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Abstract. We generalize to the anisotropic case some classical and recent results on
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unions.
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1. Introduction

The notion of Minkowski content has been introduced by H. Minkowski in order to study

an intrinsic definition of k-dimensional area of a compact set. Precisely, if S ⊂ Rn is a closed

set, the (n− 1)-dimensional Minkowski content of S is defined by

Mn−1(S) := lim
ε→0

|{x ∈ Rn : d(x, S) ≤ ε}|
2ε

(1.1)

whenever the limit on the right-hand side exists. A natural question arises: is it true that

the (n− 1)-dimensional Minkowski content coincides with the (n− 1)-dimensional Hausdorff

measure? A first result in this direction can be found in [6]: if the set S is compact and

(n− 1)-rectifiable thenMn−1(S) = Hn−1(S). A weaker version of the previous result can be

found in [2]; it is suffiicent to have compactness, countable Hn−1-rectifiability, and a further

condition: η(Br(x)) ≥ γrn−1 holds true for all x ∈ S and for all r ∈ (0, 1), for some γ > 0 and

some Radon measure η on Rn absolutely continuous with respect to Hn−1. More recently, in

[1], motivated by problems arising from stochastic geometry, the notion of outer Minkowski

content of a set has been introduced:

SM(E) := lim
ε→0

|{x ∈ Rn : d(x,E) ≤ ε} \ E|
ε

.

In [1] the authors investigated general conditions ensuring the existence of SM: in particular

they prove that SM(E) coincides with P(E), the perimeter of E, whenever E has finite

perimeter andMn−1(∂E) = P(E), being ∂E the topological boundary of E. A more general

formula for the outer Minkowski content of a set has been investigated in [11]: more precisely,
1
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if E0 denotes the set of points of density 0 for E,

SM(E) = P(E) + 2Hn−1(E0 ∩ ∂E), (1.2)

holds true for a suitable class of sets which is stable under finite unions, and such a stability is

a feature particularly relevant in connection with applications to the study of some stochastic

processes (see again [11] for further details). Very recently, an anisotropic variant of the

outer Minkowski content of a set has been considered in [4], motivated also by the study of

anisotropic perimeters arising from discrete ones (see [3]). The idea introduced in [4] is to

look at the limit, whenever it exists, given by

lim
ε→0

|(E + εC)| − |E|
ε

=: SMC(E),

where C ⊂ Rn is a convex body. Contrarily with respect to the isotropic case, much less

is known about the anisotropic situation. In [4] the authors prove that for sets with finite

perimeter and such that SM(E) = P(E), the anisotropic outer Minkowski content of E takes

the form

SMC(E) =

∫
FE

hC(νE) dHn−1 (1.3)

being hC is the support function of C and FE the reduced boundary of E.

In this paper, first of all we want to find an integral formula also for the anisotropic

Minkowski content of a set, and we are able to prove that under suitable conditions on S

similar to what one has to assume for the isotropic case (see Theorems 3.4 and 3.7) the

anisotropic Minkowski content of S takes the form

1

2

∫
S

(hC(νS) + hC(−νS)) dHn−1.

Moreover, we will generalize also formula (1.2) to the anisotropic case: precisely (see Theorem

4.3), we will prove that

SMC(E) =

∫
FE

hC(νE) dHn−1 +

∫
E0∩∂E

(hC(νE) + hC(−νE)) dHn−1

holds true for a suitable class of sets stable under finite unions.

2. Notation and preliminaries

2.1. Notation. Let n ≥ 1 be integer. Given a measurable set A ⊂ Rn, we will denote by |A|
its Lebesgue measure. If k ∈ {0, . . . , n}, the k-dimensional Hausdorff measure of S ⊂ Rn will

be denoted by Hk(S). We will use the notation x · y for the standard scalar product in Rn

between x and y, Br(x) for the closed ball of radius r centered in x. For each k ∈ N with

k ≤ n we denote by Gk the set of unoriented k-planes on Rn; for any π ∈ Gk we denote

by π⊥ ∈ Gn−k the (n − k)-plane orthogonal to π. Finally, if µ is a positive, real or vector
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measure on some space X and f : X → Y is measurable, we define the measure f]µ on Y as

f]µ(F ) := µ(f−1(F )) for any F measurable in Y .

2.2. Geometric Measure Theory. In this paragraph we recall some basic notions of geo-

metric measure theory we will need; for all details we refer the reader to [2], [6] and [10]. Let

n ≥ 1 be integer and let k ∈ N with k ≤ n. The following general property of Radon measures

holds true; here ωk is the volume of the k-dimensional unit ball.

Theorem 2.1. Let Ω ⊂ Rn be an open set and let µ be a positive Radon measure on Ω.

Then, for any t > 0 and for any B Borel set in Ω the following implications hold:

lim sup
ρ→0

µ(Bρ(x))

ωkρk
≥ t ∀x ∈ B ⇒ µ ≥ tHk B,

lim sup
ρ→0

µ(Bρ(x))

ωkρk
≤ t ∀x ∈ B ⇒ µ ≤ 2ktHk B.

A very useful consequence of Theorem 2.1 turns out to be the following fact:

B Borel in Ω with µ(B) = 0 ⇒ lim
ρ→0

µ(Bρ(x))

ωkρk
= 0, for Hk-a.e.x ∈ B. (2.1)

Let now S ⊂ Rn. We say that S is k-rectifiable if there exist a bounded set B ⊂ Rk and

a Lipschitz function f : B → Rn such that S = f(B). We say that S ⊂ Rn is countably

Hk-rectifiable if there exist countably many Lipschitz functions fh : Rk → Rn such that

Hk
(
S \

+∞⋃
h=0

fh(Rk)
)

= 0.

If in adjoint Hk(S) < +∞ then S is said to be Hk-rectifiable. A classical rectifiability

criterium says that a Borel set S ⊂ Rn with Hk(S) < +∞ is Hk-rectifiable if and only

lim
ρ→0

Hk(S ∩Bρ(x))

ωkρk
= 1, for Hk-a.e.x ∈ S. (2.2)

It turns out that if S is countably Hk-rectifiable then for Hk-almost any point x0 ∈ S it is

well defined the approximate tangent space Tank(S, x0) ∈ Gk, that is

lim
ρ→0

1

ρk

∫
S
φ

(
x− x0

ρ

)
dHk(x) =

∫
Tank(S,x0)

φ(y) dHk(y), ∀φ ∈ C∞c (Rn).

In particular, if k = n− 1 then Tann−1(S, x0)⊥ is generated by some unit vector denoted by

νS . We recall that by Lipschitz k-graph we mean the graph of a Lipschitz function φ : π → π⊥,

where π ∈ Gk. Given a countably Hk-rectifiable set S, it is well known that S can be covered,

up to aHk-negligible set, by a countable family of pairwise disjoint compact subsets of S which

are contained in some Lipschitz k-graph and with finite k-dimensional Hausdorff measure. We

now recall the notion of k-dimensional Jacobian and the area formula. Let L : Rk → Rn be

a linear map. The k-dimensional Jacobian of L is defined by JkL :=
√

det(L∗ ◦ L) where
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L∗ : Rn → Rk denotes the transpose of L. The Jacobian is related, as it is well known in

the smooth case, to the change of variable formula for multiple integrals: more precisely,

if f : Rk → Rn is Lipschitz then for any measurable set E ⊂ Rk the multiplicity function

y 7→ H0(E ∩ f−1({y})) is measurable and the area formula∫
Rn

∑
x∈E∩f−1({y})

g(x) dHk(y) =

∫
E
g(x) Jkdfx dx (2.3)

holds for each g : E → R Borel. There is another useful formula, which is known as coarea

formula: if Ω is open in Rn, f : Ω → R is Lipschitz continuous and g : Ω → [0,+∞] is Borel

then ∫
Ω
g(x)|∇f(x)| dx =

∫ +∞

−∞

∫
Ω∩{f=t}

g(y) dHn−1(y) dt. (2.4)

Let now E ⊂ Rn be a measurable set and Ω ⊂ Rn be an open domain; we denote by χE the

characteristic function of E. We say that E has finite perimeter in Ω if the distributional

derivative of χE , denoted by DχE , is a Rn-valued Radon measure on Ω with finite total

variation; the perimeter of E in Ω is defined by P(E; Ω) := |DχE |(Ω), where |DχE | denotes

the total variation of DχE ; we also let P(E) := P(E;Rn). For sufficiently smooth boundaries

the perimeter coincides with the (n − 1)-dimensional Hausdorff measure of the topological

boundary. An interesting situation is the following one: given f : A → R be a Lipschitz

map, with A open and bounded in Rn−1, the subgraph of f turns out to be a set with finite

perimeter in A×R and its perimeter coincides with the (n−1)-dimensional Hausdorff measure

of the graph of f . The upper and lower n-dimensional densities of E at x are respectively

defined by

Θ∗n(E, x) := lim sup
ρ→0

|E ∩Bρ(x)|
ωnρn

, Θ∗n(E, x) := lim inf
ρ→0

|E ∩Bρ(x)|
ωnρn

.

If Θ∗n(E, x) = Θ∗n(E, x) their common value is denoted by Θn(E, x). For every t ∈ [0, 1] we

define Et := {x ∈ Rn : Θn(E, x) = t}. The essential boundary of E is defined as ∂∗E :=

Rn \ (E0 ∪E1). It turns out that if E has finite perimeter in Ω, then Hn−1(∂∗E \E1/2) = 0,

and P(E; Ω) = Hn−1(∂∗E ∩Ω). Moreover, one can define a subset of E1/2 as the set of points

x where there exists a unit vector νE(x) such that

E − x
ρ
→ {y ∈ Rn : y · νE(x) ≤ 0}, in L1

loc(Rn) as ρ→ 0,

and which is referred to as the outer normal to E at x. The set where νE(x) exists is called

the reduced boundary and is denoted by FE. One can show that Hn−1(∂∗E \ FE) = 0,

moreover, one has the decomposition DχE = (−νE)Hn−1 FE. We also introduce the set

∂2E := {x ∈ ∂E ∩ E0 : ∃Tann−1(∂E, x)}. Let us collect some elementary properties of sets

with countably Hn−1-rectifiable boundary and with finite perimeter in Ω; for any E ⊆ Rn we

let Ec := Rn \ E.
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Lemma 2.2. Assume that E has finite perimeter in Ω and ∂E is countably Hn−1-rectifiable.

Then the following holds:

Hn−1(FE) = Hn−1(FEc); (2.5)

Hn−1(∂E \ FE) = Hn−1(∂2E) +Hn−1(∂2Ec); (2.6)

νEc(x) = −νE(x), for any x ∈ FE; (2.7)

Hn−1(∂E) = Hn−1(∂2(∂E)). (2.8)

Proof. Properties (2.5), (2.7) and (2.8) are trivial. In order to prove (2.6) we notice that

Hn−1(∂E) = Hn−1(∂Ec) = Hn−1(FEc) +Hn−1(∂Ec ∩ (Ec)1) +Hn−1(∂Ec ∩ (Ec)0)

= Hn−1(FE) +Hn−1(∂E ∩ E0) +Hn−1(∂2Ec)

= Hn−1(FE) +Hn−1(∂2E) +Hn−1(∂2Ec)

Therefore, Hn−1(∂E \ FE) = Hn−1(∂2E) +Hn−1(∂2Ec) which is (2.6). �

Remark 2.3. Using Lemma 2.2, we may observe that if E is such that its topological boundary

∂E is a set countably Hn−1-rectifiable and bounded, then one of the followings holds for Hn−1-

a.e. x ∈ ∂E:

(a) x ∈ FE, and the outer normal νE(x) to E at x exists;

(b) x ∈ E1 ∩ ∂E (in such a case no outer normal exists);

(c) x ∈ ∂2E, and two outer normals to E at x exist, say νE(x) and −νE(x).

This is in accordance with already known results in literature for sets with positive reach (for

instance, see [5]); namely, it can be shown that the topological boundary of a compact subset E

of Rn with positive reach is (n−1)-rectifiable, and that, for Hn−1-a.e. x ∈ ∂E, either x ∈ FE
or x ∈ ∂2E (see also [1]).

We recall now the well known Besicovitch’s Theorem.

Theorem 2.4. Let A ⊂ Rn be a bounded set and ρ : A→ (0,+∞) be a function. There exists

a set S ⊂ A at most countable such that

A ⊂
⋃
x∈S

Bρ(x)(x).

Moreover, every point of Rn belongs at most to ξ balls Bρ(x)(x) centred in a point of S, where

ξ is a constant depending only on n.

We will need also the following variant of the Vitali covering Theorem concerning Lebesgue

measure; if A ⊂ Rn we say that F is a fine cover of A if for each x ∈ A there exist balls in F
centred in x and with arbitrarily small radii.
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Theorem 2.5. Let A ⊂ Rn be a bounded and Borel set and let F be a fine cover of A. Then

for any positive Radon measure µ in Rn there exists a disjoint family F ′ ⊂ F such that

µ

(
A \

⋃
F∈F ′

F

)
= 0.

3. The anisotropic Minkowski content

Let C ⊂ Rn be a convex body, that is a compact and convex subset of Rn with 0 in its

interior; here and in what follows a, b ∈ R are such that 0 < a < b and Ba(0) ⊂ C ⊂ Bb(0).

We denote by hC its support function, i.e.

hC(v) := sup
x∈C

x · v, v ∈ Rn.

Define, for any S ⊂ Rn closed,

M∗C(S) := lim sup
ε→0

|S + εC|
2ε

, M∗C(S) := lim inf
ε→0

|S + εC|
2ε

.

If M∗C(S) = M∗C(S) their common value is denoted by MC(S). As we have seen in the

introduction, there exists a relation relation between MB1(0)(∂E) and SM(E). To be more

precise, let

SM(E; Ω) := lim
ε→0

|{x ∈ Ω : d(x,E) ≤ ε} \ E|
ε

= lim
ε→0

|(E + εB1(0)) \ E|
ε

whenever such a limit exists; of course we have SM(E) = SM(E;Rn). Hence the following

Theorem holds (see [1]).

Theorem 3.1. If E has finite perimeter in Ω and MB1(0)(∂E) = P(E; Ω) then SM(E; Ω) =

P(E; Ω).

Moreover, we need to give the precise statement of the main result in [4]; for, let

SMC(E; Ω) := lim
ε→0

|(E + εC) ∩ Ω| − |E|
ε

.

Notice that we have also in this case SMC(E) = SMC(E;Rn).

Theorem 3.2. If E has finite perimeter in Ω and SM(E; Ω) = P(E; Ω) then

SMC(E; Ω) =

∫
FE

hC(νE) dHn−1.

Lemma 3.3. Let A ⊂ Rn−1 be open and bounded and let f : A→ R be Lipschitz continuous.

Let G be the graph of f , that is G := {(x, y) ∈ A× R : y = f(x)}. Then MC(G) exists and

MC(G) =

∫
G
φC(νG) dHn−1

being

φC(v) :=
hC(v) + hC(−v)

2
, ∀v ∈ Rn.
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Proof. Let E := {(x, y) ∈ A×R : y < f(x)} be the subgraph of f . Since f is Lipschitz, E has

finite perimeter in A×R and Mn−1(∂E) =MB1(0)(∂E) = P(E;A×R). Applying Theorem

3.1 we deduce that also SM(E; Ω) = P(E; Ω). Thus, using (2.7) and Theorem 3.2 we get

MC(G) =
SMC(E; Ω) + SMC(Ω \ E; Ω)

2

=

∫
FE

hC(νE) + hC(−νE)

2
dHn−1

=

∫
G
φC(νG) dHn−1

which yields the conclusion. �

We are ready to prove the first main Theorem of this section, which may be seen as the

generalization to the anisotropic case of Theorem 2.104 in [2]. Of course, the next proofs

owe a bit to ones contained in [2] for the classical Minkowski content, which are anyway not

elementary, but for the convenience of the reader we will explain all details.

Theorem 3.4. Let S ⊂ Rn be a compact and countably Hn−1-rectifiable set such that

η(Br(x)) ≥ γrn−1

holds for all x ∈ S and for all r ∈ (0, 1) for some γ > 0 and some Radon measure η on Rn

absolutely continuous with respect to Hn−1. Then MC(S) exists and

MC(S) =

∫
S
φC(νS) dHn−1. (3.1)

Proof. Let {Sh}h∈N be a countable family of pairwise disjoint compact subsets of S which

covers S, up to a Hn−1-negligible set, which are contained in some Lipschitz (n − 1)-graph

and with finite Hn−1 measure. Applying Lemma 3.3 and using the subadditivity of the lim inf

operator we get, for any N ∈ N,

M∗C(S) ≥ lim inf
ε→0

∣∣∣⋃N
h=1(Sh + εC)

∣∣∣
2ε

≥
N∑
h=0

lim inf
ε→0

|Sh + εC|
2ε

=

N∑
h=0

M∗C(Sh) =

N∑
h=0

∫
Sh

φC(νS) dHn−1.

Passing to the limit as N → +∞ we find the estimate from below

M∗C(S) ≥
∫
S
φC(νS) dHn−1. (3.2)

The main point of the proof concerns the proof of the estimate from above, that is

M∗C(S) ≤
∫
S
φC(νS) dHn−1. (3.3)

The idea is to use, in a suitable way, a covering argument to control what remains outside a

region covered by a finite number of subsets of S where we can say thatMC exists by Lemma
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3.3. Fix σ ∈ (0, 1). We can find a finite number N of pairwise disjoint compact subsets Sh of

S which are contained in some Lipschitz (n − 1)-graph, with finite Hn−1-measure and such

that

η(S) ≤ σ +
N∑
h=1

η(Sh).

Consider the set

E := S \
N⋃
h=1

Sh

and, for any ε ∈ (0, 1),

Sσ,ε :=

{
x ∈ S : d

(
x,

N⋃
h=1

Sh

)
≥ σ1/nε

}
.

Using Besicovitch’s Theorem 2.4 we are able to cover Sσ,ε by many balls {Baσ1/nε(xj)}j∈J
(recall that a has been choosen in such a way that Ba(0) ⊂ C) with xj ∈ Sσ,ε for each j ∈ J ,

and such that, for ε small enough, using the assumption on η,∑
j∈J

γ(aσ1/nε)n−1 ≤
∑
j∈J

η(Baσ1/nε(xj)) ≤ ξη
(

(S + σ1/nεC) \
N⋃
h=1

Sh

)
≤ ξσ

where ξ is as in Theorem 2.4. As a consequence we get the estimate

]J ≤ ξσ1/n

γan−1εn−1
.

Therefore, we obtain, recalling that C ⊂ Bb(0),

|Sσ,ε + (1 + σ1/n)εC| ≤
∑
j∈J
|Bb(1+2σ1/n)ε(xj)| ≤

ωnb
n(1 + 2σ1/n)nσ1/nξε

γan−1
≤ ωnb

n3nσ1/nξε

γan−1
.

Now, since it holds

S + εC ⊂ (E + εC) ∪
N⋃
h=1

(Sh + εC) ⊂ (Sσ,ε + (1 + σ1/n)εC) ∪
N⋃
h=1

(Sh + εC)

we deduce that, by Lemma 3.3,

M∗C(S) = lim sup
ε→0

|S + εC|
2ε

≤ lim sup
ε→0

|Sσ,ε + (1 + σ1/n)εC|
2ε

+

N∑
h=1

lim sup
ε→0

|Sh + εC|
2ε

≤ ωnb
n3nσ1/nξ

2γan−1
+

∫
S
φC(νS) dHn−1

and (3.3) follows sending σ → 0. �

We now move toward the case of the (n − 1)-rectifiability, as the first existence result for

the Minkowski content, which can be found in [6], pg. 275:
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Theorem 3.5. If S is compact and (n− 1)-rectifiable then MB1(0)(S) = Hn−1(S).

The next Lemma can be found in [2], see Lemma 2.105.

Lemma 3.6. Let K ⊂ Rn−1 be a compact set and f : K → Rn be Lipschitz. Assume that

Jn−1dfx = 0 a.e.x ∈ K. Then MB1(0)(f(K)) = 0.

Theorem 3.7. Let S ⊂ Rn be compact and (n− 1)-rectifiable. Then MC(S) exists and

MC(S) =

∫
S
φC(νS) dHn−1.

Proof. The estimate from below

M∗C(S) ≥
∫
S
φC(νS) dHn−1

can be proved as in Theorem 3.4. Let f : K → Rn be Lipschitz with K ⊂ Rn−1 compact such

that S = f(K) and fix σ ∈ (0, 1). Consider the subset of K given by

F := {x ∈ K : dfx exists and Jn−1dfx > 0}.

Let K ′ ⊂ K \F be compact and such that Ln−1(K \ (F ∪K ′)) < σ, being Ln−1 the Lebesgue

measure of dimension n−1. Moreover, let S0 := f(K ′). Combining Theorem 3.5 with Lemma

3.6 we get Hn−1(S0) = 0 and thus we obtain

MC(S0) ≤ lim sup
ε→0

|S0 + εBb(0)|
2ε

= bMn−1(S0) = bHn−1(S0) = 0

which means thatMC(S0) = 0. Now, consider the measure η := f](Ln−1 F ). By definition,

η is concentrated on f(K) = S; moreover, if S′ ⊂ S is Hn−1-negligible then, by area formula

we deduce that ∫
F∩f−1(S′)

Jn−1dfx dx =

∫
S′
H0(F ∩ f−1({y})) dHn−1(y) = 0.

Since, by the very definition of F , it holds Jn−1dfx > 0 on F , we get Ln−1(F ∩ f−1(S′)) = 0,

which proves that η is absolutely continuous with respect to Hn−1. Now we are ready to use

the same covering argument as in the proof of Theorem 3.4 in order to control the “bad” part

of S using the properties of the measure η. More precisely, we can find a finite number N of

pairwise disjoint compact subsets Sh of S which are contained in some Lipschitz (n−1)-graph,

with finite Hn−1-measure and such that

η(S) ≤ σ +

N∑
h=1

η(Sh).

Consider the set

E := S \
N⋃
h=0

Sh.
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Notice now that η(E) < σ and f−1(E) \ F ⊂ K \ (F ∪K ′) since E ∩ S0 = ∅; we deduce that

Ln−1(f−1(E)) < 2σ. If now L denotes the Lipschitz constant of f and we choose ε̄ > 0 such

that Ln−1((K + ε̄L−1C) \K) < σ, we can consider, for any ε ∈ (0, ε̄), the set

Sσ,ε :=

{
x ∈ S : d

(
x,

N⋃
h=0

Sh

)
≥ σ1/nε

}
.

Applying Besicovitch’s Theorem we are able to cover Sσ,ε by many balls {Baσ1/nε(xj)}j∈J
centred at points of Sσ,ε and such that, for ε small enough,∑

j∈J
ωn−1(aL−1σ1/nε)n−1 ≤

∑
j∈J
Ln−1((K + εL−1C) ∩ f−1(Baσ1/nε(xj)))

≤ ξLn−1

(
(K + εL−1C) ∩ f−1

( ⋃
j∈J

Baσ1/nε(xj)

))
≤ ξ(Ln−1(f−1(E)) + Ln−1((K + ε̄L−1C) \K))) ≤ 3ξσ

being ξ is as in the Besicovitch’s Theorem. Therefore

]J ≤ 3ξσ1/n

ωn−1an−1L1−nεn−1

hence

|Sσ,ε + (1 + σ1/n)εC| ≤
∑
j∈J
|Bb(1+2σ1/n)ε(xj)| ≤

ωnb
n(1 + 2σ1/n)nσ1/n3ξε

ωn−1an−1L1−n ≤ ωnb
n3n+1σ1/nξε

ωn−1an−1L1−n .

Using again

S + εC ⊂ (E + εC) ∪
N⋃
h=0

(Sh + εC) ⊂ (Sσ,ε + (1 + σ1/n)εC) ∪
N⋃
h=0

(Sh + εC)

we deduce that, by Lemma 3.3,

M∗C(S) = lim sup
ε→0

|S + εC|
2ε

≤ lim sup
ε→0

|Sσ,ε + (1 + σ1/n)εC|
2ε

+

N∑
h=0

lim sup
ε→0

|Sh + εC|
2ε

≤ ωnb
n3n+1σ1/nξ

2ωn−1an−1L1−n +

∫
S
φC(νS) dHn−1

and the conclusion follows. �

4. A more general formula for SMC

In this section we prove the generalization of formula (1.2). First of all, let us introduce

the class O and O′C .

Definition 4.1. Let O be the class of Borel sets E of Rn such that:

(a) ∂E is a countably Hn−1-rectifiable bounded set;
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(b) there exist γ > 0 and a probability measure η in Rn absolutely continuous with respect

to Hn−1 such that η(Br(x)) ≥ γrn−1 for all x ∈ ∂E and for all r ∈ (0, 1).

Moreover, let O′C be the class of Borel sets E of Rn such that:

(a’) ∂E is a countably Hn−1-rectifiable bounded set and

MC(∂E) =

∫
∂E
φC(ν∂E) dHn−1;

(b’) there exist γ > 0 and a probability measure η in Rn such that η(Br(x)) ≥ γrn−1, for

all x ∈ ∂E and for all r ∈ (0, 1).

Remark 4.2. We point out that condition (b’), and therefore also condition (b), implies,

since Theorem 2.1, that Hn−1(∂E) is finite; in particular, any set in O or O′C has finite

perimeter.

Now we are ready to state the main result of this section.

Theorem 4.3. The class O and the class O′C are stable under finite unions, and for any

E ∈ O (or O′C) it holds

SMC(E) =

∫
FE

hC(νE) dHn−1 + 2

∫
∂2E

φC(νE) dHn−1. (4.1)

Remark 4.4. We notice that If E ∈ O (or E ∈ O′C) is such that SM(E) = P(E), then by

(1.2) it follows Hn−1(E0 ∩ ∂E) = 0, and so Hn−1(∂2E) = 0. As a consequence, from (4.1)

we get

SMC(E) =

∫
FE

hC(νE) dHn−1,

in accordance with Theorem 3.2. Moreover, if

SM(E) + SM(Ec)

2
= P(E),

then by (1.2) it follows Hn−1(E0 ∩ ∂E) + Hn−1(E1 ∩ ∂E) = 0, and so Hn−1(∂2E) =

Hn−1(∂2Ec) = 0. In this case, again as a consequence of (4.1), we get

SMC(E) + SMC(Ec)

2
=

1

2

(∫
FE

hC(νE) dHn−1 +

∫
FEc

hC(νEc) dHn−1

)
=

∫
FE

hC(νE) + hC(−νE)

2
dHn−1,

in accordance with Theorem 3.7 in [4].

We are now going to prove Theorem 4.3 by proceeding along the same arguments of the

proof of Theorem 3.1 in [11]: for the convenience of the reader we will give complete proofs

also for the series of auxiliary lemmas that we needed. First of all, it is easy to observe that

E ∩W ∈ O for any E ∈ O and any closed W ⊂ Rn; the following lemma implies that the

same holds for the class O′C as well.
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Lemma 4.5. If S ⊂ Rn is a countably Hn−1-rectifiable compact set such that

MC(S) =

∫
S
φC(νS) dHn−1,

then

MC(S ∩W ) =

∫
S∩W

φC(νS) dHn−1,

for all W ⊂ Rn closed.

Proof. Being S ∩W countably Hn−1-rectifiable and compact, by (3.2) we know that

M∗C(S ∩W ) ≥
∫
S∩W

φC(νS) dHn−1.

Let us show that the opposite inequality holds for M∗C(S ∩ W ). Consider the sequence

{Wh}h∈N of closed sets Wh := {x ∈W c : d(x,W ) ≥ b/h}, which implies that(
x+

1

h
C

)
∩W = ∅

for any x ∈W c, since

x+
1

h
C ⊆ Bb/h(x).

Note that Wh ↗W c as h goes to infinity. Let us observe that

S + εC ⊇ ((S ∩W ) + εC) ∪ ((S ∩Wh) + εC),

and

((S ∩W ) + εC) ∩ ((S ∩Wh) + εC) = ∅

for all ε sufficiently small. Hence, for all h ∈ N

M∗C(S ∩W ) ≤M∗C(S)−M∗C(S ∩Wh) ≤
∫
S
φC(νS) dHn−1 −

∫
S∩Wh

φC(νS) dHn−1

By taking now the limit for h which goes to infinity, we get

M∗C(S ∩W ) ≤
∫
S∩W

φC(νS) dHn−1

and so the assertion. �

By observing that for each G ⊂ Rn Borel set and for each r, ρ > 0 it holds

|(∂G+ rC) ∩G ∩Bρ(x)| ⊂ |(∂G+ rbB1(0)) ∩G ∩Bρ(x)|,

the following assertion is a direct application of Lemma 2 in [1].

Lemma 4.6. Let G ⊂ Rn be a Borel set and assume that there exist γ > 0 and a probability

measure η on Rn such that η(Br(x)) ≥ γrn−1 for all x ∈ ∂G and for all r ∈ (0, 1). Then

lim sup
ε→0

|(∂G+ εC) ∩G ∩Bρ(x)|
ε

= o(ρn−1)

for Hn−1-a.e. x ∈ G0 ∩ ∂G.
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For each A Borel subset of Rn let SM∗C(E;A) and SM∗C(E;A) be given by

SM∗C(E;A) := lim inf
ε→0

|((E + εC) \ E) ∩A|
ε

, SM∗C(E;A) := lim sup
ε→0

|((E + εC) \ E) ∩A|
ε

.

We also let SM∗C(E) := SM∗C(E;Rn) and SM∗C(E) := SM∗C(E;Rn).

Lemma 4.7. For any E ∈ O (or O′C) it holds

SM∗C(E;Bρ(x)) = o(ρn−1), for Hn−1-a.e. x ∈ E1 ∩ ∂E, (4.2)

SM∗C(E;Bρ(x)) ≥
∫
FE∩intBρ(x)

hC(νE) dHn−1, for Hn−1-a.e. x ∈ E1/2, (4.3)

SM∗C(E;Bρ(x)) ≥ 2

∫
∂2E∩intBρ(x)

φC(νE) dHn−1 + o(ρn−1), for Hn−1-a.e. x ∈ ∂2E. (4.4)

Proof. Equality (4.2) follows directly from Lemma 4.6 with the choice G := Ec, and taking

into account that

|∂E + εC| = |(E + εC) \ E|+ |(Ec + εC) \ Ec|. (4.5)

Equality (4.3) can be found in [4]. It remains to prove (4.4). Since 0 ∈ intC, for any closed

set W ⊂⊂ Bρ(x) there exists ε̃ > 0 such that W + εC ⊂ Bρ(x), ∀ε < ε̃. So, noticing that

∂E ∩W satisfies the assumption of Theorem 3.4 if E ∈ O (or (a’) in the definition of the

class O′C if E ∈ O′C), we get that

2

∫
∂E∩W

φC(νE) dHn−1 = lim inf
ε→0

|(∂E ∩W ) + εC|
ε

≤ lim inf
ε→0

|(∂E + εC) ∩ (W + εC)|
ε

≤ lim inf
ε→0

|(∂E + εC) ∩Bρ(x)|
ε

.

Let {Wk}k∈N be an increasing sequence of closed sets with Wk ⊂⊂ Bρ(x) and such that

Wk ↗ intBρ(x). By taking the limit as k tends to ∞, we obtain that

lim inf
ε→0

|(∂E + εC) ∩Bρ(x)|
ε

≥ 2 lim
k→∞

∫
∂E∩Wk

φC(νE) dHn−1 = 2

∫
∂E∩intBρ(x)

φC(νE) dHn−1.

(4.6)

Finally, we have that

SM∗C(E;Bρ(x)) = lim inf
ε→0

|(∂E + εC) ∩Bρ(x)| − |(∂E + εC) ∩ E ∩Bρ(x)|
ε

≥ lim inf
ε→0

|(∂E + εC) ∩Bρ(x)|
ε

− lim sup
ε→0

|(∂E + εC) ∩ E ∩Bρ(x)|
ε

.

Thus (4.4) follows from (4.6), Lemma 4.6, and by taking into account that Hn−1(∂E ∩E0) =

Hn−1(∂2E). �
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Now we are ready to prove the main result of this section.

Proof of Theorem 4.3. Let E ∈ O (or E ∈ O′C). Let us show that the following lower

bound for SM∗C(E) holds:

SM∗C(E) ≥
∫
FE

hC(νE) dHn−1 + 2

∫
∂2E

φC(νE) dHn−1. (4.7)

Let µ be the measure in Rn so defined

µ(A) :=

∫
FE∩A

hC(νE) dHn−1 + 2

∫
∂2E∩A

φC(νE) dHn−1, A ⊂ Rn Borel.

By rectifiability we can say that

lim
ρ→0

Hn−1(∂E ∩ E0 ∩Bρ(x))

ρn−1
= ωn−1, for Hn−1-a.e. x ∈ ∂E ∩ E0,

and 0 for Hn−1-a.e. x ∈ (∂E ∩ E0)c; the same conclusions hold for the quantities

Hn−1(∂E ∩ E1 ∩Bρ(x))

ρn−1
,
Hn−1(FE ∩Bρ(x))

ρn−1
.

Taking into account all those informations and using Lemma 4.7 we get that, for any ε > 0

and for Hn−1-a.e.x ∈ ∂E,

lim inf
ρ→0

SM∗C(E;Bρ(x)) + εHn−1(E1 ∩ ∂E ∩Bρ(x))

µ(intBρ(x))
≥ 1. (4.8)

(Note that the term εHn−1(E1 ∩ ∂E ∩ Bρ(x)) in the above fraction is to avoid an indeter-

mination of type 0/0 at points x ∈ E1 ∩ ∂E.) Since the family of closed balls Bρ(x) with

µ(∂Bρ(x)) = 0 is a fine cover of ∂E, by Vitali-Besicovitch covering Theorem 2.5 for any δ > 0

there exist finitely many disjoint closed balls W1, . . . ,WN with µ(∂Wi) = 0 such that

µ

(
∂E \

N⋃
i=1

Wi

)
< δ.

The balls Wi can be chosen with centers in ∂E and such that

SM∗C(E;Wi) + εHn−1(E1 ∩ ∂E ∩Wi)
(4.8)

≥ (1− δ)µ(Wi), i = 1, . . . , N.
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Then, the following chain of inequalities holds:

SM∗C(E) + εHn−1(E1 ∩ ∂E)

≥ SM∗C
(
E;

N⋃
i=1

Wi

)
+ εHn−1

(
E1 ∩ ∂E ∩

N⋃
i=1

Wi

)

≥
N∑
i=1

(SM∗C(E;Wi) + εHn−1(E1 ∩ ∂E ∩Wi))

≥ (1− δ)
N∑
i=1

µ(Wi)

= (1− δ)
(
µ(Rn)− µ

(
Rn \

N⋃
i=1

Wi

))
≥ (1− δ)

(∫
FE

hC(νE) dHn−1 + 2

∫
∂2E

φC(νE) dHn−1 − δ
)
.

By taking now the limit as δ → 0, and then as ε→ 0, we obtain the inequality (4.7).

Observing now that Ec belongs to O (resp. O′C) too, we can also claim that

SM∗C(Ec) ≥
∫
FEc

hC(νEc) dHn−1 +

∫
∂2Ec

φC(νEc) dHn−1. (4.9)

Let us now define, for any ε > 0,

aε :=
|(E + εC) \ E|

ε
, bε :=

|(Ec + εC) \ Ec|
ε

.

Observe that by taking into account (2.6) for Hn−1-a.e. x ∈ ∂E \ FE

∫
∂E\FE

φC(νE) dHn−1 =

∫
∂2E

φC(νE) dHn−1 +

∫
∂2Ec

φC(νEc) dHn−1. (4.10)

Moreover, it holds

lim inf
ε→0

aε = SM∗C(E)
(4.7)

≥
∫
FE

hC(νE) dHn−1 + 2

∫
∂2E

φC(νE) dHn−1 =: a,

and, using also (2.5) and (2.7),

lim inf
ε→0

bε = SM∗C(Ec)
(4.9)

≥
∫
FE

hC(−νE) dHn−1 + 2

∫
∂2Ec

φC(νEc) dHn−1 =: b.
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By (4.5) and by (3.1) if E ∈ O (resp. by (a’) in the definition of the class O′C if E ∈ O′C) it

follows that

lim sup
ε→0

(aε + bε)

= lim sup
ε→0

|∂E + εC|
ε

= 2MC(∂E)

= 2

∫
∂E
φC(ν∂E) dHn−1

= 2

∫
∂E∩FE

φC(νE) dHn−1 + 2

∫
∂E\FE

φC(νE) dHn−1

(4.10)
=

∫
FE

(hC(νE) + hC(−νE)) dHn−1 + 2

∫
∂2E

φC(νE) dHn−1 + 2

∫
∂2Ec

φC(νEc) dHn−1

= a+ b.

Since

lim sup
ε→0

(aε + bε) ≤ a+ b, lim inf
ε→0

aε ≥ a ∈ R, lim inf
ε→0

bε ≥ b ∈ R

implies

lim
ε→0

aε = a, lim
ε→0

bε = b,

equation (4.1) follows.

In order to conclude the proof it remains to show that the class O′C is stable under finite

unions, since the stability of the class O under finite unions has been already proved in [11].

Let E1, E2 ∈ O′C and let E := E1 ∪ E2. Being ∂E ⊆ ∂E1 ∪ ∂E2, it is clear that ∂E is a

countably Hn−1-rectifiable bounded set, and that (b’) in the definition of the class O′C is

fulfilled. We know that, from (3.2),

M∗C(∂E) ≥
∫
∂E
φC(νE) dHn−1. (4.11)

Next, we have to prove that

M∗C(∂E) ≤
∫
∂E
φC(νE) dHn−1. (4.12)

We first localize the lower and upper anisotropic Minkowski content: if S is compact and

Hn−1-rectifiable, A ⊂ Rn is closed and B ⊂ Rn is open, let

M∗C(S;A) := lim sup
ε→0

|(S + εC) ∩A|
2ε

, M∗C(S;B) := lim inf
ε→0

|(S + εC) ∩B|
2ε

.

Of course, we haveM∗C(S;Rn) =M∗C(S) andM∗C(S;Rn) =M∗C(S); furthermore, following

the same proof of (3.2), we can realize that for any B ⊂ Rn open it holds

M∗C(S;B) ≥
∫
S∩B

φC(νS) dHn−1. (4.13)
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By observing that

χ∂E+εC + χ
(∂E1∩∂E2)+εC ≤ χ∂E1+εC + χ∂E2+εC ,

we get, for any x ∈ Rn and for H1-a.e. ρ > 0, using also (4.13),

M∗C(∂E;Bρ(x))

≤
∫
∂E1∩Bρ(x)

φC(νE1) dHn−1 +

∫
∂E2∩Bρ(x)

φC(νE2) dHn−1

−
∫
∂E1∩∂E2∩intBρ(x)

φC(νE1∩E2) dHn−1

=

∫
(∂E1∪∂E2)∩Bρ(x)

φC(νE1∪E2) dHn−1 +

∫
∂E1∩∂E2∩Bρ(x)

φC(νE1∩E2) dHn−1

and thus

M∗C(∂E;Bρ(x)) ≤
∫
∂E∩Bρ(x)

φC(νE) dHn−1

+

∫
(∂E1∪∂E2)∩(∂E)c∩Bρ(x)

φC(νE) dHn−1

+

∫
∂E1∩∂E2∩∂Bρ(x)

φC(νE1∩E2) dHn−1. (4.14)

We notice now that, for Hn−1-a.e. x ∈ ∂E,∫
(∂E1∪∂E2)∩(∂E)c∩Bρ(x)

φC(νE1∪E2) dHn−1 = o(ρn−1)

since we can apply (2.1) to the Radon measure η given by

η(D) :=

∫
(∂E1∪∂E2)∩(∂E)c∩D

φC(νE1∪E2) dHn−1, D Borel in Rn.

Moreover, observe that Hn−1(∂E1 ∩ ∂E2 ∩ ∂Bρ(x)) = 0 for H1-a.e. ρ > 0. Indeed, by contra-

diction if for any ρ ∈ A with L1(A) > 0 we had Hn−1(∂E1 ∩ ∂E2 ∩ ∂Bρ(x)) > 0, by coarea

formula

Ln(∂E1 ∩ ∂E2) =

∫ +∞

0
Hn−1(∂E1 ∩ ∂E2 ∩ ∂Bρ(x)) dρ ≥

∫
A
Hn−1(∂E1 ∩ ∂E2 ∩ ∂Bρ(x)) dρ

and therefeore Ln(∂E1 ∩ ∂E2) > 0 which implies that Hn−1(∂E1 ∩ ∂E2) = +∞, which is a

contradiction (see Remark (4.2)). Thus,∫
∂E1∩∂E2∩∂Bρ(x)

φC(νE1∩E2) dHn−1 = 0, H1-a.e. ρ > 0.

from which we obtain, by (4.14), the key estimate

M∗C(∂E;Bρ(x)) ≤
∫
∂E∩Bρ(x)

φC(νE) dHn−1 + o(ρn−1), for Hn−1-a.e.x ∈ ∂E. (4.15)
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Now the assertion follows applying Theorem 2.5. For any D ⊂ Rn Borel, let

σ(D) :=

∫
∂E∩D

φC(νE) dHn−1.

As a consequence of (4.15) and (2.2) we may claim that

lim sup
ρ→0

M∗C(∂E;Bρ(x))

σ(Bρ(x))
≤ 1, for Hn−1-a.e.x ∈ ∂E.

Since ∂E is bounded, for any δ > 0 there exists a finite covering B1, . . . , BN of ∂E, being Bi

disjoint closed balls in Rn with

σ

(
∂E \

N⋃
i=1

Bi

)
< δ;

notice that the balls Bi can be assumed to have centers in ∂E, and such that σ(∂Bi) = 0,

and
M∗C(∂E;Bi)

σ(Bi)
≤ 1 + δ.

Finally, let B := Rn \
⋃N
i=1 intBi. Notice that M∗C(∂E;B) = 0 and thus

M∗C(∂E) ≤M∗C(∂E,B) +M∗C
(
∂E,

N⋃
i=1

Bi

)

≤
N∑
i=1

M∗C(∂E,Bi)

≤ (1 + δ)
N∑
i=1

σ(Bi)

= (1 + δ)σ

( N⋃
i=1

Bi

)
≤ (1 + δ)

∫
∂E
φC(νE) dHn−1.

Inequality (4.12) follows sending δ → 0, and this completes the proof.

Acknowledgments

The authors wish to thank Luigi Ambrosio (SNS, Pisa) for useful discussions and sugges-

tions on this subject.

References

[1] L.Ambrosio, A.Colesanti and E.Villa, Outer Minkowski content for some classes of closed sets and ap-

plications to stochastic geometry, Math.Ann. 342 (4) (2008), 727–748.

[2] L.Ambrosio, N. Fusco and D.Pallara, Functions of Bounded Variation and Free Discontinuity Problems,

Oxford Science Publications, 2000.

[3] A.Chambolle, A.Giacomini and L. Lussardi, Continuous limits of discrete perimeters, M2AN

Math.Model. Numer.Anal. 44 (2) (2010), 207–230.



GENERAL FORMULA ANISOTROPIC OUTER MINKOWSKI CONTENT 19

[4] A.Chambolle, S. Lisini and L. Lussardi, A remark on the anisotropic outer Minkowski content,

Adv.Calc. Var. 7 (2) (2014), 241–266.

[5] H. Federer, Curvature Measures, Trans. Amer. Math. Soc. 93 (1959), 418–491.

[6] H. Federer, Geometric Measure Theory, Springer-Verlag New York Inc., New York, 1969.

[7] D.Hug, G. Last and W.Weil, A local Steiner-type formula for general closed sets and applications, Math.

Z. 246 (2004), 237–272.

[8] D.Hug, G. Last and W.Weil, Polynomial parallel volume, convexity and contact distributions of random

sets, Probab. Theory Relat. Fields, 135 (2006) 169–200.

[9] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Encyclopedia of Mathematics and its Ap-

plications 44, Cambridge University Press, 1993.

[10] L. Simon, Lectures on Geometric Measure Theory, Proc. Center Math.Anal. Australian National

Univ., 1983.

[11] E.Villa, On the outer Minkowski content of sets, Ann.Mat. Pura Appl. 188 (4) (2009), 619-630.

(Luca Lussardi) Dipartimento di Matematica e Fisica “N. Tartaglia”, Università Cattolica del
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