EXISTENCE OF WEAK SOLUTIONS FOR ELLIPTIC SYSTEMS WITH
p,¢—GROWTH
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ABSTRACT. We consider a non-linear system of m equations in divergence form and a boundary
condition:

Za (Af(z, Du(z))) =0, 1<a<m, inQ

u="1 on 0.

The functions A§(z, z) are Holder continuous with respect to x and

m n
2P —er DY AT (@, 2)2 <e2(1+]2))%, 2<p<q

a=11i=1

We prove the existence of a weak solution u in (@ + Wy 'P(;R™)) N WL9(Q; R™), provided p and

loc

q are close enough and under suitable summability assumptions on the boundary datum .

1. INTRODUCTION

In this paper we are concerned with the existence and regularity of solutions to the Dirichlet
problem associated to a non-linear system of m equations in divergence form

> o (A2 Du@) =0, L<a<m, nQ (1)

U=1u on 012,

where 2 is a bounded open set in R™, n > 2, and @ is a vector-valued function in a suitable Sobolev
space.

We assume that AY : QxR"™ — R, 1 <7 <n,1<a<m,are Carathéodory functions satisfying
the following properties:

there exist 2 < p < ¢, 0 < v <1 and v,M > 0, such that for every z,y € Q and for every
z,Z2 € R™™:

(H1) v (2P + [2P)'7 |2 -2 < ZZ [A (2, 2) — AF (@, 2)] [ — 27,

(H2) 47 (z,2)] < M(1+ |2]),
(H3) 303 [47(,2) = A7(y.2)| < clo ] (14 [

a=1 i=1
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Notice that we are in the framework of the p,g—growth, since (H1) and (H2) imply that there
exist cq,cy > 0 such that

g\zv’ o< iﬁ: (2, 2)28 < ea(1 4 |2])0. (1.2)
For 4 € WH4(Q;R"™), a weak solution u to problem (1.1) is a function u such that
u—1a e WyP(Q;R™) N W ’q(Q R™) (1.3)
and
/ ZZA z, Du)g (z)de =0 Ve WH(QR™), suppy € (. (1.4)

a=1i=1

If p = q, the existence of weak solutions to (1.1) can be established using the theory of coercive,
monotone operators, see Leray-Lions [24], Browder [4] and Hartman-Stampacchia [20]. Moreover,
by (H1) the solution is unique. Also the regularity issue has been extensively studied, see the
monographs [18], [19] and the surveys [28] and [29].

If p < ¢ the above classical existence results cannot be applied due to the lack of coercivity
in W14, Moreover, the request u € T/V1 I(Q;R™) in the definition of weak solution, needed to
have a well defined integral in (1.4), is an additional difficulty. Notice that such a request is a
priori assumed in some regularity results under the p,g—growth, see for example Leonetti [22],
Bildhauer-Fuchs [1] and Cupini-Marcellini-Mascolo [10].

In this paper we prove the existence of a weak solution u € I/V1 9(Q;R™) to (1.1). Moreover,
under additional assumptions, we show that w is locally bounded.

The existence of weak solutions is proved assuming that the integrability of the boundary datum
is high enough. Precisely, our result is the following.

Theorem 1.1. Assume that (H1)-(H3) hold, with

+
2§p§q<p%. (1.5)

1
For every u € Wl’pf’j(Q; R™) there exists a weak solution u to the Dirichlet problem (1.1), that is
u satisfies (1.3) and (1.4). Moreover, u € VVIOC (G R™) forall 1 < s <pi=s.

As far as the regularity of solutions is concerned, the obstructions are essentially two: we are
dealing with systems (if m > 2) and under non-standard growth (p < ¢). Indeed, in the vectorial
case, even under the standard growth, the everywhere regularity of solutions for systems, or of
minimizers of integrals, cannot be expected unless some structure conditions are assigned, and this
holds also for the local boundedness, see e.g. the counterexamples by De Giorgi [13] and Sverdk-Yan
[30].

Since the pioneering paper by Marcellini [26], the theory of regularity in the framework of non-
standard growth has been deeply investigated. The results and the contributions to regularity are
so many, that it is a hard task to provide a comprehensive overview of the issue. For this, we refer
to the survey of Mingione [28] for an accurate and interesting account on this subject. A common
feature is that to get regularity results p and ¢ must be not too far apart, as examples of irregular
solutions by Giaquinta [17], Marcellini [25], [27] and Hong [21] show. Notice that the rate of Holder
continuity of A(-, z) interacts with the ratio q/p precisely as in (1.5), see Esposito-Leonetti-Mingione
[15] and Colombo-Mingione [8] where the same bound appears. This is suggested by an example
in [15], where the minimizer of a functional with q/p > 1+ ~/n fails to be locally W14-regular; see
also Fonseca-Maly-Mingione [16]. Moreover, the condition on the distance between the exponents
p and ¢ can usually be relaxed if the solutions/minimizers are assumed locally bounded, see e.g.
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Choe [7], D’Ottavio [14], Bildhauer-Fuchs [2], Canale et al. [5], Carozza-Kristensen-Passarelli [6],
Breit [3], Colombo-Mingione [9] and Cupini-Marcellini-Mascolo [12}

A particular case of systems such that its weak solutions in VV1 (Q; R™) are locally bounded is
given by

Z B Zaw z,Du) ug, | =0, a=1,...,m. (1.6)
i1 9%\
This result is a consequence of Theorem 4.1 in [10], see Theorem 5.1 below. See also Leonetti-
Mascolo [23] and Cupini-Marcellini-Mascolo [11].

Collecting the existence result Theorem 1.1 and Theorem 5.1, we obtain the existence of a locally
bounded weak solution to (1.1) under the structure condition (1.6), see Theorem 5.2. We emphasize
that no boundedness condition is imposed on the boundary datum .

Theorem 5.2 can be applied to the Euler equation of the functionals

/Q (|Du(z)* + a(z)|Du(z)|?) dx
and
[+ 1’ a
Q

as described at the end of paper.

The plan of the paper is briefly described. In Section 2 we give the strategy of the proof of
the existence result Theorem 1.1, which relies on an approximation argument, and state useful
preliminary results.

The a priori estimates needed to let the approximation work are proved in Section 3.

The conclusion of the proof of Theorem 1.1 is in section 4.

In the last section, we will apply the existence result to a particular class of non-linear systems,
see (5.3), and we will prove that for this class there exists a locally bounded weak solution of the
corresponding Dirichlet problem, see Theorem 5.2. Applications of our results are given.

2. PRELIMINARY RESULTS

We consider a bounded open set 2 in R, n > 2, and Carathéodory functions Ay : @ x R — R,
with ¢ = 1,...,n and a = 1,...,m, satisfying (H1), (H2), (H3), with 2 < p < ¢, 0 < v < 1 and
v, M > 0.

Fixed u € V[/I})f (;R™) we want to study the existence and the summability properties of the

solutions to the elliptic system (1.1) in a weak sense; precisely, u is a weak solution to (1.1) if
u—1a € Wy (S R™) N W,hY(Q; R™) satisfies (1.4).

loc
For the sake of clarity, we report the scheme of the proof of Theorem 1.1.

We approximate the system in (1 1) with the systems

Zza ®(z,Du)) =0, 0<e<l, (2.1)

a=1 1=1
where A‘éi : Q) x R" — R is defined as

A?l(z) = A (2) + e]z\q_ina. (2.2)
By (1.2), A2,(, z) satisfies

m n
ZZA (x,2)z > €|z]? —

a=11=1
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Moreover, by (H1) and (H2), we have that
A (2, 2) < (M +1)(1+|2])7 (2.3)

and, since z — |z|79722 is a monotone operator,

v (]2 + |2|2)172;2 z =2 <Y Y [Alir,2) — ALi(2, D)) [ - 2. (2.4)

a=1 i=1

The classical theory of monotone operators, see e.g. [24], [4] and [20], permits to conclude that
there exists (and, by (H1), unique) u, € @+ Wy'%(Q) such that

/ ZA(;Z»(JL‘, Duc)pg, dz =0 Vo € Wol’q(Q;Rm). (2.5)
Qi

Then, we prove estimates in Lebesgue spaces for the gradient of the functions u., uniform with
respect to e: the norms of Du, are bounded in LP(2) and in L(Q), Q' € 2, see Proposition 3.1
and 3.2, respectively.
We conclude by proving that there exists ug € o + Wol P(Q) such that ug € I/Vlf)cq(Q) and, up
to subsequences, Duc — Dug strongly in L{ (). This will imply that A2,(x, Due) converges,
up to subsequences, to A%(x, Dug) in L _(€2). Passing to the limit in the equation (2.5), with
o € WH(€; R™) with compact support in 2, we conclude.

We here recall some known results.

To prove that the LP norms of Du, are bounded with respect to €, see Lemma 3.1, we need the
following inequality, see also [27].

Lemma 2.1. Assume that (H1) and (H2) hold. Let AZ; be defined as in (2.2). Then there exists
¢ > 0 such that for all0 < e <1, for all z € Q and for all £, € R™

p(g—1)

&P <e ZAgi(m,f)(ﬁf“—nf‘)+(1+!n\) oot (2.6)
Proof. By (2.4),
617 < 277 (e = i =21g = 2+ l?) < ¢ (€ + )2 1€ = nf? + Inl?)
< Z (A2i(z,€) — AZi(w,m) (& =) + P |, Y& neR™.
By (H2) and the Young inequality,
|3 A% e m) € — )| < (M + D1+ ) | < Sl + e 1+ a5
Thus, (2.6) follows. O

To get that the LY norms of Du, are locally bounded with respect to €, see Proposition 3.2, we
need technical results. For the reader’s convenience we list them below.
The first one is based on an iteration argument, see e.g. [19].
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Lemma 2.2. Let Z(t) be a bounded and non-negative function in the interval [p, R]. Assume that
forp<r<d<R

Z(r)<6Z(d)+ ——+B
(r) (d) d—ry
with A,B>0 and 0 <0 < 1. Then

A
< _ .
Z(p) < c(v) {(R—W +B]
The remaining results are related to fine properties of the difference quotient; they can be found
e.g. in [15]. We recall that, given a function f : R® — R¥, then 7, f(x) = f(x+ hes) — f(z), where
es is the s-th vector of the canonical basis in R™.

Lemma 2.3. If0<p<R, |h|<R—p, 1 <t< 400, s€{l,...,n}, and G,DsG € L*(Bg), then

J,

Lemma 2.4. IfG:R" - R¥ G € L?(Bg), 0 < R < 1 and for some p € (0,R), d € (0,1), M >0,
n:R" = R withn € C}(Bpr), 0 <n<1inR", Dy < z& inR", n =1 on B,
2

wgﬁcxx>de<<|hvj/ D.G(2)[! de.
Br

S [ rsGle) ) do < M2n
s=1 Br

for every h with |h| < %, then G € WY2(B,; RF) N L%(BP;R’“) for every b € (0,d) and

”GHL%(BP) < W(M+ 1Gllz2(Br));

where ¢ = c¢(n, k,b,d).
Lemma 2.5. For every p > 1 and G : B — R, we have
—2 —2

Ton (1 2)P)T G@)? < ek, p)(? + |G (@)]* + |G + hey)[*) 7 |7 nG()?

7o n (1 +1G(2)]?)
for every x € B,, with |h] < R — p and every s = 1,...,n, where 0 < p < 1 and the constant
¢ = c(k,p) is independent of p.

3. UNIFORM ESTIMATES

In this section we study the approximating systems (2.1).
The properties of A%, i = 1,...,n, @ = 1,...,m, ensure the existence of a unique function

ue € @+ Wy(Q) such that
| S Az pudgt e =0 Vo e WHQR™).
Q a,l

In the following, c is a positive constant that may vary from line to line.
First we claim that the LP norms of Du. are bounded with respect to €.

plg—1)

Proposition 3.1. Assume that (H1) and (H2) hold and consider w € W »-1 (Q).

For all €, let ue € 1+ W&’q(ﬂ) satisfy (2.5). Then there exists a positive constant co, independent
of €, such that

(g—1)
/ |Duc|? da < co/(1+ D)) > da. (3.1)
Q Q

Moreover, ||u. — fLHWOLp(Q) < ¢ with ¢ independent of e.
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Proof. By (2.5) with test function ¢ = u, — 4, and using Lemma 2.1, with £ = Du.(x), n = Du(x),
we get (3.1). Moreover, since

[ 1puc—Dipds <2 [ (Dup + D) o
Q Q

then (3.1) implies the boundedness of the WO1 P_norm of u, — @ with respect to e. O

In the following proposition we claim that the L? norms of Du, are locally bounded with respect
to €. Precisely, we will prove the stronger result that the L*-norms of Du. are locally bounded,
with ¢ <s <p;2

p(q 1)

Proposition 3.2. Assume that (H1)-(H3) hold with q < pm, and consider @ € W"

Let ue € u+ W, 19(Q) satisfy (2.5), with 0 < e < 1.
For all s € [q,pn—f,y) there exist o, T positive and independent of €, such that for all Br(zg) € €,
with R <1, and for all p < R, we have that

T ().

/ | Due(z)|? de < 6717 / (14 |Due(z)|)P dz | + c2R™, (3.2)
Bp(zo) (R—p) Br(zo)

with positive constants c1,cy independent of €.

Proof. From now on, we write u in place of ..

Consider Br(zo) €, p<r <d< R <1, and define n € C*(Q), suppn C Barr(z9), n =1 in B,
2

and |Dn| < 74
Let ¢ = T57_h(’l727'57hu) with |A

Z/ 7727'5,;1 (A‘;Z-(x, Du)) Ts hlUy, AT = — 2/ To.h (Agi(x, Du)) 200, Ts pu™ da. (3.3)
oyl Q ot Q

(2.5) implies

We now proceed by steps.

STEP 1.
We prove that

2
/ !
Bayr
dir

2
dz < Tir (1+ [Dul)? dz |h|”

p=2
Ts.h ((\Du|2) 4 Du>

By
where the constant c¢ is independent of e.
Indeed, since
Z/ 77275,;1 (A?Z(x,Du))) Ts Uy, dT
“Ja
— Z/ (2 + hes, Du(x + hey) — AL, (2, Du(x + hes))) 7s pug, da

+ Z/ (A2 (2, Du(x + hes)) — A2, (x, Du(x))) 75 pug, de,
then (3.3) implies

Z/ (A2 (2, Du(x + hes)) — A2, (x, Du(x))) 75 pug, d
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S E / Ts.h (A?ji(ac, Du)) 200, Ts pu” da
“ Ja

— Z/ (z + hes, Du(x + hey)) — A2 (z, Du(x + hey))) 75 pug, da. (3.4)
By Lemma 2.5,

- <(|Du ) Du>

Therefore, using (2.4), there exists a positive constant ¢, depending on n,m,p and v, such that

p=2
To.h <(|Du|2) 1 Du)

This inequality, together with (3.4), implies

1 2 2\ B2 2
/77 To.h (\Du| ) 1 Du
cJa

— Z/ (z + hes, Du(x + hey)) — A2 (x, Du(x + hey))) 7 pug, de =: I + . (3.5)

2 p=2
< e(n,m, p) (|Du(x)|* + [Du(a + hey)[*) 2 |7 Du()[*.

< CZ (z, Du(z + hes)) — Ag;(=, Du(x))] s pug, -

@2 <=3 [ 7o (A2, D) 2, 5 7
“ Ja

Let us estimate I;. By (2.3)

L] < C/ 0|Dn| (1 + |Du(z)| + |Du(x + hes)|)*™" |7y pul da
Q

q—1

q
&

/ (1 + |Du(x)| + |Du(z + hes)|)? dx / |75 nul? dz
d—r B B,iaq

r+d
2 2

<

Then, using Lemma 2.3 and taking into account that |h| < 1, we get

q—1

niz g as vy} T { [ e 1}

<[ 1+ |Du(@))? dz|n|". (3.6)
d— T By

Let us estimate I5. By Holder continuity of A(:, z) in (H3),

L] < c/ 72 (1+ | Du(z + heg)) 7o p Dul d |7
Q

< c/ (14 |Du(z)| + |Du(a + hey))? da B < c/ 1+ |Du)? dz|h[.  (3.7)
Byid

By

2
Thus, collecting (3.5), (3.6) and (3.7), the claim follows.
STEP 2.
Since 1 < 2 then we can choose 0 < 6 < 7 such that 1<

when 0 < n (% - 1) < 0 < . We claim that |Du| € Lﬁfc(Q), where 0 = %LG Notice that
p<qgd< p#.

”+9. Such a choice is obtained
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Indeed, fixed a ball Br(zg) € Q, with p <r <d < R <1, by Step 1 and by Lemma 2.4, applied
2n
with b = %, we have |[Du|? € La-7(B,). Moreover,

H|DU|2H e(B)< (d—r§9+7+2 {(dir/Bd(l—i-|Du(x)’)q d:z;)é_k </Bd |Du($)|pdx>§}

with ¢ independent of e. Therefore, if we set o = (6 + v + ) 2” the above inequality gives

Du(@)®dz < ——— ([ (1+|Du(@)))? da v . (3.8)
B, (d—r) By

The arbitrariness of r, d and zg allows to conclude.

If ¢ = p then we go to Step 5. If ¢ > p we need Steps 3 and 4.

STEP 3.

Since % < ”+9 then @ < ‘Zq }f In this step we prove that there exist positive constants t, o, c,

all mdependent of e, Satlsfymg (Sq <t< 5qq If’ , 0 <o <1, such that

(t—1)o

Du(e)|® dz < ——— (/[ (1+|Du(x)|)" do -
g (d—r)T-+ \UBy

Indeed, t € <5q, ‘Sqq :5 } implies

1
+/ |Du(x)|?° dz + cR™. (3.9)
2 J,

qo t—20
1< — <, — <p. 3.10
) G <P (3.10)
By Holder inequality

q

1+ Du@)) dz)” = ([ @+ Du@D* (1 +|Du(@))? =) do
By Bg

< (/Bd (1+ | Du(z))® dx)ﬁ (/Bd (1 + | Du(@))*= dx)gi(t_l). (3.11)

Thus, (3.8) and (3.11) imply

/T \Du()|? da < </Bd (1 + | Du(z)))? dm)a (d_ér)a </Bd (1 + | Du(z))® dx) (H)U,

where ¢ is the constant in (3.8) and

=
g,

qi(s b t—0
pt’ Ct—1
By Young inequality, we get
(t—1)o
5 ¢ gb = 1 4
| Du(z)|? de < ———— (14 |Du(z))? dx + 55 (1 + |Du(x)])? da.
By (d—r)T-= \JB, 29° Jp,

Notice that by Step 2 and (3.10) the right-hand side is finite. Since ¢b < p and (|z| + |y[)? <
20071 (|2]% + [y|?°), we get (3.9).

STEP 4.
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By using Lemma 2.2 with Z(r fB | Du(x)|% dx, the inequality (3.9) implies

(t—1)o
C

/Bp | Du(z)|% dx < m </BR (1+ ‘Du(gg)‘)pdx) e Y CeR™.

STEP 5.
Notice that since # is any number in (n (g — 1) ,7), then s := ¢d can be any number in

p—i, p~= ). Note that ¢ < 57— The estimate (3.2) follows when s belongs to such an interval.
2p—q’ Fn—y

For s € [p ] we use Holder 1nequahty and we get (3.2) also in this case. O

’ 2p—q
4. PROOF OF THEOREM 1.1
We are now ready to prove the existence of a weak solution to (1.1).

Proof of Theorem 1.1. For all 0 < e < 1, let us define the operators Ae
U+ Wo 9(Q) satisfy

as in (2.2) and let u, €

i

/Z AZi(z, Duc)ply. de =0 Yo e W, 4(0), (4.1)

as in Section 3.

STEP 1.

We claim that there exists ug € @ + T/VO1 P(Q;R™) such that, up to subsequences, Du. — Duyg
strongly in L] ().
By Proposition 3.1, the I/VO1 P(Q)) norm of u—1 is bounded with respect to . Moreover, the estimate
(3.1) and Proposition 3.2 imply that, fixed @' € Q, Du, is bounded in L4()'; R™) uniformly with
respect to €. Thus, there exists ug € @ + I/VO P(Q;R™) such that Dug € L{_(Q;R™) and, up to
subsequences,

Ue — U — ug — @ weakly in Wol’p(Q; R™) and Duc — Dug weakly in L (Q;R™™).
Since ¢ < p"+7 by Rellich Theorem we get
ue = up in L{ (Q;R™).

To conclude, consider n € C°(Q2) and define the test function ¢ = (u. — ug)n. Notice that
o € WHa(Q; R"™), with supp ¢ € Q. By (4.1)

/Z A (@, Due)( . qu nda:——/ZA (x, Due)( —Uo)ﬁx dx

< (M+1)/(1+ | Due|)? Hue — ug||Dn| da. (4.2)
Q
Notice that (2.4) implies

|Due — Dug|? = (|Due — Duo|?) "’z |Due — Dug|? < 2" (|Duc|? + | Duo|?) "= | Due — Dug|?
—2
255
< > (A%i(x, Duc) — A, (2, Dug)) (ul,, — uf,,)-

1%

o,
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Thus, (4.2) and the definition of A%, imply

€,1

953" 1// |Due — Dug|Pndx < / Z (z, Due) — Ag;(w, Dug))(ug.y, — ug ., )1 dx
< (M+1)/(1—|—\Due\)q1]u5—u0|]Dn\da:—/ZA?(m,Duo)(ugwi —uf, )ndz
Q Q a,i

/ Z\umrq g, (U, — ufs ) d.

Thus, passing to the limit, as € goes to 0 we get that the right hand side goes to 0. We have so
proved that

Due — Dug in L (Q). (4.3)

loc

STEP 2.
We claim that, up to subsequences, A%, (z, Du.) converges to A%(x, Dug) in L]
Indeed, for all ' € Q, adding and subtractlng A%(z, Du,), we get

().

loc

/ |A§Z-(x, Du,) — A (xz, Dug)| dx < e/ |Du6|q_1 dz +/ |AS (2, Due) — AS'(x, Dug)| de.
Q Q Q

By the uniform boundedness of the L?(€')-norms of Du, the first term at the right hand side goes to
zero. As far as the last term is concerned, define the functions f(x) := |A$(x, Due) — A3 (x, Dug)|,
ge(w) 1= M {(1+ |Du () )7 + (1 + [Duo(z)])71} and gofz) = 2M (1 + | Dug(a)])t".

By (H2) we get that fe(x) < g.(x) for a.e. = € Q. Moreover, by what previously proved, g. — go
almost everywhere. Let us now prove that fﬂ, gedx — fQ/ godx as € goes to 0. This easily follows
by (4.3) and recalling that ¢ < p + 1. A generalization of the Lebesgue Convergence Theorem
allows to conclude.

STEP 3.
By (4.1) we get that

/Z Agi(z, Due)py, dr =0 V€ WhHe(Q; R™), suppy € Q.

By Step 2, up to subsequences,

/ZAQJUD’LL ©g, d:c—hm/ZA z, Due)py. dr =0 Vo e Wh(Q), suppy € Q.
Q

(6]

Therefore, u is a weak solution to (1.1). O

5. LOCAL BOUNDEDNESS OF THE WEAK SOLUTIONS

Let us assume that the functions A in (1.1) are such that
A (x, 2) == Za” (x,2)z5, (5.1)

where a;; : 2 x R" — R are Carathéodory functlons such that
n
D ai(z,2)A =0 VAER",VzeR™ and ae.x € Q. (5.2)
i,j=1
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Let us consider the corresponding system, that is

n 8 n N
Z D Zaij(x,Du(x))uxj () | =0, a=1,...,m. (5.3)
i=1 " 1

Jj=
The following boundedness result is consequence of Theorem 4.1 in [10].

Theorem 5.1. Assume (5.1), (5.2) and

Z Z [Af(x, 2) — AX (2, 2)] [25 — 2] > 0 Vz,z2e€R" and a.e.x € Q. (5.4)
a=1i=1

Assume also

m n
vizlP — e < Z ZA?(:C,Z)Z? < (14 |2])? Vz,z2eR"™ and a.e.x € Q,
a=1i=1
for some v,c1,c0 > 0, with 1 <p < gq, and also q < p;”—:; if p <n.
Let u € I/Vlif(Q) be a weak solution to (5.3), i.e.,

/ > Az, Du)g(x)dz =0, Ve WH(Q;R™), suppy € Q.
Q

a=1 i=1

Then uw € L3S (Q; R™).

loc

Proof. Tt is easy to check that the proof of Theorem 4.1 in [10] works using (5.2) and (5.4) instead
of the following condition assumed there:

n n m %
z agj(z, 2)AiX; = My ZA? (Z |Z?2> )
ij=1 i=1 a=1
for all z € R™, X\ € R" and with M; > 0. O

By this result and Theorem 1.1, we obtain the following existence and regularity theorem:.

Theorem 5.2. Assume that (H1)-(HS3) hold, with2 <p < ¢ < p"Tﬂ. Let AY be as in (5.1), with
(aij) satisfying (5.2).
-1
For every u € Wl’pgﬁ(Q; R™) there exists a weak solution u to the Dirichlet problem (1.1), such
that u s locally bounded.

Proof. The existence follows by Theorem 1.1 and the local boundedness follows by Theorem 5.1. [
We conclude with two applications of the above result.
Example 5.3. Let us consider
A¥(x, 2) 1= 222 + a(x)q|z|T 228, (5.5)

where 2 < q, a € C%(Q), a(x) > 0, 0 < v < 1. The assumptions of Theorems 1.1 and 5.2
are satisfied with p = 2. Therefore, if ¢ < 2"7# and @ € WLQ(‘]_I)(Q;]R’") then there exists a
locally bounded weak solution to the Dirichlet problem (1.1). Notice that (5.5) comes from the
Euler equation of the functional

/Q (|Du(z)[* + a(z)|Du(z)|?) dz.
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Example 5.4. Let us consider

AX(z,2) == p(x)(1 + \2\2)17(12)72 2z (5.6)

with p € C*7(Q), 0 < v < 1. Assume that 2 < p1 and ps < plnnﬂ, where

p1 = min{p(x)} and  py:=max{p(z)}.
The assumptions of Theorems 1.1 and 5.2 are satisfied for p = p1 and any q with ps < ¢ < p1

(g—1)

p
Therefore, if u € wh e (Q; R™) then there exists a locally bounded weak solution to the Dirichlet
problem (1.1). Notice that (5.6) comes from the Euler equation of the functional

n+y
-

p(z)

/(1 +1Du()2)™” da.
Q
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