G-CONVERGENCE OF MIXED TYPE EVOLUTION
OPERATORS
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ABSTRACT. We give a compactness result with respect to G-convergence for
sequences of mixed evolution (elliptic-parabolic) equations Ppu = 0 (upu) —
div(ap(z,t, Du)) = f, pp positive, null and negative. We show that the limit
operator is of the form Pu = 0¢(uu) — div(a(z,t, Du)) and that p and a are
independent of each other. Under some time regularity we show that this
convergence is equivalent to the pointwise (in time) elliptic G-convergence.
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1. INTRODUCTION

The asymptotic behaviour as h — oo, from the point of view of G-convergence,
of equations like

(1) jt)h’Uz:f7 u € Xy

(X}, suitable space) has been widely studied when P, is an elliptic or a parabolic
operator in divergence form of the type

P, = —div (ap(z,D)) or P,= % —div (ap(z,t, D))

where x € Q and ¢ € (0,T) with Q open set of R™ and T' > 0. G-convergence was
introduced for operator P, in the linear case by Spagnolo: we recall here only [32],
[33] among the first papers about linear and self-adjoint operators, [12] in which
for the first time an expression of the limit operator is given (in the case of homog-
enization), [29] in which operators as Ppu + by, - Du + cpu are considered, [35] in
which an extension for the non-symmetric and non-linear case is given, [7] in which
a comparison between linear elliptic and parabolic G-convergence is made, [39] in
which linear operator also of degree greater than two are considered. Besides, as
regards the non-linear case, we recall [5] and [34].

G-convergence is designed to express the convergence of the solutions of partial
differential equations and, sometimes, of minimum problems when the equations
represent the Euler-Lagrange equations of a family of functionals. The interest
arises just in this property which is not directly connected with the convergence
of the coefficients of the differential operators. A particular case of interest is ho-
mogenization, the case when one considers fast-oscillating inhomogeneities which
in the limit (with respect to G-convergece) often disappear producing an apparent
homogeneous behaviour.
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Here we consider operators like P, with ap, satisfying (r € Q@ C R", ¢ € [0,T],
n=2p2>2)

)\h(xat)‘é - 77|p < (ah(xatag) - ah($7t777)af - 77)

jan(2,t,€) = an(a, t.n)| < Lan(a,0)(1+ I + ) Pl =
for every &,n € R™, where \;, are weights, i.e. suitable almost everywhere positive
functions, and L > 1. The classical case, considered, for instance, in [32], [33], [12],
[7] with p = 2 and ap, linear in the third variable, corrisponds to A\, = Ao with
Ao >0 (and X, = X for every h € N).
In the degenerate setting, i.e. when A\, are weights, an approach via I'-convergence
(used to study limit behaviour for functionals; we refer to [8] for it) for linear func-
tionals is consider in [18] with Aj, = X for every h € N, X weight. In [11] a more
general situation is considered: in the elliptic case a sequence of non-linear equa-
tions is considered, with A, = A\p () satisfying a uniform Muckenhoupt’s condition
A, (see Section 2) and a), verifying a more general condition than (2). For the
parabolic case we recall [27] in which the linear case is studied with A;, = Ap(x)
satisfying a uniform Muckenhoupt’s condition.
About the degenerate situation we want also to recall [37] in which a simple situ-
ation is considered in the elliptic case, namely Pru = —div (Ap(z)Du), A, weights,
in which it is shown that knowing the limit behaviour of A\, is not sufficient to
characterize the limit problem.

In the present paper we consider operators like
(3) Ppu = 0y(ppu) — div(an(z,t, Du))

with ay, satisfying (2), Ap and pj, suitable functions, and give a compactness result
with respect to G-convergence for Py, (see (61) for the precise problems with suit-
able boundary and initial/final conditions). By this we extend some known result
regarding the linear case to the monotone framework, with degeneration depending
also on time (see below and Section 8). But the main originality of this paper is
that we consider p; which may be positive, null and negative, i.e. the equations
may be forward parabolic, elliptic, backward parabolic or all these types together.
In this situation the greatest problem for our purposes is the lack of a natural com-
pactness result which we need for the sequence of the solutions (for this we refer to
[24], Theorem 2.18 and Example 2.19). To bypass this difficulty we first study the
problem in the situation

Ll-v}zeak limpp, = p# 0 ae. in 2 x (0,7),

i.e. p invertible, in which we are able to give a compactness result for the solutions
(see Theorem 3.7). Then we give the compactness theorem, one of the main results
(stated in Theorem 6.9), using an approximation argument (see Theorem 3.8 and
Lemma 3.13) and show that the operators P, converge, up to a subsequence, to an
operator P, defined as

(4) Pyu = 0y(pu) — div (ay(z,t, Du))
for suitable p and a,,.
The main thing we want to show is that if we look the operators defined in (3)

as evolution operators whatever is py, i.e. also when p, = 0 for every h € N,
the limit behaviour is in some sense independent of the coefficients pp. The
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meaning is stated in Lemma 6.3 which shows that if 0;(up-) — div (ap(z,t, D-)
G-converges to 0y (p-) — div (ay(x,t, D) and 0,(vy,-) —div (ap(z,t, D-) G-converges
to O¢(v-) — div (av(z,t, D-) then a, = a,.

We recall that this problem is partially studied in simpler situations: in [1] (see
also [2]) in the case of homogenization with where a;, and pp, are bounded, linear,
periodic and independent of time. In this situation the periodicity simplifies the
lack of compactess and the general case is not solved neither in the linear case.
We give a partial solution in [26] with pj, > 0 and ay, linear. In that case the lack
of compactness is bypassed using a regularity result (with respect to time) for the
solutions (see Theorem 3.11 in [24]), but we are able to prove it only with pp > 0
and p = 2.

We also recall that the problem we treat, as far as the periodic case is concerned,
is mentioned in [21], Appendix B.

The case in which we consider time-pointwise G-convergence is different. In Sec-
tion 7 we show that under some regularity assumption (which could be refined) on
time of (ap)p G-convergence for the evolution equations (PG-convergence defined

in Section 6) is equivalent to time-pointwise G-convergence, but this in general does

not hold (we refer to an example in [7] for this).

In the last section we consider some particular cases (Theorem 8.1 extending the
result contained in [27] and Theorem 8.2 extending the result contained in [23]).

In particular we get that the class A, /, is sharp among the Muckenhoup classes to
have compactness with respect to G-convergence for operators P, = 9;—div (a(z,t, D-),
i.e. up =1 for every h.

Mixed equations arise in many fields. As regards the case up > 0 one can think, for
instance, to heterogeneous material in which an evolution equation may degenerate
to an elliptic one in some regions where the diffusion is very quick. The coefficients
w1y, may represent, for instance, the electrical conductivity. An interesting example
which lead to elliptic-parabolic equations is the study of Maxwell’s equations, in
dimension two, for quasistationary electromagnetic fields (for this example we refer
to [36]). Here we briefly refer to [3] for other examples with pup > 0.

As regards the more general case, i.e. p; which may be also negative, equations of
the type (3), with p, = pp(x), may arise from kinetic theory (the stationary form
of the Fokker Plank equation, see, e.g., [19] and [4]) and stochastic processes (see,
e.g., [14], [20] and [15] and the references therein).

The paper is organized as follows. In Section 2 we recall some results about Muck-
enhoupt weights and show some results with weights depending on time. Section
3 is devoted to give some results for mixed equations we will need later (some of
them are generalizations of results contained in [24] needed since we are dealing with
weights depending on time). In Section 4 we set the problem we want to study and
fix assumptions and in Section 5 we give some compactness results needed later.
Finally in Section 6 we give the main results and in Section 7 we make a comparison
with the standard elliptic G-convergence. In the last section we give some examples
and particular compactness results.
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2. REVIEW OF MUCKENHOUPT WEIGHTS
With the word weight we will mean a function n such that
n weight if: 7 >0 a.e. in R”™ and 7€ L. (R").

From now on v and A will be functions such that (p will be a constant greater than
1 and by p’ we will denote the number p/(p — 1))

(5) v, \, A7/ weights .

The following definition is usually given for pairs (v, A) with ;A > 0 a. e.: we
extend this to pairs of weights.

Definition 2.1. Let p,q > 1, K > 0 be constants, v, A two weights, A\ > 0 a. e.,
a € [0,n) and Qo a cube in R™ (even the whole R™ if « = 0). We say that the pair
(v, A) belongs to the class Ay (Qo, K) if

N 1/q (p=1)/p
©6) Q" (][ le‘) (][ A_l/(p_l)da?) < K for every cube Q C Q.
Q Q

We denote by A5 (Qo) the class Uy~ o Ay ,(Qo, K). Moreover we denote by Ay 4(Qo, K)
the class A5 (Qo, K) when o = 0 and by A, 4(K) the same class when Qo = R™.
Finally we denote by A,(Qo, K) the Muckenhoupt class of weights for which (6)
holds with o =0, p = q and v = X, by A,(K) the class Ap(Qo, K) with Qo = R",

by A, = UK>1 Ap(K) and Aso = Up>1 Ap.

REMARK 2.2. - If A € A,(Qo, K) there is X' € A,(K) such that N = A in Q.

REMARK 2.3. - From the definition it follows that A € A,(K) if and only if AP =

A -1 ¢ Ap,(Kp/—l).

REMARK 2.4. - By definition we have that Ag (Qo, K) C Aqu(Qo, |Qo| P~/ " K)

fo<a<f<n Ay(K) CAy(K)ifl<p<g<oo.

REMARK 2.5. - Consider 0 < s <7 < 400, 1 < ¢ <p <400, « € [0,n/r). Then if
/ ’ r—sc1 1

(v", A7) € A" (Qo, K) then (v%,A%) € A%%(Qo, K') (K = K*/"|Qq|

»q 54

qu),

A, weights verify the following higher sommability property (see [6, 9]): for every
K > 1, for every p > 1, there exist two positive constants ¢ = ¢(n,p, K) and
d = 6(n,p, K) (depending only on n, p and K) such that

(141'5) 1 (lJlr'S) 1
(7) <][A1+5dx> <c (][)\dx) , (][Af‘?d:c> <c (wadx),
Q Q Q Q

for every cube @Q and A € A,(K). A, weights also verify the doubling property, i. e.
if A € Ay(K) one has that for every ¢ > 0 there exists a constant ¢ = c(¢,n,p, K)
(depending only on t,n, p, K) such that

(8) AtQ) < eA(Q)

for every cube @ of R™ (see for instance [16]). The condition (8) implies the reverse
doubling property, which we will call (1, d2)—reverse doubling, defined as:

(9)

there exist d1,d2 € (0,1) such that A(61Q) < 62A(Q)  for every cube @ of R™.
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The following result, for positive weights, is contained in [28] (for ¥ non-negative it
is sufficient to consider the positive weight

_J v in{zeR"|v>0}
(10) V)‘_{)\ in{reR"|v=0};
see Remark 3.8 in [25]).

Theorem 2.6. Suppose Qg is a proper cube of R", 1 < p < 400, and u is a Lips-
chitz continuous function defined on Qq, with either support in Qg or fQo f(z)dx =
0. Consider v >0, A > 0 a. e., weights on R™. Then

[/Q |u(x)|1’1/(a:)dx} e < C(v, A, Qo) [/

|1)u(xnpx(x)dx]l/p
Qo

where

QC8Qo

C=C(v,\,Qo) =c(p,7) sup |Q|1/n(]£2VT)1/pT(]£2)\_PT1>(p1)/pr

for anyr > 1, or

1/p 1\ (p—1)/p
¢ =0, Qu) =clp) sup Q" [ )[4
QC8Qo Q Q

if both vy and X~V =) satisfy (9).

REMARK 2.7. - Observe that A € A,(K) satisfies Theorem 2.6 (see Remark 2.5).

Now, considered ) an open subset of R™ and p > 1, define the space
WhP(Q,v,\) = {u € WI}JS(Q) ‘ ue LP(Q,v) and Dyu € LP(Q,N),i =1, n}

With hypotheses (5) the space W1P(Q, v, \) endowed with the topology induced
by the norm

1/p
) fulbwrooy = ( [ (1v+ 1Dz
Q

is a separable Banach space and C}(Q2) € WP(Q, v, ) (see Theorem 2.3 in [25]).
We will denote by W, (€, v, A) the closure of C! () in the topology of W'?(Q, v, \)
and by w1 (Q,v, A) its dual space.

Under assumptions of Theorem 2.6, if €2 is a bounded open set, the following
weighted Poincaré type inequality holds

(12) / |u|Prdz < c/ | Du|P Adz for every u € Wy P(Q,v, \)
Q Q

for a suitable positive constant ¢ and then we endow WO1 P(,v,A) by the norm

» 1/p
(13) [ullyrr @ = (/Q|Du| )\da:) :

Moreover, by Theorem 2.6 (with v = ) and Theorem 1.4 in [30], if © is a bounded
open set with Lipschitz boundary and A € A,, we have that for every v such that
the pair (v, \) satisfies hypotheses of Theorem 2.6 we have that

(14) WP (€, v, A) = WEHP(Q, AN NI (Q).
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Suppose now to consider
A€ A,(Ky1) and (v, \) satisfying Theorem 2.6.

By (7), (8) and Remark 2.3 if 2 is a bounded open set there exist o = o(n,p, K1) >
0 (depending only on n,p, K1) and ¢; = ¢;(n,p, K1,Q) > 0 (depending only on
n,p, K1,Q), i = 1,2, such that

(15)

o1 [NV ED D w] o 0y < lwllzo @y < 2 IRy 0]l Laser o)

-1
€1 ||>\||L1(Q)||’LU||L1+0 < wllze @A-1/-D) S C2 [A=1/ (= 1)H(Lp(Q))/p||wHL(1+v>’(Q)

for every w € L(H“’)l(Q). Applying (15) to w = |Dul, using also Theorem 2.6 with
v = X where @ is a cube containing €, there exist o = o(n,p, K1) > 0 (depending
only on n,p, K1) and ¢; = ¢;(n,p, K1,C,Q) > 0 (depending only on n,p, K1,C,Q),
C being the constant appearing in Theorem 2.6, ¢ = 1,2, such that

(16)

ey [NV @D P Dul| e @) < I1Dulll oy < e2 Mg I1Dulll o or o

for every u € Wo P(Q,v,A), so that
Wo (@) c WP (@ \) W), W, 0) € WHe(Q).

Moreover, since WO1 P(Q,v,\) continuously embeds in W11(Q) which continuously
embeds in L™ ™~D(Q) if n > 2 (and in L?(Q) if n = 1), there exists a positive
constant ¢z = c3(n, p, K1,C, Q) (depending only on n,p, K7, C, ) such that

_ B (p—1)/p
(17) [l 107 () < €3 (/Q)‘ e de) £l (-

Weights depending on time - Suppose now to consider weights v(z,t), \(x, t)
depending also on time. Consider the space

X ={ue P2 x(0,T);v)]| Diue LP(Q2 x (0,T);\),i=1,..n}

(D;u, i = 1,...n, denote the first n derivatives, i. e. the spatial derivatives) endowed

with the norm
T T
[[ull =/ /|u\Pudxdt+/ /|Du|p)\dmdt.
0o Ja 0o Ja

Define, analogously to (10), the positive weight (one can consider v defined not
only in Qg x (0,7T") but in R™ x (0,7))

_J v in{(z,t) e R"x (0,T)|v >0}
(18) ”*—{ A in {(z.8) € R" x (0.T) | = 0}

Suppose that the pair (v, A) satifies
(19) v, \, ATV e 1o, T; LH(9)).

1/p (p=1)/p
(20) ess sup sup (][ Az, t) dx) (][ A_l/(p_l)(x,t)dx> =K,
tc(0,T) QCR™ Q
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and one of the following (see assumptions of Theorem 2.6)
(21)

1/rp (p—1)/rp
) esssup sup Q7 f (a0 (][ e nw) =K,
Q

te(0,7) QCQo

(r—=1)/p
ess sup sup Q|1/"(][ xtd:c) (][A /(= 1)zt)d> =Ky
b) te(0,T) QCQo Q

and vy (-, t) uniformly (in ¢) reverse doubling, i. e. satisfying (9).

for any r > 1.
Then on CH(Q x (0,T)), if (21)-a) or (21)-b) is satisfied, the following Poincaré
inequality holds

T T
(22) / / [ulPv dadt < c/ / | DulP A dadt .
0 Q 0 Q

We then define (observe that C1(Q x (0,T)) C X)
(23)  Vy := completion of C}(Q2 x (0,T)) w.r.t. the topology induced by || - || x

endowed by the norm

T

(24) ullt, = /0 /Q \Dul? A dadt,
V} its dual space with the dual norm,

Hy o\ = L*(Q x (0,7),v)) (denoted by Hy if v = A)
endowed with the norm

T
lul, . = / / (uf2 vy dadt .
' o Ja

Observe that
(25) VN CLP(Qx (0,T);)) and VWV C L*(Q x (0,7),vy).

As a consequence of (19) and (20) (thanks to (7)) for a function u € LP(2x (0,T); A)
we derive from (16) the following estimates (¢, = c(n, p, K1, K2,), i =1,2)

(26) [ull e o140 () < €1 [[AT Y@= ||Lpoo 13/7{9L1 Q) [[ull o (@ 0.1).3)
||U||LT’ (Qx(0,T),\) S <6 ||/\||L<x>(0 ;L1 Q))HUHLP(O,T;L(Ha)’(Q))
and consequently, assuming (21) and taking uw = |Dv| for v € V), we have the

following continuous embedding (the constants estimating the embedding operators
being the constants appearing in (26))

(27)

LP(0, T; WM (Q)) c vy  L2(0, T; W (Q)), Vi c LY (0, T; W1+ (Q)).

Moreover by (17) we also get
(28) I fllvy < 63”)‘71/(1)71)||L°°(07TI,L1(Q))Hf”LP’(O,T;L"(Q)) .

Finally we present a slight generalization of a result contained in [22].
Fix p a radial non-negative function in C*°(R"), supported in B(0,1), such that
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Jrn P =1, and and consider (ps)s>o a family of mollifiers, i. e. ps(x) = 6" p(x/J).
We define
de

@) we@n® [ e-yundy @0 R x 0.1)

(where T(y, t) = v(y,t) if y € Q, 0 otherwise) if v € V.

Proposition 2.8. Let Q be a bounded open set of R™, Qo a cube containing €2,
T >0, K1 > 1. Then for every (v, \) satisfying
(30)
1/p (r—1)/p
Ky =ess sup sup |Q|*/™ <][ V(x,t)dx) (][ Al/(pl)(ac,t)d:c) < 400
t€(0,T) QC3Qo Q Q

with o € [0,1) there exists a positive constant ¢ = c(n, p,p, a, Ko) (depending only
on n, p,a, Ko) such that:

T T
/ / lvs —v[Prdadt < ¢ 6”(1_")/ / |Dv|P X dz dt
0 0 0 0]

for every § > 0, for every v € V.

REMARK 2.9. - As a consequence of this proposition, by (26), we deduce that, for
a fixed v € V), we have that

vy — v in LP(0,T; L' (Q))
since as particular case one has v = A (which satisfies (30) with o = 0).

REMARK 2.10. - Another particular case in the proposition above is ¥ = 1. In this
last case vs — v in LP(Q x (0,7)).

REMARK 2.11. - Notice that if (v",\") € AJ"(Ka), Ko € L>(0,T), for some
a € [0,1) then by Remark 2.5 assumption (30) is satisfied.

REMARK 2.12. - The following weak compactness result holds: if (), is a sequence
of weights satisfying
(31)

Ahs )\;1/(1’_1) € C°%[0,T); L (Q)), equi-continuous in L'(Q),

ARl Lo 0,130 () < €, ||)\;1/(p_1)||LN(O7T;L1(Q)) < ¢ for some constant c,

An(t) € Ay(Kq) for every t € [0,T],
then there are a subsequence (still indexed by h) and two comparable weights (we
say vi,v2 comparable weights if there are two positive constants ci,co such that
civ1 < vg < carn) A\, A € CO[0,T); LY (Q)), Mt), A(t) € Ap(Ky) for every t € [0,T]
such that, up to a subsequence,

_a -

An() = (), A, 7 (t) — Aer(t) in L'(Q)-weak for every t € [0,T]
and moreover
(32) A<AS K.
Indeed by (7) and (31) we have that t — [, g(x)An(z,t)dz are equibounded

’ N
and equicontinuous for every g € L1+9'(Q) (the same holds for A, ”~ 7). Since

LU+ (Q) is separable we conclude. Finally (32) can be obtained (using (8)) as in
[9] or [27].
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REMARK 2.13. - If two weights v, v, defined in a domain D C R¥ are comparable
weights (see the previous remark), then LP(D,v1) = LP(D,vs).

3. EQUATIONS OF MIXED TYPE

In this section we want to present some generalizations to spaces depending on time
of results contained in [24] (see also the references therein for similar results).

Consider the following family of evolution triplets
V(t)Cc Ht)c V()  telo,T]

where H(t) is a Hilbert space, V(t) a reflexive Banach space which continuously
and densely embeds in H(t) and V()" the dual space of V (t).
Moreover we will suppose the existence of a set U such that

(33) UcCV(t) densein V(t) for a. e. t € [0,T)

In [24] a triplet V' C H C V'’ of spaces not depending on time is considered, so we
do not give proofs since they are very similar to those contained in [24].

We define U the set of polynomials v(t) = S ugt® with u, € U, N € N and
suppose that the functions

telv®lve, t=llv@laeg, te lv®lve, t€[0,T],

are measurable for every v € Y. Consider p € [2,+00); we denote (improperly) the
spaces

V=LP0,T;V(t), H=L*0,T;H(t), V =L (0,T;V(t))

(p" =p/(p— 1)) defining respectively by V and H the closure of & with respect to
the following norms

T T
Jolly = / loOIG gdt and ol = / o(6) 3 eyt

and by V'’ the dual space of V.

Suppose to have a family R(t) of linear operators from H(t) to H(t) satisfying
(i) R:[0,T] — L(H(t)), foreveryte[0,T],
(ii) R(t) self-adjoint
(iil)  supse(o, 1) 1RO 2z )y < C1,
(iv) t+— (R(t)u,v)
(v) %(R(t)“vv)m)\ < Oy lullvyllvllvey  fora. et €[0,T]

d

(vi) p

for every u,v € U. Assumptions (33) are needed to define the derivative of the
operator R. If U is a Banach space one can consider C*([0,7]; U) instead of U and

Ht) absolutely continuos on [0,77],

(R(t)u, u) >0 fora.e t€[0,T]

H(t)
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simply V if V(t) =V for every t € [0, T].

By (34) we can define an operator R by

(35) R:H—H by  Ru(t) := R(t)u(t)

which turns out to be linear and bounded by the constant C;.

Now define the Banach space

(36)  Wr={ueV]|Ru) eV}, ulwg = [ully+I[(Ru) v .

where (Ru)’ denotes the derivative of Ru with respect to the variable ¢ in the
following distributional sense

T
(Ru),d),, 0 = —/ (Ruf(t), ¢'(t))H(f)dt for every ¢ € U such that
o t
R(0)6(0) = R(T)4(T) = 0.
Observe that in (34)-(v) we require a control on the temporal derivative of (R(t)u, v) g )
by the norm of u and v in the space V(¢) and not H(t).
By (34) we can also define a family of equibounded operators
d
R0.7] = LV@VE) by (ROuversvo = w(ROu)
and, by density of U/ in V, an operator

T
R V=V by <R’u,v>v,xv = /o (R (t)u(t), v(t)) vy xvdt

which turns out to be linear and bounded by Cs.

REMARK 3.1. - Observe that, if H(t) = H for every t, R'(t) is the derivative of
R(t), while it could be something else in a more general situation (see Section 4 for
the situation in which we are interested on).

Some other notations: for every t € [0,7] we will write H(t) as sum of three
subspaces

H(t)= H.(t) ® Ho(t) @ H_(t),  R(t) = Ry (t) + Ro(t) + R_(t)

where Hy(t) is the kernel of R(t) and H (t) and H_(t) are the invariant subspaces
of H(t) associated to respectively the positive and negative part of the spectrum of
R(t). By R4 (t) we denote the restriction of R(t) to Hy(t), i.e. Ry (t)u = R(t)u for
u € Hy(t), and by R_(t) we denote the operator defined by R_(t)u = —R(t)u for
u € H_(t), in such a way that both R, (t) and R_(t) are positive (analogously we
define Ry (t) which turns out to be simply such that Ry (t)u = 0 for every u € Hy(t)).
We moreover define
(37)

7 1/2

+(t) := completion of H(t) w.r.t. the norm |[wl| gz, ) = [[B+(t) wllmq),

H_(t) := completion of H_(t) w.r.t. the norm lwllg_ @ = | R- ()Y 20| sy
H(t):= Hy(t) ® Ho(t) ® H_(t).
For the following density result one can simply adact Proposition 2.4 in [24].
Proposition 3.2. The space U is dense in Wg.

Also for the following result one can simply adact Proposition 2.6 in [24].
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Theorem 3.3. For every u,v € Wxg the following holds:
(38)
d

%(Ru(t)v v(t)m@) =

= (R'u(t), v(®)) vy xve) + (Ru' (), v(E) vy xvey + (R (), w(t)) vy xv) »
so in particular we have
(39)
t
2/ (R (1)1 vy =

= (R()u(t), u(t)) @) — (R(s)ul(s), u(s))n(s) + /t<R’U(T),U(T))\/(T)/xv(T)dT-
Moreover the function )
t = (R(t)u(t), u(t)) m is continuous
and there is constant ¢ = c¢(T, || R||) (depending only on T,||R|| < C1) such that
(40) max [ (R()u(t), ult) rn| < ¢ ully, -

s

Thanks to the previous proposition it makes sense to evaluate u(t) in H (t) for every
t € [0, T]. Then for every ¢ € [0, T] we can consider the orthogonal projections
(41)
7w (t): H(t) — Hy(t), 7w_(t):H({)— H_(t), 7o(t): H(t) — Hy(t)
and, once defined H,, H_ as the subspaces of H associated to respectively the
positive and negative part of the spectrum of R, Ho = Ker R, we defined R, Ro,
R_ analogously as Ry, Ry and R_ we define
H, := completion of H, w.r.t. the norm lwllz, = ||R1+/2w||H ,
(42) H_ := completion of H_ w.r.t. the norm |w|; = ||R1_/2w||H,
H:=H,dHoBH_.
For given ¢ € H,(0) and ¢ € H_(T) we can also define the space
(43) WY = {ueWg | 7. (0)u(0) = ¢, m(T)u(T) = ¢}
Now we give an existence result (see Theorem 3.4 and Theorem 3.5 in [24]) for the

following problem: suppose you are given f € V', ¢ € H,(0) and ¢ € H_(T).
Consider the problem

(Ru) + Au=f
(44) 7 (0)u(0) = ¢

7 (T)u(T) =
where A is defined by a family of operators

(45)

A(t): V() = V() t€[0,T], with ¢ (A(t) measurable

U, ”>V(t)fxv(t)
as follows
(46) AV — V| Au(t) = A(t)u(t) 0<t<T.
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Definition 3.4. A function u € Wyg is a solution of (44) if

(Ru)'(t), v)v ey xv) + (Au(t), v) vy xve = (FE), v)vay v
7(0)u(0) =¢ in Hy(0), T (Tw(T) =+ in H (T)

for every v € U and for a.e. t € [0,T] (the initial data make sense thanks to
Theorem 3.3) or equivalently (see, e. g. [31], Proposition 2.1 in Chap. 3 or [36],
Theorem 43.3) if

- /0 ! ((Ru)(t),%f)mt)dw / (Au(t), (0))y oy vy B =

T
= [ 000y 8+ (B (00.600) )+ (R0 0AT))

for every ¢ € U such that 7 (T)p(T) = 0, 7_(0)p(0) = 0. If R = 0 the initial
condition has no meaning and in this case a solution is a function u € V such that

(Au(t), v) vy xvey = (F), V) vy v for every v € U, for a. e. t €[0,T].

Theorem 3.5. Define the operator P : Wr — V' by Pu = (Ru) + Au where R
satisfies (34) and A :V — V' is continuous. Suppose that there exist two constants
a, B > 0 such that either

Au =10 ifu=0
(47) (Au— Av+ £(R'u — R'v), u U>V’><V >
||Au+%R’u—Av— f’R’uHV/ Bllu — vy

alu—vl},

or for some p > 2,

Au =0 ifu=0

(Au — Av,u — v)yrxy = allu—ofl}),

s — Aol < AL+l + ol) 5 — o5

(R'usu)yrxy 20

(48)

for every u,v € V. Then for every f € V', ¢ € Hy(0), 1 € H_(T), problem (44)
has a unique solution and moreover there is a constant ¢; = c1(a,p) (depending
only on o and p) and a constant cz = ca(a, B,p, |R'||z(v,v)) (depending only on
a, B, p and, if p = 2, possibly also on |R'| zcv,vr)) such that for every u € Wg

lu = vllwe < IPu=Pullv + e [[Pu = Pol§”
+\|Ri/2<o><u<o>—v(O))HZ”(O +IRY(T)@(T) = oD )| +
(49) +ea1+ ullh + 1ol 5= - [IPu — Pol 37+

+ IRY2(0) ((0) = w(O) 37 o) + IR (D) wlT) = (@D )|

Proof - We confine to prove the estimate (49). For the proof of the existence (and
uniqueness) we refer to Theorem 3.8 in [24] (but see also [31], Section III.3).
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Observe that for wy,ws € Wyx we have that, both if p = 2 and if p > 2, aljw; —
wo}y < (Awy — Aws, w1 — wa) + (R (w1 —ws), w1 —ws). Then by (39) we derive

allwy —ws}, < (Pwy — Pwa,wy — wa)+

+%(R(0)(w1(0) — w2(0)), (w1(0) — w2(0))) o)+

*%(R(T)(wl(T) — wa(T)), (wi(T) — w2(T))) (1) <
(50)

< (Pwi — Pwz, wi — wa)+

+%(R+(0)(w1(0) —w2(0)), (w1(0) — w2(0))) m, (0)+

45 (R(T)(wr(T) = wa(T), (wr (T) = (1)1
By this we derive first, using Young inequality,
(51)

s —wally < e [IPw1=Punlpf” ™+ wn (0)=wa (0) [ o Hleos (D) =ws(T) X 1]

where ¢; = ¢1(a, p). Moreover, since (Rw;) — (Rws)’ = Pw; — Pwy — Awy + Aws,
using (48) we also obtain, for p > 2,

[(Rw1)" — (Rwz)'[[yr <
p=2 1
< NPwy — Pwallyr + B(1 + lwi |}y + Jwsl5) 7 Jwr — w5

and conclude using (51). For p = 2 we can proceed analogously using (47) and
(34)-(v). O

In the classical situation (i. e. R =Id) the following compactness result holds (see
[17]).

Theorem 3.6. Consider three Banach spaces By, B, By such that the embeddings
By C B C By are continuous, with By and By reflezive. Fix two numbers py,p1 €
(1,00) and T > 0. The space {v € LP°(0,T;By) | v' € LP*(0,T;B1)} compactly
embeds in LP°(0,T; B).

In this framework the natural compactness result reads as follows (see Theorem
2.12 and Theorem 2.16 in [24]).

Theorem 3.7. Consider a family R : [0,T] — L(H) of operators satisfying (34)-
(i), (34)-(ii), (34)-(iii). Consider the operator R and suppose R # 0. Suppose
the embedding V (t) C H(t) is compact for every t € [0,T]. Then the space Wg
compactly embeds in ﬁ+ ®H_.

In general, i.e. if R is not invertible, a compactness result (in H) is un-natural (see
Example 2.19 in [24]) and clearly also if we have a sequence of operators Ry, — R,
R not invertible, as we will consider in the next sections.

For this reason we will consider a family of parabolic operators approximating the
elliptic-parabolic ones, in the sense stated in the theorem below.

Therefore we introduce the following approximation argument. Consider a family
of operators R defined analogously to R and satisfying (34), a family A, : V — V',
all satisfying assumptions of Theorem 3.5, f € V', ¢,¢ € U. If we denote by H¢ (t),
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He (t), H§(t) the analogous of the spaces defined in (37) defined via R, and 7 (t)
and 7 _(t) the corresponding projections, we consider the following problems

(Ru) + Au = f (Reu)! + Acu = f
(Bo)§ 4 (0)u(0) = w4 (0) (B){ et (0)u(0) = 7o 1 (0)
r_(T)u(T) = 7_(T)¥ Te (T)u(T) = 7o - (T

and define
We={ueV|(Ru) eV'}.

Theorem 3.8. Denote by u € Wy the solution of (Ep), by ue € W, the solution
of (E.). Suppose

(Rew) — (Rw) and Aw — Aw  in V' for everyw € V.

Then
Ue — U 1R%
(Reue) — (Ru)  in V' when ¢ — 0.
Acue — Au )

REMARK 3.9. - We will use this result with R, = R + ¢S for a suitable S. Notice
that (R+¢€8)z)’ — (Rz) in V' for every z € V since, for regular z, (R+¢S8)z) =
(Rz) +€(S=)".

Proof - By Proposition 3.2 we can find w € C'([0,T];U) such that
(52) w0)=¢, wT)=v, |u—-wly, <9.
Then by (50) we can write

aflw = uel}y < (Pew — Petre, w — ue)

where P,z = (R.z) + Acz and Pz = (Rz)’ + Az. Notice that P.u, = Pu. Then

allw—u}, < <735w — Pethe, w — u5> =

= (Pow—Pu,w —uc) =

= ((Rew) — (Ru) + Acw — Au,w — uc).
Now since (Rew)' — (Ru) + Acw — Au = (Rew)' — (Rw)' + (Rw)’ — (Ru)' + Acw —
Aw + Aw — Au, by (52) we conclude (¢ = (1 + |lwl}, + ||u||f,)5%?)
(53)  allw —uclly <5+ e6VPT 4 [[(Rew) = (Rw)[[vr + [[Acw — Aw]yr .
To prove that ue — w in V it is sufficient to estimate

[ue —ully < llue —wllv + lw —ullv,

and let € go to zero. Observing that A, are equibounded we derive that Acue — Au
and, since Peu, = Pu, we also conclude that (Reue)’ — (Ru)'. O

Lemma 3.10. Consider a sequence (wp)pen C LP(A) (A open set and p > 1),
wp, — w in LP(A) and a sequence of mollifiers (pn)nen defined as usual by a
function p. Then, for every & > 0, it is possible to choose ny € N such that
llwn * prn, — wr|lzr < 0 and sup, ey np < +00.
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Proof - Fix 0 > 0 and consider nj, € N the minimum integer for which
llwp, * pp, — willLr < 9.

By this choice it follows that sup;, ny, is finite. Indeed one has
[[wh * pj—1 — wnllLr 26

and consequently
limhinf llwn * ppy—1 — w||Le =6

which implies that limsupn;, < 400 since limy, ||wy, * pj, — w|Lr = 0 for every
sequence jp —p +00. [l

REMARK 3.11. - Clearly, in this last lemma, the strong convergence wy — w is
fundamental. If (wp)p is only bounded the result is not true. Take for instance
wp(x) = w(he) in L'(0,1) where w(z) = xp,1)(x) for z € [0,2] extended by
periodicity to the whole R.

By these two last lemmas we can now state the following corollary of Theorem 3.8.
Before suppose to have three sequences of operators A, : V — V', satisfying (45),
R, Sp : H — H defined by Rj, and S}, satisfying (34), h € N. Consider Hj (),
Hj, _(t) the analogous of the spaces defined in (37) defined via Ry, ﬁfb7+(t), flﬁ_ (1),
the analogous of the spaces defined in (37) defined via Ry, + €Sy, and 7, 4 (¢) and
Th,—(t), Th,e +(t) and 7, ¢, —(t) the corresponding orthogonal projections. Consider
the following sequences of problems for f € V', ¢, 9 € U,

(Rhu), +Apu=f ((Rh + eSh)u)/ +Apu=f
(Eo)n § 7+ (0)u(0) = 74,4+ (0) ¢ (En g The+(0)u(0) = 7h,c,1(0) ¢
7h,— (TYu(T) = 7, (T) ¢ Th,e,— (T)u(T) = Tp e, (T)

where Pru = (Rpu)’ + Apu and Ppu = (R, +€Sh)u) + Apu satisfy the assump-
tions of Theorem 3.5.

Corollary 3.12. Denote by uj, and up the solutions respectively of (Ep)n and
(Eo)n. Suppose that there are two operators R,S : H — H such that

Rpw —p Rw, Shw —p Sw in V', for every w € H
Then for every § € (0,1) there is hs € N such that for every e € (0,1)
llup, — uh76||§’,_1 <cle+ (51/(”_1)] for every h e N, h > h;.

with ¢ > 0 depends only on v, B,p, | f|vr, | Br(0) /2@l rr(0), |Ba(T)*llrrcry, 1150(0) 2l (o).
1Sh(T) 2| ey -

Proof - As in the proof of Theorem 3.8 we fix a datum 7,0 € V' and denote by vy
and vy, e the solutions respectively of (Ey), and (E.);, with initial/final data n and
6 in such a way, for a fixed 6 > 0, ||vp, — up|ly < /3, ||vn,e — un.ellv < /3.

Now we approximate vy,. First, for a fixed § > 0, we consider a sequence (wp), C
L?(0,T;U) such that |jv, — @rlly < 0/3 and then regularise the sequence via a
family of mollifiers (p,),. In particular for each h € N we can find nj such that
|@Wp, — @p, * pn, ||y < 6/3. By Lemma 3.10 we can choose ny, in such a way

sup np < +00.
heN
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Then, defined wy, := Wy, * py,,, we have
Huh—wth<5, ||1}h—’wh||v<5.
Arguing as in the proof of Theorem 3.8 we get, as in (53), that
lwn = on,el5" < ell(Spwn)[lvr + 6 + ¢ 8/ P~

where ¢ = c(a, 3,p, || fllv, I1R&(0) 20| 50y, | (Ra(T)Y 2% rezys 11(0) )0l 110y

1Sk (T)Y2) || 111
We are done if ||(Spwp)’ ||y is equibounded. But notice that

[(Shwn) v < [Spwnllv + IShwy v < IShlcev,vn lwally + 1Skl 2 lwy v <

’

’ 1/p
< Sl Ulonlly +8) + ¢ ISulleeo | fi 120, (PP ol

and since Sy, S}, and vy, are equibounded, using Lemma 3.10 to estimate [ |p},, (T) P dr,
we conclude as in Theorem 3.8.

We conclude this section with an abstract result which will be useful to prove the
G-compactness result.

Lemma 3.13. Consider an operator S : H — H defined by a family S(t) satisfying
(34), S £ 0. Suppose KerR N KerS = {0} and H is separable.

Then for every e € (0,1], except at most a countable subset of (0,1], the operator
R+ €S is invertible.

Proof - We denote by K, the subspace Ker (R.) where R, := R + €S, possibly
K. = {0}. Clearly if d,e > 0, 6 # ¢, K. N K; = {0}. Notice that ®sc (0,1 K5
is a subspace of H. Now we affirm that Ks = {0} for every é > 0, except at
most a countable set of positve values of . Indeed it is impossible that K5 # {0}
for § € D C (0,1] and D more than countable. If this were true, we could find
for each § € D us € K, us # 0, with the elements of the family {us}sep which
turn out to be linearly independent. But since H is separable this is not possible. [J

4. POSITION OF THE PROBLEM

In this section we are going to define the problem we want to study. We will

consider a sequence of elliptic-parabolic problem, so first we are going to fix as-
sumptions we will make about the coefficients of these equations.
From now on we will consider fixed an open bounded set 2 with Lipschitz bound-
ary, a cube QQq containing €2, and some positive constants T, p, L, K1, Cy, 7,61, 02, Cs
withp > 2, LKy > 1,7 > 1,0 < 01,02 < 1, a constant « € [0, 1), two non-negative
constants Cs, K and a constant ¢ = o(n,p, K1) > 0 in such a way (16) hold. We
moreover denote by F' a continuous function

(54) F:[0,7] — [0, +00) s.t. F(0) =0 and F(t) >0 fort € (0,7].
Finally we denote and consider fixed also the spaces
Uy = WHQ), U= w7,

(55)
ul = L;D(O)T7 Ul)» Z/[2 = LP(O?T7 U2)? U= {u € ul | u/ € ué} .
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Definition 4.1. We denote by Maqx o,1)(p, L, K1, C1, F) (sometimes we will omit
the constants if not necessary) the class of Carathéodory functions

a:Qx(0,T)xR" = R", a=a(z,t¢E)

for which there exists a function N\, = A\y(z,t) such that the following hold

(S.1) a(z,t,0)=0,

(5:2) la(z,t,€) —ala, t,m)| < LAa(w,t)(1+ &P + nP) PPl — ),
(5.3) (ale,t,€) — alz,t,n),& —n) > Aoz, )€

(8.4) Xu(t) € Ap(Kq), i e. (20) is satisfied,

(85) [l + X" VBl < Ci,

(S:6) [Aalt) = Aa(s) 210y < F(lt — s)),

87 IV = AT () ) < (It —s)).

where (S.1), (S.2), (S.3) hold for a. e. (z,t) € 2 x (0,T) and for every £&,n € R™,
and (S.4), (S.5), (S.6), (S.7) hold for every t,s € [0,T] and F is the function defined
in (54).

We denote by Noxo,r)(p, L, K1,C1, F) the class of Carathéodory functions a :
Qx(0,T) x R" — R"™ for which (S.1), (S.3)-(S.6) and the following hold

(5:2)' la(z,t,€) — a(a,t,n)| < LAa(z, 1)1+ €7 + [n[?) 5T ¢ — 5|77 .

Finally we denote by A(a) the classes of weights A, for which (S.1)-(S.7) hold if
a € May o) or for which (S.1), (S.2), (S.3)-(S.6) hold if a € Noxo,1)-

REMARK 4.2. - Observe that MQX(O)T) (p, L, Ky, Cl, F) - NQX(O7T)(p7 L/, K, 01, F)
for L' = L'(p, L) depending only on p, L (see the proof of Lemma 4.9).

REMARK 4.3. - It follows from the definition that two weights A1, A2 € A(a) are
comparable.

Definition 4.4. For a given a € Mgy o,1) and A € A(a) we denote by F(\, Kz, 1, v, 81, 62, Co,
Cs, F), or simply by F(X) since the constants will be fized, the class of functions p



18 FABIO PARONETTO
such that (T.2)-(T.6) and one amongs (T.1)-a) and (T.1)-b) hold

a)  (|Jul" (1), \"(t) € AP} (K2, 8Qa),
)| 0,00 € 45,092, 500)
|lx(-5t)  (01,02) — reverse doubling uniformly in t, t € [0,T]

(T.2)  pllzee (o, )) < Ca
(T.3)  [lu(t) — p(s)]

(T4) ¢ / vz, e [ u@pE@A@ e € AC(D.T).

) < F(|t—s])  for every s,t € [0,T],

(T.5) )@/ﬂu(m)v(x)u(x,t)dxl < s ullwer @ uaan 1w » @ puiw aw) »

d
l@/S)“(@”(x)A(x’t)dxl < Cs lullwr o i a1V lwg @, u o2 -

d d

(T.6) — [ v?(@)u(x,t)der >0, — [ u?(x)\(z,t)dr >0,
Q Q

dt dt

for a. e. t € [0, T] and for every u,v € Uy and where the function |u|y is defined in
(18), F is the function defined in (54) and the space WP (2, |u|(t), A(t)) is defined
in Section 2.

REMARK 4.5. - Assumption (T.1) is needed for Theorem 2.6 and Proposition 2.8
to hold (using Remark 2.5). Assumption (T.6) could be weakened, at least if p = 2.
Indeed in this case one could consider the derivative of ¢ — [, u?(x)u(z,t) also
negative, but suitable bounded by below (see Theorem 3.5 and [26] where linear
operators are considered).

REMARK 4.6. - The class just defined is compact: consider a sequence (A)n (A €
A(ayp,) for (an)n C Maxo,r)(p, L, K1,C1, F')), and a sequence (up,)p such that puy, €
F(An, Ko,7, 0,061,082, Co,C3, F). First of all (see Remark 2.12) there is a weight
X\ satisfying (S.4), (S.5), (S.7) such that )\}:jF t) — S\_ﬁ(t) in L'(Q)-weak for
every t € [0,T] and a weight A satisfying (S.4), (S.5), (S.6) such that A, (t) — A(2)
in L'(Q)-weak for every t € [0,T] with X\ and A comparable. Moreover, by (T.2)
and (T.3) there is a subsequence, still indexed for simplicity by h;, (us,); and a
function p such that py, — pin CO([0,T]; L™ (Q2)-weak) (this can be proved as done
for (An)n in Remark 2.12). Therefore (||, A), and since A < X also (|p|, A), satisfies
(T.1) and x (T.2) and (T.3). Now one can conbider a countable bet U, dense in Uy,
and for every u,v € U define the functions F}” fQ n; (2, t)dz, which

turn out to be equicontinuous and equ1bounded and conclude (following the proof
in Remark 4.3 in [26]) that u € F(\, Ko, 7, , 61,02,Cs, Cs, F).

Now we consider a sequence of functions (ap), and two sequences of weights (Ag)s,
() such that

(56) (an)n € Maxor)(p, L, K1,C1, ), An € A(an)
56
wn € F(Ap, Ko, 7, 0,01,02,Co,C3, F) for every h € N.
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Denote by |u|x, the extension |up|y, defined in (18). For simplicity we denote by
Hy, and Vy,

respectively the spaces H| plx, and V,, defined in Section 2. Then, once considered
(it is possible to define wy, (t) for every ¢ thanks to assumption (T.4))
(57)
wi(t) = {z e ’ pn(z,t) > 0}, Q;’h =: {(z,t) € 2 x (0,7) ‘ pn(z,t) >0},
wy (t) = {z € Q| pn(z,t) <0}, Qr, = {(z,t) € 2% (0,T) | pnlz,t) <0}
wa(t) = wi (1) Uwy (1), Q= O, U Q7). -
Consider the positive and negative part of pj, denoted by iy, 4, pn,— respectively.
We define the operators (Hp, (t) := L2, |u|x, (- 1)), Hp +(t) :== L2(w)f (1), pn 4 (-, 1)),
Hy, () == L*(wy, (8), o~ (1)), iy = L2 5 ), Hi— = L2(Q7 5 —pin)

(58) Ri(t) : Hy(t) — Hp (1), Ry Hp — Hps,
R, (t): Hy(t) — Hp, (1), R, i Hp — Hp,—,

the orthogonal projections, and finally

(59) Ru(t):==Rf(t)— R (1), Rn =R} - R, ,

in such a way that

IR 2@ luln, ()22 @n @, luln(6)) < 1 IRl ern vy orn, ) <1
REMARK 4.7. - Notice that, once defined ry (x,t) = Xaf , ~Xa > One can represent
Ry by rp, 1e. (Rpu)(z,t) = rp(x, t)u(z,t). 1 )

Finally denote
Apu = —div(ap(z,t, Du)), AV, — V.
For fixed
felr(0,T;LMQ), ¢el™(Q), el=Q)
we consider the sequence of abstract problems (see Theorem 3.5 for existence of the
solutions)

(60) R} (0)u(0) = R (0)¢
n (
h

which correspond to

g(uhu) —div(ap(z,t, Du)) = f on Q x (0,7)

ot

(61) (Py) u=0 on 90 x (0,7T)
u(z,0) = p(x) on w;"(0)
u(z, T) = ¥(x) on w, (T).

REMARK 4.8. - The choice of f € L (0,T; L™(f2)) garantees (see (28)) that f € V},
for every h € N. Analogously ¢ € L*°(f) (and the same holds for ¢) garantees that
0 € L*(Q,\(+,0)) and p € L*(2, un(-,0)) for every h € N. In fact, in order that
¢ € LP(Q,\n(+,0)), and consequently ¢ € L?(Q, An(+,0)), and ¢ € L2(€2, |un(-,0)),
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it would be sufficient to consider ¢ € L(Q) where ¢ = max{(1 + o)’,2r'} (see (15)
and use Hoélder’s inequality since up(-,t) € L™(Q) for every ¢ € [0,T].)

Notice that in this case, since we identify the dual space of Hj, with itself, and then
have the triplet

Vi CHp C V}/w <‘7 ‘>h = <'; '>V,’L><Vh ;

(and also V}, C k), C V) we have

T
<(Rhu)”¢>h = _/ / u%uh dzdt  for every ¢ € CH(Q x (0,7)).
0o Ja

and the solution u, will belong to the space Wy’ ¥ defined as follows:
Wy, = {u €V | (Rhu)’ S V,/L}7
(62)
WY = {u € Wi | By (0)u(0) = R (0)¢, Ry, (T)u(T) = Ry, ()}

Lemma 4.9. Given a € Mqyo,r)(p, L, K1,C1, F) and X € A(a) the operator
Aqu = —div(a(z,t, Du)) satisfies, for p > 2, (L' = L'(L,p))
z=2 =
[ Au — Avllvr < L' (M 21 oxo,1y) + lullyy + [[0]15) 77 flu = o[
Proof - By (S.1), (S.2), (S.3) and using suitably Young’s inequality we derive

la(z,t,€) —alz,t,n)| <

—2

=X L>‘(‘T t>1/p()‘($7t) + (a(m,t,f),{) + (a(xatvn),n))%(a(w7t>£) - a(mvtan)a§ - 7])%

p—2 1
S LA, 1)1+ [€]P + [nfP) =T |§ — n[7=T.

Then

1
| Au — A v||v/ / / la(z, t, Du) — a(x, t, Dv)[P A} =7 dxdt) " <

p=2 1— 1/10/
L>\1+|Du|p+\Dv|p)p | Du — Do|7T } A pdmdt) <

pP—=2
<L / /Adx+/ /\Du|PAdx+/ /|Dv|p)\dx " 1||u—v||

Theorem 4.10. Problem (61) admits a unique solution. Moreover there is a posi-
tive constant ¢, independent of h, such that, denoted by uy, the solution of (Pp), we
have

l[unllw, <c

where ¢ depends (only) on f,¢,p,L,Cy,Co,Cs.
Proof - By Theorem 3.5 the existence of a unique solution uj and the boundedness

of the solution follow immediatly. The bound is independent of h since, by Lemma
4.9, the operators Ay, satisfy assumptions of Theorem 3.5. O
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To study the limit behaviour, as h — +o00, of problems (P,), since a compactness
result does not hold in general (see Theorem 3.7) we will approximate problems
(Pr) by the following problems

(Rou+eSpu) + Ayu = f
[R1(0) +€8(0)] _u(0) = [Rn(0) + € Sp(0)] . ¢ e € (0,1].
[Ri(T) + e Sp(T)] ,u(T) = [Rp(T) + € Sp(0)] _¢

with the solution u belonging to the space

(63) Whe :={u € Vs | (Ryu+ eSpu) € Vi }

where Sj,(t) and Sj, denote the identities in L?(Q,A\n(,¢) and K = L?(Q x
(0,T); \p) respectively, i.e.

Sh(t)t LQ(Q,)\h(-,t)) — LQ(Q,/\h(-,t)), S,: Ky, — K.

u — u u = u

(64)

Notice that for u,v € Kp, (u,v)x, = fOT Jouv Ap dzdt and

d
(Sh U 0) W10 (0,70 A0 () X WEP (@A (1) A (1) = @/QU(w)v(ﬂc)/\h(w,t)dw-

In this way the abstract problems above correspond to

g((uh + eAp)u) — div(ap(z,t, Du)) = f on Q x (0,7T)

ot

(65) (P u=0 on 00 x (0,T)
u(z,0) = p(z) on w;:e(())
u(z, T) = ¢¥(x) on w;ﬁ(T)

where w,te(O) = {z € Q[ (un+e n)(z,0) > 0}, wy, (T) = {z € Q[ (unt+eXn)(z, T) <
0}.

Bt Lemma 3.13 we can find € > 0 such that
tn + eXp #0 a.e. in 2 x (0,7).

The idea is to study before the limit behaviour of problems (Pf) and then use
Theorem 3.8 to study the limit behaviour of (P,).

5. PRELIMINARY COMPACTNESS RESULTS

In this section we will give some compactness results for a sequence of functions
(vn)h, v € Wy. We recall that T,p, L, K1, Ko,Cy,Co,C3,7,01,02,0 are the con-
stants and F' the function fixed at the beginning of Section 4. Then we consider the
three sequences (fn)n, (ar)n, (An)n (considered in (56)) where Ap(z,t) € A(ap).
Then we will consider the constants, the Carathéodory functions ay, the weights
An and pp, fixed in this and in the following sections.

If assumptions for a particular result can be weakened we will stress it (as done,
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—1/(p—1)
h

for instance, in Remark 5.3). We can suppose \p, A and pup to converge

(otherwise we extract a subsequence); we denote by p, A, A the following limits
(66)

() = p(), () = M), APV ) = AVED(@)in LY (Q)-weak

for every t € [0,T], which we recall to satisfy (see Remark 2.12 and Remark 4.6)

A< A< KA

A A e CO[0,T]; LY(RQ))

A(t),\(t) € A,(K,) for every t

pe L>0,T; LY () and (Jul,\) satisfies (T.1) -a) or (T.1) -b)
Analogously as done in (59) we associate to p the operator R. In the same way

we denote wt (t), w™(t), py, p—, RT(t), R™(t) the sets, functions and operators
analogous to those defined in (57) corresponding to p.

REMARK 5.1. - Notice that p;, — g in C°([0, T]; L™ (Q)-w) if and only if Ry (t)w —
R(t)w in L*T7(Q) for every t € [0,T] and w € C°(Q).

By Vi, V5 we will denote the spaces defined in (23) associated to A and A, by Wi
and W:f;\p the spaces associated to p and X defined analogously as done in (36) and
(43) (the spaces V) and V5 do not depend on p, while W, y and WY, do).

The compactness result which follows, and consequently some results we state in
this section, holds with the additional assumption that

A) w#0 ae inQx(0,T).

This result could not be obtained without A) (see, e.g., Theorem 2.18 and Example
2.19 in [24] for more details). In any case this assumption is temporary, in the sense
that for the G-compactness results we want to state it will be removed.

Theorem 5.2. Consider a sequence (vp)p with v, € Wy. Suppose there is a
positive constant ¢ for which ||vg|lw, < ¢ for every h € N and moreover suppose
A) holds. Then, up to a subsequence,

v, — v in LP(0,T; L*(Q)) .

REMARK 5.3. - If sup,, inf; | Ay (t)||L1() = 400 (and then (S.5) does not hold)
Theorem 5.2 still remains true. Indeed in this case, taking a cube @ containing €2,
one can find a subsequence such that lim;_ i SUp.e (o, 1) fQ /\;jl/p—l(x,t)dx = 0.
By (26) one obtain that vj,, — 0 in LP(0,T; L*(2)).
Proof - We consider, for every positive ¢, the sequence (v, 5);, obtained as in (29).
Now consider €2 such that Q C Q and define § = dist(£2,912). Consider

Z={uelh|u el}

where Q) is replaced by Q). Then for every § € (0,dg] one can prove that the
sequence (vys), satisfies, for a.e. ¢,

[ Dvns (- )| Lo @) < [[Vpslloollvn (5 )|l ()
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by which we get
lvnsllue < vaéHooHUhHLp(o,T;Ll(Q))

with ¢; depending on |Q|,o (o is the value fixed at the beginning of Section 4 by
which Uy is defined). As regards (’thh s) first observe that, given ¢ € CL(Q x

(0,7)) and defined (J¢)(¢ fo s)ds, one has
(67) (J(Rh(Rh¢t)5))( )= (J[RZ(Rm)a — Ru(R1,$)s]) (t) .

Then we have (recall that p is radial and that R? = Id, by A); (-,-) denotes the
duality betweeen Uj and Us)

((Ruvns), @) = —(Rpvns,d') = —(vn, (Rn¢)s) = —(Rinvn, Ru(Rud')s) =
= ((Rnvn)', JRu(Rud')s) — (Ruva(T), (JRu(Ru¢)s)(T)) 2 -

Then, by (67) and the density of C2(Q x (0,T)) in LP(0,T; Wol’(HU)/(ﬁ)) we get
that (Rpvp,s)" is bounded by a constant ca which depends on ¢ and §. Then we
conclude that there is ¢3 > 0 such that

th,a||LP(O’T;W3,<1+U>'(§)) + N (Ruvns) | Lo (0 7w —1140 @) < €3
Applying Theorem 2.18-ii) in [24] we get that (for a fixed §)
(Vn,6)n is precompact in LP(0, T} L(H")/(ﬁ)) .
Moreover the estimate, thanks to (26) and Proposition 2.8,

lvn,s — vnllLeo,r;p1+e ) < €allvns — VallLe@x0,m)n) < 50 *lonlv,
holds (here ¢5 depends (ounly) on n,p, K1, Ko, Q,Ci,a, p) by which we obtain the
compactness of (vy,), in LP(0,T; LY(Q)). O

Corollary 5.4. If there is v > 0 such that |up| = v (or A\ = ) for every h and
lonllw, < ¢ for every h, the sequence (vp,)p, is compact in LP(2 x (0,T)).

Proof - From the proof of Theorem 5.2 we know that (vp_s)p is compact in LP(§2 x
(0,T)). Then we conclude thanks to the last estimate of the proof of Theorem 5.2,
since we get (o may be possibly changed and chosen such that (14 o)’ > p)

Yl[vn,s — vnllLe@xo,m)) < 1vhs — vrllze@x©0,)m) < C 8 *|lonlv, - O

Before stating the theorem which follows we recall the following lemma (the proof
is analogous to that of Lemma 3.7 in [27]).

Lemma 5.5. Let k,m € N*, D be a bounded open set of RF, p > 1, v,vy, (h =
1,2,...) be positive weights on R* such that

V{l/(p_l) — p~ /1) in LY(D)-weak .
Let wy, € (LP(D; I/h))m (h=1,2,...) be a sequence of functions such that
wp, — W in (LY(D))™ -weak .
Then w € (LP(D;Z/))m and

[wllzr () < liminfllwn| o (Diw,)-
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Theorem 5.6. Consider a sequence (vp,)n with vy, € Vy,. If
lvnlly, <c for every h € N

then there is a function v € Uy (Uy and Us being the spaces defined in (55)) such
that, up to subsequences,

(i) vn — v in Uy-weak, v € V5 and |v|ly, <liminfy . [[vnlly, -
If moreover vy, € Wy, and
lorllw, < ¢ for every h € N..

then, up to subsequences,
(i) (Rpop) — (Rv)" in Uj-weak, (Rv) € Vi and
[(Rv)'llvy < liminfp o0 [[(Ravn)'[lv; -

Proof - The proof of point i) can be obtained using Lemma 5.5 and following the
proof of Proposition 3.8 in [27].

Applying Theorem 3.6 to the sequence (Rpvp)p, one has that there is £ € U} such
that, up to subsequences, Rpvp, — & and (Rpvp) — & in Uj-weak. By Corollary
5.7 we get that for every ¢ € CL(Q x (0,T))

(€,0) = ln((Ruon)', @) = ~ lim(Rav, ) = (Rv,¢') = (Ro)',0)

and then £ = Rv. Then one concludes as for point i). O

Corollary 5.7. Consider two sequences (vp)n, (wp)p such that vp,wy € Vi, and a
constant ¢ and two functions v,w € Vy such that

lorllv, <e,  Jwplly, <c¢, vp—v and wp, = w ian(O,T;Ll(Q)).

Then, for every ¢ € L>=(2 x (0,T)), we have

T T
/ /thhapuhdxdtﬁ/ /vwcpudxdt.
0 Jo 0 Jo

REMARK 5.8. - As particular cases we have:

T T
i) if wy, = v, and ¢ = 1 we have / / vippdrdt — / / v pdrdt

) indeed with a very similar proof one can also obtain

/ / vppupdrdt — / / voudxdt  for every ¢ € L.

Proof - First of all notice that, by Theorem 5.6 - (i), v,w € V5 and then in
particular v,w € L2(2x (0, T); v +v_), where vy = limy, pp, 4 and v— = limy, pp, —,
respectively the positive and negative part of pu5, and then v,w € L%(Q x (0,T); |u|)
since || < v4 + v_. One can easily see that (U and vs defined in (29))

|vn.5(w,t) — vs(w,t)] = |/Rn (T (&, 1) —T(E, 1)) ps(z — £)dE | <
<Mﬂw/wuaﬂ—M&M%
Q

from which we obtain that

(68) vps —n vs in LP(0,T; L (Q)).



G-CONVERGENCE OF MIXED TYPE EVOLUTION OPERATORS 25

Using this estimate and following the proof of Corollary 4.7 in [22] one can con-
clude. O

REMARK 5.9. - By point (i) of Theorem 5.6 and since A and \ are comparable
(see Remark 2.13), if v;, — v satisfy asssumption of Theorem 5.6, we deduce that
v € L?(Q x (0,T);v) for every weight v > 0 satisfying the Poincaré’s inequality
(22).

Now we show a series of result regarding the pointwise convergence of some functions
involving the solutions of the problems

(Ruu)" + Apu = f (Rpu) + Apu =g
(Ph)f’%¢ Rh(O)U(O) =@ (Ph)g,n,ﬁ Rh(O)u(O) =
Ry(T)u(T) = v Ry(T)u(T) = 9

for f,g € L¥ (0, T; L™(2)) and p, 9, n, ¢ € L>®(). As regards the following theo-
rem we adapt the proof of the analogous result in [38]; to do this we need the two
lemmas which follows.

Theorem 5.10. Let up, = up(f, @, v) be the solutions of the problems (Pp) above,
h € N. Suppose A) holds. Then, called u the limit, up to subsequences, of uy in
LP(0,T; LY(Q)), we have that

Up(t) = /Quh(x Hpn(z, t)de —, Ut) = /u2(m,t)u(x,t)das in C°([0,T]).

Q

Before we need a result, stated in Lemma 5.12, for which we need the following
lemma.

Lemma 5.11. Consider a sequence (wp)n such that w, € Wy and |wp|w, <
c for every h € N and for some positive constant ¢ and such that wp, — w in
LP(0,T; LY(Q)) for some w € LP(0,T;LY(Q)). Then for every ¢ € CL(Q) the
sequence

(t — / wh(x,t)(b(a:)uh(z,t)dx)h is equibounded and equicontinuous
Q
and if w is the limit, up to subsequences, of (wy)n in LP(0,T; L*()), we get
[ wnetyot@ine s = [ wiato@n(e. i C0.1).
Q Q

Proof - By Theorem 3.3 the functions we are considering are continuous and
equibounded. It is then sufficient to prove the equicontinuity. By (38) we have

‘/wh x, t)p(x) pup (x, t)dr — /Qwh(z,s)gb(x)uh(:z:,s)dx’ =
’/ (Rnwn) (), )v; (1) x vy (r AT — ‘ <
L/nnwm<nwﬁmm

1/p
nwm/an<mw44M@m@ ir <
< e(p, C1,Ca, G, )| (Rnwon vy |t — 5177

Vin(n)dT <
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Therefore the first part is proved. Now for every ¢ € C}(Q2) define Vh¢ the function
Joy wn (2, t)¢(x)pun (x, t)da. There is a continuous function V% such that

/Qwh(x,t)gb(:v)yh(x,t)dx = Vhd)(t) — V() in C°([0,7)).

Then we have that for every n € L>°(0,T)

/OT Vi (bn(t)dt = /OT (/Qwh(x,t)qb( Vi (2, ) da: #)dt _,/ Vo)

Since wy, — w in LP(0,T; L' (2)) (see Remark 5.8 - ii)) we derive that for every
n e L>*(0,T)

/ /wh (z, t) () pn (2, 1) da:dt—>/ / (z,t)¢ z, t)n(t)dzdt

and then
Vo(t) = / w(z, t)p(z)u(x, t)de for every t € [0,T]. O
Q

Lemma 5.12. Consider a sequence (wp)p, wy, € Wi for some p,q e L>*(Q), he
N; suppose wp, — w m L”(O T; LY(Q)). Then, deﬁned Wi(t) = [ wi(z, t)pn(a,t)d
and W(t) = [, w? w(z,t)de,

lim sup Wh( ) < W(0), limhinf Wi (T) =2 W(T).
h
Proof - There are two non-negative functions v; and v_ such that, up to subse-
quences,
li}ILn pn (- 0) =v, li}an pn—(-,0) =v_ in L"(2)-weak

where pp 1 (-,0) and pp,—(+,0) are respectively the positive and negative parts of

pn(-0) and vy (z) — v (z) = p(z,0).
First of all notice that, since by the previous result and the fact that wy,(z, 0)up 4+ (z, 0) =
p(x)pin,+(x,0) we have that

[ ona@ 0@y (.00 — [ i 0)6()u(e,0)da
Q Q

and
(69) / wn (2, 0)() i1 (. 0)dz — / p(2)6(2)vs (2)de
Q Q
we also get that there is a function ¢ such that
(70) [ wn 0@, (.00 — [ c(@ola)da
Q Q

By density we can reach (69) and (70) for every ¢ € L (). Since

‘/Szwh(x,())(b(m _(,0) dm < /(b x) o, — (z, 0)d$/§2w2($70)uh7(CL’,O)CZ.’L‘)l/2,

taking the liminf we get

’/QC(;U)QS < /(b dx) i (limhinf/ﬂw%(x,O),um(amO)dx)l/Q.
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First observe that, since this holds for every ¢ € L>° () and w3 (x, 0)pup,+(z,0) —
p?(z)v(x) implies that the sequence ( [, w3 (z,0)pn,— (x,0)dz), is bounded, we get
that

(=zv_
for some function z. Moreover taking the supremum over all ¢ € C}(£) such that
Jo #*(z)v—(x)dz < 1 we conclude

(71) /922(x)u,(x)dx<limhinf/Qwi(m,O)Mh),(m,O)dx.

Now

Wh(O):/Qw,%(x,O),uh(x,O)dx:/sz(x),uh#(x,O)dx—/Qw,%(x,O)uh’,(x,O)dx.

Then

lim sup W}, (0) glimsup/ pz(gg)uh#(x,())daf—&—limsup(—/wi(m,O)uh7,(x,0)d9€)
h h Q h Q

(72) g/{zpz(x)u+(x)dxflimhinf/Qw,%(x,O)uh,_(x,O)dx

2 — [ Z(x)v_(z)dz.
< [ P@w@is= [ 2@ @i
By Lemma 5.11, (69) and (70) we get that
(73) w(z,0)u(x,0) = p(z)vy(z) — 2(z)v—(z).

Suppose first p = 0. Then

1
z(z) = @ (x,0)u(x,0) where v_(z) >0
and then
_ —w?(z,0)u xO) () if v_(x) >0,
ifv_(z)=0.
Since pp(z,0) > _(x,0) taking the (weak) limit one has that p(z,0) > —v_(x)
and then
0
lzi(x(’x)) 1 where v_(z) > 0.
Summing up we get that
<w(x,0)u(x,0) if v_ >
(74) Ao (o { Sy OO R 2 8
Since we are considering p = 0 we also get that w(z,0)u(z,0) = —z(x)v_(x) and

then w(x,0)u(x,0) = 0 where v_ = 0 we conclude that

— szl/_x T X w2x, Z, i
/Q (2) <>d</ﬂ (2, 0)u(, 0)d

and by (72) we get the thesis for p = 0. In the general case call wp(z,t) the
functions wy, (x,t) — p(x). Then

limsup/@fb(a:,O)uh(x,O)dxS/@Q(aj,O)u(x,O)daE,
Q Q

h
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where w(z,0) = w(z,0) — p(z), that is

lim sup [/Qwi(a:,O),uh(m,O)dx—k/QpQ(x),uh(x,O)dac—Q/Qwh(x,O)p(x)uh(x,O)dx} <

h
w2x() /LSC() d.’E+ /)21'/LZL'() dr — 2 w(x,0 [)CL’/LI’() dr .

By Lemma 5.11 and since pp(x,0) — u(x,0) we conclude that

limsup/wﬁ(m,O)uh(x,O)dxé/wQ(x,O),u(x,O)dx.
h Q Q

In an analogous way one can prove the other inequality. (Il

Proof of Theorem 5.10 - Notice that, by Theorem 3.3, we get that the functions Uj,
are continuous. Moreover the sequence (uy), admits a subsequence, still denoted
by (up)n, compact in LP(0,T; L1 (2)). Say u the limit. By Theorem 5.6 we deduce
that u € Vy and (uu) € V5. Finally, thanks to Remark 2.12, we get that V\ = Vy,

and (see Remark 4.6) the pair (u,A) satisfies (T.1); then, by Theorem 3.3, U is
continuous. So now we have to prove that U, — U. By Remark 5.8 we get that
Uy, — U a.e. in [0,T]. Now the idea is to prove that (Uy); are relatively compact
in CY([0,T]), from which the thesis will follow.

Now suppose, by contradiction, that Uy, does not converge to U uniformly. Then
there is € > 0 and a sequence (t;)ren With ¢ — tg, such that

(75) |Up(tr) — Ulto)] > € for every k.

Notice that, since uy, are the solutions of (61), by Theorem 4.10 and (40) we get that
|Ug(tx)] < ¢ for some positive constant c¢. Then, up to subsequence, Uy (tr) — a
for some constant a. Since |Ug(ti) — U(to)| > € we have that there is a positive
constant o such that

|U(to) —a|l > 0.

Then we can suppose that
i) Ug(ty) > U(ty) for every k € N or
i)  Ug(ty) <Uf(ty) for every k € N

otherwise we can extract a further subsequence such that i) or ii) holds.
Notice that

i) = tr#0 and
i) = ty£T.
Indeed multiply the equation (Ryug)'(s) + Arur(s) = f(s) in (60) by ux(s) and
integrate in [0, tx] (o is the initial condition) and obtain, by (39) and (47)-(48)
1 o
3 On(t0) = () < [ {(s)un (o)
0

If we suppose f € L>®(Q2 x (0,7))

Upty) < Uk(0)+2||foo[/0tk/ﬂ uk|P(x,T)/\k(x,T)d:ch}11’{/Otk/ﬂ A,;”("—”(x,T)dxdT]p

~1/(p—1) Y
<
< Up(0)+¢ Jnax, [/Q AL (x,T)dT] th
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where, thanks to Theorem 2.6 and Theorem 3.5, ¢ = ¢(p, L, Ka,7,Co,C3,T, p, f).
Then, using assumption (S.5) about Ag, if tg were 0, using Lemma 5.12 we would
have

lim Uk (tr) < limsup Ug(0) < U(0) = Ul(to)
k

and this is impossible if i) and (75) hold. In an analogous way, integrating in [tx, T,
and using Lemma 5.12, one can prove that if ii) holds then ¢y # 7.

Suppose now that i) holds. Then tg > 0 and we can fix n > 0 in such a way
tr —n > 0, at least definitively. Multiply the equation (Ryug)’(s) + Axui(s) = f(s)
by ug(s) and integrate in [ty — 7, tx] and obtain, as above,

Uk(tr) = Uty — 1) < en'’?'
We have, for sufficiently big k,
Uk(ts =) > Un(t) —en'/” > a7 —en'/7".

By i) we deduce that the inequality |U(to) —a| > o is indeed a > U(ty) + 0. Then,
choosing 7y sufficiently small and n € (0,79), we have
o

g g
Uk(tk_n)>U(t0)+U_Z_Z:U(tO)+§

By continuity of U we also have U(tg) > U(tx — 1) — 0/4 and then finally

g
Uk(tk_n)>U(tk_77)+Z

for every n sufficiently small. But Ug(s) — U(s) for almost every s € [0, 7], while

for every n € (0,10)
o

Uty —m) = Uty —n) 2 1

This concludes the proof if i) holds. If ii) holds, and then ¢ty # T, integrating
in [tx,tr + 1] we get a positive constant ¢ such that, analogously as before, for

n S (07770)7
“Up(te +1) = —Un(T) — en'/? > —Ulto) + %

and again, similarly as before,

Uity +1)+ Uty +1n) >

RS

for every n € (0,19), which is impossible. O

Lemma 5.13. Let us, and vy, be the solutions of the problems (Pp,) f,o,v and (Ph)g.n.0
respectively, h € N. Then, called u and v the limits, up to subsequences, of up and
vy, respectively in LP(0,T; L' (Q)), we have that

tim [ un (e, 0)un (e, Oy (2, 0)d — / w(r,0)o(z, 0)u(z, 0)d
Q Q

li}rln/ﬂuh(z,T)vh(x,T)uh(x,T)d:EH/Qu(:zz,T)v(x,T)u(x,T)dx.
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Proof - Since

limsup/ 2up,(z, 0)op (z,0)pp (z,0)dz <
h Q

<timsup [ (unl.0) + o1 (2 0) sz, 0)d +
h Q

fli}rln/uh(m,O)zuh(x,O)dmf/vh(m,())?,uh(x,O)dw
Q Q

by which, applying Lemma 5.12 to the sequence w;, = ujp, + vp, and then using the
first step we get

limsup/uh(m70)vh($,0)uh(x,0)dx</u(m,O)v(m,O)u(m,O)dm.
h Q Q

The same arguement applied to the sequence wy = up — vy gives

/u(x,O)v(m,O),u(x,O)dx < limhinf/ up (z, 0)vp (z, 0)up (z, 0)dx
Q Q

and consequently

li’rln/Quh(x,O)vh(x,O)uh(x,O)dx:Au(m,O)v(x,O)u(x,O)dx.

In an analogous way one can prove

li}rbn/ﬂuh(x,T)vh(x,T)uh(a:,T)dx:/Qu(x,T)v(x,T)u(amT)da:. O

We now give an important corollary of Lemma 5.11 and Theorem 5.10, which will
give us information about the initial/final conditions of the limit problem.

Corollary 5.14. Let up = up(f, v, %) be the solutions of the problems (Py) above,
h € N. Suppose A) holds. Then, called u(f,p,) the limit, up to subsequences, of
up, in LP(0,T; LY (Q)), we have that

u(f,0,9)(0) = ¢ in{x € Q|u(x,0) >0}
u(f, o, 0)(T) =4 in{z € Q|u(x,T) <0}.

Proof - We show the proof for ¢ = 0, being the proof for ¢ = T similar. First of
all notice that if we substitute ¢ with a whatever function ¢ such that

e=¢  inwy(0):={zeQ|u(zr,0) >0}

the solutions up (p, ¥, f) and up (@, 1, f) have the same limit. Indeed, by (49), we
get

lun (s 6 £) = un (B30, Pl < /Q (o) — $(x))un s (. 0)dx
—c / ((x) — 3(@))*un+ (, 0)dx
Wi (0)N (w4 (0))°

which goes to zero. Then if the limit in LP(0,T; L (Q)) of (un(p,, f))n is u, the
same holds for the sequence (up (@, 1, f))n.
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The first step is to show that for every ¢ € L (Q)

(76) hm/ o(z)us (z,0)pn (z,0)dr = / d(x)u(x,0)py(x,0)d.

Consider, thanks to Proposition 3.2, a family depending on § > 0 of sequences of
functions uy, s and a family (us)s>0 such that

Up — U <4, uU—u <4,
L o sl
limy, |[up,s — us| o @x0,7)) = 0 for every fixed § > 0.

Since the functions ¢ — [, uj (2, t)pn (@, t)de and t — [, up (2, t) () pn (2, t)de are
continuous (for every ¢ € L>°(Q2)) the same holds for the analogous functions when
uy, is replaced by uy,s; analogously for u and us. Then we can also choose uy, s and
us in such a way that for ¢ = 0 (the same holds for ¢ = T', but only for 0 and T')

/Q (un(,0) = wp5(,0))° || (2, 0)dw < §

(78)
/{2(“(95,0) _“5(x70))2|ﬂ|(3§,0)da¢ <6

since uj, € W', Then we have

/qﬁ uhx(),uh:cdef/qS 2(2,0)py (z,0)dz =
- / o) (2, 0)un (i, 0)dr — / Sl o, O)pun (. )+ (1)
Q Q
n /Q S 5 (. 0)pun (i, 0)d — /Q o) (@)un(a,0)dz + (2°)
n / o) (i, 0)pn (i, 0) e — / o)l (z, 0ule, 0)dz+  (3°)
/gb (z,0)p(x Odm—/qb ,0)u(z, 0)dx (4°)

It is easy to check that the first and the fourth terms are O(d) by (78) and the third
is going to zero since py(+,0) — u(-,0) weakly in L'(2). To estimate the second
term it is sufficient to use (77) and (78) and then taking the limit for h — +o0 and
since what said holds for every § > 0 (76) is proved.

Now we want to show that war(O)(u(x,O) — ¢(z))%dx = 0. Using (76) with ¢ =
X{u(-,0)>0} We get

tin [ e O 0o = [ 0 (5, O
w(0) w4(0)
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Using that, the previous computations and (78) we have
/ (u(x (z,0)dz = lim (un(z,0) — gp(x))Zuh(x, 0)dx <
w4 (0) w4(0)

()
/ (un(,0) — () (2, 0)dx =

L (0)N(wi (0))e

= lim/ (un,s(x,0) — gp(x))Quh(ac, 0)dx + 9§ <
h Jwp (0)n(w)(0))
< timsup . 5(2,0) — ¢(0) B~ oy [ pn i, 0z 45 <
h w(0)N(wy, (0))¢
<ec limsup/ wn(z,0)dx +6 <9
h w(0)N(wy, (0))°

since p1p,(2,0) < 0 in wy(0) N (wy (0))¢ and where ¢ depends only on [|¢| () and
llus (-, 0)| Lo (q)- Since § is arbitrary we conclude that u(-,0) = ¢ in wy(0). O
Finally we give an important result, useful later for many of the results of the
following sections.

Theorem 5.15. Consider two sequences pp,vn, € F(An), h € N, two sequences
(un)n, (vn)n such that

unllv, < ¢, [(pnun)llv; <c, llvnllv, <e, [[(vnon)'lly; <c,

up —u  and vp — v mn  U-weak.

Consider two sequences (Ap)n, (Bn)n C L' (2 x (0,T), A, L= 1)) such that

14N Lo (o 0,7y 217 =0y < €5 Bl ot (o 0,7y 21/ 00y S €
Apn— M and B, — N  in LP(0,T; (L (Q)")-weak.
Finally suppose that
(prup) —divA,  and (vpvp)’ — divBy compact in. L (0,T; L™ (1)) .
Then (Ap — By, Dup, — Dvp) — (M — N, Du — Dv) in D'(Q x (0,T)).

REMARK 5.16. - Indeed it is sufficient to consider (ppup) — divA, and (vpop) —
div By, compact in L?' (0, T; L+9)" () where o is the number fixed at the beginning
of Section 4 (the quantity uy, — vy, is compact in LP(0,T; L**9(Q)), see the proof of
Theorem 5.2).

Proof - Up to a choice of a subsequence we can suppose that pp, — p, v, — v in
CO([0,T; L(Q)-weak). Multiply the quantity ((ppus) —divAs)—((vavr) —divBy)
by (up — vp)e for a fixed p € C°(Q x (0,T)), by which we derive

/OT /Q(Ah — By, Dup, — Dvp)pdzdt =
(79) = {((prun)’ — divAy) — ((vhon)' — divBy), (un — vn)p)—

T
— ((onun — (vnon)'s (un — vn)) — /0 /Q (An — By, D) (up, — vy)drdt
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Consider the right hand side terms. Since (up — vp)p € LP(0,T; L'T(Q)) (see
(16)), by assumption we have that there are two functions f, g € L¥' (0,T; L*(Q))
such that

(((prun) — divAp) = ((vavp) = divBy), (un, — vi)e) — (f — g, (u —v)p) .

As regards the second term: denoting by R,, and R,, the operators associated to
pn and v, as defined in (35), one has that

2((Rpyun) sunp) = <R;h’uh,uhsﬁ> — (Rp, un, unp)+
4 / (@, )i (z, T)pn(z, T)dr — / (. 0)u2 (i, 0)p (2, 0)
Q

Q

To prove that the left hand side term converges we look at the right hand side.
The second term converges thanks to Corollary 5.7. The third and fourth terms
converge thanks to (76). As regards the first term, adapting Lemma 2.2 in [26]
we can relate again to Corollary 5.7 and finally prove that the second term on the
right hand side of (79) converges to ((pu)’ — (vv)’, (u — v)g). For the third term
we consider the approximating functions uy s and vp, s defined in (29) which satisfy
(68) and write

/ / Ah — Bh,Dgo)(uh - vh dxdt / / Ah — By, D(p)(uh 5 — Un 5)d$dt+
/ / (An — Bn, Do)[(un — un,s) — (vn — vp5)|dzdt .
Q

Then by Proposition 2.8 and (68) if one lets h — oo and then § — 0 obtain

//M N, D) (u — v)dxdt .

Thus we get that

/ / (A — By, Duy, — Duy)pdadt —
—{(f ~ (o)) — (g — (o)), (u— ) //M N, Dg)(u — v)dudt .

Since
—divA, — f— (pu) and —divB, —g— (vv) inD

we conclude that —divA4; — —divM and —divB;, — —divN and then the thesis.
O

Proposition 5.17. For every f € LP ((0,T); L™())
- . 1
Il < it g, < Hmsup s, < 17l < 5271

Proof - The proof follows by arguing as in Lemma 1.4 (ii) in [11]. O
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6. THE PG-COMPACTNESS RESULT

In this section we will give two definition of convergence (Definition 6.1 and
Definition 6.12) for sequences of operators Pru = (pupu); — div(an(Du)) and some
results of compactness with respect to these. First (see Theorem 6.8) we give a
result under the assumptions A) made at the beginning of the Section 5

uw#0 a.e. in  x (0,7)

so that we can use all the results of the previous section. Later we give the result
for a generic sequence (uy), dropping assumption A) (see Theorem 6.9). Finally
we give a result which shows that the convergence we are going to define below is
independent of the coefficients p, (Theorem 6.13).

Definition 6.1. Consider a sequence (ap)p and a Carathéodory function a con-

tained in Nox o) (p, L, K1,C1, F), a sequence (pup)n with, for A\, € Aap), pn €

F(An, Kao,7, 0,01, 02, Co, C3, F) and a function u. We say that the sequence (i, ap)n
G-converges to (u,a) in Q x (0,7, and we write

G-lim (ui,an) = (,0) or (uar) 5 (ua) in Qx (0,7),
if for every f € L¥ (0,T; L™(Q)) and @, € L>=(Q) what follows holds:

up, — U in LP(0,T; LY(Q))
ap (-, -, Dup) — a(-, -, Du) in LY (0,7 (L*())")-weak,

where up, and u denote respectively the solutions

%(ﬂh(z,t)v) —div(ap(z,t,Dv)) =f inQx(0,7T)
(Pu) o v=20 in 09 x (0,T)

v(x,0) = p(z) in w;(0)

(80) US:, T) = () inw, (T).
g(,u(amt)v) —div(a(z,t,Dv)) = f inQx(0,7T)

(P)fo v=0 in 0 x (0,T)

v(x,0) = ¢(x) in wt(0)
v(z,T) = () inw (T).

where wt(0) := {z € Q | u(z,0) >0} and w™(T) := {z € Q | p(x,T) < 0}.

Lemma 6.2. Given a sequence (up,ap)n as in Definition 6.1, if (un,an)n G-
converges to (u,a) in Q x (0,T) then up — p in L1(Q x (0,T))-weak.

Proof - Consider the operator Q : L? (0, T; L™(2)) x L>®(€) — Vy where A € A(a)
defined as Q(f,¢) is the solution of (P)¢, in (80). Denote by u; the solution of
(Pr)¢,p in (80). We get

r ¢ /T/ ¢
up,— up, dedt — u— p dxdt
/0 /Q Tl o Jo ot
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for every ¢ € C1(Q2 x (0,T)). On the other hand for every subsequence (i, );,
by (T.2), there is a subsequence (up;, )i and a weight v such that (un,, )i — v in
LY (2 x (0,T))-weak and, by Corollary 5.7,

/ /uhm 5 by, dxdt—>/ /u—udmdt

Since Q(LP' (0, T; L™(Q)) x L>(€2)) is dense in Vy in particular one concludes that
/ / ua(ufu)d:cdt:() for every u € C(Q x (0,7)).
Q

Then v = p and since this holds for every subsequence (u4,); of (1n)n We conclude
that up — p. a

Lemma 6.3. Suppose to have a sequence (ap)n C Noxo,r) and, for Ay € A(an),
two sequences pp, vy € F(An), h € N, satisfying A). Suppose (pp,ap)n G-converges
o (pyau) and (vi,an), G-converges to (v,a,) in Q x (0,T). Then a,(x,t,§) =
ay(x,t,8) for a.e. (z,t) € Q2 x (0,T) and for every & € R™.

Proof - Consider f,g € LP (0, T; L™(Q)), ¢,¥,n,9 € L=(Q) and denote by u; =
up(f, p,¥) and v, = v (g,n, ) the solutions of problems (Ph,) .,y and (Pp)g.n,9 in
(80) respectively with coefficients py, and v}, in the place of py. Denote by u and v
the limits, respectively, of u; and v,. Now consider a ¢ € C°(Q x (0,T)), ¢ > 0:
then

(an(z,t, Dup) — ap(z,t, Dvy), Dup, — Doy)¢ = 0 a.e. in Q@ x (0,7).

Integrating this quantity and taking the limit, by Theorem 5.6 and Theorem 5.15
we deduce that

/ / ap(z,t, Du) — a,(z,t, Dv), Du — Dv)qﬁdzdt >0 for every ¢ > 0

and then
(ap(x,t, Du) — a,(x,t, Dv), Du — Dv) >0 a.e. in Q x (0,7).

Since Q,q, (LP (0,5 L™(Q)) x L®(Q)) and Q,.4, (L (0,T; L™(2)) x L=(Q)) are
dense in Vy (Qq, and Q, 4, defined analogously to the Q of the proof of Lemma
6.2) the inequality above holds for every w,v € Vj.
Consider then v, w € Vy and define u := v + 7w with 7 > 0: we get (a,(z,t, Dv +
T7Dw) — a,(z,t, Dv), Dw) > 0 a.e. in Q x (0,7). If we let 7 — 0 we obtain
(ap(x,t,Dv) —a,(x,t, Dv), Dw) >0 for every v, w € V),
and for a.e. (r,t) € Q x (0,T). Then taking ¢ € C1(Q x (0,T)) with ¢ = 1 in
' xIccQx(0,T),&neR™and inserting v(z) = (€, z)p(x), w(x) = (n,x)P(x)
in the above inequality we get
(ap(z,t,€) — ay(z,t,€),n) =0 ae. in Q' x1I

and for every &, € R™. Since ', I, £, nj are arbitrary we derive that

ay(z,t,&) = a,(z,t,§) for every £ € R" and a.e. in  x (0,7). O
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From the following proposition the uniqueness of the G-limit follows immediatly.

Proposition 6.4. Consider two sequences (ap)nen C Naxo,r), tn € F(An) for
An € A(ap). Consider Qq,Qs C Q open sets with Lipschitz boundary and Iy, Iy C
[0, T] intervals. Suppose

(/u“ah) i? (I/i,bi) on Ql X Ii, (Z = 1,2)

for suitable b; € NQX(07T) and v; weights (i = 1,2). Then vy = vy and by = by a.e.
m Ql X IlﬁQQ X IQ.

Proof - The proof that by = by in 2y X I} N s X I can be easily obtained fol-
lowing the proof of Proposition 2.9 in [11]. By Lemma 6.2 we also conclude that
V]_:I/Qil’lQlXIlmQQXIQ. O

Before proving the compactness result we need several preliminary steps. In all
these steps we will consider ap, A\, pn, A, 5\, v and all the constants considered in
Definition 6.1 fixed as done at the beginning of Section 5. For simplicicty we define
the following operators

Py, : W;f’w -V, Pru = %(,uh(x,t)v) — div(an(z,t, Dv))

Ap V=V, Apv = —div(ay (2, t, Dv)) .

(81)

Lemma 6.5. Denote by up(f, ,%) the solution belonging to W,f’w of (61). There
exist three continuous operators B : Vi x L*(w™(0), 4 (+,0))x L2 (w™(T), u—(+,T)) —
Wyur, K @ Vi x L2(w™(0), ug-(-,0)) x L*(w™(T),p—(-,T)) — V5 and M : V} x
L2(wt(0), pg-(+,0)) x L2(w™ (T), p— (-, T)) — L (Q x (0,T), A"V ®=D) such that,
up to subsequence, for every f € LP' (0, T;L™(QY), @, ¢ € L(1+")'(Q),

un(f,,9) = B(f,,4)  in LP(0,T; L1()),
an(-s - Dup(f,0,9)) — M(f,0,0)  in L2(0,T; (L' (2))")-weak.
Moreover B satisfies
B(fo.0)(0) =¢  in L*(w*(0), 1+(0))
B(f,0,0)(T) =4 in L*(w™(T), p—(T))
and KC satisfies
SB(00) + K (o) = £, im VY

K(f?@’w) = —div M(f7(p,1/1) m Vf\
for every [ €V}, o € LAw*(0), s (0)), € L2(w=(T), pu_(T)).

Proof - Fix X countable and dense in L¥ (0, T; L™(Q)) x L1+9)'(Q) x LA+ ().
We can consider LI+ (Q) instead of L°() (see Remark 4.8). First we define
B. By Theorem 4.10 we derive, for (f,,v¢) € X, that ||un(f, ¢, ¥)|lw, < c¢. By
Theorem 5.2 we get that a subsequence, still denoted by wp, and B(f,p,9) €
LP(0,T; L(Q)) such that ux(f, v, ) —n B(f,¢,1) in LP(0,T; L*(Q)) and by The-
orem 5.6 u}, (f, ¢, ¥) —n B'(f, ¢, ¢) in L' (0,T; Uy)-weak. By Corollary 5.14 we get
that B(f, ,5)(0) = ¢ in L2{w* (0), 11 (0)), B(F, . )(T) =  in L2(w™(T), j_(T)).

By Theorem 5.6 we get B(f, p,1) € V5 and B(f,¢,v)" € V4. Since A is comparable
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to A (see assumptions at the beginning of Section 5 and Remark 2.12) we have that
Vs =V and then B(f, ,1) € W, . In fact

<(Rhuh)/’¢>u§ = ((Rpun)', ¢ v’ v = / / uh—uhdxdt
and by Corollary 5.7
<(Rhuh)/a ¢>L{é><l/{1—>h<(RB(f’ ©s 1/))),7 ¢>Z/l/ xUy <(RB(fa ' 1/))) ¢>V§\ XV ?

for every ¢ € C1(Q2x(0,T)). Using a diagonal process, we can extract a subsequence
which converges for every tern (f,¢,v) € X. By (50)

O[H’l.Lh(f,(p,Q]/J) - uh(gvnaﬂ)H]\g}h < <f - gauh(fa¢7w) - Uh(gﬂ%ﬁ»JF

+ %/Q(w(z) — () pn(x, 0)dz — %/9(77(1?) —9(x))?pn(z, T)dz .

Taking the liminf, using Theorem 5.6, (32) and Theorem 5.10, we get

aKY|B(f,1) = Blg,m 9%, < (f — 9. B(f, ¢.0) — Blg,n, 9))+

+i /Q(sam — ()P, 0)d — /Q<n<x> — 0(x))* (e, T)dr.

Then, arguing as in the proof of Theorem 3.5 and using Proposition 5.17, there is
a constant ¢ depending only on «, p, K7, such that
(82)
1
IB(f,0.9) = Blg:m,9)lvy < €llf = g7+

v ([ (o) = v@)s e, o>d:c) ([ o) - 0@ e, 1e)

Similarly we get that there is ¢/, independent of h and depending on || f|lvy, [lgllv;,

||80||L2(w+(0)7u+(~,0))a |W||L2(w+(T),M+(.,T)), ||77||L2(w+(0),u+(~,0))a |‘19||L2(w+(T),M+(.,T)),
L,p, K1, Cj3, such that

||B(fa§07w)78(ga77719)||wk <
(83)
{Hf g”V’ +f- ng/p + lle — 77Hi/212w+(0) 114 (-,0)) +[lv — ﬁ”i/zpw (T (- T))]+

1 2 1/(p—1)
+ c’[”f—gHV/p—i- lle = 77HL2(M+(0) pi(on T 1Y — 19||L/2pw (T),u— (- T))]

Then we conclude by density of X in V4 x L*(w™(0), (-, 0)) x L2(w™(T), u—(+,T))
that B can be extended to V4 x L*(w™(0), 4 (-, 0)) x L*(w=(T), u—(-,T)) to a (lo-
cally Hélder) continuous operator.

Now we define M. We estimate, with (f, ¢, 1) € X, the quantity ap (z,t, Dup(f, ©,¥)):
by (S.2) we derive

lan(z,t, Dup)| < L/\h(1+|Duh|p) K \Duh| L)\;L(1+|Duh\)

by which
T .
/ / lan(z,t, Dup)|P=T X, "~ dadt <
0o Ja
T

L/ / (1 + [Dup|P) Andadt < LTCy + Lijup |, <c
o Ja ’
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where ¢ is a constant depending (only) on f,p,¢,p, L,Cy,T.
Then ||ap(z, t, Duh(fﬂ907w))||Lp'(Qx(o,T),A;1/(‘“—1>) is bounded (for every (f,p, ) €
X fixed). By (15) we also deduce that ay,(z, t, Duy,(f, @, %)) is bounded in L?' (0, T; (L7 (Q))™)
and then there exists M (f, ¢, ) € L¥' (0,T; (L' (€))") such that
an(@,t, Dun(f,0,0)) = M(fop,)  in L' (0, T (L' (2))")-weak.
Moreover by Lemma 5.5 we have that

I[M(f, e, '(/J)|||Lp’(Q><(0,T),)r1/<p71)) < hmhinf lan(x,t, Dun(f, e, w))|”Lp’(Qx(oyT)y)\}jl/@*U)

X, again by Lemma 5.5 and by Lemma 4.9 we have

|||M(f7903¢) - M(gﬂn77‘9)‘HLP/(QX(O,T),)\_l/(P—l)) <
< hmlnfh |Hah(l',t, DUh(f, 9071@) - ah(xvtv Duh(ga77719))‘HL;/(QX(O,T),)\;U(P*U)

—2

T T T p=2
<([ [ados [ [ Dungolmdet [ [ Dunign o)
0o Ja 0o Ja 0o Jo L
||Uh(f7 90’1/}) - Uh(gﬂ%ﬂ)”\p;;; .
Using (82) and (S.5) we finally obtain
(84)
I[M(f,,9) — M(g>n7ﬂ)l||Lp’(Q><(O,T),/\*1/(p71>) <

1

1 2 2 p—1
< [”f — I+ e = 1T, 0y s oy 11 ﬁ"L/QIwa(T),uf(T))}

with ¢/ = (L, p, K1, C1, T, [ f[[vss [19llvss 101l 22wy 00,04 00> 11l 22 (0 0004 00 19122 (0o (1) 0 (1)
1911 L2(w_ (), (1)))- Then we can extend M to V§ x L*(, u(+,0)) to a continuous

operator.

Finally we define K on V§ x L?(w(0), 1+ (0)) x L2(w_(T'), u—(T')) simply as follows

d

’C(fv(Pvdj) :f_aB(fNPﬂ/’)

By Theorem 5.6 we have that

An(un(f,0.0)) = K(f,p.0)  in LP(0,T; Us)-weak.

To conclude, we multiply (Rpup)’ +Apun = f by up and (RB(f, o, ) +K(f, ¢, ) =
f by B(f,¢,v) and obtain

1 2 2
3 {/Quh(x,T)uh(m,T)dx — /Quh(x,O)uh(x,O)dx] + <Ahuh’uh>v,§xvh = <f7 uh>v,’1xvh,
(85)
1 2 X x X — 2 X X X
5| B )P Tt Thde = [ (B0 @)l 0)da] +
+<Ic(f’ w? w)? B(f’ SO) ¢)>v;\><v>\ = <f’ B(f7 <p’ w)>v;\ka

Using Theorem 5.10 we obtain that
(86) <~Ah(uh(fa ®s w))v uh(fa 2 1/))>V;vah - <]C(fa ' ¢)7 B(f, 2 w)>yng>\
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Moreover since by Theorem 5.6-(ii) (Rpun(f, ¢, 1)) — (RB(f, ¢, %)) in L' (0,T; U})-
weak, for every ¢ € CL(Q2 x (0,T))

T
<Ahuh(f7907w)7¢>v}/lxvh :/() /Q(ah(xvtvDuh(fawvw))aD¢)dmdt

and taking the limit

T
(KU ):8) gy, = [ [ (MFr0), D)t
By density we conclude that

(87) K(f,¢,) = —div M(f,¢,%) on Vi forevery (f,¢,9) € X.
Now we estimate |[C(f, ¢, 1) — K(g,n,9)|v;. By the last equality we have that

1KC(fs 0,00) = Kgom O)llyy =  sup / / (fr028) — M(g,,9), Dv)dadt <

lvllvy <1

, / T 1
/ / (M (F.0.) — Mg, 0) [ A~ 0 Daiwat] " | / / (Dol Adad]
0 Q

and by (84) we derive that, for every (f, ¢, ), (g,n,9) € X,
||’C(f7807¢)_ (97777 )HV;\ X

1

2 —1
C[Hf_gn Dt lle - 77||L2(w+(0)u+(0))+H¢_19”L/212w7(T)u7(T))}p :

Then K can be estended to a continuous operator defined in V4 x L*(w™(0), u4 (-, 0)
L2(w™(T), u—(-,T)) and (87) turns out to hold for every (f, ¢, %) € Vi xL? (w+ (0), p
LQ(W_(T)7N—('aT))' u

)X
+(a ))X

We recall the following result (see [5], Lemma 7.8).

Lemma 6.6. Let D be a bounded open set in R*. Let 91,...9,, be non-negative
numbers such that V1 + - -+ 9, < 1. Let us assume that (r1,p)n, .-, (Tm.p)n and
(sn)n are sequences in LY(D) such that

Y

rin=20fori=1,...m, |sp| < rfh ooy, ae. in D, for every h

and that there exist r1,...,rm,s € L'(D) such that

Tin —nri fori=1,...m, s, —s in D'(D).
Then
ls|] <rdre . orm g in D.

Lemma 6.7. The operator B : Vi x L?*(w™(0), uy(+,0)) x L2(w=(T), p—(-,T)) —
Wy x introduced in Lemma 6.5 is invertible.

Proof - First of all we prove that B is injective. Consider (f,p, ), (g,n,9) €
LP'(0,T; L™(2)) x LA+ (Q) x LU+9)(Q). We have that, by (S.2) and (S.3),

lan(z,t, Dun(f,0,v)) — an(z,t, Dun(g,n,9))| <
< L(1+ [Dun(f, 0,9 + |Dun(g.n,9)|P) 7 |Dun(f,0,4) — Dun(g, 1,9)| <
< LN (W + (an(@,t, Dup(f,0,9)), Dun(f,0,%)) + (an(z,t, Dup(g,m,9)), Dup(g, 1, ?9)))%'
(an(@,t, Dun(f, ¢, ¥)) = an(z,t, Dun(g,n,9)), Dun(f,,v) — Dun(g,n,9))"/7 .
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By Lemma 6.5, Theorem 5.15 and Lemma 6.6 we derive

|M(f7§07w)_M(g,na?9)|< )
< LAYP (X + (M(f,0,0), DB(f, ¢, %)) + (M(g,1,9), DB(g,n,9))) * -
'(M(f,@,¢) - M(g’n719)7DB(fa<pvw) - DB(Q’Uaﬂ))l/p

by which (as done in the proof of Lemma 4.9) there is L’ depending (only) on p, L
such that
(88)

|M(f,p,%) — M(g,n,9)] < 7
< LAV@D (At (M(f.,0), DB(f.0,)) + (M(g,n,9), DB(g,n, 9))) "
|DB(f,, ) = DB(g,n,9)|"/ V).

Then, if we suppose B(f, ¢, ) = B(g,n,9), we deduce that M (f, p,v¥) = M(g,n,9).
By (87) we deduce that K(f, v, %) = K(g,n,9) and finally, since by definition of
K we have K(f,¢,¢) = [ — §(B(f,¢,¢)) and K(g,7,9) = g — £ (B(g,1,9)), we
conclude that f = g. Since, by Lemma 6.5, ¢ = 7 in L?(w™*(0), 4 (+,0)) and ¢ = o
in L?(w=(T),pu—(+,T)) and B is injective.

We denote by D the set of possible data V§ x L?(w™(0), u4 (-, 0)) x L2 (w ™ (T), p— (-, T)).
Now we show that B(D) is dense in V. Consider fy € V4 such that (fo, B(f, ¢, ¥))v; xv, =
0 for every (f,¢,%) € D. In particular (fo,B(fo,%,¥))vixv, = 0 for every
o € L2(wr(0),us(-,0)), v € L2 w (T),u—_(-,T)). From (85) and Lemma 6.5 ,
taking ¢ = 0 and ¢ = 0, we derive that (K(fo,0,0),B(f0,0,0))y;xy, <0. On the
other side, by (S.3) and (86), we get that (K(fo,0,0),B(f0,0,0))y; <y, > 0 and
than (K(fo,0,0),B(f0,0,0))y;xy, = 0. Again by (S.3) and (86), using Theorem

5.6-(1) and the fact that A < K3\ (see Remark 2.12) we have that
HB(f07 O’ O)HI;))\ < Kl <’C(f07 07 0)7 B(foa 07 O)>V;><V/\

and then B(fy,0,0) = 0. Since 5(0,0,0) = 0 and B is injective we get fo = 0 and
then the density of B(D) in V.

Then B is invertible and the inverse is defined on a dense subset of V.

Now we construct the inverse. First we define A : B(D) — V as

AB(f, ¢,9)) = K(f, 0,) -

Take (f, ¢, %), (g,m,79) € D and consider the equations (in the corresponging spaces)
(89)

(RB(f,0,9)) + AB(f,0,¥)) = [, B(f,e,¥)(0)=¢ B(f,0,¥)(T) =4
(RB(gvna’ﬂ))/ +A(B(gan719)) =9, 8(9777’19)(0) =1, B(gvnvﬂ)(T) =d.
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Subtracting one to the other, multiplying by B(f, ¢, %) — B(g,n,9) and integrating
one obtains
(90)

3| [ (BU0.0)(w.T)  Blo,n,9) (o, 1)), T~
Q

2
= [ (B0, 0)(a.0) = Blo.n. 9)(w,0) *ule,0)da] +
+<A(B(fv %W) - -A(g’77719) 7B(fv va) - B(Qﬂ% 19)>V§\><V; =
= <f _ng(f7<pvw) - B(gvn70)>y&><y>\ :

Now consider the equations (in the corresponging spaces)

(Rh(uh(f7(p71/})>)l +Ahuh(f7¢aw) = f? Uh(f#’ﬂﬁ)@) =, uh<f7¢aw)(T) = '(/)7
(Rhuh(g7na19))/ +Ahuh(ganvﬁ) =9, Uh(gﬂ%ﬂ)(o) =1, Uh(gﬂlaﬁ)(T) = 19’

subtract one to the other and multiply by ux(f, p,¥) — up(g,n,9). One obtains

[ [ (i) ) = g, 0 ) T~

N | =

~ | n(000)0) = w0 (5..9) .01 o 0+
+(An(un(f, 0,9) = An(un(g,n.9)) ,un(f, ¢, 9) — Uh(gvn,ﬁ»v,;xvh -
= (f = g:un(f,0:%) —un(g,1.9)) ., -
Since the right hand side converge to the right hand side of (90) and, by Theorem

5.10, also the first term of the left hand side converge to the first term of the left
hand side of (90), we deduce that

<Ah(uh(fa ®, T/J)) - Ah(uh(ga n, 19)) auh(f7 2 7/)) - Uh(g, m, 19)>v}/1’><vh —h
—h <A(B(f’ ®, 7/’)) - A(B(g’ 1, 19)) ) B(fv ®, ¢) - B(ga n, 19)>V'A><V>\ .
By this convergence, (S.3), Theorem 5.6-(i) and (32) we have that

||B(fa§0ﬂ/))_6(9a77779)||% < K1<‘A(B(f79071/)))_"4(6(.9777719)) 7B(fa907'(/))_B(gan?19)>v//\><yA .

Moreover, by Lemma 6.5, we have that for every ¢ € C1(Q2 x (0,7))

<A(B(f,(p7’(/)>) - A(B(gvna’ﬂ))vngng,\ = li}an <Ah<uh(fa(p7w>) - Ah(uh(g7n719))’¢>y}axyh =

T
/O /Q (M(f,.¢) — M(g,1,9), D¢)dedt .

Since [(M(f, 0, %), DB(f, ¢, ¥))| < (an(z,t, Dun(f, 0, ¥)), Dun(f, »,%)) < Au|Dun(f, ¢, ¢)|P
(idem for up(g,n,1)), using (88), estimating fOT fQ Adzdt by C1T, taking the supre-
mum over all ¢ with ||¢[|y, = 1 and arguing as in the proof of Lemma 4.9 we obtain
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there exists L” = L"(p, L,C1,T) (depending only on p, L, C;,T) such that
IAB(f, ¢,1))—A(B(g,n,9))llv;, <

< L1+ IB(f, 0,05, + 1B(g,n, DS, ) " 1B, 0, 0) = Blg.m )3 -

By the density of B(D) in V\ we can estend the operator A to another operator,
still denoted by A, A : V\ — V4 such that

p
(91) [l —olly, <K1<A“_A”’“_U>v;wi

Finally, by definition, we have that

LRB(f.0.0) + AB(fp.0) = f W,
B(f,0,9)(0) = ¢ in L*(w*(0), 4+, 0)) ,
B(f,0,)(T) =4 in L*(w™(T), p—(-, 1))
for every f € V{ and ¢ € L?*(w™(0), uy(+,0)), v € L2 (w™(T), u—(-,T)). O

Theorem 6.8. Consider (an)n C Maxo,r)(0; L, K1,C1, F), (An)n, (ptn)n with
An € Aap) pn € F(An, Ko,y 01,02, Co, Cs, F) satisfying A). There is a subse-
quence (an,);, a € Naox o1 (p, L, K17ChKf1F), L* = L'K, with L' = L'(L, p),
such that
(o> an;) <, (,a) in Qx(0,T).

Proof - As done in the proof of the previous lemma, denote by D the set of possible
data V{ x L*(w™(0), p4(-,0)) x L*(w=(T), u—(-,T)). Consider the space Y = B(D)
and call P : W, » — D the inverse of B (B is the operator of Lemma 6.7). Define
an operator M : Y — (LPI(Q x (0,T); )\*1/(1”1)))" as Mu:= MoB lu=MoPu
(M defined in Lemma 6.5) which can be extended to Vy (by the proof of Lemma
6.7 the space ) is dense in V). Since Duy; = D(P,:Pu) —; Du and Duvy; =
D(Ph_jlpv) —; Dv in LP(0,T; (L*(Q))")-weak (see Theorem 5.6-(i)) and

|D(P,, 'Pu) — D(P,, 'Pv)[P <
<A (an, (z,t, D(P, 'Pu)) — an, (x,t, D(P, 'Pv)), D(P;, ' Pu) — D(P;, ' Pv))
by Lemma 6.6 (and also (32) and Theorem 5.15) we get
(92) Kil‘Du — DvlPA < (Mu — Mv, Du — Dv) a.e. in Q x (0,7).
By (88) we also get, for u,v € Vy,

(93) [Mu—Mo| < LAY P=D (X4 (Mu, Du) + (MU,DU))% .| Du— Do|Y/ =1 |

Now we consider a sequence wy X I, k € N, w open sets such that Wy C Q, I
open intervals such that I, C (0,7) in such a way U2 jwy, x I, = Q x (0,T). Now
choose ¢, € CE(2 x (0,7T)) such that ¢, = 1 on wy x I and define, for a fixed
¢ € R, ¢\ (x,t) = (¢, 2)¢k(x,t). Finally define

a(z,t,€) = M) (x,t)  (2,t) € 2 x (0,T).
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Taking v = 0 in (93) and then u = Ef) (z,t) with £ = 0 we deduce that a(x,t,0) =
0 almost everywhere. Moreover for £, € R"™ consider u = qﬁgf) (z,t) and v =
g]) (x,t). Now for almost every (z,t) € wi x (0,T) we derive from (92) and (93)

(S.1) a(x,t,0)=0,
(8:2) la(z,t,€) — alw,t,n)| < L'z, t)(1+ [EP + |]?) 5= € — | 7T

(S3) (a(z,t,€) —alz,t,n),€ 1) > K%A(:v,ms P,

with A satisfying (S.4), (S.5) in Definition 4.1. Defining A\, := Kil)\ we get that

Xa () = Aa($)ll L1 () < K7 ' F(Jt = s])
INTY @D (1) = ATV ()| Loy < F(t - s]),

(with A comparable to Aa) and consequently a € Noxo,1)(ps L*K,,Cy, K 'F)
where L* = LK and L’ depends only on p, L.

The proof is complete observing that since up — p we also have uy; — p, taking
the solutions of the problems (Py;) in (61) and applying the preceeding lemmas. [

Now, in the following theorem, we drop assumption A) required at the beginning
of the section and in the previous theorem.

Theorem 6.9. Consider three sequences (ap)n C Maxo,1)(0s L, K1,C1, F), (An)n, (1tn)n
with A, € Map) pn € F(An, Ko, 7,0, 01,02,Co,C3, F). There are two subsequences
(an;)j, (ny)i, a € Naxo,r)(p, L, Kl,C’l,Kl_lF), L* = 'K, with L' depending
only onp and L, A € A(a) and u € F(\, Ka,r,a,01,02,Ca, C3, F) such that
G .
(l“’[’hj’ahj) - (H’a Cl) in  x (07 T) .
Proof - Consider € > 0 and the problems (P5) defined in (65) and call, for simplicity,
1y, = pn + €A
Consider p, A the weights defined in (66). We have (up to subsequences)
f, = p° = e,
Thanks to Lemma 3.13 we can find £ C (0, 1], £ countable and dense in (0, 1], in
such a way that for every e € £

p+ex#0 ae inQx(0,T).

By Theorem 6.8 we have that (uj,,as)s is relatively compact with respect to G-
convergence. Thus one can find a subsequence (sz ,an,); and a Carathéodory func-

tion a* € Nox(o,m)(p, L'K1, K1,C1,K{'F) (L' = L'(p, L)) such that (K5, any);
G-converges to (i 4 € A, a). By a diagonal process one can find a further subse-
quence, still denoted by h;, such that (,uflj,ahj) <, (1 + eX, af) for every € € &.
By Lemma 6.3 a° is in fact independent of € so we denote it by a and

(94) (1th, - an) S, (L+era) inQx(0,T) for every e € €.
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In particular for every € € €

uf —;u in LP(0,T; LY(2))

J

ap, (-, Dus, ) —j al--, Duc) in LF'(0,T; (L*(€))")-weak

where “Zj and u€ solve respectively the following problems

gt ((n, + €n,)v) —div(ap, (z,t,Dv)) = f  in Qx (0,7)
v=0 in 99 x (0,7)
v(z,0) = p(z) in w}tE(O)
v(z,T) = ¢(x) in w,;E(T) ,
8615 ((n+ eXw) —div(a(z,t,Dv)) = f  inQx(0,7T)
v=20 in 9Q x (0,T)
v(z,0) = ¢(x) in wr(0)
v(z,T) = (x) in w (T),

where wp, . and w, are the subset analogous to those defined in (57) and correspond-
ing to pj, and p¢. By Theorem 3.8 we get that

Iim u*=uwu in V)
e — 0
ec &

and by Corollary 3.12 for every o > 0 there are ¢, > 0 and j, such that
||u§LJ — Up, ||th <o for every e € EN(0,¢,) and j = j, ,

where wup,; and u are respectively the solutions of the problems (Py,)s .4 and
(P)f,pp in (80). Moreover, since ap, and a are Carathéodory functions, by the
convergence above we also get that, for every 7 > 0 there is ¢ > 0 such that

llan, (-, - Dui) —an, (- ~,Duh_j)|\Lp/(07T;(L1(Q))n) <T for every e € EN (0,¢,),J
h%l a(-,-, Du®) = a(-, -, Du) in L¥' (0, T; (L1 (Q))™).

Then in particular we conclude that

Up, —5 U in LP(0,T; LY(Q))
Qhp; ('7 K Duhj) i a('a K DU) in LP' (07 T7 (Ll(Q))n)_Weak
which concludes the proof. O

REMARK 6.10. - By Theorem 6.9 and Theorem 3.8 we get that (94) holds in fact
for every € € (0, 1].
Moreover from the proof of Theorem 6.9 one gets that

G-lim G- hm (pn, + €n,ap) = G lim G hm (tn + €An,ap) -

h—4 e— —0+

| =

=

Jo s
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Lemma 6.11. Suppose to have a sequence (an)n C Nax(o,r) and, for A\, € A(an),
two sequences pin, vy, € F(Ap), h € N. Suppose (un,an)n G-converges to (i, ay)
and (vy, ap)n G-converges to (v,a,) in Qx (0,T). Then a,(x,t,§) = a,(z,t,&) for
a.e. (x,t) € Qx (0,T) and for every £ € R™.

Proof - Fix € > 0 and consider the sequences (up + €An, an)n, (Vn + €n, an)n. By
assumptions and Theorem 3.8 we have that

G-lim G-lim (up + €Ap,an) = (1, a,) ,

h—+o0co e—0+

G-lim G-lim (v, + eAp,an) = (v,a,) .

h—+oco e—01

By Remark 6.10 and Lemma 6.3 (if necessary taking a further subsequence (Ap;);)
we conclude.

Thanks to this result we can give the following definition and conlude the section
stating the theorem below.

Definition 6.12. Consider a sequence (ap)n and a Carathéodory function a with
ai,ag,..., a € Noxor(p, L, K1,C1,F) and (A\p)n with X\, € A(ap) for every
h € N. We say that the sequence (ap)n, PG-converges to a in Q x (0,T), and we
write

an 2% a in Qx (0,7),

if for every sequence (up)n with pp € F(Ap, Ka,7, @, 01,062, Cs, C3, F) we have that
(tn, an) <, (,a) in Qx(0,7T).

Theorem 6.13. There is L' = L'(p, L) such that the class Maqx o,1)(p, L, K1,C1, F)
is relatively compact in NQX(O’T) (p, 'Ky, K4, Ch, Kle) with respect to PG -convergence.

Proof - The proof follows immediatly by Theorem 6.9 and Lemma 6.11. O

7. COMPARISON WITH THE ELLIPTIC CASE

The goal of this section is to compare the results of the previous section with the
known results about the elliptic case. First we introduce some classes of functions
we need in this section and recall the definition of convergence in the elliptic case.

Definition 7.1. By Mq(p, L, K1,C1) and Nq(p, L, K1,C1) we denote the sub-
classes respectively of Maxo,r)(p, L, K1,C1,F) and of Naxo,r)(p, L, K1,C1, F)
of Carathéodory functions independent of time.

By Maxo,1)(p, L, K1,C1, F,G) and Nox 0,1y (p, L, K1, C1, F, G) we denote the sub-
classes respectively of Maqxo,r)(p, L, K1,C1, F) and Noyx o) (p, L, K1,C1, F) for
which the following holds:

there is A € A(a) with A = A(z) such that
|a(z,t,€) — a(z,5,€)| < M@)G(|t - s|)(1+[77)

for almost every x € Q, for every t,s € [0,T], for every £ € R™, where G : [0,T] —
[0,400) is a bounded function, countinuos in zero and such that G(0) = 0.

(95)
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Definition 7.2. A sequence (ap)n C Na(p, L, K1,C1) is said to EG-converge to
a € No(p, L, K1,Cy) in Q, and we will write

EG )
apb — a in ),

if for every f € L™(Q) we have that

Up — U in LY(Q)

an (-, Dup) — a(-, Du) in LY(Q)™-weak,
where up and u are respectively the solutions of

—div(ap(z, Dw)) = f on —div(a(z, Dw)) = f on 2
w=0 on 0f) w =0 on 0f).

The following result is a particular case of Theorem 3.5 in [11].

Theorem 7.3. There is L' = L'(p,L) such that the class Mgq(p, L, K1,C4) is
relatively compact in No(p, L' K1, K1, C1) with respect to EG-convergence.

Lemma 7.4. Consider (ap)n, (bn)n € Ma(p, L, K1,C1) such that ay, ESG o and

by, EC i Q. Suppose moreover there is a constant ¢ > 0 such that
|an(x, &) — bz, )| < cAn(z) (1+[¢[P7")

where A, (z) := Aq, () is such that A\, — X\ in L*(Q)-weak. Then there is a constant
c > ¢,  depending (only) on c,p, L, ||, such that

|a(2,§) = b(,&)| < ¢/ Mx) (1+[5771) -

Proof - Consider a sequence (M), C A,(K), A, = Ap(z) and suppose that
A — A, )\;1/(;;—1) — A"V@=D in L1(Q)-weak. Consider f,g € L™(Q) and let
—div (ap(z, Dup)) = f, —div (bu(z, Dvy)) = g, u,v € Wy P(Q,An, An). Let X be
the weak limit (up to subsequences) of A; and let u,v € Wol’p(Q, A, A) such that
—div (a(z, Du)) = f, —div (b(z, Dv)) = g. First of all using the assumption and
the Young’s inequality (in what follows € > 0, c. a constant depending only on e,
¢1 depending on ¢ and p) we get

|Duy, — Doy |P 1 (bh(x, Duy,) — bp(x, Dvy,), Duyp, — D’Uh)
! [(bh(x, Duy,) — ap(x, Duy,), Dup, — Dvh)—|—

+ (ah(x, Duy,) — by (x, Dvy,), Duyp, — Dvh)]
< e (14 [DuplP~ Y| Duy, — Dup |+

+ Ay ' (an(@, Duy) — by(x, Dvy), Duy, — Duy,)

<A,
<A,

¢ / €
< j(l + | Dup|P~HP + c};|Duh — Duy|P+

+ A, (an(z, Dup) — bz, Doy), Duy, — Duy,)
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by which, choosing a suitable ¢ > 0, we find a constant co > ¢ depending on ¢, €
and p such that
|Duyp, — Do |P <

< e [(1 + |Duh|p*1)p, + )\,jl(ah(x,Duh) — bp(x, Duy,), Duy, — Dvh)}
<3 [1 + A;l(ah(:r,Duh), Dup)+
+ )\;1 (ah(x, Duy,) — by(x, Dvy), Dup, — Dvhﬂ

(96)

with ¢3 = e3(c, €,p) = ca. Consider ¢ > 0, p € C°(£2). Since by assumption we
have ay (z, Duy) — by (z, Dvy) — a(z, Du) — b(z, Dv) in (L(Q))"-weak, by Lemma
5.5 we derive that (¢4 a constant depending only on p)

/ la(z, Du)—b(z, Dv) ‘p/)\l_plap dx <
Q

< liminf/ |lan(z, Dup) — by (z, Dvh)‘p/)\i_p/godm <
hJa

(97) ) /

<ecy [limhinf/ |ah(ac7 Duy) — by (z, Duh)|p )\}11—17 pdxr+
Q

+ limhinf/ ‘bh(l‘, Duy) — bp(z, Dvh”p’)\}ll—p’(pdx] .
Q

As regard the first term of the right hand side from the assumptions we get
(98)
P’ 1—p’ p p—1 P’ 1—p’
/ |\an(z,Dup) — bp(x, Dup)|” A, P pde < c / A (14 |Dup P71 AP pda <
Q Q

<cc5/ A (14 |Dup|P) g da <

Q

< 005/ An (1—l—(ah(x,Duh%Duh))\}:l)(pdx =
Q

— ccs/ ()\h + (an(x, Dup), Duh))cpd:v
Q
with ¢5 = ¢5(p). By Theorem 2.3 in [10] and by assumption we derive that

hlim (An + (an(z, Duy), Duy))p dx = / (A + (a(z, Du), Du))p dzx .
— Jo Q

As regard the second term of the right hand side in (97) we estimate

/ |bn (@, Dup,) — by (, Dvh)|p/)\,1;p/<pd$ <
Q

p—

’ / =2,/ ’ ’
< /QLP N (1 + |Dup|? + [Dup|?) 7 | Dup, — Dop|P' N, pde =
’ p=2 P
LP My (1 + |Dup|P + | Doy [P) "= |Dup, — Doy |7~ T o da <

, p=2 b
< [ L7 AR (1 + Ay (an(@, Dun), Dun) + X, (bn(, Doy), Dug)) 7~ [Dun — Doy | 7T @ d

S— 5

= p=2
LP A ()\h + (ap(x, Duy,), Duy) + (bp(x, Duy), Dvh)) *=1|Duy, — Dvh|#gpdx.
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To estimate this we put, for simplicity, Ay, := (an(x, Dup), Duy,), By := (bp(x, Dvy), Do)
and Dy, := (ap(z, Dup) — by (x, Dvp,), Dup, — Dvp,) and use inequality (96) to obtain

|bn (2, Duy,) — by (z, Dop)[? /\i_p/gpda: <
Q

< /Q AT (v + A+ Bi) P73 [ea(L4 A7 Ap + A Dp)] P T dar

Then using Holder’s inequality we find a constant, denoted by cg, depending on L,
cs and |Q], such that

|bn (2, Duy) — by (z, Dop)[” /\}L_p/gpdx <
Q
2 1

<CG[/§2()\h+Ah+Bh)<pdx}p [/Q()\h—&—Ah—l—Dh)godx}%l.

Taking the limit and using Theorem 2.3 in [10] we get

lim inf/ |br (@, Dup,) — by (, Dvh)|p/)\};plcpdx <
Q

h—oo
< cﬁ[/ (/\JrAJrB)(pdz}E[/ ()\+A+D)gadx}”j
Q Q
where A := (a(x, Du), Du), B := (b(z, Dv), Dv) and D := (a(x, Du)—b(x, Dv), Du—
Dv). Taking into account this last inequality and (98) in (97) we get

/ |a(a:,Du)—b(m,Dv)’p/)\l_p,go dx < 07[/ (A + (a(x, Du), Du))p dx+
Q Q

p—2

+ (/Q(A+ (a(z, Du), Du) + (b(a:,DU)7Dv))wdm) =

' (/Q(A + (a(z, Du), Du) + (a(z, Du) — b(z, Dv), Du — Dv))e dz) f}

where ¢; = max{ccs,cg}. This last inequlity holds for every u € E;1(L™(2)) and
v € E; N (L™()), where E,u = —div(a(z, Du)), Eyv = —div(b(x, Dv)). By density
this holds for every u,v € Wol’p(Q, A, A). In particular choosing u = v = ¢(z)(z, §)
where £ € R™, ¢ € C1(Q), ¥ =1 in w CC §, we obtain, since the above inequality
holds for every ¢ € C(9Q), ¢ 20,

la(z, €)—b(z, &) N () <

p—2

<or|(M@) + (a(@,€),6) + (@) + (al2,),8) + (b(2,€),)))”
(@) + (al2.€).9)) f}
<er [(A(x) +3X(2)(1 + |£Ip‘2>|£|2}

almost everywhere in w (and then in Q). Finally by this we conclude deriving the
existence of a constant ¢’ > ¢ for which

lalx, €) = b(, €)] < ¢ M) (1+[€P7Y) . 0
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Corollary 7.5. Consider (an)n C Maxo,1)(p, L, K1,C1, F,G), i.e. such that
|an(2,t,€) — an(z,5,6)| < An(2) G|t = s[)(1+[¢[P7) .

Then there is a constant ¢ > 1, a constant L' depending (only) on L,p and a map
a € No(p, 'Ky, K1,C1, F,cG) such that, up to subsequences, ap (-, t, ") £G a(-t,-)
for every t € [0,T].

Proof - For every fixed t € [0,T] the sequence (ap(-,t,-))n C Maq(p, L, Ky,Cy).
Then by Theorem 7.3, by lower semicontinuity and by a diagonalization argument
we can find a subsequence, denoted by (ap,);, such that

an,;(5t,°) £, a(-t,-) for every t € QN [0,T7].

By Lemma 7.4 we also get that there is A € A, and ¢ > 1 such that
la(z,t,€) — a(z,s,&)| < cA(z) G(|t — s|) (1 + l€P1) for every t,s € QN [0,T]

which can be estended by continuity to a map a defined for every ¢ € [0,T].
Now fix € [0,7] \ Q: for every subsequence of (as,); we can find a further
subsequence, denoted by (ah].k )k, and a map b such that

an,, (+%,) 2% b(,7,).

By Lemma 7.4 we have that
|b(2,7,&) — a(z, t,)| < cXMa) G|t —t))(1+ [P for every t € QN [0,77].

By the continuity of G' we derive that b(z,t,-) = a(-,t,-). O

Proposition 7.6. Consider a sequence (ap)n C Maxo,1)(p, L, K1,C1, F,G). Then

(0,an) % (0,a) inQx(0,T)
if and only if
ap(-t,-) G a(-,t,-) inQ for every t € (0,77,
a € Moy (p, L, K1,C1, F,cG) for any c > 0.
Proof - We can suppose that (0, ay) <, (0,a) in Qx(0,7T) and ay (-, ¢, -) £G b(-,t,-)
in 2 for every ¢ € [0, T}, otherwise we can extract a common subsequence, thanks to
Theorem 6.9 and Corollary 7.5, and prove the result for every further subsequence.

Consider a function f(xz,t) = g(x)h(t), g € L™(Q) and h € C([0,T]), and denote
by uy, the solution of

—div(ap(z,t,Dw)) = f in Qx (0,7)
w=0 in 092 x (0,7)
which coincides, for a.e. t € [0, T], with the solution
—div(ah(x,t,Dw)) = f(-,t) in
w=20 in 09Q2.
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and the sequence (uy,) is such that u, — w in LP(0,T; L*(2)). By Theorem 5.15
we get that for every ¢ € C°(Q x (0,T))

T T
/ /(ah(x,t,Duh),Duh)(b(ac,t)dxdt—>/ /(a(x,t,Du),Du)¢(x,t)dmdt
0o Ja 0o Ja

and by Theorem 2.3 in [10] for every ¢ € C°(Q) and ¢ € [0, 7]

/ (ah(x, t, Duy,), Duhj)cp(r)dx — / (b(:L', t, Du), Du)gp(x)dz .
Define the ?unctions ’
Ci(t) = /Q (an(z,t, Dup), Dup)p(z)dx .
Since by Proposition 2.7 in [11] and (17) we get that there is a constant ¢ (depending
only on n,p, K1, K5,9Q,C1, L) such that
G @] < c[r®]llelolgllzne

with h € C([0,T]) and ¢/ (t) — ¢(t) == /(b(m,t,Du),Du)gp(m)dw for every t €
Q
[0,T] we get that

T T
/ ()G ()t — / ()G (1)t
0 0

for every 7 € C2°(0,T). On the other side, taking ¢(z,t) = p(z)7(¢) in the limit
above, we get

T T
/ ()G (£)dt — / ()G (£)dt
0 0

for every 7 € C2°(0,T), where (¥(t) := /(a(x,tDu),Du)cp(sc)dm. We conclude
Q
that
/ (a(z,t, Du), Du)p(z)dzx z/ (b(z,t, Du), Du)p(z)dx
Q Q

for every ¢ € C°(Q) and for almost every t € [0,7]. Then (a(z,t, Du), Du) =
(b(z,t, Du), Du). Since this holds for every u € A~Y(L"(Q) x C([0,77])) where
A = —div(a(-,-, D)), by the density in L? (0, T; L"(£2)) of the finite sums of func-
tions in L™(Q) x C([0,T]) and arguing as in the last part of the proof of Lemma
7.4 we conclude that b(z,t,&) = a(z,t,€) (for a.e. & € Q, every t € [0,T] and every
EeRM). O

Theorem 7.7. Consider a sequence (an)n C Maxo,1)(p, L, K1,C1, F,G). The
following are equivalent:

i) an(-,t,-) £G a(-,t,-) inQ  foreveryte[0,T] ,

i) an, 2% 4 inQx(0,7)

Proof - The proof follows immediatly from Theorem 6.13 and Proposition 7.6. [J

REMARK 7.8. - If we drop assumption of continuity in time, i.e. we consider a
sequence (a/h)h - MQX(O,T) (pa L7 Kla 017 F) \MQX((],T) <p7 L7 K17 Cla F7 G)7 the last
theorem could not hold (see [7]).
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8. SOME PARTICULAR CASES

Consider the equations 9;(upu) — div(ap(z,t, Du)) = f for some functions
an € Maxo,r) and pp € F(An) for A\, € A(ap). Here we analyse briefly some
particular examples, first the “classical” case, i.e. A\g < pn, Ap < Ag with Ag > 0,
then we give some compactness result in two particular cases, one with p, = 1 for
every h € N and finally a situation in which assumptions (T.1) are easily satisfied.

EXAMPLE 1 - Consider A\, = Ag, Ag positive constant. In this case every sequence

(un)n equibounded in L (2 x (0,7T)) satisfying (T.5) and (T.6) belongs to F(X\o),

but also unbounded f1, can be considered, provided that sup, sup, supy, |Q “(1QI7 foy pn(w, t)dx)/P
is bounded, i.e. (T.1)-b) holds. Also uj, valued in {—1,0,1}, i.e. discontinuous,

can be considered. For this we refer to examples in [24] (see also below).

In particular Theorem 6.8 with pu; = 1 for every h € N and Theorem 7.7 give the

results contained in [34]. Observe that in particular the convergence

—div(ap(z,t,Du)) = f in Q2 x(0,7T) —div(by(z,t, Du)) = f in Q2 x (0,7)
—
u=0 in 09 x (0,7) u=0 in 002 x (0,T)

in the sense of Definition 6.1 and the convergence

—div(ap(z,t,Du)) = f(t) inQ —div(ba(z,t, Du)) = f(t) inQ
u=0 in 002 u=0 in 092

for almost every ¢t € (0,T) in the sense of Definition 7.2 do not garantee by = by
(see [7]). A sufficient condition is (95).

EXAMPLE 2 - pujp = 1 - In this case Theorem 6.8 gives a compactness result for
a sequence of classical evolution equations of the type d;u — div (ah(x, t, Du)) = f.
Notice that (what we are going to say can be derived following the analogous re-
sults in [27], precisely Theorem 2.4, Corollary 2.5, Remark 2.6 and Remark 2.7)
assumption (T.1)-b), i.e. (1, \n(t)) € A5 ,(K2) for every t is satisfied with a < 1 if
An(t) € Ag(K41) C Ap(K,) for any K (for every h € N and every ¢ € [0,T]) with
¢ = min{p,1+p/n} = 1+p/n (since we are taking n,p > 2). Moreover the Poincaré
inequality (22) holds with =1 (in general) again if (An(t))n C A14p/n (K1) and if
moreover [. )\,:n/p(x,t)dx < O for every t € [0,T]. Therefore taking Ay, = A\ ()
so that (T.5) and (T.6) are easily satisfied and modifying (S.4) and (S.5) as follows

(99) A€ Arppm(KD), / AP () dr < Cy

Q
Theorem 6.8 reads as follows (compare with [27] in which for the linear case the
class Ay g/, is considered).

Theorem 8.1. (an)n C Moy o,1)(p, L, K1,C1, F), and suppose A\, € A(ayp,) is in-
dependent of time and satisfies (99) for every h € N. Then there is a € Noy o) (p, L*,
K,,C,K{'F), L* = 'K, with L' = L'(L,p), a weight A € A(a) independent of
time such that X € Ay, /(K1) and for which, up to a subsequence,

(Lan) % (1,a) inQx (0,7).
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Notice that in this case the convergence of the solutions are in the topology of
LP(Q x (0,T)) (see Corollary 5.4).

EXAMPLE 3 - A general situation in which (T.1) is easily satisfied is the following;:
given (Ap)p consider a sequence (pp,)p, satisfying

0 < |pn| < cpAn

for some positive constants cp, ¢ < ¢ < 4+00. A simple situation could be the
following:

)\h = )\h(x) 3 Hh = rh(x,t))\h(:c)

with 7, equibounded in L>°. As in EXAMPLE 1 r; may be not regular, also in time;
for instance r, = x4, the characteristic function of A, C Q x (0,7, denoting by
Ap(t) = {z € Q| (z,t) € A}, assumptions (34) become requirements on the sets
Ap(t) since in this case the functions

t— u(z)v(x)\(z)dx
Ah(t)
are to be regular and satisfy (34)(iv)-(vi) for every u,v € C}() (see, e.g, Proposi-
tion 3, section 3.4.4, in [13] for more detalis on differentiability of these functions).
For more examples of admissible p;, we refer to [24] and [26].
A particular case of this situation is that in which pup = Ap = Ap(z). In this case

we obtain that (T.1) is free and then we obtain the following result (compare with
[23]).

Theorem 8.2. Consider (an)n C Maxo,1)(p, L, K1,C1, F) and X\, € A(an) in-
dependent of time. Then there is a € Noxo,1)(p, L*, K,,C,K{'F), L* = 'K,
with L' = L'(L,p), a weight A € A(a) independent of time for which, up to a
subsequence,

(An,an) S, (Na) inQx(0,7T).

As corollary of this theorem and Theorem 3.8 (as done in the proof of Theorem 6.9
one can consider (€A, ap) and then let € — 0) we obtain what follows.

Corollary 8.3. Consider (an)n C Max 1) (p, L, K1,C1,F). Then there is a €
Noxor)(p, L*,K1,C1,K{'F), L* = 'Ky with L' = L'(L,p), a weight A € A(a)
for which, up to a subsequence,

0,an) -< (0,a) inQx (0,7).

Thanks to Proposition 7.6, this result applied to the class Mg 0,1 (p, L, K1, C1, F, G)
(defined at the beginning of Section 7) allow us to reobtain, as a particular case,
Theorem 7.3, i.e. the result contained in [11] for elliptic equations.

Corollary 8.4. The class Mqyxo,1)(p, L, K1,Ch, F,G) is relatively compact in
Nax o, (P, L'Kl,Kl,Cl,Kl_lF,cG) with respect to the pointwise (with respect
to time) EG-convergence in Q) (L' = L'(p, L), ¢ = ¢(p, L, |9?])).
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