Maximal regularity for gradient
systems with boundary degeneracy
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Abstract

We study a class of elliptic operators L that degenerate at the
boundary of a bounded open set & C R? and possess a symmetrizing
invariant measure u. Such operators are associated with diffusion
processes in ¢ which are invariant for time reversal. After showing
that the corresponding elliptic equation Ap — Ly = f has a unique
weak solution for any A > 0 and f € L?(0, 1), we obtain new results
for the characterization of the domain of L.
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1 Introduction and setting of the problem

Let € be a bounded open subset of R? with closure ¢ and boundary ¢ of
class C*. We are concerned with the following elliptic operator in &

1
Lo = §Tr [ca* Do) + (b, Dp), ¢ € C*(0), (1.1)
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where b : € — R% is of class C*, o : € — L(R?) is continuous on &, of class
C(0) and such that, setting a = go*,

deta(z) >0, VzeD. (1.2)

It is well known that L is the Kolmogorov operator associated with the
diffusion process described by the stochastic differential equation

dX(t) = b(X(t))dt + o(X(t))dW (1),
(1.3)
X(0)=ze€0.

A unique solution of (1.3) exists in a suitable random interval [0, 7)), where
T, i the first time when X (¢) reaches 00.
The formal adjoint of L reads as follows

1
L*p = §div [aDp + (g — 2b)p, (1.4)

where ¢ is the vector field

d
i=1

The role of the above operator in the characterization of the invariant mea-
sures for X, that are absolutely continuous with respect to the Lebesgue
measure, is well known.

Let X(¢),t € [0,1], be a solution of the equation

dX () = b(X (t))dt + o (X (£))dW (1),

with coefficients defined on R%. We call X reversible if Y (t) := X (1 —t) is a
solution of the same stochastic differential equation (with exactly the same
coefficients b and o as X but a different Brownian motion). From a general
result by Haussmann and Pardoux [13] it follows that Y is a diffusion process
that satisfies the equation

dY (t) = b(t, Y (t))dt + (Y (t))dW (t)
for some Brownian motion W, where we have set, for (¢, z) € [0, 1] x R?,

d

bit,2) = =bi(x) + [p(1 — t,2)] 7' Y Dylag(x)p(1 —t, )] (1.6)

J=1



with p(t, z)dz the law of X (t). Now, suppose there exists p € C1(R?)NL}(RY)
such that

aDp+ (g —2b)p=0. (1.7)

Then L*p = 0, and p(dx) = p(x)dz is an invariant measure for X. So,
p(t,z) = p(x) is independent of ¢, and (1.6) reduces to

Bitr) = —bi(e)+ p(e) " Djlay(@)pla)

= —bi(z)+ gi(x) + p(x)_l(a(x)Dp(x))i = b;(x).

Therefore, X is reversible. Conversely, one can show that if X is reversible
and p(dz) = p(z)dx is an invariant measure for X, then condition (1.7) is
satisfied. We are thus led to regard (1.7), in some sense, as a quantitative
characterization of reversibility.

By analogy, we say that the operator L in (1.1), with coefficients defined
in 0, is of gradient form if there exists p € C*(&) N L'(0) such that (1.7)
holds in &. Such a terminology is justified by the observation that, in this
case, L can be recast (at least formally) as

Ly = zipdiv (paDey) . (1.8)

Consequently, L is symmetric on L?(&, i), where p is the finite measure

p(dx) = p(z)dz . (1.9)

We shall proceed as follows. In Section 2, we will show that, under general
hypotheses, for any A > 0 and f € L*(0, 1) the equation

Ap—Lp=f (1.10)

has a unique distributional solution ¢ € Wh2(&, ). This simple result,
obtained by a standard variational method, will allow us to define rigorously
the variational operator L in L?(&, ui) with domain D(L).

Then, as a first step in the direction of studying regularity properties of
the operator (L, D(L)), we will focus on a special class of gradient operators,
namely operators of the form

1
Ly = 5 alp + (b, Dy) . (1.11)

under the following assumptions.



Hypothesis 1.1. (i) 0 is C'-reqular, 0 < a € C'(0), and
ax) =0 <= x€00.
(i) b € CH(O) and
b(z) #0 VYxedl.

(iii) There exists p € C'(O) such that p € L*(O) and
a(x)Dlog p(x) + Da(x) = 2b(z) Vr e 0. (1.12)

Observe that, in view of condition (i) above, L degenerates on the whole
boundary of ¢. On the other hand, condition (i7) ensures that b is nonde-
generate on 00. Moreover, condition (1.12) is nothing but (1.7), restricted
to O, for the operator L in (1.11).

In section 3, we will show that

D(L) = {p e Wi2(O,p) : Dp € L*(0,15RY), alp € L*(0, )} (1.13)
under the further assumption

Hypothesis 1.2. Besides the conditions in Hypothesis 1.1, assume that O

is C®-reqular, and b, o, and p belong to C*(0).

The characterization of the domain, even for more general operators but only
in L? with respect to the Lebesgue measure, is proved by different methods
in [2]. The L? case, 1 < p < oo, with Dirichlet boundary condition and
first order global degeneracy of the diffusion coefficients at the boundary is
treated in [10]. It is worth pointing out that, in the literature on degenerate
parabolic equations (see, e.g., [1], [6],[7], and [8]), one can generally guarantee
that

o?Dyp e L*(0;RY),

though exceptions to such a tradition are known in low space dimension
(see, e.g., [9] and [5]). Here, however, we obtain stronger integrability for the
gradient, namely

/ Dyl2du < C(N) / FPdp, (1.14)
o 1%

(where C'()) is independent of ¢) in a multidimensional setting. This can
be explained recalling the nondegenerate contribution of b at the boundary.
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Indeed, the above statement (1.13) turns out to be a maximal regularity
result for L. Here, the key technical tool will be a regularity result from [14]
ensuring that ¢ € C*®(0) for f € C*®(0). It is for this point that we need
Hypothesis 1.2 in its full strength.

Finally, in Section 4, under weaker regularity hypotheses on the coeffi-

cients, we shall consider operators with the even more restrictive structure

Lo = %aA@ + §<D04, D), k>1. (1.15)
In this case, we introduce suitable approximating operators L., that are
still reversible and satisfy the main estimates leading to the domain char-
acterization, and then pass to the limit as ¢ — 0 in order to recover the
characterization of the domain of L.

An important feature of our analysis is that it just requires « to be regular
in 0 and positive in @, so that « in general (for example in the case of first-
order degeneracy) it does not possess any smooth extension outside & which
is still nonnegative.

2 Weak solutions

In this section, we start our analysis of operator (1.8) under Hypothesis 1.1.
Let us denote by B(&) the Borel o-algebra in &, and by p the finite measure
on (0, %(0)) defined by (1.9), where p is given by (1.12).

Now, let us define the Sobolev space Wl?(&, 1) as follows

Wak(0,m) = {u e W2(0) s ullypa, < 0} (2.1)

where || - [[y12(4 ) is the norm which is associated with the inner product

(0, DV wr2io = (0¥} 120 +/ﬁ<aD<p, D) dp.

We now proceed to showing that the space W12(&, 1) is a Hilbert space,
the only point which needs to be checked being completeness. Let (u;) be
a Cauchy sequence in W1?(&, ). Then, (u;) is convergent in L*(&, 1) and
VV;?(@’ ), because a is nondegenerate in &. Moreover, there is a subsequence

such that u;, — w and Duj, — Du a.e. in &. In order to verify that u;, — u
in Wh2(0, ), let us fix €, and let v € N be such that

l|lw, — an”W;’?(/f,#) <€ Vk,n> .



Letting n — oo, by Fatou’s Lemma we get
||u]k - UHW;J((@’IJ‘) <€ V k > V.

Since € is arbitrary, the convergence of uj, to uin W?(&, ) follows, together
with the convergence of the whole sequence.
Next, consider the Dirichlet form

Alg.v) = [ (aDg.Dv) dn. (2:2)

which is obviously symmetric, coercive and continuous on W2(&, 11). Given
A > 0and f € L3O, pu), by the Lax-Milgram theorem there is a unique
o € WH(0, 1) such that

1 _ 1,2
A evdnes [@Depvydu= [ fodn Vo ewio.n. (23)

Let us recall the definition of the variational operator, L,, associated with
(2.2). We say that ¢ € WI2(&, 1) belongs to the the domain, D(L,), of L,
if there exists a constant K () > 0 such that

/ (aDSO,Dl/J>dM'<K(90)H¢||L2(ﬁ,u>a Ve WO . (24)

In this case, by the Riesz theorem, there is a unique element in L*(&, u),
that will be denoted by L,p, such that

1 _ 1,2
5 [ Dp. Do) du= [ Lugvdu v e WO (25)

Equivalently, by (2.3) and (2.5), for any A > 0 and f € L*(0, 1) there exists
a unique ¢ € D(L,) such that

)‘QD_Lv(P:f

3 A characterization of D(L,)

In this section, we characterize the domain of the variational operator L, in
the “diagonal” case (1.11). Our first step is the following identity satisfied
by the operator L introduced in (1.1) under Hypotesis 1.1.

Proposition 3.1. Under Hypotesis 1.1, for any ©,v € C*(0) we have

| tevutdn) = =5 [ atbe. Do) plaa). (3.1)

%



Proof. Integrating by parts we find, recalling that a vanishes on 0f2,

1 1 1
—/ozAgog/) d,u:——/a(Dng@b)d,u——/(D@Da—i—aDlogpﬂ/)du.
2 Jo 2 Jo 2 Jo

Since Da + aDlog p = 2b, the conclusion follows. O
Let us now prove some classical estimates.

Lemma 3.2. Let A >0, ¢ € C%(0) and set

f=Xp— L. (3.2)

Then we have

and
1
[apetdn< 55 [ 157 (3.4)
17 17

Proof. Multiplying both sides of (3.2) by ¢ and taking into account (3.1)
yields

1
A/ Iw\Qdu+§/a|D<ﬂl2du=/s@fdu-
% % %

The conclusion follows via standard arguments that use the Cauchy-Schwarz
inequality. O

Lemma 3.3. Let p € C*(0). Then the following identity holds

/ﬁ L (b, D) dpu

(3.5)
1 / a{(div bI — 2Db) Dy, Dp)du +1 / | D|? |b]*dp.
4 Jo 2 Jo
Proof. By (3.1) we have
1
| 1o 0.0y dn=—3 [ atDe. D D)y
(3.6)

1 1
=—5 /CV(Dsto,Dso)du—— /a<D290Dso,b>du-
2 Jo 2 Jo
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Now, let us compute the rightmost term above as follows:

d
/oz(DngDcp, bydu = Z /Dthchkgoozbh pdx
o o

k=1

:% Z /ﬁDh[(Dkgpf]abh pdx = —% Z /{j(DkSO)QDh(Oébh p) dux

hok=1 hok=1
1 1
= —5/ |Dy|? div(apb)dr = —5/ |Do|?(apdivb + (b, D (a p))dz
o o
1
= —5/ |Do|? (adiv b + (b, aDlog p + Da))dpu
o
1
= _5/ |Dp|? (adiv b + 2[b|*)dp.
Vi

(in the integration by parts we have used the fact that pa = 0 on 00).
Therefore, substituting in (3.6) yields

/ﬁLMb,D@ dp
1 1
= —3 /a(Dngp,Dgo)d/H—Z /IDwIQ(adivb+2|b|2)dM’
o 17

which implies (3.5). O

Lemma 3.4. Assume Hypotesis 1.1, let A\ > 0 and ¢ € C*(0), and set
f=Xp— Lo. Then, for any € > 0 there is C(e) > 0 such that

/ Dl [bP dju < ¢ / Dol du + C(e) / P d. (3.7)
172 173 172

Proof. Multiplying both sides of (3.2) by (b, Dy) and integrating over &
yields

A/s@<b, Ds0>du—/L90<b,DsO>du= f{b, Dp)dp.
1% 1% %

Taking into account (3.5), we obtain

1
5 [1DeR1bPdn = [ 0. Do) du
% %

1
~ 1 / a((div b1 —2Db) Do, Dp)du — [ f(b, Do)du.
o o



It follows that
1
5 [ 1DeR1bPdn < At | Tl Dol d
% %

1 :
3 U bl +1000) | ol D dit Pl [ 111101 dn

which in turn yields

21712 € 2 82 2 2
| Do [b*dp < 3 |Dol* dp + —|bll%, [ lel”du
o o € Vi
1
+ 5 (Idiv Bl + D)) / a| Dol dj

€ 4
45 [ 1ol dut 210 [ 1P da
o € %

So,
2 2 2 8)\2 2 2
| Dol [b]*dp < € [ [ Dol dp+ —|[b]|5, [ |el|” dp
Vi o € o

1 4
(v ¥l + 1Db) | Dl die 2101 | 11 d

T3
Now, using (3.3) and (3.4), we have
8
[1DeP < e [ 1DoP du 21012, [ 177 du
o o € o

1 : 4
45 (v b+ 1D8c) [ 1P i+ 20l [ 17
% € o

The conclusion follows. O

Remark 3.5. Asis clear from the above proof, the constant C'(€) in estimate
(3.7) is independent of a. On the other hand, it depends on A, ||b||~, and
|| Db|| s, and is bounded if ||b]|s and || Db||« stay bounded.

The condition b # 0 on €, which has not been used so far, will hereafter

become essential for it implies, for some real number 6 > 0 and compact set
H C O,

alz) =20 VYerex and b(z)| > Yee o\ X . (3.8)
Indeed, fix 0 < ¢’ < mingg |b| and let #° C & be a compact such that

|b(z)| >0 Vee O\ X.
If miny o > ¢, then (3.8) follows choosing § = ¢’. Otherwise, since min » «

is positive, it suffices to take ¢ equal to such a minimum.
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Proposition 3.6. Assume Hypothesis 1.1 and let § be a positive number
satisfying (3.8). Moreover, let A > 0 and p € C*(0), and set f = Ao — L.
Then there is a constant Cy = C1(0, A, ||b]|oc, || Db||oc) > 0 such that

/ Dyl dj < / P du. (3.9)
17 17

Proof. Let £ C O be the compact set associated with ¢ in (3.8). Then, by
(3.4) and (3.7) we deduce that for any € > 0 there exists C'(¢) > 0 such that

1
[pePan < 5{ [ piDePau+ [ alDe du}
o ONKX 0%

<5{e [1pePdu (co+55) [ 1P an}

Now, choosing € = 4/2 the conclusion follows. ]

We are now in a position to cheracterize the domain of L, in L*(&, ),
assuming more regularity on the coefficients.

Theorem 3.7. Assume Hypotheses 1.1 and 1.2. The domain of the varia-
tional operator L, defined in (2.5) is characterized as follows:

D(L,) = {p e W2X(0): Dy e L’(0,1;RY), alp € L*(0,p)}. (3.10)
Proof. Let W denote the right-hand side of (3.10). We have to show that
every weak solution ¢ € W2(0, ) of f = Ap — Lyp belongs to W. Let
(fn) € C>(0) be a sequence converging to f in L*(O,p), and, for every
h €N, let ¢y, G_D(LU) be such that Ap, — Lypp = fr. Then, by [14] we know
that o, € C*(0) and therefore estimates (3.3), (3.9) hold (L, coincides with
L on smooth functions). In particular, (3.3) implies that ¢, — ¢ in L*(0, i),

so that (3.9) holds for ¢ as well. Thus, ¢ € W and the proof is complete. [

In the particular case when p = 1, that is p is the Lebesgue measure, we
can further specialize D(L,), as shown below. Observe that ¢ = 1 if and only
if 2b = Da.

Proposition 3.8. Assume Hypotheses 1.1 and 1.2 and moreover that 2b =
Da. Then du = dx and the domain of the variational operator L, defined in
(2.5) is characterized as follows:

D(Ly,) = {p € WZ2(0) : Dy € L*(0,R?), aD’¢ € L*(0,R*%)}. (3.11)
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Proof. Arguing as in the proof of Theroem 3.7, it is sufficient to show the
existence of a constant C' > 0 such that for every ¢ € C®(0), setting
f = Ap — Lyp, the inequality |[[aDpre|l2 < C||f|l2 holds. Since ay is a
smooth funcion vanishing at the boundary, we can apply the classical elliptic

estimates || Dpi(ap)lls < Cl|A(agp)||2, which yield

laDigllz < C1 (lladellz + [[Dallo |l Dellz + [ Dol #]l2)
< Co ([N = Lo)ellz + [ Dalls | Dellz + [ D* sl ll2) -
The thesis now follows from estimates (3.3), (3.9). O

We do not know whether the above Proposition holds in more general
contexts.

4 A special case with less regularity

In this section, we study operator L relaxing the regularity assumptions on
the coefficients but restricting the analysis to the special structure

1 k
Ly = 3 alAp + 5 (Da, Do) (4.1)

with k& > 1 (note that if & = 1 then Ly = div[aDyp]). We assume that
a€C3¥0), 0={a>0},00 ={a=0} and Da # 0 on 0, and we argue
by approximation. For any € > 0 we set

Lep = % a(z)Ap + g(Da, Do), (4.2)
where

ae(r) == (W— \/E>2, r€O. (4.3)
Notice that

11_1}15 a.(r) = a(x)
and

0< afzr) <ax), z€ 0.

We set moreover b = %Da and

o () = Valr)+e—+e z€O0. (4.4)
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Then, o, € C3(0). The stochastic differential equation

dX(t) = b(X(t))dt + 0. (X (t))dW (1),
(4.5)
X(0)=z€0,

has a unique regular solution X,(t,x), which is global in time because the
set O is invariant under the flow, as can be checked using the criteria in [11],
[3] (here is where we need the C? regularity). Therefore, for any A > 0 and
any f € C?(0) the problem

Ape — Lepe = f (4.6)

has a unique solution ¢, € C%(&) given by the probabilistic formula

oa) = [ MBI )t (@)
0
For the operator (4.1) a solution p of (1.12) is given by

p(z) = o* " (2). (4.8)

Now we show that L. is of gradient form, that is there exists a solution of
the equation

a.Dlog p. + Do, = kDa. (4.9)

Lemma 4.1. A solution of (4.9) is given by

Bfar=1(z) VB+e—a+e
o) = e g oo (S g ) b

where B = sup a.

Proof. By (4.9) we have

Da

Dlogp. =k — Dloga, (4.11)

e

D

(6]
Qe

" 1
GE(T):/B< PR ds

NN
B+ ¢

Let us write =¢ = DG («), where

(4.12)

:210g—6_2\/g VB+e—\r+e
VBri—vi Y e vaWBTe—va
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Then we have

Dlogp. = k DG (o) — Dlog .,

so that
BF
pe = _ek Ge(a)
e
Now the conclusion follows in view of (4.12). O

Remark 4.2. Since there is ¢y > 0 such that

\/B—I—e—\/g>§,

we have
pe(x) < 2%p(x) = 2" H(z), 2 e O

for 0 < € < €y. Moreover, p. converges to p uniformly on the compact subsets
of ¢ and then also in L'(&). As a consequence, estimates (3.3), (3.9) hold
in the form

2k
/!s@fdueé ﬁ/ |f1?dp (4.13)
% %
[ pean <2 [ 15ean (4.14)

for the solutions ¢, of equation (4.6) with f € L?(€, ). Indeed, . € C?(0)
by (4.7). Notice that the constant C can be taken independent of € < ¢.
In fact, it suffices to fix &5 in the proof of Proposition 3.6 in such a way that
a, > ¢ for all € < ¢g. The other constants involved are independent of «, as
pointed out in Remark 3.5.

From the previous remark it is clear that if we are able to pass to the
limit as € goes to 0 in (4.13), (4.14) then the domain characterization (3.10)
follows. This is done in the following

Theorem 4.3. Under the above hypotheses on «, the domain D(L) of L is
given by

D(L) = {p e WZ2(0): Dp e L*(0,1;R?), alp € L*(0,n)}. (4.15)
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Proof. Set du. = p. drz and define for r > 0

B(r)y={ze€0: a(x)>r} (4.16)
d(r) =inf{p(z) : = € B(r)}. (4.17)

Observe that p. = §(r)/2 for all x € B(r) and € > 0 small enough. So, owing
to (4.14),

2
| ipepdr< st [ Def de <
B(r) o(r) B(r)

and then (¢.) is weakly compact in H. (©), i.e., there is a sequence @), = ¢,
srongly convergent to a function ¢ in L? (&) with Dy, weakly convergent
to Dy in L (0). In particular, p, — ¢ a.e. and then |¢|*p. — |0|%p a.e.

and in L'(&). Using the Fatou Lemma in (4.13) we get

2
[ietan< [ i (4.19)
% 7

Coming to the gradient estimates, observe that

2k+lcl ) N .
S P = () (438)

/ |Dol*pdr = lim/ |Dyl|*pdx . (4.20)
o =0 B(r)
Moreover, we claim that

/ |Dy|?pdr < lim inf/ |Don|? py d (4.21)
B(r) h=ee JB)

(where pp, = pe,) for all r > 0. Indeed, writing

/ ‘DSOhPPde = / ’DSOh’Qph dx + / ’D@h|2(P — pn) dz,
B(r) B(r) B(r)

we have that the last integral converges to 0 by the uniform convergence of
the pe to p in B(r). Then, (4.21) follows by the weak lower semicontinuity
of the norm invoking the L} -weak convergence of Dey,.

Finally, from (4.14), (4.21) and (4.20) we deduce the estimate

l/WWm<c/VWm
17 o

and the proof is complete. O
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Remark 4.4. The special feature of operator (4.1) is that the gradient struc-
ture is preserved under the approximation. In the general case of (1.11), on
can either approximate the coefficient o as we did, keeping b fixed, or modify
both av and b in order to keep the gradient structure. In the first case the gra-
dient structure is destroyed in general, while in the second one, which leads
e.g. to 2b. = a.Dlogp + Da,, where p is defined by (1.12), the derivative
of b, is not bounded in general (this is needed to get an estimate as (3.7)
uniform in ¢).

We conclude the paper by giving an example.

Example 4.5. We take & = By, the ball of center 0 and radius 1. In this
case the operator L reads as follows

Lo(e) = 5 (1= [2P)Ap — Kz, D),

where k£ > 1, and the density of the invariant measure p is
plx) = (1 —|z[»)*!, VaeBhB.
By (4.15) the domain of L in L?(By, i) is given by
D(L) = {p € WZ(B1): Dy € L*(Bi, i;RY), (1 - |z[*)Ap € L*(By, p)}-

loc
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