} € L¥-T (Q;RVXY)

be such that {M (Vuyn)} is bounded in L' (S;R7). Assume that u, — u in
L (5 RY) for some u € WHNL (Q;RYN) N C (4 RY) with

adj Vu € L™= (Q; RNV
Then M (Vu,) =~ M (Vu) in the sense of measures.

Proof. To simplify the notation, in the sequel we will denote u, by u(™.
Since {M (Vu(™)} is bounded in L' (), it suffices to establish weak conver-
gence to M (Vu) in D’ ().

The proof follows by induction on the order &k of the minors of Vu. We claim
that if 1 < k < N, then

/QMk (Vu(”)> o (z) da:—>/9/\/lk (Vu) ¢ (2) dz (3.1)

for every ¢ € C2°(Q). For k = 1 this holds trivially since Vu(™ - Vu in the
sense of measures. Assume that (3.1) holds for 1 < k < N — 1 and we show that
(3.1) is still valid for & + 1. Fix a minor Mg41 (Vu), written as

Mis1 (vu) = det ((vu)1k+1"]’“+1>i€1k+1 JE€Jkt1 ’

where

6ui
(Vu)1k+1Jk+1 = (8%- ) .
J7/ i€lkq1,j€Tkt1

and Igy1, Jg+1 are subsets of {1,---, N} with cardinality & 4+ 1. Under the
assumed integrability assumptions on u and on adj Vu it follows (see Remark
1.3 (ii)) that for a fixed ¢ € Ij41

M1 (Vu) = (;;(ui (cof(vu)mmﬂ)__)

. )
JE€EJIk+1 J

)

in the sense of distributions, and an analog formula holds also for each u(™). Let
p € C® (). We have

lim QMk_H (Vu(”)) pdx

n—oo

n 0
=— > lim /ug ) (cof (Vu(”)) > L
n—oo [o T4, Jk41 ij 8Ij

JE€EJk+1
- Z lim / (Uz(n) - Uz) (cof (Vu(”)> > e de
JE€Jkt1 e Ja Dot Je1/ 45 8xj
i (n) d¢
- Z lim [ ;| cof (Vu ) — dz.
jE€Jkt1 n—eeJa Det1,dk+1/ 45 8xj

11



As {cof (Vu("))l J } is bounded in L', and since u,, — u in L™ (Q; RN) ;
k+1,Jk4+1

the first term in the last sum converges to zero. Also, by the induction hypoth-

esis

cof (Vu(”)) X cof (V)

Ipq1,Jk+1
Iyt1,Jk+1 okt

in the sense of measures, and as ui% € C., we conclude that the second term
J

converges to

- Z /QuZ (COf (vu)lk+1,Jk+l) ——dz = | Mgy (Vu) p(z) d.

J€Jk+1

Proposition 3.3 Let
{up} c WL (QRY) | {adjVu,} € L¥T (Q;RV*N)

be such that {M (Vuy,)} is bounded in L* (;R7) , and {det Vu,} is equi-integrable.
Assume that u, — w in L' (Q; RN) for someu € BV (Q; RN). Then det Vu,, —
det Vu in L (Q).

Proof. Step 1: Assume first that u € C! (ﬁ; ]RN) . Consider a sequence
{u,} C WHN=H(;RY) | {adjVu,} C L¥1 (Q; RNV

such that u,, — w in L' (;RY), {M (Vu,)} is bounded in L' (Q;R7), and
{det Vu,} is equi-integrable. Extract a subsequence of {u,} (not relabelled).
The idea of the proof is to obtain a further subsequence (still not relabelled),
and truncate each wu,, to obtain a function w,, such that w,, — w in L (Q; RN) ,
{M (Vw,)} is bounded in L' (Q;R7), and det Vu,, — det Vw,, — 0 in L' (Q).
The result then follows immediately from Theorem 3.2. The remaining of the
proof of this step is devoted to the construction of w,,.

Since u, — u in L' (;RY) , and extracting a subsequence, if necessary, we
may assume that

4" |lun — uHLl(Q;RN) —0

and so )
erﬂ: un—u|>4n}‘—>0. (3.2)
Let
C:= sup/ M (Vuy,)| de. (3.3)
n Jo
Find k, € {n+1,---,2n} such that
C
M (Vug)| dz < —, (34)

1 1
{zkn <‘un7u|< 2kn—1 }

12



and set

1 ift<l,
p(t):=¢ 2 ifl<t<2,
0 ift>2

Define
wy, (1) == u(z) + (2’“"

Observe that

wn — | (2)) (un — ) (2).

{w,} € WINL(O;RY) | {adj Vuw,} € L7 (Q;RVXN)

and

1 1
Wy = Uy, ON {|un—u|§2kn}, Wy, = u on {|un—u|>2kn_1} (3.5)

Moreover,

lwn = ull ey = [l (2 fun = wl) (un = W) o )

< 97hatl <97

as n — o0.
On {glln < |un _U| < %%} we have

Vw, = (1—=¢)Vu+ ¢Vu, + ¢ R, (Vu, — Vu)
where it is understood that ¢ and ¢’ are evaluated at 2%» |u,, — u|, and

(U — “)

|y — ul

Ry, =2 (u, —u) ® satisfy |R,| < 2.
By (2.1) and (2.2) we have for all 1 <k < N

My (Vaon)| < C (1 + |Vu|k> 1+ |M (Vun)|) (3.6)
< O (M (V)| + 1),

where we have used the fact that Vu is bounded.
It remains to show that det Vu,, — det Vw,, — 0 in L* (Q2). We have

/ |det Vu,, — det Vw,| dz :/ |det Vu,, — det Vw,| dz
Q {5t <lun—ul<gm=r}
+ / |det Vu, — det Vu| dx
[(C——

by (3.5). The second term in the above equality converges to zero due to the
equi-integrability of {det Vu,}, by (3.2) and the fact that k, < 2n. The first

13



term may be bounded as

by (3.2) and (3.4).

Step 2: Here we remove the extra regularity condition imposed on u. Since
{det Vu, } is equi-integrable, by De La Vallé-Poussin criterion there exists a
(non negative) Young function ® such that

O(t
lim o) =00 (3.7
t—oo ¢
and
{®(det Vu,)} is bounded in L.

Without loss of generality, and up to the extraction of a subsequence, we may
assume that there exist two finite positive Radon measures p and v and a
function f € L' () such that

IM (V)| LY Q5 p, @(det Vu,) LV | Q S o,

and det Vu,, — f in L (Q).
We seek to prove that f (x) = det Vu (x) for LV a.e. x € Q. Let 29 € Q be
a Lebesgue point for f. Suppose, in addition, that

1
lim —— — T (z; dr =20 3.8
Jm gy [ ) TGz dr = (38)
where
T (z;20) = u(x9) — Vu(x) (x — z0),
and that
du dv . .
N (xzg) and N (zo) exist and are finite. (3.9)

Let ¢ — 07 with p (0B (z0,¢)) = v (0B (z0,€)) = 0, and define

Une (y) == tn (T + 6€y) — u(@o) fory € B:= B (0,1).

By (3.8) we have

Jim i g, — toll 1) =0,

where ug (y) := Vu (z9) y, and by (3.9) we obtain

dp
o0 > gpw (w0) = Tim Hm | M (unc)l dy,

dv . .
> d,C,iN (x()) = 51_I,I(I)1+ nh~>nolo . <I>(det VU7L7E) dy
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Choose a countable, dense family {0;} C C. (B). Since det Vu,, — f in L' (Q)
and zg € ) is a Lebesgue point for f, we deduce that

lim lim [ detVuy. (y) 0k (y) dy

e—0t n—oo B

1 T — X0
= lim lim det Vu, (z) Qk( ) dx (3.10)
e—0F n—oo ‘B (:C07 )| B(zo,e) €
r — X
= lim 1 d
8_13%1+ nl»néo ‘B g, € | / (z0,e < £ ) r

—f(m)/Bekdy

for every k € N. We may now diagonalize the sequence {u, .} to obtain a se-
quence {v,, } such that v,, — ug in L', {M (v,)} and {® (det Vv,,)} are bounded
in L', and

lim det Vo, 0k dy = f (o) / O dy (3.11)
B

n—oo B

for every k € N. Since {®(det Vv,,)} is bounded in L', it follows from (3.7) that
{det Vv, } is equi-integrable.

We are now in position to apply Step 1 to the sequence {v,} to deduce that
det Vv, — det Vu (o) in L' (B). On the other hand, by (3.11) det Vv, —
f (z0) in the sense of measures and so we conclude that

f(xo) = det Vu (z) .
]

Remark 3.4 (i) Note that, in general, we can only expect u to belong to
BV (Q; RY ) . Therefore, there is no guarantee apriori that Det Vu is well de-
fined as a distribution, nor that det Vu € L' (Q2).

(ii) A similar proof to that of Proposition 3.3 asserts that if 1 < k < min{N,d},

{up} C WH=H(O;RY) (M1 (Vu,)} C LFT <Q;Ra(zf-1>)

is such that {M; (Vu,)} are bounded in L'(2) for 1 < j < k — 1, where
1 <k <min{N,d}, {My (Vu,)} is equi-integrable, and u, — u in L* (Q;RY)
for some u € BV (Q;RN), then

M, (Vun) — My (VU) mn Ll(ﬂ).

The argument used in Proposition 3.3 may be used to obtain uniformly con-
verging sequences from initially L' converging sequences without energetically
increasing the sequence of minors. Precisely:

Proposition 3.5 Let

{un} CWENL (RN, {adj Vu,} € LT (;RVXN)

15



be such that {M (Vuy)} is bounded in L' ({;R7) , and {det Vuy,} is equi-integrable.
Assume that u, — u in L' (Q; RN) for some u € C! (Q; RN). Then there exists
a sequence

{w,} € WHNH(OQRN) N L (% RY),  {adj Vw,} € LT (Q;RVY)

such that w, — u in L= (Q;RY), M (Vw,) = M (Vu) in the sense of mea-
sures. Moreover
{x € Q: wy, (x) #u,(z)}| =0 (3.12)

and

/ |IM (Vwy,)| dz — 0. (3.13)
{'LUTL#'“%}

Proof. The construction of the sequence {w,} is entirely identical to that
of Step 1 of the previous theorem.

We notice (3.5) and observe that the uniform convergence of {w,} to u
follows from (2.1), (3.12) is a consequence of (3.2), and (3.13) is easily obtained
from (3.6) and (3.4). |

Remark 3.6 (i) If u, € WHY (;RY) then the truncated function w, also
belongs to W (Q; RY).

(ii) Proposition 3.5 admits a generalization for minors of lower order similar to
that of Proposition 3.5 as described in Remark 3.4 (ii).

Proof of Theorem 1.2. Step 1: Assume first that 2 = B := B(0,1),
u(z) = Az for some A € RV*N {u,} c C* (B;RY), up — win L' (B;RY),

V|V 1 LN LB * aL| B, (3.14)
|det Vu,| V| B = BLN| B, (3.15)
ladj Vu,| £V | B = ~LN| B, (3.16)

for some «, B, v > 0. We claim that
1
— / det Vu,, de — det A. (3.17)
1Bl /s

To prove the claim we consider separately the cases N > 3 and N = 2.
Step 2: We prove (3.17) for N > 3. In what follows we denote u, by u(™). We
have

J (ul’ ugn)v e 7u§\?)>
< / det Vu(™ — dx
B d(x1,--- ,xN)

/B; gz (x) [(cof A\ (x))h — (cof A)u} dzl.

/B (det Vu™ — det vu) da

16



By Theorem 3.1, Proposition 2.1, and (3.16) we obtain

lim /B o~ O (x) Kcof vu™ (x)) = (cofA)h} dx = 0.

n—00 . 81'1 1z
=1

In the remaining of the proof we show that

0 (s if?, )
lim det Vu(™ — d

z = 0. 3.18
n—oo Jp 8(1:17...,:131\7) ( )

Since

/ det Vu(™ — dx
B 8(1'13"'7561\7)

= /aB Z (ugn) - ul) (cof V(™ (JU))1Z v dHN L,

=1

(n)
1

if we knew that Hu uy H — 0 and if the sequence {u,} was bounded

L (8B)
in WHN=1(9B;RY) then (3.18) would follow immediately. It is clear that
apriori this may not be true. To overcome this difficulty we must construct a
surface OU “close” to 9B, and a new sequence {w, } obtained by an appropriate

truncation of {u(ln)} , for which this argument would hold and such that

»/E?B i_\[; <Ugn) B w") (COf V) (x)) LV dHN-1 0.

Fix » > 0. We cover the boundary of the ball B with finitely many balls
{B(xsr)},i=1,,---,M = M (r), with M = O (TI_N) . We now construct
another covering of the boundary of the form {B (z;,r;)} for certain r < r; < 2r.
The choice of r; will be done recursively. The selection of r; is done as follows.
Set ag := a (2" — 1) | B|, and define

N-1 N—1 N-1
dH" 7 < agr™ ™

Ey:=<s€(r,2r): liminf ‘Vu(")
n—° JoB(z1,5)NB

(3.19)

17



By Proposition 2.1 and Fatou’s Lemma we have

agr™ = a|B (21,2r) \B (x1,7)| > a|(B (21,2r) \B (21,7)) N Bl
N-1

= lim ‘Vu(") dzx

0 J(B(z1,2r)\B(z1,r)NB

> liminf / / ‘vm")
"o J(r2r)\Ei JOB(z1,5)NB

> / lim inf ‘vum)
(r2r)\Ey "% JOB(z1,5)NB

> LY ((r,2r) \E1) apr™

N—-1
dHN1ds

N—-1
dHN"1ds

unless £ ((r,2r)\E;) = 0. In both cases we conclude that
r— Lt (El) <r

and thus F; is non empty. Since £' (E;) > 0 and u™ — u in L (B;RY) we
may select 71 € E; and extract a subsequence of {u(”)} (not relabelled) such
that

N—-1
lim ‘Vu(”) dHN ! < aorV T, (3.20)
N JoB(z1,m)NB
u™ —wu in L' (8B (z1,m) N B;RY). (3.21)
Assume now that rq,--- ,7r;_1 have been selected, an appropriate subsequence

of {u(™} (not relabelled) has been extracted, and define

N-1
E;:=<s€ (r,2r): liminf / ‘Vu(”) dHN !
n—oo OB(xz;,s)NB
i-1 N1
+ Z 22:771 / ‘Vu(”) dHN2>
k—1 OB (z;,s)NOB(xy,ri)NB

_ 1
S CEOT'N 12 (1 — 2211)}

We show that E; is non empty. By Proposition 2.1 (ii) and using the fact that

18



ry € B for 1 <k <i—1, we have

lim inf / ‘W(n)
n=o0 J(r2r)\E; OB(z;,s)NB

i—1
i
ey
=1 2 2

N-1
dHN !

’Vu(”) "

1
dHN™? | ds
B(z;,s)NOB(xk,rr)NB
N—-1

)Vu(”) dx

<lim sup/
n—oo J(B(z:,2r)\B(zs,7))NB

i1
-
+ lim sup 7_/ ‘Vu(”)
;2% " JoB(ar.r)nB

n—oo

N-1 dHN—l

i1
1 1
<a|B (zi,2r) \B (z;, )| + Z WQOTNQ (1 - 22k—1>

k=1
1

On the other hand, by Fatou’s Lemma and the definition of F;

N-1
lim inf / ‘Vu(") dHN 1
=0 J(r2r)\ E; 9B(x;,s)NB
i—1 N1
+> o |vul|" anN 2 ) ds
k=1 2 OB (z;,s)NOB(zxy,rx)NB
N-1
> / lim inf / ‘vm") dHN 1
(r2r)\E; " 0B(z;,s)NB
i1 N1
+> o / |vu|" " anN 2 ) ds
k=1 2 OB (z;,8)NOB(xy,rx)NB

_ 1
> Ll ((7"7 2T) \EZ) CYO?"N 12 (1 — 2211) 5
unless £ ((r,2r)\E;) = 0. We conclude that £ (E;) > 0, and thus we may
select 7; € E; and extract a subsequence of {u(™} (not relabelled) such that

N—

1
lim ‘Vu(") dHV 1 (3.22)

= JoB(x;,ri)NB
i—1
r
- /
k=1 OB(xi,ri)NOB(xk,rr)NB

_ 1
SO{OTN 12 (1 — 22z1>

N—

‘Vu(") LN
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and ©(™ — vy in L' (0B (zi, ;) N B;RY) . Set

U::B\UB(mi,ri).

i=1

Observe that OU has the geometry of a “lunar surface”, and the ridges of the
craters, Cy, j = 1,--- , M, are exactly sets of the form 0B (z;,r;) NOB (zg, k)N
B. By choice of the radii, the sequence {u(”)} is bounded on

whiN-1 (3B (z4,7;) N OB (g, 1) N B;RN) ,

which is compactly embedded in C ((‘3B (i,7) NOB (zg, 1) N B; RN) . There-
fore we may find ng (r) large enough such that

L>°(8B(zi,r:)NOB(zk,rk)NB)

foralln >ng(r) and i,k =1,--- | M, i # k.
Let ¢ : R — R be a non decreasing smooth function such that |p(s)| < |s]

for all s € R,
(s) = s if |s| > 2r,
Y=Y 0 if —r<s<r,

with ¢ (s) # 0 outside (—r,r), and consider the truncations of ugn) on oU
defined by

wy, (z) = ugn) (x) + ¢ (u1 (x) — ugn) (x)) .
Note that |¢(t) — t| < 2t for all ¢, and thus

lwn — 1| o (o1 < 27 (3.24)

Consider a partition of U into cones K; with vertices at the origin and whose

intersection with U are exactly the craters C; = B (z;,r;)NoU, i =1,--- M.
In view of (3.23), w, = u&") on the relative boundaries of C; with respect to
OU, and thus we extend w, as equal to ugn) on OK; NU. This now defines w,,

as a function in C! (Uﬁl 8KZ-> . By Whitney’s Extension Theorem, we extend
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wy, to U as C! functions. Then

0 (w0l )
lim sup / det V(™ — dx
n— oo B 8(1713"'7:61\/')
<lim sup / det Vu™ — dx (3.25)
n—00 U (1’1, )
| (A 8) afor i),
+ lim su X
n—>00p U a(xlv" 71'N) a(xla : )

+ ’Vu(”)

+ C'lim sup/ (‘det Vul
B\U

n—oo

e

+Vun N do < C (A +9) [BU] = O (1),

By Proposition 2.1 (i) and (3.14), (3.15) we have

C'lim sup / (‘det Vu (™
B\U

while
lim su / — dz
n—»oop U 8(x1,~--,xN) 6(331,"',3}]\[)
= lim sup / (wn, —u1) (cof vu™ (x)) vy dHN !
n—oo oU 14
M
< CrZ/ V|V aHN Y < 2CagrN M < Cr,
aB(wi,ri)ﬁB

by (3.22), (3.23) and (3.24), and where we have used the fact that M =O(r'=%) .
It remains to estimate

0 (wnaugn)v T 7U‘S\TII))
lim sup / det Vu™ — dzx|.
n— o0 U a(fEl,"'7-TN)

We have

0 (w"’u;n)7 T ’ug\?)>
lim sup / det Vu(™ — dx
n— oo U a(x17"'5IN)

M
< lim sup / det V2" dz
n— 00 ; K;
N/(N—-1)
< Climsup / ‘adj V2| gnN -1
n—oo ;( K, m{ '”;éo}
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where we have used Theorem 2.6 and where
Z(n) = (ugn) - wnﬂ*én)a T 7u5;rfl)) .

Since w, = ugn) on the lateral boundaries of the cone Kj;, the right hand side

of the previous inequality equals to
N/(N-1)
dHN—1>

. N/(N-1)
- >dHN1>

M
C lim sup / ‘adj vz
n—00 Z ( BKiﬂ{zYL);éO}ﬂBU

i=1

M
<Climsupz:</8 ( : <1+’Vu(n)
n—oo i B(xz;,r;)NB

=1
<cor¥NM < Cr,

by (3.22) and where we have used the fact that

’va)

<O+ 1¢ll) (14 |[Vu

Here C' depends on ||Vu||o and ||¢’||,, may be bounded from above by a con-
stant independent of r. The conclusion follows by letting r — 0%.

Step 3: The proof of (3.17) for N = 2 is very similar to that of Step 2, although
somewhat simpler. We only indicate the main changes. We proceed as in the

previous step until (3.20). Assume now that rq,--- ,r;_1 have been selected, an
appropriate subsequence of {u,} (not relabelled) has been extracted, and define

E;:=<s€ (r,2r): liminf |V, | dH* < agr 3 .
n— JoB(zxi,s)NB

As before we conclude that £!(FE;) > 0. Hence we may select 7; € E; and
extract a subsequence of {u,} (not relabelled) such that

lim |V, | dH' < agr,
n—0o0 aB($i,’I‘i)ﬂB

and uy, (x) — u(x) for all x € OB (z;,7;) VOB (xg,rpy) N B, k=1, ;i — 1.
Condition (3.23) should now be replaced by

‘(ugn) - ul) (x)‘ <r (3.26)

for all n > ng (r) and for all x € 9B (x;,1;) N OB (z, ) N B, i # k.
The remaining of the proof is similar.
Step 4: We now prove the theorem in the general case. Fix Q' cc Q and
let {u,} be as in the statement of theorem. Consider a standard sequence of
mollifiers {¢;} and set
Un,j = Q) * Up,.
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Clearly, for every n € N we have u,,_j — u, in WHV-1 (Q’;RN) as j — oo, and

also adj Vu, ; — adj Vu, in L~ (Q/§RNXN) as j — oo. In addition, since

|det V| < |adj Vi, |71,

in view of (1.1) it follows that det Vu,, ; — det Vu,, in L' (€'). We diagonalize
the sequence {u, ;} to obtain a sequence {w, } C C! (Q’; ]RN) with wy, 1= Up j(n)
such that

w, —win L' (), det Vw, = pu,

and
[V, |V ENLQLV, det Vw, | £V Q 2N, |adj Vw,| LV Q 2o,

for some non negative Radon measures v, A, o.
Let zg € ' be such that

) 1
tim e [ @) =T (wizo)] ds =0 (327

where
T (z;520) = u(x9) — Vu(x) (x — z0),
dp dv dA do

m(xo)a m(%), m(iﬂo% m(%) (3.28)

exist and are finite. Let ¢ — 0T be such that
|1l (0B (wo,€)) = v (0B (w0,€)) = A (9B (20,¢)) = 0 (0B (w0,¢)) =0,

and define
Wn e (y) == wn (w0 + Eg) — (o) for y € B.

By (3.8) we have
lim lim ||w,e— uOHLl(B) =0,

£—0+t n—oo

where ug (y) := Vu (zg) y. Choose a countable, dense family {6} C C. (B) . For
every k € N

lim lim / ek(y)|an,E|N‘1dy:<d”(xo> ENLB,9k>,
B

e—0+t n—oo d;CN

. . d\
lim lim /BQk (y) |det Vw,, | dy = <d£N (z0) ENLB,9k> ,

e—0t n—oo

Elirgl+ nILH;C : 01 (v) |adj V| dy = <£\/ (z0) CNLB,9k> ,

and, in addition,

: . 1 d
Elg(r)l+ nIerOlO ] /B det Vwy . dy = dﬁ—MN (o) -
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We may now diagonalize the sequence {wy .} to obtain a sequence {v,} C
C!' (B;RY) such that v, — ug in L', and

Vol N LN B 5 (o) £V B,
|det Vv, | LV | B = d% (z0) LN | B, (3.29)
ladj Vv, | LN | B = d% (z0) LN | B,
with o "
Jim /B det Vo dy = b (w0). (3.30)

We may now apply (3.17) to the sequence {v,} to conclude that

1
lim —

/ det Vv, dy = det Vu (zo) ,
n=oe |B| Jp

and this, in view of (3.30), yields

d
dﬁ—MN (x0) = det Vu (zo) .
The arbitrariness of €’ concludes the proof. [

We use Theorem 1.2 to obtain a new proof of the result below, which, in
turn, will be used to prove the lower semicontinuity result in Theorem 5.2.

Corollary 3.7 Let {u,} C W'V (Q;RY) be a sequence bounded in L> (Q; RY)N
wi.N-1 (Q;RN) and such that

sup/ (det V)T dz < co.
Q

n

Assume that u, — u in L (Q;RN) for some u € BV (Q;RN). Then there
exists a subsequence (not relabelled) and a Radon measure p such that

det Vau, = p

in the sense of measures, with

det Vu (z) = %N (z)

for LN a.e. x € Q.

Proof. For convenience of notation, in the proof we will denote u,, by u(™.
For every i = 1,--- , N, the sequence {uﬁ") (cof Vu™ (m))h} is bounded in
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L' (Q), thus, up to a subsequence (not relabelled), there exist Radon measures
v, i1, - , fin, such that

* + *
u™ (cof vu™ (:c)) = i, (det Vu(")) =y

14
in the sense of measures. Since

N

det V(™ = 3 ai , (u§”> (2) (cof Vau™ (a:))h,) ,

i=1

we deduce that

N

O /
det Vu(™ “inD (Q).
et Vu H;(‘%i in D ()
N

By Proposition 2.2 we conclude that p :=

1=
that det Vu(™ 2 1 in the sense of measures. The result now follows from the
previous theorem. [ ]

Opi

3y is a Radon measure and
4 Oxi

Remark 3.8 Using cartesian currents, Celada and Dal Maso [13] proved the
previous corollary, and, more generally, that if

My (Vug) = g

in the sense of measures, where My, (A) is a generic minor of order k, with
1 <k <N, then
dpk
Mk; (VU/) = m,
(see Corollary 3.3 in [13]).

4 Counterexamples

In what follows, €2 is an N-dimensional interval, i.e.
Q= (alabl) X X (anbN)7

with a; < b;,i=1,...,N.
The proofs of Theorems 1.4 1.5, 1.6, and 1.7 are hinged on a series of lemma
that we present in the sequel.

Lemma 4.1 Suppose that u € C*(Q;RY), g € C1(Q), and € > 0. Then there
ezist a function v € WH(Q;RY) and a constant C = C(N) > 0 such that

Vo] < C(|Vul + |g| +1) LY ae. in Q, (4.1)
100l v, S € (4.2)

and
|det(Vu 4+ Vo)| > [g|V LY a.e. in Q. (4.3)
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Proof. We set
1/2 1
hi= N2V¥2 (14 |Vul* + |g]*) "7 v = VN <1 VAL, gy + Ellhlle<m> :

Consider a 2-periodic saw-tooth function S : R — R such that

S(t):=|t|, tel[-1,1],

and define
v(x) = h(z)P(z)
where
L N
P(x) = > ; S(vz;)e;.
Note that
€ 1
[(x)] < min { , } in RY, (4.4)
Ty T IVAT, o,
Vy(z)] =1 LY ae. in RY, (4.5)

|det Vep(z)| =1 LN ae. in RV,

From the definition of v and (4.4)—(4.5) we immediately obtain (4.1) and (4.2).
To prove (4.3), we first recall the elementary inequality

|det B —det A| < N|A— B| (JAIN 1 + BN 1) (4.7)

which holds for any matrices A, B € R¥*N_ where the matrix norm |A| is
defined by
Al :=sup{|A¢|: € €RY, |¢] =1}

Observe that
|Vu+ 19 @ Vh| < |Vu| +1 < N7127 V71| (4.8)

LY a.e. in Q. By (4.7) and (4.8) we have

|det(Vu + Vv) — det( AVY)|
< N|Vu+v¢ @ Vh| (|[Vu+ 9 @ Vh 4+ hVe|N = 4 [avyN 1)

1
<2 N Al (20N BV < 2 jnlY
LN ae. in €, therefore by (4.6)
1 1
[det(Vu + Vol > [det(hVy)| = o[BI = S[[Y > |g|™

LN a.e. in €, and this proves (4.3). ]
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Lemma 4.2 Suppose that N > 1. Let Qg be the cube (—1,1)" and let —1 < £ <
1. Then there exist a function w € WH1(Qo, RY) and a constant C = C (N) > 0
such that

w—ide [ WyP(Qu;RY), (4.9)
1<p<N
¢ N
[Vw(z)| < 2l for L7 a.e. x € Q, (4.10)
W(QO) - (_272)N7 (411)
and
det Vw(z) =€ for LY a.e. x € Q. (4.12)
Proof. Define
wi(z) == SO(MOO)? i=1,...,N,
|00
where for r € [0,1]
o(r) = (Y =0+ 1) and  |afs = max{|zy],..., lon]}

For £V a.e. € Qg we have

o = 0y ) 1 ((alo) - G} 2

Ox; 2] o0 |0 |0

J

with

Oz
g;;’o =xg, FEi={x:|z]= m]ax|xj\}-

Hence by (2.5)

1
det Vw = W(pN(|x|oo)

N
e S o (o) (so'<|x|oo>— “’('””'C"”) T
=1

oo/ |20

= [als M ™ T (2100 @' (J2]00),
and we obtain (4.12), i.e.
det Vw = £.

Now, standard arguments show that the function w is weakly differentiable,
(4.10) and (4.11) can be obtained by a straightforward computation, the LP-
integrability of gradient follows from (4.11) and the boundary condition is pre-
served because ¢(1) = 1. |
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Lemma 4.3 Suppose that u € C2(Q;RY), f € CY(Q), 1<p< N, 1<q< o0,
and € > 0. Then there exist a function w € WP(Q;RYN) and a constant
C =C(N,p) > 0 such that

/ |Vw|P dz < C'/ (IVul? + | fIP/N + 1) d, (4.13)
Q Q
||w — UHLOO(Q;]RN) < g, (414)
w=u on 0N (4.15)
and
/ |det Vw — f|?dx < e. (4.16)
Q

Proof. Without loss of generality we assume that Q = (0,1)". By mollifi-
cation of (2|f|+ %)I/N we obtain a function g € C1(€2) such that

2lf| +3 < gV <2/f| + 4. (4.17)

Choose § € (0,£)NQ, and use Lemma 4.1 to construct a function v € W (Q; RY)
satisfying (4.1)—(4.3) with g in place of €. Mollifying v we obtain a smooth func-
tion ¥ with support in € such that

0] Lo (rrvy <6, |9l < C(IVull oo (rmxny + 1 f [ ooy + 1),

wlioo(rN)

(4.18)
17 =l ey <O
for a suitable constant C' > 1 depending only on N. Set
z:=u+07,
and
co = C([IVull oo (qrwsny + 1 fll oo ) + 1), (4.19)

=1+ ||“||W2,oe(n;uw) T HZ”w?m(n;u‘aN) F e 0

Note that cg does not depend on ¢. Write 1 — ¢ = © with r, s € N, and choose
m = ks with k£ € N large enough so that

c1 (2\/N+ 2Ncév_1>

m

<. (4.20)

We consider a decomposition of Q5 := (§,1 — g)N into (rk)" cubes

Q“, ae{l,... rk}",

N
Qa::xa—F(_l 1) .

2m’ 2m

where
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We define

Ay ={ae{l,...,rk}" ¢ |det Vz(z)| < 2|f(z*)|+ 1},
./42 = {1,...,T]<J}N\.A1.
If o € Ay, then set

oI
T det Vz(z)

Note that ¢~ € [—1,1]. Define

—x%), a€ Ay, € Q \ {z“},
T otherwise,

where
P(r) = (KO‘TN +(1- Ka)(2m)*N)1/N .

Observe that ) "
« _ « N o
*(r) = 5 (K (2rm) >+ 1) ,

and thus by a rescaled and translated version of Lemma 4.2 we deduce that
h € WEP(Q;RYN) and if o € Ay then

/a VAP < % (4.21)
(h—id)| Q™ € W™ (Q*;RY), (4.22)
1 1\"
h(Q%) C za + <_m’ m) (4.23)
and
det Vh = {* on Q. (4.24)

Consider a cut-off function 7 € C2(2) such that

0<n<1, n=1onQs, |Vn S%, (4.25)
and set
w(z) :=u(z) (1 = n(2)) + 2(h(2)) n(x), Q.
Then w is differentiable for all © # z,, and (4.15) is trivially verified.
By (4.18) we have
lw(z) = u(z)| < [o(h(2))| + |u(h(z)) — u(z)| (4.26)

<O+ IVull poo (qupv vy [A(2) — 2

<o+ 2 <95
m

29



where in the last inequality we have used (4.20) and (4.23). Hence (4.14) is
satisfied.
Note that w = z o h in Q4, and thus

/ |[Vw|P de < C'sup |Vz(h)|p/ |[Vh|Pdx < % sup |Vz(h)P (4.27)
o Q« Q« m Qe

by (4.21). Since Vz(h(-)) and Vz(-) are continuous functions, we may find z1,
9 € Q% such that

sup [Vz(h(x))] = [Vz(h(z1))l,  nf [Vz(z)| =[Vz(z2)],
TEQ™ TEQ

and thus by (4.19), (4.23) and (4.20)

p
sup [V:(0(e))? < (1 1920+ el o g 10) = 2]

TEQ™
p p
< ( inf v,z(x)|+2c“N> < ( inf |Vz(x)|+6> .
zeQ™ z€EQ™

m

Hence by (4.17) and (4.18)
C p
/ Vw|P de < — ( inf |Vz(x)] +5> < C'/ (14 |VzlP) dx
[e" m CEGQO‘ Qa

< C/ (1+|Vul? + |Vu|P 4 67) dx (4.28)
QO(

<C [ @+IVar+lgl) do
Qa

< c/ (14 IVl + 7YY da
Qa

Since h(x) =z in Ls := Q\ Q5 we have

Vw=Vu(l—-n)+nVz+(z—u)®Vn
=Vu+nVi+9® Vn (4.29)
=Vu+nVo+nV (0 —v)+ 0@ Vn

and so

- T
. |[Vw|P dx < C (/L5 (IVul? + |VolP + |V (0 — v) |P) dz + 5—p||11||1’£QC(Q;]R]\,) |L5|>

(4.30)
<C (/Ls (1 + | Vul? + \f|P/N) dx)

by (4.17), (4.18) and (4.25). Combining this inequality with (4.28) yields (4.13).
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To prove (4.16) we first estimate

| det Vw — f|?dx.
Ls

By (4.29)2, (4.18) and (4.25), we have
|Vw| < |Vu| + |Vo| + [0 @ V| < 2¢o + C,
hence

|det Vw — flq dz S C |L5| (HV'LU”quC(Q;RNxN) + ||f||%oo(Q)) S CéCévq.

(4.31)
In Qs we consider separately the cubes Q¢ with a € Ay, and Q¢ with a € As,.
If € Ay then w = 2z in Q% and

Ls

[det Vz(z%)| < 2| f(z*)] + 1.
Using (4.20), (4.7) and (4.19) we infer that

|det Vz (2) | <|det Vz (z) — det Vz(z¥)| + 2|f (x) — f(2¥)| + 1+ 2|f (z)]
<N |Vz(z) = Vz(xY)| (V2 (2) |V + |Vz(a*)N )
+2ci|x — 2% + 14+ 2|f (2)] (4.32)
<2¢; (1+Nc)' ™) |z — 2%+ 1+ 2|f (2)]

N—-1

for LV a.e. z € Q. From (4.3) and (4.17) we obtain
|det Vz| +1 < 2|f| +3 < ¢V < |det(Vu+ Vo)| LY ae. in Q°,
and thus, using (4.7),

1< [detVz —det(Vu+ V)| < N|Vo— V3| (|[V2|V ! + |[Vu+ Vo[V
< Ce) Vo — Vi

Therefore
/ |deti—f|qu:/ |det Vz — f|9dx (4.33)
«@ QO(
< 0NIQ| < cchq“V*l/ Vo — Vi da.
Qa

If o € As then
f(z®) = £* det Vz(z).
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Recall that ¢~ € [—1,1]. Then by (4.20), (4.23), (4.24) we obtain

|det Vw(z) — f(2)] < [6* det Vz(h(z)) — £* det Vz(2)| + | f(z*) — f(z)]
c1 (1+2Ne) ™)
< <6

m

for each x € Q%, and thus
cé1
/Qa |deti—f|qda: S m (434)
Putting together (4.31), (4.33) and (4.34) by Hélder inequality we obtain

/ |det Vw — f|%da < Coel? + CcéqurN*l/ Vv — V| dz + C§? Qs
Q )
< OO0 4 ¢ 1tV 16 4 69),

and this, with a suitable choice of d, concludes the proof. [

As an immediate consequence of Lemma 4.3 we obtain:

Proof of Theorem 1.5. We may suppose that = (0,1)". It is clear that
it suffices to treat the case where u € C%(Q;RY) and f € C1(Q). The general
case follows using a standard mollification and diagonalization argument. With
each n = 1,2,... we associate a partition of €2 into cubes

Q*, ac{l,... n}Y,

o a;—1 an ay —1 ay
QY = ,— | X% ,— |-
n n n n

We apply Lemma 4.3 to Q, u, f, n~~~! in place of Q, u, f, € and find a
function w® € WHP(Q*) such that

where

/ Vw2 P de < o/ (Vul? + £/ + 1) da, (4.35)
Q™ Q«
1
[wy = ull Lo (@arm) < INFL (4.36)

« (6%
w, = u on 0Q%,

and )
/ |det Vwy — fl9de < —— (4.37)
QC(

niN+1 !

It suffices to set
Up (z) = wy (x) if € Q°

Then, by (4.35) and (4.36), u, — u in WHP(Q; RY), while by (4.37)

1 1
det Vu,, — f|? dx = det Vu,, — f|? dx < —_— =,
/Q\e U 1t dx ;/Qme U fl w*za:nN‘H .
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and this concludes the proof. [
Proof of Theorem 1.4. Assume that Q = (0,1)", u € C?(Q;RY) and
p = fLN with f € C1(Q). Given n = 2*, k = 1,2,..., we partition Q into
cubes
Q°, ae{l,....n}",

Qa::<al—17a1v>X...X<aN_17aN>, (4.38)
n n n n

We denote by x® the center of @ and write

where

Q% = (o — gl + ) oo x (08— o+ k)

Q, = UQQ
We note that Q0] Q)
’Qa TN |Qn|:n7N

Set f := f — det Vu and
fal@) =" f@® +n(z—a%), @ e Q.

We apply Lemma 4.3 to Q%, u, fn, n~N"1 in place of Q, u, f, ¢ to find a
function w® € W1P(Q*) such that

[ vuipde<c [ Qv+ lnp e, (4.39)
Qe Q«
a 1
”wn - UHLOO(Q(M;RN) < E’ (440)
w® = u on dQ, (4.41)
and 1
/_a |det Vwe — fpdz < NFT (4.42)
Set

ws  on each Q°,
Up, 1=
u on Q\Q, .

Then, by (4.39)—(4.42), u,, obviously satisfies

1
/ [ty — ulP da < — (4.43)
Q n
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and

/ |Vu, — VulP de = / |Vwy — VulP de (4.44)
Q

n

<c / (Val? + |ful?/Y 1) de
Qp

1 ~
Qn n Q
1
SC(/ (‘VUV’-Fl)dJ?-‘rT/ |detVu—f|p/Ndx)
Q, nYr o

where we have used the fact that a simple change of variables yields

1 _
P/N Jo — /N .
g e = o [ 17

Moreover

/|detVun|dm§/|detVu\dx+/ |fn|dx—|—/ | det Vwy, — fr| dx
Q Q Qo Qp
(4.45)
~ 1
§/|detVu\dx+/|f|da:+*
Q Q n
< C(1+ [ det Vull i) + [1fllr)-

Consider a fixed cube Q° where 3 € {1,...,m}" for some m = 27, j € N. If
n = 2% with k > 7 then

‘/ detVundm—/ fdx
Q° Q?

= / (det Vu,, —det Vu — f) dz
Qs

= / (det Vu,, — det Vu) dz — / frndz
QB Q,NQA
(4.46)

= / (det Vu,, — f,, — det Vu) dx
Q,NQP

B
m +/ | det Vu| dz.
n Q,NQA

Using the fact that |Q,,| — 0 we conclude that u, — u in WP(Q; RY), and

IN

/ det Vu,, dr — fdx (4.47)
Q8 Q8

as n — oo for every Q° as above. The weak-* convergence of {det Vu,} to f
in the sense of measures now follows from (4.47), the uniform boundedness of
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{det Vu, } in L' () as implied by (4.45), and the fact that the function ¢ €
C. () maybe approximated uniformly by linear combinations of characteristic
functions of cubes QP as above. [

The approximating sequence obtained in Theorem 1.5 may be required to
be in C*(;RY) if p < N — 1. This improvement in the regularity of u,, asks
for a more elaborated version of Lemma 4.3, precisely:

Lemma 4.4 Let R’ be a bounded N —1-dimensional interval and 2 = R'x(a, b).
Suppose that v € C? (Q;RN), fect (Q), 1<p< N-1,1<qg < o0, and
e > 0. Then there exist w € C* (ﬁ; RN) and a constant C = C(N,p) > 0 such
that

/ |Vw|P do < C/(|Vu|”+ |FP/N 4 1) da, (4.48)
Q Q
lw —ull rryy <€, (4.49)
w = u in a neighborhood of OR' x [a, b] (4.50)
and
/ |det Vw — f|?dx < e. (4.51)
Q

Proof. Clearly it suffices to construct a Lipschitz functions satisfying (4.48)—
(4.51), as a standard smoothing argument will yield from it a C*! function with
analog properties. The proof is similar to that of Lemma 4.3. One of main
differences is that some constructions are carried out in dimension N — 1. We
may assume that R’ = (0,1)V~! and that (a,b) = (0,1). We proceed exactly

as in the proof of Lemma 4.3 up to (4.19). We decompose R} := (g, 1- %)N_l
. N-1
into (rk) cubes

P, ac{l,...,rk}N "1

N-1
-1 1
Pr=al (= —) .
Tt <2m’2m>

where

Now we introduce the function L® on R in the following way: on the set
E®:={zy €[0,1] : mzy is integer, |det Vz(z,,zn)| > 2|f(z),zn)| + 1}
we define

f(fE/ ) xN)
() det Vz(xl,, zn)
and then we extend it to be bounded and continuous on R and linear on each

interval complementary to E* (if E“ = () then L* := 0). We have

o 1
||L HLOO([O,l]) < 9 (4-52)
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We refer to the (N — 1)-dimensional version of Lemma 4.2 and set

PN (|2 — o)

h(z) = (””'a* EETAN <x’—f’a>»ffw) if ' € P\ {al, ),

(2, zN) otherwise,

where

PN (1) = (Lan)rV "+ (1= Lo (ay)) (2m) =) /Y

We have h € WhP(Q; RN 1),

C oh
’ ! < / < .
|V’I‘ h(zaIN)‘—mm,_x:llooa ’axN(xaxN)‘_Cv (453)
h(z',zn) = (z’,2n5) on OP* x [0,1], (4.54)

h(P* x{zn}) C {x e RN71: dist (2, PY) < 1
m

} X {:I,'N}, (455)
and
det Vh(z',zn) = LY(zn) on P* x [0, 1]. (4.56)

Fix 7 € (0,1) and define the functions v : R} \ {z}, ta € {1,...,rk}V "1} —
RN=! and H: Q — RY by

2T ] N
)=t S, @ v e EP
and
2
h(z',xN) if |2 — 2 |oo > i7x/ c po
m
2
H(;p) = h(W(m’), (?|J$/—Jj/a|oo—1) J,‘N> if%<|x/_x/a|oo<£,
(@, 0) + |’ — oo (B (7(2'),0) = (a4,0)) i |2 — & ]oc < —,
T m
(', zN) otherwise.

Note that by writing
N-1
RN = | ) 4, Ai={2' eRV: |2/ — 2|0 = |21 — (20); |}
i=1

it is clear that the i*® component of v is constant on A4; and so
det Vv =0 for LY ae. 2/ € RN7L (4.57)

Consider a cut-off function n € C?(R’) such that

0<n<1, n=1lonR; |Vn <

> Q

)
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and set
w(@', zn) = u(@,zy) (1 —n(2") + 2(H(@' ,zy))n(2’), z€Q.

The function w is Lipschitz continuous and (4.50) is trivially verified. Using
(4.53) we have

C

VH@ ay)| < { 17~ ol M

2
if |2 — 2|00 > —T, x' € PY,
m (4.58)

Let a € {1,...,7k}~! and denote
. 2
P = {x' eEPY: |2 — 12l | < T}.
m
As in (4.26), by (4.18), (4.20) and (4.23) on (P*\ P®) x [0,1] we have

jw(z) —u(z)] < [0(H ()] + [u(H (2)) — u(z)| < 26.

Hence

|w —u|P dz = / |w — u|P dx + / |w — u|? dz
/ﬂ za: Pex[0,1] za: (Pe\P)x[0,1]

< 3L = ulf vy + (20)°

<OV lw - U7 (.rny +(20)7
which, by choosing 7 sufficiently small, asserts (4.49).

Now we want to estimate Vw. Suppose first that « € {1,...,7k}¥~1. Using
(4.20) and (4.55) we obtain

/ |Vw(z)P dx (4.59)
(P\P=)x[0,1]
<Cc s |Vr(h(@)) /  Vh@)Pde
ze(Po\Pa)x[0,1] (Pe\P)x[0,1]
< —— sup Vz(h(x))|?, 4.60
mN—1 mepax[0,1]| (h(x))] (4.60)

where we have used the fact that

C 1
(Pe\Pa)x[0,1] mP Jpe\ pe |2 — 2[5

1
C (=
< = [N < 2
- mp - mi-1

T
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As in (4.27) we conclude that

/ \Vwl? do < C (1 +|Vul? + |f\”/N) de.  (4.61)
(Pe\P)x[0,1] Pax0,1]
On the other hand, by (4.58)
/ VulPde<C  sup  [Va(H(@))] / VH@)Pdr  (4.62)
Pex[0,1] zePx[0,1] Pax(0,1]

TAN-L rm\P
p (L o
<ce () ()
Since H (z) = x in (R’ \ Rj) x [0,1] we have

Vw=Vu(l-n)+nVz+(z—u)®Vn
=Vu+nVo+0o®@Vn
=Vu+nVo+nV (0 —v)+0Q Vnp

and so, as in (4.30),

|[Vw|P dx < C/( 1+ |VulP + |f|p/N> dx  (4.63)

/(R/\Rg)x[o,u R\Rj)x[0,1] (

Hence by (4.1), (4.17), (4.18), (4.60) and (4.62)
/ IVwlP dz < C/ (1 + [Vl + |f\P/N> dx
Q Q

T\N-1 rm\P
p( e N-—1
voe (D) (F)m
< 0/(1+ IVl + [fP/N) da + CePmPrN =177,
Q

Since p < N —1 by choosing 7 sufficiently small we may ensure that mPr¥ =17 <
1, which gives (4.48).
Finally we estimate det Vw — f. Denote

| L
Q% = P* x (”,])7 ac{l,... rkYN"1 je{1,...,m}
m m

Ao . 2
QY7 = {(x',xN) € |2’ — 2| < T}.
m
Since w = z o H on Q*/ we have that
det Vw (', zy) = det Vz(H (z',xn)) det VH (2, z ). (4.64)

We claim that det VH = 0 on each Q7. Indeed if |z’ — 2/ [0 < ~ then
m

this follows from the fact that H does not depend on the variable z . If % <
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2T
x' =zl |oo < — then
m

det VH(z',zn) = (det Vh (’y(x’), <§|x’ — 2 oo — 1) xN)> X

(det Vary (') (2! = 2l = 1) =0
T

by (4.57). Hence if x € Q%7 then

Lo(zn)det Vz(h(2/,zn)) (¢, 25) € Q7 \ Q™7

det Vw(2/, = <
et Vw(a', zn) {0 (o, zy) € O

We consider a € {1,. rk}Nil, je{l,...,m} and distinguish two cases. If
at least one of the pomts =11 does not belong to B, say L ¢ E° then an

argument entirely similar to that of (4.31) and (4.32) with (z, %) in place of
T gives

/ |det Vw — f|9dx < CcNTTN—1 / Vv —Vo|de.  (4.65)
Qi\QJ Qxi\Qd
If 21 L € E* then
LY (1) det Vz (2, 1),
f ) = L% (5F) det Vz (24, )

and

( Lo m) nd f(xgé’i)

L%(xzy) is a convex combination of _ a :
(@) det Vz (), 1) det Vz (22, L)

whenever JT <ay < % Hence
o a j f xi}é’% f 'T/a’%
Eoen) - 1 (3] < | L) S em),
et Vz (2, 22)  det Vz (a,, L)
Cel
— m b

where we have used the fact that by definition of E* we have

min {|det Vz (z},, Z=2)|, |det Vz (z),, L)|} > 1.
This, together with (4.52) yields
|det Vw(z) — f(z)| < |L*(zn) det Vz(h(z)) — xN)det Vz (2, L)
| |L =L (3]

+ |detVz( ! %)
f(

+|f (@6 35) — F@)| <
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for each z € Q9 \ Q7 and thus

Co
|det Vw — fl9dx < —&. (4.66)
QI\Q* m
From (4.31), (4.65) and (4.66) we obtain
/ |det Vw — f|9dx < ch‘HN*l/ |Vv — V| dx + C§1 +/ | fl9de
Q Q oy @
+C6cY < C(NTHN1S 4 59) +/ f] da + Caeh e
a,j Qj

With an appropriately small choice of 7 and 4, using absolute continuity of the
Lebesgue integral of |f|? we obtain (4.51). This concludes the proof. ]

Proof of Theorem 1.6. The reasoning used follows that of Theorem 1.4,
where now we invoke Lemma 4.4 in place of Lemma 4.3, and we partition €
into thin cylinders instead of small cubes. [ ]

Proof of Theorem 1.7. The proof is similar to that of Theorem 1.5, where
now Lemma 4.4 is used in place of Lemma 4.3, and we partition {2 into thin
cylinders instead of small cubes. [ ]

5 Lower semicontinuity

In this section we use Theorems 3.3 and 1.2 to derive new proofs of some well-
known lower semicontinuity results for polyconvex integrands. The following
proposition was proved by Dal Maso and Sbordone [16] using cartesian currents
and by Fusco and Hutchinson [21] with a more direct proof.

Proposition 5.1 Let h: R7(N) [0,00) be a convex function such that

h(v) — o0 as |v| — oo. (5.1)
Let u € WIP(Q;RY), and let {u,} be a sequence of functions in WP (€;RY)
which converges to u in L'(Q;R?), where p = min{d, N}. Then

n—oo

/ WM (V) dz < lim inf / hM(Vu)) da.
Q Q

Proof. A blow-up argument allows us to reduce to the case where Q) = B
and w is an affine function (see e.g. Step 2 in the proof of Theorem 1.2). In view
of (5.1) we may assume that {M(Vu,)} is bounded in L!(B;R7), and thus we
apply Proposition 3.5 (see also Remark 3.6) to construct a sequence {w,} C
WP (B;RY) N L™ (B;RY) such that w, — u in L> (B;R?), M (Vw,) =
M (Vu) in the sense of measures, and

H{x € B: wy () # up ()} — 0 (5.2)
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and
/‘ M (Vw,)| dz — 0. (5.3)
{wn#un}

Let ¢ € C.(B;[0,1]) and let v — a + b - v be any afline function such that
h(v)>a+b-vforal veR". Then

Lme%mmz/wmew%mm

B

> z) h(M(Vw,)) dz
_/{ @ hM(Tn)
> z)(a+b- M(Vw,)) dzx.
/{W:un}w )(a+b- M(Vu,))
By (5.3) we have

lim inf/ h(M(Vuy))dr > lim [ ¢(z)(a+b- M(Vw,)) dx
B

n—oo n— 00 B

:/Bgo(x) (a+b- M(Vu)) dx

= (a+b-M(Vu))/ ¢ (z) dx,

B

where we have used the fact that Vu is constant. Letting ¢ ' 1 and taking the
supremum over all affine functions below h we conclude the proof. [

The previous result may be improved when d = N and when the integrand
depends only on the determinant. Precisely:

Theorem 5.2 Let Q C RN be an open, bounded set, and let f : R — [0, o0
be a lower semicontinuous convex function. Let {u,} C WHN (;RY) be a
sequence bounded in WHN—1 (Q;RN) . Assume that u, — u in L' (Q;RN) , for
some u € BV (Q;RN). Then

liminf/ f(detVun)dxz/f(detVu) dz.
Q Q

n—oo

Theorem 5.2 was proved by Celada and Dal Maso [13] using cartesian cur-
rents. Below we present an alternative argument that bypasses this technique.
Proof. Without loss of generality, we may assume that

lim inf/ f(det Vuy,)dx = lim [ f(det Vuy,)dr < oo. (5.4)
Q

n— oo n—00 Q

Following [13] let ¥ € C1(]0,00)) be such that ¢ (t) = ¢t for t € [0,1], ¢ is
constant for t > 2, and 0 < ¢’ (¢) < 1 for all ¢ > 0. Define ¥ € C* (RY;RY) by

ey iy #o,
W@»{ o " iry—o,

41



and for £ € N set y
Uy (y) = kT (E) .

It is easy to see that Uy, (y) =y in B(0,k), and as

VO (y) = [Ty — L y)k <|y|> Y y,(ly>’
) =(wv-ge ) o (L) + oy (4

we have
1 if |y <k,
N-1
det VU (n) = 1 (o (4)) v (B) itk<ly <2
0 if |y| > 2k.

Therefore as 0 < ¢’ (t) < 1 and ¢ (¢t) < t for all ¢ > 0, we observe that
0 < det V¥ (y) < 1 for all y € RY. (5.5)

Let
Un k() = (Prouy) (x), vi(x):=(Yrou)(x).

Note that since ||[VUg|, < C(N), the sequence {uy i} remains bounded in
WwhN-1 (Q; RN), uniformly with respect to n and k. Let g be any nonnegative,
convex, piecewise affine function such that f (v) > g (v) for all v € R. By the
convexity of g and (5.5) we have

g(det Vun ) =g (det (D\Il (%)) det Vun)

< det (D\If (%)) g (det Vauy,) + (1 — det (Dfo (“?"))) 9(0)
< g(det Vun) + X{ju,|>k19 (0) .-

Hence

oo > / f(det Vuy,) dz > / g(det Vu,,) dx
Q Q
> / g(det Vu, ) dz — g (0) [{x € Q: Ju,| > k}.
Q

For a fixed k € N,
lim {z € Q: |uy| >k} =0, (5.6)

because u,, — u in L*(,RY). We claim that

liminf | g(det Vuy, ) dx > / g(det Vo) dz. (5.7)
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If the claim holds, then by (5.6)

/g(dethk)dxgliminf/g(detVumk) dz
Q Q

n—oo

<liminf [ f(det Vu,)dx + g(0) |{x € Q: |u,| > k}|

n—oo

:hminf/ f(det Vuy,) d.
Q

Using the Lebesgue Monotone Convergence Theorem, letting £ — oo we deduce
that

1iminf/ f(det Vuy,) dx > hmsup/ g(det Vuy) dz
Q

n—oo k—)OC
> lim g(det Vu) dm:/g(det Vu) dz
k00 J){ze: Jul <k} o

Here we have use the Chain Rule for the composition of C'! with a BV function
[5] to assert that

Vo, =V (¥ ou) = VI, Vu=Vu
when |u| < k. Taking the supremum over all such piecewise affine functions g
below f, and using again Lebesgue Monotone Convergence Theorem, we obtain

lim f(det Vuy,) dz > / f(det Vu)d

n—oo 9]

The remaining of the proof is dedicated to asserting (5.7).
Either g is constant, in which case there is nothing to prove, or there exists
C > 0 such that

g(t)>Ctt — (5.8)

1
C
for every t € R, or

1
>0t - =
g(t)>Ct -

for every ¢t € R. Without loss of generality, we assume that (5.8) holds and that

oo > lim inf/ g(det Vu,, ) de = lim [ g(det Vu, ) dz. (5.9)
Q

Fix k € N and, for simplicity of notation, denote u, ; and u; simply by w,, and
w, respectively. In view of (5.8), together with (5.9), we have

n—oo

limsup/ (det V)" dz < co. (5.10)
Q

Since {w,} is bounded in L*° (Q;RN) and in WHN-1 (Q;RN) , by Corollary
3.7 there exist Radon measures A, v and p such that, up to a subsequence (not
relabelled),

det Vw, LV | Q@ 2 A, [Vw, |V LN {Q S g(det Vo) LY | Q 5 p
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in the sense of measures, with

d\
det Vw (z) = TN (z)
for LN a.e. x € Q.
We claim that
dp - 1(B(xo,¢)) N
— = lim ——————*= > f .e. Q. (5.11
Iy (x0) i, B(z0,2)] > g(det Vw(xp)) or LV a.e. xq € (5.11)

If (5.11) holds, then the conclusion of the theorem follows immediately. Indeed,
let ¢ € C.(4R), 0 < p < 1. Since

_dp .y
,udeNE + Hs;

where ps > 0, we have

lim [ g(det Vw,)dz > lim inf/ v g(det Vw,) dox = / pdu

n—oo Q
d
2/@CM—MNdx2/gog(deti)dx.
Q Q

By letting ¢ — 1, and using Lebesgue Dominated Convergence Theorem, we
obtain the desired result. Thus, to conclude the proof of the theorem, it suffices
to show (5.11).

Let ¢ € Q be such that

. 1
El_l)%gr ey /B(IO’E) |w (z) — T (x;70)| do =0,
where
T (z;20) = w (x9) — Vw (x0) (x — z0) ,
and

), D (),
dLN N0 N W0 N

Choose € — 01 such that

(0B (xo,€)) = A (0B (x0,¢)) = v (0B (zg,¢)) = 0,

Zo) exist and are finite.

and define
Whe (y) == wn (w0 + Eg) — w (o) for y € B.

As in Theorem 1.2, we may now diagonalize the sequence {w, .} to obtain a
sequence {v,} bounded in W1~N-1 (B;RN) , such that v, — vy in L', where
vo (y) == Vw (o) y, and

det Vo, LY | B = det Vw (z0) LY | B, (5.12)
du 1
—_— = 1. —_— n)j) -
J7N (o) = lim |B|/Bg(deth)
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Let ¢ € C.(B;[0,1]) and let v — a + bv be any affine function such that
g(v) > a+bv for all v € R. Then

1
> lim inf—/ v (y) g (det Vu,) dy
Bl Jp

> liminfél/ ¢ (y) (a + bdet Vo, (v)) dy

n—oo B
(

= ;l/Bgo(y) a + bdet Vw (zp)) dy
= (o biet Vo (a0) 77 [ 2 (0) o

where we have used (5.12). By letting first ¢ 1 we obtain

%(mo) > a + bdet Vw ()

and taking the supremum over all affine functions below g, we conclude

(o) 2 g (det T (w0)),

that (5.11) is established. [
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