BV FUNCTIONS ON CONVEX DOMAINS IN WIENER SPACES

ALESSANDRA LUNARDI, MICHELE MIRANDA JR., AND DIEGO PALLARA

ABSTRACT. We study functions of bounded variation defined in an abstract Wiener space X,
relating the variation of a function u on a convex open set {2 C X to the behavior near ¢t = 0
of T(t)u, T'(t) being the Ornstein—Uhlenbeck semigroup in 2.

1. INTRODUCTION

This paper is devoted to bounded variation (BV') functions in open sets of infinite dimen-
sional separable Banach spaces endowed with Gaussian measures. BV functions defined in
the whole space X have been introduced in [19] and studied also in [20, 4]. As in the finite
dimensional case, they are strongly related to geometric measure theory and in particular to
the theory of perimeters, see [5, 22, 13].

We use notation and results from [9], to which we refer for the general theory of Gaussian
measures. Our setting is an abstract Wiener space, i.e., a separable Banach space X, with
a nondegenerate centred Gaussian measure v and the induced Cameron-Martin Hilbert space
H C X (with inner product [-, ]y and norm | - |). See Subsection 2.2 for more details.

A basic result of the theory of BV functions in Wiener spaces is the characterisation of the
BV functions in X as the elements of the Orlicz space Llog LY/?(X,~) such that

lim/ |VuTiu(z)| gdy(z) < +oo. (1.1)
t—0 X

In this case, the gradient D,u of v is an H-valued measure on X and the above limit is just
the total variation of Dyu in X (see for instance in [19, Proposition 4.1], [20, Proposition 3.6]

and [4, Thm 4.1]). Here, (T})t>0 denotes the Ornstein—Uhlenbeck semigroup

Tyu(z) = /X ule e+ /1 — e 2y)dy(y), t>0, (1.2)

that, as well known, plays the role of the heat semigroup in the context of Wiener spaces. A
main feature in the proof is the monotonicity of the function t — [y |[VyTiu(z)|gdy(x).

If X =R?is endowed with the Lebesgue measure, under some regularity assumptions on
there are bounded extension operators from W'P(Q) and BV (Q) to W'P(R?) and BV (R?),
respectively. In infinite dimensions, the lack of analogous results makes the study of Sobolev
and BV functions on domains more difficult.

In this paper we deal with BV functions (and sets with finite perimeter) on convex open
sets of abstract Wiener spaces. The theory is still at its very beginning, see [22, 23, 24, 14, 10].
However, convex open sets have finite perimeter by [13].

We propose a definition of BV functions on domains in X through an integration by parts
formula against a suitable class of test functions, rather than merely as restrictions of BV
functions on the whole space. This is not a trivial issue because of the lack of smooth bump
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functions (for general X) on the one hand, and of bounded extension operators on the other
hand.

Moreover, we relate the variation of a function and the short time behaviour of the Ornstein-
Uhlenbeck semigroup; besides the interest of extending similar results available in different
contexts, see [6, 11, 21], such a relation has proved to be useful to describe fine properties of
BV functions in Wiener spaces, see [1, 2].

In particular, we get a characterisation of BV functions on a convex open set €2 similar to
(1.1). We consider the Ornstein—Uhlenbeck operator L associated with the Dirichlet form

& (u,v) = /Q (Vau(z), Vyv(z)lydy(z), u,ve wWh2(Q, p),

and the semigroup (7;);>0 generated by the realisation of L in L?(€2,v). The main result of
this paper is the next Theorem.

Theorem 1.1. Let Q C X be an open convex set, and let ug € BV (X, ) N L?(X,~) be such
that | Dyug|(0S2) = 0. Then, for anyt > 0,

/Q IV oo (@) s () < |Dyuol()
and

lim/ |V uTiuo(z)|ady(x) = [Dyuo|(€2). (1.3)
t—=0 Jo

The study of the Ornstein—Uhlenbeck semigroup on domains is less straightforward than in
the whole X, since no explicit formula like (1.2) is available for T'(t); nevertheless, the function
t = Jo |VaTiu(x)|pdy(x) is still monotone. In the proof of monotonicity the convexity of Q
plays an essential role.

The paper is organised as follows. In Section 2 we recall basic notations and results, both in
the finite and infinite dimensional case. In Section 3 we prove Theorem 1.1. In the Appendix
we collect some useful properties of convex domains.

2. NOTATIONS AND PRELIMINARIES

In this section we introduce the basic notation and recall some preliminary results, both
in finite and in infinite dimensional spaces. Let us recall that u : R — R is in BVje.(RY) if
u € L (RY) and

4 B
V(u, &) = sup{/ u(z) a—i](x) dz: ¢ € CHORY, |p(z)] <1Vze ﬁ} <
o = 0z

for every bounded open set ¢ C RZ. In this case, the distributional gradient of u is a locally
finite Radon measure with values in R?. For more information about BV functions and their
fine properties in finite dimensions we refer to [3]. In the next subsection we describe our finite
dimensional Gaussian framework and the related class of BV functions. We refer to [9] for a
comprehensive presentation of infinite dimensional gaussian analysis, to [25] for a survey on

BV functions in infinite dimensions.
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2.1. BV functions in finite dimensions. Let & be an open set in a d-dimensional Euclidean
space F' endowed with the standard Gaussian measure,

1 2
dyr(y) = e exp(—y|°/2)dy = Ga(y)dy.
We define the (negative) formal adjoint of the partial derivative 9y, by 0} ¢(y) = 9y, (y) —
yj(y), and the Gaussian divergence by

d
divozzazjapj, ©=1{¢1,...,04} € CHO,F). (2.1)
j=1

Given a function u € L'(&,vr), we define its Gaussian total variation by

| Dy (O) = sup {/ﬁU(y)divw(y)d'yF(y) L p e CHOF), p(y) <1y e ﬁ}- (2.2)

The space BV (0, ~r) is defined as the set of functions u € LY(0,vr) with | D, u|(0) < +ooc.
This space is characterised by the fact that the distributional gradient of any u € BV (&, ~vr)
is a vector valued finite measure p = (u1,. .., fiq), namely

/U(y)a;g(y)dw(y) Z/Q(y)dui(y), Vge Ci(0),i=1,....d.
7 0

For such a measure we have |u|(0) = |D,,u|(€); moreover for any open set A C & we have

| Dypul(A) = sup {AU(y)divw(y)dVF(y) 1 9 €C(AF), lp(y) <1y € A} :
The space BV (0, ~vr) is a Banach space with the norm

[ullBy = llullL1(0,9p) + [Dypul(€). (2.3)

We refer to [15] and to [12] for more details on sets with finite perimeter and functions with
bounded variation in Gaussian spaces. Let us point out that, due to the regularity and non
degeneracy of the standard Gaussian density, local and fine properties of Gaussian BV func-
tions do not differ from those of classical BV, functions and indeed BV (&) C BV (0, vr) C
BVipe(0). As a matter of fact, a Gaussian BV function defines a finite measure that we denote
by D,.u for which the following integration by parts formula holds,

/ u(z)divpe(x)dyp(z) = / (0, Dypu), Yo € Cg(ﬁ;Rd).
% %

Such a measure is absolutely continuous with respect to the standard total variation measure of
u and Dy,u = GqDu. Of course, global properties are very different, as the Gaussian density
vanishes at infinity. Moreover, if u € WH(&0, vr), then u € BV (0, ~r) and

Dy ul(6) = /ﬁ Vu(y)ldrr(y). (2.4)

To some extent the above norm (2.3) is too strong, for instance smooth functions are not dense
in BV(0,~r). However BV functions may be approximated by smooth functions in the sense
of the so called approximation in variation, as the next lemma shows. The proof we present is
based on classical ideas that require a minor adaptation to the present situation.
Here and in the following, we denote by Br(z) the open ball centred at = with radius R.
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Lemma 2.1. Let vg € BV(0,vr) N L*(0,yr). Then for any € > 0 there exists v. €
WY2(0,yr) such that

oo = vellzzgongy <& and \ [ [9s@)ldre(z) ~ 1Dyml(0) <

Proof. The proof is a modification of the classical Meyers-Serrin arguments; we refer to [3,
Thm 3.9] for more details. First of all we can assume that vy has compact support in F.
Indeed, for every R > 1 let Jr be a cut—off function such that 0 < ¥r < 1, |VIgr(z)| < 2 for
every x and

Yr =1 on Br_1(0), supp(Yr) C Br(0).

Setting vg = voUR, we have

li — < i =0
im sup [lvo = 0rllL20,5e) < i llvollz2ovsa-0).0)

and, by the obvious equality divp(Vryp) = Vrdivpe + (VIRg, @),
D, 0rl(6) < 2/ lwoldyr + | Dol (6 1) BR(0)).
ON(BRr(0)\Br-1(0))

This implies that vg converges to vy in variation as R — oco. Precisely, for any € > 0 there is
R > 0 such that [|vr — vol|12(¢,,) < € and

1D5,0/(0) = 1Dy 0R](0)] < e.

From now on, we consider v = vgr with this choice of R in place of vg. We can consider a
sequence of open sets &) with compact closure in & such that any point of & belongs to at
most four sets 0; a possible choice is

01 ={x € 0N By(0) : dist(z,00) > 1/2}
and for j > 2
= 1 . 1
Let {¢;}; be a partition of unity associated with such a covering, and let ¢ be a standard
mollifier. For every j € N fix ¢; < € such that supp((ve;) * ¢¢;) C 0; and

€
[(vep5) * 025 — vl L2(0 ) + /ﬁ |(WVp5) * 02, = vVpjldyr < o5
The approximation of v is then defined by
Ve = Z(vgpj) * 0c;
jeN

ve is indeed smooth, and

lv: = vl 2oy < D I1(We5) * 025 — v95llL2(0,9) < -

jeN

On the other hand, see [3, Proposition 3.2]

Vv, = Z(gojDv) * 0c; + Z (vV;) % 0; — vV ;).

jeN JEN
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Here we have used the fact that BV (&, vr) C BVioc(€), hence Dv is a measure with locally
finite variation and the convolution above is well defined. From these considerations, we then
obtain

Dopel(0) = [ [90@)lire )
<Y [ 10V 02, (0) = v(a) Vs @] Gulo)
JEN

#30 [ [, y ColIes012 = D0l
e [ Gdj (v)o-, (&~ 9)Galw)dl D)

jEN

<ot 3 esihired2 /ﬁ i(W)dIDspol(y) < & + ¢FH2ID. o|(6),
jEN

where we have used the fact that the support of v is contained in Bg(0) and for y € B, ()

Ggalx ly|%—|=|? P2
a(z) _ MR Rz,

Ga(y)

O

2.2. Abstract Wiener spaces. We consider an infinite dimensional separable Banach space
X (whose topological dual we denote by X*), endowed with the Borel o-algebra #(X) and
a centred and non degenerate Gaussian measure v with nondegenerate covariance operator
Q € L(X*, X) uniquely determined by the relation

Y (Qz*) = /Xx*(x)y*(x)d*y(x) Vot yt e X*.
If we consider the operator R : L?(X,v) — X given by the Bochner integral

Ry = /Xw(w) dy(z), e L*X,y),

it is easily seen that its adjoint R* : X* — L%(X,~) is just the embedding operator, (R*z*)(x) =
x*(x), x € X, and the equality Q = RR* follows.

The Cameron-Martin space H is given by R(3), where 3 is the closure of X* in L?(X,~).
It coincides with the set of all h € X such that there exists h € H for which

/ ¥ (x)h(x) dy(z) = z*(h), 2" e X*
X

In this case, we have R(ﬁ) = h, and Ry : H — H is an isometry if we endow H with the norm

| - | associated with the inner product [h, k] = (h, I;:>L2(Xﬁ). The space Q(X™) is dense in
H, and H is continuously and densely embedded in X.

The symbol % C’g (X)) denotes the space of bounded continuously differentiable cylindrical
functions with bounded derivatives, that is, u € ZC}(X) if

u(@) = p(@i(2), .., 2 (2))
for some ¢ € CH(R™) and z7,..., 2}, € X*.



We fix once and for all an orthonormal basis (h;);en of H, with h; = Qh; hj € X* (such a
basis exists, see [9, Corollary 2.10.10]). We denote by 7, : X — span{hi, ..., h,} the projec-
tion mpx = Z;”:l hj(z)h; and by X, X;~ the range and the kernel of ,,, respectively. Note

that the restriction of m,, to H is the orthogonal projection on the linear span of hi,..., hp,.
T induces the canonical factorisation v = 7, ® ¥, where 7, = 7o m,;! and ;& =
v o (I —my,)~" are the pull-back measures on X, and X;-.

For every function u € L'(X,v) we define its canonical cylindrical approximations E,,u by
Bpi(o) = [ a4 (1= mn)p)dr@) = [ w4 )dk0), (29)
X Xk

Then, lim, 00 Epu = u in L}(X,v) and y-a.e. (see e.g. [9, Corollary 3.5.2]). Moreover E,,u
is invariant under translations along all the vectors in X~ hence E,,u(z) = v(m,z) for some
function v.

Let us recall the notation for the partial derivative along h € H and for its formal adjoint. For
[ € CHX) we set

01 (e) — 1y L) = (@)

t—0 t

L (@) = 0nf (@) - f(@)h(x)
where h = Rh € H with h € K. The gradient along H, Vi f: X — H of f is defined as
Viuf()=> 0 f(2)h
JEN
and it is the unique element y € H such that, for every h € H, 0, f(z) = [y, h]g. Notice that
if f(z) = g(mmx) with g € C1(R™), then
ahf(x) = <v9(77mx)777mh>Rm-

The operator d; defined by 0y ¢ = —0pp + iup is (up to a change of sign) the formal adjoint of
O, with respect to L?(X, ), namely

/Xsoahfdvz —/Xfaf";sodv Vo, f € FCHX).

We define the space ZC} (X, H) of cylindrical H-valued functions as the vector space spanned
by functions ¢h, where ¢ runs in % Cl} (X) and h in H. With this notation, the divergence
operator is defined for ¢ € FCL(X, H) as

divyp =Y 9Fle, hylu,
JEN

and we have the integration by parts formula
/ [Vuf, eludy = —/ fdivyp dy  f € FCH(X), p € FCO(X; H).
X X

If we fix a finite dimensional space F' C Q(X™*) C H with dim F = d, we identify F with
R? and we denote by divg the divergence on F' defined according to (2.1) with respect to any
orthonormal basis {hq,...,hq} of F. Moreover, since F' C H, there is an orthogonal projection
of H onto F. According to Theorem 2.10.11 in [9] there is a unique (up to equivalence)
measurable projection mg : X — F which extends it.
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We denote by .# (X, H) the space of all H-valued measures p with finite total variation on
B(X). The total variation measure |u| of u is defined by

o
() =sup { S ()l s 5= 5 .
j=1 jeN
where B; € B(X) for every j and B; N B; = () for j # i. Moreover, using the polar decompo-
sition p = o|u|, the total variation of p can be obtained as

() = sunf [ foveladlul s € Cu@ ), ol < 1 (26)

Indeed, in the real valued case this is a direct consequence of the isometry between the space of
real measures on and open set {2 and the dual space of Cy(€2), see [17, Section IV.6]. The finite
dimensional case follows immediately because a vector-valued measure is just an n-tuple of
real-valued measures. If p has infinitely many components p1; = [u, hjlg, then p € # (X, H)
if and only if

Sup|(:u17'- : 7Mm)|(X) < 0.
m

In fact, setting A = sup,, [(i1,-- -, pm)|, the inequality A < |u| is obvious. Conversely, since
pj < A for every j € N, there is a sequence of A\-measurable functions (f;) such that p; = f;A
and >, Ifi]> < 1 Mae. for every m € N, whence ||(fj(z))|le < 1 Mae., > i1 fihy €
LNX, N\ H) and p = Y222, fihjh € A (X, H).

Definition 2.2. Let u € L?(X,v). We say that u has bounded variation in X and we write
u € BV (X,~) if there exists pn € A (X, H) such that for any ¢ € FC}H(X) we have

/X u()d o) dy(z) = — /X o(@)dp(z) Vi EN, (2.7)
where pj = [hj, plg. In this case we set Dyu = p.

Even though in this paper we deal with BV functions defined in the whole space, it is
interesting to point out that an intrinsic definition of BV'(£2,+) is possible, using a suitable
class of test functions. By (2.2), we notice that in finite dimension the natural class of test
functions is that of boundedly supported smooth functions. In infinite dimensions compactly
supported smooth functions are not adequate and for H-valued measures the following result
holds.

Lemma 2.3. Let Q C X be open and let p € #(Q, H) be an H-valued Radon measure. Then,
denoting by |u| the total variation measure and using the polar decomposition u = o|u| we have

() = sup{ [ o cldlnl o € Limo(@, 1), ol < 1}

where Lipy(Q2, H) denotes the space of H-valued functions defined on X, Lipschitz continuous
with respect to the X -norm and vanishing in X \ €.

Proof. We recall that in our framework all Borel measures on X are Radon measures. There-
fore, for every € > 0 there are a function ¢. € Cy(2, H) with ||¢]lcc < 1 and a compact set
K C Q with |p|(©2\ K) < e such that

() < /Q oy ol dlpil + ¢ < /K o el ]+ 2.
7



Let us now approximate o: there is 0. € C(K, H) with finite dimensional range (just write
o =3 ;lo,h;lmh; and take a suitable finite dimensional projection) such that

o= cllpucpy < and @) < [ foepela il + 3.

Notice that, since 0. has finite dimensional range, only finitely many components of ¢, =
Zj [0e, hjlrh; are involved in the above integral. We may therefore argue component by
component to show that ¢, can be approximated by Lip, functions uniformly on K. To this
end, let us first remark that by the Stone-Weierstrass theorem the class of the restrictions to
K of ZC}(X) functions is dense in Cy(K), hence there is a function g. € .ZC}H(X, H) with
finite dimensional range such that ||ge — ¢c| (k) < €. Moreover, the function

2 +
f(z) = (1 - gdist(:r,K)) . wed,
with § = dist(K, 0€2), belongs to Lip(2), so that, setting
h if |hlg <1
G(h)—{ |,[|L if |h|lg >1 7

we have that 1. (v) = f(2)(Gog:)(x) € Lipy(2, H), HTJJEHLOO(K ) <1 and [[p- — ¢E||L°° ) < 26,

whence

heH,

(@) < /K (e, el dlps] + 5e < /Q o 0el s iy + 6e

< sup [ fovtludlul o € Ling( 1), ] < 1} + 6=

By the arbitrariness of €, the proof is complete. U

In the next lemma we extend the integration by parts formula (2.7) with u € BV(X,~) to
Lipy (2, H) functions.

Lemma 2.4. For every ¢ € Lipy(Q2, H) and u € BV (X,~) the following equality holds:

/udivvwd’y— —/[@,D,yu]H. (2.8)
Q Q

Proof. Let us show (2.8) arguing component by component. Fix hj, an element of the given
orthonormal basis in H, and consider the projection 7; : H — spanh;, 7j(x) = hj(x)hj. Then
write x = y + thj, uy(t) = u(y + th;). Setting XL (I —mj)(X) and ¢; = [@, hj|g, we have

/ udjpjdy = / dvhl / uy ()07 (¢5)y(t) dy(t)

_/X]i dfyh].l /R(Spj)y(t)anuy(t) = —/chj d[D-u, hj),

where we have used the notation v = ~v; & fy}i for the factorisation of  induced by the
J

decomposition of X into 7;(X) & X ]L and in the second line for any y € X jJ- the integral on R
is with respect to the measure D, u,, the measure derivative of the section u, of u, see [4]. O

An easy but useful consequence is the following lower semicontinuity property of the total
variation, see also [1, Proposition 2.5] for a different proof.
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Corollary 2.5. Let u € BV (X,~) and let Q@ C X be any open set such that uin € L2(£2,7).
If a sequence (uy)n converges to u in L?(,7), then

1Dy () < liminf [ Dy (©).
Proof. By Lemmas 2.3 and 2.4,

1Dyl @) = sup{ [ [ Dyl = ¢ € Livg(62 ). el <1}

= sup{/ udivypdy @ ¢ € Lipy(2, H), [|¢]le < 1}_
Q

On the other hand, ¢ € Lipy (£, H) the functional u — [ udiv,p dy is continuous in L*(X, )
and therefore, by Lemma 2.4, the functional u +— | D u|(£2) is lower semicontinuous in L?(X, 7),
as it is the supremum of continuous functionals. O

It is not hard to see that if u € BV(X, ) then
|Dyul(X) = sup{/ [, Dyl = 9 € FCUX,H), |p(a)ln < 1Va € X},
X

see [4]. A useful consequence of Lemma 2.3 is that the canonical cylindrical approximations
E, u defined in (2.5) (which are known to converge to u in variation, i.e.

[ Dyul(X) = ml_i)riloo | Dy B uf (X),

see equality (34) in [4]), verify the inequality |D,Epu|(A) < |D,u|(A) for all open sets A. In
fact,

D Eu(4) = sup{ [ Bsudivyipdy, o € Ling(A H), lelle <1} (2.9)

2.3. Sobolev spaces and the Ornstein—Uhlenbeck semigroup on convex domains.
There are several equivalent ways of defining Sobolev spaces on Wiener spaces, see [9, Section
5.2]. If X is replaced by a domain ©Q C X, the equivalence of different definitions is not
obvious. Here we adopt the definition of [14], that works for sublevel sets @ = {G < 0} of
Sobolev functions G € WHP(X,~) for some p > 1. Since we are interested in a convex 2, we
fix any zo € 2 and we define the Minkowski function

m(z) :=inf {A>0:2 -z € \M(Q —x0)}
which is Lipschitz continuous; then Q = {G < 0} with G(z) = m(z) —1 € WP(X, ) for every

p > 1. By [14, Lemma 2.2], the operator Lip(Q2) — L?(Q,~; H) defined by u Vi, where
9



@ is any Lipschitz continuous extension of u to the whole X, is closable. The space W12(Q,v)
is defined as the domain of its closure, still denoted by V. Therefore, it is a Hilbert space for
the inner product

(w, V)W) Z/UUdVJr/[VHu, Vyvln dy
Q Q

which induces the graph norm of V. The associated quadratic form in the gradient,

E(u,v) = / (Vau(x), Vav(z)y dy(z), u,v € WH(Q,7),
Q
is used to define the Ornstein—Uhlenbeck operator L : D(L) C L*(Q,v) — L*(Q2,7) by setting
D(L) = {u e WY2(Q,7) : 3f € L2(Q, ) s.t.

& (u,v) = —/vad% Vv € WI’Q(Q,'y)},

and Lu = f. The operator (L, D(L)) is self-adjoint in L?(€,v) and dissipative (namely,
(Lu,u)r2(0,) < 0 for every u € D(L)), hence it is the infinitesimal generator of an analytic
contraction semigroup (T;)¢>o in L?(£2,7).

For the moment we have considered only real valued functions. In the sequel we use also
the complexification of L in the space L?(Q,~;C), which is the operator associated with the
sesquilinear form (u,v) — [,[V gy, Vyv]gdy defined for u, v € WH2(€2, v; C). The semigroup
generated by the complexification agrees with (7});>¢ on real valued functions, and we use its
representation formula as a Dunford integral along a complex path.

3. PROOF OoF THEOREM 1.1

The proof of Theorem 1.1 is divided in several steps and each step is discussed in a subsection.

3.1. Monotonicity in finite dimensions. Let & be a convex open set with smooth boundary
in a finite dimensional space F, with inner product (-,-) and norm |- |. We denote by v (z)
the exterior unit normal vector at x € 90. Let (T} )t>0 be the semigroup generated by the
Ornstein-Uhlenbeck operator L defined by the Dirichlet form

Ep(u,v) = / (Vu, Vo)dyp, u,v € WH3(0, yp),
%

as explained in Subsection 2.3. By [16], D(L) C W%2(0,~vr) and the elements of D(L) satisfy
the Neumann boundary condition du/0v? = 0 at 0. Moreover for every u € D(L) we have
Lu(z) = Au(z) — (x,Vu(z)). Since L is a realisation of an elliptic operator with smooth
coefficients, and the boundary of & is smooth, the function (t,2) — T/ ug(x) is smooth in
(0,+00) x O for every ug € L*(0,~r).

For any vg € L?(0,~r) let us introduce the function F,, : (0, +00) — [0, +-00] defined as

Flt) = [ IVIFun(a) e o)
o
Then the following result holds.

Proposition 3.1. For each vg € BV (0,vr) N L*(O,vr) the function F,, is decreasing in
(0,00). Moreover
Foo(t) < [Dyprol(0), Vi >0
10



and

%i_%?vo(t) = |Dypvo|(0).

Proof. In order to avoid integrability problems, we introduce a family of cut—off functions ¥
such that 0 < J9r <1, ¥p = 1 in Bg(0), supp(Vr) C B2r(0) and |VIg(x)| < 2/R for every
x. Analogously, in order to overcome the lack of regularity of the function |V vo(x)| at its
zeroes, we replace it by \/|VT vo(z)|2 + 1/R. We then define

?R,vo(t) = /ﬁﬂR($)\/|VTtFU0(LE)’2 + %d’yp(a;)

As a first step, we prove that Jg,, is differentiable. Since TF is analytic, t + Tfvg is
differentiable with values in D(L), and

1
\/ \VTFvo ()2 + <VTth0(:Jc),VLTtFUD(a:)>
" VIVT v ()2 +

so that

1
8t\/|VTtFU()($)’2 + E < ‘VLTtFU()(.r)’

Then we can differentiate under the integral, and recalling that 9;0;¢ = 970, — @di; we get

T (t) = <VTtFU0($)’ VLT, vo(x))dyr(x)

/ \/’VTF’UO \2 +

0T vo(2)0;050, T vo(x)dyp ()

-3 [ et
=17 \/IVTtho(w)IQJr%
d

aiTtho( )8*82T 1}0( )d’yF(IL‘)—F

J 7

_ Ur(x)
3221/6’ \/|VTth0(:c)|2 + %

FU T 2
- [ et VI w@P
VIVT vo(@)]2 + 4

d
- Vr(z) 8. TF v ()92 TE vo (207 ()G () d A (2
ke mvwﬂ% T e G
Ir(z) »
_ Tt v 0T vo(x) | dym(a
Z/ " www 2+ L o) | ()

FU 2
~ [ o)LL
o \/]VTFvo(x)\Q—l- 1

W) (D2TFug(a) (2), VIF o)) Gala) A ()

/6()’ \/|VT 2)2 + %
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(3T v () +

_i/ i)
570 IV T (@) + &
1

— VT @+ l((9,%]-1}]‘[71)0(z)((i’/rthFvo(:c)@ii/’t]‘mvg(x)f)inTtho(x) dyp(x)+
t R

/ 1
o \JIVTFuo()2 + 4

FUJJQ
— [ o) E gy
o IVT u(@) 2+ %

(D*TFvo(2)VIR(z), VI vo(z))dyp(x)+

x)

:_/ - (I (@) VT vo(x), VT vo(2)) Galx) ot ()
o \/WTtFUo(fU)P + £

F 2 F 2
+ / Unle) ( VI 0@ | oy ) Yt 20(E).
o SN TF (@) + 5 VT @)l + 5 VT vo(x)|

— 1D o (@)113) de () +

(D*TEvo(2)VIR(z), VI vo(z))dyp(x)+

/ 1
0 IVTE v + &

FU$2
[ onta) A E L,
o VT @) +

where we have denoted by || D*TF vo(z)|| the Euclidean norm of the matrix D?T/ vy (x).
The second integral in the right hand side is negative because

VT () 2

VT vo(x))]

is bounded by the square of the largest eigenvalue of D*T}F vg(z), while || D?Tf vo(x)||3 is the
sum of the square of all the eigenvalues. In the first integral we have denoted by Jv?(z) the

Jacobian matrix of v¥ at z, and we have used the fact that VI /vy(x) is orthogonal to &
and any tangential derivative of (VT vg(z),v? (x)) is equal to 0, that is

0 =(V (VI vo(w), v” (x))) . VI vo(a))

=(D*T} vo(2)v” (), VI v ()) + (Jv’ (2) VT vo(2), VI vo ().
The convexity of 0& implies

D2TF vy ()

(W€ >0,  VeEe W (x)t

and so we can conclude that
1
‘(f;%,vo (t) < - / = 1
o JIVTF (@) +

2
<= || ID*TF wol 2

<D2ﬂFv0(x)VﬁR(x), VTtho (x))dyp(zx)

ﬁ,’YF)’
12



where the last inequality holds with | D27/} v| the operator norm of D?Tvy.
As a consequence, for any t1 < to

ta 9 [tz
Frn(t2) = Tty (1) + [ Ty (905 < Ty t2) 5 35 [ 11D 0 [
t1

t1

Letting R — 400 we obtain the monotonicity of F,,, since

R—+00 R—400

| 2 [t
Foo(t2) = lim Fpr vo(tg) < lim <?R,vo (t1) + R/,; I ‘DQTSFU()‘ H%Q(@VF)dS> = Fy (t1).
1

To prove the second part of the statement, let us fix w € WH2(&,yp). Since Wh2(0,yr)
is the domain of (I — L)'/2, then TF is strongly continuous in Wh2(&,~vr). It follows that
|VT} w| converges to [Vw| in L1(&,~) as t — 0, and hence by (2.4)

tim [ IVTF wla)lde(a) = [ [Vul@)ldre(@) = Dyl 0).

Therefore, for any ¢t > 0 and for w € WH2(0, vr)
Fult) < 5(0) = limy [ [V w(a)ldre (o) = [Drul(0).
—VJo

Now let vg € BV(O,vr) N L*(0,~r). Thanks to Lemma 2.1, there exists a sequence of
functions (w;)jen C WH2(&,~vr) such that

jlggolle—wo\\m(ﬁ,w): : hm/\va )dyr(z) = [Dypvo|(0).

Then, for every t > 0 we have lim;_,o, |VT w;| = VT v| in L2(€,~r), and by the first part
of the proof

/IVT w; (@) dyp(x /ij dye(z), jeN,
so that

/ VT vo()|dve(z) = lim / VT w;(2)|dve (2)
Vi J—to Jo

J—+0o0

< liminf/ |Vw;(z)|dyr(x) = |Dypvol(0).
%
O

Remark 3.2. Some arguments of this section may be related to the approach of Bakry and
E’mery [7], that has been widely developed in the last years also in the metric space setting, and
in fact results of this type in such framework can be found in [28], to which we refer for the
details. Monotonicity of t = |[VTif| 11(e) follows also from the pointwise estimate

VT, f(2)| < eIV f| () (3.1)

and the L' contractivity of Ty. Inequality (3.1) is known in several contexts. In particular, it
has been proved in [8] and, by probabilistic methods, in [27], [29] for bounded convexr domains
with smooth boundary and in [30] for conver domains with nonsmooth boundary. However,
(3.1) is not needed for our purposes, and therefore here we give a simple purely analytic proof
of the monotonicity of t — |VTif| 11(0)-

13



3.2. Convex sets as countable intersection of cylindrical convex sets. In this section
we consider a convex open set 2 C X and a sequence (£2,,), of open convex cylindrical sets of
the form ,, = ﬂ;nl(@’n), where, for every n € N, 7, is a finite dimensional projection from X
onto Fy,, such that ©,, C Q,11, 00, is regular,  C Q,, and

Q=] . (3.2)
neN
We give a construction of the approximating sets 2, in the Appendix.

Since 2 and €, are open convex sets, by [13, Prop. 4.2] we know that v(9Q) = v(9€2,) = 0.
Moreover, €2 C €2, for any n € N and

7<ﬂ Qn\Q> =0.

neN

3.3. Approximations of semigroups. We recall that L is the Ornstein-Uhlenbeck operator
in L?(Q,~) defined in Section 2.3. Similarly, L, are the Ornstein-Uhlenbeck operators in
L?(2,,7) associated with the Dirichlet forms

&M (u,v) :/ (Viu, Vivlydy, u, veWhH(Q,,7).

The semigroups generated by L,, are denoted by (Tt(n))tzo. We denote by R(\, A) the resolvent
of the operator A. In the next proposition we deal with complex-valued functions.

Proposition 3.3. Under the above assumptions, for any f € L*(X,v) and for any \ €
C\ (=00,0],
. . - 1,2
Jim (BOLLo)(fi,)) , = RO D)) in WH(@,3).
It follows
(Tt(n)uomn)m = Thug)n in W2(Q,7)
for any uo € L*(X,v) and t > 0.

Proof. Fix A € C\ (—o00,0] and set ¥ = arg\. Since each L, is self-adjoint and dissipative,
A € p(Ly,) and

1
R(X, Ly = o2’
IR, Ln)lle(z2(0,7)) IA| cos ¥

1
[ Ln RN L)l o (22(9,7)) = IARA L) = Il g(22(@n,y) < o L.
2
Setting u = R(A, L)(fjo) and u, = R(X, Ln)(f|q, ), such estimates imply
1

Sl 2 (x )
|| cos 5

[unllr2(n ) <

and

9
1+cos§

Vu2d:—/uLud< 2 ,
/Qn| Hn‘H’Y 0, nnn’}/_‘)\‘coszgufan(X’,y)

Recalling that 2 C €,,, we arrive at the estimate

[flle2xqy 1 1+ cos
< S Tes? TN T
lenialiwz@e < lunllwiz@ny < == 597 | 1y A

14



Then the sequence (u,q) is bounded in W12(€, ), so that it admits a subsequence weakly
convergent to some function ue. By definition, u, = R(A, L,)(f|o, ) means

M wnpdy + / (¥ bttn, V6] g by = / fodv,  Voe W2 (Quy).  (3.3)
Qn n Qn

Fix any ¢ € W12(X,~). Notice that

/ Jfody
Q,\Q

where limy, o0 [|¢[|22(0,\0,y) = 0 since y(€2, \ ) vanishes as n — oco. Then,

<[ fllzexpllell 2o

lim feody=0.

Recalling that [[un|lyw12(q, ) is bounded by a constant independent of n, the same argument
yields

lim Uppdy = lim VHUn, Vigp|ydy=0.
n—-+00 Qn\Q n——+00 Qn\Q[ ]H

We conclude that

A/uoog0d7+/ [VHUso, VHP] g dy = lim ()\/ ungod’y+/ [VHun,VHcp]Hd'y>
Q Q Qo Q

n—-+00

= lim / fs0d7=/fs0d7-

Since the restrictions to Q of elements of W2(X, ) are dense in W2(,v), we obtain

A /Q tooip oy + /Q (¥ ittoe, Vil dy = /Q fody, YoeW2(Q,7).

Therefore, the limit function ue coincides with u = R(A, L)(fjo) and the whole sequence u,q
weakly converges in W12(€,v) to u, with no need of subsequences.

Let us now show that w, o converges strongly to u in Wh2(Q,~). To this aim it is enough
to show that

lim sup [[unllwi2q) < llullwrz@,)-
n—-+00

To see this we use (3.3) with ¢ = 4, and obtain
)\/ |un|?dy —I—/ |V gun|3dy = fundy.
n QTL

Letting n — 400, as before we obtain

lim ()\ / |t |2dry + / ]VHun\%{dfy) = / fady

- / ful?dy + / IV pullydy
9] Q
since Au — Lu = f.

We write A = a+ i with o, g € R. If g # 0, taking the imaginary parts in (3.4) we get

tim 6 [ fuaPay =5 | ur,
n—-+oo Qn 0
15
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that is

n—-+00 Q

lim \unQd'y:/ lu|d~,
n Q
and we deduce
lim |VHun]%{d'y:/ IV grul3dy.
n Q

n—-+o0o Q

Therefore,

lim sup ( [+ [ rvHun\%qdv)«imsup ( [ i [ rvHun\%dv)
n—-+oo 9] 9] — 400
/ uf2dry + / IV sl

If 3 =0, since A € C\ (—00,0], we have a > 0; (3.4) gives
T allunlZa, oy + IV 2oy =l + [Vl

1/2 is equivalent to the norm of W12(€,~)

and since the norm u — (af|ull7. 2(0) 7)—|—HVHUHL2(Q ”) )
we are done.
Convergence of resolvents implies convergence of semigroups. Indeed, it is sufficient to use

the Dominated Convergence Theorem in the canonical representation formula,

1 1
Tifio = g [ RODfadh = Jim oo [ ROLL) fjo, 0 = Tim T o,
where I' is any of the usual integration paths for analytic semigroups. O

Remark 3.4. One of the referees suggested an alternative proof of the above convergence result
along the following lines. We do not enter into all the details.
Define the forms

EM (u,v) = / [Vau, Vvl dy, u, ve DE™)={ue L*X,7): ulg, € W"3(Qn,7)}
1929
& (u,v) = / Vi, Vvl dy, u, ve D(E)={uc L*(X,7): ulo€ WH(Q,9)},
Q

the associa}fed operators L,, L and the semigroups Tt(n), T, in L(X, 'y).~ Notice ﬂfat the
sequence {&m), p(é"(”))} is decreasing in the sense of bilinear forms, i.e., D(EM) ¢ D&MD)
and M (u) > EPD(u) for alln € N and u € D(E™). Moreover, due to (3.2), we have

D(&) D> D := U D(&™) and & (u,u) = nh_}n;o EM(u,u) Yue D.
n=1
To apply [26, Thm S.16] and deduce that L, — L in the strong resolvent sense we need to prove
that D(&) is contained in the closure of D with respect to the norm [||- HLQ(XW) +&())V2. Since
Q is convez, this follows from the important approzimation result of [23]. It then follows from
[31, Thm 1, §IX.12] that Tt(n)u — Tyu in L2(X, ), uniformly for t in compact intervals, for all
uw e D(&). Checking that (Tt(n)u)\gn = Tt(n) (ul,) and the same for Ty, T, allows to conclude
that Tt(n)u — Ty in L*(Q,7) for every u € WY2(Q,v). Moreover, the monotonicity of the
forms yields o
Jim En(T{u) = &(Tiu)
16



for every t > 0. From one side, this shows that (T]'u)q = (Tt”u)m is uniformly bounded
in WY2(Q,~) and therefore it converges weakly to Tyu in W12(Q,v) (since convergence in
L2($2,7) has already been checked). On the other hand, the decreasing property of the forms
yields

lim sup / V(T ) dy < limsup &, (Tu) = &(Tru) = / IV i (T) [ dy
Q Q

n—oo n—oo

From the convergence of the norm one gets the strong convergence in W12(Q,~).

3.4. Conclusion: approximation by finite dimensional estimates. In this Subsection
we complete the proof of Theorem 1.1.

Proof. First of all, by lower semicontinuity (Corollary 2.5) we know that
| Dyug|(2) < liminf | D, Tiug|(2) = lim inf/ |V g Tiuo|pdy
t—0 t—0 Q

by the strong continuity in L?(Q,7) of the semigroup (T}):>0-
Next, we prove the estimate

| 1VaT g, Ly < 1D;w0l(9)
where €2, is the approximation of Q constructed in the Appendix, (T(n))tzo is the semigroup
associated with the Dirichlet form €™ in L?(Q,,~).

For any n, we choose a finite dimensional space F,, C Q(X*) such that ¢, C F, and fix
an orthonormal basis (h;)jen of H such that F), is a subspace of span{hi,...,h,} (indeed,
dim F,, < n by construction). Let also v; = Eju be the sequence of canonical cylindrical
approximations of ug, converging to ug in variation. We shall let j — oo and then n — oo.
So, we fix n, set F' = F,, in order to simplify the notation, and take j big enough so that F
is a subspace of G := span {hi,...,h;}. Setting d = j — dim F', we consider the open convex
set 0 := 0, x R C G, the associated Ornstein-Uhlenbeck semigroup operator T¢(t) and
its generator LY studied in Section 3.1. We remark that v;(x) = wj(rg(x)) for a function
wj € WLQ(Ga’Yj)'

We claim that (Tt(n)vjmn)(:p) = (T%(t)w;)(ng(x)), for a.e. x € Q. Indeed, the function
t— TG(t)wj belongs to C([0,00); L*(,~;)) N C((0,00); L*(0,7;)) N C((0,00); D(L%)) and
it is the unique classical solution to

u'(t) = LGu(t), t>0,

U(O) = Wjio»

in the space L?(0,~;). It follows immediately that the function g : [0,400) — L%(Qy,7),
9(t)(z) = TG(t)wj(Wc(m)), belongs to C([0,00); L*(2,7)) N C((0, 00); L*(2,7)). Moreover,
using the definition of LY and L,, we deduce that for every w € D(L%), the function w o ¢
belongs to D(L,), and L,(w o 7g) = (L%(w)) o ng. Therefore, g € C((0,00); D(L,)) and it
satisfies

g'(t) = Lng(t), t>0,

9(0) = vjq,-
17



So, g is a classical solution to the above Cauchy problem in the space L?(€,,~). Therefore,

g(t) = Tt(n)vjmn-
Applying Proposition 3.1 we get

/Q IV aT 10, sy = /ﬁ VT (t)w;| dy; < |Dsyw3](6) = | Dy ().

Let us recall that v; = Eju — w in L?(X,v) and in variation. Therefore, taking into account
the above estimate and (2.9) we obtain

/ ’vHTt(n)Uan’Hd’Y = 'lim / ’VHTt(n)Uj‘Qn‘Hd’y
Qn J7tJq,
<liminf [Dy0|(2n) = [Dyuol (2n) < |Dyuo] ().

Now, as a consequence of Proposition 3.3 and the hypothesis | D,ug|(0€2) = 0, we obtain

/Q Vi Tiuo| ey = lim /Q VT uopa, [rdy < limsup / VT Mg, lrdy

n—-+o0o n
< lim_|Dyuol(@a) = |Dyul(52), (3.5)
which finishes the proof of the Theorem. (Il

Remark 3.5. It is worth noticing that the proof of Theorem 1.1, estimate (3.5), yields that
also in the infinite dimensional setting the map

tos [ VnTin(o)lud(a)
Q
is monotone decreasing, for any uo € BV (X,v) N L?(X, 7).

APPENDIX A. FINITE DIMENSIONAL CONVEX ANALYSIS

This section is devoted to recall some properties of convex sets and convex functions in
Euclidean spaces. Most of these results can likely be found in the literature, but we recall
here some of the proofs for the reader’s convenience. Let C' C R? be a closed convex set with
interior part C° # (). Possibly translating C, without loss of generality we may assume that
0ecC”.

If C' is unbounded, then there exists v € S*! such that tv € C for all t > 0. Indeed, if
(xj); C C is a sequence with ||z;|| = 400, then

T
J C Sd*l

V; =
Rzl
admits an accumulation point v; convexity and closedness of C imply that
tv € C, vt > 0.
We set
Stl={vestl:weo, vt>0}
and we define the maximal cone with vertex at 0 contained in C,
Ke={tv:t>0,veS},

while we set K¢ = {0} if C' is bounded.
We define the map
m(z) =inf{\>0:2z € \C}.
18



If x € K¢ we have m(z) = 0. If + ¢ K¢ there exists a unique point y € 9C such that
x =m(x)y.
We set
y = pc(x).
Proposition A.1. Let C C R? be a closed convex set and let 0 € C°. Setting
r=sup{t > 0: B(0) C C},

m is conver, %—Lipschitz continuous and C = {m < 1}. In addition, if OC is C', m is differen-
tiable at any point x & OK¢; at such points (Vm(z),z) = m(x).

Proof. First of all we remark that m is positively homogeneous, namely m(tz) = tm(x) for every
t>0and 2 € RY.
Let us show that m is convex. As a first step we show that for any y;, 7, € R?

m(y1 +y2) < m(y1) +m(y2).

Indeed, for all t; > m(y;), i = 1,2, we have y; € t;C. Since C'is convex, then y1+y2 € (t1+1t2)C,
ie., m(yr +y2) <t + to.

Let now z1,20 € R% and A € (0,1). Using the above inequality and recalling that m is
homogeneous, we obtain

m()\:vl + (1 — )\)xg) < m()\ml) + m((l — )\)1'2) = )\m(xl) + (1 — )\)m(l‘g)
Let us show that m is Lipschitz continuous. For any ¢t < 7 and any = € R,
x
t—— € B(0) C C,
]

that is = € @C, whence in particular m(z) < Hf—”, and letting ¢ — 7, we obtain m(z) < 1||z||.

As a consequence, for any z,y € R?,

1
m(z) =m(y + 2 —y) <my) +m(z —y) <my) + e -yl
which implies
1
m(z) —m(y)l < “lle —yll,  Vo,ye R?.

Let us prove the statements about the regularity of m. Every p € 0C has a neighbourhood
U such that 9C NU is the zero level of a C! function f whose gradient does not vanish at 9C.
The function of (d + 1) variables

1
A) = —
oo ) = £ (32)

is well defined in a neighbourhood of (p,1). ¢ implicitly defines the Minkowski functional m,
since for every x outside K¢ and A > 0, /A € 9C iff A = m(x). Moreover, dg(z,A)/O\ =
~A\"2z,Vf(x/)\)) does not vanish at any (z, 1) with x € dC, otherwise the tangent hyperplane
at x would contain the origin, which is impossible since C' is convex.

This shows that m is C! outside K. Since m = 0 in K, it follows that m is C'! outside 0Kc.
The equality (Vm(z), z) = m(x) at such points follows from the Euler Theorem on homogeneous
functions. 0

We state the following technical lemma that is used in the proof of Lemma A.3.
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Lemma A.2. Let C,,,C C R% be closed convex sets with C,, converging in Llloc(Rd) to C # 0,
that is
lim 2%(C,AC)NBg)=0, VR>0;

n—-+0o

then for every r > 0 there exists a(r) > 0 such that for any bounded sequence x,, € 0Cy,
ZLUC, N By(,)) > a(r).

Proof. Let us assume that there exists a sequence x,, € 0C,, N Br with R > 2r such that
2

ZL4UC, N By(xy)) <

we define the sets

and the cone
K, ={x,+tv:veS,t>0}
Since C' is convex, then
K, N By(zyp) C C, N Br(xy), Cp\ Br(zy) C Ky \ Br(xy).

So in particular we have

1 r d

> UGN B(a) > LK1 By () = / At = A (S,),

0

and then s#971(S,,) < n%d' On the other hand, if we set

Knr={zpn+tr:ves,,0<t<2R} = K, N Bag(xy,),
we also have Cy, N (Br \ Br(xy,)) C Kn, N (Bgr\ By(2,)) C Kynr \ Br(z,) and then, since

2R odpd _ .d
LUKy r\ Br(zn)) = AL(tS,)dt = Tjzﬂd—l(sn),
we obtain
2UC N Br) = lim_(£4Co 1 By(wn) + 2U(Co (1 B\ Br(an)))
1 9dRd _ ,d
< lim < + RT%“”(S,J)
n—+oco \ N d
1 2¢R? — 4
< lim = (14+4=——F—] =0,
n—+oo n r
and this is a contradiction. O

In the next lemma we show the connection between the L' convergence of characteristic
functions of convex sets and the convergence of boundaries. We recall that the Hausdorff
distance between two sets A, B C F' is defined as

dy(A,B) =inf{t: A C (B); and B C (A)},

where (A); = {z € F : dist(z, A) < t}. On compact sets this distance induces the Kuratowski
convergence. A sequence of compact sets K; converges to a set K in the sense of Kuratowski
if
(1) for any sequence (z;); of elements x; € Kj, if x; — x, then z € K;
20



(2) for any = € K, there exists a sequence (x;); of elements x; € K; such that z; — .

Indeed, if z; € K; for every j and x; — x, then x € K because for every € > 0 the points
x; definitively belong to K.. Moreover, fixed x € K, for every j € N there is v; such that
K; C Kyy; for i > vj, hence we may select a sequence of points x; € K; converging to z.

Lemma A.3. Let C C R? be a convex set and let (Cy), C R? be a sequence of convex sets
such that

ngr—lr-loo vr(CAC,) = 0.

Then 0C,, converges uniformly on compact sets to 0C, that is for every compact set K the
sequence OC, N K converges to 0C N K in the Hausdorff distance.

Proof. Tt suffices to prove the statement for K = Br(0); we have

d d (R+1)?
LY(CLAC) N Br4+1(0)) < (2m)2e” 2 ~p(CLAQ).
Assume by contradiction that there exists €9 > 0 such that for infinitely many n € N, either
0C,, N Br(0) ¢ (0C)z, N Br(0), or 0C N Br(0) ¢ (0Ch)e, N Br(0). In the first case there are

infinitely many n € N for which there exists =, € dC,, N Br(0) but x,, € (0C)., N Br(0); we
have two possibilities, either B.,(x,) C C° or B, (z,) C R\ C. If B.,(x,) C C°, then

L9(CuAC) N Biia (0) 2 £%(Bay ) \ C) > gt

If B.y(z,) C R\ O, then by Lemma A.2
LY(CuAC) N BR41(0)) > £%(Bzy(22) N Cn) > aleo);

In both cases

lim sup £4((CLAC) N Br41(0)) > 0.

n—+00
Similarly, if there exists € 9C'N Bg(0) such that for infinitely many n € N, B (x)NoC,, =0,
then either B, (x) C CS or B.,(x) C R?\ C,,, and then again either

£9(CaAC) 1 Bry1(0)) > £4(Bay (0)\ €) > Luel,
or
LU(CaAC) N Bria (0)) > £9(Boy(2) N C),
so that, again,
lim sup £4((CL,AC) N Br41(0)) > 0.

n——+o0o

contradicting the fact that £¢((C,,AC) N Br41(0)) — 0 as n — +oo. O

Proposition A.4. Let C C R be a closed convex set. Then for any § > 0 there exists a closed
convex set Cs such that C C C§, 0Cs is smooth and

lim vr (Cs \ C) = 0.
0—0

Proof. Fix 6 > 0 and set
(C)s ={y:d(y,C) <}
Then (C')s is convex and contains C. A result of Federer [18] implies that the boundary of

(C)s is CHYif 6§ is sufficiently small; however that is not enough for our aims.
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Fix § > 0, let m be the Minkowski function of (C)s and let ¢ € C°(R?) be a standard
mollifier. For n > 0 define as usual o,(z) = o(z/n)/n?,

m, = mx* o,

and consider the set
Cs = {x € RY: ms(z) <1},
Since m is convex, each m,, is convex too. Indeed,

my(Ay + (1= A)ra) = / m(Ay + (1 — Nz — y)oy(y)dy
- / (A1 — 9) + (1= A2 — 9))en()dy

< / n(1 — 9)o()dy + (1 — A) / m(s — ) o(y)dy
=Am,(z1) + (1 — A)mn(@)-

Therefore, Cy is a convex set.
Let us prove that C§ O C. For every x € C, the ball Bs(x) is contained in (C)s, and then

ms(z) = /B L meste )iy <1

since m(y) < 1 for all y € Bs(x). This shows that C' C Cs. To prove the inclusion C C C§ we
remark that Bs(x) N C has positive Lebesgue measure and it is contained in (C)§, therefore

the restriction of m to Bs(z) N C' has maximum strictly less than 1 and the integral above is
strictly less than 1. This shows that C' C Cf.

Let us prove that if § is sufficiently small then the boundary of Cy is smooth. We have only
to show that the gradient of ms does not vanish at the boundary. To this aim it is sufficient to
show that for every x such that ms(x) =1 we have (Vmgs(x),x) # 0.

Let r > 0 be such that B,(0) C C and let

(1) 6 <r/4, (i) 5/]1{11 lulo(u)du < r/2.

For every x such that ms(x) = 1 there exists € Bs(z) such that m(z) > 1 (otherwise we would
get ms(x) < 1). Since B,.(0) C (C)s, then m is 1/r-Lipschitz, so that for every y € R? we have

m(y) > m(z) — ||y — z||/r, and hence by (i)
n) g Vo€ Bsla),
Consequently,
(Tms(a).o) = [ (Imly),a = hosto —u)dy+ [ (Tn(o),)osta ~ )iy

- / (Vin(y).  — y)os(z — y)dy + / m(y)as(x — y)dy.
Rd

Bs(z)
The modulus of the first integral does not exceed

1
/ 1 — ylos( — y) /|u|g Ju <

while the second integral is > 1/2. Therefore, (Vmg(x),z) > 0.
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To prove the last statement it is sufficient to show that for every z ¢ C' we have ms(x) > 1 if
¢ is small enough. Indeed, in this case I\ ¢ goes to 0 pointwise as 6 — 0, so that y¢(Cs \ C)

vanishes as § — 0. Let dp = dist(z,C) > 0 and let § < dp/2. Then Bs(xz) N (C)s = 0, so that

m > 1 in Bs(z) N (C)s and min{m(y) : y € Bs(x) N (C)s} > 1. Consequently,

m@%—/AﬁmwwW—yMy>L

O

We conclude this section approximating an infinite dimensional open convex set by finite
dimensional regular open convex sets.

Proposition A.5. Let 2 C X be an open convex set. Then there exists a sequence of open
convex cylindrical sets 2y, O Qi1 D Q with smooth boundaries, such that
Jm (€2, \ Q) = 0.
Proof. Since Q is an open convex set, then y(9§2) = 0. Since 2 is a closed convex set and X
is separable, by the Lindel6f theorem, see e.g. [17, Thm 1.4.14] we have
a-Ns,
JEN
where
Sj = 8(z},a5) ={zr € X : 2}(x) < a;}
with 7 € X*\ {0}, a; € R, are open half-spaces containing 2. The set
A, =5 N...Nn§S,

is an open convex set containing 2, and 4,, = S1N...N S, contains 2. Then,

() =~(2) = lm ~y(4).

We denote by Fj, the linear span of the vectors z7,..., ), which is a subspace of H of di-
mension d < n. We fix an orthonormal (along H) basis {hi,...,hq} of F, contained in

Q(X™*) and we define the projection II,, : X — F,, IL,(x) = E;-lzl hj(x)hj. The induced

measure v o I in F), is denoted by v,; if F}, is identified with R? through the isomorphism
h s ([h, ha]e, - - - [, ha]#), then 7, is just the standard Gaussian measure in R

Then, A, = 1II,1(C,), Cy is a polyhedral closed convex set in F, with v(A,) = 7,(Cy). By
Proposition A.4, for any n we find a smooth open convex set &, with smooth boundary such

that C,, C 0, and
1
< —.
(G \ C) < -

We may then define Q,, = II,,1(&,). Such sets are open cylindrical convex sets, and £ C Q,

for any n € N. If I, = Fj, 41, i.e. z,; is a linear combination of 7, ..., z}, then C, 1 C Cy,

) n’
otherwise Fj,+1 = F,, x R and Cy 41 C C,, x R. To get the inclusion Q,,+1 C €2, it suffices to
apply Proposition A.4 with decreasing sequences (d,,) in place of J.

Moreover,

1 _ _
0) <liminf~(Q,,) = liminf~v,(0,,) < 1 n(Ch)+— ] = 1 Ay) =~4(Q) =~(Q),
7€) <liminfy(2n) = lm inf 7, (0n) nﬂm(’v <C>+n) i y(An) = (@) =7(9)

then the conclusion follows. O
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