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Abstract. We consider stochastic differential games with N players, linear-Gaussian dynamics
in arbitrary state-space dimension, and long-time-average cost with quadratic running cost. Admissi-
ble controls are feedbacks for which the system is ergodic. We first study the existence of affine Nash
equilibria by means of an associated system of N Hamilton-Jacobi-Bellman and N Kolmogorov-
Fokker-Planck partial differential equations. We give necessary and sufficient conditions for the
existence and uniqueness of quadratic-Gaussian solutions in terms of the solvability of suitable al-
gebraic Riccati and Sylvester equations. Under a symmetry condition on the running costs and
for nearly identical players we study the large population limit, N tending to infinity, and find a
unique quadratic-Gaussian solution of the pair of Mean Field Game HJB-KFP equations. Examples
of explicit solutions are given, in particular for consensus problems.

Key words. N-person differential games, mean field games, linear-quadratic problems, stochas-
tic control, feedback Nash equilibria, multi-agent control, large population limit, consensus problems.

AMS subject classifications. Primary: 91A06, 49N70; Secondary: 93E20, 91A13, 49N10.

1. Introduction. We consider a system of N stochastic differential equations
(1.1) dX] = (A'X] —al)dt +o'dW}, Xi=a2'c¢R?  i=1,...,N,

where A%, 0% are given d x d matrices, with det(c?®) # 0, (W}, ..., W}¥) are N indepen-
dent d-dimensional standard Brownian motions, and ai: [0, +oo[— R? is a process
adapted to W/ which represents the control of the i—th player of the differential game
that we now describe. For each initial positions X = (z!,...,2") € RV we consider
for the i—th player controls whose associated process is ergodic and the long—time—

average cost functional with quadratic running cost
(1.2)

_ 1 T (o Rigt _
Ji(X,a',...,a") == liminf — E / ) Fai | x, X" Qi(x, — X)dt |
T—oo T 0 2

where E denotes the expected value, R’ are positive definite symmetric d x d matrices,
Q' are symmetric Nd x Nd matrices, and X; € RNV? are given reference positions.
For this N—person game we study the following two problems:
1. the synthesis of Nash equilibrium strategies in feedback form, and of the probability
distribution for the position of each player at the equilibrium, from a system of elliptic
partial differential equations associated to the game,
2. the large population limits as N — oo of these strategies and distributions and
their connection with the Mean-Field Games partial differential equations introduced
by Lasry and Lions [30, 32].
The first problem is classicaly formulated within the theory of Hamilton-Jacobi-
Bellman equations associated to N-person differential games, as was done in [8, 9] for
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compact state space. This leads to a system of N PDEs in RV strongly coupled in
the gradients of the unknown value functions. Instead, we exploit the independence
of the dynamics of different players, that makes the game merely cost-coupled, and
follow the approach of Lasry and Lions [30, 32] leading to a system of N nonlinear
PDEs in R? of HIB type coupled with N Kolmogorov-Fokker-Planck equations for
the invariant measure of the process associated to the Nash equilibrium. This has
several advantages, including a much weaker coupling of the new system of PDEs.
We refer to [4] for more information on the connections between the two approaches.
In view of the Linear-Quadratic-Gaussian structure of the game we look for solutions
of the HJIB-KFP system in the class of quadratic value functions and multivariate
Gaussian distributions and give necessary and sufficient conditions for both existence
and uniqueness of solutions in this class. This produces Nash equilibria in the form
of affine feedbacks.

The second problem is set in the framework of nearly identical players, as in [2].
We first characterize the existence and uniqueness of identically distributed solutions,
then take the limit of these solutions as N — oo and show that it solves the system
of two Mean-Field Games PDEs in R?

1 .
—tr (#D%) T3 Vo' R™'Wo — Vol Az + X = V[m](z)

(1.3) —tr (#DQTR) — div (m . (R—1V’U — ACL‘)) =0
Jpam(z)dz =1, m >0,

in the unknowns (v, m, ), with v,m € C?(R%) and A € R, where tr and div are the
trace of a matrix and the divergence operator, respectively, and V[m] is an integral
operator sending probability densities into quadratic polynomials defined in terms of
the blocks of the matrix Q?. Moreover, the solution obtained in the large population
limit is the unique having v quadratic and m Gaussian. We also show that such
solution is unique among general solutions of (1.3) under a condition on a submatrix
of Q% meaning that imitation is not rewarding in the large population limit.

The strategy of proof for both problems is the same: we insert the coefficients of
the quadratic value function and of the Gaussian distribution into the system of partial
differential equations and we show that this reduces the problem to the solvability of
an algebraic Riccati equation and a Sylvester equation. Besides proving the existence
of solutions these matrix equations can be used to solve explicitly some examples
or can be solved numerically in more complex cases. There is a large literature on
the numerical resolution of Riccati equations for which we refer, e.g., to [13] and its
bibliography.

We find explicit formulas for the solutions of (1.3) in the case the diffusion matrix
o and the cost matrix R are constants times the identity matrix, and the drift A of
the system is either a symmetric or a non-defective matrix. In particular we treat
cost functionals depending on the state via the quadratic form

. 1 . ) ) )
(1.4) FZ(Xl,...,XN):WZ(XZ—XJ)TPN(Xl—XJ), i
J#i

Il
[y

with PN — P > 0, a model arising in consensus problems. We recall that a consensus
process aims at reaching an agreement among several agents on some common state
properties. This is an active area of research within multi-agent control and coordi-
nation. We refer to [36] for the motivations of consensus problems, their connection
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with mean field control theory, and references to the large literature on the subject.
Note that the cost functional (1.4) pushes the players to take positions close to each
other. We show the existence of a quadratic-Gaussian solution with mean u for each
solution of A%y = 0. Therefore such solutions and the corresponding Nash equilibria
can be infinitely many: note that here imitation is rewarding.

Most of the results of this paper and explicit formulas for the solutions were
derived by the first-named author in [2] in the case of 1-dimensional state space,
i.e., d = 1, where the analysis is much simpler because the search for quadratic-
Gaussian solutions leads to scalar polynomial equations of degree at most two. For
d > 1, instead, we arrive at some nontrivial algebraic Riccati equations coupled with
Sylvester equations that require a much heavier use of matrix algebra and do not
admit explicit solutions in general. In a sequel of the present paper [37] the second-
named author studies several singular limits of the N-person and Mean-Field games
considered here, such as the vanishing viscosity, the cheap control, and the vanishing
discount limit.

Linear-Quadratic differential games have a large literature, see the books [6, 19]
and the references therein. Large population limits for multi-agent systems were stud-
ied by Huang, Caines and Malhame, independently of Lasry-Lions. They introduced
a method named Nash certainty equivalence principle [24, 25, 26] that first produces a
feedback from a mean-field equation and then shows that it is an e-Nash equilibrium
for the N-person game if N is large enough. We cannot review here the number of
papers inspired by their approach, but let us mention [34] and [11] for LQ problems,
[7] about robust control, [35] for recent progress on nonlinear systems, [36] for consen-
sus problems, [29] on the rate of convergence as N — oo, and the references therein.
Some of these papers also deal with ergodic cost functionals, e.g., [26, 34], but their
assumptions and methods differ from ours.

Concerning the Lasry-Lions approach to MFG, besides their pioneering papers [30,
31, 32] let us mention the lecture notes [15] and [23], [1] on numerical methods, [21]
on discrete games, [16] on the long time behaviour of solutions, [20] on the large pop-
ulation limit for nonlinear ergodic control of several populations, and the thesis [17]
on multi-population models. A very recent survey on MFG focusing on the compar-
ison with the theory of mean-field type control is [10]. There is a wide spectrum of
applications of Mean-Field Games that we do not try to list here and refer instead to
the quoted literature.

The paper is organised as follows. In Section 2 we define admissible strategies,
introduce the system of HIB-KFP PDEs associated to the N—person game and recall
some known facts about matrices and algebraic Riccati equations. In Section 3 we
present our main result about Nash equilibrium strategies for the N-—players game.
In Section 4 we define the games with nearly identical players and give the existence
and uniqueness result in that case. Section 5 is devoted to the analysis of the limit
when the number of players tends to infinity, under natural rescaling assumptions on
the matrix coefficients of the game. Finally, in Section 6 we present various explicit
sufficient conditions for the validity of the previous theory and some explicit solutions,
in particular for consensus problems.

Some selected results of this paper were presented at the 52nd IEEE-CDC in
Florence, December 2013 [5].

2. Preliminaries.

2.1. Some properties of symmetric matrices. In the following, we will use
the notation Matgxq(R) for the linear space of real d x d matrices, Symgq for the
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subspace of real symmetric d x d matrices and I; for the identical d x d matrix.

Given a matrix M € Symq, we say that M is positive semidefinite (resp. positive
definite) if for all # € R? there holds 7 Mz > 0 (resp. if for all x € R?\ {0} there
holds 7 Mz > 0). We will also use the notation Sym(‘iIr for the set of real symmetric
and positive definite d x d matrices.

Finally, given a (real) d x d matrix M, we denote its spectrum by spec(M). Recall
that eigenvalues of a matrix M depend continuously on the coefficients of the matrix
(see [38]), so that if we have M,, — M, then in particular the eigenvalues of M,
converge to eigenvalues of M.

We summarize in the following proposition some facts that will be used to prove
our results.

PropoOSITION 2.1. The following facts hold.

(i) Let H € Symq and K € Symj. Then, HK s diagonalizable with real eigenvalues.
Moreover, the number of positive (resp. negative) eigenvalues of HK is equal to the
number of positive (resp. negative) eigenvalues of H. The same holds for KH.

(i) By defining for every matriz M € Symgq

(2.1) |M|| := max {|¢| ; £ € spec(M)},

we obtain a norm. Moreover, if M is positive semidefinite, then ||M|| is simply the
largest eigenvalue of M, i.e.

||M|| = maxspec(M).

(iii) Let H, K € Symgq be positive semidefinite matrices and let L € Sym} . If H — K
is positive semidefinite, then |H| > || K|| and

max spec(H L) > maxspec(KL).

Sketch of the proof. We refer to [38] for a proof of (i) and (). Concerning (iii),
the part about |[H| > || K| follows from Weyl’s inequalities (see [38]): by setting
A*(M) := maxspec(M), we obtain

K| = A"(K) < A"(H) + A(K - H) < X(H) = | H||.

The remaining part requires to recall that the spectrum of a matrix remains the same
under changes of basis, and that H — K > 0 implies MTHM — MTKM > 0 for all
matrices M € Matgx4(R). Therefore, we obtain

N(HL) = \*(VLHL(VL)™') = X*(VLHVL) > \*(VLKVL) = \*(K L),
and this completes the proof. ¢

2.2. Admissible strategies. We consider strategies whose corresponding solu-
tion to (1.1) is ergodic.

DEFINITION 2.2. A strategy o' is said to be admissible (for the i—th player) if it
is a process adapted to the Brownian motion W, with E[|ai|?] bounded on [0,T] for
all T, and such that the corresponding solution X} to (1.1) satisfies
o E[(X)(XHT] is bounded on [0,T] for every T;

o X; is ergodic in the following sense: there exists a probability measure m* = m'(a?)
on R? such that

/ |z dm®(z) < oo / |22 dm'(z) < oo
R R



Linear-Quadratic N-person and Mean-Field Games with Ergodic Cost 5

and

i 8| [ aeca] = [ o).

locally uniformly w.r.t. the initial state X}, for all functions g which are polynomials
of degree at most 2.

Below, we prove that affine strategies are admissible. Preliminarily, let us introduce
the notation A'(u, V) for a multivariate Gaussian distribution with mean p € R? and
covariance V € Sym:{, i.e. a distribution with density

v exp {— %(z — )tV - ,u)} ; where v = (2m)"Y2\/det(V).

Moreover, we say that a probability measure is an invariant measure for the process
X, in RY if

/ E[6(X.) ] Xo = y] duly) = / 6(z) du(z)
Rd Rd

for all t > 0 and ¢ : R — R bounded and uniformly continuous.
PRrROPOSITION 2.3. For the affine feedback

(2.2) o'(z) = Kz 4 ¢, reRY,

with K € Matgxq(R) such that the matriz A'— K* has only eigenvalues with negative
real part, and ¢ € R?, consider the process o := a'(X}) where X} solves

(2.3) dX} = [(A" = KX} — c')dt + o' dW} .

Then ol is admissible. Moreover, the process X; has a unique invariant measure
m® given by a multivariate Gaussian N (i, V) with mean p = (A* — K)71c' and
covariance matriz V. which satisfies the algebraic relation

(2.4) (A" — K'Y + V(A — KHT + 6 (c)T =0,

and X} is ergodic w.r.t. such a measure m'.
REMARK 2.1. Note that the equation (2.4) satisfied by the covariance matrix
V' admits a unique solution. Indeed, it is a Sylvester equation of the form

MY +YN = —o'(c")T,

with M = N7, so that the matrices M and —N have no eigenvalues in common
(see [19, Lemma 2.31]).

Proof of Proposition 2.3. It is well known (see for instance [14, Theorem 4.3]) that
given a matrix M € Matgxq(R) whose eigenvalues have all strictly negative real part,
it is always possible to find a matrix P € Sym:lr such that M7 P+ PM = —1. We now
claim that, by denoting with P* the symmetric positive definite matrix corresponding
to M = A" — K', V(x) := 27 Pz is a Lyapunov-like function for the system (2.3).
Indeed, by denoting with £ the infinitesimal generator of the process, we have
ot (0))T

LV (x) = tr < 5

1 T
_tr<g(;) Pi>_|x|2,

Pi> 42 P4 — K)o+ (A= K')2) " Pla




6 Martino Bardi and Fabio S. Priuli

which is strictly negative outside a ball of radius R > %Pi. Hence, the

existence of a unique invariant measure m' for (2.3) follows by exploiting the theory
of Khasminskii [28] or the results in [3]. Observing that if a unique invariant measure
exists, then such a measure is also ergodic in the sense of Definition 2.2 (see e.g. [18,
Theorem 5.16]), we have verified the second property required by admissibility.

It is well known (cf. [27, Section 5.6]) that, for solutions of linear stochastic
equations (2.3), the mean vector m;(¢) := E[X}] and the covariance matrix v;(t) :=

E[(X})(X])T] are respectively solutions of
() = (A" — K')my(t) — ',
and
0,(t) = (A" — K" 0;(t) + 0;(t)(A" — KT + o'(o")T,

whence boundedness of first and second moments follows.
Finally, since a multivariate Gaussian A (u, V) with y = (A" — K*)7 ¢! and V
solving (2.4) is indeed a stationary solution of (2.3), by uniqueness we get m’ =

N, V). o

2.3. Algebraic Riccati equations. We recall here some basic facts about al-
gebraic Riccati equations (ARE in the following).
ProrosITION 2.4. Consider the ARE

(2.5) YRY —Q=0
with R € Symji' and Q € Symg, and introduce the following notations

- I, 0 R
(26) =g = |: S(’i :| S MathXd(R), H = ( o 0 ) € Matgdxgd(R),

where S is any element of Matgxq(R), and Im =g for the d—dimensional linear sub-
space of R*¢ spanned by the columns of Z5. Then the following facts hold.

(i) Y is a solution of (2.5) if and only if Im =y is H—invariant, i.e. if and only if
HE € ImE for all £ € Im E.

(i) If the matriz H has no purely imaginary nonzero eigenvalues, then equation (2.5)
has solutions Y such that Y =Y.

(iii) If Q is positive definite, then all eigenvalues of H are real and different from
zero, and equation (2.5) has a unique symmetric solution Y such that the matrizc RY
has only positive eigenvalues. In particular,

(2.7) spec(RY') = spec(H) N (0, +00) ,

and Y is also the unique symmetric positive definite solution to (2.5).

Sketch of the proof. The proof follows from standard arguments about Riccati
equations that can be found in [19, 33]. We give here some explicit references for
sake of completeness. Part (i) is contained in Proposition 7.1.1 of [33]. Part () is
a particular case of Theorem 8.1.7 in [33]. Concerning (%ii), if we assume Q positive
definite, then ¢ is an eigenvalue for H if and only if ¢ is a solution of the equation

—ll; R

0 = det(H — l1zq) = det ( o I,

> = det(¢*I; — RQ)
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i.e. if and only if £2 is an eigenvalue of the d x d matrix RQ. But we are assuming that
both R and Q are positive definite, so RQ has only positive eigenvalues and therefore
all eigenvalues of H are in R\ {0}. Now Theorem 8.3.2 of [33] ensures that there
is a unique solution Y of (2.5) in Symg such that RY has only positive eigenvalues
and such solution is characterized by (2.7). In turn, (2.7) implies that ¥ € Sym}.

Finally, assume there is another solution Z € Sym then RZ would have only positive
eigenvalues too, and hence we would have Z =Y by the characterization above. ©

2.4. HJB and KFP equations associated to the N—person game. We
focus our attention on the game (1.1)—(1.2), in order to write the system of HIJB-
KFP equations associated to the game (1.1)—(1.2), as in [2, 30, 32]. We start by
remarking that the part of the cost depending on the state of the game can be also
written as
(2.8)

(X7 = X Q(X* - X7
1

Fixh. . XM =X -X)TQ'(X -X;) =

v

J

where the matrices Q; i are d x d blocks of Q’. The standing assumptions on the game
are summed up in the following condition.
(H) Assume that 0% in (1.1) are invertible matrices, that R in (1.2) belong to Sym_
and that Q" in (1.2) are symmetric matrices. Moreover, assume that blocks
!, belong to Sym as well.

REMARK 2.2.  Each block Ql « collects the costs for player i per unit of dis-
placement of players j and k from their reference positions X; and XZ , respectively.
The assumption Q¢ > 0 means that his own reference position X, is a preferred
position for the i—th player. This condition has a clear interpretation and makes
some calculations easier, but for the validity of Theorem 3.1 it can be weakened to

+ (AHTRIAT/2 > 0.

For the game (1.1)—(1.2) under consideration, we observe that the i-th Hamilto-
nian takes the form

) Rt
H'(xz,p) := min{ T

) . R?
W W pT(Alz — w)} = —pT Az + min {—wTEw - pTw} .

Since the minimum is attained at (R*)~1p, we get
' i — R i i iy—
H'(z,p) = =((R)"'p)" 5 ((R)"'p) —p" (A'w = (R)"'p) =p

We introduce the notations

(29)  fiasm',. mY) = /MH Fig 8 g ) [[dmd (&),

r (R)™!

5 P~ pl Al

J#i
for any N—vector of probability measures (m!,...,m%"), and
V(T
V= % € Matdxd(R).

The classical system of N Hamilton-Jacobi-Bellman equations in RV¢ whose solutions
generate Nash feedback equilibria is, for i = 1,..., N,

(2.10) Ztr VD20 + Hi (2, V i’ +Z (27, V 5v7) - Vv + N = FY(X),
JFi
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see [8, 9] and the references therein, where X := (x!,...,2"), and the unknowns
are v(X) and the constants \’, i = 1,..., N. Note that this system of PDEs is
strongly coupled via the terms V,;v? appearing in the i-th equation. In view of
the independence of the dynamics of the different players we follow the approach by
Lasry and Lions [30, 32] and suppose the solution v* of (2.10) depends only on z*,
i=1,...,N. We consider the linearization around v® of the i-th equation of (2.10),
that is,

i

—tr(v' D*m") — div (mlaa—(x, Vvl)) =0, inRY i=1,...,N,
p

and assume this system has positive solutions m’ with Jga mi(r)dx = 1. Next we
multiply the i-th equation in (2.10) by II;z;m?(27) and integrate over RV=14 ywith
respect to da?, j # i. Then we arrive at the system of HJB-KFP equations in R¢

—tr(v! D?0%) + Hi(x, Vo) + X' = fi(z;m!, ... ,m")

OH'®

(211) { —te(v' D2m’) —div(mi 5 (x,vvi)) =0 i=1,....N
Jgam'(z)de =1, m' > 0,

where v* : R — R, A" are real numbers and, with a slight abuse of notations, we
have denoted with m’ a measure as well as its density. As in [2], since we are not in
the periodic setting of [30, 32], the solutions v are expected to be unbounded and
cannot be normalized by prescribing the value of their average. This is the system we
will study in the next two sections. It will be fully justified by Theorem 3.1, where
we construct directly a Nash equilibrium in feedback form from a solution of (2.11)
without resorting to the harder system (2.10).

3. N—person game. First of all, define the following auxiliary matrix B €
Mat yaxvd(R) as

AX TRaAa
(3.1) B:= (Baﬁ)a,ﬁzl 777 N> Baﬂ = _Qgg - 5(1,@ % S Matdxd(R) ’

where d,p is the Kronecker delta, and an auxiliary vector

N iy
- Zj:l Q%] le
(3.2) P .= : e RV,

N L
- Zj:l Q%g XN]
Also, denote with [B, P] € Matygx(va+1)(R) the matrix whose columns are the
columns of B and the vector P, i.e.

(3.3) B, P]:= (B',...,BN P) |

being B’ the columns of the matrix B. With these notations we can state the fol-
lowing conditions for existence and uniqueness of solution to the associated system of
Hamilton—Jacobi—Bellman and Kolmogorov—Fokker—Planck equations.
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(E) For each i € {1,..., N}, every symmetric and positive definite solution Y of the
algebraic Riccati equation
ViR (A)TRi AT

3.4 Y Y= Y i
( ) 2 2 +QZ’L7

is also a solution to the Sylvester equation
(3.5) YV'R' — RW'Y = R'A" — (A)TR'.

Moreover, the matrices B € Matyaxna(R) and [B, P] € Matygx(nva+1)(R)
have the same rank, where B is the matrix defined in (3.1), P is the vector
defined in (3.2), and [B, P] is the matrix defined in (3.3).

(U) The block matrix B defined by (3.1) is invertible.

Some explicit conditions on the data ensuring (E) are discussed in Section 6. Our
main result for the games with N players is the following.

THEOREM 3.1. Assume that the N-players game having dynamics (1.1) and
costs (1.2) satisfies assumptions (H). Then, the associated system of 2N HJB-KFP
equations (2.11) admits solutions (v',m*, \)1<;<n of the form v® quadratic function
and m' multivariate Gaussian, i.e. of the form
(3.6) v'(x) :xT7I+(pZ)T:17, m' =N, (271, A eR,
for suitable symmetric matrices A' and X°, X positive definite, and vectors p', i €
R<, if and only if condition (E) is satisfied. In particular, ¥ is the unique solution
in Sym] of the Riccati equation (3.4), A" = R{(v'S' + AY), p = (u*,..., 1) solves
Bu= P, and p* = —R'V'3' i’

Moreover, solutions of the form (3.6) are unique if and only if condition (U) is sat-
isfied and, if this is the case, the affine feedbacks

(3.7) a'(zr) = (RH)™'Vo'(x), zeRY i=1,...,N

provide a Nash equilibrium strategy for all initial positions X € RN, among the
admissible strategies, and J*(X,@) = A" for all X and all i.

Proof. The proof will be divided in several steps. Steps 1 to 4 study the particular
form taken by system (2.11) when solutions are assumed to have the form (3.6). Step 5
proves the equivalence between existence and (E). Step 6 proves the equivalence
between uniqueness and (U). Finally, Step 7 shows that the affine strategies (3.7)
give a Nash equilibrium for the game (1.1)—(1.2).

Step 1. We start by inserting functions of the form (3.6) into the system (2.11),
beginning with the second equation (KFP). Notice that the hypothesis on the measure
m’ can be rewritten in terms of its density, which we denote again as m‘, as follows

(3.8)  mi(x) =7"exp {— %(:v — ) 'E (@ — ui)} = (2m) Y2 det (2,

for a matrix X' € Symji' and a vector ¢ € RY. In particular, from (3.8) we deduce
Vmi(z) = —mt(z)X%(z — pb). Similarly, the condition on the value function can be
rewritten in terms of its gradient as follows

(3.9) Vo' (z) = Aa + p,
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Hence, by substituting these expressions in the second equation of (2.11) and recalling
the expressions of H? and Vm’, we obtain
. ) OH? ) . . OH? .
0= —tr(v' D*m’) — div (mza—p(:v, Vzﬂ)) = —div (l/ZVmZ + mla—p(x, VUZ))
= div(mi (V'S (2 —p') — (R)'Vo' + Ai:v)) .
Therefore, (3.9) implies
0= div(mi (V'S (z —p) — (RY) "N — (R) o' + Alx))
=m'tr(v'2 — (R)7IAY + AY)
4 vmz . [VZEZ(I _ 'LLi) 4 (Az _ (Rz)flAz) T — (Ri)flpi]
_ _mi {(m _ /Li)TEil/iEi(x _ Mi) 4 (CL‘ _ ui)TEi(Ai _ (Ri)_lAi)I
— (& — TSR — tr('S — (RY)IAT + Az)}
Since m'(z) > 0, this means that the other factor must vanish for every € R?. But

such a factor is a quadratic form, and this means that its coefficients must be zero.
In turn, this leads to the following matrix relations

(3.10) VY- (RHTIA AT =0, VISt (R i =0,

In conclusion, necessary and sufficient condition for having solutions to the KFP
equation, of the form (3.6), is that the value function v* is related to the measure m*
through

(3.11) A = RV + A7), Pl = —RWIN

where the equality for A? also imposes that the matrix Ri(l/iEi + Ai) is symmetric.
Step 2. Let us consider now the first equation of (2.11) (HJB). By exploiting (3.11),
we have

tr(v' D*v') = div(v' Vo') = div(V' RV S (a—p' )+ R'A'z) = tr(V' RV S v RTAY)
H(z,Vo') = %(Vvi)T(Ri)_IVvi — (VT A'g

hence the equation can be rewritten as

—tr(V' RS+ V' RUA") + % (z — )T SV RIS (2 — p) + %xT(Ai)TRiAi:v

+ %(:CT(Ai)TRiuiEi(:v —pt) + (x — /ﬂ)TEil/iRiAix)
—(z— TSV R Ale — 2T (AYTR Al + X' = fi(a;m?t, ..., m")

or, equivalently,

—tr(V' RS + V' RIA") + pH)TS W RIS (2 — pt) — %xT(Ai)TRiAix

(z -
( (AYTRWS (x — pt) — (2 — ui)TEiuiRiAix)

>’ O] = B =

= filaim!,... m").
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Taking into account that R?, v%, and ¥ are all symmetric matrices, the term in the
second line vanishes and we obtain

—tr(V' RIS + V' RIAY + (2 — p)TY! % S —pt)

(Ai)TRiAi

(3.12) —fo:C—l—)\i:fi(x;ml,...,mN)

We can now exploit (3.8) to compute explicitly the expression of f*. Indeed, since
mt = N(ut, (39 ~1), we have

.
= (X' - XHTQL(XT - X )+(X (ZQlku - ))
k#i

+ (X TR ) (X - X7
J#i

+ Y (W -X)TQi -
J,kFi,jF#k

+ 3 (@ (5 ) + (= F)QY (e — )
J#i

= (X)TFXT 4 (C)TF 4 FlaX 4 B

where we have used the relation E[vT Mv] = tr(MX~1) + ()T M, which holds for
any symmetric matrix M and any vector of random variables v whose expected value
is u and whose covariance matrix is £ 7!, to compute explicitly the last quadratic
term. For later use, we write explicitly the expressions of Fj, FfJ, Ff)2 and Fi:

T )
Fi = Q:

(A

Fi,=-Q;X; +(ZQZJN __j))
J#i

Fiy=—(X)"Qi + (Z(Hj -X)" ;z)

J#

Fy = (X QUX - () (Y @yt X)) - (X -X)7@) X

JFi i
i -k
+ > W =X Q- X
Lk#l,J#k
+ 3 (@5 =) + (0 = XTQY (1 - X))
J#i

Once again, we can interpret equation (3.12), which is equivalent to the first equation
of (2.11), as an equality between quadratic forms to be satisfied for every x € R?. This
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means that we must equate the corresponding coefficients. Notice that the assumption
of Q* symmetric in (2.8) implies that (Q},C_)T = Qy; for every j,k € {1,...,N}. In
particular, @Q}; € Symq. Hence, F}; = (Ff72)T and the two conditions on the linear
terms
_IT Zlquzquz T EZVZRZV’LE’L
2 2

do coincide. This leads to three conditions on the coefficients of the quadratic forms
which have to be satisfied by the matrices ¥, the vectors p* and the real numbers A*.

p=a"Ff,, —(uh) v =F,u,

i i i iNT pi Ai
(3.13) g VBV gAY RA
2 2
St RN i i
(3.14) -y = Fiy
YR ) )
(315) (‘ul)T # ‘ul _ tI‘(VlRZVlEl + VszAz) + /\z _ FS

2

Step 3. Notice that (3.13) is equivalent to say that 3¢ solves an ARE of the form (2.5)
with

ViR o (A)T R A
2 B 2
Hence, its solutions can be found as d-dimensional invariant graph subspaces of the
2d x 2d matrix H defined in (2.6). Since our standing assumptions (H) imply that
both R and Q are positive definite, we can apply Proposition 2.4 (ii)—(7ii) to conclude
that (3.13) has a unique solution X in Symg, representing the inverse of the covariance
matrix for our multivariate Gaussian m'.

Step 4. Concerning (3.14), we can rewrite the condition as

EZVZRZVlEl i i 3 i _‘.
(3.16) _fﬂ —ZQinJ = _ZQini7
i j=1

R = +Qj; -

or equivalently, by collecting the relations (3.16) for : =1,..., N,

(3.17) B| : |=P

N

where B is the Nd x Nd matrix defined in (3.1) and P is the vector in RN? de-
fined by (3.2). Here, we have also used the fact that each X7 solves the Riccati
equation (3.13) to rewrite the terms B, as

DR (ATRA
2 2 pp>
i.e. in the form expected in (3.1). Finally, (3.15) becomes

Bpp -

r SR IN!

5 ptFtr(V RIS+ VI RUAY).

X'=Fy — (1)
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Step 5. So far we have mostly manipulated the equations of (2.11), under the
assumptions (3.6), arriving to an equivalent system of matrix equations (3.11), (3.13),
(3.14), and (3.15).

Now let us assume that condition (E) holds. We have seen that each equa-
tion (3.13), for i € {1,...,N}, is an ARE which admits a unique symmetric and
positive definite solution X¢. By (E), the matrices X% also satisfy the Sylvester equa-
tion (3.5) and thus

RlVZZZ—FRlAl:ElVlRl‘i-(Al)TRZ — (RZVlEl—FRZAl) ,

so that, by setting A* according to the first relation in (3.11), we obtain a symmetric
matrix as required. Moreover, the assumption on B and [B, P] in (E) ensures the
existence of a solution (u!,..., ") to the linear system (3.17) of Nd equations in
Nd unknowns. By using the solutions ¥¢ and x in (3.15) and in the second relation
of (3.11), we also find admissible values A" and p’, and these complete the construction
of a solution of the form (3.6).

Viceversa, let us assume that a solution of the form (3.6) exists for suitable
matrices A’ € Symq, ¢ € Sym?, and suitable vectors p’, u’. Then, by the analysis in
Step 1, we necessarily have (3.11). Furthermore, by the analysis in Step 2, 3’ must
solve the ARE (3.13) and p* and A must be given by solutions to (3.14) and (3.15). In
particular, the system (3.17) admits at least a solution, and this implies the condition
on the rank of B and [B, P]. Finally, by combining the symmetry of A* with (3.11),
one has that the (unique) solution to (3.13) has to satisfy

O:AZ—(A,L)T:RZV,LE,L—FRZAZ—(R’LVZEZ—FR,LAZ) ,

which is equivalent to (3.5). Thus, both requirements of (E) must be necessarily
satisfied.

Step 6. We now focus our attention on the uniqueness. For (3.13) there is nothing to
prove, because uniqueness of solution in Symér always follows from Proposition 2.4,
under hypotheses (H). For (3.14), the equivalence between (U) and the uniqueness

of solution (u!,...,u) is evident when considering the equivalent form (3.17). Fi-
nally, once we have a unique choice for the matrices (3!,..., ") and for the vectors
(u', ..., 1Y), the uniqueness of A?, A’ and p is verified immediately.

Step 7. It remains to prove that the affine feedbacks (3.7) provide a Nash equilibrium
strategy for the game. Consider

a'(z) = (RH)'Voi(z) = (R) M (Alz + p') = (V'S + Az — /'Syt

By Proposition 2.3, we know that @'(x) is admissible and that the ergodic measure
associated to the process X/ which solves

dX} = [~V X] + V'S yt)dt + o' dW)
is a multivariate Gaussian N'(u, V') with mean
i= (V) VS =
and covariance matrix V = (%%)71, since

(_Vizi)(zi)—l 4 (Ei)—l(_yizi)T 4 Ui(o,i)T _ _21/1' 4 Ui(Ui)T _ 0’
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and the equation (2.4) admits a unique solution (see Remark 2.1). In other words,
the invariant measure coincides with the measure m® satisfying (3.8).

We now consider any other admissible strategy a’ and obtain from Dynkin-It6’s
formula

E [v'(X}) —v'(X4)] = /vu AZXZ—ai)—i—tr(ﬂD%i(X;)) ds].

Hence, from v* = o%(0%)7 /2 and the fact that the map (z,y) — 2T R’y is an inner
product, one obtains

E [v(X}) — vi(X3)] = E /O (r(D20") + (Vo) Al — (sz)Ta;)(X;)ds]

=E /OT(tr(ViDzvi)—l—(Vvi)TAi:r— ((Ri)71Vvi)TRiozi) (Xsi)ds]

T
>E /O (tr(yiD%i) + (V') T Alg — %(vvi)T(Ri)*lwi)(xg)

1 o
-5 (@)TRa! ds

T
=E / tr(v' D2 (X7)) — HY(XE, Vo' (XD)) — %(ai)TRiai ds]
0

with equality holding if o’ = @'. Therefore, the first equation in (2.11) implies

E [vi(X}) v (X})] > E

T i i % 1 T Pt 1
A'— f (Xs) - 5 (as) R Qg ds
0

/ FUXE) + 5 (al)" Ria dsi

Hence, by dividing by T" and letting T" — 400, we get

=\N'T-E

(3.18) M< hminf — IE

T—+00

/ FIXD + 5 (a i)TRiaidsi ,

because the left hand side of the original inequality vanishes due to v? being quadratic
and the strategies being admissible (and therefore E[X}] < C and E[(X})(X})T] < C
for some constant C).

To prove that the cost A\* corresponds to a Nash equilibrium it remains to ver-
ify that the right hand side of (3.18) is J'(X,a',...@ ! o', @t ..., @"). This
property follows from the ergodicity. Indeed, let us consider the probability measures

m'=m' =m'(a'), m! =m! =m! (@) Vij#i,
which are the invariant measures corresponding to the solution (X}, ..., X}N) obtained
when players adopt the strategies (@',...a@ ', of, @, ..., @"). By recalling that
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the functions f* are polynomials of degree less or equal to two in the variable 2%, we
obtain

1 T i _ 1 4 T Y T (X i\ ds
| [ e = gE| [ [ x-me X»g_d (x*) |(x)d
- 1 T i T—o0 ~ 1

_TE /0 h(Xs)dsl —>/Rd h(z) dm'(x)

= dim R E (S [ (0 =Xy (- X)) s

where we have also used the ergodicity of the pair (Xg , XF) with corresponding mea-
sure given by the product measure obtained from 7/ and /m”. In conclusion, the
right hand side of (3.18) is J*(X,@',...@ 1o, @"!,...,@") and this completes
the proof. ¢

REMARK 3.1. Looking at the formulas (3.6) and (3.11) it might seem that the
Nash equilibrium strategies depend on the noise ¢?, through v?, which is typically
not the case in LQ stochastic problems. In fact, this is not the case in our problem
either: by introducing new variables V! := X it is immediate to verify that the
feedback strategies only depend on these new variables V?, which are determined by
the Riccati equations

r B
2

) ) ) ANT R A?

oy o g WA

and thus do not depend on the noise statistics o%. The same holds for the equilibrium
strategies of Theorem 4.3 in the next Section. This allows to take the small noise
or vanishing viscosity limit v — 0 under some additional conditions, extending the

results on the case d = 1 in [2], see the sequel of this paper [37].

4. Nearly identical players. In this section we introduce assumptions saying
that the players are almost identical, as in [2], and prove that there exists a Nash
equilibrium with the same feedback and the same distribution for all players, although
the values can be different. The first condition is a Symmetry assumption on the cost
of each player:
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(S) every player is influenced in the same way by other players, i.e. for each i €
{1,...,N} and each j, k # i

FyXt X9 Xk XNy =Fy(Xx xR X XY
We can easily prove the following lemma.

LEMMA 4.1. Assumption (S) holds if and only if there exist matrices B;, C;, D;
and vectors A; such that

. Bl- . . . )
[J—— L= X =A;, Vj#i,

ij 92’ Jj

Under assumption (S), the quadratic costs F* take the following form
FUXY, XY = (X - X)) QL (X - X))
. i Bi . B; —
XX, TJ( X’“—Ai) ( XJ—Al-T)—l XX,
# X=X (St - a0) + (0 - a07) 3 (- X

Y XT = A)TCXT A+ D (X7 = A)TD(XF - Ay)
J#i Jik#ijF#k

<

In particular, they can be written in the form usually arising in mean field games,
namely

Fi(x',... . xMy=v ﬁzzsxj (X,

where dy; is the Dirac measure on R? centered in the point X7 and V? is the operator,
mapping probability measures m on R, with finite second moments, into quadratic
polynomials, defined by the expression

Vim](X) = (X' = X TQi(x" - X))

i

%

sov-n [ (=T - an+e- 20" B X0 ) dnig)
+(V=1) [ (€= A)T(Co= D) (€ - A i)

(0 [ e aoam@) o1 [ € soame)

Indeed, it is enough to recall that for any choice of vectors wy, ..., wy and of an index
1€ {1l,..., N}, there holds

Z w;‘-FDiwk: Zw;‘r D; ij —Zw;*-rDiwj.

gk ik j#i j#i j#i

DEFINITION 4.2. We say that the players are nearly identical if costs F* satisfy
(S) and if all players have the same:
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e control systems, i.e. A' = A and o° = o (and therefore v' = v) for all i,
e costs of the control, i.e. R’ =R for all i,
e reference positions, i.e. X, = H (own reference position, or happy place) and
A; = A (reference position of the other players) for all i,
e primary costs of displacement, i.e. Q% = Q and B; = B for all i.

Note that the players are not fully identical because the secondary costs of dis-
placement C; and D; can be different among them. Observe that in this framework,
the hypotheses (H) specialize to

(4.1) det(o) #0, R € Sym], Q € Sym] .

Let us rewrite part of the computations from the previous section for nearly
identical players. First of all, the right hand side f? (2.9) of the HJB equation becomes,
for given measures m’ = N (u?, (£9)71),

fAxXsmt, .. omMN) = (X' - H)TQ(X' — H)

TEAR IR D RN ] I by RN =G

2
Kti i
+ (N = 1) tr((Ci = Di) (B) ) + Y (1! = A)T(Ci = D) (i = A)
[ET
+ D W =) | D [ Y - A)
JFi j#i

Hence, if we search for identically distributed solutions for all players, i.e. if we search
for measures of the form m! = ... =m" = N(u,27!), we obtain

fAxXsmt o omMN) = (X' - H)TQ(X' — H)

FV 1) (X = Y2 (= A) 4 (N = 1) (o= A 2 (X7~ )
tr((C; = D) X7 + (N = 1) (0= A)TCi( — A)

(N =2) (p =)' Di(p— A)

Let us investigate the existence of solutions such that

@2 @)= hat e mie) = vexp{— Lo 1) S —m}

for suitable symmetric matrices A, Y, with ¥ positive definite, suitable vectors p, p
and a suitable constant v depending only on the matrix ¥ and on the dimension of
the space. By repeating the same computations done in Section 3, it is immediate to
verify that the KFP equation in (2.11) for the measure reduces, as in (3.11), to the
matrix relations

(4.3) A=R(vE+A4), p=—RvIu,

By interpreting again the HJB equation for the value function in (2.11) as an equality

between quadratic forms we obtain the system of equations

vRv o ATRA
2 2

(4.4) 2 =Q
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YVvRvY B
(45) SEE e QH A (N 1) D (u- )
(4.6) u % i — tr(vRUS + vRA) + \' = Fi
with

Fi=H"QH — (N —1) (HTg (= A)+ (u— A)TgH)

+(N = 1) tr((Ci = D)) + (N = 1) (u = A)TCi(u = A)
(N = )N —2) (4 — AT Dy - A)
In particular, the first equation (4.4) has exactly the same form as (3.13), i.e. it

is again an ARE which admits a unique solution ¥ in Sym(‘f, under hypotheses (4.1).
By plugging (4.4) into (4.5) this can be rewritten as

T
—(Q+ T a-w g) b= —QH+(1-N)Z A,

which admits a unique solution p € R? whenever the matrix

ATRA B
;- —U-M3

(4.7) B :=Q+

is invertible. Finally, once ¥ and p have been found, they can be used in the third
equation (4.6) and in (4.3) to obtain the values A € R, 4 = 1,..., N, the matrix A
and the vector p.

For nearly identical players the appropriate analogs of the conditions (E) and
(U) are the following.

(E’) Every symmetric and positive definite solution Y of the algebraic Riccati equa-
tion

T
I/RVY: ATRA

(4.8) Y — 5

+Q,

is also a solution to the Sylvester equation
(4.9) YvR — RvY = RA— ATR.

Moreover, the matrices B’ € Matgxq(R) and [B’, P'] € Matgy(a+1)(R) have
the same rank, where B’ is the matrix defined in (4.7), P’ := —QH + (1 —
N) 2 A, and [B, P'] is defined as in (3.3).

(U’) The matrix B’ defined in (4.7) is invertible.

It is immediate to verify that the analysis performed above proves the following
theorem.

THEOREM 4.3. Consider an N -players game with dynamics (1.1) and costs (1.2).
Assume that players are nearly identical and that (4.1) holds. Then, the associated
system of 2N HJB-KFP equations (2.11) admits solutions (v, m*,\?), i =1,..., N,
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with v = ... = vV = v quadratic function and m' = ... = m"¥ = N(y, 71
multivariate Gaussian, i.e. of the form (4.2), if and only if condition (E") is satisfied.
In particular, 3 is the unique solution in Symér of the Riccati equation (4.8), p solves
(4.5), A and p are given by (4.3), and \* by (4.6).
Moreover, solutions of the form (4.2) are also unique if and only if condition (U') is
satisfied and, if this is the case, the affine feedbacks

a'(z) = a(z) := R™'Vo(z), reRY i=1,...,N

provide a Nash equilibrium strategy for all initial positions X € RN?, among the
admissible strategies, and J*(X, @) = A for all X and alli=1,...,N.

REMARK 4.1. Note that the distribution m and the solution v found in this
theorem are the same even if the cost functionals of the players differ in the terms
involving the matrices C; and D;. These terms only affect the values of the game M
(this motivates the name “secondary costs” given to them). This result supports the
existence of a large population limit, that we study in the next section.

REMARK 4.2. Note that the invertibility of B in (3.1) is a stronger requirement
than the invertibility of the matrix B’ in (4.7). Indeed, if we take a game such that
Q + ATRA/2 = B/2, then B consists of blocks B,g = —B € Matgxq(R) for all
a,f =1,...,N, and thus is not invertible since it satisfies rank(B) = rank(B) < d.
On the other hand, the matrix B’ = NB/2 is invertible, provided B is invertible.
Therefore there can be infinitely many quadratic-Gaussian solutions although only
one of them is identically distributed, see [2] for an explicit example.

5. The large population limit. In this section we study the convergence of
Nash equilibria when the number N of players goes to infinity. Assume for simplicity
that the control system, the costs of the control and the reference positions are always
the same, i.e. that A, 0, R, H and A are all independent from the number of players
N. We denote with

QNu BN7 Cl]V, Dz]v7
the primary and secondary costs of displacement, respectively, which are assumed to
depend on N. We assume that these quantities, when N — 400, tends to suitable
matrices Q B, C, D with their natural scaling, i.e. as N — +oco there holds

(51) QN -Q, BY(N-1)—»B, CN(N-1)=C, DN(N-12?—=D, Vi.

We define an operator acting on probability measures with finite second moments
m € Py(R?) that describes the cost for an average player of the density m of the other
players

Vim](X) = (X - H)"Q(X — H)

B

+ [ ((X—H)T?(&—AH(&—A)T;(X—H)) am(e)

n / (€~ ATC(E — A)dm(¢)
Rd

¥ (Ad<s—A>dm<s>>Tﬁ ([ e~ aameo).
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Since both V};[m] and V[m] are quadratic forms on RY, for all i and all m € Py(RY), it
is immediate to deduce that the convergence of the matrix coefficients in (5.1) implies,
as N — 400,

Vi [m](X) = V[m](X), locally uniformly in X .

By denoting with Ay, vxy and my the solutions found in Theorem 4.3 of Section 4,
we expect that the limits of these solutions satisfy, like in [2, 30, 32], the system of
two mean field HIB-KFP equations

—tr(vD?v) + % Vol R7'Vu — Vol Az + X = V[m](z)
(5:2) —tr(vD?m) — div (m (R™'Vo — Aa:)) =0

fRdm(:C)d:vzl, m >0

Along the lines of hypotheses (H), the natural assumptions on the coefficients of (5.2)
are the following

(5.3) vE Symér , R € Symér , Qe Symér .

We look for solutions of (5.2) such that

) o) =aT Gorge, ) =yew - je- 05w

for suitable symmetric matrices A, Y, with X positive definite, suitable vectors u, p
and a suitable constant v depending only on the matrix ¥ and on the dimension of
the space.

By repeating the computations done in Sections 3 and 4, it is immediate to verify
that the KFP equation for the measure in (5.2) reduces to the matrix equations

(5.5) A=R(vE+ A4), p=—Rvip.

Concerning the HJB equation for the value function, one can proceed as in the previous
sections, obtaining the system of matrix equations

VvRv B ATRA

(5.6) DR = =Q
SvRvS A B
(5.7) — o h=—QH+ S (n=4)
X P .
(5.8) u” V];V w—tr(vRvE + vRA) + X = Fy
with

Fo=H"QH - <HT§ (1 —A) + (u— A)T§H>

+tr(CS Y + (u— AT (C+ D)(u— A)



Linear-Quadratic N-person and Mean-Field Games with Ergodic Cost 21

In particular, under assumptions (5.3), the first equation is an ARE which admits
a unique solution X in Sym:{. Also, we can rewrite the second equality in the form

. ATRA B . B

which admits a unique solution u whenever the matrix

ATRA B

(5.9) Boo :=Q + 5 + 5

is invertible. Finally, once ¥ and p have been found, one can insert them into the
third equation and (5.5) to obtain the value A, the matrix A and the vector p required
by (5.4).

In this case, the existence and uniquess of solutions to (5.2) is then related to the
following conditions.

(Ex) The symmetric and positive definite solution Y of the algebraic Riccati equa-

tion
R ATRA .
(5.10) y 2y = +0,
2 2
is also a solution to the Sylvester equation
(5.11) YvR — RvY = RA— ATR.

Moreover, the matrices Boo € Matgxq(R) and [Buo, Poo] € Matyy(a41)(R)
have the same rank, where By, is the matrix defined in (5.9), Py := —QH +
g A € R? and [Boo, Pso] is defined analogously to (3.3).

(Us) The matrix By, defined in (5.9) is invertible.

The main results of this section are the following two theorems.

THEOREM 5.1. (i) [Solutions to MFPDE] Assume (5.3). Then, the system
of HIB-KFP equations (5.2) admits solutions (v, m,\) with v quadratic function and
m multivariate Gaussians N (1, 21, i.e. of the form (5.4), if and only if condition
(Ex) is satisfied. In particular, ¥ is the unique solution in Sym(‘iF of the Riccati
equation (5.6), p solves (5.7), A and p are given by (5.5) and X\ by (5.8).

Moreover, solutions of the form (5.4) are also unique if and only if condition (Uy)
is satisfied.

(i) [Convergence as N — oo] Consider a sequence of differential games of the
form (1.1)=(1.2) with N nearly identical players and assume that (5.1) is verified as
N — co. Also, assume that (4.1) and (E') with Q = Q" hold for all N € N, and
that (5.3), (Exo), and (Us) are satisfied. Then, the solutions (vn,mn, Ay, ..., AN)
found in Theorem 4.3 converge as N — oo to the quadratic-Gaussian solution (v, m, \)
of the mean-field system (5.2) found in (i) in the following sense: vy — v in C}_(R?)
with second derivative converging uniformly in R?, mx — m in C*(R?) for all k, and
Ny = A for all i.

The uniqueness statement in the previous theorem is only among solutions of
(5.2) with v quadratic and m Gaussian. A natural question is whether the HIB-
KFP system of PDEs admits other C? solutions that are not of the form (5.4) and
therefore other mean-field equilibria. We add a normalization condition on v, to avoid
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addition of constants, and make a simple assumption that ensures the monotonicity of
V with respect to the scalar product in the Lebesgue space L2. Then an argument of
Lasry and Lions [30, 32] implies uniqueness among general solutions satisfying natural
growth conditions at infinity.

THEOREM 5.2. The integral operator V satisfies Jza (V[m] - V[n]) (x)d(m —

n)(z) > 0 for all probability measures m,n € Po(R?) if and only if the matriz B is
positive semidefinite.
Then for B > 0 there is at most one solution (v,m,)\) of (5.2) with m € Pao(R?),
[Vo(z)| < C(1+]z|) for some C > 0, and such that v(0) = 0; in particular, under the
assumptions of Theorem 5.1, the solution given by that theorem is the unique solution
with such properties.

REMARK 5.1. The condition BY > 0 means that in the N-person game there is
a positive cost for the i-th player if his displacement with respect to his happy state
H is the same as the average displacement of the other players from their reference
position A. Therefore the condition B > 0 in the last theorem means that imitation
among players is not rewarding in the large population limit. Note also that B>0
implies (Us) by (5.3), but not viceversa.

Proof of Theorem 5.1. The analysis performed on equations (5.5)—(5.8) already
proves part (i). It remains to prove part (ii). Let (vn,mn, Ay, ..., AY) be a solution
of the differential game for NV nearly identical players found in Theorem 4.3. Then,
(5.12)

r Ax T 1 T
=2 v+ (pn) T, my(x) = YN exp {— (@ —pn)" En(z - NN)} :
where ¥y and pn solve equations (4.4) and (4.5), respectively, Ay and py are given
in terms of Xy and py by (4.3), and vy is a constant depending only on d and the
matrix X . To pass to the limit as N — +oo in the ARE (4.4) we first note that (4.4)
and (5.6) are both AREs of the form (2.5) with

vRv ATRA ATRA
2 2 2
and the corresponding 2d x 2d matrices of the form (2.6) are given by
- 0 Ry (0 R
w-(o %) *(a3)

Next, we claim that the sequence ¥ is bounded w.r.t. the norm of the largest
eigenvalue, which was introduced in (2.1). Indeed, by property (%i) of Proposition 2.4

(5.13) spec(RE ) = spec(Hn) N (0, +00),

and the convergence Hy — H implies the convergence of the eigenvalues. Hence, for
N large enough

max {spec(RYy)} < max {spec(’H,) N (0, —I—oo)} +1

and in particular the maximum eigenvalue of Ry is bounded. Since R is symmetric
positive definite, this implies that |[[X || is bounded as well. Indeed, by denoting with
Amin > 0 the smallest eigenvalue of R, we have R — A\p,inlg > 0 and

1
IEnll = ~—

)\min

[AminZn || < maxspec(REyN) < +00,
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thanks to Proposition 2.1 (% )._ Therefore, 5 has a converging subsequence, that we
denote with Xy, , whose limit ¥ satisfies (5.6), i.e.,

T
EI/RVE_ AT RA

2 5~ @

If we can prove that 3 € Sym(‘f, then we have ¥ = ¥ by uniqueness in Sym(‘iIr of solu-
tions to (5.6). Since in general the limit of a sequence in Sym is only semi-definite,
we further exploit the continuous dependence of the eigenvalues on the coefficients of
the matrix. For k large enough, by (5.13),

min {spec(REn,)} > % min {spec(’H) N (0,—1—00)} >0,

and this implies

min {spec(RY)} > % min {spec(’H) N (O,—l—oo)} >0.

Recalling again that R is symmetric positive definite, ¥ cannot have zero as eigenvalue
and this proves that the limit of ¥, is 3. Since we can repeat this argument to show
that every subsequence of Xy has a convergent subsequence whose limit is X, we
conclude that Xy — ¥ as N — +oo.

Concerning the convergence of py to p, we know that these vectors are respec-
tively solutions to the linear systems

where Bf was defined in (4.7), Bo was defined in (5.9), and the vector P}, Ps are
given, as in the previous sections, by
By ;

P]/V:_QNH‘F(l_N)TAv Poo:—QH+§A.

Here we use that the matrix B is invertible by (Us). Owing to By — B, it
follows that By is invertible as well for N large enough. In particular, for such N,

un = (Bly) 1P}, and we can pass to the limit as N — oo proving that uy — p.
Finally, by passing to the limit in the explicit formulas (4.3) and (4.6)

Ay =R(vEn + A), pN = —RvEnpn,

T ENI/RVZN

5 un +tr(vRvEN + vRA),

N =F5 — (un)
it is easy to verify that Ay — A, py — p and Xy, — X for each i. Now we can pass to
the limit in the formulas of the quadratic-Gaussian solutions (5.12) and deduce the
convergence of the value function and of the invariant measure from the convergence
of the coefficients, and this completes the proof. ¢
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Proof of Theorem 5.2. For any m,n € Pa(R?)

(Vim] = Vo] [ A)+<§—A>T§@—H>] d(m — )(¢)

+ [ (€= 2)7EE - A)dlm — m)(©

(e nam@) b ([ € ayime)
([e-mane) b([ e 2am).

Observe that only the first term of this expression depends on the variable z. Then

[ (7w = Vinl) (@) dlm — n) ) =

Rd
N [@c—mT?(&—A)l d(m — ) (@) d(m — ) (€)
Rd JRd

B
L [(5 SAN gl H>] d(m ) () d(m ~ ) (©).

The first term can be written as

N [@—H)T?(g—m] d(m ) (@) d(m — ) (¢)
Re JRd

- </Rda:d(m—n)(x))T g ( Rdfd(m—n)(&)) :

The second term can be treated in the same way, leading to

[ (Vi) @atm @) = ([ watm-w@) 5 ([ watm-w)

It is now clear that if B is positive definite, then Jza (V[m] - V[n]) (x)d(m—n)(z) >0

for all probability measures m,n. Viceversa, for every fixed vector € R%, we can
consider the multivariate Gaussian measures m = N (n,1;) and n = N(0,1) on R%
and apply the inequality above to obtain

0< [ (Viwl = Vial) @) ltm = w)a) =" B,

which implies B > 0. This completes the proof of the equivalence between mono-
tonicity of the operator V and the positive semi-definitess of B. The uniqueness of
solutions when B > 0 can be proved by the same arguments of [2, 30, 32]. ©
REMARK 5.2. We believe that, in general, the assumptions (5.1) and (Eo) do
not ensure condition (E') with Q = Q*, for N large enough, mostly because the equa-
tion (4.9) is equivalent to the symmetry of ¥ yvR— RA, and this property is easily lost
under small perturbations. When condition (E’) is violated, it would be interesting
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to verify whether the strategy resulting from the solution to (5.3) could provide an
e-Nash equilibrium for the N—player game, by using the techniques from [24, 25, 36].
However, this investigation is beyond the scope of this paper and is left to a future
work.

REMARK 5.3. An interesting open issue is the rate of convergence of the solutions
if the order of convergence of the data in (5.1) is given. In the general case the rate
of convergence of ¥y — X does not follow from our analysis. However an estimate
can be obtained when we have an explicit formula for the solution of the Riccati
equation, as in the examples presented in Section 6, where it is possible to prove that
IZ—=2n] = O(|Q — Qn]|)- See also Remark 14 of [2] on the possibility of expanding
explicit solutions in powers of 1/N.

6. Examples. So far we have used the abstract condition (E) with (U) to
translate the existence and uniqueness of solutions having the form (3.6) to the system
of PDEs (2.11) into algebraic matrix equations. In this section we show that in some
cases such conditions can be easily verified and the solution to the PDEs (2.11) can
be computed explicitly. For simplicity we limit ourselves to nearly identical players
and the Mean-Field game. Therefore we focus on the corresponding conditions (E’)
and (U’).

In the last part, we discuss some consensus models for which infinitely many
solutions can be exhibited.

6.1. Symmetric system. Consider an N-players game with dynamics (1.1)
and costs (1.2) and assume that (H) holds, that players are nearly identical and for
alli e {l,...,N}

(a) the dynamics (1.1) involve drift matrices A* = A € Symq and diffusion matrices
o = sly with s € R\ {0};
(b) the matrix R in the control costs (1.2) satisfies R = rlg with » > 0.
Then it is easy to verify the part of (E’) concerning solutions of (4.8) and (4.9).
Indeed, both matrices

2
S

:—I ::71

v o d Vig

and R commute with any other matrix. Then, Sylvester’s equation (4.9) can be
rewritten as

r(A-—AT")=ro(Y -Y) =0,

i.e. it reduces to a symmetry condition on A, which is ensured by (a). Moreover, an
explicit expression of the matrix ¥ can be calculated. Indeed, the matrix % Q+ A?is
symmetric and positive definite and thus admits a square root E € Symj, ie.,

2
E?.=ZQ+ A%.
r
If we now consider the ARE (4.4), we find that
2
Yos2 Ta2= L pe2
T Y>r=Q+ 2A 2E ,

which implies
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To verify the part of condition (E’) dealing with the matrix B, we assume in
addition, using the notations of Lemma 4.1,
(c) the primary costs of displacement B; in Q' satisfy B; = B >0 foralli =1,...,N.
Then we can rewrite (4.7) as
r N -1 r N -1
B = -A®>+——B=-E*+——8B
@+ 2 + 2 2 + 2 ’
so B’ is invertible and both (E’) and (U’) are satisfied. Thus the linear system (4.5)
has the unique solution

j= (B (QH " %BA) ,
where H and A are the reference positions of the players, as in Definition 4.2. Now
the expressions found for ¥ and g can be used in (4.3) and (4.6) to obtain A, p and
AL, AN, completing the explicit construction of the unique solution of quadratic—
Gaussian type.

In conclusion, for games with N nearly identical players which satisfy (H), con-
ditions (a), (b) and (c¢) are sufficient to guarantee the existence of a unique solution
to (2.11) of the form (4.2), and hence of a unique affine Nash equilibrium strategy
given by

a(zx) =Az + E(x —p).

For the large population limit we assume that the scaled coefficients satisfy (5.1)
as N — 400 and
(ax) A € Symq, v = vl with o > 0;
(bso) R = rlg with r > 0;
(cso) B > 0.
Once again, Sylvester’s equation reduces to the symmetry of A, the solution to

ARE (5.6) can be given explicitly as ¥ = %\/%Q—FAQ, and the invertibility of

Boo = Q-+ %AQ + % is immediate. Moreover, it is easy to verify that Xy — X
and that uy — p, which in turn imply convergence of the unique solution to the
N-players game to the unique solution of the Men-Field game (5.2).

REMARK 6.1. The equivalence between A symmetric and Sylvester’s equation
implies that if A is not symmetric condition (E’) fails and therefore no solution
of (2.11) with a quadratic value function exists. Indeed, in this case one gets an affine
vector q(z) = Az + p which solves, together with a multivariate Gaussian m, the
equation

0H
_ 2 — di —_— =
tr(v D*m) dlv(m o (:v,q)) 0,

but ¢ is not the gradient of a quadratic function of the form (4.2), because A ¢ Symg.

6.2. Non—defective system. In this section we extend the previous analysis
beyond the symmetry assumption on the drift matrix A to the case of A non—defective.
We recall that a matrix M € Matgxq(R) is said to be non—defective if, for every
eigenvalue A € spec(M), the corresponding eigenspace has dimension equal to the
multiplicity of A or, equivalently, when there exists a base of R? consisting of right
(or left) eigenvectors of M.
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PROPOSITION 6.1. Let M be any d x d real matriz. Then the following properties
hold.
(i) There exists an invertible and symmetric symmetrizer for M, i.e. there exists a
matriz Y € Matgxq(R) such that

det(Y) #0, YT =v, YM=MTY.

(i) If M is non—defective, then the symmetrizer Y can be chosen positive definite.
(iii) If M is non—defective, o is invertible and we consider a linear stochastic differ-
ential equation

(61) dZCt = (M(Et — Oét)dt + O'th 5

then there exists a linear change of coordinates x v & such that (6.1) can be rewritten
in the form

(6.2) e, = (Mé& — ay)dt + 6dWy

with M symmetric matriz and & invertible.

Sketch of the proof. We refer to [39] for the proof of (4). (i) Bhaskar proved in [12]
that the real symmetrizer Y can be chosen of the explicit form Y = (U~1)TVT | where
U and V are d x d (complex) matrices having as columns left and right eigenvectors of
A, respectively. By orthogonality between left and right eigenvectors, it is immediate
to see that VTU =1, and hence that

Y — (U_l)TVT — VVT

is real and positive definite.
(#i) By choosing P € Matgxq4(R) orthogonal such that

Y = PTDP,

with D diagonal, and Z € Sym:lr such that D = Z2, one can verify that the linear
change of coordinates £ = ZPx = Z 'PYz allows to rewrite the stochastic linear
equation in the required form (6.2) with

M:=Z'PyMpTz 1, &= ZPa, &:=ZPo.

This completes the proof. <

Observe that, if we consider a differential game with N nearly identical players,
dynamics (1.1) and costs (1.2) and if we assume that the drift matrix A is non-
defective, then we can perform the change of coordinate in Proposition 6.1 to pass to
a new SDE with symmetric drift. Let us denote, as in the proof of the proposition,
with Y = PTZ2P the symmetrizer matrix for M with P orthogonal matrix and Z
diagonal and positive definite matrix. Then, the new game will have costs given by

Sm x - o] T @D RA, | N~ i =T ok =k

J(:,al,...,aN)::hTrgloréfTE /0 t2 t—i—_Z(:J—:i )z jk(:k—:i )dt |,
7,k=1

where the new variables = € RVY and a!,...,a" € R? satisfy for k € {1,..., N}

sk = zpX*, ak = zpPa*,
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and the matrices R and @;k are given by
R=Z'PRP'Z7}, e =2 PQYL P ZTT,

for the same matrices Z € Symér and P orthogonal used to symmetrize A. One can
easily verify that replacing (a) and (b) with

(d') dynamics (1.1) are given by drift matrices A® = A with A non-defective and

diffusion matrices o = sPTZ~1 with s € R\ {0};

(V) matrix R in control costs (1.2) satisfies R = 7Y with r > 0;
it is possible to repeat the arguments of Sect. 6.1, after the change of coordinates
¢ = Z Pz, and to prove that for games with N nearly identical players satisfying (H),
(d'), (V) and (c) there exists a unique solution to (2.11) of the form (4.2). Similar
conditions in the case of A only non—defective can be given for the limit problem (5.2)
as well.

REMARK 6.2. These arguments apply to general N—players games too, without
the assumption of nearly identical players, whenever all drift matrices A, ... AN
are symmetric or simultaneously symmetrizable (i.e., if the symmetrizers Y1,... YV
given by Proposition 6.1 coincide). For more general games one has either to require
that more blocks of the cost matrices Q° are null or to study the Nd dimensional
linear SDE for X; = (X}, ..., X}N).

6.3. Consensus models. In this section we apply the previous theory to some
simple models of consensus in multi-agent systems inspired by [36] to which we refer
for motivations and bibliography. Consider costs whose part depending on the state
is

. 1 . 4 , ,
(6.3) FUX' ... xN)= 1 (X' = XHTPN(X? - X7), i=1,...,N,
J#i
with PN ¢ Symj. Then each player seeks a position as close as possible to the
positions of the other players. Note that F* has the symmetry property (S) and the
blocks of the matrix @' are the following, in the notations of Section 5,

2

N _ pN N _
(6.4) Q¥ =PY, BY=-o

PN, cN=——pPN DY =,
and reference states H = A = 0.

Assume also that the dynamics and cost of the control is the same for all players,
so that they are nearly identical. For simplicity suppose also the conditions (a) and
(b) of Section 6.1, although the analysis can be carried over to merely non-defective
matrices A.

The matrix B’ defined in (4.7) is

BN
B’:PN+gA2+(N—1)T:gA2 VN,

and the equation (4.5) for the mean p € R? of the distribution of the players is
B’pe = 0. Then the condition (E’) holds and the existence part of Theorem 4.3 proves
the following:

there exists an identically distributed quadratic-Gaussian solution (v, my, An) with
my ~ N (u, E;,l) if and only if u is such that Ap = 0.
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Moreover, the covariance matrix is the same for all p

2
\/= PN 4+ A2,
r
and the Nash feedback equilibrium is
_ 1 /2
an(z) =Ax+ =/=PN 4+ A% (z — p).
v\ r

In particular, there is a unique solution if and only if det A # 0 and then the mean is
n=0. A

The large population limit is straightforward if we assume that PV — P > 0 as
N — 0. Condition (5.1) is satisfied with

(6.5) Sy =

| =

Q=P B=-2P (=P D=0

and passing to the limit in (6.5) one gets 3 = 1,/2 P+ A2. Then the Mean-Field
Games PDEs (5.2) have a solution (v, m, \) with m ~ N (ju, 2~1) if and only if u € RY
is such that Au = 0.

REMARK 6.3. The paper by Nourian et al. [36] uses a cost term of the form

2

. 1 4
7 1 N [ PR J ) —
FiXY,... XN = X, N‘lj»%éiX . i=1,....N,

instead of (6.3). Then QY =1, and BY = —251,. Although the secondary costs
are different, this is a special case of the above, with PN = I, for all N. In fact

B’ is the same and Y x = Y= %1 / % Iy + A2, so we get the same conclusions on the

quadratic-Gaussian solutions of N-person as well as Mean-Field game.

REMARK 6.4. The existence of infinitely many Gaussian solutions in a Mean-
Field Game model of population distribution with rewarding imitation among players
was first observed by Guéant [22]. In [2] the LQ Mean-Field Game of Section 5 was
studied for d =1, A =0, and H = A and it was observed that for Q #+ —B/2 there is
a unique quadratic-Gaussian solution with p = H, whereas for Q =-B /2 there are
infinitely many, one for any pu € R9.

REMARK 6.5. Analogous computations can be made also for consensus models
where the dynamics and cost of the control are not the same for all players. In such a
case, the matrix B’ above is replaced by the matrix B defined in (3.1) which becomes
here

VP\ [ VP \"

1
B=5— : :
VP VP
/(NP  (AYTR'A! NP  (AN)TRNAN
(6.6) —d1ag(N_1 5 ,...,N_l—l- 5 )

i.e., B a “block—rank—one” perturbation of a Nd x Nd block—diagonal matrix, with
a\T pa g«
d x d blocks —% — (A)fRA. It is easy to verify that, if there exists £ # 0 in
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ﬂfj:l Ker(A%), then n := (¢&,...,6)T € RN provides a solution to By = 0, which
is (3.17) for this model. Therefore, in this case we find infinitely many Gaussians
solutions m* ~ N(u?, (%% ~1) for each player i = 1,..., N, with p* = ¢ and X°
solving (3.13). In fact, owing to known formulas for matrices of the form (6.6), it
is possible to prove that the invertibility of B is equivalent to ﬂgzl Ker(A%*) = {0},
providing a complete understanding of the conditions required to have a unique QG
solution for this consensus model.

Acknowledgements. We thank the anonymous referees for several useful sugges-
tions. Part of this research was done while the second-named author was holding
post-doc positions at the Departments of Mathematics of the Universities of Padova
and Roma-Tor Vergata.

REFERENCES

[1] Y. Achdou, I. Capuzzo-Dolcetta, Mean field games: numerical methods. SIAM J. Numer. Anal.
48 (2010), 1136-1162.
(2] M. Bardi, Ezplicit solutions of some linear-quadratic mean field games, Netw. Heterog. Media
7 (2012), 243-261.
[3] M. Bardi, A. Cesaroni, L. Manca, Convergence by viscosity methods in multiscale financial
models with stochastic volatility. SIAM J. Financial Math. 1 (2010), 230-265.
[4] M. Bardi, E. Feleqi, Nonlinear elliptic systems and mean field games, preprint
[6] M. Bardi, F. S. Priuli, LQG Mean-Field Games with ergodic cost, Proc. 52nd IEEE-CDC,
Florence, 2013, 2493-2498.
(6] T. Basar, G.J. Olsder, Dynamic noncooperative game theory. 2nd edition. Academic Press,
London, 1995.
D. Bauso, H. Tembine, T. Basar, Robust Mean Field Games with Application to Production of
Ezhaustible Resource, Proc. 7th IFAC Symp. Robust Control Design, Aalborg, 2012.
A. Bensoussan, J. Frehse, Ergodic Bellman systems for stochastic games in arbitrary dimen-
ston. Proc. Roy. Soc. London Ser. A 449 (1995), 65-77.
9] A. Bensoussan, J. Frehse, Regularity results for nonlinear elliptic systems and applications.
Springer-Verlag, Berlin, 2002.
A. Bensoussan, J. Frehse, S.C.P. Yam, Mean Field Games and Mean Field Type Control Theory,
SpringerBriefs in Mathematics, Springer, 2013.
A. Bensoussan, K.C.J. Sung, S.C.P. Yam, S.P. Yung, Linear-Quadratic Mean Field Games,
preprint.
[12] A. Bhaskar, Taussky’s theorem, symmetrizability and modal analysis revisited. R. Soc. Lond.
Proc. Ser. A Math. Phys. Eng. Sci. 457 (2001), 2455-2480.
[13] D.A. Bini, B. Iannazzo, B. Meini, Numerical solution of algebraic Riccati equations. Society
for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2012.
[14] A. Bressan, B. Piccoli, Introduction to the mathematical theory of control. American Institute
of Mathematical Sciences (AIMS), Springfield, MO, 2007.
[15] P. Cardaliaguet, Notes on Mean Field Games (from P.-L. Lions’ lectures at College de France),
2010.
(16] P. Cardaliaguet, J.-M. Lasry, P.-L. Lions, A. Porretta, Long time average of Mean Field Games.
Netw. Heterog. Media 7 (2012), 279-301.
[17] M. Cirant, Nonlinear PDEs in ergodic control, Mean Field Games and prescribed curvature
problems, Ph.D. thesis, Universita di Padova, 2013.
[18] G. Da Prato, An introduction to infinite-dimensional analysis. Springer, Berlin, 2006.
(19] J. C. Engwerda, LQ Dynamic Optimization and Differential Games. John Wiley & Sons, Inc.,
Hoboken, NJ, 2005.
[20] E. Feleqi, The derivation of ergodic mean field game equations for several populations of play-
ers. Dyn. Games Appl. 3 (2013), no. 4, 523-536.
[21] D.A. Gomes, J. Mohr, R.R. Souza, Discrete time, finite state space mean field games. J. Math.
Pures Appl. (9) 93 (2010), no. 3, 308-328.
[22] O. Guéant, A reference case for mean field games models. J. Math. Pures Appl. (9) 92 (2009),
no. 3, 276-294
(23] O. Guéant, J.-M. Lasry, P.-L. Lions, Mean field games and applications, in “Paris-Princeton
Lectures on Mathematical Finance 20107, R.A. Carmona et al. eds., 205-266, Springer,



[24]

[25]

Linear-Quadratic N-person and Mean-Field Games with Ergodic Cost 31

Berlin, 2011.

M. Huang, P.E. Caines, R.P. Malhamé, Individual and mass behaviour in large population
stochastic wireless power control problems: centralized and Nash equilibrium solutions,
Proc. 42nd IEEE-CDC 2003.

M. Huang, P.E. Caines, R.P. Malhamé, Large population stochastic dynamic games: closed-loop
McKean-Viasov systems and the Nash certainty equivalence principle. Comm. Inf. Syst. 6
(2006), 221-251

M. Huang, P.E. Caines, R.P. Malhamé, Large-population cost-coupled LQG problems with
nonuniform agents: individual-mass behavior and decentralized e-Nash equilibria. IEEE
Trans. Automat. Control 52 (2007), no. 9, 1560-1571.

J. Karatzas, S. Shreve, Brownian motion and stochastic calculus. Springer-Verlag, New York,
1988.

R. Z. Khasminskii, Stochastic stability of differential equations. Sijthoff & Noordhoff, Alphen
aan den Rijn—Germantown, 1980.

V. N. Kolokoltsov, M. Troeva, W. Yang, On the rate of convergence for the mean-field ap-
prozimation of controlled diffusions with large number of players. Dyn. Games Appl. 4
(2014).

J.-M. Lasry, P.-L. Lions, Jeuz a champ moyen. I. Le cas stationnaire. C. R. Acad. Sci. Paris
343 (2006), 619-625.

J.-M. Lasry, P.-L. Lions, Jeuz a champ moyen. II. Horizon fini et contréle optimal. C. R. Acad.
Sci. Paris 343 (2006), 679-684.

J.-M. Lasry, P.-L. Lions, Mean field games. Jpn. J. Math. 2 (2007), 229-260.

P. Lancaster, L. Rodman, Algebraic Riccati equations. Oxford University Press, New York,
1995.

T. Li, J.-F. Zhang, Asymptotically optimal decentralized control for large population stochastic
multiagent systems. IEEE Trans. Automat. Control 53 (2008), no. 7, 1643-1660

M. Nourian, P.E. Caines, e-Nash Mean Field Game Theory for Nonlinear Stochastic Dynamical
Systems with Major and Minor Agents. STAM J. Control Optim. 51 (2013), 3302-3331.

M. Nourian, P. E. Caines, R. P. Malhamé, M. Huang, Nash, social and centralized solutions
to consensus problems via mean field control theory. IEEE Trans. Automat. Control 58
(2013), 639-653.

F. S. Priuli, Linear-Quadratic N-person and Mean-Field Games: Infinite Hori-
zon with Discounted Cost and Singular Limits, submitted (online preprint
http://arxiv.org/abs/1403.4090 ).

D. Serre, Matrices: Theory and Applications. Springer-Verlag, New York, 2002.

O. Taussky, H. Zassenhaus, On the similarity transformation between a matriz and its trans-
pose. Pacific J. Math. 9 (1959), 893-896.



