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Abstract

We prove the optimal convergence of a discontinous-Galerkin-based immersed bound-
ary method introduced earlier [Lew and Buscaglia, 2008]. By switching to a discontinuous
Galerkin discretization near the boundary, this method overcomes the suboptimal conver-
gence rate that may arise in immersed boundary methods when strongly imposing essential
boundary conditions. We consider a model Poisson’s problem with homogeneous bound-
ary conditions over two-dimensional C?-domains. For solution in HY for ¢ > 2, we prove
that the method approximates the function and its gradient with optimal orders h? and
h, respectively. When ¢ = 2, we have h?~¢ and h'~¢ for any € > 0 instead. To this end,
we construct a new interpolant that takes advantage of the discontinuities in the space,
since standard interpolation estimates lead here to suboptimal approximation rates. The
interpolation error estimate is based on proving an analog to Deny- Lions’ lemma for dis-
continuous interpolants on a patch formed by the reference elements of any element and
its three face-sharing neighbors. Consistency errors arising due to differences between the
exact and the approximate domains are treated using Hardy’s inequality together with
more standard results on Sobolev functions.
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1 Introduction

Numerical methods for the approximation of solutions of partial differential equations over
curved domains can be broadly classified as domain-fitting methods or immersed boundary
methods. The first type of methods require the construction of a mesh over a sufficiently-
accurate approximation of the exact domain, which often makes the imposition of boundary
conditions simple. The second type of methods allows the boundary of the domain to cut
through elements of a background mesh of a larger and simple-to-mesh domain. The task of
meshing is hence simplified, at the expense of complicating the imposition of boundary condi-
tions. This type of methods are often advantageous for problems with evolving domains, such
as for shape optimization problems or for some fluid-structure interaction problems. Immersed
boundary methods are also attractive because fairly structured meshes can be adopted. More
generally, these methods provide an attractive alternative in the absence of advanced meshing
tools.

Many natural strategies to impose essential boundary conditions in immersed boundary
methods often result in suboptimal convergence rates, a phenomenon termed “boundary lock-
ing” (see [ ] for a discussion). For example, for homogeneous boundary
conditions, simply constraining all continuous P! functions over a mesh to be zero along an
immersed boundary can only guarantee convergence as h'/? in H', where h is the mesh size.
The problem can be traced back to attempting to impose too many constraints on the dis-
cretization near the boundary, leaving too few degrees of freedom to approximate the solution.

One way to circumvent this problem is by relaxing the constraint. This has led, broadly
speaking, to two related classes of methods. One class of methods is represented by the
fictitious domain method [ , : , :

, ], in which a small enough space of Lagrange multipliers is designed so that
optimal convergence is retained. The second class of methods appeals to some form of penalty
formulation along the boundary, as in the immerse interface method [ I,
or to a lesser extent, Nitsche’s method (see [ l; [ D).

A third class of methods imposes essential boundary conditions strongly by modifying
the stencil near the boundary, see [ ] for a discussion. In this paper
we analyze the convergence of a discontinuous-Galerkin-based immersed boundary method,
which belongs to this class. The method was introduced in [ | for
homogeneous boundary conditions, and extended to non-homogeneous boundary conditions
in [ ]. It has the following features:
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1. A mesh-dependent, polygonal or polyhedral approximation of the domain is constructed
so that the approximate boundary intersects elements along straight segments or planar poly-
gons only. In particular, the approximate domain is chosen as the zero sublevel set of a finite
element interpolant of the signed distance function to the boundary. This approach has some
advantages for three-dimensional domains.

2. A finite element space constructed with functions that can be discontinuous across
element faces of elements intersected by the boundary of the approximate domain. Functions
in this space are constrained to satisfy (an approximation of the) essential boundary conditions.

The introduction of the discontinuities along element faces has the effect of adding enough
degrees of freedom to impose constraints on the boundary without degrading the approxima-
tion properties. Because of the discontinuities, a discontinuous Galerkin method based on the
Bassi-Rebay numerical fluxes | , ; , | is adopted to obtain the
numerical approximation.

Perhaps less commonly found in immersed boundary methods is an approximation of the
domain, which is needed here for two reasons. First, it simplifies the integration over elements
cut by the boundary, and over the boundary itself. Second, the constraint imposed by the
boundary conditions over the finite element space needs to be such that it leaves enough
degrees of freedom in the element to approximate the solution. When the finite element space
in each element is a polynomial, constraining its values on a segment (2D) or a plane (3D)
leaves polynomials of the same degree to approximate the dependence of a function in the
normal direction. In contrast, a similar constraint imposed on an arbitrary curve or surface
generally leads to suboptimal approximation properties away from it.

We restrict the analysis in the paper to finite element spaces whose functions are polyno-
mials of first order over quasiuniform families of meshes of triangles in two dimensions. We
adopt Poisson’s problem with homogeneous essential boundary conditions as a model. When
the exact solution is in H?, ¢ > 2, we prove that the L2-error in the solution and its derivatives
decrease at least as h? and h, respectively, which are optimal convergence rates. Otherwise,
for solutions that are only in H?, the convergence rates become h?>~¢ and h'~¢, respectively,
for any € > 0. Optimal convergence rates for this method were numerically observed for
elasticity problems with non-homogeneous boundary conditions in two and three dimensions
[ , 2009].

The extension of these ideas to construct higher order methods for curved domains is not
straightforward. Solely increasing the order of the polynomials in the finite element space is
not enough. A different strategy to approximate the domain is needed in this case.

The key difference in the analysis of this method with standard analyses of DG methods is
the need to construct a new interpolant that takes advantage of the discontinuities in the space.
The standard continuous, piecewise linear interpolant that satisfies the homogeneous boundary
conditions along the approximate boundary can only be guaranteed to approximate the exact
solution at a suboptimal rate. We therefore construct a new interpolant with discontinuities
in §4. A special and necessary feature of the interpolant is that the interpolation points in the
reference element depend on the relative position of the approximate boundary with respect
to the element. The interpolation error estimate is based on proving an analog to Deny-
Lions’ lemma for discontinuous interpolants on a patch formed by the reference elements of
any element and its three face-sharing neighbors, Lemma 5.3. Crucial to the approximation
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result is that the resulting bound is independent of the choice of interpolation points. Similar
considerations were needed for problems involving material interfaces, see
[2002].

The second crucial step in this analysis is to properly account for consistency and approx-
imation errors arising due to the difference between the exact and approximate domains. For
simplicity we considered only C? domains. Technical differences appear with respect to pre-
vious estimates for finite element approximations in curved domains (see, e.g., [ l;

[1994]; [ |), since herein the exact boundary is not interpolated
by the approximate one. Approximation errors are treated by defining an appropriate refer-
ence domain, while consistency errors are treated using Hardy’s inequality together with more
standard results on Sobolev functions. It is because of the consistency errors that we can only
prove optimal convergence for exact solutions that are slightly more regular than H?, being
only almost optimal for solutions that are exclusively in H?2.

Once approximation and consistency errors are established, the convergence follows by a
careful adaption of standard discontinuous Galerkin arguments. Throughout the paper we
make extensive use of a number of lemmas about the geometric properties of the approximate
domains, which we establish in §A. These properties should be generally useful in problems
in which domains are approximated as sublevel sets of scalar functions.

The rest of the paper is as follows. In §2 we introduce the continuum and discrete problems.
As commonly done we consider quasiuniform families of meshes that may not fit the domain.
Additionally, for the sake of simplicity, we assume that the boundary of the exact domain
is at a small distance, proportional to the mesh size, of any node in the mesh family. The
approximation of the domain is introduced in §3. We state the main results of the paper in
84, discuss approximation of functions in §5, and prove the convergence in §6.

2 Setting of the problem and notation

2.1 Continuum problem

Let © be an open, connected and bounded domain in R?. Assume that the boundary I' of Q

is of class C? in the sense of [ | (see §3). Under these assumptions the length
IT| is bounded. In what follows | - | indicates the Euclidean norm in R, | - |, indicates the
W2 (Q)-seminorm, || - |lm.q the W"2(Q)-norm, and | - [|mp.o the WP (2)-norm.
As a model problem for our analysis we consider a simple elliptic PDE, i.e.
—Au=f in Q
{ u=20 inI. (1)

The above problem, despite its simplicity, is perfectly suitable for our purposes, since it clearly
presents all the main features of the method. The (weak) variational formulation the problem
reads: find u € Hg(Q) such that

a(u,v) = F(v) for every v € H(Q), (2)

where

a(u,v):/QVu-Vvdx, F(v):/vadx for f € L3(9).
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Existence and uniqueness of the solution are trivial by Riesz Representation Theorem or by
Lax-Milgram Lemma. Moreover, since f € L%(Q) and € is at least of class C? we have that
u € H*(Q) N HL(Q) and that

[ull2.0 < C[[fllo.0 (3)

for some constant C' > 0 independent of f. In particular, if f € LP(Q) for p > 2 then
u € W2P(Q).
To conclude this section we recall a standard extension result for Sobolev function (e.g.
[ ]) of frequent use throughout the paper. Given u € H?()) there exists an
extension to H?(R?), denoted with i, in such a way that

[@ll2pe < Cllull2g (4)

for some constant C' > 0 independent of wu.

2.2 Discrete problem

Let {75}, be a family of triangulations in the plane. We assume that each element E of 7}, is
open and that
sup diam (E) < h. (5)
EET,
In particular, the length of each edge e of FE is less than or equal to h.

Furthermore, we assume that {7} is quasiuniform, i.e. that there exists p > 0 (indepen-

dent of h) such that
ph < Elg% diam (Bg), (6)
where Bg denote the circle inscribed in the triangle FE.

The next step is the definition of the discrete domain €2}, for each h. This is actually rather
delicate and is developed in full detail in the next section. For the moment, consider that €2y,
is an open polygonal set, such that the intersection of I', = 9, with each element is either
empty or a straight segment. Moreover let &£, denote the set of all edges e of the triangles
E €7, and let

=1 ena, (7)

ecly,

denote the union of the “internal” edges.

Let Vi¢ be the finite element space of continuous piecewise linear functions on 7j. Let V},
be the finite element space made of functions whose restriction to each element E of 7} is
affine. Note that Vi C V}, and that the inclusion is strict since the functions of V}, are not
necessarily continuous across element boundaries. Finally, define V) = {v), € V;: vp|r, = 0}.

When considering spaces of functions that may be discontinuous across element boundaries,
it is convenient to choose (arbitrarily) a unit normal n for each edge in &, and then to introduce

the jump operator on V} given by

[on] = v, — vy, (8)
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and the average operator over Vh2, given by

=5 0F +). )

Here vf and 'y,jf denote the traces on both sides of each edge, labeled in such a way that

v,jf = lim._,g+ vp(z £ ne) and similarly for fy,jf. Next, we introduce the DG-derivative as the

linear operator Dpg : V), — Vh2 such that for all F € 7}, we have
Dpgup, = Vup + R([up]) in E. (10)
Here the lifting operator R : L*(T"%) — V;? is defined by
/ R(vp) - yp dx = — / vp{yn} - nds for all v, € VhQ. (11)
Q ri
The discrete approximation consists in finding uj € V,? such that
an(un, vn) = Fp(vp) (12)

for all vy, € V,? . Here

an(un,vp) = Y / Dpgun - Dogon dz + 8 | R([ua]) - R([vn]) dx (13)
faz e, ,

where 3 > 0 is a stabilization parameter, and

Fy(vp) = A f op, dz, (14)

where f is any extension of f to L%(R?) such that

I fllorz < Cllfllog (15)

for a constant C' > 0 independent of f.
Finally, we remark that the functions in V,? are defined in the whole R?, therefore (strictly
speaking) the solution of problem (12) is not unique. However, its restriction to € will be.

3 Approximation of the domain

We specify now the definition of the approximate domain. We do not adopt the standard
interpolation of I" based on its intersections with element edges. This approach works well
in two dimensions, but is not trivially extended to three-dimensional immersed domains over
tetrahedral meshes. Instead, we analyze the alternative approach specified below based on
level sets, which has proved to be very easy to use in both two- and three-dimensional problems
[see , .
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Following | ) , definition 1.2], an open domain (2 has a C?-regular boundary
if there exists ¢ € C?(R? R) such that Q = {z: ¢(x) < 0}, and such that [V¢| > 1 on 9Q.
Theorem 1.3 therein states that Q has a C?-regular boundary if and ony if there exist constants
M,r > 0 such that given any open ball B C R? of radius 7, after a proper translation and
rotation to new coordinates x = (y1, y2), we have that

BNQ={zeR* yp>®(y1)} NB

BnoQ = {zeR* yo=&(y1)} N B, (16)
for some ® € C*(R, R) such that ||®||yy2.0(r) < M.

Let d: R? — R be the signed distance function to 99, with d < 0 in Q. It follows from
[ , , Theorem 1.5] that there exists > 0 such that the distance function d is
C? in U,(092) = {z € R?: |d(x)| < r}, and |Vd| = 1 therein.

In order to obtain optimal order of convergence we need to assume that for some 0 < n < p,
independent of h, we have

|d(za)| = nh, (17)

where x, is any node in 7. This condition prevents the approximate boundary from cutting
slices with arbitrarily small aspect ratios from an element. In practice it can generally be
enforced by simply moving the nodes slightly away from the exact boundary.

In the most general case we could assume that

either d(z,) = 0 or |d(z4)| > nh,

for every node xz, in 7;,. In this case the exact boundary can cross through nodes in the mesh.
However, for sake of clarity and simplicity we shall assume that condition (17) is satisfied
though all the results should hold for the most general case as well.

Let dj, be the nodal interpolant of d in V;¥. Then, the approximate domain 2}, is defined
in a simple way as

Qp = {x S R?: dh(l‘) < 0} . (18)

Notice that €, is open since dj, is continuous. Let I'j, = 9§, (note that under assumption
(17), Ty = {z € R%: dj,(z) = 0}).
Finally, we denote the symmetric difference between €2 and ), with

QAQ, = (2 \ Q) U (2 Q). (19)
In terms of distance functions, we have the following characterization

QAQy, = {z € R? : djy(z)d(z) < 0} .

4 Main results

We now state the main results of the paper, and introduce a few necessary definitions.
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The first interesting result is the construction of an approximation operator that takes
advantage of the discontinuities in V} to optimally approximate functions that are equal to
zero on [',. As mentioned earlier, such operator cannot generally be constructed with functions
in V;° that are equal to zero on I'j,.

We define the interpolation operator by first selecting interpolation points in the discrete
domain €2;,. Remember that in general €}, is the union of triangles and quadrilaterals and that
the finite element space V,? is made of piecewise affine functions vanishing on I',. Additionally,
if ENT}, # 0 then one and only one face of E Ny, lies on the approximate boundary I'j,.

Figure 1: Location of the interpolation points for the operator Hg, marked with black circles,
in , (left) and element by element (right).

Definition 4.1 (Approximation operator). Let E € T}, be such that ENQy, # 0. We define
the interpolation points for E Ny, as (cf. Figure 1)

1. the three vertices if E Ny, is a triangle

2. the two vertices on I'y, and the middle point of the opposite edge if E Ny is a quadri-
lateral.

Then, let 119 : H2(Q) N HY(2) — V2 be the interpolation operator such that v|g is affine
and v (x) = v(x) if the interpolation point x & T'y.

Notice that in this definition it is implicitly stated that IIYv(z) = 0 if € T}, since
H%v € V9, and that if and element E is such that EN T}, # () then H%v has just one degree
of freedom on FE.

In these non-conforming spaces we will adopt the so-called broken norm || - ||,, defined as
1
2
lollq = IVollg zne + 5 ) ]G cne (20)
h
E€Ty, e€&p

and similarly for any other domain in R?; in particular, to simplify the notation we will use
llorlly, for lonllg, - Given 7y, let us denote by 2y, the “smallest union of elements that contains
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Q7 defined as the interior of

U E. (21)
EeTy,
ENQ#D

Accordingly, let f}l be the union of the edges of triangles F € 7}, such that E N # (.
The key property of this interpolation operator is contained in the following Theorem.

Theorem 4.1. Let I19: H*(Q) N H}(Q) — V0 be the interpolation operator of Definition j.1.
For h sufficiently small, the following interpolation estimate holds:

Ihu — all, < M — dllg, < Chllull2. (22)
for some C > 0 independent of u, @ and h.

The second key result of the paper is the optimal convergence of the method in the broken
norm, as stated next. To this end, recall that uy, is well defined in R? and thus in  \ Q.

Theorem 4.2. Let u be the solution of (1) and uy, the solution of (12). Then, for h small
enough
llw = unllo < Chllull20, (23)

and
la —unll, < Chljull2,0, (24)

for a constant C' > 0 independent of h and u.

Finally, the last important result is the almost optimal convergence of the approximation
in L?(Q).

Theorem 4.3. Let u be the solution of (1) and uy, the solution of (12). For every e > 0 there
exists a constant C¢ > 0 independent of h and u such that

lu — unllogn < Ceh®ull2.0, (25)

for h small enough. Additionally, if u € W*P(Q) for p > 2, then there exists a constant Cy > 0
independent of h and u such that

lu —unllog < Coh®|lull2p. (26)

for h small enough.

5 Approximation of functions

This section is concerned with proving the approximation result in Theorem 4.1.



DG-IBM: March 9, 2010 10

5.1 Equivalence of norms

In the sequel we will often need the equivalence of norms in different domains. Let us start
with the L2-norm.

Lemma 5.1. There exists C > 0, independent of h, such that

vl < llvnllgg, < Cllvnllog, (27)

Illos < lhmllo s < Cllvallos (28)

for all vy, € Vi, and v, € Vh2.

Proof. Since Qp, C Q, the first inequality in (27) is trivial. Next, for each element F € Tj,
let ¥p: E'— E be an affine map, where FE is the reference triangle with vertices (0,0), (0,1)
and (1,0) in a set of Cartesian coordinates. For any vy, € Pi(E), we have that o, = v, 0 Vg
is a linear polynomial over E. Without loss of generality, and because of (17), we can then
assume that Vg (z) € ENQy, for any & in the triangle En defined by the vertices (0,0), (0,7)
and (7,0). It then holds that there exists a constant C' such that

1onll,5 < Cllonlly 5,
for all o, € Py(E). It follows that

lonllo. = 2IEN2l1onllo 5 < CIENIIonlly 5, < Cllvnllzng,
for all v, € Pi(E), from where (27) is obtained by adding over all of the elements in the mesh.
The proof of (28) is constructed with the same arguments. O

Arguing as in Lemma 5.1 we easily obtain that

Corollary 5.1. There exists C > 0, independent of h, such that

lonlln, < llorllg, < Cllonlly (29)

for all vy, € V3.

5.2 An auxiliary interpolation operator

Strictly speaking the points x € I', in Definition 4.1 are not interpolation points, because it
may happen that II%v(z) = 0 # §(x). Precisely because = € T';, are not effective interpolation
points, for the proof of (22) it is convenient to introduce an auxiliary interpolation operator
f[g, defined below. This auxiliary interpolation operator provides a simple way to estimate
the error introduced by the approximate boundary conditions satisfied by H?Lv on I

To this end, we first introduce additional interpolation points £%. For each triangle E
denote by x* (for a = 1,2, 3) the three interpolation points of Definition 4.1, with z® € T'j, for
a=1,2, and by y* (for a = 1,2, 3) the three vertices. For E such that ENQ # () and h small
enough we define #% as follows. If ENT = () we set #* (for a = 1,2, 3) to be the vertices of E,
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Figure 2: Location of the interpolation points for the operator ﬂ%, marked with hollow circles,
in Qp (left) and element by element (right). In each element intersected by the boundary,
black circles mark the location of the two interpolation points for H(,JL that do not coincide
with those of H?L

and hence £ = 2% If ENT # () then, by Lemma A.2, T" intersects OF exactly in two points
which belong to different edges. We denote these points by % (for a = 1,2), so that z* and
1% belong to the same edge, and set #3 = 23 (see Figure 1).

Note that the positions of the points % and % depend on I', and I', respectively, i.e. on
the intersection between E and €2, and between E and ). In particular, if z* € I'j, is on the
edge with vertices y* and y“2 then by (17) and Lemma A.2 for h sufficiently small we have
d(z®, y%) > n'h for i = 1,2 and 0 < 1/ < n. Hence 2% = Aly® + A\2y® where A\ € [/, 1 — 7]
(clearly ' < 1/2). Similarly, by (17) we have that d(£%,y%) > nh, for i = 1,2. Finally, from
Lemma A.2 we know that d(z%,#%) < Ch?.

Next, we define H% Let I';, be the polygonal line obtained by interpolation of the points
£ for a = 1,2. In analogy with V) let V}? = {v, € V: Uh|F'h = 0}. Finally, let the
auxiliary interpolation operator H% c H2(Q)N H Q) — V}? be such that f[%v|E is affine and
ﬂ%v(a’:) = v(Z) in every interpolation point # defined above, and every element E that has a
nonempty intersection with 2. As with the points %, the auxiliary interpolation is only well
defined for A small enough.

In view of the proof of Theorem 4.1, we conclude this part with a geometric result useful
to estimate the difference between H%u and H%u Let T be the affine map such that Tx® = £¢
for a = 1,2,3. (Clearly, T is the identity if ENT = ()). Let A : R> — R be the affine function
such that H%u\E = A|g. Then IYu|g = Ao T|g. Note that in general II0u # qu o T since
when F N Qy, is a quadrilateral it may happen that T(E N Q) ¢ E. Let us prove that the
map T is close to the identity.

Lemma 5.2. Let T be the map defined above. Then there exist C > 0, independent of h and
of the points x® and %, such that

[—T|<Ch, (30)
where I denotes the identity.
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Proof. Note that for each element with £ N Q # () the interpolation points #3 and z3 always
coincide. Consider a system of coordinates centered in #% = 23 so that the map 7 is linear. Let
M be a linear map from E onto a reference triangle £ (obtained after a suitable translation)
and consider the map T=MTM. By a standard property of quasi-uniform triangulations
M| < Ch~' and |M~!| < Ch, where C is independent of h. Therefore

I-T|=|MYI-T)M|<C|I-T|.

Since d(£,2%) < Ch?, we have d(M£? Mxz®) < C'h in the reference element E,Afor some
C’ > 0 independent of h, 2% and £®. Then, due to (17) it is not hard to see that |[[ —T| < C”h,
for C” > 0 independent of h, % and £%.

]

5.3 A Deny-Lions lemma on patches of elements.

Our proof of (22) consists in an original generalization to DG-FEM of the classical Deny-Lions
lemma [see, e.g., , |. For simplicity, we restrict the lemma to elemental
spaces made of polynomials of degree one. The main technical difference, due to the presence
of jump terms in the triple norm, lies in the use of patches of neighboring elements rather
than a single element.

Definition 5.1 (Element patch). Let E be an element in Tj,, E1, Es, E3 be its three neighbors
and denote Ey = E. The element patch of E is

3
Pe=|JE:. (31)
=0

As usual the estimate is proved first in a reference patch and then by change of variable
in the real patch.

Definition 5.2 (Reference patch of an element). Given a patch Pg, let M : Pr — R? be a
continuous and one-to-one map such that, for i =0,...,3, the restriction M|g, is affine and
M(E;) is equilateral with unit side. Then, the reference patch of Pg is Pg = M(Pg), and we
let E; = M(E;).

It is possible to select a single reference patch for all the elements in {7}, }. For this reason,
we shall henceforth drop the subindex E from P. Notice that since the elements are open, the
patch Pg is not connected; however, its closure Pg is.

For each E; (i = 0,..,4) let £¢ (for a = 1,2,3) be the three interpolation points in E;
defined in Sec. 5.2. We recall once more that the position of the points £{ in the patch
depends on I'. Denote by y¢ the vertices of the triangle E;. Let 2% = M(£%) and g = M (y{)
be the corresponding points in the reference patch.

Next, we prove our Deny-Lions estimate in the reference patch. For convenience, denote
by é; (for i = 1,2,3) the edges 81?/’1- N E?EO.
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Lemma 5.3. Let P be a reference patch. There exists a constant C > 0 such that for all
w € H?(P) and all choices of the interpolation points z¢ we have

3 3
Y lwlyz + > Mwllos < C Z!w\w +ZZ\w : (32)
=0 i=1

i=0 a=1

Proof. We proceed by contradiction. We assume that there exists a sequence wy € H 2(73)
and a sequence of points £¢, such that for all &,

3
Sl 5,
1=0

erk|2E+ZZ|wk ) (34)

=0 a=1

(33)

Hence, from (33) wy, is bounded in H 2(73), and up to a subsequence, wy, converges strongly
in H'(P). By (34) we also have that [wy, — wnl, 5 < [wmly 5 + [waly 5 — 0 as m,n —

oo. Hence wy is a Cauchy sequence in H 2(73) and it converges strongly to w € H 2(7/5)
Consequently by (34) we have |w|2’ 5 = 0, hence w|g is affine for each i. Moreover, by
Sobolev inclusions wy, converges uniformly to w. Upon extracting a subsequence we can also
assume that the points f; converge to 2{ for each index. Hence wg(if;) — w(if) = 0 by

(34), from where it follows that w = 0 in P.

Next, by (33) we have that
3

> Ilwllloe, — 1. (35)

i=1
However, by the continuity of the trace operator in H 1(ﬁ)
3

3
> Mwrlllog <€D llwelly 5 — 0
=1 i=0
which contradicts (35). O

We remark that Lemma 5.3 generalizes Deny-Lions Lemma to bound the jumps of w
across elements in the patch. With minor changes further generalization are possible to a
more general class of patches, e.g. domains with a finite number of connected components.

We next provide the Deny-Lions estimate in the patch Pg.

Lemma 5.4. Let Pg be the patch of the element E. There exists a constant C' > 0 independent
of h such that for h small enough and for all w € H?(Pg) the following estimate holds

ZS: { ! } + hwi ITwlllo.e, <

=0

hZ|w|QE—I—ZZ|w . (36)

=0 a=1
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Proof. Let M be the map of Definition 5.2. For any function w € H*(P), let @ = w o M1
Then, e.g. by | , , Theorem 3.1.2], there exists C' > 0 independent of A and w such
that

‘wbﬁi < Ch‘w|27Ei ) Hw”OEi < Chw}‘oﬁi ) ‘w’LEi < C|w’1ﬁi ) (37)

from where we have that

lwl1,E;, +h~ i < Clwlly g, - (38)

The last bound needed is the one for the discontinuity terms. Using again [ , ,
Theorem 3.1.2] we have

Ilwllloe: < 22 [@] o

and hence
W2 [wllloe, < IT@Dloe,. (39)
Using (38), (39), Lemma 5.3 and (37) we get
3 3
Y [lwhp +h M wlos] + 272 ([w]loe <
=0 =1
M3 3
<O Il 5+ H[[U?]]Ho,éi]
Li=0 i=1

3 3
<C |U7|2 R W)(f?ﬂ]
0 a=1

w

<C _thm +ZZ\w ] :

i=0 a=1

since w(2¢) = w(M~12¢) = w(£%). Here C' > 0 is independent of h and w and may change
from line to line in the equations above.

O
5.4 Proof of the approximation error estimate

This section contains the proof of Theorem 4.1. Using Lemma 5.4 with w = o — H?Lu we
deduce that for every element patch

3
|t — H2U|1,EO =+ h1/2 Z | [ — H?Lu]]HO,ei >
i=1 =0

since MY u is affine and @(#%¢) = Mu(£%). Therefore, taking the sum over all the elements with
ENQ#( we get
Il - ullg, < Chlulzq. (40)

It remains to show that
T w — M ullg, < Chllull20- (41)
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As in §5.2, let us write H?Lu\E = A|p and IYu|p = Ao T'|p where A is affine and T linear
(in a suitable system of coordinates). Then VII)u = VIIYu T where, by abuse of notation, T’
denotes both the matrix and the map. Hence

/E VI u — VITu|? de < |1 —T? /E VI u|? da < Ch2|ﬂ2u|i}3. (42)
Let us consider the norm of the jump. Let e be an edge of E. Then,
’ 2 ’ 2 20 1—12
|[Mhu — Mu]|” < 2|[fu — )] ™ | + 2|[u — )|
Now we will estimate only the term with the left traces which depends only the values on

the actual element E; the other term will be considered taking the sum over all the elements.
Then, by the representation II)u|p = A|g and ) u|p = Ao T|g it follows that

H%u!E :V(f{%um) -x+c, H2u|E = V(ﬁ2u|E)T~a:+c.

Then, using Lemma 5.2 we get
/yngu _1i0u2ds < |1 — TP / VIO U]z ds
e e
< Cht / (VI u|? ds .
e
Considering that Vf[%u is constant in E and that |E| > Ch?2, the previous inequality becomes
/eyﬂgu —Mul?ds < Ch® /E VI u|? da < C’hﬂﬁ%u\iE. (43)

Finally, taking the sum over all the elements FE € 7;,(€2) by (42) and (43) we get

, 2 , B ,
G~ 113}, < € 32 MM~ W pg + 2 3 [0 — 1] o)
E€Ty, e€&n

Then, by (40)
[T

40
voni ~ [ulyg, <IMMhu—ulyg g < Chlulyg, -

Hence, for h sufficiently small, |ﬁ2u|l,@h\f}; < 2[lully g, < Cllull2,0 and thus

2 2
5w — Mhullg, < Ch[lull3q -

6 Convergence

We can now prove the convergence of the method, Theorems 4.2 and 4.3. The essential step
here is the proof of the asymptotic consistency of the method, Lemma 6.6, which embodies
the errors due to the differences between domains.
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6.1 Properties of the lifting operator

Lemma 6.1. There exist constants C1,Cy > 0 independent of h such that
CrlIR([onD)llo.c, < B2 Tondllors < Coll R([wa]) 0.0 (44)

for all vy, € V3.

Proof. The proof follows closely that in [ ], the key difference being that
integrals are performed over intersections of elements with the approximate domain.

We first prove the left inequality in (44). We will need the fact that there exists a constant
C > 0 independent of A such that

[vallo.c < Ch™|lvnll0.z (45)
for any vy, € V},, see e.g. | , , Lemma 3.2]. Next,
IR([oD) 3 2, = —/Fi [vnl{ R([vr])} - n ds by (11)
h
< Nonlllors I{R(Eonl)}lor; by Cauchy-Schwartz
< lvnlllo,rs I{R(TonD) } o by Lemma 5.1
< Ch Y2 [onlllo,rs | RTonD)llo 3, by (45)
< Ch 2| [on]llo,rs | R(TonD) o, by Lemma 5.1.

For the second inequality we will need the space of BDM elements of order 1 over 7p,
[ ]. These are vector fields that are affine over each element and whose
normal components are continuous across element boundaries. For this element it holds that

lwnllo. < ChY?|wp - nllo.e (46)

for every wy, € BDM;(7;,), where C' > 0 is a constant independent of h. In particular, let
wp, € BDM,(7,) be defined by

wy, - = [vp] in T%. (47)
It then follows from (46) and Lemma 5.1 that
lwnllo.c, < CRY2wn - nllgz - (48)

Then, since wy, € Vh2 , we have

Mondl gy = | Tord un-m s

;
_ _/Qh R([vn]) - wh dz
IR ([vaD) llo.c 1w llo.cy,
< R R([onDllo.y, llwn - nllg 7 by (48)
< ChM?|| R(TonD)llo.c N Tond o 5 by (47)
< Ch2 R oy llondllory by Lemma 5.1,

IN
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which concludes the proof. O

6.2 Properties of the bilinear form

Lemma 6.2 (Continuity and coercivity). For any 8 > 0, there exists m, M > 0 independent
of h such that

|an(un, vn)| < Mlunllpllvnlly, (49)
mllunlli < anun, un) (50)
for any up, vy € V.

Proof. To prove continuity we note that because of Lemma 6.1 there exists C > 0 independent
of h such that

IB([un])llo.0, < Ch™ 2 [unlllors < Cllunlly,

and

IDpcunllg g, = IVun + R(IunD)lIg o, ri < 21Vunllg g, ri + 21 B([unD)ll5 0,

— 2
< 2VunlZ g py + Ch a2y < Clunl?

for any uy € V3. Consequently,

lan (tn, o3| = ‘ /Q Dpcun, - Doy, do + 8 /Q R([un]) - R([on]) do

< [[Ppgunllo.on [ Poavnllo.c, + BIIE([ur])lo.c, [ B([ual)llo.g,
< Mlunllpllonll, -

To see the coercivity, we shall take advantage of Young’s inequality, i.e., [2ab| < ca®+b% /e,
for any € > 0 and a,b € R. We then have

I Doaunl g, = IVunld g + IR 0, +2 /Q oy Ve R(L]) do
hA\L h

> (1 =) Vunllg g, pi + (1= 1/2) [R([un]) 5.0,

Consequently,
ap(un, un) = | Dpcunli o, + BIR([un)) 3 0,
> (1= &) [VunlZ gy oy + (841~ 1/2) |R([uaD) R,
>min(1 —¢,8+1—1/e)|unl;-
Given 8 > 0, it is enough to set € € (1/(5 + 1), 1) for the bilinear form to be coercive. O

A similar result holds true in V, + H(Qp).
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Corollary 6.1. For any 3 > 0, there exists m, M > 0 independent of h such that
|an(u,v)] < Mull, v, (51)
mlfully < an(u,v) (52)
for any u,v € Vi, + HY(Qy).

To prove (51) and (52) it is sufficient to follow step by step the previous proof, remembering
that if w = up, + w, with up, € V3, and w € H', then

[ul = [un], R([u]) = R([wn]), Dpcu=Vu+ R([up]) = Dpgun + V.

6.3 Consistency

Consistency errors in the formulation fall into two types: errors due to the difference between
Q and €, and errors because the bilinear form ay, is asymptotically consistent even when the
two domains are equal.

We will need the following trace inequality for a quasi-uniform family of triangulations:
there exists a constant C' > 0 independent of A such that

05, < € (W 0llg & + hlvf ) (53)

for any v € H(E), for any E € 7;, and e € OE. It then follows that
o} < Ch (Iol2g, + b2l o) (54)

for all v € H(Q,) + Vi

Lemma 6.3 (L2-estimate on the domain differences). The exists C > 0 independent of h such
that

1/2
[vrllo.one < Ch2( > |Uh|%,Em(Q\Qh))
E€Ty,

1/2
[vnlloonq, < Chz( > !vhliEm(nh\m>
EcTy,

(55)

for any vy, € Vho and for h small enough.

Proof. The lemma relies heavily on the facts that the gradient of vy, is constant in each element
E and that v, = 0 on I'y. Then, in every element E such that E N (QAQy) # () we have

sup  |up| < Ch? ‘VUME . n‘ < Ch? ‘VUME‘
EN(QAQ)

where n is the unit normal to I'j,, constant in E, and we have used the bound on the distance
of points in £ N (QAQ;) to Ty in Lemma A.2. Here the constant C' > 0 is independent of h
and the element FE € 7j, for h small enough.
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Next,
lallg.one < D sup  [oal’|EN (2 \ Q)
EcT, Em(Qh\Q)
< Y OWVuypPlEN (@ \ Q)
EeTy,
41,12
< > ChMonlt o)
EeTy,
which gives the first inequality in (55). The second inequality follows in a similar way. O

For sake of clarity we state also the following Lemma, its proof is a direct consequence of
Hardy’s inequality in Hg(Q) [see, e.g. , | and of Corollary A.1.

Lemma 6.4 (Hardy’s inequality on the domain differences). There exists C > 0 independent
of h such that
I3llo.ame + Ivlloon, < Ch*[vl1iq, (56)
for every v € H} ().
Another useful estimate about traces is the following. For its proof see e.g. |
, , §4.3 and 5.3].

Lemma 6.5. For r > 0 let B,.(T) = {z € R? : d(z,T) < r} be the neighborhood of T' with
radius v. For v sufficiently small there exists C > 0 such that for every v € H*(Q) the
following inequality holds true

(27«)—1/ |V@]dx—/|Vﬁ| ds
B, () r

Lemma 6.6 (Asymptotic consistency). Given f € L? let @ denote an extention to H*(R) of
u, the exact solution of (1).

There exists a constant C' > 0 (independent of f and u) such that for h small enough and
for every vy, € V,? the following estimate holds true:

< c/ D20(z)| dx .
5,(1)

lan (@, vy) — Fp(vp)| <

. 2
2,0+ HfHo,ﬂh\Q> <h< > ’Uh’%,Em(Qh\Q)> +h UQH[[Uh]]Ho,r;;) . (57)

EcTy,

< Ch (Hu

Moreover for any € > 0 there exists C. > 0 (independent of f and w) such that for h small
enough and every v € H}(Q) N H2(Q) the following estimate holds true:

2o+ [ Flogne) (Pllele +h = lelba),  (58)

where ¥ is an extension of v to H*(R?). Additionally, for every q > 2 there exists Cqy >0
(independent of f and u) such that for h small enough and for every v € H}(Q) N W?24(Q)
the following estimate holds true:

Jan (@, 8) = Fu(®)] < el (Jlu

jan(@, 8) = Fa(@)] < O (Julao + | logne) lelago- (59)
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Proof. We begin by manipulating the following expression:

Z /EnQ Vi - R([vg]) dx = Z/ Vﬂ—VH%u)-R([[vh]]) dx

EcT;, EeT;, Y BN

+ Z/ VIIu - R([up]) dz
EcT, ’ NS

=> /E (Vi — VIIQu) - R([vp]) da

EeT;, NSy

- / [on {VIDu} - n ds.
h
Since [u] = 0, and thus R([u]) = 0, we have that

Z/E (Vi - Vo, + Vi - R([vg])) da

EeT;, T BN

- _ Al
Z/E u vy, dx

EeT;, T BN
+/Fi [vn] (Vi — {VI)u}) - n ds
U — Ou) - v x
+E;/mh (Vi — VIu) - R([vp]) d

Since u is the exact solution, from Lemma 6.3 we have that

’Z[mhm” vhda:—’Z/

(AT + f) v dm‘
EET, EeT, Y ENn\Q)
< C(llullzg + Ifloome)llvrlloone

< Ch¥(lullz + I Flloone) (2 1onl} mrenan))
EeTy,

1/2

From the trace inequality (54) and the interpolation estimate in Theorem 4.1 it follows
that

’/ [vn] (Vi — {VIju}) -n ds‘ <
I,
< Nondllor 95 — (VI o g
~1/2 . _
< Ch™ 2| [onlllory, (1Y@ = VI ully 6, \ps + AIVE — VIRl 5\ 1)

< O fonl o Il
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Finally, from (44) and Theorem 4.1 we have

/ (Vi — VIIou) - R([vp]) dz| <
EeTh EﬂQh

< Y IVa = VITullo,sra, [|R([oa])llo,zre,
EeTy;,

< Clla — Wyull,h 2| [onlllo,ri
< Ch*2|lullz gl [vnlllors, -

Consequently, (57) follows.
Let us prove (58). Since u is the exact solution, integration by parts gives

an(t,0) — Fp(0) = [ Va-Vi — fodx
Qp,

:/ wa.nds—/ (Ad+ f)o da
Fh Qh

:/ f/Vﬂ-ndS—/ (At 4+ f)o dz.
'y Qp\Q

Then
<C(flu

/Q i P 20+ I Floona)lFlosama
h

< CR*(ullz.2 + | Flloama)lv

where the bound on ||9]|gq,\q follows from Hardy’s inequality (56).
It remains to consider the boundary integral. Remember that v = 0 on I, so that

/ oVu-nds / ﬁV&-nds+/@Vﬂ~nds
Ty 'y T

g/ Vi - Vil + |Add| de,
Q,AQ

1,0

where we have used the divergence theorem in each connected component of QAQ,.
Using Hardy’s inequality (56) the second term is bounded by

/ |Aut| de < Cllull2ollvllo.o,an < CR|lul2alvhg -
Qn A

In general, by Sobolev extension and embedding we have ||V ||, g2 < Cljv||2,q for C' depending
on Q and g € [1,+00). Let xq,rq be the characteristic function of Q, AQ. Let us choose
p,q,r such that p~' 4+ ¢~! 4+ 57! = 1, then, by Holder’s inequality

/ Vi V| dr = / el Vi - V| dz < | Vall, gl Vol ze s ze
QA0 R2

2.0/ \ QY*

2
Q,Qh /s ;

< Cpgllvllzellu

< Cpgllvllzellu
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where C), ; depends on €, p and ¢. As the above inquality holds true for every p, ¢ € [1, +00)
we can choose s arbirtarily close to 1, from which our assertion follows.

In the case o € W>%(Q), ¢ > 2, by Sobolev embedding we have ||V gz < C||v]l2,q,0-
Therefore

/ Vi - V| deCHUHZq’Q/ V| d .
QLAQ Q

RAQ

By Corollary A.1 we know that for h sufficiently small (2, AQ) C Bgp,2(I'). Then, invoking
Lemma 6.5 for » = Ch? we obtain

/ |Va| de < / |Va| dx
0RAQ Bgy2(I)

< ChQ/ |Vu| ds + C’h2/ |D?a dz .
r B2 (T)
The continuity of the trace operator and Holder’s inequality yield
/ Vil dr < Ch?Jullag,
QpAQ

which concludes the proof. O

6.4 Convergence in the broken norm

We can now prove Theorem 4.2.

Lemma 6.7. Let u be the solution of (1) and uy the solution of (12). Then, for h small
enough
llun — ull, < Chllull20, (60)

for a constant C' > 0 independent of h and u.

Proof. From the coercivity and continuity of the bilinear form, the asymptotic consistency
(57) and the approximation error in Theorem 4.1, we have that

m| 0w — upll; < an (0w — up, T — up) by (50)
= ap,(MQu — @, 0w — up,) + ap (@ — up, MYu — up)
< M — all, [T — upll, by (51)
+lan (@, Mhu — up) — Fy(Iu — up)| by (12)
< Chllull2. 0w — upll), by (22), (57)
and the proof is concluded. O

Proof of Theorem /.2. From Theorem 4.1 we have that

Ia — hulls, < Chllullzg.
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Also, from Corollary 5.1 and Lemma 6.7 it follows that
llun, — Wyullg, < Cllun — Mull, < C'hjlul2g0.
We then conclude that
la — unlls, < IMhu — unllg, + IMu — dllg, < Chllullzg.

from where (23) and (24) follow. O

6.5 Convergence in the L?-norm

We prove convergence in the L? norm, Theorem 4.3, using a classical duality argument. To
this end, let us introduce the auxiliary elliptic problem

—Aw=u—up in
w =10 on I

Note that uy, is well defined in © and that u—uy, belongs to L2(€2), therefore the above problem
is of the same type as (1), for f = u — up. The variational formulation is the following: find
w € H(Q) such that

a(w,v) = / (u — up)v dz for every v € HE(Q) (61)
Q

It is well known that the solution of the above problem is unique, it belongs to H?(Q2) and
|wll2,0 < Cllu—wunllo.q, being © of class C2. The discrete problem consists in finding wy, € V}?
such that

ap(wp,vp) = / (@ — up)vp dx for every vy, € V)2, (62)
Qp

obtained by setting f = U — Up.

Proof of Theorem /.3. In the following we denote with C' and C, positive constants indepen-
dent of h and u that may change from line to line.
The approximation estimate of Theorem 4.2 leads to

) 1/2 ~ ~
(X sl praney) < b= unl, + il
EeT,

< C'hllullz0 + Clullz0 < Cllu

2,0 (63)

and similarly

2 1/2< 0 — il < C 64
> unl pronayy ) < i —unllg + llallg < Cllull2q (64)

EeTy,
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where the two inequalities hold true for h sufficiently small. Using again Theorem 4.2 we
estimate the jump term with

W2 [undllorg < i —unll, < Chllull2g - (65)

From (63), (64), Hardy’s inequality (56) and Lemma 6.3 we can write

@ — unllooan, < llallooaq, + lunlooan,

1/2

Lo+ | D [unli groaan < CR?||ull2.0 -
EETh

< Ch? | |ju

Using the estimates (57) and (58) of the consistency error we have

ap (W, — up) — /

(@ — up)? dx’ <
Qn

< C.h (Hme(Q) + |la — MHOM\Q)

2
<h< > ‘uh‘%,Em(Qh\Q)) +h I/ZH[[Uh]]Ho,r;l

EeTy,

+ hllullie + hl_eHUHm) :
Now, the elliptic estimate for w, (63), (65) and (66) give that for h sufficiently small

apn (0,0 — up) — /

[ (=) de| < Coh (I = o+ 12 ull2) (Bllulao + 5~ ula)
h

< Ceh®™“(lu = uplo,o + h®|lull2.0)lull20 - (67)

Let wy, be the solution of (62), then by (57), Theorem 4.2 and the elliptic estimate for w we

obtain B 3
lan(wh, @ — up)| = |ap (@, wp) — Fr(wp)|

<Ch (\|u||2,9 + Hfllo,nh\ﬂ)

12
<h< > |wh|%,Em(Qh\Q)) +h I/QH[[wh]]Ho,rz)-

EeT,

Arguing as above and using the elliptic estimate for w yields

/2
(Y 1onB orane) Al < Chllwlag < Chllu = willog,
EeTy,

which together with (15) gives

lan(wn, @ = up)| < Ch?||ull20flu — unlloo-



DG-IBM: March 9, 2010 25

By continuity, the elliptic estimate for w, and by the error estimates in the triple norm we
also have

|an (@ — wp, & —vp)| < Cllw —wally @ —unll,

< Ch?||wll2gllullz0 < Ch?u — unllogllul20-

Therefore, from (67) and the two previous estimates we get for h sufficiently small

i — upllg 0, < lan(@, @ —up)| + Ch* (Jlu — upllog + h?{|ull2,0)lull2,0
< an(® — wh, @ — up)| + |ap(wh, @ — up)| + Ch® ullz,0 ([lu — unlloo + h*|lull20)
< Ch® “Jul|z,0(|u — upllo,o + 7||u

2.0) -

Hence

lu—unl3 e — lhe = wnll3 oy, < 18— unli3, < Ceh®lullzallu —unlog-

Using (66) we can bound [|u — up||o0\q, from below as follows

lu = unll§ o = Cllul3 oh* < Ceh®ull2.gllu — up

o2, (68)
or equivalently,

lu—unll§ o < Ch® “Jlullz,0llu —unllog + Cllull3 oh* -
Then, for h sufficiently small a simple algebraic computation leads to

0.0 < Ch* ull2a,

[l —

where C¢ is the constant in (68), and hence independent of u and h. A similar calculation
when u € W2P(), p > 2, leads to the slightly better estimate (26). O
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A Lemmas about the approximate domain

Let E such that ENT}, # 0. Denote with vy, vo, v3 its vertices. Because of (17), the signs of
dp(v;) = d(v;), i = 1,2,3, cannot all be equal.

Lemma A.1 (Intersection between elements and boundary). There exists ho > 0 such that,
whenever h < hg, we have

ENT#0 < ENTp#0 (69)

for any E € T;,. Under these conditions, let vo and v3 be two vertices of the triangle E with
d(va)d(vs) > 0 and let egg be the edge with end points vy and vs. Then d(x)d(vy) > 0 for all
T € e93.

Proof. Clearly, the implication ENTy, # ) = ENT # () is trivial, since £ N T} # () implies
that the values of the signed distance function d at the three nodes of E' cannot all have the
same sign. Then, the continuity of d ensures that d(z) = 0 for some point x € F.

To prove the converse, let 7 > 0 be a constant for which the representation in (16) is valid
for any open ball B of radius r, and let h € (0,7). Consider E € 7}, such that ENT # (), and
let x,, € ENT. In the ball B.(z,,) = {z € R?: |z — x| < 7} we can write x,,, = (y7*, ®(y")).
Clearly E C Bp(zm) C By(xm), and it follows from (16) that

(ENT) C (Bp(xm) NT) = Bp(zm) N {y € R*: yo = &(y1) } .

Let
y(l) =inf {y; € R: (y1,P(y1)) € Bp(zm) NT}
yt =sup{y1 € R: (y1,®(y1)) € Bp(zm) NT} .
Clearly ‘
lyi—yi"|<h  fori=0,1. (70)
For . 0
‘i’l _ (I)(yl) B (I)(yl)
Y1 — Y1
let

O(y1) = (y7) + ' (y1 — 1)
be the affine interpolant in y¢ for i = 0,1. By a standard inequality for linear interpolation in
W2 we get B
|®(y1) — D(y1)| < CMA? (71)
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for any y1 € (3?,91), where C does not depend on h and M. Now we write (71) in a more
convenient way as

O(y1) — CMh* < ®(y1) < B(y1) + CMA?

for all y1 € (y9,y1). Geometrically, B,(z,,) N T is contained between two straight lines,
represented by ® + CMh2.

The nodes of the triangle F can only be located at a distance larger than or equal to
nh from I'. This implies that for h small enough the nodes of the triangles cannot lie in
the region delimited by these two straight lines. More precisely, if h < hg = n/2CM then
0 < CMh? < nh — CMh?, hence

®(y1) —nh+ CME* < &(y1) < (y1) + nh — CMh’
for all y; € (y?,yi). Moreover, the nodes of E need to lie in A* U A~, where
A% = Bp(zm) N {z = (y1,32) € R*: £yp > £B(y1) + (nh — CMA?)}.

Because of (16), AT ¢ Q and A~ C (R?\ Q) and clearly A* NT" = (). Consequently, the
signed distance function d is negative in AT and positive in A~. Since AT is a convex region,
it follows that F € AT whenever its three vertices are in A*. But ENT # () and so there is at
least one vertex of E on each region. It then follows that the signed distance function cannot
have the same sign at all three vertices, and hence that £ N T, # (). Additionally, since two
of the vertices lie in the same convex region A*, the segment that joins them belongs there
as well. Consequently all points in the segment have the same sign of the distance function as
the end points. This concludes the proof. O

Under the assumptions and notation of Lemma A.1, given x € E \ {v1}, let L, be the
straight line that joins v; with 2. We denote by y? = ENT} N L,, which clearly exists and is
unique, and by 7, one of the points in the set ENT N L,. This set is clearly non-empty, since
the sign of d(v) is different than the sign of d on the edge eg3 with end points ve and vs.

Lemma A.2 (Polar parametrization for QAQy,). There exists hg > 0 and C > 0 such that if
h < hg then for any E € Ty, such that ENT # (:

1. the set ENT'N L, has only one element, and hence y, is well defined for any x € E\{v1};

2. the set Ly NQAQY, NE is a line segment with end points y, and y" and |y, —y?| < Ch?
for any x € E\ {v1}.

Proof. Since (2 is assumed to be C2-regular, the signed distance function d is C? in U, = {z €
R?: |d(z)| < r} for some r > 0, and we denote M = supy; |D?d|. Let 0 < h{y < r be such that
Lemma A.1 holds. Consider E € 7, for h < min (h{,n/M) such that ENT # () and hence
EnNTy, #10.

Because h < r, we have that E C U,, and hence that d is C? in E. In particular, by Taylor
expansion and Lipschitz continuity

|d(29) — d(21) — Vd(zy) - (x2 — 21)| < Mh? (72)
’Vd(l’g) — Vd(acl)\ S M‘xg — 1‘1| S Mh (73)
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for any 1,22 € E.

Let \; € [0,1], i = 1,2,3, \; < 1, be the baricentric coordinates of x € E \ {v1}, which
satisfy A1 + Ao+ A3 =1 and z = E?:l Aiv;. We can write x — vy = Ao(ve — v1) + A\3(v3 — v1),
and hence the directional derivative of d at x along L, is

Vd(z) - (x —v1) = XAoVd(x) - (va — v1) + A\3Vd(z) - (v3 —v1). (74)

Since d(v2) and d(vs) have the same sign and opposite to that of d(v;), from (17) and (72) we
have that for i = 2,3

0 < 2nh — Mh? < |d(v;) — d(v1)| — Mh? < |Vd(vy) - (v; — v1)], (75)

and it is simple to see from (72) that Vd(vy)-(v; —v1) has the same sign for ¢ = 2, 3. Combining
(74) with (75) and (73) and using the fact that (1 — A1)k > |z — v1| we get
Vd(z) - (x = v1)| >

Z ’/\QVd(vl) . (UQ - ’1)1) + )\3Vd(1)1) : (’1)3 - Ul)‘ - ‘Vd(l‘) - Vd(vl)Hx - 1)1’

> (1—X\)(2nh — Mh?) — M|z — v1]?

> 2|z —vi| (n — Mh)

>0
so the distance function is monotone along each line joining vertex vy with a point in £. In
particular, this shows that d(z) = 0 has a unique solution therein. Consequently, the set
ENT N L, has only one element and y, is well defined for any x € E. The monotonicity of
dp and d on L, implies that {z € L, : dp(z)d(z) < 0} is the line segment with end points
y, and y?. Remember that ||d — dp||eo,z < Ch%. Hence dj,(y?) = 0 and |dx(ys)| < Ch2. Let
€= (x—wv1)/|r —v1], and set z = ea3 N L. Since |dp(z) — dp(v1)| > nh and since |z —vi| < h
we get |Vdj, - €| > n. By linearity,

\dn(y)| = |Vdy - € (y — y2)| > nly — y2|

for y € L,. Then,
Ch* = |dn(ys)| = nlye — ¥}

which gives the last assertion. O
Corollary A.1. There exists C > 0 such that for h sufficiently small we have
dp(T,Ty) < Ch?,
where dg denote the Hausdorff distance.
Proof. From Lemma A.2 there exists C' > 0 independent of h < hg such that

|d(yn, T)| = inf |y — 2| < Ch? and |d(y,Ty)| = inf |z, —y| < Ch?,
zel zn €l

for any y € I and yp, € ['y,. O
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