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Abstract

The aim of this note is to prove the monotonicity formula of Caffarelli-Jerison-Kenig
for functions, which are not necessarily continuous. We also give a detailed proof of the
multiphase version of the monotonicity formula in any dimension.
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1 Introduction

The Alt-Caffarelli-Friedman monotonicity formula is one of the most powerful tools in the
study of the regularity of multiphase optimization problems as, for example, optimal partition
problems for functionals involving some partial differential equation, a prototype being the
multiphase Alt-Caffarelli problem

min { X;/Q (IVul® = fiu; + QQl{ui>0}) dr @ (u1,...,um) € A(Q)}, (1.1)

where Q C R? is a given (Lipschitz) bounded open set, @ : Q — R is a measurable function,
fiyoooy fm € L°(Q2) and the admissible set A(2) is given by

A(Q) = {(ul,...,um) € [Hl(Q)]m u; >0, u; =g; on 0F,

(1.2)
wuj =0 ae. on Q, Vi #j},
where the boundary data g; : 9Q — R, for i = 1,...,m, are prescribed.
Remark 1.1. o If ) = 0, then we have a classical optimal partition problem as the ones

studied in [8], [10],[11],[12] and [15].

elfc=1,m=1,fi=0and 0 <a < Q? <b < +oo, then (I.1)) reduces to the problem
considered in [1].

e lfm=1,Q=1, fi = f and fo = —f, then the solution of (1.1)) is given by
u] = v’y :=sup{u*, 0}, uy = u’ :=sup{—u*,0},

where u* € H}(Q) is a solution of the following problem, considered in [4],

min{/ﬂ(\Vu|2—fu)dx+]{u7é0}|: uEH&(Q)}

*This is a preprint version of the paper published in
Rend. Lincei Mat. Appl. 25 (2014), 165-189.



e If Q=1and f; =--- = f,, = f, then (L.1)) reduces to a problem considered in [6] and
3.
One of the main tools in the study of the Lipschitz continuity of the solutions (uj,...,u,)

of the multiphase problem is the monotonicity formula, which relates the behaviour of
the different phases u; in the points on the common boundary d{u; > 0} N d{uj > 0}, the
main purpose being to provide a bound for the gradients [Vu;| and [Vu}| in these points. The
following estimate was proved in [7], as a generalization of the monotonicity formula from [2],
and was widely used (for example in [4] and also [5]) in the study of free-boundary problems.

Theorem 1.2 (Caffarelli-Jerison-Kenig). Let By C R be the unit ball in R* and let U1, Ug €
H'(By) be non-negative and continuous functions such that

Au; +1>0, for i=1,2, and uiug =0 on Bj.
Then there is a dimensional constant Cy such that for each r € (0,1) we have
2

() o) e (B Be) . oo

i=1

The aim of this paper is to show that the continuity assumption in Theorem can be
dropped (Theorem and to provide the reader with a detailed proof of the multiphase ver-
sion (Theorem and Corollary of Theorem which was proved in [6]. We note that
the proof of Theorem follows precisely the one of Theorem given in [7]. We report
the estimates, in which the continuity assumption was used, in Section 2| and we adapt them,
essentially by approximation, to the non-continuous case.

A strong initial motivation was provided by the multiphase version of the Alt-Caffarelli-
Friedman monotonicity formula, proved in [I0] in the special case of sub-harmonic functions u;
in R? and also for non-linear eigenfunctions, for which the same technique can be applied. The
argument from [10] allows to avoid the continuity assumption and applies also in the presence
of more phases. As a conclusion of the Introduction section, we give the proof of this result,
which has the advantage of avoiding the technicalities present in the general case, emphasising
the stronger decay of the gradients in the multiphase case and showing that the continuous
assumption is unnecessary.

Theorem 1.3 (Alt-Caffarelli-Friedman; Conti-Terracini-Verzini). Consider the unit ball By C
R? and letuy, ..., Um € Hl(Bl) be m non-negative subharmonic functions such that fRQ uuj dr =
0, for every choice of different indices i,j € {1,...,m}. Then the function

m

o) =[] (;ﬂ /B |Vui|2dx> (1.4)

i=1
is non-decreasing on [0,1]. In particular,
m 1 m
H (m/ ]Vuﬁdx) < (/ \Vu12dq;+...—|—/ |Vum|2d:1:> . (1.5)
i\ JB, B B
Proof. The function @ is of bounded variation and calculating its derivative we get

(p,(T) m f@B ’vuz|2 dHl
> — . 1.
O(r) = 7 +; fBT |Vu;|? dx (16)




We now prove that the right-hand side is positive for every r € (0, 1) such that u; € H'(9B,),

for every ¢ = 1,...,m, and / uiujdﬂl = 0, for every i # j € {1,...,m}. We use the
0B,
sub-harmonicity of u; to calculate

Ou; 3 3
Vug)? da < / wi— dH! < / u? dH! / Vou 2 dHt )7, 1.7
/Br‘ | OB, on ( OB, ) ( 8B7.| | ) .7)

and decomposing the gradient Vu,; in the tangent and normal parts V., u; and V,u;, we have

/ ]Vui|2d’H1 :/ |Vnuz~\2d’H1+/ \Vruilzd’Hl
OBy OB, OBy

> 2(/8& ]Vnui|2d7—[1)é</83r\VTUz‘IQdHl);.

Putting together (1.7) and (1.8)), we obtain

(1.8)

Jon. |V, | dH! Jom. |V ) ? dHE
fBT- |Vu;|2de — faBT u? dH?

>2 > 24/ Al(f)BrﬂQi), (19)

where we use the notation §2; := {u; > 0} and for an H!-measurable set w C OB, we define

A\ . faBr Vro|* dH!
1(w) := min T 02 1

. ve HY(IB,), Hl({v#O}\w) :O}.

2
By a standard symmetrization argument, we have A\ (w) > <H1L()) and so, by (1.6 and
w

the mean arithmetic-mean harmonic inequality, we obtain the estimate

(1) 27

2 m
m
> S
By = r +;H1(BBTHQ,;) 20

9

which concludes the proof. O

2 Preliminary results on the monotonicity factors
In this section we consider non-negative functions u € H'(Bs) such that
Au+1>0 weakly in [H& (BQ)]/,

and we study the energy functional

‘ |Vul?
Ay () .:/B P dzx,

for r € (0,1), which is precisely the quantity that appears in (3.2) and (4.1). We start with a
lemma, which was first proved in [, Remark 1.5].

Lemma 2.1. Suppose that u € H'(B3) is a non-negative Sobolev function such that Au+1 > 0
on By C R, Then, there is a dimensional constant Cy such that

2
/ %dmng 1+/ wrdz | . (2.1)
By || By\B;



Proof. Let ue = ¢ * u, where ¢. € C°(B;) is a standard molifier. Then u. — u strongly in
HY(By), u. € C*°(By) and Au. +1 >0 on By .. We will prove (2.1 for u.. We note that a
brief computation gives the inequality

A(u?) = 2|Vu|? + 2u-Aue > 2[Vue > —2u.  in [H{(Ba—o)]'. (2.2)

We now choose a positive and radially decreasing function ¢ € C2°(B3/9) such that ¢ = 1 on

B;. By (2.2) we get

2 2 A 2
2 7¢(x)\dv_2;€\ dz < () Zle T 2l +d_§u5) dx
By)s || By)s ||
p(@)us | o, ( P(2)
2 + uZA dx

/Bm o A (s

/ {2¢(32_UQ£ +u§ Ade(xQ)
5y U Tl al
+u2Vo(a) - V(|z~) } dz — Cau(0)
<2 qﬁ(?ﬂ; dz + Cd/ u? dz. (2.3)
Bs)o ’.1" B2\B1

Thus, in order to obtain (2.1)), it is sufficient to estimate the norm |luc|[ oo (p,) With the r.h.s.
of (2.1). To do that, we first note that since A(uc(z) + |z|>/2d) > 0, we have

max {ug(x) + |x|2/2d} <O+ 0y f uedHY, Vre (3/2,2—¢), (2.4)
r€B; 9B,

and, after integration in r and the Cauchy-Schwartz inequality, we get

1/2
el oo () < Ca+ Cy (/ u? dm) : (2.5)
Bs\B1

which, together with , gives . O
Remark 2.2. For a non-negative function v € H'(B,), satisfying

Au+1>0 in  [HN(B)],
we denote with A, (r) the quantity

Vul?
Ay(r) := /B “ﬂd—|2 dr < +o0. (2.6)

e The function r — A, (r) is bounded and increasing in r.

e We note that A,(r) is invariant with respect to the rescaling u,(x) := u(rz). Indeed, for
any 0 < r <1 we have

Au, +1>0 and Ay, (1) = Ay(r).

The next result is implicitly contained in [7, Lemma 2.8] and it is the point in which the
continuity of u; was used. The inequality (2.7 is the analogue of the estimate ([1.9)), which is
the main ingredient of the proof of Theorem



Lemma 2.3. Let u € H'(B2) be a non-negative function such that Au+1 >0 on By. Then
for Lebesgue almost every r € (0,1) we have the estimate

-2

1 |[Vul? r ][ 2 17d-1)2
R AL /] E A Vul? dH
o1 g, a2 d( ]y, 70

deT'—3 2 d—l
d
Toa(ur) ]égr [Vl dHT

where

A3 2 d/del
faBr‘ 2’ T VE HY(dB,), such that
Jop, v dH (28)

1O (v £ 0} N {u=0}) = o},

and a(u,r) € R is the characteristic constant of {u > 0} NIB,, i.e. the non-negative solution
of the equation

A(u, r) := min {

alu, r) <a(u,r) + ) = Au, 7). (2.9)

r

Proof. We start by determining the subset of the interval (0,1) for which we will prove that
(2.7) holds. Let u. := u * ¢, where ¢, is a standard molifier. Then we have that:

(i) for almost every r € (0,1) the restriction of u to 9B, is Sobolev. i.e. ujgp € H'(B,);

(ii) for almost every r € (0,1) the sequence of restrictions (Vuc)gp, converges strongly in
L?*(0B,;R?) to (Vu)ap, -

We now consider r € (0, 1) such that both (i) and (4i) hold. Using the scaling u,(z) := r~2u(rz),

we have that
][ \Vu|?dHi™t = o2 ][ |V, |* dH1,
OB, 0B,

1 Vul? Vu,|?
A | ZILJQ dz = / | Zi‘z dz,
r B, |1E| B ":L‘|
a(up, 1) = ra(u,r) and  A(up, 1) = r2\(u, 7).
Substituting in (2.7), we can suppose that r = 1 and set a := a(u,1) and A := A(u, 1).

If {41 ({u =0}n 831) =0, then A = 0. Now if faBl |Vu|? dH?! > 0, then the inequality
(2.7) is trivial. If on the other hand, faBl |Vu|?2 dH™! = 0, then u is a constant on B; and so,
we may suppose that u = 0 on R%\ By, which again gives (2.7)), by choosing Cy large enough.
Thus, it remains to prove the Lemma in the case H™ ! ({u =0} NdB;) > 0.

We first note that since H4~! ({u =0} N BBl) > 0, the eigenvalue A is strictly positive.
Using the restriction of u on 0B; as a test function in (2.8) we get

A u%md—lg/ IV u)? dHE L,
831 831

where V. is the tangential gradient on dB;. In particular, we have
)\/ u? dHT! < / |V,ul> dHT! < / \Vu?dH™! =: B,(1). (2.10)
0B, 0B, 0B,

For every € > 0, using the inequality

A(ug) = 2u.Au, + 2|Vu€|2 > —2u, + 2\Vu8\2,



and the fact that A(us + \x!2/2d> > 0, we have

2 2
2/ |V de </ 2ue + A(u?) s
B By

42 - || 42
(2.11)
< Cyg+ Cy </ ’U,g d%d_1> -l-/ (;L_Eg dr.
9B, By |7
We now estimate the last term on the right-hand side.
A(Ug) 2—dy, 2
der = Az us dx
[ Gt = [ age e
+/ [8(1‘?) ] — 3(|$’2_d)u4 dH4!
0B, on on
2 Que g1
< —d(d — 2)wquz(0) + 2ue—— dH (2.12)
8B 8?1

< / 2uga“€ dH 4 (d - 2) / u?dHI 1,
oB,  On 0B,

where we used that —A(|z[>~?%) = d(d — 2)wady (see for example [I3], Section 2.2.1]). Since (ii)
holds, we may pass to the limit in (2.11)) and (2.12), as ¢ — 0. Using (2.10) we obtain the

inequality

2| —odx <Cy+Cy wdHTY) 4 (d-2) u? dHI1
d—2
By || 8B 8B4

1 2 3

+2 (/ quHd1> (/ d?-[d1>

831 631
[B,(1) 1

< Cyq+Cy L + /

A « OB

d—2
+a+( )/
A oB:

B.(1) | Bu(l)
A «
where the last equality is due to the definition of « from (2.9)). O

ou

on

2

Oul” gy

on

2

Ou” a1

or

=Cy+Cy

3 The two-phase monotonicity formula

In this section we prove the Caffarelli-Jerison-Kenig monotonicity formula for Sobolev functions.
We follow precisely the proof given in [7], since the only estimates, where the continuity of w;
was used are now isolated in Lemma 2.1l and Lemma



Theorem 3.1 (Two-phase monotonicity formula). Let By € R? be the unit ball in R? and
UL, Uy € Hl(Bl) be two non-negative Sobolev functions such that

Au; +1>0, for i=1,2, and wius =0 a.e. in Bi. (3.1)
Then there is a dimensional constant Cyq such that for each r € (0,1) we have

(3] Teta)a(ioss | Fetu) o

i=1

For the sake of simplicity of the notation, for ¢ = 1,2 and wuq, us as in Theorem we set

u;]?
Ai(r) == Ay, (r) = /B ’Z‘d_gdx. (3.3)

In the next Lemma we estimate the derivative (with respect to r) of the quantity that
appears in the left-hand side of (3.2 from Theorem

Lemma 3.2. Let u; and ug be as in Theorem[3.1]. Then there is a dimensional constant Cy > 0
such that the following implication holds: if A1(1/4) > Cq and A2(1/4) > Cy, then

d [A1(r)As(r) 1 1 Ay (r)As(r)
i[5 2 (g )

for Lebesgue almost every r € [1/4,1].

Proof. We set, for i =1,2 and r > 0,
Bi(r) = / Vs ? dH Y,
OB,

Since A; and Aj are increasing functions, they are differentiable almost everywhere on (0, +00).
Moreover, Al(r) = r2=4B;(r), for i = 1,2, in sense of distributions. Thus, the function

T_4A1 (’I”)AQ (r),

differentiable a.e. and we have

d|:A1(T)A2<T):| _(_4 r2=4B(r) r2_ng(r)> Al(T’)AQ(T’)'

dr rd r+ Aq(r) + As(r) rd

Thus, it is sufficient to prove, that for almost every r € [1/4, 1] we have

4 r2=4Bi(r) ¥ 9By(r) B 1 1
PR W C L I O B Cd<\/A1(r)+\/A2<r))' B4

u;(rx), we have the identities

Using the rescaling u; ,(z) := 2

1
/ Vi, [2dHe = d+1/ Va2 e,
T
. \Vuw 2 8‘Vuz|2
/ —dxr = dx,

’w‘d—Q T4 B, ‘1’|d 2

(3.5)

and so, it is sufficient to prove (3.4)) in the case r = 1. We consider two cases:



(A) Suppose that Bi(1) > 4A;(1) or Ba(1) > 4A2(1). In both cases we have

4+ >

=

which gives (3.4)).
(B) Suppose that By(1) < 44;(1) and By(1) < 445(1). By Lemma [2.3| we have

Bi(1)  Bi(1)

A1) <C C < C 3.6
1(1) £ Cq+ Cq N T aa, SCatCa\ =5 (3.6)
where we used the notation «; := a(u;,1) and A; = A(u;, 1) where o and A are as in
Lemma 2.3] We now consider two sub-cases:
(B1) Suppose that a3 >4 or ay > 4. By ({3.6]), we get
A(1 Bi(1
Al(l) <20y 1( ) + 1( )
)\1 aq
Now since v\ > aq > 4 we obtain
2 Bi(1
4A1(1) < 2C4/A (1) + B1(1 (\/ACL 1(1)> ,
1(
which gives (3.4)).
(B2) Suppose that ay <4 and as < 4. Then for both i = 1,2, we have Cy < y/A;/\ and
so, by (3.6)
2041'142‘(1) < Cy Az(l) + Bl(l)
Thus (3.4]) reduces to a; + ag > 2, which was proved in [14] (see also [9]).
O

The following is the discretized version of Lemma and also the main ingredient in the
proof of Theorem [3.1]

Lemma 3.3. Let uy and ug be as in Theorem[3.1]. Then there is a dimensional constant Cy > 0
such that the following implication holds: if for some r € (0,1)

1 2 1 2
/ Vil® s ey and / Vual” s o,

vy |x|d 2 ) md 2
then we have the estimate

44A1(T/4)A2(T/4) § (1 -+ 512(T))A1(T)A2(7‘), (37)

1 |Vu1\2 71/2 1 ’VU2|2 71/2
512(7“) =Cy ((7"4/3 |$’d_2 dx + 74/% ]w\d—2 dx . (3.8)

2

where

Proof. Using the rescaling u,(x) = r~
cases:

u(rz), we can suppose that r = 1. We consider two



(A) If Ay(1) > 4*A1(1/4) or Ax(1) > 4*A5(1/4), then
A1(1) As(1) — 424, (1/4) As(1/4) > A1(1)<A2(1) - 44A2(1/4)> >0,

and so, we have the claim.

(B) Suppose that A1(1) < 4*A;1(1/4) or A3(1) < 4*A5(1/4). Then Ay (r) > Cygand As(r) > Cy,
for every r € (1/4,1) and so, we may apply Lemma

A1(1)Az(1) — 4 A1(1/4) A2(1/4)

1 1 1
> —Cd/1/4 <\/A1(r) + \/AQ(r)> Ay (r)As(r) dr

3 1 1

=iy <\T41(1/4) ! \@(1/4)) A4z
3 16 16

=Gy <¢A1<1> - mm) AW,

where in the second inequality we used the monotonicity of A; and As.
O

The following lemma corresponds to [7, Lemma 2.9] and its proof implicitly contains [7,
Lemma 2.1] and [7, Lemma 2.3]. We state it here as a single separate result since it is only
used in the proof of the two-phase monotonicity formula (Theorem [3.1)).

Lemma 3.4. Let u; and us be as in Theorem [3.1] Then there are dimensional constants
Cq > 0 and € > 0 such that the following implication holds: if A1(1) > Cq, Aa(1) > Cq and
41A1(1/4) > A1(1), then Az(1/4) < (1 —¢)Ax(1).

Proof. The idea of the proof is roughly speaking to show that if A;(1/4) is not too small with
respect to Aj(1), then there is a big portion of the set {u; > 0} in the annulus By /5 \ By 4.
This of course implies that there is a small portion of {uz > 0} in By 5 \ By/4 and so Aa(1/4)
is much smaller than As(1). We will prove the Lemma in two steps.

Step 1. There are dimensional constants C > 0 and 6 > 0 such that if A1(1) > C and
44A1(1/4) > A1(1), then [{ur > 0} N Byjg \ Byl > 8|Byjs \ Byj4l.

By Lemma 2.1 we have that

Ai1(1/4) <Cd+0d/ u%d:v,
B1/2\Bi/4
and by choosing C > 0 large enough we get
A1(1/4) S Cd/ u% dx.
B1/5\B1/4

Now if [{u1 > 0} N Byjo \ Bia| > 1/2|By )2 \ Byy4l, then there is nothing to prove. Otherwise,
there is a dimensional constant Cy such that the Sobolev inequality holds

a—2
2d

d
/ ui=? dx < Cd/ |V |? dz < CgAq(1).
B1/5\B1/4 B1/2\B1/4

9



By the Holder inequality, we get

A1(1/4) < Cgl{ur >0} N Byjy \ ByjaldAr(1)

< Cal{ur > 0} N\ Byja \ Byl 144 A1 (1/4),

which gives the claim of Step 1 since A;(1/4) > 0. The proof in dimension 2 is analogous.
Step 2. Let 6 € (0,1). Then there are constants C > 0 and € > 0, depending on § and the
dimension, such that if A2(1) > C and [{ug > 0} N Byjp \ Byl < (1 —0)[Byj2 \ Biyal, then
Ay(1/4) < (1 —¢e)As(1).
Since [{uz = 0} N By \ B4l > 0By /2 \ Byyal, there is a constant Cs > 0 such that

/ uddr < 05/ |Vug|? da.
B1/2\B1/4 B1/2\B1/4

We can suppose that
1 C
/ |Vus|* de > / |Vug|? dz > —,
By 2 /B, 2

since otherwise the claim holds with € = 1/2. Applying Lemma we obtain

/ |Vusg|? dx §C’d+Cd/ ul dzx
B4 B1/2\B1/4
< Cy+ CyCs / |vugy2d:c—/ Vg |? dz (3.9)
B By
1
< <0d05+> / |Vu2‘2dl’—0dc5/ |Vu2‘2dl‘,
2 By B4
where for the last inequality we chose C' > 0 large enough. O

The proof of Theorem continues exactly as in [7]. In what follows, for i = 1,2, we adopt
the notation

Al = A;a7F), b =4 447 and 6y = 61247,
where A; was defined in (3.3) and d12 in (3.8]).

Proof of Theorem [3.1l Let M > 0 be a fixed constant, larger than the dimensional constants
in Lemma Lemma [3.3] and Lemma [3.4
Suppose that k£ € N is such that

Atk AR AL > M1+ A+ A9 (3.10)

Then we have
by =4%Ab > M and b5 =4%Ak > M (3.11)

Thus, applying Lemma we get that if & € N satisfies (3.10)), then
AAARFL AL < (1 4 6;,) AV AS. (3.12)
We now denote with S;(M) the set

S1() = {k e N: 4%atal < M(1+ A + 4)°),

10



and with S5 the set
Sy = {k €N 4tAkFL AR < A’fA’g}.

Let L € N be such that L ¢ Si(M) and let [ € {0,1,...,L} be the largest index such that
l € S1(M). Note that if {{+1,...,L —1}\ S = ), then we have

44LA%/A§ < 44(L71)A%—1A§—1 <. < 44(l+1)Al1+1Al2+1 < 4444114111427

which gives that L € S1(4*M).
Repeating the proof of [7, Theorem 1.3], we consider the decreasing sequence of indices

[+1<ky,<---<ko<k <L,
constructed as follows:
e Ky is the largest index in the set {{ + 1,..., L} such that k; ¢ So;
e kji1 is the largest integer in {{ +1,...,k; — 1} \ Sz such that

by < (14 65,,,)b7  and by < (146, )b (3.13)

We now conclude the proof in four steps.

Step 1. 441 AL AL < 420n+1) ghr pb1
Indeed, since {k1 +1,...,L} C Sa, we have

44LA{/A£/ < 44(L71)A1L—1A§—1 <. < 44(k1+1)A11€1+1A/§1+1 < 4444k1A]1€1A§1.
Step 2. 4%m Akm gk < 4101 (1 4 AD + A9).

Let k € {l+1,...,k, — 1} be the smallest integer such that k ¢ Sy. If no such k exists,
then we have

2
o Ak gl << gD AL AL < g1 AL AL < 4t (14 AD + A9)°
Otherwise, since k,, is the last index in the sequence constructed above, we have that
DT > (14 6p)bfm  or bETL > (14 5p)bhm.
Assuming, without loss of generality that the first inequality holds, we get
k k+1
44( +1)A1+

< T L AR <Al Al << at48 A Al
1+9;

4km Akm pAkm
4%m AT A
< 41M(1+ AD + A9)%,
where in the second inequality we used Lemma B3 and afterwards we used the fact that
{I+1,....k—1} C 5,.

Step 3. 4" A AT < (1+ by, )4t AP AT
We reason as in Step 2 choosing k € {kj1+1,...,k; — 1} to be the smallest integer such
that k ¢ So. If no such k exists, then {kj11 +1,...,k; — 1} C Sy and so we have

44k‘jA’1€jA]2€j S 44(kj—1)A]1€j71A]2€j71 S < 44(kj+1+1)A’1€j+1+1Al2€j+1+1

< (1 + 5k.+1)44kj+1Alfj+1A§j+l,

J

11



where the last inequality is due to Lemma Suppose now that k exists. Since k; and kjiq
are consecutive indices, we have that

S (146067 or  BETU > (14600
As in Step 2, we assume that the first inequality holds. By Lemma we have
o 4(k+1) gk+1 o
44ij’f]A§] < iAk—i—l 44chlchl2c <
1+ 65,
< 44 J+1+1)A’1€j+1+1A’2€j+1+1 < (1 + 5kj+1)44kj+1Alfj+1A’2€j+l'

which concludes the proof of Step 3.
Step 4. Conclusion. Combining the results of Steps 1, 2 and 3, we get

AL AL AE < a3M(1 4 A9 + A9)? H (1 + 6k, (3.14)

We now prove that the sequences b’fj and bgj can both be estimated from above by a geometric
progression. Indeed, since k; ¢ Sa, we have
A AL < at Al AR < gt Al AL
Thus Alfj < 44A11€j 1 and analogously A2j < 44A§j 1 Applying Lemma [3.4 we get
AlfjH <(1- E)Alfj and Agjﬂ <(1- 5)A§j.
Using again the fact that k; ¢ Sa, we obtain
A4S < af AT ARSI < g p (1 gy Al
and so
k; kj+1 k; kj+1 .

by < (1—e)by and by < (1—¢e)by’ ", for every j=1,...,m. (3.15)

By the construction of the sequence kj;, we have that for i = 1,2

. lf&j+1+1 bk]+1 e —

k
b > i > > (1-2) b,
L B (1 + 0k, ) (1 —s)‘( 2) :

J+1

where for the last inequality we choose M large enough such that k ¢ S1(M) implies 6 < /2,
where ¢ is the dimensional constant from Lemma Setting o = (1 — £/2)'/2, we have that

bfj > U*Qbfﬁl > .. > 02(J'*m)bfm > Mo2(j7m),

C . .
which by the definition of d;; gives dy, < Mdamfj < Cyo™77 for M > 0 large enough, and
m
44 AL AL H (14 Cao?)43M (1 + AD + A9)?

< exp (Z log(1 + C'daj))48M(1 + A%+ Ag)2

j=1 (3.16)
m
< exp (Cd Zaj)48M(1 + AV + Ag)2
j=1
C
< exp ( d )48M(1 + A% + Ag)z,
1-0
which concludes the proof.
O
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4 Multiphase monotonicity formula

This section is dedicated to the multiphase version of Theorem proved in [6]. The proof
follows the same idea as in [7]. The major technical difference with respect to the two-phase
case consists in the fact that we only need Lemma and its three-phase analogue Lemma
while the estimate from Lemma is not necessary.

Theorem 4.1 (Three-phase monotonicity formula). Let B; C R? be the unit ball in R and
let u; € HY(By), i = 1,2,3, be three non-negative Sobolev functions such that

Au; +1>0, Vi=1,2,3, and uiuj =0 a.e. in By, Vi #j.
Then there are dimensional constants € > 0 and Cq > 0 such that for each r € (0,1) we have

3 3
1 |VU1| |vuz’2
I (72 [, pree) < (”Z/ w2 ) e

i=1

As a corollary, we obtain the following result.

Corollary 4.2 (Multiphase monotonicity formula). Let m > 2 and By C R? be the unit ball
in RY. Let u; € HY(By), i = 1,...,m, be m non-negative Sobolev functions such that

Au;+1>0, Vi=1,...,m, and wuj =0 a.e. in By, Vi # j.

Then there are dimensional constants € > 0 and Cq > 0 such that for each r € (0,1) we have

m

11 <r21+s /B ‘,Zﬁi'j dx > < Cq (1 + Z/ “ijﬂ )m. (4.2)

=1

Remark 4.3. We note that the additional decay r~° provided by the presence of a third phase
is not optimal. Indeed, at least in dimension two, we expect that € = m — 2, where m is the
number of phases involved. In our proof the constant £ cannot exceed 2/3 in any dimension.

We now proceed with the proof of the three-phase formula. Before we start with the proof
of Theorem we will need some preliminary results, analogous to Lemma and Lemma

B3

We recall that, for uy, us and us as in Theorem we use the notation

[V, [? .
AZ(’I’) = L W d.%', fOf 1 = 1, 2,3 (43)

The following Lemma and Lemma were proved in [6] and concern the function
O(r) = =63 Ay (r) Ay (r) As(r).
We report here the proofs for convenience of the reader.

Lemma 4.4. Let uy, uz and us be as in Theorem[£] Then there are dimensional constants
Cy >0 and € > 0 such that if A;(1/4) > Cy, for every i =1,2,3, then

oy > 1 1 1 .
'(r) > Cd(\/Al(r)‘f‘\/AQ(T)‘f‘ AB(T)><I>( )

for Lebesgue almost every r € [1/4,1].
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Proof. We set, for i =1,2,3 and r > 0,
Bi(r) = / |V |? dHAL.
0B,
Since A;, for 1 = 1,2, 3, are increasing functions they are differentiable almost everywhere on R

and Al(r) = r274B;(r) in sense of distributions. Thus, the function ®(r) is differentiable a.e.
and we have

iy [ 6+3e r2=4By(r) ¥ 9By(r)  r?>79IB3(r) .
v = (- T g ) o

Thus, it is sufficient to prove that for almost every r € [1/4, 1] we have

_6+3¢ 2-d Bi(r) | Ba(r) = Bs(r)
r ' <A1(T)+A2(T)+A3(7‘)>

(4.4)

> —Cy ( ! + ! + ! ) .
- VAL Ax(r)  /As(r)

-2

Using again the rescaling u; »(z) := r~“u;(rz), we have that (3.5]) holds and so, we may assume

that » = 1. We consider two cases.

(A) Suppose that there is some i = 1,2,3, say i = 1, such that (6 + 3¢)A;(1) < B;i(1). Then
we have

Bi(1) Bo(1) Bs(1) By (1)
a0 P am tam = e

which proves (4.4) and the lemma.

—(6+3¢) +

(B) Suppose that for each i = 1,2,3 we have (6 +3¢)A4;(1) > B;(1). Since, for every i =1,2,3
we have A;(1) > Cy, we can choose Cy large enough and € > 0 small enough such that,
by Lemma [2.3| with the notation o; = a(u;, 1) and A; = A(u;, 1), we get

(2 - ) < Cav/Bi(1) /i + Bi(1)/a; < Cyr/A;(1)/Ni + Bi(1)/ ;.
Moreover, 0412 < \;, implies
(2 —2)aA;i(1) < Cyg/Ai(1) + By( (4.5)

Dividing both sides by A;(1) and summing for i = 1,2, 3, we obtain

>\ By(1)
(2 —&)(oq + ag + a3) <Cdz\/7 Z X

and so, in order to prove (4.4)), it is sufficient to prove that

6 + 3¢
2—¢’

a1+ ag+az > (4.6)

Let Q7,Q35,Q35 C 0B be the optimal partition of the sphere 0B; for the characteristic
constant «, i.e. the triple {Qf, Q5, Q%} is a solution of the problem

min {a(91)+a(92)+a(g3); Q; C OBy Vi; HEL (N Qy) = 0,Vi 74;'}. (4.7)

14



We recall that for a set Q2 C 0By, the characteristic constant «({2) is the unique positive
real number such that A\(Q) = a(Q)(a(Q) + d — 2), where

Yo Z/Hd—l
A(©2) = min faBl Vol :
faBl UQfdel

We note that, by [14], a(Q}) + (2}) > 2, for i # j and so summing on i and j, we have

ve HY(OBy), H ' ({u#0}\ Q) = o} .

3< o))+ a(Q3) +a(Q3) < a; + az+ as.

Moreover, the first inequality is strict. Indeed, if this is not the case, then a(Q7)+«a(25) =
2, which in turn gives that QF and €5 are two opposite hemispheres (see for example [9]).
Thus Q% = 0, which is impossible since it contradicts the equality a(2}) + «(Q25) = 2,

which in turn is implied by the contradiction assumption. Choosing € to be such that
6 + 3¢

— &

is smaller than the minimum in (4.7)), the proof is concluded.

O]

Lemma 4.5. Let uy, us and us be as in Theorem [£.1] Then, there are dimensional constants
Cq > 0 and € > 0 such that the following implication holds: if for some r > 0

1 [ [Vl
rt Jp, |z[*?

dx > Cy, forall ©1=1,2,3,

then we have the estimate
4094y (5) A2 () As () < (14 0120(r) As(1) Az(r) As (1), (4.8)
where

1 [ V2
5123 Cdz <T4/B |:C‘d B d:l:) . (49)

Proof. We first note that the (4.8) is invariant under the rescaling u,(x) = r—2u(zr). Thus,
we may suppose that » = 1. We consider two cases:

(A) Suppose that for some i = 1,2, 3, say i = 1, we have 4573¢4;(1/4) < A;(1). Then we have

4992 A1 (1/4) Ax(1/4) A5(1/4) < Ar(1)A2(1) A3(1).

(B) Suppose that for every i = 1,2, 3, we have 463 4, (1/4) > A;(1). Then A;(1/4) > Cy for
some Cy large enough and so, we can apply Lemma [4.4] obtaining that

O(1) - d(1/4) > —Cy /1 . (

~Ca’ (ZW> A(1)43(1)

3
_3Cd42+%<€ (Z

) (r)Az(r)As(r) dr

v

v

) (1)A2(1)A3(1),
which gives the claim.
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O

In what follows we give two proofs of Theorem The first one follows precisely the proof
of Theorem (3.1} while the second one is more direct and is contained in [6].

Proof I of Theorem (4.1l For i = 1,2, 3, we adopt the notation
Ab = A;47F), P i=4%4,47%) and 6 = 13(47h), (4.10)

where A; was defined in (3.3]) and 0193 in (4.9)).
Let M > 0 and let

Si(M) = {k € N: 4O+ A ALAL < M(1+ A + A + 49)°},

Sy = {k e N: 4R < AfafaL]
We first note that if k ¢ S1, then we have
M(1+ AY+ A + Ag)3 < 4(6+3)k gk Ak Ak
< 4 (2-3e)kplgdk Ak Ak
< BFCa(1+ AY + AJ + A)?,

where the last inequality is due to the two-phase monotonicity formula (Theorem. Choosing
M > 0 big enough, we have that

(k;¢sl(M)) - (bfzcd, Vi:1,2,3).

Fix L € N and suppose that L ¢ S;1(M). Let [ € {0,..., L} be the largest index such that
l € S1(M). We now consider two cases for the interval [l + 1, L].
(Case 1) If {l+1,...,L} C Sy, then we have

4(6+3E)LA{/A§/A§/ S o S 4(6+3E)(l+1)Al1+1Al2+1Aé+1
< 45F3=0r (14 AV + A9 + Ag)2 ,

and so L € S (4973 M).
(Case 2)If {I+1,...,L}\S2 # 0, then we choose k; to be the largest index in {{+1,...,L}\
S5. Then we define the sequence

[+1<k,< - <k <L,
by induction as
kjy1+1 ki .
k:j+1::max{ke{l—i—l,...,kj—l}\Sg:bij g(1+5kj+1)bif,v2:1,2,3}.

The proof now proceeds in four steps.

Step 1. 4039 AL AL AL < 4(EF3e)(Ratd) gln pBr gBr
Indeed, since {k; +1,... L} C S2, we have
4(6+35)LA{/A£A§/ <...< 4(6+35)(k1+1)A11€1+1A12€1+1A§1+1

< 46+3€4(6+35)k1A]1€1A’2€1A§1.
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Step 2. 4(0+3)km gl ghm glm < 46+32 Np(1 4 A9 4 A + A9)°.
Let k € {{+1,...,ky —1} be the smallest index such that k ¢ So. If no such k exists, then
we have

km pAkm pAkm AEkm l l l l
4(6+36) Al A2 A3 <...< 4(6+36)( +1)A1+1A2+1A3+1

< 46+384(6+3a)lAl1Al2Ag

< 493N (1 4 AD 4 AG + A9)°.

Otherwise, since k,, is the last index in the sequence constructed above, there exists ¢ € {1,2,3}
such that }
BEFL > (14 6;)bFm. (4.11)

Assuming, without loss of generality that i = 1, we get

4(6+35)kmA’f7nA§7nA]§7n — 4(_2+35)kmb’f7n 44kmA§m Algm

428k —km+1Y) g4(km—1) gkm—1 gkm—1
< Té,;bl (1 + Gag (47 1)) 41 Em =D Agm = A (4.12)
A(=2+3¢) (km—1) :
< - +1 44(k'm—1)Ak?7n_1Ak'm_1 41
- 1+ (51; bl 2 3 ( 3)
4(=2+32) (k+1) - - -
S R A LR (4.14)
- w 12+1AI%+1A15+1
= N 1 2 3
1+ 05,
< 4(6+35)15A/;€A§A§ <. < 4(6+3€)(l+1)A11+1Al2+1Ag+1 (4.15)
< 404324430 AL AL AL < 45350 (14 AY 4+ A + AD)°, (4.16)

where in order to obtain we used and the two-phase estimate from Lemma
for , we absorb the term that appears after applying Lemma using that if M is
large enough and € < 2/3, then (1 + 623(4_’“”“))4_2+36 < 1; repeating the same estimate as
above we obtain (4.14]); for (4.15]), we use the three-phase Lemma and then the fact that
{l+1,...,k} C So; for the last inequality we just observed that | € S1(M).

Step 3. 4(6+3E)ij]1€jA’2€jA§j < (1 _i_ 5kj+1)4(6+36)kj+1A’1€j+1Al2€j+1A§j+1.
We reason as in Step 2 choosing k € {kj+1+1,...,kj — 1} to be the smallest index such
that k& ¢ So. If no such k exists, then {k;11 +1,...,k; — 1} C Sp and so we have

4(6+35)ij’1fjA§jA§j <...< 4(6+35)(/€j+1+1)Alfj+1+1A’2fj+1+1A§j+l+l

< (1 + (Skj+1)4(6+3€)kj+1A];j+1A§j+1A§j+l7

where the last inequality is due to Lemma Suppose now that k exists. Since k; and kjiq
are consecutive indices, there exists some i € {1, 2,3} such that

B > (14 6,)b0. (4.17)
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Without loss of generality we may assume that ¢ = 1.

4(6+32)k; A'fj A’;j A’?fj — A(=2430)k; bkj 44k; A;fj Akj

4(=2+3e)k; . 1y qki—1 ki1
< ka+l (1 + 5 ( k3+1))44(k] 1)A23 A3‘7 (4.18)
4(724’35)(1‘@'71) = o ki—1 ki—1
A(=2+32)(k+1) Q B : 0
S Wbl‘f‘l 44(k+1)A2+1A3+1 (420)
A(6+3)(k+1) - . . o
— A§+1A§+1A§+1 < 4(6+3€)kA71€A12€A13€ <
1+ (SfC
< 4(6+3s)(kj+1+1)A’fj+1+1A§j+1+1A’§j+l+1 (4.21)
< (14 by, )AOFsr gJi41 Al gliet (4.22)

where for (4.18)) we used (4.17) and Lemma for (4.19) and (4.20), we use that for M > 0
large enough and & < 2/3 we have (14 dg3(4~"*+1))47213¢ < 1; for ([£.21]), we apply Lemma

and then the fact that {I+1,... ,l;:} C Sy; for the last inequality (4.22)) we use Lemma

Step 4. Conclusion. By the steps 1, 2 and 3 we have that

AOT3IL AL AL AL < 42643 r (14 A + AT + AY)° H 1+ 0g;) (4.23)

we now prove that for each ¢ = 1,2, 3 the sequence bfj is majorized by a geometric progression
depending on M. Indeed, since k; ¢ Sz, we have

A]fjA’;jA];j < 46+35A’1fj+1A’2€j+1A’§j+1
< 4—(2—38)44Allfj+1(1 n 523(4_kj))A’2€jA’§j

ki+1 ki (k;
S0.244A13+ A23A3J’

for some dimensional constant o < 1, where the second inequality is due to Lemma and
the last inequality is due to the choice of M large enough and € < 2/3. Thus we obtain

b <o?b T, Vi=1,2,3 and Vji=1,...,m. (4.24)

for each ¢ = 1,2,3 and each k; € S3. Now using the definition of the finite sequence k; and
(4.24]), we deduce that for all i = 1,2,3 and j = 2,...,m we have

b < %t < o1+ 8 )b < ob
and so, repeating the above estimate, we get

bfj > o I > > gy > it
and, by the definition (4.27)) (and ( . ))of dk;,

C m—j .
%gﬁda =, Vi=1,...,m. (4.25)
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By (4.23)) and (4.25) and reasoning as in (3.16|) we deduce

4OHIL 4L AL AL < e (1_@%) L2009 17 (14 A9 4 A 4+ A9)°, (4.26)
which concludes the proof of Theorem O

Proof II of Theorem 4.1l For i = 1,2, 3, we adopt the notation
Af: = AZ(4_k), bf = 44kAZ(4_k) and 6k = (5123(4_k), (427)

where A; was defined in (3.3) and ;23 in (4.9)).
Let M > 0 and let

S(M) = {k e N: 403 Abab AL < M(1+ A+ A3 + 49)°}.

We will prove that if € > 0 is small enough, then there is M large enough such that for every
k ¢ S(M), we have
3
A6k AR AR AL < OM (1 + A + A + A9)",
where C' is a constant depending on d and .
We first note that if k ¢ S(M), then we have

M(14 A9+ A+ A9)* < 4630k gk gk Ak
< 47(2735)k’b11€44kAl2cA1§

< 4= C3kpkC, (1 + A9 + A + A)®

and so b’f > Cd_lM 42=39)k where Cy is the constant from Theorem Thus, choosing e < 2/3
and M > 0 large enough, we can suppose that, for every i = 1,2, 3, bf > (g, where Cy is the

constant from Lemma (4.5
Suppose now that L € N is such that L ¢ S(M) and let

l:max{k‘EN: k:ES(M)ﬂ[O,L]} <L,

where we note that the set S(M) N[0, L] is non-empty for large M, since for k = 0,1, we can
apply Theorem Applying Lemma, fork=1+1,...,L —1 we obtain

463 L AL AL AL < ( ﬁ;zlﬂ(l I 5k)> A(6+3) (1) gI+1 g1+ gL
< <H£;l1+1(1 i 5k)> 46+39)01) 41 AL AL (4.28)

< (TTES (4 00)) 4450 (14 A9 + A + 49)*,

where 6% is the variable from Lemma [4.5]

Now it is sufficient to notice that for k = [+ 1,...,L — 1, the sequence J; is bounded
by a geometric progression. Indeed, setting o = 4~'13¢/2 < 1, we have that, for k ¢ S(M),
0 < CJk, which gives

LU+ <TIEL,(1+Cok)

= exp (SfZl log(1+ Co™)) (4.29)

L+1
< exp (C’ Zkilfl ak) < exp (%) ,

which concludes the proof. O
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