STABILITY OF POLYA-SZEGO INEQUALITY
FOR LOG-CONCAVE FUNCTIONS
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Abstract. A quantitative version of Pdlya-Szegé inequality is proven for
log-concave functions in the case of Steiner and Schwarz rearrangements.

1. INTRODUCTION

The Poélya-Szegd principle states that, given a non-negative function w : R®™ — R, the Dirichlet
integral [, |Vul[P decreases under suitable rearrangements, the two most common of which
are the Schwarz spherical symmetrization about a point and Steiner symmetrization about a
hyperplane. Their corresponding Pélya-Szegd inequalities are a powerful tool to approach a
wide number of variational problems of geometric and functional nature.

Although the Pdlya-Szeg6 inequality is known from long time, the issue of characterizing the
extremals has been studied only more recently. In particular the first characterization of equality
cases in the Pdlya-Szegd inequality for spherical rearrangements has been provided by Brothers
and Ziemer in [7] (see also [15] for an alternative proof). Instead, for Steiner symmetrization
the characterization has been obtained in [13]. Both these results have been extended to the
intermediate codimensions in [9].

When compared with these results, the natural issue of proving quantitative versions of the
Pélya-Szeg6 inequality is a much more delicate task. The reason is that, even when the Dirichlet
integral of a function u and of its symmetral coincide, u can be very different from its symmetral.
In the case of Schwarz symmetrization this phenomenon may appear when the gradient of u is
zero on sets of positive measure. Similarly, in the case of Steiner symmetrization the phenomenon
could appear as soon as the derivative of u in the direction orthogonal to the symmetrization
hyperplane is zero on sets of positive measure. Therefore any stability result for the Pélya-Szeg6
inequality must require a control of the measure of the set where the gradient or some of the
derivatives are small (see [13, 11] and the examples therein).

In this paper we deal with the stability of the Pélya-Szegd inequality for the symmetrization
of functions having at least a mild form of concavity that is a natural geometric compromise
to avoid the phenomena described above. At the same time the class of functions to which
our stability results apply is large enough to include the solutions of the torsion problem and
the first eigenfunction of the Laplacian operator with Dirichlet boundary conditions in smooth
convex domains (see [5, 21, 20]).

To describe our main results let us recall the definition of Steiner symmetrization for a mea-
surable function u : R™ — [0, 00) with compact support. For simplicity we write a point = € R”
as (¢/,z,) € R"! x R. The Steiner symmetral u® of u with respect to the hyperplane {z,, = 0}
is defined as

u¥(z) :==1nf {t > 0: L'({s : u(@/,s) > t}) < 2|z,[}
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for any x € R™. If the function u belongs to W1P(R"), then also u® belongs to the same space
and the Pdlya-Szeg6 inequality states that

/ \Vu]pdmZ/ |Vu®|P da.
Rn Rn

Au,u®) ::/ |Vul|P dx —/ |Vu®|P dx
R" R

the gap between the two sides of the Pdélya-Szeg6 inequality. Our main result shows that for a
log-concave function u this gap controls the L' distance between u® and (a suitable translation
of) u. Here and throughout the paper, given a function u : D — R, it will always be understood
that the function is extended to the whole R™ by setting u(z) = 0 outside D. We recall that for
a bounded open convex set D C R" the outer radius is the radius of the smallest ball containing
D while the inner radius is the radius of the largest ball contained in D.

Let us denote by

Theorem 1.1. Let D C R" be a bounded open convex set and let u € Wol’p(D) be a non-negative
and log-concave function. Assume that the subgraph of u is star-shaped with respect to a ball of
radius m. Then

Mn+2 n 4 S e S 1 -
¢tk (D) V(|3 Alu,u®)2 if 1 <p <2
inf / lu(x’, 2 + h) — u®(z)| dx <
heR Jrn Mn+2 1 1 .
(D) A ) #n>2,

(1.1)

where ¢ = c¢(n,p) and M is the mazimum between ||u||r~ and the outer radius of D.

Recall that, given C' C E C R", the set F is said to be star-shaped with respect to C' if for
any x € E and y € C the segment joining x and y is contained in E. The star-shapedness
condition on the subgraph ensures that the function u is not too flat near the boundary of D.
This condition is automatically satisfied when |Vu| is bounded from below in a neighborhood
of 0D by some positive constant, as proved in Theorem 4.1. For instance, this happens when u
is the first eigenfunction of the Laplacian in a smooth convex domain. It can be shown that if
the subgraph of u is star-shaped with respect to a ball of radius m then also the subgraph of u*
is star-shaped with respect to a ball of the same radius (see the proof of Theorem 1.3).

Note that estimate (1.1) is scaling invariant in the sense that it does not change by replacing
u with the function Au(x/X). Note also that the exponent 1/2 of the gap in the case p < 2 is
optimal as shown by a simple one dimensional example (see Example 3.3). We conjecture that
also in the case p > 2 the optimal exponent should be 1/2.

It should be interesting, when u is the first eigenfunction of the Laplacian in a smooth convex
domain D, to have a quantitative Faber-Krahn type inequality under Steiner symmetrization,
i.e., to control through the gap A(u,u®) the symmetric difference between D and its Steiner
symmetral D®. We refer to the recent work [6] for a sharp quantitative version of the Faber-
Krahn principle.

In the case u is concave or, more generally, a-concave the previous theorem can be further
improved. Recall that a positive function w is called a-concave, for a given « € (0,1], if @ := u®
is concave.

Theorem 1.2. Let D C R" be a bounded open convex set and let u € Wol’p(D) be a non-negative
and a-concave function, o € (0,1]. Then inequality (1.1) holds with ¢ = c¢(n,p, ) and the ratio
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M2 /Y replaced by M2 /||i|| 1, where M is the mazimum between ||i||z~ and the outer
radius of D.

This theorem applies to the solutions of the torsional rigidity problem in smooth convex domains
which are known to be 1/2-concave. Note also that in the theorem no assumption is made on
the star-shapedness of the subgraph of wu.

An interesting features of the estimate (1.1) is that it retains the same structure when iterated
along different directions. This allows us to prove a similar estimate for the Schwarz rearrange-
ment of log-concave and a-concave functions. To this aim, we recall that, given a measurable
function u : R™ — [0, 00) with compact support, the Schwarz symmetral v* of u with respect to
the origin is defined as

u () :=inf {t >0: L"{y : u(y) >t}) <wyl|z|"},

where w,, is the measure of the unit ball in R™. We denote by

Au,u®) ::/ ]Vu\pdx—/ |Vu*|P de
R™ R™

the gap between the two sides of the Pélya-Szegd inequality in the case of Schwarz rearrangement.

Theorem 1.3. Let D C R" be a bounded open convex set and let u € Wol’p(D) be a non-negative
and log-concave function. Assume that the subgraph of u is star-shaped with respect to a ball of
radius m. Then

M2 Lo e 252 ol
e LMD IVl s Alw,u’)2 fl<p<2;
inf / lu(z + h) —u*(x)|de < (1.2)
heR™ n Mn+2 1 ! '
€T L"(D)? A(u,u™)? ifp>2,

where ¢ = ¢(n,p) and M is as in Theorem 1.1.

The counterpart of the above theorem in the a-concave case has a similar statement, with the
only difference that ¢ = ¢(n, p, @) and the ratio M™+2 /m™+! has to be replaced by M"™+2/||a| 1.

In the last section of the paper we prove similar stability results for quasiconcave functions,
i.e., functions having convex level sets. In order to extend the estimate (1.1) to this more general
setting, we have not only to prevent u from having a plateau but also to control in a quantitative
way how flat is the subgraph, i.e., how much Vu is far from being null. From this point of view,
a reasonable condition is to require that |Vu| is bounded from below by some positive constant.
The precise statement is given in Theorem 4.1.

2. PRELIMINARY RESULTS

We start by recalling some definitions and basic results that will be instrumental in the proof
of the quantitative estimate (1.1). In the following, a point = € R", when n > 2, will be usually
labeled by (2/,,), where 2’ = (z1,...,7,1) € R* ! and z,, € R; similarly, when ¢ € R**!
we shall write it as (2/,2,,t). To emphasize the different roles of the variables z, and t we
shall also write R = R*~! x R x R; with the obvious meaning. Consistently, we shall denote
by Vu = (Vru, 0y, u) the gradient of a function u depending on the variables (z/,x,) and by
Vf = (Vf,0:f) the gradient of a function f depending on (z',t). A vector v € R"*! will be
also written as (v, vy, , 1) € R™ = R"™1 x R x R;. Finally, for any integer k > 1, £* stands
for the outer Lebesgue measure in R¥, while #* stands for the k-dimensional Hausdorff measure.
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Given any measurable set E C R"*!, for every (2/,t) € R"~! x R; we set
1
Eppi={z, €R: (2 2,,t) € E} and I(2/,t) = 551(Em/,t)- (2.1)
Then, we define the Steiner symmetral E* of E about the hyperplane {z, = 0} as
ES = {2, xp,t) e R"I X R X Ry : |zn] < 1(z',1)}.
We define also the barycenter of the slice E,/; as
1

b(a! t) = { 2U(a',1)
0 otherwise.

/ Ty dr, if0<I(2/,t) < oo and |z,| € LY (Ey,);
By, (2.2)

Finally, if E' is a measurable set in R”, its Steiner symmetral about the hyperplane {x,, = 0} is
defined similarly, after replacing (2.1) by parallel definitions of E,s and I(z').

If E ¢ R™! is a measurable set and U is an open set in R™!, the perimeter of E in
U will be denoted by P(E;U), while P(E) will be a short-hand notation for P(FE;R"*1). If
E has finite perimeter we denote by 9*F its reduced boundary and by v¥ the (generalized)
imner normal. For the precise definitions of these quantities and the main properties of sets
of finite perimeter we refer to [1, Chapter 3]. Let Q be an open set in R"™! x R;. Here
and in the following we will denote, with a slight abuse of notation, by € x R the cylinder
{(@,2p,t) ER"IXR xRy : (2/,t) € Q). If E C R*! is a set of finite perimeter, we say that
FE does not have plateaus in the direction x,, inside the cylinder  x R if

H'({£ € 0*E : vl (§) =0} N (2 x R)) = 0. (2.3)
We say that E has the segment property in the direction z,, inside Q x R if for a.e. (2/,t) € Q
E, 4 is L'-equivalent to a segment. (2.4)

The following result, which is contained in [10, Proposition 1.2] and [2, Theorem 4.3], relates
the segment property and the absence of plateaus to the regularity properties of the functions [

and b.

Theorem 2.1. Let Q C R" ! xR; be an open set and let E C R™! be a set of finite perimeter in
QxR such that LT (EN(QxR)) < oo. If E satisfies (2.3), then | € WHH(Q) and [|V1]|11(q) <
P(E;Q x R)/2. Conversely, if | € WH1(Q) then the Steiner symmetral ES of E satisfies (2.3).
Moreover, if E has also the segment property (2.4) and if the Lebesgue representative I* of 1 is
strictly positive H" -a.e. in Q, then b € W1 () and Vbl 1) < P(E;Q x R)/2.

loc

Note that if £ is bounded then also b is bounded, hence b € Wh1(Q).
Let u : R — [0,00) be a measurable function such that for a.e. 2/ € R~

Lu(2' t) = %El ({#n € R : u(a’,z,) > t}) < oo for all ¢ > 0.
Then, the Steiner rearrangement of u with respect to the hyperplane {z;,, = 0} is the function
u® : R™ — [0,00) defined for any (2/,x,) € R" by
u®(z) :=1inf {t > 0: l,(a',t) < |zn|} .
Note that if we denote by E, the subgraph of u, i.e.,
E,={(z,t) e R" xRy : 0 <t <u(x)},
we have 1, (2/,t) = LY((Ey)w 4)/2 for all (z/,t) € R"! x Ry.
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FIGURE 1. In dark grey €, and in grey the hyperplane {z, = 0}.

Lemma 2.2. Let D C R™ be a bounded open set and let uw : D — [0,00) be a continuous function.
Then

(EU)S = Eys.
Proof. Being D bounded, [, is finite everywhere in R"~! x (0,00). By freezing the variable a2/,
we reduce to the case n = 1. First of all we prove that
At):=LY{y €R: u’(y) > t}) = 20,(t) for any t > 0. (2.5)

Indeed, given y € R, if t < u®(y) = inf{s > 0 : [,(s) < |y|} then |y| < 1,(t) and so A(t) < 2[,(t).
On the other hand, by the continuity of u, for any ¢ > 0

wW(ly(t+e)) =inf{s >0: l,(s) <l,(t+e)} =t +e>t.
Since u®(] - |) is non-increasing, {y > 0 : u®*(y) >t} D (0,1,(t +¢)) and so
At) > 2, (t+e) =2l,(t) — L'y eR: t+e > uly) >t}).

For ¢ — 07 we have A(t) > 21,(t).

Now, (z,t) € Eys means that ¢ < inf{s > 0: [,(s) < |z|}, and this implies |z| < [,(t),
ie., (z,t) € (E,)®. On the other hand, (x,t) € (E,)® means that |z| < [,(t), and this implies
lu(s) < 1,(t) for all s > 0 such that l,,(s) < |z|. Since [, is non-increasing, ¢t < s and so t < u®(x).
We use (2.5) to prove that ¢ # u®(x). In fact, if ¢ = u*(z) we have the contradiction

At) =L {y e R: w’(y) > w’(2)}) < L{y €R: Jy| < |z]}) = 2lz| < 2L(D).

We shall denote by €, the projection of E, on R"~! x R; (see Figure 1):
Qu:={(,t) eR" ' xRy : 0 <t <u(2,z,) for some x, € R}.

Note that €, = s up to a set of zero H" measure, and that €2, is open if u is continuous.
Finally, we shall denote by b, : €, — R the function giving the barycenter of the sections of F,
defined as in (2.2).
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In what follows the function u will always be fixed. Therefore, when no confusion arises we
shall often write E, €, [ and b in place of E,, €, [, and b,. Note that if u € Wol’p(D) for
some p > 1, then its extension to R™ (obtained setting u = 0 outside D, and still denoted by w)
belongs to W1P(R™) and thus also u® € W1P(R"™). Moreover, using the WP continuity of the

Steiner rearrangement (see [8]) it turns out that u®|ps € Wol’p(DS).

Our strategy to prove Theorem 1.1 is based on a “change of perspective”. Using the segment
property we are going to look at F, as a domain bounded by the graphs of the functions b, — [,
and b, + [,,. This will allow us to rewrite the integral f |[VulP in terms of [, and b,,. To this aim
we need the following result on the representation of the normals to a subgraph (see [18, Part I,
Ch.4, Sect. 1.5, Theorems 4 and 5)).

Theorem 2.3. Let D C R" be an open set and u € T/Vl}ml(D) a non-negative function. Then E,
has locally finite perimeter in D x R and for H"-a.e. £ € 0*E, N (D x (0,00))

Buley Vu -1
v (5)_<\/1+|Vu|2’\/1+|vu|2>' (2.6)

The next lemma is based on the representation formula (2.6).

Lemma 2.4. Let D C R" be a bounded open set, u € WHP(D), p > 1, be a non-negative and
continuous function whose subgraph E.,, satisfies (2.3) and (2.4). Then

Oby + Ol <0 and Oiby, — Oly >0 a.e. in €, (2.7)

and

(14 [Vobu + Vlu)E / (1+ [Voby — Gl)}
Py = o' dt dd'dt. (2.8
/D\Vu] v /u |Otby, 4 Oyl [P1 v u |0tby — Oply[P~1 v (28)

Proof. We shall drop the subscript in E, and in all the other quantities involving u. Note that
by Theorem 2.1 both [ and b belong to WH'(Q2). Since E has the segment property in the
direction z,,, we have £ = E* N E~, where

ET = {(z,t) e R : (2/,t) € Q, mp, < b(2',t) +1(2/, )},

E7 ={(z,t) e R : (2, t) € Q, m, > b(2',t) — (2, )} .
Note that, since u is continuous,  is an open set. Since almost every point of 9* E™ lies on

the graph of both v and b + [, by applying (2.6) twice we get that for H"-a.e. & € O*E™T,
&= (2/,b(2!,t) +1(,1),1),

Vb + Vil ~1 Ob + 04l
v(§) = =, 5 §
V1I+|Vo+VI2 1+ |Vb+VI?2 /1+|Vb+ VI

(2.9)

B Veru 0z, U -1
VIVl 1+ Va2 J1+|Vu? )’

where v stands for the generalized inner normal to £ and the functions b, are evaluated at the
point (2/,t), while u is evaluated at x = (2/,b(2’,t) + 1(2',t)). The corresponding formula for a
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point £ = (2/,b(2’,t) — I(2/,t),t) € O*E~ gives for the inner normal

V() = Vil — Vb 1 Ayl — b
V14 [VI=Vb]2 \/1+[VI-V0b]2 /1+]|VI- Vb

(2.10)

B Vo Oz, U -1
VI Va2 1+ Va2 J1+|Vu? ]
Note that by comparing the last components of the vectors representing v in (2.9) and (2.10)

we deduce in particular the first and the second inequality in (2.7), respectively.
By the second equalities in (2.9) and (2.10) we have, using the area formula,

[Vul? /
VulP dx = / AN =
/D [Vul 8 BEN(Dx(0,00)) /1 + [Vul? 9 En(Dx (0,00)) |VeP™!

Setting A := {(z,t) € R*"!: (2/,t) € Q} and splitting the last integral over the boundaries of
E* and E~, by the first equalities in (2.9) and (2.10), we get

/ |Vu|pd:c:/ val? d?—["+/ Vel”_ jagn
D Anog+ v [Pt Anor - |velP~1

_ / (1+ Vb + Vl?)® 1 i
Arorp+ O+ O /T [V + V2
N / (1+ |Varb — Vil [?) % 1 g
Arorp- |0 = OdIPt /T [Vb — VI]?

(1+ Vb + Vl?)E /<1+|vx/b—vx/u2>‘5 :
= dx'dt dx'dt.
A \Btb + atl‘p_l v * QO latb — 8tl’p_1 *

O

S

Remark 2.5. If u satisfies the assumptions of Lemma 2.4, using the equality (E,)° = Fys
stated in Lemma 2.2 and applying Theorem 2.1, we get that also E,s satisfies condition (2.3).
On the other hand, Fys trivially satisfies the segment property (2.4), therefore (2.8) holds also

for «® and becomes
D
2

1 1y|?
/ |Vu'|P dx = 2/ M da'dt .
Ds o  |0duP?

Concave functions, and more generally log-concave and the a-concave functions, satisfy con-
dition (2.3), as shown in the next two lemmas. Therefore, we may apply to these functions the
results of Lemma 2.4.

Lemma 2.6. Let D C R"™ be a bounded open convez set and u : D — (0,00) a concave function.
Then u® is concave in D* and E,, satisfies condition (2.3).

Proof. Since u is concave, E,, is convex. Therefore, since the convexity is preserved by the Steiner
symmetrization, (E,)® is convex. By the equality (E,)® = E,s proved in Lemma 2.2, it follows
that u® is concave. Moreover, since F, is convex, there exist two functions f1, fo: Q, = R, f;
concave and fy convex, such that

E, = {(x,’xnat) € Rn+1 : (:C/,t) € Q, and f2(x/’t) < ZTp < fl(x/at)}-
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From (2.9) and (2.10) we get that for H"-a.e. (2/,t) € Q,

1 1
vEe (!, fi(2 1), t) = — . vE fa(a ), 1) = :
3 (@) V14 Vi t)P 3 (@:E)1) V14V fo(a t)?

and so condition (2.3) follows. O

Next lemma deals with the case of log-concave and a-concave functions.

Lemma 2.7. Let D C R" be a bounded open convexr set and v : D — (0,00) a log-concave
function. Then u® is log-concave in D* and E, satisfies condition (2.3). Similarly, if u is
a-concave for some a € (0,1], then also u® is a-concave and E,, satisfies (2.3).

Proof. We shall only give the proof in the log-concave case, the other case being similar. Set
@ := Inwu. Observing that Inu® = (@)®, by Lemma 2.6 we can conclude that Inu® is concave in
D#. Moreover, arguing as in the proof of Lemma 2.6, setting E := {(2/, z,,t) € R"*! : (2/,z,) €
D, u(2,z,) > t}, we have that 1/5 + 0 H"-a.e. in OF, i.e., F satisfies condition (2.3). Since F =
o(E), where ¢ : R**1 — R™*1 is the map ¢(z,t) := (x, '), we get that also E satisfies (2.3). [

Once the integral [, [VulP is rewritten in terms of b and I, we will evaluate A(u,u®) only in
terms of the integral of the product of |[Vb| and a suitable weight function. In order to conclude,
we will need the following weighted Poincaré inequalities. The first one is an ad hoc extension of
[2, Corollary 5.2] and will be used in the proof of Theorem 1.2, with w = @°(-,0), where @ = u®.
The second one has been proved in [2] and will be used in the proof of Theorem 1.1 to deal with
the log-concave case.

Proposition 2.8. Let C C R" ™!, n > 2, be a bounded open conver set, let w: C — (0,00) be a
concave function, and let 0 be the subgraph of w, i.e.,

Q:={zeR":2'€C and0 <z, <w()}.

Denote by r and R the inner and the outer radius of €2, respectively. Given 3 > 0, the following
weighted Poincaré inequality holds:

/ |f(x) = flal do < cﬂ/ IV f(z)|z2dist(z, 8Q) dz  for all f € WH(Q), (2.11)
Q rJo

where f € R is a suitably defined average of f and ¢ is a constant depending only on n and .
Proof. By a density argument we may assume that f € C'. Define
U:={zeR": 2" €C and |z,| <w()}.

The set U is a convex set with outer radius smaller than 2R and inner radius larger than r. By
John’s Theorem (see [3, Ch.V, Theorem 2.4] and [19]), the maximum volume ellipsoid S included
in U is unique and the inclusions S C U C n.S hold. Note that, since U is symmetric with respect
to the hyperplane {z,, = 0}, also S has to be symmetric: if not, the Steiner symmetral of S
would be an ellipsoid different from S, but with the same volume (see [4, Lemma 2]).

Up to a translation and a rotation around the x,-axis, we may assume that S = {z € R" :
S (wi/a;)? < 1} for some ay,...,a, > 0. We have that max{a;} < 2R and min{a;} > r/n.
Let ¢ : R® — R™ be the linear transformation mapping the unit ball By on S represented by
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FIGURE 2. In grey the convex set K.
the matrix (d;ja;). Set f = fo¢, U= ¢ (U) and Q = ¢~1(Q2). The following estimates hold:

- \v4 \v4i
V@) = V(o) 1|—\/za @i () —r‘naﬁazl}z' Jw),

dist(¢(y),0) = inf \/Z aZ(yi — z)? > min{a; }dist(y, 9Q) > Zdist(y,(?f)).
2€0Q2 - n
(5)

Since det Vo = L™(S
[ 1#@) = Fiaido = afact Vo [ |7w) = Fiot du

/L™ (By) is constant, we have for any f € R

/ |V f ()22 dist(z, 0Q) dx > maﬁ det V(b/ IV f ()2 dist(y, 0) dy.
Therefore, it will be enough to show that for some f € R and some ¢ depending only on n and /3
1) = Tludy < [ 197 wluidist (0,06 dy. (212)

Note that By c U C B,,, and that in particular Q) includes the ball of radius 1 /2 centered in
7 :=(0,...,0,1/2). Let f denote the average of f on B := By/4(%). For every y € Q and z € B
we have

~ 1 ~
f(2) - fly) = / V(L= 8)y + 52) - (= — ) ds.
x5(z

Multiplying by UL ) and integrating over z

?—f() ﬁn // V(1 —s)y+sz)-(z—y)dsdz.

Passing to the absolute value, multiplying by yn, and integrating with respect to y, we get

[ 170 -Tuiar < g [ [ [ 950 = s+ 52 - ol dszay
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Setting x = (1 — s)y + sz and changing variables from z to z, we get

/Q‘f( =l dy—gn ///’ nﬂy'yﬁx (@) dsdady.

In order to estimate the integral on the right hand side we start by noticing that
|z — y| < 4(n + 1)dist(z, 9Q).
In fact, if y ¢ By/4(2), indicating by K the convex hull of By /4(z) U {y}, we have (see Figure 2)

|z — y| = 4]z — y|dist(z, OK) < 4(n + 1)dist(z, dQ)

because K C €. Conversely, if y € By/4(2), we have |z — y| < dist(, 9$)). Moreover, for x and
y fixed, the values of s for which z € B are such that

lz — ] r—(1—-s)y
S |y S

1 — 4| —

—7z| < -, and so s > Az —y| > |z y|
1+4)y—Z — 5(n+1)

Observe also that one has always vy, < 4nz,. Indeed, this is trivial if y, < z,,. On the other

hand, if x,, < y,, then x,, > 2z, > 1/4 and so y,, < n < 4dnz,.

Finally, setting A(z) == {y € Q : |z — y| < 4(n + 1)dist(z,dQ)} and interchanging the order
of integration, we have

N  FL.B (471)6 A 8 . !
Jy =Tkt < g |97 “)‘x"/Am - y‘/;m

“ 1 4n n
:c/ |V f(x / S(n + ] dydzx

4”’1’ _ ‘n 1

. 1
C/ !Vf(ﬂc)!mg/ T dydx
5 Alz) |7 —y["
. 4(n+1)dist(z,00)
:c/ ]Vf(x)]mg/ nwy, dp dx
Q 0

:c/ IV f (z)]23 dist(z, 0Q) dex,
O

-7| <

W

] dsdydzx

IN

thus proving (2.12). O
The next result has been proved in [2, Proposition 5.1].

Proposition 2.9. Let Q C R™, n > 1, be an open set, and let T,x € Q and 0 <r < R < oo be
such that B,(T) C Q C Bgr(z). Assume that ) is star-shaped with respect to B,(T). Then,

n+1
/ |f(z) = fB,@|dr < <4 > / \V f(z)|dist(xz,0Q)dz  for all f € WH1(Q),
0O 2

where fp, () denotes the average of f on B%(CE).
5

To conclude this section, we provide three simple lemmas of geometric nature.

Lemma 2.10. Let C C R™ be a bounded open convex set with outer radius R. Then its inner
radius r can be estimated by

£"(C)
- wnnanf 1
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FIGURE 3. In dark grey the ball B, (y).

Proof. Let S be the maximum ellipsoid included in C. Up to a rigid motion, we may assume
that S = {z € R" : Z?Zl(xi/li)Q < 1} with iy < ... <,. Clearly, R > I, and r > l;. By
John’s ellipsoid theorem (see [3, Ch.V, Theorem 2.4]), the inclusion C' C n.S holds and therefore
wurRYL > L7(S) > L™(C) /n". O

Lemma 2.11. Let C C R"™ be a bounded open convez set, and let B,(y) C C. Given a point
x € OC where the inner normal v is defined, and set n = (y — z)/|y — x|, we have
r

v,n) > —. 2.13

) 2 5 (2.13)
Proof. If (v,n) > 1/2, then (2.13) is trivial, since R := |y —z| > r. So, assume (v,7) < 1/2, and
consider the vector 7 obtained by normalizing (v,n)n — v. Note that |(v,n)n —v| > 1/2. Since
B,(y) is included in the half-space {z € R" : (z — x,v) > 0} (see Figure 3), one has

0<(y+rv—=z,v)=(y—zv)+r{v,v) <2R(v,n) +2r ((y,n>2 —1),

) > —R+VR?+4r2 2r
T 2r R+ VR% 4 4r2

and therefore

r
> —.
~ 2R

Lemma 2.12. Let p and n be unitary vectors in R™, and let
Fy:={2€Bg : (z,u) >0} + (0,2,) and Fy:={z€ Br : {(z,n) >0} + (0,y,)

be two half balls with centers on the x,, coordinate axis, whose intersection contains a ball of
radius . Then there exists a positive constant ¢ depending only on n and on the ratio r/R such
that

[l [ + (1) = e = 1.
Proof. The intersection L£™(F; N F3) is a continuous function of u, n, |z, — y,|, and R, and
it is null for |@, — yn| > 2R. If |up||nn| + (¢/sn) = —1, then L"(F) N Fy) = 0 (see Figure 4).
Therefore, if L*(FyNFy) > w,r™ > 0, by compactness |y, ||nn|+ (@', n') > ¢—1 for some constant
¢ =c(n,r,R) > 0. By a rescaling argument, ¢ = ¢(n,r/R). O
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FIGURE 4. The intersection of the two half balls F; and F5.

3. QUANTITATIVE ESTIMATES
The present section focuses on the proof of our main results. We start with a technical lemma.

Lemma 3.1. Consider the function f, : R"™1 x (0,00) — R defined as

fol@) = — 5. (3.1)

For a fized x, given y € R™, let ®(x,y) be the second order increment of f in the direction vy,
i.e.,

®(z,y) = fp(z +y) + f(z —y) — 2fp(2).
If lyn| < x4, then there exists a positive constant ¢ = ¢(p) such that, for 1 < p < 2 we have

1 /12 112\ =2 12 12
<I>(x,y)2c( + 22+ [y ) 2 < Y| +\y!>’ (3.2)

T+1aP " 2

while for p > 2 we have

D(oy) > ¢ L (( /P +!yn!”>_

AP\ A+ 2)E @

Proof. The proof is based on some careful estimates of a suitable expansion of ®(x,y). First,
observe that the function (s,t) € R x (0,00) — t'7P(1 + s%)P/2 is strictly convex. Hence, the
strict convexity of f, easily follows. Then, a straightforward second order expansion of ®(z,-)
yields

1
B(r.y) = p / (A=) dr,
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where
b2
(1 + |2’ + Ty’|2)
(T + TYn)P1
/ o) 1 / 112\, ,2
1)<£ﬂ + 79,9 ) yn +(p_1)( + 2"+ 71y |2)yn] >0,
Ty + TYn (Tn + TYn)

o+ 1y y)?
!y’!2+(p—2)< )

Jo (1) = O
P(T) 1—1—]35’—1—7'3/\2

_2(p —

thanks to the convexity of ®.

First case. Let us start treating the case 1 < p < 2. By means of easily verifiable computations,
we can write Jp(7) as

p—2
1+|x/+7y/|2 3 :U'+7'y',y’ :C/—i—Ty'Q

(xn + Tyn)P~1 Tn + TYn Un (2 + Tyn)?

2 / ro N2

Un /12 <$ Ty,y>
tp-1)—I 2 tp—2) I
(p )(xn Tyn)2 ( p)‘y’ (p )1 ‘x/ Ty/’2

p_72
A+l +ryP) P et A il 7 TN AW ek 1 A
20 + TYn P! |Zn + Tyn|? 1+ [z" + 7y |2
(3.3)

By Schwarz inequality

1+ |2/ + 7y/)?

Moreover, taking into account that |7| < 1, the assumption |y, | < x,, implies 0 < z,+7Yy, < 2z),.
Thus, we have

(2-p) <Iy/|2 @ty > > 0.

1+ $/2+ _ /12

2
CCn Ty

(3.4)

Finally a dichotomy argument will give us the result. Indeed, if 2|y, ||2’| > z,|y|, we can write

lynt” =@yt yn o Y Y

x2 - x2 222 8|2

Otherwise, if 2|y, ||2'| < z,|y/|, or equivalently
2(xnly'| = lynll2’]) > zaly'],

we have

lynt’ = @nt/l® +yn o @l = lnll2D® | ym S Jy
+In >
x? x? x2
Combining (3.4) and (3.5), we get (3.2).
Second case. The case p > 2 is more involved. While in the previous case we could get the result
just performing pointwise estimates, here we will need to exploit the integral form of ®(z, y)

+ (3.5)

n

We use again a dichotomy argument. Let v be sufficiently large so that (p—1) Ev 1;2 +2—p> >
note that this condition implies in particular v > 6) and suppose first that > ~l2]. Then
( p P ¥ pp Y| >

we have

@ | > el — ] ( - ;) w (3.6)



14 M. BARCHIESI, G. M. CAPRIANI, N. FUSCO, G. PISANTE

and, for 2/y <71 <3/~,

r / / R T, . .
[ynz’ — zny| > Y l|zn] = 2|y > Y| = [2| > | /’1 1/~ _ ’y/"y 1 .
| + Tyl ||+ 7[yn] L4 14+3/y 7+3
Using (3.3), (3.6) and (3.7), recalling the choice of v and that J, > 0, we estimate

1 3 - :
Bay) =p [ (1= Ir)Iy(r >d7>/2 (= lelplr)dr = 222 [ amyar

—1

2
3
¥ (142" + — 2y)?
ZC/’Y( ’ Ty‘ 1 ’ynw xny’ +yn+(2_p)‘yl’2 dr
3 (wn+7ynp (Tn + TYn)?
3 pP—2
S+ P)T ((7 D y > 2
>c ——|(p-1) | —% L )+2-p dr
J e om0 (Gt ) + oo

p—2
WHDT (1 ) 5 ecde (o
>c yIP+ =) >c y'|P + )
o (WP ) zen (W

On the other side, when |y/| < ~v|2/| and |7] < 1/27,

1
[ + 7y = |2 = I7lly'] = (1= [r)le’| = S 1),

Let g = 2(p1_1). By rearranging the expression of .J, we have

p—2
(1 + ‘.’L'/ + Ty/’2) ? | /|2 + ( _ 2) (56/ + Ty,ay/>2

Jp(7) = BLELEL AL wis
S P G 14 o+ Ty P
x'—i—Ty',y’ Y 14+ x’+7’y’2 y2
Tn + TYn (wn +7'yn)

_(1+ \x’—i-Ty’]z)%

2 2
| /|2_ <$,—|—’Ty/,y,> ( _1) <$,—|—’Ty/,y,>

(o + 70T T+ + g P =B+ + Ty
1 1
— 1\ 1,2 .
+(p )<$+Ty7y> 1—|—]w’+7y’\2 1—ﬁ+\x’+7'y’\2
(' + 79,y )yn By

—2(p—1)—2 27 ¢ — 1)z

(p—1) p— (p )(xn+7yn)2
+ (p _ 1) (1 B 5 + |£E/ + Ty/|2)y%

(Tn + Tyn)?
p—2
_OA Ay P) E s @ ry) s (=D

(xn + Tyn)p_l 1+ |CU/ + Ty/|2 (xn + Tyn)2

2
_Bp—1) (@' + 1y, y)
(142" + 7y 2)(1 = B+ [/ + 7y/?)
2
1) @ Hry) V1Bl TP |
V1I=B+]2 +1y? Zp + TYn
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Therefore, by using Schwarz inequality and removing the square term (recalling that |y,| < z,)

p—2 -
() QA+ +1y) * A P e O A e i
PYT= (o 4 Ty )PL 1+ |2 + 7y|? (T + Tyn)? 1+ |2 + 7¢/)?
-2
(e Ty ) v/ Ui
B opgh 1+ |2 +7y|2  4a2 |
This allows us to estimate ®(z,y) as follows
p—2
1 2
3 (14 |2 +7y]) dE Y2
O (x,y) ZC/ ) 1 1+ |7 + 792 x_g dr
— x Y n
p—2
1 ==
>c/2w (L+ ') WP |y L (WPl
BT T " R SR A
Y
O

We are now in position to give the proofs of our main results.

Proof of Theorem 1.1. From Lemma 2.7 it follows that the subgraph F, of u satisfies the as-
sumptions of Lemma 2.4. Therefore, we may rewrite [, |Vul? and [, [Vu®[’ in terms of b,
and [,. Hence, dropping the subscript in the notation of these quantities and in €, we have
(L4 Vb + Wl P)5 | (L4 [V = VelP)s (L4 [Wl)s
A %) = -2 dx'dt. 3.8
(u,v7) /Q 0.0+ O e o (38)
Recall that by (2.7) one has 9;b+ 9l < 0 and 9;b—0,l > 0, and therefore 9yl < 0 and |9;b| < |04l
The integrand in (3.8) can be written as f,(—VI — Vb) + f,(=VI+ Vb) — 2f,(—V1), where f,
is the function defined in (3.1). Therefore, using Lemma 3.1 we have
E
AL N L
dx'dt when 1 2;
[1—1—\%/1\2 EXE T when | < p < 2;

/ (1+ [N d)? + [NV b)?)
Q

o l|p—1
Au,uf) > 0
1 /b|P b|P
c/ — [Verb > + 19 dx’dt when p > 2.
Q 0P~ | (1 + |%12)2 0P
(3.9)
Using twice Holder’s inequality we get in the case 1 < p < 2
’ p—1 2
’vm b‘ + ‘atb’ dx/dt S CA(U,'U/S)% (/ ‘at” — dx/dt>
19: @ (14| Vll? + [Virb2) T
2—p

Q /1 +|Vil|?

p—1
2
< cA(u, u)? </ |04l dm’dt) </ V1 |Vl |2 + Vb2 dx’dt)
Q Q

Using (2.8) with p = 1, we obtain
/ V1 + |V l|2 + [Vb|2 da'dt < / V14 Vb + V1|2 dadt +/ V14 Vb — V1|2 da'dt
Q Q Q

:/ Vuldz < £(D) |V 1o,
D
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while, denoting by v* the inner normal to E*® and using (2.9) and (2.10) with b = 0, we have

2/ 10,0] da’dt :/ WEldH" = £7(D®) = £"(D).
Q 9EN(D* xR)

Collecting all the previous estimates, we conclude that

Vi b| / 0] £ e 1
————dr'dt+ | = dx'dt < cL™(D)?||Vul|;2 Au,u’)z. 3.10
o TIIGIP 1ol (D) [[Vull 5 Alu, u) (3.10)
;s
— =:1I

Similarly, in the case p > 2 we have

Y

Vbl ’dt+/ O8] ot < e (u,u)b </ |6tl|d:n’dt> < eL(D)V Alu, u®)v.
Q Q

—F— A
Q14 |Viplf? |04

We now turn to the estimate of the left hand side of both (3.10) and (3.11).

Estimate of term I. Note that for all ¢ the section E} is convex and, by Lemma 2.7, also E} is
convex. Let us denote with p(z") the inner normal to OFE; at the point (2/,1(2',t),t). Recalling
the expression of v* given by the first equations in (2.9) and (2.10) with b = 0, we have

(3.11)

1 vy )
A e e (312
We want to show that 90
dist
|, ()] = % vz’ €, (3.13)

where M is the maximum between ||uz~ and the outer radius of D. If |u,, (2')] > 1/V/2,
then (3.13) is trivial because dist(z’, ;) < M. On the other hand, if |, (z/)] < 1/v/2 then
\er (') > 1/v/2. Let w be the restriction of I(-,¢) to the line through ' parallel to i, i.e.,
w(s) = U + spiar ()i (), 1) Since

/ / K’ (xl) K’ (x/) K’ (x/) ’M:L“’ (x/)’

O = A0, oD = e @ e @ T, @)

the inner normal 7 to the graph of w at 0 has horizontal and vertical components 75 and

Tz, whose lengths are proportional to |u,/| and |u,, |, respectively. Let sg > 0 be such that

@+ Sopiz (') /| e (27)| € Q4. Since w is concave, the tangent line to the graph of w in 0 reaches

the s-axis in a point s; beyond sg (see Figure 5). Then, by a simple comparison between triangles
we get

)

|t (@) |7l _ 1 0 dist(2/, 09
o ()| ms| U@ t) T (e t) Mo
thus proving (3.13) since |p,(2')| > 1/+/2. A similar argument proves (3.13) also at boundary
points of the type (z/, —1(2',t),t).
Estimate of term IT and conclusion of the proof. From Lemma 2.7 we have that Inu® is
concave, hence the function (2/, s) — I(2/, e®) is concave. Given 2/, we set v(s) = l(2/, e®). Note
that v is a decreasing function defined for s < s¢ := In(u®(2/,0)) and that % € 9Q,/. Let p(s)
be the inner normal to the graph of v in s. Arguing as in the previous estimate, we get
1 1 pe,(8)] s0—S _ So—S
Ol(a’ es)es| — [(s)]  Ips(s)] T Uatiet) T M




STABILITY OF POLYA-SZEGO INEQUALITY 17

Te (0,1(«', 1))

0 S0 S1 S

FIGURE 5. The graph of the function w.

By the change of variables ¢t = e®, we have for any ¢ € (0,u®(x,0)]

1 t u®(2’,0) In2 In2
———— > —In|(——2) > — min{u’(2,0) — t,t} = —=dist(¢, Oy ). 3.14
o 2 o (P > B0 -y = W00, @)
Indeed, if ¢t < u®(2’,0)/2, then In(u®(2',0)/t) > In2 and min{u®(z’,0) — ¢,t} = t. On the other
hand, Inaw > (o — 1)In2 for any o € [1,2]. Therefore, if ¢ > u®(2’,0)/2, tln(u®(2’,0)/t) >
(u®(2’,0) — t) In 2. Moreover, min{u®(z’,0) — ¢,t} = u*(2’,0) — ¢.

From (3.12), (3.13) and (3.14) it follows that

| Virb(@', )]
Q \/1 + |V:B’l(x/,t

, |B:b(x!,t)| ., 21n2/ , . , ,
—_— > Q .
IE dx'dt + /Q EYER)] dx'dt > A |Vb(2', t)|dist((2, 1), ) dz'dt
(3.15)

Being defined as a projection of F, the set {2 has outer radius R < M and it is star-shaped with

respect to a ball of radius 7 > m. Therefore, by the Poincaré inequality stated in Proposition 2.9,

. / / m 1 /
/Q Vb| dist((2/, t), Q) da’dt > ¢ <M> /Q Ib— bo| da’dt
> (M) [ £ (B2 (B = bo) '
n+1
=c(57) LB AE = (0,b0,0)

m\ntl / s
=c <M> /n lu(z', 2y, + bg) — u’(z)|dz,

for a suitable by € R. Finally, estimate (1.1) follows from this last inequality and (3.10), (3.11),
(3.15). 0

Proof of Theorem 1.2. The proof of the a-concave case follows the same path of the log-concave
one, with some minor changes. If n = 1 the set 2 is simply a segment and thus to estimate the
left-hand side of (3.10) and (3.11) it is enough to use (3.15) and Proposition 2.9. Let @ := u®.
When n > 2, we write b, [, and € instead of b, l5, and Q4, respectively. One has

I(z',s) =12, ¢/s) and b(a',s) = bz, /s),
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so that, by a change of variables, the left-hand side of (3.10) and (3.11) becomes
Vbl 10b] |

1/ ] 1ma
— [ = — | s"a dx'ds. (3.16)
“Jal 14 w2 108

Note that the subgraph of @ is convex and, by Lemma 2.10, it has inner radius larger than
cllal| 1 /M™, where M is the maximum between |||/~ and the outer radius of D. Moreover, we

can estimate, as for (3.12) and (3.13), y/1 + |VI|2 < V2M /dist((z’,s), Q). Therefore, (3.16)
can be estimated from below via Poincaré inequality (2.11) (with w = @*(-,0)):

J

| V| 00] | 1=
+

= ] s da'ds > i/~ \Vl;\sl?Tadist((x',s),(?Q) da'ds

_CH?HLI/|B—b0|slcf“dx’ds:c||f‘”“/|b—b0|dx’dt.
Mn+2 5 Mn+2 Q

This last estimate completes the proof. ]

We now pass to the proof of Theorem 1.3. Before that we need one more definition. We say
that a function u : R” — R is n-symmetric if for any € R™ and for all i € {1,... n} we have
u(z) = u(R;x), where R; is the reflection across the hyperplane {z; = 0}, i.e., Rix = 2—2(x, ¢;)e;.
Similarly, we say that a set G C R" is n-symmetric if R;(G) = G for all i € {1,... n}. To
prove Theorem 1.3, the idea is to apply Steiner symmetrization n times along the n coordinate
directions so to transform w in a n-symmetric function, and then to use the following stability
result that generalizes [17, Proposition 2.4] (see also [14, Theorem 3]).

Lemma 3.2. Let D C R" be a bounded open n-symmetric set and w € Wol’p(D) be a non-
negative and n-symmetric function, 1 < p < co. Then

2-p
L D)V [V g A, )i 1< p <2
/ |lw —w*|dr < (3.17)
n 1,1 1
e L(D)? T Aw, w")r ifp>2,
where ¢ = c¢(n,p).
Proof. By the coarea formula, for ¢ > 0 we have
. . 00 den—l
p(t) =L {w >t}) =L ({w >t} N {Vw =0}) + ———ds.
t {w=s} |V’U)|
Therefore, for a.e. t >0
1
! n—1
—u'(t) > / ——dH" . (3.18)
{w=t} V|

Moreover, we have that for a.e. ¢ >0

H ™ ({w =t}) = P({w > 1}).
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Applying the coarea formula, Holder’s inequality and (3.18), we get

/ |Vw|Pdx = / / |Vw|P~tdH L dt > / AT ({w lt})ildt
dH"—1\P
R™ 0 JHw=t} 0 (f{ )

=t} TVul (3.19)
l{w=t > p t
L [THegr, [Py,
o (=w'@)P
Given a measurable set £ C ]R", we deﬁne the Fraenkel asymmetry of E as

A(F) := inf {% : B ball, L"(B) = E”(E)} .

The quantitative isoperimetric inequality (see, e.g. [16] or [22]) ensures that there exists a con-
stant 7p, depending only on n, such that

nwi/" LB (14 7A(E)?) < P(E),

for every measurable set & C R" having finite measure and finite perimeter, where n’ is the
Holder’s conjugate of n. Moreover (see [22, Lemma 5.2]), if E is n-symmetric, then

1LY (EAEY)

AE) > - ——— 2
(E) 2 3 LME)
where E* is the ball centered in the origin having the same volume of F. Since w is n-symmetric,

so are its level sets {w > t} for ¢ > 0. Hence, combining (3.19) with (3.20) applied to E = {w >
t}, we get

(3.20)

p

00 T 2\ P
/n |Vw[Pdz > (nw}l/n)p/o % (1 + % (%) ) dt, (3.21)

where F(t) := L"({w > t}A{w* > t}) for t > 0. Let us observe that, if we replace w by
*in (3.19), we have then all equalities, because |Vw*| is constant on the sphere {w* = t}
for a.e. t > 0 and because (see [12, Lemma 3.2]) also (3.18) turns into an equality. Thus,

P({w* > t}) = nwy/"u(t)/"" for a.e. t >0 and

/ |Vw*|Pde = (nwh/™) p/ M/(t)n dt. (3.22)
n o (=w()rt
Since (14 s)? > 1+ ps for s > 0, we deduce from (3.21) and (3.22) that
F(t)\*  ult)»
/ IVwlP — |Vu*|Pdz > ~ ( > uit) —dt, (3.23)
on p(t —W'(t))P

for some constant v > 0, depending only on n and p.
By layer-cake representation formula and Hoélder’s inequality we have

(L) = ([ )

< ([eropeta)” [T (HOY 0,62

Note that
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&1 &2 & \5\

FIGURE 6. The two points (1 and (3 in By, ((7',0,%)), and the corresponding
points ¢; and <2 in By, (§).

As 0 < F/u < 2 we have for p > 2 that

() = ()

([ po-wiae) <aerppes </ooo (55) <—M5<);/>Z1dt>

and using (3.23) we obtain (3.17).
On the other hand, if 1 < p < 2, by Holder’s inequality we have

Therefore,

= (7 G) i) ([ i)

Hence, using (3.24) and (3.22), we obtain again (3.17). O

Proof of Theorem 1.3. We give the proof only for the case 1 < p < 2, the other one being
similar. First of all note that the property of the subgraph E of u of being star-shaped with
respect to a ball of radius m is inherited by the subgraph E*® of u®. More precisely, if E is
star-shaped with respect to B,,(£), for some ¢ = (Z,7), then E* is star-shaped with respect
to B ((7',0,¢)). Indeed, let & be a point in E® and & its symmetral with respect to the
hyperplane {z,, = 0}. There are exactly two points & := (2, zp,t) and & := (2/,y,,t) in E
such that & := (2/, (zy, — yn)/2,t) and & := (2, (yn — xn)/2,t). Without loss of generality we
can assume z, < y,. Let also (; be a point in By, ((T',0,%)) (on the same side of £§ with respect
to {x, = 0}) and (3 its symmetral. We consider the “corresponding” points in B,,(£), i.e.,
s1 = +(0,7,,0) and ¢ = (2 + (0,Zn, 0) (see Figure 6). Being E star-shaped with respect to
By, (), the segments 161 and &2 are included in E. Then, since £ has the segment property,
also the convex hull C of {{1,¢1,&2,5} is included in E. Finally, since &5, ¢; and (2 belong to
C?, and C® C E®, we have that both the segments 5{? and @ are included in E*.
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FIGURE 7. The grey area represents [ |u(z + h) — u®(z)|.

We set now u®® = u and, for every ¢ = 1,...,n, we indicate by u®* the Steiner symmetral of
u®=1 with respect to the hyperplane {z; = 0}. Note that u*" is n-symmetric. Since the Steiner
symmetrization keeps the property of being star-shaped with respect to a ball with a given

radius, and since it decreases the outer radius, from inequality (1.1) we get for every i = 1,...,n
/\4 n+2 1 2-p 1
Si— Si n I’y i— A

/n [0t = u de < e £Y(D)Y |Vl E AW w3 (3.25)

up to a suitable translation of u®-! along the wx;-axis. Moreover, since L*(D) < M"™w, and
m < M, by formula (3.17) we get

Sn * Mn+2 n L/ * %Tp s * 1
n|u —u*|dr <c anrlE (D) [|[Vu*|| 5 A(u’,u)2. (3.26)

If |Vullf, <2||Vu*||?,, (1.2) follows from (3.25), (3.26) and the triangle inequality. Otherwise,
since the support of u* is a ball of volume L"(D),

inf / lu(z + h) —u*(z)] de < 2||u| < cE"(D)%HVu*HU

heR™ Jpn

L+l L+l 2—p 2
< cL™D)Y |V e = cL(D)Y T || Va2 (/ yvu*\pdm>
Rn

Mn+2
S ¢ mn+1

N

2;
LYDY |V 2 A, w3,
]

To conclude, we show with two examples that for 1 < p < 2 the power 1/2 of the gap in the
estimates (1.1) and (3.17) is sharp.

Example 3.3. Let € € (0,1) and let w : R — R be defined as
(x+1)/(e+1) if —1<z<e¢;
wz) =9 (x—-1)/(e—-1) ife<z<1;
0 otherwise.
Then its Steiner rearrangement is
(@) = {1—|x| if —1<z<1;

0 otherwise.
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In order to calculate

inf h) —u® d
inf [ fuler 1) = (@) da

it is clear (see Figure 7) that we may assume h € [0,¢]. Then, a straightforward computation
shows that for any such h
h2(4 + ¢) — 4eh + 2¢2

/R|u(:c—|—h)—u5(x)|d:v: co7 o)

Hence the infimum is attained at h = 2¢/(¢ +4) and is equal to

2e 1
4+5N§€ ase — 0.

On the other hand, a direct computation shows that A(u,u®) = (1 +&)!™P + (1 — )P -2 ~
p(p — 1), hence showing the sharpness of the power 1/2 in the estimate (1.1).

Example 3.4. Let € € (0,1) and denote by D the ellipse {z € R? : (1+¢)?2? +23/(1+¢)% < 1}.
Let u : R? — R defined as u(z) = 1 — (1 4+ ¢)%2? — 23/(1 + ¢)? if + € D and extended by 0
outside D. Then, its Schwarz rearrangement is u*(z) = 1 — 23 — 23 for € B and extended by
0 outside B, where B is the ball of radius 1 centered in 0. As the function w is 2-symmetric,
denoting by E its subgraph, the set F; is a convex 2-symmetric set and thus (see [2, Lemma
5.9)) L3(EyAB,,) = infyepe £3((h + E;)AB,,), where B,, is the disk with the same measure of
FEy. Therefore, the infimum

: S

hlélﬂé - |u(x 4+ h) — u®(x)| dx
is attained at h = 0 and it is equal to cL3(BAD) ~ cc as ¢ — 0F. By a direct computation we
obtain

9 PA(u,u*) = /

B

2(1 2 a3 p/2_ 2 2\P/2| 4
331( +6) +(1+€)2 (331"’372) X

— / [((:c% + x%) + 28($% — x%) + 62($% + 3x%) + 0(63)3:%)]7/2 — (m% + x%)p/Q] dx
B

2e(x2 — x2 e2(x? + 323 p/2
= / (ac% ‘HU%)p/Q Kl + (21 22) + ( 21 2 2) + 0(53)> - 1] dx

2 2
= pa/ (z2 + x%)p/QLl — xQ)dm
B z3 + 23
2

2 2 2 2
P 2 o o (®i+3zs  (p—2)(21 —23) dr + O(c
o3 ft e (G - e 0

=52 [ (@ +ad)0 2 23] + )+ (p — (ad - 3o +OE) ~ clp)e?,

for some positive constant ¢(p) and where in the second and fourth line we have used the Taylor
expansion of (1 + )72 and (1 + -)?/2, respectively. This proves the sharpness for 1 < p < 2 of
the power 1/2 in the estimate (3.17).

4. THE QUASICONCAVE CASE

In this section we extend the stability results stated in the Introduction to quasiconcave func-
tions.
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Theorem 4.1. Let D C R" be a bounded open convexr set and let u € Wol’p(D) be a non-
negative, continuous and quasiconcave function. Assume that there exists tg > 0 such that,
setting Dy ={x € D : u(x) > to} and D_ ={x € D : u(x) < to},

e |Vu| > in D_ for some 3 > 0,
e u is concave in Dy,

and denote by M the mazximum between ||u||r and the outer radius R of D and by r the inner
radius of D .

Then, the subgraph of u is star-shaped with respect to a ball of radius m = min{ty/2,r/2,73/8},
|Vu®| > ¢cf in D2 ={x € D* : u*(z) <to} and

M2 1 L 2-p 1
Sy (1 + B) LM(D)? |Vu®|| 2 Au,u®)2 if 1 <p<2;

inf/ lu(2, xp+h)—u®(z)| dor <
heR n Mn+2

1
¢ <1 + B) L"(D)»

|>—A

Sl

A(u, u®) if p>2,

where ¢ = ¢(n,p,r/R).

Remark 4.2. The class of functions to which the above theorem applies could sound exotic.
Yet, the first eigenfunction v of the Dirichlet Laplacian on a smooth bounded open convex
set D belongs to this class. Indeed, if D is convex a well-known result of Brascamp and Lieb
states that Inv is concave and this, together with the analyticity of v, implies that there is a
unique point zy where the gradient of v vanishes (see [5] and also [21, 20]). In particular, v is
concave in a neighborhood of zp, and by the Hopf boundary point lemma, |V is larger than a
positive constant outside this neighborhood. Note also that since by Theorem 4.1 the subgraph
of v is star-shaped with respect to a ball, we may also directly apply to v the conclusions of
Theorems 1.1 and 1.3.

Remark 4.3. Since the lower bound condition on the gradient is stable under Steiner sym-
metrization, Theorem 4.1 can be easily generalized to the Schwarz symmetrization by using
the same technique developed for the proof of Theorem 1.3: performing n Steiner symmetriza-
tions along n perpendicular directions so to transform u in an n-symmetric function, and then
applying estimate (3.17).

Proof of Theorem 4.1. We start by showing that the subgraph E of u satisfies condition (2.3).
Let us consider, for t € (0,tg), the level set By :={x € R": (z,t) € E} ={z € D: t <u(x)}.
Given x € OF;, denote by p(z) the inner normal to OF; in x (when it exists). Observe that,
since Vu(z) # 0, p(z) = vy(x,t)/|vg(z,t)]. In particular p,, (z) = 0 if vy, (x,t) = 0. On the
other hand, since E; is convex, it is included in the hyperplane {y € R™ : (y — =, u(x)) > 0}.
Therefore, if g, (x) = 0, then the projection of (z,t¢) on {z, = 0} belongs to 9.

Let us now show that the subgraph of u is star-shaped and that the lower bound condition
on the gradient is stable under Steiner symmetrization. Let B,(Z) be a ball included in D,.
We are going to show that E is star-shaped with respect to the cylinder of base B, /5(%) x {0}
and height m’ := min{tg,r5/4}. Of course this cylinder includes the desired ball of radius m.
Observe that E N (D4 x Ry) is convex and therefore star-shaped with respect to the larger
cylinder B,.(Z) x (0,tp]. Therefore, it remains to prove that, given (y,t) € E N (D_ x R;) and
(z,h) € B,/3(Z) x (0,m’], the segment with endpoints (y,t) and (z, h) is included in E. Since F
is the subgraph of a function, it is enough to show this fact when h = m/. Observe also that if
(y,t) € EN(D- x Ry) then t € (0,t).
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50 |z —x|

F1GURE 8. The graph of the function w.

Let t € (0,%9) and x € OF;. Since E; includes B, j5(z2), by Lemma 2.11 the component of ji(x)
in the direction n(z) := (2 — z)/|z — x| is bounded from below by r/(4]|z — x|). Therefore we
have the estimate dyu(x) = |Vu(x)|(u(z),n(x)) > r8/(4|z — x[). Consider now, for any fixed
x € OFy, the function

w(s) :=u(x + sn(x)) for s e (0,]z — z|].

Note that, since u is continuous, also w is continuous. Let so := min{s : w(s) = to}. Since
w is concave in Dy, w is concave in [sg, |z — z|]. On the other hand we have that w'(s) =
Opu(xz+sn(x)) > rB/(4|z—x|) for a.e. s € (0,s0). Therefore w(s)—rB/(4|z—x|)s—t is increasing
up to sg and the subgraph of w is star-shaped with respect to the point (|z — z|,m’) (see Figure
8). Since any point (y,t) € F with y € D_ and t < t(g can be written as y = x + sn(z) for some
x € OF; and s € (0, s0), we have proved that E is star-shaped with respect to B, 5(Z) x {m'}
and thus also with respect to the cylinder of base B, 5(%) x {0} and height m'.

Since the level set E; is convex, every parallel line to the direction z, passing at height
t through € intersects the boundary of E in exactly two points, say (z,t) and (y,t), with
2’ =y and x,, < y,. They are transformed by the Steiner symmetrization in the two points
(x%,t) :== (2, (xp, —yn)/2,t) and (y*,t) := (2/, (yn —xpn)/2,t). Let v and v* be the inner normals
to E and E®, respectively. Adding up the components of v(y,t) and v(x,t) given in (2.9) and
(2.10), respectively, and adding also the corresponding components of v*(y*,t) and v*(z*,t)
(which are provided by the same formulas with b = 0), we easily get

Vo (2%, 1) Var (4%, 1) Ver (2, 1) Ve £(Y, 1)
5 + ) — 2vl — ) )
vz, (=01 vz, (y%,1)] Ve, (0] Ve, (y,0))]
(see also [10, Lemma 3.2]). Then, from these equalities, recalling (2.6), we get
1 1 1

2 = +
Oz, u (%) [Op,u(@)] |0, u(y)|
Vout(z®)  Vpu(@) | Vpu(y)
O, us (@) |Op,u(@)] |0, u(y)]’

and since the gradient is normal to the boundary of the level sets
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V(@) [0, u()| + |02, u(y)]]”
=02, u(y)[*[Veru(@)[? + [0y, u(@) *[Veru(y)”
+ 20, w()[[ 0, w(y) | (Verw(@), Veru(y)) + 4|0p, u(w)[?|0u, u(y) ]
=0, u(y)P[Vu(@)[? + |0, u(2)] |VU(y)|2
+ 2(0y, w()] |0z, u(Y)| |10, u(@)||0w, u(y)| + (Veru(z), Viru(y))]
=|Vu(z)?|Vu(y)|? [uin (@) + 112, () + 2y, (@) 112, D (1 (@) |12, ()] + (ptar (), 1 (y)>)] :

By convexity every set E; is included in the intersection of the two half balls

{2 € Bag : {z,p(x)) >0} + (2',2,) and {z € Bag: (z,u(y)) > 0} + (2, yn).
Moreover, every set Ey, with ¢ € (0,%y), contains B, (Z). Therefore by Lemma 2.12; there exists

a constant ci(n,r/R) such that |ug, ()|, (¥)| + (per (2), e (y)) > ¢1 — 1. Going back to the
gradient estimate, we have

V(@) 2 V() ? e (122, (@) + 12, @) + (1= &) (o, (2) = pia, ()]
[1Vu(@)llpa, @)] + V)|, )]

a1 Vu(@) P Vu(y) P (42, (=) + 12, (v))
- max{|Vu()|, [Vu(y)[}? [| e, (w)! + |t ()]

> 5 min{|Vu(@)|, [Vu(y)}* > 58

[V (2°)* >

Finally, let us prove the quantitative estimate. The lower bound condition on Vu® can be
converted in a condition on VI via the formulas (2.9) and (2.10) providing the inner normal to
the graph of u®. Setting Q_ := {(2/,t) € Q : t < tp} and recalling (2.6), we have for ¢ > 1

1 1
q+1 q 1 s|g+1 q
/ O ) - —/ LA
o (14 |Vilf?)2 2 Jopsn®nx(0t0)) V219
1
1 1 !
= | = d _En
(2 |, e ) =gt

The difficulty in improving Theorem 1.1 is that in D_ we cannot argue as in the proof of (3.10)

and (3.11), since the lack of the concavity does not allow us to control /1 + |VI|? with the
distance from 0. Yet, using Holder’s inequality and estimates (3.9) and (4.1), we get in the

case 1 <p <2
1
1|p+1 2
(/ 9] ~ da dt)
Q- (14 [V l)?) (1 4 [Nl |2 + [Nrb)? )

p—1

(4.1)

-Q\»—‘

o

a1+ |V ZP

NI

dx'dt < eA(u,u®)

ptl 2 2-p

i :

< cA(u,uS)% </ 017 - dx'dt) </ V1 [N+ \Vx/dex'dt)
0 (14 [P a-

1 2-p 1
LYD)7 || Vullp Alu,u’)z,

(4.2)
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where in the last inequality we have used (2.8) with p = 1 and Holder’s inequality again. If

p > 2, we have instead
1
2p—1 -
Ol| »=1 P
/ L
o (14 [Vl2) D (43)
c

< Bﬁn(p)ﬁA(u,m) .

Let D} = {z € R" : v®(x) > to} and Q4 = {(2/,t) € Q: t > to}. Together with (3.10) and
(3.11), estimates (4.2) and (4.3) give us

ol

o /1+ [Vl

B =

da'dt < eA(u,u®)

B =

/ _ IV !Vb de' dt
a_ 1+ [Vil? Q4 4/1 |2
2
c<1—|— > )ﬁHVuHL?pA(u,uS)% if 1 <p<2;
1 1 1
c( 5) L(D)? A(u,u®)» if p> 2.

Thanks to the concavity of v in D and therefore of v® in D%, we may estimate /1 + [VI]? in
4 in terms of dist((z,t), 0924+ N (R™ X (tp, +00))) similarly to what we did for (3.12) and (3.13).
Thus, since 0924 N (R™ x (g, +00)) C 09,

o \/% z'dt > ; \Vb\ dist((2',t), 0) da’dt.
Let 1* be the inner normal of Ef. By the convexrcy of E; (and therefore of Ef) we have
L Vg, | o dist((2/, 1), 00)
VIFINE [l =l = ="

so that we also have

V(2 t) € Q,

vl

o 1+ |V l|2

Finally, by means of the weighted Poincaré inequality stated in Proposition 2.9,

1
dx'dt > NoITi /Q |Vb| dist((2',t), 0Q) dx'dt.

m

n+1
/ \Vb| dist (2, £), Q) da’dt > ¢ (—) / b — bo| da’dt
Q M Q

m n+1
= ¢y (M) /n |u(x, 2 + bo) — v’ (x)|da,
for suitable ¢y = ca(n) > 0 and by € R. O
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