QUASI-STATIC DAMAGE EVOLUTION AND HOMOGENIZATION:
A CASE STUDY OF NON-COMMUTABILITY

A. BRAIDES, B. CASSANO, A. GARRONI, AND D. SARROCCO

ABSTRACT. In this paper we consider a family of quasi-static evolution problems
involving oscillating energies £° and dissipations D¢. Even though we have separate
T'-convergence of £2 and D?, the I'-limit F of the sum does not agree with the sum
of the I'-limits. Nevertheless, F can still be viewed as the sum of an internal energy
and a dissipation, and the corresponding quasi-static evolution is the limit of the
quasi-static evolutions related to £ and D*. This result contributes to the analysis of
the interaction between I'-convergence and variational evolution, which has recently
attracted much interest both in the framework of energetic solutions and in the theory
of gradient flows.

1. INTRODUCTION

The definition of quasi-static evolution has been recently widely analyzed in the
framework of energetic solutions (see e.g. [2], [9], [10], [14] and [18] and the references
therein). In general, the existence of such solutions is obtained through the approxi-
mation with a family of implicit-time schemes. Namely, given an internal parameter-
depending energy £ and a dissipation D, an initial datum Uy and a time step 7, a
discrete trajectory {U7 }; is defined recursively by setting Ug = Uy and taking U7 as a
minimizer of

(1.1) min{S(jT, U) +D(U—U]T_1)}.
A piecewise-constant trajectory U™ (t) is then defined by
UT(t) = Ulyz);

and its limit (which exists up to subsequences) is an energetic solution of the evolution
inclusion

ID(U) + dyE(t,U) 2 0.

In the case of energies and dissipations depending on some parameter ¢ (e.g., in the
case of homogenization, on a small space scale) the same scheme above can be followed.
For fixed ¢ it can be defined a quasi-static evolution U, and the limit as € — 0 can be
studied. Conversely, with fixed 7 and €, we may consider the discrete trajectories U JT <
defined iteratively as solutions of

(1.2) min{ga(jT, U)+D(U — U]fl)}

and take the limit as ¢ — 0 first. Under some coerciveness and continuity assumptions
these trajectories converge as e — 0 to UJ Y and the limit of problems (1.2) can be
stated as minimum problems for the corresponding I'-limit. In general that I'-limit
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may depend on the sequence U ]-Tfl converging to U ]-T;Ol, but in many cases, thanks to
the optimality properties of U J-Tfl, the effective limit problem can be written as

(1.3) min{]—"( iU, U;ﬂ)},
where F(t,-,V) is the I-limit of
U s E(t,U) + D (U — V).

Another condition that guarantees that the limit UjT Y solves a problem of the form
(1.3) can be obtained by requiring that recovery sequences for the I'-limit of

(U, V)= E(t,U)+D(U-V)

at (U, UjT;Ol) can be taken of the form (U, U;"). This seems to be an issue worth
of a separate more abstract formulation (in the spirit of the analysis of Mielke et
al. [17]), and will not be dealt with in this paper. Note that, while the properties of
['-convergence easily imply the existence of a limit functional F and the convergence
of minimizers, the actual form of F(¢,-,V) may depend in a non-trivial way on V', and
is not immediately written as a sum of an energy and a dissipation. After this passage
as € — 0, we can then define the piecewise-constant functions U™(t) = U @’?T | and take

the limit as 7 — 0 to obtain a continuous in time limit U°(%).

In general, it is not clear whether the trajectory UY(t) defined above agrees with the
effective energetic solution given by the limit of U.(t). Mielke et al. [17] proved that
this is the case when £ and D¢ separately I'-converge to some £ and D and suitable
additional assumptions are satisfied, which in particular imply the equality

(1.4) Fit,UV)=EtU)+DU-V),

and hence the limiting trajectory can again be regarded as an energetic solution. This
however is a restrictive hypothesis, and in general neither the form of the limit F may
be immediately interpreted as a sum of an internal energy and a dissipation, nor we may
deduce from the I'-convergence of £ and D enough information on the convergence
of their sum.

In this paper we illustrate a case when we do have separate I'-convergence of £ and
D* but the I'-limit of the sum does not agree with the sum of the I'-limits. Neverthe-
less, the limit F can still be viewed as the sum of an internal energy and a dissipation,
and the corresponding quasi-static evolution is the limit of the quasi-static evolutions
related to £° and D*. This result contributes to the analysis of the interaction between
['-convergence and variational evolution, which has recently attracted much interest
both in the framework of energetic solutions and in the theory of gradient flows (see
[4, 17,15, 1, 16, 6]), and suggests that some generalizations of the time-discrete scheme
must be envisaged to take into account the possibility of the combined I'-convergence
of energies and dissipations. A related result can be found in [7], where a quasistatic
evolution for a dimensional-reduction problem in elasto-plasticity is investigated. In
that case, the energy and the dissipation are coupled by kinematic restrictions. In our
case the coupling effect is due to oscillations. Note however that oscillating energies do
not always lead to a non-commutativity phenomenon, and in some cases the arguments
in the computation of the I'-limit can indeed be decoupled into the energy and dissi-
pation parts, such as in the case of the homogenization of free-discontinuity problems.
In that context the effect of surface and bulk oscillations can be dealt with separately
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(see [5]), which allows to prove that the Francfort and Marigo approach to Fracture [2]
is indeed compatible with homogenization (see [12]).

We consider the model of damage by Francfort and Marigo [10], where U = (u, A),
u is a displacement and A is the damage set,

Et,U) = E(t,u, A) :04/ Vul*dx + 3 |Vul? dx (v < p)
A o\A
with the constraint that v = ¢; on the boundary of 2 (given set in R"), with g, a
continuously parameterized family of boundary data with gy = 0, and

D(U) = D(A) = 7|4

In the formulation (1.1) the dependence of D on U — U] ;, where U = (u, A) and
Uiy = (uj_;, A7 ;) must be understood as the requirement that x4 — Xar_, be a
characteristic function; i.e., that A7 ; C A, so that {A7}; is a non-decreasing family of
sets. The evolution according to such E and D describes a damage process with a non-
decreasing damage zone, driven by the varying boundary value and the competition

between the internal energy, which is characterized by the elastic coefficient

oa(r) = axa(z) + H(1 = xa(z))

and is lower in the damaged region A, and the dissipation, which accounts for the
amount of damaged material. This model is intrinsically non-convex and in general it
is not possible to determine a solution of the form (u(t), A(t)), with A(t) a family of
sets parametrized by t and the problem must be relaxed. In the multi-dimensional case
the right framework for the relaxation is that of the G-convergence for the coefficients
o4 (see [10], [8] and [11]). In the one-dimensional case such weak evolution can be easily
expressed in terms of the weak limits of characteristic functions x 4. Moreover it can
be seen that in this case it is always possible to construct strong evolutions of the form
(u(t), A(t)).

We treat a heterogeneous one-dimensional case, where the functionals take the form

(1.5) Ea(t,u,A):/Aa<g>|u’\2dx+/Q\Aﬁ(§>\u’|2dx

and o and (8 are 1-periodic functions. It is well known that in this case for fixed A
these energies I'-converge to

(1.6) E(t,u,A) = g/ |u')? dz + 3 |u'|? du,

A 0\A
where o and [ are the harmonic means of a and [, respectively. For the sake of
simplicity we will consider the case when o and 8 take only two values, so that E°
can be interpreted as describing a mixture of two materials with coefficients 5; and S
when undamaged, and a; and oy when damaged. We also consider dissipations

(1.7) DE(A) = /ﬂ@ dz |

where 7 takes the values 71 and ;. Note that even the case 73 = 72 (and hence D*
independent of £) possesses the same features of the effective evolution as for oscillating

-
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First of all, we note that the I-limit of £*(¢, u, A)+D?(A) always requires a relaxation
process. In fact, minimizing sequences of A will never be compact as sets, and their
limit (precisely, the weak limit of their characteristic functions) must be described by
a density function 6 € [0, 1]. Hence, the limit evolution must be expressed in terms of
the relaxed variable (u,#). In these variables the I'-limit of E°(¢,u, A) + D(A) takes
the form (see Theorem 3.1)

fhom(9)|u/‘2dx 4+ / ,yhom(e) d.T,
(0,1) (0,1)
so that a weak quasi-static evolution can be constructed for this energy. We show that
this agrees with the limit of the corresponding strong e-quasi-static evolutions (see
Theorem 3.9).

We show that an equivalent formulation can be given in terms of a three-phase
material model: the effective evolution can itself be seen as a relaxed evolution of a

homogenized energy of the form

E(t,u, A;, Ay) =a [ |W|Pdx+Cla,B) | W) dz+ B ') d

Az Ay 2\(41UA2)
with A{NAy = (0. The sets A, and A; can be interpreted, respectively, as the zone where
either both materials are damaged, or one of the two (which is uniquely determined
by the values of «; and ;) is damaged. C(«, 3) is the corresponding harmonic mean
in the latter case. The effective evolution of a mixture of two homogeneous two-phase
materials can therefore be interpreted as the relaxed evolution of a homogeneous three-
phase material.

We finally note that the features of our example are still valid, as commutability
issues are concerned, in a general multi-dimensional environment. In that context the
interaction between oscillating energies and dissipation can be much more complex and
difficult to characterize as they depend on the microgeometry and the loading history.

2. QUASI-STATIC EVOLUTION FOR COMPOSITE MATERIALS

In this section we give the definition of quasi-static evolution related to the elastic
energy and dissipation in (1.5) and (1.7) for fixed ¢, and show explicitly the existence
of such evolution.

For fixed € > 0 we consider the functional

(2.1) Ef(u, A) = E(u, A) + D°(A),

where

2.2 Ef(u,A) = o5 (o) (z)Pdx and De(A) = l dzx,
(22) A= [ @) @=[+(%)
with v € H'(0,1), A C (0,1),

(2.3) o) = a(Z)xale) + (2 ) (1 = xal@)),

and

(2.4) aly) = {@1 ify €0, i) B(y) = {Bl ify e [o,i)
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71 if yE [07 l)

2.5 (y) = . 2
2 g {72 ify€31)
with
(26) 0<a; < B, 0 <, fori=1,2.
Moreover, we will denote in the following

1 I 1 1\
2.7 = —+— d = =+ =
( ) a <20&1 * 20[2) an é <2ﬁ1 + 252) ’

the harmonic means of o; and [;, respectively.
We suppose that

(2.8) el eN;

the general case can be always reduced to this assumption up to a negligible error in
the energy (2.1) (as € — 0).

2.1. Minimum problems for the c-energy. In the following lemma we characterize
the minimizers of (2.1) with prescribed boundary data.

Lemma 2.1. Let t € R; then there exists a minimizer (u®, A®) of
(2.9) m(t) := min{ Eq,,(u, A) : u(0) = 0,u(l) =¢, A C (0,1)}.

Moreover, m(t) can be computed explicitly and it is independent of €. If

a1bim < ODYEoRb! .

( ) 1 ﬁl oy /82 —on P
(which we may suppose without loss of generality) then
(5t if [t < 12
2
b1 p1(f2 + aq)
2pit — — if = < t] < ——=—~
B ¥ ﬂ | = hm
2
el)  my={ 2B 1 pnlhta)  phta)
B2 + 1 2 ) 20201 205011
opat + 102 P2 paBatan) P
2 Q 2020
af? + 102 ift > 2,
. 2 a

The function m(t) is plotted in Fig. 1.
Proof. For A C (0,1), we set

A§:2A0<[0,g>+sN>, Ag::Aﬂ<[g,6)+sN>,
Bf::((o,n\A)m([0,§)+5N), B = (( ([ >+5N>.

Note that (0,1) = AJUA5UBfUBs, a(%) = o, for x € A5, and 8(%) = j; for x € Bf
(i=1,2).

(2.12)
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m(t) o
\ \ A |
\ | /
\ / /
\ | ! Y
i \ \ L
. \\\ \ / //
AN \ [
~ ~ \\\ 1L /// /
N\~ \ 7 280142 | M
at? + 71-5’72 ~\ f// BQiallt + 21
\ /
t

FIiGURE 1. The minimal value m

We observe that the value

(2.13) ma(t) == min{Efr

ot

(u, A) = u(0) = 0,u(1) = t}

depends on A only through the measures |Aj| and |A§|. Indeed, by Jensen’s inequality
and (2.12), for all test functions u we have

/Aa<§>|u'|2da€+/(071)\Aﬁ(§)\u’|2dx

>a| A ||z |? + Bl Bl 21al” + ol A5||z1|* + Ba| Bl 222/,

where

1
(2.14) 21 = ——
VT
with a strict inequality unless ' is constant on AS and Bf. Hence, each minimizer
must have a constant value of the derivative on each of the four sets A and B:.
This observation allows to reduce the computation of m(t) to a finite-dimensional
minimization. To that end, denote

udr, zpi=-— [ Wdx, i=1,2,

(2.15) Ao=2|A5|, i=1,2,
Observing that |B5| = § — |AS| = 2(1 — \;), we have that
(2.16)
m(t) = min {50narsh, + (1= \)ish) + 3(aassh, + (1= a)fashy)

1 1 1 1
+ §’Yl>\1 + 5’72>\2 : 50\12’11 + (1 —A)z2) + 50\22’21 + (1= Ao)z) = t}-

A solution \;, z;; (4,5 = 1,2) provides a description of all minimizers of problem (2.9)
as follows: the set A° is any set A such that 2|A$| = \;, and u° is the unique solution
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of (2.14), which gives
(2.17) u' =z on AS and u' =zpon B, i=1,2.

We can explicitly compute the minimum in (2.16). We conclude that m(t) is inde-
pendent on ¢ and satisfies

(2.18) m(t) = %min{ml(tl) + mo(ta) : htts t} :

2
where

21,252,

whose explicit form is given by

( 42 : QY Pi
pit if [t] < Bi(Bi—as) — Bi
pi
i

42 . : > [ Bivi
(219)  my(t) = ot” if ¢ > \V i(Bi—ai)

Qi Di75 i ;
2t b 7 = 2lp; — b otherwise.
L fi—o  Bi—a Bi

Using (2.19) and solving (2.18) we obtain the expression of m(t) as in (2.11). O

Remark 2.2. 1) We can explicitly compute the minimum values \; i, in (2.16) which
are given by (assuming (2.10), i.e., p1 < pa)

( . D1
0 Ho< |t <=
<t < 5 (
2p; ( p1> .. D1 p1(B2 + aq)
2.20 Mmin(t) =< — It — — it — <|t| < —=
(220 toinlt) =0 5\ =T ) T =M= o,
1 if ’tl 2 ])1(/82—i_051>7
\ 2ﬁZOél
and
(
) p2(fa2 + 1)
0 o< | < == -/
= 2B2001
(2.21) Nosuin(t) = { 272 <|t| _ Pt ) 0‘1)) grelata) P
2 2P0 28201 03
1 if [¢] > 22
\ a
We get that
Mol g < P2
. | AE| = 20¢]
(2.22) Amin(t) = | A7 I Xomin(t) . p2(Ba2 + 1)
—+ =2 it > ==
2 2 2820

The value of A, is plotted in Fig. 2.
2) The characterization of the minimizers (u®, A%) given by (2.15) and (2.17) gives the
existence of infinitely-many minimizers, except in the cases when both \; in € {0, 1},
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1/2

p1(B2+a1) p2(B2ta1) p,

pL P2
B 2082011 282011 a
FIGURE 2. The value of A;i,.

for which the minimizing pair is unique. Under condition (2.10), i.e., p; < ps, this
corresponds to A* = (), A* = (0,1) N ([0, 5) +eN) or A* = (0,1).
Note that the minimality conditions for (2.16) give the relations

(2.23) 1211 = Przar = aez12 = Saza.

3) Among all the minimizers (u°, A¥) we have those with

A= (0,1) N ([0 M me) +5N) A5 = (0,1) N ([2 (1+ Agmm)Q) +3N>

for which the damage is “uniformly distributed” in (0, 1). In this case the weak limit
of the characteristic functions of the sets A is the constant %)\@min.
Another family of minimizers are those with

A = (0,05 1) N <[O,%>+5N>, A5 = (0, A5,1) N <[%,5)+€N>,

where A, are such that 2| Af| = \; in, for which the damage is “concentrated towards
0”. Note that in this case we have |\¢ Aimin| < € and hence the weak limit of the

characteristic functions of the sets Af is the function $xp

) i,min]'

i,min

Remark 2.3. If we introduce the homogenized coefficient related to n; and 7y as
1 1 /1 1 1 /1 -1
(2.24) From () = [ = (— - 771) Tt (— - m)] ,
51 Ba

then, remarking that

et 1
min {—(Alalzfl + (1 — )\1)612?2) + —(>\20422221 + (1 — )\2)62232) :
(2.25) 0 -2 2

1 A
5()‘1211 + (1= A1)z12) + 5()\2221 + (1= Xg)ze0) = 1} fh°m< > 22>
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we can rewrite
A A 1
(2.26) m(t) = /{rlu)\r;{fhom< 21 22>t2 + 71)\1 + ’72)\2}
Remark 2.4. Let
A A
_ rhom 1 2
(2.27) GO Ao t) = f ( 5

where f1om is defined by (2.24). Then for fixed s and ¢t with 0 < s < ¢, the unique
minimizer of the function G(-, -, s) on [Aq min(£), 1] X [A2min(£), 1] i (A1 min (), A2min(1))-
This follows from a stralghtforward even though somewhat lengthy, calculation.

>t2+ T+ %AQ,

2.2. Quasi-static evolution for the c-energy. We state now the definition of quasi-
static evolution for the energy functional (2.1) and describe explicitly the behaviour of
such motions in Theorem 2.8.

From now on we will consider u = u(t, ), with u(t,-) € H'(0,1) parametrized by
t €10,T). As a shorthand we will write u(t) = u(¢, -).

Definition 2.5. Given g € AC([0,7]), with ¢g(0) = 0, and € > 0, we say that
(u(t), A(t)) is a (strong) quasi-static evolution (for the energy (2.1) subjected to the
boundary condition g) if for all ¢ € [0,7] we have u(t) € H'(0,1), u(t,0) = 0,
u(t,1) = g(t), A(t) C (0,1), and the following properties hold:

e Damage Irreversibility: A(t;) C A(ty) if t; < to;

e Energy Balance: for all ¢t € [0, 7] we have

228) B (u(t), AW) = B (w(0).A0) +2 [ i) /(01) o ()0 (5, ) s,

e Minimality Condition: for all ¢ € [0, T
(2.29) Exon(ult), A(t)) < Bty (v, B)
for all v € H'(0,1) with v(0) = 0, v(1) = g(t), and A(t) C B C (0,1).

Moreover, we say that (u(t), A(t)) is an approzimable (strong) quasi-static evolution
(for the energy (2.1) subjected to the boundary condition g) if it satisfies the conditions
above, and can be obtained as the limit of a time-discrete approximation scheme; i.e.,
up to a subsequence, for all ¢ it is the limit of (u.(t), A,;(¢)) constructed as follows:
ur(t) = uj,,, A-(t) = A/, ), where uf = 0, A7 = 0, and (uf, A7) is a minimizing pair
for the problem

(2.30) min{Efm(v, A):0(0) =0, (1) = g(kr), AT_, C A}
for k > 1.

Remark 2.6. Note that in general not all quasi-static evolutions are approximable
(see [15]). We do not address this issue here.

Remark 2.7. By the minimality condition (2.29), with B = A(t), we deduce that u(t)
is the unique minimizer of the quadratic energy E*(v, A(t)) satisfying the boundary
condition u(¢,0) = 0 and u(t,1) = g(t). Testing the Euler-Lagrange equation with
u(t,x) — g(t)r we deduce the identity

(2.31) /( S 42) e = FAD)g0),
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where
(2.32)  f(A) = min{Ea(v,A) ve HY0,1), v(0) =0, v(l) = 1}.

Theorem 2.8. Let g € AC([0,T1]), with g(0) = 0. Assume (without loss of generality)
that (2.10) holds. Then each approximable strong quasi-static evolution (us(t), A%(t))
(in the sense of Definition 2.5) for the energy in (2.1), subjected to the boundary con-
dition g, is characterized by

(i) A%(t) is increasing in t;

(ii) of Aj(t) == A%(¢) N ([0, %) +eN) and A5(t) := A(t) \ A{(t), then
2|A§ (t)’ = Al,min(g(t)) and Q‘Ag(t)’ = )‘Q,min<§(t>>7
where g s the non-decreasing envelope of the function g, defined by

(2.33) g(t) == ir}if{h(t) :h>g on[0,T],h non decreasing};

(iil) the function u®(t) is the unique minimizer of E¢(-, A%(t)) under the boundary
condition u®(t,0) = 0 and u®(t,1) = g(t).

Proof. Note that the approximability condition in general implies the minimality and
the energy balance. This can be derived from [13], upon a relaxation argument in order
to fulfil the abstract framework therein. Here we give a direct proof that highlights the
homogenization process through the explicit description of the solutions, using Ai min
and Ao min. We consider the case of g non-decreasing first, and then the general case.

If g is non-decreasing, we can assume without loss of generality that g(t) = t for
all t € R. Let (A%(¢),u(t)) satisfy (i)—(iii). By the characterization of minimizers in
Lemma 2.1 such a pair is a solution to

(2.34) min{ £, (v, B) : v(0) = 0,v(1) =¢,B C (0,1)}.

and hence satisfies the minimality condition in Definition 2.5. Damage irreversibility is
property (i).

It remains to prove the energy balance. To that end, we first note that by (2.11) the
function s — E5.(u°(s), A%(s)) is absolutely continuous and its a.e. derivative is given
by

(2@5 if0<t< %
p1(B2 + 1)
2 if P <t < ———=
o 5 2501
(2.35) B.E5, (w5 (s), A(s)) = m!(s) = 4 41, oot o) o pa(Batan)
Ba + oy 2062011 285001
2]72 if ]M <t< ]2
205011 (03
20t if > 22
[0

\ &

Using this equality we now prove (2.28), rewritten as

/85Effot(u€(s 3—2// 0% (s) (%) (W5 (2, 5)) dwds.
0 0,1)
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In order to conclude we show that for all s € R
(2.36) m'(s) = 2/ 0% (s (7) (v (2, 8)) d.
(0,1)
Note that, by Remark 2.2(2) we have (in the notation of Lemma 2.1)
(u®) = 23 on A5, (u®)" = 25 on B;.

Taking into account conditions (2.23) and the boundary condition

1 1

5( 1min($)z11 + (1 — A min(8))212) + 5( o.min($)221 + (1 — Ao min(8))222) = s,
this allows us to conclude that the right-hand side of (2.36) equals
dayan b1 8o

a2B2(B1 — a1) M min(s) + 1 51(B2 — @2) Ao min($) + araa(B2 + 51) >

Using (2.20), (2.21), (2.35) we check that this expression is equal to the one for m/(s)
above.

By (i)-(iii) and recalling the minimality properties of Aj min and Ag min, we have that,
for every 7 and k, (uf, A7) = (u®(k7), A°(k7)) is a minimizer for (2.30), which implies
the approximability of (u®(¢), A°(¢)). This concludes the proof of the energy balance
property and the proof of the theorem in the case of g increasing.

In the general case, we define g by (2.33) and consider (u®(t), A°(t)) satisfying (i)-
(iii). If we denote by w® the minimizer of

(2.37) min{ E5,, (v, A*(t)) : v € H'(0,1),v(0) = 0,v(1) = g(¢)},

then, by the previous step, the pair (@ (), A°(¢)) is an approximable quasi-static evo-
lution for the boundary condition g. In order to show that (u®(t), A°(t)) is an ap-
proximable quasi-static evolution for the boundary condition g we first examine the
minimality condition. It is enough to consider ¢ such that g(¢) < g(t). Suppose by
contradiction that there exists B D A®(t) such that

B (uf (1), A°(t)) > min{ Eg,(v, B) : v(0) =0, v(1) =g(t)}.
Then, noting that f°(A), as defined in (2.32)
B (@ (1), A°(t) = B, (u(t), A°(1)) + f2(A(1) (7°() — ¢°(1))
> min{Ef,(v,B) : v(0) =0, v(1) =g(t)}
+f5(B)(9°(t) — g°(t))
— win{ Bi (0. B) 5 o(0) =0, o(1) = 5(1)}

contradicting the minimality condition for (u®(t), A°(¢)). As for the energy balance, it
is enough to check it between two points s and ¢ such that g(7) = g(s) = g(¢) for all
T € (s,1); ie.,

, is decreasing by inclusion, we have

(238)  Eiy(ult). A) — Eioy(uls), A) = 2 / i(r) /(01) o4 (@) (7, z) dadr,
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where A = A(t) = A(s). This is easily verified by noting that, in view of Remark 2.7,
we can rewrite (2.38) as

FA (@) — ¢(s) =2 / §(r)g(r) f7(A) dr

The approximability is obtained as in the non-decreasing case above, after recalling the
constrained minimality properties of A; min(t) in Remark 2.4 which allow to characterize
the minimum values of the energy as in Remark 2.3.

It now remains to prove that every approximable quasi-static evolution (u®(t), A%(t))
satisfies properties (i)—(iii). Properties (i) and (iii) are immediately implied by the
definition. Let (u], A}) be as in Definition 2.5. We define the piecewise-constant function

g- by
9:(t) = g(T EJ)

and g, as its non-decreasing envelope in the notation (2.33).
The sets Aj satisfy

2 ‘A; N ([o g) n 5N>] — M\in(3. (k7)) and
2 ‘A; \ ([0 g) + gN)‘ = Nomuin(7, (ET)).

This can be proved by induction. Indeed, (2.39) is satisfied for & = 0, since g(0) = 0
and A] = ). Assume it holds true with £ — 1 in the place of k. We have two cases: if
G, (kT) > g,((k — 1)7) then g(k7) = g,;(k7) and the validity of (2.39) follows by the
minimality properties of Aj min and Ao min; if otherwise g, (k7) = g.((k — 1)7) then the
conclusion follows by noting that A} = A]_, as a consequence of Remark 2.4.

Passing to the limit as 7 — 0 we then obtain property (ii), after noting the uniform
convergence of g to g. O

(2.39)

Remark 2.9. For any quasi-static evolution (u®(t), A°(¢)) in the sense of Definition
2.5, for fixed t the sets A%(¢) do not converge to sets as € — 0, except for the trivial

p1(Be+a1) p2(B24ai1)
2B201 7 2P2an ]’We

have that A°(t) = e(N+ [0,1)), whose characteristic functions weakly converge to the
constant 3.

cases () and (0,1). Indeed, for example for p; < py and t € [

3. QUASI-STATIC EVOLUTION FOR NON-HOMOGENEOUS MATERIALS

In this section we show that the approximable quasi-static evolutions related to
the energy functionals E7f,, converge, up to subsequences, to the approximable quasi-
static evolutions related to the I'-limit of such energy functionals. Vice versa, any
approximable quasi-static evolution for the I'-limit of the functionals (2.1) is the limit
of the corresponding approximable quasi-static evolutions.

3.1. Relaxed homogenization. First we compute the I'-limit of the family of func-

tionals Ef,.. We tacitly identify sets with the characteristic functions as elements of
LY0,1).
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Theorem 3.1 (relaxed homogenization). Let (2.10) hold. Then the family E5. in
(2.1) T-converges, in the L* x L'-weak topology, to the functional

(3.1) B (u,0) = B (u,0) + DM ()
where
(3.2) Ehom(u7 9) = fhom(e)‘u/FdI?
(0,1)
with
1
s 4 g i oe)
(33) fhom(0> =

—1
{52+a1+(f32a2)(20—1)} if 0el5)

2B201 2B2a2

and
(3.4) Dhom(9)=/ Yhom () dz, Vhom(e)Z{%Q
(0,1)

Proof. This is a particular case of homogenization in LP spaces, where the cell-problem
formula rewrites as

o0.2) = min{ [atwprays [ sl [ e

A
1
Ac(0,1), |A\:9,/ de:z}.
0

Note that, minimizing first in v, and denoting by n = |[AN [0, 3]| and 7, = |4\ [0, 3],
we obtain

(3.5) ¢(0,2) = min{fhom(n1>772)22 Tty o+ = 9}7
with f1om(n; ny) defined in (2.24). By a direct computation we get the unique minimal
1 1
3.6 —ON- = (0-3)vo
( ) T 27 2 9
and

¢(97 Z) - fhom(0>22 + /Vhom(e)?

and the desired characterization. O
Corollary 3.2. For allt > 0 we have
(3.7) min{E%gtm(v,Q) cve HY(0,1), v(0) =0, v(1)=t, 0<8 < 1} — m(t),

where m is given by (2.11). Furthermore, the minimizers (u, @) for this problem are
characterized by the following properties:

(i) either 6 > % a.e. or 0 < % a.e.;

(ii) we have

(3.8) / 0dz = Mn(t),
(0,1)
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where Amin(t) s given by (2.22);
(iil) w is the unique minimizer of

(3.9) min{Eh"m(v,Q) cv € HY0,1), v(0) =0, v(l) = t}.

Proof. The corollary follows from a direct computation, or from the previous theorem,
Lemma 2.1 and the Fundamental Theorem of I'-convergence. To that end, note that
the characterization of m in the proof of Lemma 2.1 guarantees that sequences (u., A.)
such that u.(0) =0, u.(1) =t and Ef,(ue, A.) = m(t) + o(1) as € — 0 have the same
cluster points as the sequences of minimizers of (3.7).

If (u(t),0(t)) satisfy (i)-(iii) then we can define A.(t) such that x . weakly con-
verges to 0(t), [A:(t)] = Amin(t), Ac(t) D [0,5)+eNor A(t) C [0, 5)+¢N, and wu, is the
corresponding solution of min F5,, (u, A-(t)) with u(0) = 0 and u(1) = t. By Lemma 2.1
(us(t), Ac(t)) is a minimizer of E5  (u, A) with «(0) = 0 and u(1) = ¢t and then con-
verges to a minimizer of EX™ (v, f) subject to the same boundary conditions. U

Remark 3.3. Note that we do not have the separate I'-convergence of E° and D? to
EPm and D™, This is evident from the dependence of the form of the limit functionals
on inequality (2.10).

Proposition 3.4 (compatibility of constraints). Let B. be a family of subsets of (0, 1)
and ¢ € L'(0,1), such that xp. — ¢ and
(310) I- 111’1(1) E’i’ot('vBE) = Er}fggl(’go)
e—
with respect to the L?-convergence, then the I'-limit of

E¢(u,A)+D(A) if ADB.

3.11 EE 7A; Bs =
( ) Tor (1 ) { +00 otherwise

with respect to the L? x L'-weak convergence is

Erom(y, 0) + Dhem(g) if 0> ¢

+00 otherwise.

(3.12) E%?@u&@):={
Remark 3.5. Condition (3.10) is equivalent to requiring that

1
(3.13) XBen(0.5)+eN) = P A5

or, equivalently, that

1
(3.14) XB.N([56)+eN) — (so - 5) V0.

In order to check (3.13), denote with ¢; the weak limit of the sequence on the left-
hand side of (3.13), which exists up to subsequences, and ¢y = ¢ — @1, which is the
weak limit of the sequence on the left-hand side of (3.14). Note that (we do not relabel
the subsequence)

(3.15) I- 11_1)1(1) E5y(u, B:) = F(u, 91, ¢2),

where

(3.16) ﬂw%wwzf.ww%@mmm+m/ %m+w/ o2
(0,1) (0,1) (0,1)
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and fh1°m is defined in (2.24). This immediately follows from the convergence of the
dissipation term, and the characterization of one-dimensional I'-convergence (see [3]
Appendix B).

It follows that (3.13) is equivalent to (3.10), since, by (3.5) and (3.6), F(u, 1, ps) =
Ehom(y, o) if and only if ¢ and ¢, are as in (3.13) and (3.14).

Proof of Proposition 3.4. The lower bound inequality is trivial since the constraint is
closed. As for the upper bound, with fixed 8 > ¢, we use a diagonal argument, first
constructing a recovery sequence of sets for a sequence of 6% converging to 6.

With fixed o > 0, for all x Lebesgue point of ¢, ¢; (as defined in Remark 3.5) and
6, we consider the family

17 = {]:(x—5,x+5) c(0,1):6 <o,
J1et@ = sldy+ [Ionto) = orldy + [ 166) ~ 81y < ol11}

Since Z7 = |J,Z7 is a fine cover of the set of Lebesgue points of (0,1) we can find a
finite family of disjoint intervals {I7} of Z? such that

o\

< 0.

We construct subsets A of (0, 1) defining them on each such interval
Ij = (af — OF, x + 07)

as follows:
(i) A2NI7 D B.NIY;
(i) |A2NIg| = f[g 6 dy.

If ¢(x7) > 3 conditions (i) and (ii) are the only ones required in our construction;

otherwise, if p(z7) < %, we have to require some additional conditions. In order to

specify such conditions we introduce the notation
€
Az =Azn([o.5) +eN), Az =47\ A

and
g
B.i=B.N ([0 5) v 5N> . B.p=B.\B...

(iia) if 6(27) < % then
(3.17) AZ, N7 = B NI,
(iiib) if #(x§) > 3 then
1
(3.18) A%, N I7| = |Beay N Ig| V (/ (6—§>dy>.
[CT

k

We finally include in the sets AZ the complement of | J, I7.
Up to a subsequence we have that

Xaz — 07, and Xag, = 05

as € — 0, for some 65 and 67.
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By the fact that I belong to Igg, that B. satisfy the optimality condition (3.14),
and by the properties of A7 and AZ,, we have: for all intervals I C (0, 1)

‘/Hgdy—/g"dy’ < 4o,
I I

+
~ oy 1 : o
F (z) = <9($k) 2) if v € Ik
0 otherwise.

where

~ -
Since 07 converges in L'(0,1) to (9 — %) , we deduce that

0 <6  and 934<9—%)+

as o — 0.
By a diagonal argument, we can construct A, = A2 ¢ B. which thanks to (3.14)
satisfies

(3'19) I- hII(l) E%ot("AE) = E}Eg?(-,e),
e—
which implies the desired upper bound. O

Corollary 3.6. Given s € [0,T]. Assume that ¢ : [0,1] — [0,1] satisfies ¢ < 5 a.e. or
w > % a.e. and

(3.20) / ©dx > Apin(s).
(071)

Then
min{ E (1, 0) : u(0) = 0, u(1) = s} < min{ B4 (0, 6) : u(0) =0, u(1) = 5}
for all 6 > .

Proof. This is a direct consequence of the I'-convergence result above, combined with
Remark 2.4. Indeed, denoting by ¢ > s the value such that

(3.21) / pdr = Apin(1),
(0,1)

we have, using Corollary 3.2, that ¢ can be approximated by a sequence xp., with B,
satisfying the assumption of Proposition 3.4 and

2|B-N([0,¢/2) +eN))| = A min(t)
and

2|B:\ ([0,£/2) + eN))| = Agmin()-
Then by Remark 2.4 we get that

min{ E5. (u, B:) : u(0) =0, u(l) = s} < min{E5(u, A) : u(0) =0, u(l) = s}

for all A D B.. We conclude by applying Proposition 3.4. |
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3.2. Quasi-static evolution. Now we give the definition of a quasi-static evolution
related to the energy functional and the dissipation in (3.12).

Definition 3.7. Given g € AC([0,T]), with g(0) = 0, we say that (u(t),0(t)) is a
(weak) quasi-static evolution (for the energy (3.1)) if for all ¢ € [0, 7] we have u(t) €
H'(0,1), u(0) =0, u(1) = g(t), 6(t) € L>=(0,1), 0 < 6 < 1, and the following properties
hold:

e Damage Irreversibility: 0(t) is non-decreasing in time;

e Energy Balance:

(322)  Exz(u(t), 0(1) = B (u(0),6(0)) +2/0 9(s)

e Minimality Condition:
(3.23) ExP (u(t), 0(t)) < Byt (v, ),
for all v € H'(0,1) v(0) = 0, v(1) = g(t) and ¢p € L>(0,1), v > 6(t).

Moreover, we say that (u(t),0(t)) is an approximable (weak) quasi-static evolution
(for the energy (3.1) subjected to the boundary condition g) if it satisfies the conditions
above, and can be obtained as the limit of a time-discrete approximation scheme; i.e.,
up to a subsequence, for all ¢ it is the limit of (u,(t),6,(t)) constructed as follows:
u-(t) =ujy, ), 0-(t) = 0], where ug =0, 65 = 0 and (uf, 67) is a minimizing pair for
the problem

(3.24) min{ B4 (0,0) : v(0) = 0, v(1) = g(k7), 07, <0}
for k£ > 1.

Jhom(0) ¥ (s, ) dzds;
)

(0,1

Theorem 3.8. Every approzimable (weak) quasi-static evolution (u(t),0(t)) for ERom
15 characterized by the following properties:

(i) 6(t) is non-decreasing in t;

(ii) 6(t) < 5 a.e. or 6(t) > % a.e., and f(o,l) 0(t) dr = A\uin(9(t));

(iil) w is the unique minimizer of

(3.25) mm{E%ggn(v, 0(t)) : v(0) = 0, v(1) = g(t)}.

Proof. By [13] Theorem 4.5, all limits of incremental problems (3.24), which exist up
to subsequences, are (weak) quasi-static evolutions for the energy EX™. Then it is
enough to show that, for any pair (u(t),6(t)) satisfying (i)—(iii), we can construct an
incremental problem whose solutions converge to (u(t),6(t)), and that any limit of
solutions of incremental problems satisfy (i)-(iii).

Let (u(t),0(t)) satisfy (i)—(iii) and for every 7 > 0, as in the proof of Theorem 2.8,
denote by g, (t) the piecewise-constant interpolation of the values {g(k7)}, and let g (¢)
be its non-decreasing envelope as in (2.33). Then we consider a family 67, with either

1

T 1 T
0p > 5 a.e. or 0 <5 ae.,

( )9,: dz = max{Amin(9(457)) : § <k} = Auin (4, (kT)),
0,1
and

(3.26) 07, < 0] < 0(kr).
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This can be done by induction. We also consider the corresponding uj minimizing
(3.25) with boundary conditions u},(0) = 0 and u},(1) = ¢g(k7), and 6 replaced by 67.
We can show that, by construction, the family (uf,0}) is a solution of the incremental
problem

Exet(uf,, 07) < Exg (v, )
for every v € H'(0,1), with v(0) = 0 and v(1) = g(k7) and for every ¢ > 67 _,. Indeed
if

| 01 < dmntotin)

(0,1)

then by Corollary 3.2 such 6] minimizes

a27) min{E%g{n(v,go) : v e HY(0,1), v(0) =0, v(1) = g(kr) and ¢ > 9;_1}
' - mm{EE;ggl(v,eg) Cwe HY0,1), v(0) =0, v(1) = g(m)},

while if
/ T de > Aun(g(kr))
0.1)

then, by Corollary 3.6, we deduce that 6] = 6;_,. By (3.26) we deduce that the
piecewise-constant functions (u”(t),07(t)) = (uf,0}) if t € [kr, (k + 1)7) converge to
(u(t),0(t)) for all t € [0,T], which proves the approximability of (u(t),8(t)).

On the other hand if (u(t), 0(t)) is an approximable quasi-static evolution, let (uf, 7))
be a solution of the incremental problem (3.24) which converges to (u(t), 8(t)). We can
prove by induction that

1 1
(3.28) gy < 5 @@, or 0y > 5 e, and / 07 dv = Apin (g, (kT7)).
(0,1)

Indeed, if & = 0 this is trivially true. Assume that (3.28) holds with k replaced by k— 1.
If Auin (G, (E7)) = Amin (9, ((k — 1)7)) then A\pin(9, (k7)) > Amin(g(k7)), and hence, by
Corollary 3.6 we have 0] = 0]_,. Otherwise, if Apnin(G,(k7)) > Anin(7,((k — 1)7)) then
Amin (G, (k7)) = Amin(g(k7)), and the conclusion follows by Corollary 3.2. Properties
(1)—(iii) then follow by (3.28) taking the limit as 7 — 0. O

We show now that an approximable quasi-static evolution (uc(t), A%(t)) for ES..(u, A)
converges (up to subsequences) to a pair (u(t),6(t)), approximable quasi-static evolu-
tion for FRom (v, 0).

Theorem 3.9. Any approzimable quasi-static evolution (u®(t), A%(t)) for Eg.(u,A)
converges (up to subsequences) to a pair (u(t),0(t)) in the L* x L'-weak convergence.
Moreover, (u(t),0(t)) is an approzimable quasi-static evolution for EX™(u, ).
Conversely, any approzimable quasi-static evolution (u(t),0(t)) for EX™(u, 0) is the
limit as € — 0 of an approximable quasi-static evolution (us(t), A°(t)) for Eg.(u, A).

Proof. By the monotonicity condition on A®(¢), using Helly’s theorem, we can find a
subsequence such that (up to relabelling the apices)

Xasr) — 0(1) and XAz (0)n([0,5)+e) — 01(2)
in L'(0,1) for all ¢.
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Since (i)—(iii) of Theorem 2.8 are satisfied for A., then, taking the limit as ¢ — 0 we
deduce (i)-(iii) of Theorem 3.8 for (u,6).

On the other hand, let (u(t),0(t)) be an approximable quasi-static evolution for
Ehem(y, 0). By Theorem 3.8 it satisfies (i)—(iii) therein. We then construct for all ¢ €
[0, 7] the set A.(t) as follows

At) = U(k;g, ke +/

k (ke,(k+1)e)

a(t) daz) ,

and let u.(t) be the corresponding minimizer of v — Ef (v, Ac(t)) with boundary
conditions v(0) = 0 and v(1) = g(¢). With this definition (u.(t), A-(t)) satisfy (i)—(iii)
of Theorem 2.8 and hence, it is an approximable quasi-static evolution for E5 (u, A),
and converge to (u(t), 6(t)). O

4. QUASI—STATIC EVOLUTION FOR A THREE-PHASE MATERIAL

In this final section, we use the characterization in Theorem 3.8 to show that the
limit evolution can be interpreted as a weak evolution of a three-phase material. To
that end, we introduce a double damage set model that generalizes the one introduced
by Francfort and Marigo as follows. We consider positive constants a < b < ¢, k; and
ko, the energy

B3 (u, Ay, Ay) :a/ |u’|2da:+b/ |u’|2da:+c/ [u'|? dx
A2 Al (0,1)\(A1UA2)

and the dissipation
D3P (A}, Ay) = ky|Ar| + koA,

with domain pairs of disjoint subsets A;, Ay of (0,1). This can be interpreted as the
damage model of a three-phase material, where ¢ is the elastic constant of the un-
damaged state, b the one of the ‘partly damaged’ state, and a the one of the ‘totally
damaged’ state. The constant ki represents the cost of the partly damaged state and
ko the one of the totally damaged state. In general, we could consider also an ‘interme-
diate’ dissipation k; » which accounts for the transition from the partly damaged state
to the totally damaged state. Our model corresponds to the case

]ﬁ,g - ]{52 —k'l.

This assumption reflects the fact that the material in order to reach the totally damaged
state should pass through the intermediate partly damaged state.
The incremental problem for this model consists in solving iteratively

min {E3P(u, A1 Ag) + D (A1, Ag) s ALN Ay =0, AU Ay D AFTU AT,
(4.1) "

Ay D AL 4(0) = 0, u(l) = g(m)}.

The monotonicity conditions on the sets correspond to the assumption that the totally
damaged state can only increase, while the partially damaged set can become totally
damaged.

We first note that problems (4.1) may undergo relaxation with respect to the weak
convergence in H' for u and weak convergence in L' for the sets, understood as the
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weak convergence of their characteristic functions. We are then lead to considering the
following relaxed functional

@2 B = [ HeoWPiorh [ pdoik [ v
(0,1) (0,1) (0,1)

where

1— (m + -
(4.3) H(77177I2):{M+%+%} .

This is an immediate consequence of the characterization of one-dimensional I'-conver-
gence, once we observe that

E3P(U’A1’A2) = /

(CX<0,1)\(A1uA2) +bxa, + aXA2> /|* da
(0,1)

and we can write

1 1 1 1
= —X(0,1)\(A:1U42) T 7XA4; T —XA4,-
X0\ (ArUAs) + XAy T axa, ¢ OPNALAD T AT A

We give a definition of (weak) quasi-static evolution for these energies as follows. Note
that in this definition the monotonicity conditions on A; and A, given in problems (4.1)
correspond to conditions on the functions ¢ and ¢ + .

Definition 4.1. Given g € AC([0,T1]), with ¢g(0) = 0, we say that (u(t), p(t),¥(t)) is
a (three-phase) quasi-static evolution for the energy (4.2) if for all t € [0,7] we have
u(t) € HY(0,1), u(0) = 0, u(1) = g(t), ¥(t) € L=(0,1), 0 < ¥(t) < 1, p(t) € L=(0,1),
0 <o(t) <1, ¢(t) +(t) <1, and the following properties hold
e Damage irreversibility (t) and () + () are increasing in time for each
x € (0,1),
e Energy Balance

t
By (ult), ¥(t), ¢(t)) = Efy(u(0),9(0), ¢(0)) + 2/ 9(s) ( )H(so,l/J)U'dde
0 0,1
for all t € [0,T7,
e Minimality Condition
B (u(t), (1), 9(1)) < Egee (v, &,
for all v : v —u(t) € Hy, and (¢, 1) such that ¢ > ¥(t) and (t) 4+ ¢(t) <
v+ <1
Now we prove that the limit of the quasi-static evolutions considered in Section 2

can be seen as a quasi-static evolution of a three-phase homogenized material as in
Definition 4.1. This will be an immediate consequence of the following proposition.

Proposition 4.2. If (u(t),0(t)) is a quasi-static evolution according to the Defini-
tion 3.7 and we set

(4.4) (o(t), (1) = {
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then (u(t),v(t),¢(t)) is a quasi-static evolution according to Definition 4.1, with

k=2 and k= T2
2 2
and
2a0p - 2001 35 2015y
— : = , c= :
oy + as ay + Bo B+ B2

Proof. By the definition of (¢(t), p(t)) the irreversibility of damage is preserved. More-
over, from a direct computation, using the definition of (¢, ¢), k1 and ks, a, b, ¢ and
the following expression for f,om(6)

-1
{51 + 62(1 —26) + MQQ} it #elo, %)
45 fun(®) = {1 20 o a1
P 1 1 2 :
-0 Gy vely

we obtain that

1 1
from(0) = H(p, ) and D™ (9) = ky /O @ dr + ky /0 Y d,

which implies immediately the energy balance. It remains to prove the minimality
property. To this end we just need to show that for any admissible test pairs (@, zZ) for
E3P (0,4, ¢) (i.e. such that ) > 1(t) and 1(t) + p(t) < 1 4+ @ < 1) we can construct
an admissible test functions § > 6(t) for E2™ (v, 0) such that

E'}ll’gin(va é) = E%Et(vu 1;7 @)

It is enough, given (5, ) such that ¥ (t) + ¢(t) < ¥+ @ < 1, to define = $/2 if ¢ = 0
and 0 = (¢ + 1)/2 otherwise. This choice allows to conclude. O

Corollary 4.3. Let (u®(t), A%(t)) be a family of approximable quasi-static evolutions for
the inhomogeneous two-phase damage energy E5. (u, A). Denoting by A5(t) = A%(t) N
([0,5) +eN) and A5(t) = A%(t) \ ([0, 5) + eN) the triple (u°(t), A(t), A5(t)) converges
(up to subsequences) to a triple (u(t),0,(t),0:(t)) in the L? x L' x L'-weak convergence
such that, defining o(t) = 2(01(t) — 02(t)) and P(t) = 205(t), (u(t),(t),¢(t)) is a
(three-phase) quasi-static evolution in the sense of Definition 4.1.

Proof. The proof is an immediate consequence of Theorem 3.9 and the characterization
of 0(t) in terms of 6,(t) and 6,(t) (see Remark 3.5). O
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