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ABsTRACT. We generalize to the anisotropic case some classical and recent results on
the (n — 1)-Minkowski content of rectifiable sets in R™, and on the outer Minkowski
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1. INTRODUCTION

The notion of Minkowski content has been introduced by H.Minkowski in order to study
an intrinsic definition of k-dimensional area of a compact set. Precisely, if S C R" is a closed
set, the (n — 1)-dimensional Minkowski content of S is defined by

Mn_l(S) — Tim {z € R":d(x,S) < e}
’ e—0 2e

(1.1)

whenever the limit on the right-hand side exists. A natural question arises: is it true that
the (n — 1)-dimensional Minkowski content coincides with the (n — 1)-dimensional Hausdorff
measure? A first result in this direction can be found in [6]: if the set S is compact and
(n — 1)-rectifiable then M™~1(S) = H"1(S). A weaker version of the previous result can be
found in [2]; it is suffiicent to have compactness, countable "~ !-rectifiability, and a further
condition: n(B,(x)) > yr"~! holds true for all € S and for all r € (0, 1), for some v > 0 and
some Radon measure 1 on R™ absolutely continuous with respect to H"~'. More recently, in
[1], motivated by problems arising from stochastic geometry, the notion of outer Minkowski
content of a set has been introduced:

SM(E) = lim {x e R": d(z, E) §5}\E\'

e—0 IS

In [1] the authors investigated general conditions ensuring the existence of SM: in particular
they prove that SM(FE) coincides with P(FE), the perimeter of FE, whenever E has finite
perimeter and M"~1(9F) = P(E), being OF the topological boundary of E. A more general

formula for the outer Minkowski content of a set has been investigated in [11]: more precisely,
1
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if E° denotes the set of points of density 0 for FE,
SM(E) =P(E) + 21" Y(E°NOE), (1.2)

holds true for a suitable class of sets which is stable under finite unions, and such a stability is
a feature particularly relevant in connection with applications to the study of some stochastic
processes (see again [11] for further details). Very recently, an anisotropic variant of the
outer Minkowski content of a set has been considered in [4], motivated also by the study of
anisotropic perimeters arising from discrete ones (see [3]). The idea introduced in [4] is to
look at the limit, whenever it exists, given by
lim (E+eC)| —|E

e—0 £

| =: SMc(E),

where C C R" is a convex body. Contrarily with respect to the isotropic case, much less
is known about the anisotropic situation. In [4] the authors prove that for sets with finite
perimeter and such that SM(E) = P(F), the anisotropic outer Minkowski content of E takes
the form

SM¢(E) = /f ; he(ve) dH 1 (1.3)

being h¢ is the support function of C and FFE the reduced boundary of E.

In this paper, first of all we want to find an integral formula also for the anisotropic
Minkowski content of a set, and we are able to prove that under suitable conditions on S
similar to what one has to assume for the isotropic case (see Theorems 3.4 and 3.7) the

anisotropic Minkowski content of S takes the form

1

2/S(hc(Vs)+hc(—Vs))dH”_1~

Moreover, we will generalize also formula (1.2) to the anisotropic case: precisely (see Theorem

4.3), we will prove that

sMe(B) = |

he(vp) MY+ / (he(we) + ho(—ve)) dH™
FE

EONOE

holds true for a suitable class of sets stable under finite unions.

2. NOTATION AND PRELIMINARIES

2.1. Notation. Let n > 1 be integer. Given a measurable set A C R", we will denote by |A|
its Lebesgue measure. If k € {0,...,n}, the k-dimensional Hausdorff measure of S C R™ will
be denoted by #¥(S). We will use the notation z - y for the standard scalar product in R”
between z and y, B,(z) for the closed ball of radius r centered in z. For each k € N with
k < n we denote by G the set of unoriented k-planes on R"; for any m € G we denote
by 7+ € G,_ the (n — k)-plane orthogonal to 7. Finally, if 4 is a positive, real or vector
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measure on some space X and f: X — Y is measurable, we define the measure fyu on Y as
fsp(F) == p(f~1(F)) for any F measurable in Y.

2.2. Geometric Measure Theory. In this paragraph we recall some basic notions of geo-
metric measure theory we will need; for all details we refer the reader to [2], [6] and [10]. Let
n > 1 be integer and let k € N with £ < n. The following general property of Radon measures

holds true; here wy, is the volume of the k-dimensional unit ball.

Theorem 2.1. Let Q@ C R™ be an open set and let p be a positive Radon measure on §Q.

Then, for any t > 0 and for any B Borel set in Q) the following implications hold:

B
limsupM(f)) >t YVreB=u> tH* B,
p—0 WgpP
B
limsupw <t VeeB=u< 2FtH* L B.
p—0 Wgp

A very useful consequence of Theorem 2.1 turns out to be the following fact:
B Borel in 2 with p(B) =0 = lim M(L(‘:)) =0, for H*-a.e.xz € B. (2.1)
p=0  Wrp
Let now S C R™. We say that S is k-rectifiable if there exist a bounded set B C R* and
a Lipschitz function f: B — R™ such that S = f(B). We say that S C R" is countably
HF-rectifiable if there exist countably many Lipschitz functions f;: R¥ — R” such that

HF <S \ gfh(Rk)> =0.

If in adjoint H¥(S) < 4oo then S is said to be HF-rectifiable. A classical rectifiability
criterium says that a Borel set S C R” with H*(S) < +oo is HF-rectifiable if and only

HH(S N By(2))

I -

=1, forHF-aczcS. (2.2)
p—0 WEp

It turns out that if S is countably #H*-rectifiable then for H*-almost any point zoy € S it is
well defined the approximate tangent space Tan* (S, zg) € Gy, that is

lim 1/ ¢<”” — ’““0) dH* () = / é(y) dHF(y), Vo € C(R™).
S Tank(S,aco)

p—0 pF p

In particular, if £ = n — 1 then Tan" (S, zg)"’ is generated by some unit vector denoted by
vg. We recall that by Lipschitz k-graph we mean the graph of a Lipschitz function ¢: 7 — 7+,
where m € Gy. Given a countably H¥-rectifiable set S, it is well known that S can be covered,
up to a H¥*-negligible set, by a countable family of pairwise disjoint compact subsets of S which
are contained in some Lipschitz k-graph and with finite k-dimensional Hausdorff measure. We
now recall the notion of k-dimensional Jacobian and the area formula. Let L: R — R™ be

a linear map. The k-dimensional Jacobian of L is defined by JiL := /det(L* o L) where



4 L. LUSSARDI AND E. VILLA

L*: R" — RF denotes the transpose of L. The Jacobian is related, as it is well known in
the smooth case, to the change of variable formula for multiple integrals: more precisely,
if f: R — R™ is Lipschitz then for any measurable set E C RF the multiplicity function
y+— HY(EN f~1({y})) is measurable and the area formula

/ @) a1 ) = [ 9(o) D, do (2.3)
® weBnf-1({yh) F
holds for each g: F — R Borel. There is another useful formula, which is known as coarea
formula: if Q is open in R™, f: Q — R is Lipschitz continuous and g: 2 — [0, +0o0] is Borel
then

+00
_ n—1
/Q 9(0)|V ()| dz = / ) /Q L S ) (2.4)

Let now E C R™ be a measurable set and {2 C R"™ be an open domain; we denote by Xg the
characteristic function of . We say that E has finite perimeter in (Q if the distributional
derivative of Xg, denoted by DXpg, is a R"valued Radon measure on {2 with finite total
variation; the perimeter of F in Q is defined by P(E; ) := |DXg|(f2), where |DXg| denotes
the total variation of DXg; we also let P(E) := P(E;R"). For sufficiently smooth boundaries
the perimeter coincides with the (n — 1)-dimensional Hausdorff measure of the topological
boundary. An interesting situation is the following one: given f: A — R be a Lipschitz
map, with A open and bounded in R”~!, the subgraph of f turns out to be a set with finite
perimeter in A xR and its perimeter coincides with the (n—1)-dimensional Hausdorff measure
of the graph of f. The upper and lower n-dimensional densities of E/ at x are respectively
defined by
©; (F,z) := limsup |Eﬂ73[;(33)]7 O.un(F, x) := liminf M.
p—0 Wnp p—0 Wp p"

If ©}(E,z) = ©.,(F, x) their common value is denoted by 0, (E,z). For every t € [0, 1] we
define B! := {x € R" : ©,(F,z) = t}. The essential boundary of E is defined as 0*E :=
R™\ (E°U E"). Tt turns out that if E has finite perimeter in Q, then "1 (0*E \ E'/?) =0,
and P(E; Q) = H*1(9* ENQ). Moreover, one can define a subset of £'/2 as the set of points

x where there exists a unit vector vg(z) such that

EF—=x

—{yeR":y-vp(x) <0}, in LL . (R") asp—0,

and which is referred to as the outer normal to E at z. The set where vg(z) exists is called
the reduced boundary and is denoted by FE. One can show that H" 1(0*E \ FE) = 0,
moreover, one has the decomposition DXp = (—vg)H" ! L FE. We also introduce the set
O’E := {x € OEN E° : 3Tan""Y(OFE, z)}. Let us collect some elementary properties of sets
with countably H" !-rectifiable boundary and with finite perimeter in Q; for any E C R" we
let E€:=R"\ E.
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Lemma 2.2. Assume that E has finite perimeter in Q and OF is countably H™ ' -rectifiable.
Then the following holds:

HYFE) = H" Y FE°); (2.5)
H"YOE \ FE) = H" Y(0*F) + H" 1 (6°E°); (2.6)
vie(x) = —vp(z), for any v € FE; (2.7)

H Y OFE) = H"1(0*(OF)). (2.8)

Proof. Properties (2.5), (2.7) and (2.8) are trivial. In order to prove (2.6) we notice that
H"HOE) = H" 1 (OE) = H" 1 (FE) + H" H(OE° N (E9)) + H" 1 (OE“ N (E)°)
=H""HFE) +H"H(9EN E%) + 1"~ (E)
= H""HFE) + H"H(9’E) + H" (P E°)
Therefore, H" 1 (OF \ FE) = H" 1 (0?E) + H"~1(6?E°) which is (2.6). O

Remark 2.3. Using Lemma 2.2, we may observe that if E is such that its topological boundary
OF is a set countably H™'-rectifiable and bounded, then one of the followings holds for H"1-
a.e. x € OF:

(a) x € FE, and the outer normal vg(z) to E at x exists;
(b) x € EYNAE (in such a case no outer normal exists);

(c) x € O?E, and two outer normals to E at x exist, say ve(r) and —vg(z).

This is in accordance with already known results in literature for sets with positive reach (for
instance, see [5]); namely, it can be shown that the topological boundary of a compact subset E
of R™ with positive reach is (n — 1)-rectifiable, and that, for H" '-a.e. x € OF, either v € FE
or x € O°E (see also [1]).

We recall now the well known Besicovitch’s Theorem.

Theorem 2.4. Let A C R"™ be a bounded set and p: A — (0,+00) be a function. There exists
a set S C A at most countable such that

AC U Bp(z)(x)
zeS

Moreover, every point of R belongs at most to § balls B,,)(z) centred in a point of S, where

& 1s a constant depending only on n.

We will need also the following variant of the Vitali covering Theorem concerning Lebesgue
measure; if A C R™ we say that F is a fine cover of A if for each z € A there exist balls in F

centred in z and with arbitrarily small radii.
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Theorem 2.5. Let A C R"™ be a bounded and Borel set and let F be a fine cover of A. Then

for any positive Radon measure i in R™ there exists a disjoint family F' C F such that

u(A\ U F> =0.

FeF'!

3. THE ANISOTROPIC MINKOWSKI CONTENT

Let C' C R™ be a convex body, that is a compact and convex subset of R with 0 in its
interior; here and in what follows a,b € R are such that 0 < a < b and B,(0) C C' C By(0).
We denote by h¢ its support function, i.e.

hc(v) ==supx-v, veR"™
zeC
Define, for any S C R" closed,
S+eC S+eC
ME(S) := limsup @, Mo (S) := liminf w

e—0 5 e—0 2e

If M{(S) = Myc(S) their common value is denoted by Mc(S). As we have seen in the
introduction, there exists a relation relation between Mg, ()(0F) and SM(E). To be more

precise, let

SM(E:Q) = lim {z€Q:d@ B) <} \E| _ . |(E+eBi(0)\ E|
e—0 £ e—0 I3

whenever such a limit exists; of course we have SM(E) = SM(E;R"™). Hence the following
Theorem holds (see [1]).

Theorem 3.1. If E has finite perimeter in Q and Mp, (0)(0F) = P(E; ) then SM(E;Q) =
P(E;Q).

Moreover, we need to give the precise statement of the main result in [4]; for, let

SM(; Q) 1= lim LEFEA N = |B]

e—0 )

Notice that we have also in this case SM¢(E) = SMc(E;R™).

Theorem 3.2. If E has finite perimeter in Q and SM(E;Q) = P(E;Q) then

SMc(E;Q) = ho(ve) dH™ L.
FE

Lemma 3.3. Let A C R"! be open and bounded and let f: A — R be Lipschitz continuous.
Let G be the graph of f, that is G :== {(x,y) € AxR:y = f(z)}. Then Mc(G) exists and

Mo(G) = /G b (ve) dH™!

being
he(v) + ho(—v)

5 , YveR™

pc(v) =
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Proof. Let E :={(z,y) € AXR:y < f(x)} be the subgraph of f. Since f is Lipschitz, F has
finite perimeter in A x R and M"1(0E) = Mp,(0)(0E) = P(E; A x R). Applying Theorem
3.1 we deduce that also SM(E;Q) = P(E;Q). Thus, using (2.7) and Theorem 3.2 we get

_ SMc(E;Q) +SMc(Q\ E; Q)

Mc(G) 5
:/ hc(ve) + ho(—vE) d
FE 2
= / oo (vg) dH" !
G
which yields the conclusion. ]

We are ready to prove the first main Theorem of this section, which may be seen as the
generalization to the anisotropic case of Theorem 2.104 in [2]. Of course, the next proofs
owe a bit to ones contained in [2] for the classical Minkowski content, which are anyway not

elementary, but for the convenience of the reader we will explain all details.
Theorem 3.4. Let S C R™ be a compact and countably H" *-rectifiable set such that

(B (x)) > yr"

holds for all x € S and for all v € (0,1) for some v > 0 and some Radon measure n on R™
absolutely continuous with respect to H" 1. Then Mc(S) exists and

Mc(S) = /S bo(vs) dH™ L. (3.1)

Proof. Let {Sp}nen be a countable family of pairwise disjoint compact subsets of S which
covers S, up to a H" l-negligible set, which are contained in some Lipschitz (n — 1)-graph
and with finite #"~! measure. Applying Lemma 3.3 and using the subadditivity of the lim inf
operator we get, for any N € N,

N
Un=1(Sh "‘50)‘ N |Sh + eC|

i L
MeelS) 2 gt = 2 Il =,

N

N
=Y Muc(Sn) =Y [ ¢clvs)dH" .
h=0 h=0"5n

Passing to the limit as N — 400 we find the estimate from below

MactS) = [ ocvs)an, (32)
The main point of the proof concerns the proof of the estimate from above, that is
M(5) < [ oetus) drr. (33)

The idea is to use, in a suitable way, a covering argument to control what remains outside a

region covered by a finite number of subsets of S where we can say that M¢ exists by Lemma
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3.3. Fix 0 € (0,1). We can find a finite number N of pairwise disjoint compact subsets S, of
S which are contained in some Lipschitz (n — 1)-graph, with finite H"!-measure and such
that

N
n(S) <o+ > 1(Sh).
h=1
Consider the set

N
E:=5\ ] S
h=1

N
Soe = {x €S d(x, U Sh) > 01/”5}.
h=1

Using Besicovitch’s Theorem 2.4 we are able to cover Sy, by many balls {B, i/n.(2})}jcs
(recall that a has been choosen in such a way that B,(0) C C) with z; € S, for each j € J,

and, for any ¢ € (0,1),

and such that, for € small enough, using the assumption on 7,

N
ny(aal/ne)”_l < Zn(Baal/na(a:j)) < 577((5 +o'/meC) \ U Sh> <éo

jeJ jeJ h=1
where £ is as in Theorem 2.4. As a consequence we get the estimate
1/n
ﬁ‘] < ,yago-lgnl :
Therefore, we obtain, recalling that C' C By(0),
wpb™(1 + 2010 1/"&-: w3t/ g
’)’CL” 1 — ,}/anfl :

|Sa,s + (1 + O-l/n)ec| < Z |Bb(1+201/”)8($j)| <
jeJ

Now, since it holds
N N
S+eCC(E+eC)U U5h+s-:0 C (Soe + (L4 0™eC) U | (Sh +2C)
h=1 h=1

we deduce that, by Lemma 3.3,

S+eC
ME(S) = limsup [S+eC]
e—0 €
. 1 1/n
< limsup [S0.c + 1+ 0 /) + Zlimsup M
e—0 2e h—1 €0 2e
wnbngnal/n§ L
< — n-
=S 2yan—1 + /S¢C(VS) dH
and (3.3) follows sending o — 0. O

We now move toward the case of the (n — 1)-rectifiability, as the first existence result for

the Minkowski content, which can be found in [6], pg. 275:
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Theorem 3.5. If S is compact and (n — 1)-rectifiable then Mp, )(S) = H" ().
The next Lemma can be found in [2], see Lemma 2.105.

Lemma 3.6. Let K C R"! be a compact set and f: K — R™ be Lipschitz. Assume that
Jn1dfy =0 a.e.x € K. Then Mg, )(f(K)) = 0.

Theorem 3.7. Let S C R" be compact and (n — 1)-rectifiable. Then Mc(S) exists and
Me(S) = /S b0 (vs) A",

Proof. The estimate from below
Mec() > /S bo(vs) M

can be proved as in Theorem 3.4. Let f: K — R" be Lipschitz with K ¢ R”~! compact such
that S = f(K) and fix o € (0,1). Consider the subset of K given by

F :={z € K : df, exists and J,_1df, > 0}.
Let K’ C K\ F be compact and such that £ }(K \ (FUK")) < o, being £"~! the Lebesgue

measure of dimension n— 1. Moreover, let Sy := f(K’). Combining Theorem 3.5 with Lemma
3.6 we get H""1(Sy) = 0 and thus we obtain
S By (0
Me(Sy) < limsup [S0 + By (0)]
e—0 2e

which means that Mc(Sp) = 0. Now, consider the measure 7 := f;(£"~! L F). By definition,
n is concentrated on f(K) = S; moreover, if S’ C S is H" !-negligible then, by area formula
we deduce that

/ To1dfy do = / HO(F O 1 ({y})) dH L (y) = 0.
FAf-1(S") s

= bM"™1(Sp) = bH" T (Sp) = 0

Since, by the very definition of F, it holds J,,_1df, > 0 on F, we get L }(Fn f~1(5")) =0,
which proves that 7 is absolutely continuous with respect to H"~!. Now we are ready to use
the same covering argument as in the proof of Theorem 3.4 in order to control the “bad” part
of S using the properties of the measure 7. More precisely, we can find a finite number N of
pairwise disjoint compact subsets S}, of S which are contained in some Lipschitz (n—1)-graph,

with finite H"!-measure and such that

Consider the set
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Notice now that n(E) < o and f~Y(E)\ F C K \ (F U K’) since EN Sy = (); we deduce that
LY f7Y(E)) < 20. If now L denotes the Lipschitz constant of f and we choose & > 0 such
that £ 1((K +&L~'C)\ K) < o, we can consider, for any € € (0, &), the set

N
Soe = {x €sS: d(x, U Sh> > al/”s}.
h=0

Applying Besicovitch’s Theorem we are able to cover S, . by many balls {B, i/n_(z;)}jcs

centred at points of S, . and such that, for € small enough,

S wi(aL e < ST LN (K A eL ) A T By ()
Jje€J Jje€J
<ecnt ((K +eL7to)yn ( U Bwl/na(a:j)»
JjeJ
<SELMTHTUE)) + LK +ELTI0) \ K))) < 360
being £ is as in the Besicovitch’s Theorem. Therefore

1/n
47 < 3o

— wnilanflLlfnenfl

hence
wnb™(1 + 201/ M)ngl/m3¢e < wpb"3"H o /nge

[Soe + (L+0"")eCl < Y 1Byapapr/me(25)] <

. wnilanflLlfn - wnilanflLlfn :
jeJ
Using again
N N
S+eC C(E+eC)U | J(Sh+eC) C (Spe+ (1+0eC)U | J(Sh+2C)
h=0 h=0

we deduce that, by Lemma 3.3,

ME(S) = limsup [S+eC]
e—0 2e
1Spe + (1 +0/m)eC] & 1Sy, + £C|
< lim sup — + g limsup ———
e—0 2e =0 2e

h=0

wnbn3n+1a.l/n£ / .
< dH"™
< o e iria S¢C(Vs) H

and the conclusion follows. OJ

4. A MORE GENERAL FORMULA FOR SM¢

In this section we prove the generalization of formula (1.2). First of all, let us introduce
the class O and O.

Definition 4.1. Let O be the class of Borel sets E of R™ such that:
(a) OF is a countably H" -rectifiable bounded set;
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(b) there exist v > 0 and a probability measure n in R™ absolutely continuous with respect
to H" ! such that n(B.(x)) > yr"~! for all x € OF and for all r € (0,1).

Moreover, let O, be the class of Borel sets E of R™ such that:

(a’) OF is a countably H" '-rectifiable bounded set and
Mc(aE) = ¢C(V8E) dHn_l;
OE
(b?) there exist v > 0 and a probability measure 1 in R"™ such that n(B,(z)) > yr"~!, for
all x € OF and for all r € (0,1).

Remark 4.2. We point out that condition (b’), and therefore also condition (b), implies,
since Theorem 2.1, that H" Y (OF) is finite; in particular, any set in O or O has finite

perimeter.
Now we are ready to state the main result of this section.

Theorem 4.3. The class O and the class O, are stable under finite unions, and for any
E € O (or O) it holds
SM¢(E) = / he(ve) dHY ™ +2 bc(vg) dH L. (4.1)
FE OE
Remark 4.4. We notice that If E € O (or E € O,) is such that SM(E) = P(E), then by
(1.2) it follows H* L(E° N OE) = 0, and so H" 1(G?E) = 0. As a consequence, from (4.1)

we get

SMo(B) = / he(vg) dH™ Y,
FE

in accordance with Theorem 3.2. Moreover, if
SM(E) + SM(E°)
2
then by (1.2) it follows H" Y(E° N OE) + H* Y (E' N OE) = 0, and so H" 1(0’E) =
H1(O?E€) = 0. In this case, again as a consequence of (4.1), we get

SMABLE S ([ ety o+ [
FE

— h d n—1
2 2 b o(vee) dH )

:/ hC(VE) +hC(—VE) dHn_l
FE ’

- P(B)

2

in accordance with Theorem 3.7 in [4].

We are now going to prove Theorem 4.3 by proceeding along the same arguments of the
proof of Theorem 3.1 in [11]: for the convenience of the reader we will give complete proofs
also for the series of auxiliary lemmas that we needed. First of all, it is easy to observe that
ENW € O for any E € O and any closed W C R"; the following lemma implies that the

same holds for the class C’)’C as well.
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Lemma 4.5. If S C R" is a countably H" ' -rectifiable compact set such that

MC(S):/S¢C(VS) d%nfl,

then

Mc(Sn W) = /S el an,

for all W C R"™ closed.

Proof. Being S N W countably H" !-rectifiable and compact, by (3.2) we know that

Moo (S NW) > /S dolvs) an
N

Let us show that the opposite inequality holds for Mg (S N W). Consider the sequence
{Wh}hen of closed sets Wy, := {x € W€ : d(x,W) > b/h}, which implies that

(w—i-}llC)ﬂW—@

for any x € W€, since
x+ %C’ C By ().
Note that Wy, ~ W€ as h goes to infinity. Let us observe that
S+eCO((SNW)+eC)U ((SNWp) +eC),
and
(SNW)+eC)N((SNWp) +eC) =10

for all € sufficiently small. Hence, for all h € N

ME(S AW < ME(S) — Muc(S W) < /Sgbc(ys) ! —/S dclvs)an!
NWh

By taking now the limit for A which goes to infinity, we get

ME(SAW) < /S (v dn!

and so the assertion. O
By observing that for each G C R™ Borel set and for each 7, p > 0 it holds
|(0G +rC)NGNB,(z)| C |(0G +rbB1(0)) N G N B,(x),

the following assertion is a direct application of Lemma 2 in [1].

Lemma 4.6. Let G C R" be a Borel set and assume that there exist v > 0 and a probability
measure  on R™ such that n(B,(z)) > "=t for all x € OG and for all v € (0,1). Then
B
fmanp (08 E VNGB _ 0
e—0

for H* t-a.e. 2 € G°NOG.
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For each A Borel subset of R" let SM,c(E;A) and SME(E; A) be given by

SMoo(B; A) = timinf (EFEODNEIOAL 6 gy timsup ((EE 602 \E)nA|

e=0 € e—0

We also let SM,c(E) := SM.c(E;R") and SME(E) := SME(E;R™).

Lemma 4.7. For any E € O (or O ) it holds

SM.c(E;By(x)) = o(p™ "), for H" -a.e. z € E'NOE, (4.2)
SM.c(E; B,(z)) > / ho(vs)dH™, for M lege. z € BV2,  (4.3)
FENintB,(x)

SM.c(E; By(x)) > 2 / do(ve)dH L o(p" ),  for H" l-a.e. x € O’E. (4.4)
82ENint B, ()

Proof. Equality (4.2) follows directly from Lemma 4.6 with the choice G := E€, and taking

into account that
|OF +eC| = |(E+eC)\ E|+ [(E°+C) \ E°|. (4.5)

Equality (4.3) can be found in [4]. It remains to prove (4.4). Since 0 € int C, for any closed
set W CC B,(x) there exists € > 0 such that W +eC C By(z), Ve < €. So, noticing that
OFE N'W satisfies the assumption of Theorem 3.4 if E € O (or (a’) in the definition of the
class O if E € O,), we get that

e—0 £

< timint [(OE+0) 0 (W +<C)|
e—0 g

< limint OEFEC)N By (@)]

- e—0 5

o[ pcmyat = g QEOW) 20
OENW

Let {Wy}ren be an increasing sequence of closed sets with Wj, CC B,(x) and such that
Wy, /intB,(x). By taking the limit as & tends to oo, we obtain that

liminf (OEF Q)0 Bo@) o ) do(vp) dH™ ™ = 2/ dc(vg) dH" L.
e—=0 € k—=oo Jopnw, AENInt B, (z)
(4.6)

Finally, we have that

SM.c(E; By(x)) = limigf’(aE+€C)me(x)|_g(aE"'EC)mEme(w”
e—
> limint [(OE +eC) N By(z)| limsup (OF +¢C) N EN By(x)|

e—0 g e—0 9

Thus (4.4) follows from (4.6), Lemma 4.6, and by taking into account that H*~1(OE N EY) =
H"YO?E). 0
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Now we are ready to prove the main result of this section.

Proof of Theorem 4.3. Let E € O (or E € Of). Let us show that the following lower
bound for SM,c(E) holds:

SM.o(E) > / ho(wn)dH™ 42 [ do(ve) dHn—. (47)
FE 02E

Let p be the measure in R™ so defined

w(A) = / ho(ve) dH™ ™ + 2/ dc(ve)dH™™', A C R" Borel.
FENA 82ENA

By rectifiability we can say that

"1OENE'NB
lim H T p() =wp_1, for H" lae. zedENE",
p—0 pr
and 0 for H" l-a.e. z € (OE N E°)% the same conclusions hold for the quantities

H" Y OENE'NB,(z)) H" YFENB,(x))
pn*1 ’ pnfl :

Taking into account all those informations and using Lemma 4.7 we get that, for any € > 0
and for H" '-a.e.x € OF,

. n—1 1
i ing SMuC(E: By() + <M (B 1 9B 1 B, (x))

m iy (B, (2)) =1 (48)

(Note that the term eH" }(E' N OE N B,(x)) in the above fraction is to avoid an indeter-
mination of type 0/0 at points z € E' N JE.) Since the family of closed balls B,(z) with
p(0B,(x)) = 0 is a fine cover of OF, by Vitali-Besicovitch covering Theorem 2.5 for any 6 > 0
there exist finitely many disjoint closed balls W1, ..., Wy with u(0W;) = 0 such that

N
p<8E\ U Wi> < 4.
i=1
The balls W; can be chosen with centers in 0F and such that

(4.8)
SM.c(E; W) +eH" YE*NOENW;) > (1—0)u(Wi), i=1,...,N.
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Then, the following chain of inequalities holds:
SM.c(E) +eH" (BN IE)

N N
> SM,c (E; U Wi> + et <E1 NOE N U WZ->

i=1 =1
N

> (SMuc(E; W)+ eH™ (E' nOENW;))
i=1

N

> (1-9) ZM(Wi)

—(1-0) (u(Rn) - M<R"\QWZ’)>

> (1-90) </FE ho(vg) dH™™ +2 po(ve)dH ! — 5) .

0%E
By taking now the limit as § — 0, and then as e — 0, we obtain the inequality (4.7).

Observing now that E° belongs to O (resp. O ) too, we can also claim that

SM,c(E°) > / he(vpe) dH™™ + dc(vpe) dH™ L. (4.9)
FEe 92Ee

Let us now define, for any € > 0,

(E+eONE| (B +eC)\ B

9 9

Qe :

Observe that by taking into account (2.6) for H" '-a.e. z € OE \ FE

/ sows) ™ = [ dop)dH™ '+ [ dolwp)dHm Tt (4.10)
OE\FE 92E 92Ee

Moreover, it holds

(4.7)
liminf a, = SM.c(E) > / ho(ve) dH™ ™ +2 do(ve)dH" ! =: q,
e=0 FE o2E

and, using also (2.5) and (2.7),

(4.9)
liminf b, = SM.c(E°) > / ho(—vg)dH™ ™ +2 bc(vpe) dH" ! =:b.
e—=0 FE 92 B¢
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By (4.5) and by (3.1) if E € O (resp. by (a’) in the definition of the class O if E € Of) it
follows that
lim sup(a. + b¢)

e—0
. |OF + eC|
= limsup ———
e—0 €

= 2M(0E)

=2 [ éc(vop)dH™ !
O

=2 / do(vE) dH™ 1 +2 / bc(vp) dH™ !
OENFE OE\FE

(4.10) / (he(vE) + ho(—vE)) dH™ ! +2 ¢o(ve) dH ™ +2 ¢ (vpe) dH"
FE 0%’E 92E°

=a-+b.
Since

limsup(a: +b:) <a+b, liminfa.>a€R, liminfb. >beR
e—0 e—0 e—0

implies
lima. =a, limb. =02,
e—0 e—0

equation (4.1) follows.

In order to conclude the proof it remains to show that the class Of is stable under finite
unions, since the stability of the class O under finite unions has been already proved in [11].
Let E1, By € O and let E := Ey U Es. Being 0E C 0E; U 0E», it is clear that OF is a
countably H" l-rectifiable bounded set, and that (b’) in the definition of the class O is
fulfilled. We know that, from (3.2),

M.c(OE) > | ¢o(ve)dH™ L. (4.11)
[2) )

Next, we have to prove that
M5OE) < | do(vp) dH L. (4.12)
oF
We first localize the lower and upper anisotropic Minkowski content: if S is compact and

H"l-rectifiable, A C R" is closed and B C R" is open, let

QA T (S +eC)NA| L (S+e0)n B
Me(S5A) = lllzljélp 5 , Myc(S;B) = lllan_}élf 5 .
Of course, we have M7 (S;R") = ME(S) and M,c(S;R") = M,c(S); furthermore, following
the same proof of (3.2), we can realize that for any B C R™ open it holds

M,c(S;B) > pc(vs) dH™ L. (4.13)
SNB
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By observing that

XoE+eC + X(9E1n0Ey) +eC < XoE,+2C + XoEy+2C

we get, for any 2 € R” and for H'-a.e. p > 0, using also (4.13),
Me(9F; By(x))

< / b (vm,) dH + / b0 (vi,) dH™!
OF1 QBP(Z‘)

8E20Bp (Z‘)

- / d)C(VEﬂTEQ) dHn_l
O0E1NOE2Nint B, ()

bo(VEum,) dH" ™ + / o (VEynE,) AH™ !
OE1M9E2NB,(z)

/(8E1 UOE2)NB, ()
and thus

M(OF; By(x)) < / dc(vi) dH™!
OENB,(z)

+ po(vg) dH !
(OFE1UDE2)N(OE)eNB, ()

+ bc(VEnE,) dH" . (4.14)
OE1NOE2NdB,(x)

We notice now that, for H" '-a.e. x € OF,
/ ¢C(VE1UE2) dHn_l = 0(pn_1)
(OEyUOEL)N(DE)°NB,(x)

since we can apply (2.1) to the Radon measure n given by

n(D) = ¢c(VE,UE,) dH™ ', D Borel in R".

/(6E1U8E2)O(BE)COD

Moreover, observe that H" "1 (0Ey NOE, N OB, (x)) = 0 for H'-a.e. p > 0. Indeed, by contra-
diction if for any p € A with £L}(A) > 0 we had H" "1 (0E1 N 0F> N 0B,(x)) > 0, by coarea

formula

400
LM(OF, NOF,) = H" Y OE, NOE, NOB,(x))dp > / H" Y OE, N OB, N OB,(x)) dp
0 A

and therefeore £L*(0E; N 0F5) > 0 which implies that H"1(0E; N 0F3) = +oo, which is a
contradiction (see Remark (4.2)). Thus,

/ (Ve nE,) dH" 1 =0, H'-ae.p>0.
OE1NOE2NIB,(x)
from which we obtain, by (4.14), the key estimate

MG(OF; By(x)) < / pc(vp)dH™ 1 +o(p" 1Y), for H" tae.x € OF. (4.15)
OENB, ()
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Now the assertion follows applying Theorem 2.5. For any D C R™ Borel, let

— v nfl.
o(D) := /8EmD ¢c(vE)dH

As a consequence of (4.15) and (2.2) we may claim that
~(0E; B
lim sup MeOE: By(x))
p—0 o (By(x))
Since JF is bounded, for any § > 0 there exists a finite covering By, ..., By of OF, being B;
disjoint closed balls in R" with

<1, for H" l-ae.z € OF.

N
a<aE\ U BZ-> <4é
i=1
notice that the balls B; can be assumed to have centers in OF, and such that o(9B;) = 0,

and

M5 (DE; B;)
o(B;)
Finally, let B := R™\ UY, int B;. Notice that M¥(E; B) = 0 and thus

<1+

N
ME(OF) < ME(OE, B) + Mg <8E, U Bi>

i=1

N
Z L (OE, B;)
- N

<(140)> o(B)
=1
N

1+60<UBZ>

<(1496) | ¢cve)dH .
OF
Inequality (4.12) follows sending § — 0, and this completes the proof.
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