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Abstract
In this paper we study short time behavior of heat semigroup in connection with the
geometry of sets with finite perimeter; we assume C! regularity and we relate the heat
semigroup with curvatures of the initial datum. We also study the behavior when singular-
ities occur; this is the case when the mean curvature is no more a function, but has to be
considered as a Radon measure. This work is the natural continuation of [11] and is in the
spirit of [4].

1 Introduction

In this paper we investigate the connections between the theory of semigroups and that of perime-
ters. This link was first established by De Giorgi [5]; he noticed that by taking the convolution
with the Gauss—Weierstrass kernel

le—y|?

1 _
Tixe(z) = gt * xp(v) = nt)/? /E e” T dy,

then the map
t— IVTixg|dx
RTL
is monotone decreasing, showing the existence of the limit

P(FE) = lim |VTixg|dz
t—0 Rn

for any measurable set £ C R™. In addition, De Giorgi proved that the finiteness of the perimeter,

P(E) < 400, is equivalent to the existence of a vector—valued measure ppg, with finite total

variation such that

/ diveds = — | ¢-dup, Vo € CLHR™,R™).
E R?L

The measure pug can be characterized as a Hausdorff measure; in fact, defining the reduced
boundary of E as

FE = {x € sptug : () = lli% m, lve(x)| = 1} )

*Dipartimento di Matematica “Ennio De Giorgi”, Universita del Salento, C.P. 193, I-73100 Lecce, Italy; e-mail:
luciana.angiuli@unisalento.it

tDipartimento di Matematica, via Machiavelli 35, 1-44100 Ferrara, Italy; e-mail: umberto.massariQunife.it,
michele.miranda@unife.it




then H" 1 (0,E \ FE) =0, with 9.E = R"\ (Ey U E1), E; the set of points of E with density ¢;
finally, there holds
ug =veH" 'L FE.

It is also possible to prove that FE is an (n — 1)—countable rectifiable set and at any point
x € FE, the blow-up of the set E converges to a half-space, that is the measures

Lﬁ”L(E_z)
t

are weakly convergent as ¢t — 0 to the measure

LM Hypa

where
HVE(ar) = {y ER": <y7VE(‘T)> > O}

We also have, at any point x € FE, the weak convergence of the measures

fE—x)

n—1
oo (25

as t — 0 to the tangent measure
H L vg(2)t

where
vp(z)" ={y e R": (y,vp(z)) = 0}.

1.1 The heat content

A characterization of the perimeter measure similar to the original definition of De Giorgi can
also be given by following an approach suggested by Ledoux in [8], where the author used the
diffusion functional defined by

KdB.F) = [ Toxp(@do = | TypxelTpxe(e)ds, ¢ 0 (1)
F Rn

his motivation was a semigroup characterization of isoperimetry. In fact, he proved that for any
set with finite perimeter £ C R"

Ki(B, E°) < \FP(E),
7
whether if £ = B is a ball, then
T
%in(l) ;Kt(B,BC) = P(B). (2)

Ledoux noticed also that, since
Ki(B,E) = |E| = | Tij2x5l72 (0
the isoperimetry of B is equivalent to the inequality

ITixell 2@y < 1 Texsl L2 @)



for any measurable set with |E| = |B|. In [11], it is proved that equation (2) holds for any set
with finite perimeter and, moreover, an equivalent characterization of sets with finite perimeter
is given, in the sense that
K (FE, E°
lirtn iglf t(i) < 400

Vit

if and only if F has finite perimeter. Summarizing, for a set F with finite measure and finite
perimeter, the following expansion holds

t
Ky(E, E%) = \| —P(E) + o(V),
or equivalently
2t
ITixell3e @y = [B] = | ZP(E) + o(v).

More generally, for any two sets E and F' with finite perimeter, the following formula holds

t _
/ Tixp(z)de = |ENF| - \/>/ (ve(2), ve(2))dH" " (z) + o(V?). 3)
F T JFENFF
Due to the presence of v/, it is more convenient to introduce the functions fz r(t) = K;2(E, F)
and fr(t) = K2 (E, E€). A way to prove (3) simply consists in considering the limits

lim f r(t) = |0 F|

and (see [11, Theorem 3.1] for a detailed proof)
1
lim f @(t) = lim Qt/ ATpxp(z)de = ———= (vp(x), ve(z))dH" (z).
=0 =0 Jr VT JFpnFF

In [11], a more accurate description of the function fg(t) is given under additional regularity of
the boundary of E; in fact, assuming C'+! regularity of O, it is possible to prove that, for small
time, the heat amount is essentially contained in a neighborhood E, \ E, with

E. ={z e R" : dist(z, E) < r},
that is fg(t) ~ fe,p.\£(t). So, the fact that

. fe(t) .. fee.\e(t) P(E)
N

resembles the characterization of the perimeter measure by the Minkowski content

P(E) = lim 2\ B
r—0 r
justifying the terminology of heat content for fg(¢). It is worth noticing that the heat content is
much more accurate than the Minkowski content, since it gives the perimeter measure without
any further condition on the regularity of the reduced boundary of E.
This result is similar in spirit to that contained in [4], where it is proved that

Qn(t) = |D| - M;(D) + % [ Hp(@)an @)+ oft)



with D a bounded connected domain such that 9D is of class C® and Hp is the mean curvature
of D; here Qp(t) = [, u(t,x)dz and u is the solution of the Dirichlet Laplacian on D

O =Au  (0,400) x D
u(t,z) =0 (0,+00) x OD
u(0,2) =1 D.

More recently, the same authors generalized the result in order to consider also Neumann bound-
ary conditions; they also considered mixed, Dirichlet and Neumann, boundary conditions and
initial data other then xp (see for instance [2], [3] and the references therein). On the other
hand, in the recent paper [1], two different characterizations of P(E, (), the perimeter of a set
in a domain are given in terms of the short-time behavior of the solution of a parabolic initial
boundary value problem in €.

In this paper we are interested in the higher order expansion of fg r as t goes to 0; this
is similar in spirit to the Minkowski content, where it is possible to prove that under suitable
properties of E, the quantity |E,| is a polynomial in 7 for r small enough. A classical result is
due to Steiner in the case E convex, for OF of class C? there is a result of Weyl [18]; both these
results were generalized by Federer in [7] to the class of sets with positive reach, by showing the
existence of measures ¢y (FE, -), called the curvature measures, for which

n
|E.NB|=> r*y4(E,B), VB CR" Borel.
k=0

Recently, these measures have been characterized by Rataj [12], [13] and [14] (see also the survey
of Théle [16]) as (n — 1)—dimensional Hausdorff measures on the unit normal bundle nor(E) of
E. We stress the fact that the positive reach assumption is not so far from the requirement that
OF is C1'. In the case of the heat content, a similar result can be expected; in general, it is not
true that the heat content is a polynomial. We want also to stress the fact that the heat content
is much more precise of the Minkowski content and in some sense it is much more adapted to
the geometry of the sets involved; in fact, the heat content gives an equivalent definition of the
perimeter, whether the Minkowski content is not always comparable with the perimeter measure
(as for instance happens for the enlarged rational numbers).

Our result is also similar in spirit to a recent paper of Wang [17], where the second fundamental
form for the boundary of a Riemannian manifold is described by the short time behavior for the
gradient of the Neumann semigroup.

In order to obtain an expansion for fg r, we start by taking second derivative, that is given
by

7.p(t) =2 /F ATy xg(z)dx + 4t /F ATy xp(z)d
=— 2/ (VTexp(z), ve(z))dH" 1 (z) — 4t2/ (VAT xp(x), ve(x))dH™ 1 (z).
FF F

F
We notice that

1 _lz—y?
VIixse) <oV [
1 /V Jw—g\“’d
= - ——-:-: e 4t
(@myn2en fp Y
1 lz—y|?

:W /J-'E ve(y)e a2 dHn—l(y)



and also

LI 0 0°
(VAT xp(@),ve(@) = Y V%(@@@THXE(@
i,j=1 L)
1 - ik
B (47r)"/2t" Z axlax] 3y] oy

n

__ 1 i o j
~ (4m)n/2tn 1'32:211/ (@ )8xi8xj /}_EVE(y)

1 zn: V%(x)/ (_‘Sij L (zi —yi) (2, —yj)) V() %dH"*l(y).

n (47T)n/2tn =1 FE 2t2 4t4

()

In this way we obtain that

" 1 / / Lz —y)? 1 -1
O - g — A () dH ().
E,F( ) (47T)n/2tn+2 s - <1/F(IE) Yy I><VE(y) Y 'JJ> 4 ( ) (l’)
If we set, for countably H"~!-rectifiable orientable surfaces 2, I with H"~(X), H" 1(T') < +o0,

I‘f(”):/E/F<up<x>,y—m><uz<y>,y—x>e*"ig " () A (),

with vs; and v unit vector fields orienting ¥ and I' respectively, we see that the small time
behavior of fg p is strictly related with the small time behavior of I,(FF, FE).

The paper is then organized as follows; in Section 2 we fix the notations we shall use in the
paper and we give the standing hypotheses on our surfaces ¥ and I'; in Section 3 we shall study
the functional I;(X) = I;(X; X) for a suitable regular hypersurface X; in Section 4 we study the
functional I;(3;T') and finally in Section 5 we study the third order expansion of fg p under
suitable regular assumptions on F and F'.

2 Notations

In this section we fix the main definitions we shall use later. By B,(x) we denote the open ball
centered at x and with radius r > 0; if x = 0, we simply write B,. We also denote by B, the
set of points y € B, C R" such that y, > 0. Given a set M C R”, we shall use the notation
M* =M N B,(x).

We shall use the notations introduced by Federer in [7]; in particular, given a closed set
M C R™, we define the tangent cone of M at = by

Tan(M,z) = {)\u:u lim 2~ )\>0}.
M>3y—z |y — Z‘l
If Tan(M, x) is a vector space, we shall denote it by T, M if in general Tan(M, ) is only a cone,
we shall denote by T, M its span, that is the smallest vector space containing it. We shall also
denote by II3, : R™ — T, M the orthogonal projection on T, M.
We also denote the normal space to M at x by

Nor(M,z) ={v e R" : {(v,u) <0, Vu € Tan(M,z)};



by N,M we shall denote the orthogonal complement of T}, M, that is the linear space such that
R*"=T,M ® N, M.

We recall that a map ¢ is said to be L-bilipschitz, L > 1, if

1
f'yl —y2| < le(y1) — (y2)| < Llyr — v2l-
Definition 2.1 Let M C R"™ be an m—dimensional closed manifold, with or without boundary

OM such that H™(OM) = 0. We shall say that:
e M is a piece of an uniform (C'!,m, L,r)-regular manifold, r > 0 and L > 1, if for any
x € M there exists a CY1 map ¢4y i Brr CR™ — R™ such that
1. ¢5,(0) = z and {9ip3,(0) }iz1,....m orthonormal;
2. for anyi=1,...,m, the maps 0;¢%; : Br, — R" are L-bilipschitz;
8. M C @%(BrLy).
o M is (C%Y,m, L,r)-regular at x € M if;
(i) forx € M\ OM, in addition to requirements 1. and 2., we have that
eu(Bz) C MY C oy (Brr);
(ii) for x € OM, in addition to requirements 1. and 2., we have that

¥5(BE) C My C ¢y (BE,);

We shall simply say a piece of and C'—regular manifold if the dimension m is clear from the
context and there exist L,r > 0 such that the manifold is a piece of or (CY1 m, L,r)-regular
manifold.

Remark 2.2 In view of the previous definition, if M is C1'!-regular and 2 € M \ OM, we shall
use the same notation M? to mean both, M N B,(x) or the image ©},(B,) (or ¢%,(B,) N M in
case M is a piece of C'1'l1-regular manifold). Moreover, if the part of M inside B, (x) is strictly
contained in ¢%,(B,), we can extend M adding a disjoint set M to M with Mz U M = 0% (By).
The same argument can be repeated also in the case x € M, replacing B, with B;f. We shall
call this procedure the tangential completion of M at x.

2.1 Manifolds of codimension one

We consider now the case M = ¥ a surface of dimension (n — 1); with a little abuse of notation,
we shall write I;(X; %) to mean the integral

_ly—=|?

n(sEn) = [ a0 @) [ sty - a)st)y -2 T @)

The second fundamental form I_Ié :TpX x T, — N,X for an hypersurface ¥ at a point x is a
bilinear map and is related to the scalar second fundamental form A$, by equality

ﬁ;(v,w) = A% (v, w)rs(x), Yo, w € T Y.



The principal curvatures &%, ,, ¢ = 1,...,n — 1, are defined as the eigenvalues of A%; moreover,
fixed a vector v € T3, the sectional curvature in z of ¥ in direction v is defined as

rylv] = A% (v, v).
In this way, if {v;}i=1,..n—1 are the eigenvectors of A3, associated to the ngi’s, we have
K, = Kg[vi-

If no confusion may arise, we simply denote by x; the principal curvatures.
The mean curvature of ¥ in z is defined by

n—1
x 1
Hy, = n—1 ; Kis
in addition, the square of the length of the second fundamental form is given by
n—1
cA(z) = Z K3
i=1

Remark 2.3 With the previous assumptions, we notice that if ¥ is a piece of a C1'!-regular
hypersurface, then if z € ¥\ 0¥ and r is small enough, we can parametrize X* by

Py AT = B0 en(w) = 2 4w+ u(w)vs(x), (4)

where A7 = IIL(X¥) is an open set containing 0 and diameter less then r and u(0) = 0; w is
a function with the same regularity in 0 as that of the surface ¥ in x, then in particular u is
differentiable in 0 and Vu(0) = 0. Using the Lipschitz regularity of Vu, we also obtain that

Vu(w) < Lhel,  fuw)] < 2wl 5)

In other terms, ¥ is contained in the graph of v on the tangent space T,,3; if x has been chosen
in such a way that u is twice differentiable in 0, then the second fundamental form of ¥ in z is
then given by

Ii;(w, z) = (Hu(0)w, z)vs(x) (6)

and the eigenvalues of Hu(0) are the principal curvatures of ¥ at z. For the normal unit field
vs 1 ¥ — S"71 we have that for y € %2

lvs(y) —vs(@)| < Lly — =f; (7)

moreover, d,vs : T,% — T, S""! = T, % and, by setting v*(t) = = + tz + u(tz)vs(z), the
following holds
vs(z +tz + u(tz)vs(z)) — vs(x)

dovslz) = Sun(r2 (1) 0 = lim : _ om0 )

Finally, if x € 0%, we can define as before the parametrization ¢ : AY — X7, but in this
case 0 € A%, By the ! assumption, the function u can be extended to 0 in such a way that
u(0) = Vu(0) = 0, and (5)-(8) continue to hold.



2.2 Submanifolds of higher codimension

Let M C R™ be a manifold with codimension k& > 1; then, for any x € M, T,M and N, M
have, respectively, dimension n — k and k. The second fundamental form is a bilinear form
ﬁfw T M x T, M — N,M, so for any n € N, M we have the scalar second fundamental form in
direction 7

A?\/[W(U’w) = <I_ij\:/[(va w>7n>7 Yo,we T, M.

The principal curvatures of M in direction 7 are the eigenvalues of A}, ., and are denoted by
(K34,i)i=1,....n—k- 1t is then defined the mean curvature of M at z in direction n by the identity

HM kZHan

Finally, if M is a parametrized manifold and ¢ : A — R", A C R"~* is an open set with ((0) = z,
then the metric tensor at x is given by

gi.j(z) = (9ip(0), 0;0(0));

using such a metric, the quadratic form A?\/I-,n is determined by the matrix

n—k
> g""(0; ;0(0),m),
h=1

where g are the coefficient of the inverse of the metric g. In particular, if M is a piece of a
Cl1-regular manifold, z € M and (%, given in Definition 2.1, then the metric induced by %, is

the identity in x, so that the second fundamental form is determined by the matrix

(A%sp)ig = (07 5(0),m);

as a consequence, the mean curvature of M at x in direction 7 is given by

il = e 5 o

3 The functional [;(¥)

In this section we study I;(X) for ¥ a piece of Ct!-regular hypersurface. First of all, due to the
exponential map, the part of I; with |y — 2| > r, r > 0 fixed, goes to 0 exponentially as ¢ — 0.
With a little abuse of notation, we shall write I;(X, X¥) by meaning that z € ¥ is a fixed point
in the first integral of I; and ¥F = {y € X : |y — | < r}. With the change of variable z = ==,
we can write

12, 27) =+ /

b

dHn—l(iC) /E <1/E(x), Z> <I/2((E + tz), Z>€_¥d']{”_1(z)

|2]2

:/EdH”_l(x)/<Vz(x)7z><ug(:r+tz)7z>e_Tdut(z).



We then need a time expansion of both vs(z 4 tz) and the measures

by the regularity assumptions we have done, we can see X locally as a graph around any point

T €Y.

Theorem 3.1 Let X be a piece of a CY' —reqular hypersurface; then

L,(%)

22 Gy =V

PrOOF. We start with the decomposition
L(2) = L(Z:27) + L(5 5\ 7).
A direct computation shows that if 2t < r
L(S52\ 20| < 27 (0 (®),

and then
L(%; %) = [(Z;22) +o(t*),  Vk>0,

so we can restrict our attention on I;(X; 7). We can write
W) = [ i@ o)
s

we fix x € ¥ and, with the change of variable y = x 4 tz we obtain

i) =t [ s, a1
2001 [ om0 oste 41 v, e ),

Using the parametrization (%, of Remark 2.3 and a change of variable, we can write

[wl?  _ u(tw)? tw)?
R e e C
Az [t

u(tw)
L

t

As a consequence, by (5) and (7), we get

3 w|?
|g:({£)| Stn+3§L5/ |w|4(1+|w‘2)3/267\ 4\ dw:CthrB
>

with ¢ = ¢(L,n) a constant depending only on L and the integral of |w|*(1 + |w|?)%/%e~

R™~1. This implies (9).

<Vz(x it + u(tw)s (@) — v (z), w + L0 Vz(z)>> .

(10)

(11)

(12)

(13)

Jw|?
4 0n

O




Remark 3.2 In the previous proof the C'-regularity essentially shows that the dominated
convergence theorem can be used; the same argument, each time C''''-regularity holds, can be
used in the sequel, also in the case of manifolds with higher codimension, To keep the proofs a
little shorter, we shall use the dominated convergence without repeating the check of it.

We can go further in the expansion, in order to obtain the following result.

Theorem 3.3 Let ¥ be a piece of a CV'—regular hypersurface; then

. It(z) _ 1 n—1 T 2 —|z4‘2
}gr(l) )23~ A{dnyl /EdH (x) /TTEAZ(Z,Z) e dz (14)

__ (”2‘\/;)2/2 ((H;)? 4 m_21)2c§(x)> dH" (z).

Proor. Thanks to estimate (13), we can use the dominated convergence and compute the
pointwise limit

9t ()
+0 (47T)n/2tn+3'

So we fix z € ¥ and denote simply by v the vector vs(x); we also use the parametrization ¢ of
Remark 2.3. We can also assume that the point x has been chosen in such a way that v € C!
and u twice differentiable in 0. By (12), we can write

1+ [Va(tw)]? (“(f;f) 4

Jw]|? \u(tlgﬂz

g (x) :t”+3/ et
Az /[t

u(ttzw) <z/g (x +tw —|—tu(tw)1/) —v wi U(iw) y>)dw

+

where in the last integral we have performed the change of variable z = tw. By the dominated
convergence, it suffices to consider the pointwise limits as ¢t — 0 of u(tw)/t, Vu(tw) and u(tw) /2.
We have that

t
i 20 0 i Vi) = o,
t—0 ¢ t—0
and (o) 1
cu(tw) 1
}gr(l) 2 2<Hu(0)w,w>.

We also have that

lim

t—0

t t — t
<Vz(aj i +tu( wv) Yow+ u(tw)u> = —(Hu(0)w, w),
as can be easily proved by assuming v = e,, the last element of the canonical base of R” and by
writing

(—Vu(tw),1)

V1+ [Vu(tw)?

vs(z + tw + u(tw)v) =

Summarizing, we can conclude that

, gi(x) 1 2, -l
}51(1) () /273~ A(dn)i 7 /TIE (Hu(0)w,w)"e™ 4 dw = I(x).

10



We take then an orthonormal basis in T, of eigenvector (7;)i=1,..n—1 with Hu(0)7; = K;7;, ki
the principal curvatures of ¥ at x; so we can write w = 2?2—11 w;T; so that we have

1 9 _lw?
I(I)W/T'Z<Hu(0)w,w> e 1 dw

n—1

1 _w%+,.,+w’fh_1
- 4(4//(2 i) e,

_ ww
= () n/2 Z mnj/n ) wjwie 2 dw.

1,j=1

2
w 2 n— n—
/ w?wi—e‘l T dw = (47r)TS (/ 826_52/4d8> = 4(4m) T
Rn—1 R

w|2 _ _
/ wfe_%dw = (4n)" T / 4o /Ag = 12(4m) "7 el
Rn—1 R

T\:

Since for i # j

and for i = j

we then obtain

I(z) = ﬁ Z wins (12(4m) " 5,5 4+ 4(4m) T (1 - 5,))
W2 _\nT 1)? e Lc2 "
Z IZ U - i),

4 The functional [;(X;T)

In this section we study the quantity I;(3;T) for two oriented pieces of uniform C'! hypersur-
faces. In this computation, a crucial role is played by the intersection S = ¥ N T of the two
manifolds. Since we are interested in the case when Y and I' are parts of the boundaries of sets
of finite perimeter, we can restrict to the case when for H"~?-almost every x¢ € S, Tan(X%, z)
and Tan(T', z) are both half hyperplanes. On S we shall always assume the following regularity.

Definition 4.1 (Regular skeleton) We shall say that S has reqular skeleton if, denoting by
S1 =8 and Sky1 = 0Sk (boundary in the sense of manifolds), Sk, for anyk=1,...,n—1, isa
finite union of closed pieces of C'1—regular (n — 1 — k)—dimensional manifolds.

Given ¥ and I', we define the sets
Y, ={z e X:dist(x,S) <r}, I, ={y e :dist(y,S) <r};
we point out that if y € T'\ T, then

dist(y, X) > cr (15)

11



for some positive constant ¢ > 0. This in particular implies that
L(3;T) = I(25T,) 4+ o(t™), vm € N. (16)
In fact, we can write
L(5T) = Li(Xps D) + LB\ 505 Tr) + L(5 T\ ),

and, as in (10), there holds

I(S;T\T,)| < r2e~ 32 H Y ()R (D). (17)

Same estimate holds for I;(X \ ¥,;T,.).

From now on we consider 3,; the same type of considerations and constructions can also be
performed for I',. If r is small enough, it is well defined the projection 7 : ¥, — S; for any
k=0,...,n—1, we define the sets

Sk ={zq € S : dimn (o) = k}, vhro — 771(z0), 20 € SF.
By the fact that S has regular skeleton, we deduce that
Sp\ Sk CS*C Sy,  k=1,..n—1 (18)
and, since H"'7%(S),1) = 0, the fact that H"~!~* a.e. point of S belongs to S*. The sets

YF = 771(S*) are (n — 1)-dimensional manifolds for any k > 1, whether H"~!(X%) = 0; we then
have the following disjoint decomposition

n—1
o ==k (19)
k=0

Moreover, by (18), for H""1=* a.e. 2y € S*, we have the decomposition
Tan(XF, 20) = Ty, S* @ Tan(ZF"0 z0). (20)

In the same way we can define the sets ['* and I'*:%0. The cones Tan(XF%0, 24) and Tan(Tk*0 ()
are k—dimensional and we denote by {a}“(xo)}j:l,_,’k and {'yjl?(xo)}jzl,_”’k the sets of their gen-
erators.

We give the following definition.

Definition 4.2 We say that ¥ meets T' transversally if there exists ¢ > 0 such that for almost
every g € S, =1+ ¢ < {o1(20),71 (z0)) < 1 —¢, or equivalently |1 (z0) A i (z0)| > c.

Remark 4.3 In what follows, the transversality can aslo be replaced by a weaker condition,
requiring the existence of a function w € L'(S, H"~?2) such that

1
< , H" %2 —ae zg€S.
o1 (w0) A k()] = “0) &e. %o

We also define, for H" 1% a.e. z9 € S¥, the cone

kao = Tan(T%0 24) — Tan(ZFH70, 20);

12



this cone can be parametrized by using the maps QE:,’EO : Ri — Tan(Xk0 z0), QI";U : Rﬁ —
Tan(Tk70 24)

k k
QE}, () =) aiof(z0), QU5 (6) =) Bii(wo):
i=1 i=1

such a parametrization is given by Q’;O : Ri’“ — Vx’% ,

koo, B) = QTE (B) — Q%E (o)

and is determined by tha matrix
( —oi(z9) ... —op(zo) (xo) ... YE(zo) ) (21)

The dimension of mGo is given by the rank of (21), that is, due to the transversality condition on
> and T, always equals to k£ 4+ 1. We shall then denote by JkQﬁo the factor

o1 (z0) Ayi(zo)| it k=1

k. _
Di@Qiy =\ 1,dQsE, JudQrt, (22)

CrdQk,

where by J;ngE’;[) and JdeF:’;O we denote the area factor of the maps QZ’;O and QF’;O, and by
CrdQ?  the coarea factor associated to Q¥ .
For the restrictions 7 : ¥ — S* of 7, we can consider, for any measurable function g, the

coarea formula

if k>1,

/ 9(2)OpdpmpdH™ 1 (2) = / dH"il*k(:ro)/ g(x)dH"(z),
xk Sk ko
where Cyd,m, is the coarea factor. Equivalently, since Crd,m), # 0 on ¥,

/g(a;)danl(a:)z dH 1 (20) / I@) (),
sk Sk )

f,wo C}deﬂ'k

Remark 4.4 We can write the coarea factor using local parametrizations; we do it explicitly
since we shall use it in Lemma 4.5. Using a partition of unity argument, we can assume that %*
is a parametrized surface in a neighbourhood of a fixed point zy € S¥. We shall then assume to
have a map ) : A’;O X Ig’fo — R™ with the following properties:

1. A’;O is an open subset of R*~'~% and Igljo C R*, both sets containing 0;
2. 9(0,0) = zo;

3. the map a +— ¢(a) = ¥(a,0) is a parametrization for S¥;

4. for any a € A¥ . (a,a’) € Nor(5*, ¢(a));

5. the set {9;1(0,0)}i=1,..n—1-k is an orthonormal basis of T}, S* and

On—1-k450(0,0) = o (x0), j=1,... k.
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We shall also write 1! and ¢~! to denote the inverses of ¢ and ¢ defined on ¥¥ and S*
respectively. With the previous assumptions, it is clear that

me(P(a,a')) = ¢(a).

Moreover, the parametrization v induces then metrics ¢g,_1, gn—1—% and gx on Eff, S and E’ﬁ’y,
y € S*, respectively given by

(g’nfl(aa a/))i,j = <8’L’l/}(a7 al)7 8Jw(a7 CL/)>, Za.] = 1) ceey N — 1a
(gnflfk(aﬂ 0))Z,j = <ai¢(a7 0)7 ajw(aw 0)>> 27.7 = 17 cee, N — 1- k7
and
(gr(a,a"))ij = (Gib(a,d), 059 (a,a")), i, j=n—Fk,...,n—1
so that for x € ¥F with x = ¢(a,d’), y € S* with y = 1(a,0)
dH”fl(x) = +/det|g,_1(a,a’)|dada’, dH”fl*k(y) = +/det[gn—1-k(a)]da,
dH*(z) = \/det[gx(a, a’)]dd’

We can then write

[ s@are @) = [ e d)) el (o, dadd

Ak k
ZOXIro
/A

Vg1l 0o [ gw(a,a'w detlgn-1(a. a')] dotlge(a, a)dd’
so that

ko 1k, det[gn—1-1(a,0)]det]gx(a, a’)]

Chodymy = \/det[gnlk((b_l(ﬂ—k(l')),0)]det[gk(1/)_1($))]. (23

det[gn—1 (¢~ (2))]

The following lemma contains the main properties of the coarea factor Cyd,, 7 we use in the
sequel.

Lemma 4.5 Let Cydny, be the k—th coarea factor; then, if xy € S*,
Crdgymi =1, (24)
whether for z € Tan(XF%0 x),
Ao O, mi[2] = (n — 1 — k) Hg [2], (25)
where HEY [2] is the mean curvature of S* at xq in direction z € Ny, S*.

PROOF. We use the parametrized characterization of the coarea factor given in (23); if we fix
xg € Sk, then (24) is a direct consequence of point 5. in Remark 4.4.
To prove (25), by linearity, it suffices to consider z = U;?(xo), 1,...,k. The curve

j =
v(t) = ¢(c(t)) = 1h(ten—1-k+;) has the property that ¥(0) = z¢ and v'(0) = o¥ (), so
d
Ay Crdymi[0} (20)] = 2 Crdy Tk (7 (2)) =o-

14



Since 7 (y(t)) = xo, again by point 5. of Remark 4.4 we get

ooyl )] = 5 etlon (0] o = letlon1 (00 )

For the derivative of the determinant of an invertible matrix a = a(t), we can use formula

d
d—deta = detal(t Za“ﬁ ao,g (1),

where a,s3 are the entries of a and a®? the entries of a~!. Since g (0) and g,,_1(0) are the identity
matrix, we get that

k

%det[gk( ()] jt=0 =2 Z (On—1-k+at(0), 8721717k+a,n717k+j1/}(0>>

=2 Z 7 an 1— k+]¢(0)>a

a=n—Fk

and

d
—detlgn 1 (D) 0—22<6aw 02 1k ¥(0)).

We now use the fact that (9,1(a,0), 0n—1-k4+;¥(a,0)) =0foralla € A% anda=1,...,n—1—k.
Then for all o, 3=1,...,n—1—k

0= <a§,5¢(0)75n717k+j¢<0)> + <aaw(0)a 8g,n717k+jw(0>>' (26>
By using (26) with § = «, we obtain that

n—1—k

Ay, Crdy,mi[o k(Io)] - Z <3a¢(0)»3§,n—1—k+j¢(0)>

= (02 o10(0), Uf(ﬂ«”o» =Mn—-1-kH [Uf(ﬁfo)}

Using the decomposition (19), we can write

(2, T) Z (2 (27)

the following result holds.
Lemma 4.6 The quantity I;(XF;T) is asymptotic to t"*+1 and there holds

IF(2;T) == lim _RERD) @ 20)dH" 1 (),
0\ ey (4 )n/2gnt1+k k(o) 0

15



where, if k=1,

O1(wo) = 47r|01(:100)1/\ ’)’11(330))| - (vs(z0), v){vr(z0),v) exp <_|1> dv
and if k > 1,
k 2
Oulro) = (Z'f,f; / R L A DI

with Dy Q% given by (22).

PROOF. First of all we note that, using the changes of variables x = x4+ tz and y = x¢ + tw,

_ly—=|?

1) = [ a0 @) [ ste)y - a) ) - e T )

_ n1-k(, kepy [ 2@)y —2)(vr(@)y —2) sl
7/Sk "R 0>/Z;f,wo M )/F Crdym e

) [, dite) [ w),
St B —

with

(vs(xo +t2),w — z){vr(zo + tw), w — 2) o =212

F* t,z,w) =
zO( ’ ) Ck:dajo-i-tzﬂ-k:

Using the convergences

 Jw—z|?

}LT%Ffo(t,Z,w) = (vs(20), w — 2)(vr(z0), w — z)e” T,

]C7Z0 _ —
HEL (Etx"> — LFL Tan(5ho0 ), H"IL (Ft”:“) — £ 'L Tan(T, )

and the decomposition Tan(T, zg) = Ty, S* @ Tan(I'F%0, x4), we get

. L(ZkT) n—1—k
}E% (4m)n/2gn 11K _/Sk Ok (zo)dH (o),
with
1 _lw—z?
Or(xo) = " / dz/ (vs (o), w — 2)(vr(xo),w — 2)e” T dw.
(A7) JTan(s570,20)  JTan(Th 0 )

To compute the last integral we distinguish the cases k = 1 and £ > 1; in the first case we
parametrize Tan(X1%0, z5) and Tan(I'"*°, 24) using the maps

Q% (@) = aoi(zo), QU (B) = B (wo),
whose area factor is 1, so that we obtained
Q% (.81

O1a0) =3 [ (rslan). QL (0 9)rr(a0). Q1 s )™ 5 (o)
1

[v]

(v (20), v) (vp (o), v)e Fdv

~Arlot(zo) A ()] vy

16



The case k > 1 is similar, but since Q’;O maps R?¥ onto the (k + 1)-dimensional cone Vm’%, we
have to use the coarea formula, that is

JpdQXE J.dQTF 19k (o812
Ou(ro) = Q(;:) 2T [ (mlan), Q8 0 8) (o). @F (s e e )
k 2
:Zr)Q/v (ve (o), v) (o). v)e ™+ HH(@K,) 7 (@)

O

Remark 4.7 We point out some consequence and possible generalization of the previous result;
it states that the quantity I;(3;T) is infinitesimal of order strictly related to the dimension of
the intersection X N T'. In general, if M; and Ms are two oriented manifolds of dimensions m,
and mg respectively, S12 = M7 N My has dimension m < min{my,ms} and &;, & are two vector
fields in R"™, then the quantity

LMy, 0 My, &) = /M dH™ () /M (1(2),y — ) (Ealy)y — z)e 55 dHm2 (y)

is infinitesimal of order ¢™1+™2=™m+2  The proof of this essentially uses the projection on the
intersection Spo; this fact has been exploited in the previous Lemma by the quantity I;(X*;T),
since in this case the intersection between ¥* and I', having dimension n — 1, is contained in S*,
which has dimension n — 1 — k.

Since we are interested in the cases k = 1, we compute ©; explicitly. In order to do this, we
define the angle ¥ as the unique ¥¢ € [0, 7) such that

(01 (20), 71 (z0)) = cosDy.
With this choice, we also have that
(v (o), 71 (z0)) = £ sin v, (vr(z0), 01 (x0)) = £sindy
where the signs depend on the orientations of 3 and T'.

Lemma 4.8 Let us fix o € S*; for k = 1, we have that

_ {vs(20),71(20))(rr(20), 01 (20))
7 sin® Yo

O1(zg) = (1 + (m —Yo)c tgﬁo).

PRrROOF. For n € V!

o) We write = miv1 + m2v2 where {v1,v2} is the orthogonal system
determined by

1
\/1 — (o} (z0), 7%($0)>2

v1 = a1 (z), ({1 (x0), 71 (z0) Yo (o) — 71 (%0))-
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With this choice, we obtain

4”(1—<0’}(f€0)7Vf($0)>2)91(900) = —(vsn(x0), 11 ($0)><VF($0),U%($0)>/ 7717726_%dn+
vy

B <l/2($0)7 7 (1'0)><VI‘(=TO), 0%($0)><Ui (z0), M ($0)> e Ln|® dn
V1= (o1 @), o)) 2

—+o0 2 «
= (vsla0). o)) (e ol (a)) [ Pe o [ sinvcos o
0 0

_ <VE(9€0)7’Y11(5E0)><V1‘(5E0) 01(x0)><a}(x0) (o >/+OCQ e T dg/ sin? ¥d,
V1= (ot (0). 7 (@0))? 0

with oo = m — g since V. is the positive cone generated by of(zo) and —71 (20). O

Proposition 4.9 Let ¥ and T’ two pieces of C1' ~reqular surfaces such that S = XNT has reqular
skeleton; then

. It(Z;F) ol o n—2
thj}’(l) W = IO (Z,F) = o @1 (.’L‘O)dH (l’o)

PROOF. The proposition follows by using the decomposition (27), the estimate (17) and
applying Lemma 4.6. (]

Remark 4.10 In the proof of Lemma 4.6, we have essentially used the weak convergence of

k,x Ek’mo_
T Hkl_<’" g 3:0>

to the measure kw0
o = LPL Tan(sE0 )

MFT — Hn—ll_ (Fr ; .’L'O)

po = L Tan(T, zo).
In Lemma 4.11 we shall investigate the behavior of the distributions defined by

and the weak convergence of

to the measure

skeo skeo k.20 ko
wk.zo o e k.o T I
t—0 t ’ t—0 t
Lemma 4.11 If ¢ € CL(R"); if xg € S and X1 is CY1—regular at xo, then there holds
21 zQ 1 Zo
(o005 Y =5 | (V=) vs(ao))R [F]dz. (28)
Tan(Z;"0,z0)

Moreover, if xg € S and I is CY' —reqular at o,

g 1 . 1 ;
(o) =5 [ (TR e =5 [ 66045y 5505 09

2
TyyS
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Proor. We start by proving (29); we use the parametrization of L0~z

Remark 2.3; this parametrization is given by ¢y : B:/ , — R?

obtained given by

n—2
tw,tb) — x
pulb) =T N 50+ Do O
h=1
¢ n—2 n—2
+ B} h;1 8}%,k@(0)whwk +2 ; a}%,nq‘»p(o)whb + ‘972171,7;7190(0)5’2 + o(t).

We may also assume that 0;¢(0) coincide with the elements e; of the standard basis for ¢ =
1,...,n — 1. Moreover, for the metric we have

n—2 n—2

d
7 detg(tw, tb),_, = Z aﬁykwk(O)wh + Z 3721—1,h80h(0)b+

h,k=1 h=1

n—2
+ Z 8f2b,n—1<pn71(0)wh =+ 672L—1,n—1‘10n71(0)b'
h=1

We now use the fact that for ¢ € C}(R™) and ¢ small enough, we have that

Fr*xO
t

spt(¢) N - (pt(B:/t)'

We also have that for ¢ € {1,...,n — 2} there hold

/ Oy (w, b, O)wpwpdwdd = — / 6 (w, b, 0) (S + wndy)dewdb,
Ri—l

n—1
RY
/

0id(w, b, 0)wpbdwdb = —/ d(w, b, 0)d;,bdwdb,

1—1 Ri—l
and
/ 0;6(w, b,0)b*dwdb = 0,
Ry
whether
[ orétw b opwwduds =~ [ o(w,0,0)wnundu,
Ry Rn—2
/ On—16(w, b, 0)wp,bdwdb = —/ o(w, b, 0)wpdwdb,
Ry RY!

and

/ On—10(w, b, 0)b*dwdb = —2 / é(w, b, 0)bdwdb.
R}

n—1
RY
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In this way we obtain that

/ b — / (w, b, 0)dwdb + ( § 92w ( / Bn(w, b, 0)wpwydwdd-+
R} hok=1 P
n—2

S () / Db (w, b, 0)wbdwdb + 62, . 1" (0) /
h=1 R}

Bnd(w, b, o)b2dwdb)+
R

n—2
t
T S I 0) / 6(w, 0, 0)wnwidw + oft)
2 hho1 ’ Rn—2

T.o S H(8)AG 1 (o) (5 8)ds + o(t)

0 1 t
= foans 5 [ (o) vtz AR widn —

and this proves (29). The proof of (28) is similar. O

Remark 4.12 Lemma 4.11 applies also to function in the Schwarz space and in particular, as
in our case, to a polynomial times the Gaussian.

Remark 4.13 In the proof of next result we need to compute integrals of the type

+oo +oo 2 2 ) 9
Fn = / da/ dpa’ 3* exp <a +6 1 o cos 0) .
0 0

The integrals we are interested in are Fig, Fb1, F30 and F35. With standard computation, we get

2/ 4/m(2 — cos V)
Fyo= —————,

o= —F— =
107 T " cos vy’ (1 — cosg)?

and
47
(1 —cosdg)?’

16y/7

Foy = L AL —
2t (1 —cosdy)?

F3p =

In next lemma we shall also deal with point xy belonging to 9S; we then have for H" 3
almost every xo € S C 95, we have the (n — 3)-dimensional tangent space T,S? and a vector
s1(xo), pointing inside S, in such a way that the (n — 2)-dimensional cone Tan(S, zg) is given by

Tan(S, 29) = Ty S? @ Ry (51(20)).

Moreover, for such zg € S?, we have that Tan(3, zg) is the product of T,,S? and a positive cone
genereted by two vectors, si(zg) and a second vector 1 (zg), belonging to the plane generated
by o1(zo) (a vector orthogonal to si(zg)) and si(zg). If (¢1(wo),si(zo)) > 0, then T27 = {
and then ¥ has a defect of orthogonality around zg, that is for points z € S' N B,.(x¢) close to
Tg, 17 is not CLl-regular at z. We have then to complete X1 using the sets iiw of Remark

2.2; we then set
U U ==
29€S2 z€SNB,(z0)

In case (o1 (o), s1(zo)) < 0, then ¥ has an excess of orthogonality and then ¥2% # () and as
sets of generators of Tan(X2%0, z) we can choose 0?(xg) = o1 (z0), 03(xg) = 71 (z0). In case
(61 (o), s1(z0)) = 0, then both £27° and %, N B,(z) are empty. In the same way, for T', we
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have the vectors 71 (x¢) and 1 (x¢) such that Tan(T',z¢) is given by the product of T},5? and
the cone generated by si(zo) and 51 (z¢). The fact that I' can be not Ctl-regular at x¢ € S?
means that I has a defect of tangentiality at zo; in this case, Tan(I'2%0, ) is the positive cone
generated by si(xg) and 7j(x¢), that is we can set v?(zg) = s1(xo) and v3(xo) = 1 (xo). We
also use the definition of B B

-y U i

ro€S2 2€By(x0)

given by Remark 2.2 is such a way that I UT, is C"' regular at any point of S; finally, for
almost any point zg € S?, we notice that Tan(T',., 7o) is given by T}, S? and the positive cone
generated by 7 (x0) = —si(xo) and 33(zo) = 71 (o)

With the introduction of the sets i, and f‘r we shall consider in the next lemma the quantities
It(iT;FT U f‘r) and It(fr; Y,); as pointed out in Remark 4.7, they are infinitesimal with order
depending on the dimension of the intersections Y, NI, UL, and I, N Y. Such intersections
are contained in S5 and have dimensions n — 3; we shall also use the dimensional decompositions
of ¥,, T, and T, UT, induced by the projections on Sy = 8S. With an abuse of notation, we
shall keep the notation %570 (T,.)5%0 and (T, UT,)" to denote such slicings. We shall use in
particular the spaces

‘750 = Tan((T'U fr)%‘”‘], xo) — Tan(f)%’””o, Zo), ng = Tan(ff’wo, Zo) — Tan(Zi’IO,xo)

and the linear maps @io :R3 xR — ‘70620 and @io ‘R — W:fo, defined by
Q2 (@, B) = —ano (z0) — @251 (x0) + B171 (o) + Basi (wo)-

and R
2. (@,B) = —a167 (o) — aas1(w0) + P11 (w0) — Basi (o).

Lemma 4.14 Let X and I" as before; then

51[1(2‘ F) = lim 1 M — 11(2' F) = / TQ(SL‘o)dHn72 — 62(2170)6”'(”73(130)
0 ’ t—0 ¢t (47T)n/2t"+2 0 ’ S S2 ’
where
1 z
B(20) =G o vt e [(cos 9o — 2) (v (w0), 7} (w0) 52 o (o)) +

+ (cos ¥ — 2)(vs(w0), 71 (w0) )&1° [11 (w0)]+
+ (n — 2) cos Yo (vs(20), 11 (o) YHE [vr(z0)]+
+ (n — 2) cos Vo (v (), o} (z0) ) HE? [uz(xo)]]

and

Bn(an) =t /V (s (w0), 0} (v (o), v)e™ F HA(Q3,) ™ (0)dwt

+ (2;%;02 /Wz (vsi(zo), v) {vr(x0), v)e™

[v]? ~

STHN((Q7,) 7 (v))dv.
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PROOF. By (17), we have to compute the derivative of

(35T, o -
s = a2 [0 6 [t )

where
1 (vs(zo+tz),w — 2){vr(zo + tw), w — 2) o Lol

r, t, z, =
0( z w) (471.)71/2 J7T1($o+t2’)

First of all, we have that

_Jw—z|?

e
(47’()"/2

+ (v (20), w — 2){(dyovr[w],w — 2) — (n = 2){vs(w0), w — 2)(vr(20), w — 2) Hg" [Z])

_lw—z)?
:W <<VF($0), Z)A%ﬂ (271-%0 (w) _ z)+

— (vs(0), W) AT (w,w = T (2)) + (0 — 2) (v (@0), w) (vr (20), 2V HE[2]), (30)

atFxo(Oﬂsz) = <dzoVZ[Z]vw_Z><VF($O)vw_Z>+

where in the last line we have used the fact that z € Tan(X1%0 x¢) and w € Tan(T',zg). If
we write w = w, + ¢, with w, € T,,S and ( € Tan(I'L'*0,z0) and fix an orthonormal basis

{e1,...,en—2} of T, S. Using the fact that TS is a vector space, we can discard the summand
of (30) that are odd in the variable w,; in addition, we use the fact that (vs(zp), w) = (vs(z0), )
n—2

and the decompositions w, =) ;" wke; and

¢ = (¢,01(z0))oi(z0) + (¢, ve(@o))ve(wo), 2= (2 (20))7 (20) + (2, vr(x0))vr (20),

whence the fact that

50 (¢) = (¢ o1 (w0))oi (o),  TIE°(2) = (2,71 (o) )7i (o).

In this way we obtain

/ dz/ 0t F 3, (0, z,w)dw =
Tan(Ei’ﬁO ,Zo) Tan(T,zo)

Jwr]?

S ATy RRY MU (S L ED SR (O
- <VF(xO)a Z>A§]O (Za Z) - <VE(170)3 <>AII‘0 (w‘f'v 'LU-,-) - <V2(x0)7 C)A?) (Ca C)+
+ (v(20), ) (2,71 (20)) AP (€. 1 (@0)) + (n = 2) s (o), v (o), 2) HEP[<] ) e~ dc.

We also need the fact that

n—2
wr|? n—
/ SAI’fo(wT,wT)e*‘ 7 dw, =2(4m) 7 ZAIJE‘)(ei,ei)
Tag i=1

n—z

=2(4m)" %" (n — 2)HE [vr (o)),
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so we get

/Tan(zl 20 4y @7 /I‘an(F . O Fyy (0, 2, w)dw =

= [ o o)) (31 (w0), 04 20)) (v (o), 03 20)) Fon — (v ) 7} o) Fio) +
+ K171 (o)) (<71($0) o1(0))(vs(@0), 71 (20)) Fia — (vs(x0), 71 (x0)) Fos) +
+ (n = 2)(vs(20), 71 (20) )(vr(20), 01 (x0) ) HE" [0 (0) | For+
—2(n = 2) (v (20), 71 (20) ) HE [0 (20)] Fou (31)

here the Fj,;, are the coefficients defined in Remark 4.13. We now have to consider the derivatives

1,zg

of the measures utzr and uf?; in order to apply Lemma 4.11, we need that for any zo € S,
Y1%o and T have to be Ctl—regular at 2. So, in case, we can consider the completions ¥, of
Y, and I';. of I'. We also notice that

It(zr; Fr) = It(zr U ir;l—‘r U fr) - It(iﬂ r.u f'r‘) - It(zr;fr)~
To deal with It(ir; r.u f,.), we consider the projection 7y : ¥, — 05 and define the sets
(0S)kF = {x0 € 0S : dim7 ! (x) = k}
and _
vk =771((89)).

Since 95 is an (n — 3)—-dimensional manifold, we deduce that

HHED) =HTHED =0,
so that

n—1

L(3,; T, UT,) = > L(Zk: T, uT,)

and, arguing as in Lemma 4.6, the term I,(3*; T, UT,) is asymptotic to t"t1*. In the same
way, by considering the projection 7r : I, — 95, we can write

LT, %)) ZL

We shall still denote by i%“" and by (TU FT)2 *o the sections induced by the projection’s 7.
We are interested in the term asymptotic to t"+3; we have that

. It(iz;rrUfT)
lim—————————~
t—0 (47T)n/2tn+3

:/ dHn*B(zO)/ dz/ (vs (o), w — 2){vr(z0), w — 2) 677‘*“7‘2 dw
oS Tan(ii"mo,:vo) Tan(T'UT,.,z0) (471-)71/2

(v(@0), w — 2) (vp (o), w— 2) _pu=as?

= Iy(3;T) (32)

= dH" 3 (z / dz/ . e dw
/65 ( 0) Tan(iﬁ’mo,:co) Tan((Fuf“?"O,mo) (47T)3/2

n— DQQQ Sy 32 -1
:/as dH 3(3’"0)(4%)3% vz (vs(20), v){vr (o), v)e™ T H ((Qz,) " (v))dv;
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moreover we get that

It(fg§ )

t%m =1 (Z;1) (33)

Dz@%o e ol S
" (4m)32 anH s(xo)/@o (vs(20), v)(vr(wo), v)e™ = H'((Q3,) " (v))dv,

For the term (X, UX,;T UT,) we can apply Lemma 4.11 and the fact that Tan(X1%0, z4) =
Tan((X U X,)1%0 20), so that

SI(ZT) :/d’l—{"‘z(a:o)/ dz/ OcF (0, z, w)dw+
S Tan(E,i’wo,zo) Tan(T",z0)
+ / (<¢F, 51M§FUE””°> + <¢E,5mgufr>) AH"2(z0) — Io(S;T) — T (5 T),
s
where
o) = [ Eazwde st = [ Foul0, 2, w)dz.
Tan(T",z0) Tan(E,{’IO,xo)

We start with ¢r; using the decomposition Tan(T', z¢) = T, S @ Tan(I'L*0, z), we deduce that

or(z) = —W w/ran(r‘i’mo7x0) (s (20), w — Z>€_%dw7
so that
Vor(z) = — 4i . ((Vz(:ro),w — 2yur(ao) — (v (o), 2)vs (z0)+
T JTan (70 ,z0)
+ 3 vs(@),w - (o), 2)(w — 2) ) T dw.

We then obtain that

1
> - dz/ ((Vz(fﬂo),wﬂl/z(%)aVF(CUO)H‘
81 Tan(Ei’zO,wo) Tan(T';""0,z0)

21,1'0

<¢F,51N0T

— ((20).2) + 5 ma0), w) (a0 2w e T
1

- 87’%” (o1 (0)] (<VE($0)’ vr(wo)) (vs(x0), 71 (w0) ) For +

— (vr(w0), 01 (20) ) F30 + %(Vz(a?o%711(930)>2<VF(I0),U%($0)>F32)- (34)

Concerning Vs, we have
1
(4m)%

1 _w—z|?

——(vs(x0), w){vr(zo), w — 2)(w — z)) e 1 dz

Vos(w) = [ i (0] = 2)us(a0) + (o(ao) whor o)+

\V]
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we also get

(85,00 ) = <ot (o) (= o), ve (o)) (v (o), 03 (0) Fra

8m
+ <V2(CU0),’Y%($0)>F03 - %(Vz(xo),’)’% ($0)><VF($O),U% ($0)>2F23>+
+ 2 oty (w))( — (e o), 7o) (o), v (20 Fao

+ (o), (o)) For = 5 (v(0)s 2 (o)) o (). o (@) Fn ) (39)

Summing the three terms (31), (34) and (35), we obtain the term

T5(zo) :%{,@0 [0 (20)] ( - %(VE(CCO%VF($0)><VZ(330)7V%($0)>F21 - %<VF($0)»U%($0)>F30+

- 1<V2(fff0)»7%(900 Y (vr(x0), 01 (x0)) Faz + <7i($o)a0i($0)><l/r($o)7Ui(wo)>F21)+

4
+ K [711(330)]( - %<V2(930)7 vr(x0))(vr(zo), 1 (x0)) Fia — %(Vz(xo)ﬁ%(xo»Foﬁ
- i<VF($0)7 U%($0)>2<V2(330)7’Yll(fﬂo)>F23 + <’Y%($o)7 0%($0)><Vz($o),711(3?0)>F12>—|—

+ (n = 2)HZ o] ( ~ (vn0), v (20)) (v (0), 7} (20)) Fro — (s (o), 74 (w0) ) o+
- %<V2($0)»7%($0)><Vr(w0)a0’%($O)>2F21)+
+ (n = D HP o} (@0) {v(w0), 71 (@0) Yo (o), 7} (20)) o }.
We write o1 (1) as a combination of vs(xg) and vr
o1 (z0) = avs(xo) + Brr(wo),
where, since (v5 (7o), 01(z0)) = 0 and 1 = (o (z0), 1 (20)),

o cos Yy 5= 1
~ (vs(@o), 71 (20)) ~ {vr(x0), 01 (x0))”

By the fact that cosy = (o7 (20),71 (20)), We also obtain that

_ cos Do(vr(zo), o1 (20))

(vs(0), 71 (x0))

(vs(20), vr(20)) =

1

Ts(z0) = (1 —cosv9)2v/7

|(cos 9o — 2)(vr (o), o} (w0) ) K52 o7 (o) 1+

+ (cos o — 2)(vs(20), 1 (o) )AT° [71 (o) ]+
+ (n = 2) cos Vo (s (20), 11 (o) ) HE [vr (20)]+

(o)
+ (n — 2) cos 9o {vr(zo), o (o) Y HE [vs (:vo)]}
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Proposition 4.15 Let ¥ and T' as before, then there holds

It(z, F) 1 . 2 . 1 .
PROOF. The proof simply follows by the previous results. O

Remark 4.16 We end this section by pointing out the following.

1. The hypotheses on S and OS can be weakened by requiring that S has positive reach,
following the definition of Federer in [7], in both surfaces ¥ and T.

2. It is also clear that the previous expansion can also continue for higher powers of ¢; this
expansion will contains higher derivatives of the objects involved so far, but also the higher
codimensional part of the skeleton of S.

5 Expansion for sets of finite perimeter

As direct corollaries of Theorems 3.1 and 3.3, we can state and prove the following properties.
The assumptions is that E is a set with F union of C1:!-regular surfaces and such that FE\ FE
with regular skeleton. We write

0E =% =%
and
Aiz{j;éz':SZ-’j:EiﬂEj;é(b}.

Theorem 5.1 Under the conditions that OF is a finite union of reqular surfaces and OE \ FE
has reqular skeleton, we have that

/2t o
ITixel 2@y = Bl - ;P(E) +tz Z Ig (S35 55)+
i=1jEA;
V23 | (n —1)? 2 “
- N ((HE)? + —2 ) dnn - (12 D50 8,) + 6, Ik ZgE)
3| oA /2<( S (n—1>262> 2 2 (B k()

+ o(t?).

PrOOF. It suffices to notice that, if K is the function defined in (1), then

I Toxs |2 = / Tyuxede =|E| - / Toixpde = |E| - Kon(E, E°).
R’Vl EC

The result then follows by the properties described in Section 1.1. [l

Theorem 5.2 Under the same conditions of Theorem 3.1, we have that ast — 0T,

t m
Toxe — xelien =2 LPE) 130 Y 1h(5em))+

i=1jEA;
Vi3 (n—1)2/< 2 “
+— | == HE)? + — CQ)‘ZHn_l—g E I§(24;55) 4+ 6115 (54 5
3 2ﬁ - ( E) (n—1)2 b)) i:1j€Ai( 0( ]) 1 0( J))

+o(t3/?).
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PROOF. Setting fi(x) = Tyxg(z) — xr(z), we have
ft(x)dxzov VtZOv
Rn

hence
fif (@)da = fi (@)da.
Rn R™

Since f;"(z) = (Tyxe(r) — xg(z))XxE- (), it suffices to notice that

ITixe — xa o = 2 / Tyxe(@)ds. (36)
EC

O
The previous result can also be extended to the case of two sets F, F C R™ with piecewice
C"1-regularity; by assuming that both E and F are open sets, one has to consider the splittings

OE = (0ENF)U(OENF°) U (OE N OF)

and
OF = (OFNE)U(OF N E°) U (OF NOE)

and the decomposition of these three parts into finite unions of C'*!-surfaces.

Remark 5.3 In view of Remark 4.16, we can also go further in the expansion of HTtXE||2L2(Rn)7
also requiring less regularity (positive reach) of the singularities of OF. It is clear from the
argument used that, in general, there is no reason why this expansion has to be a polynomial in
V/t. This happens, up to a term that is infinitesimal of exponential type, if for instance F is a
polyhedral set, that is a finite intersection of halfspaces. It would be interesting to investigate the
reverse implication of this, that is if it is true that knowing that the expansion is a polynomial of
degree n in v/%, then E has to be a polyhedral. The fact that only integer powers of v/t appear is
a consequence of the regularity of the skeleton of OF. In general, any power on ¢ can be involved;
take for instance u to be the Cantor—Vitali function and by U its primitive. Then the epigraph
of U is a convex set and, direct computations, show that in the expansion the term ¢'+¢ appears,
with o = logs 2 the Hausdorff dimension of the Cantor set.

This fact shows a crucial difference between the heat and the Minkowski content, also in the
class of convex sets.

6 Examples

6.1 Two-dimensional region

Example 6.1 Let ~y: [0, L] — R? be a C1! planar simple curve parametrized by arclength; then

L(v) 3 [V,
m = - K
e W

(a)da,

with k- the curvature of v. In particular, if E' is a bounded set with 0F parametrized by v, then

2 2t e, 3/2
1TexEl72m@ey = |1 E] — ;L— o K5 (a)da + o(t*'7).
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A first example is given by the circle F = B,.(0) in the plane; in this case dF is parametrized
by y(a) = (rcos ¢, rsin 2), and k4 (a) =r~! for every o € [0,277). Then

vV 2mt3

r

ITixel 7z ge) = mr? — 2rv2mt — +o(t*?).

The following example shows how the second order expansion of the heat content of a set £ with
finite perimeter takes into account the behavior of the boundary OF along the 0-singular set of
OF.

Example 6.2 Let E be a simple oriented polygonal region in the plane with angles a; €
(0,7),i = 1,...,m, then in the expansion of its heat content the coefficients of ¢ is not zero
and depends on the not C'''! contact of pair of consecutive segments; indeed if ¥ and I' are two
segments that have a common endpoint zy and generate an angle « € (0, 7), by Lemma 4.8 we
get that
1
I} (Z;T) = ©1(x) = —;(1 + (7 —a)ctga).

In the case of E as before we have to consider m segments and for each of them two contacts
with the adjacent segments; moreover, since the curvature of a line is zero, the heat content of
E is, up to an exponential infinitesimal term, a quadratic polynomial in /¢

2t m "ot o,
ITox e |32 g2y = \E|—1/;P(E)—2t(;+z & (ﬂ—ai)) FYo(th) Yh> 1.
=1

s

In the case of the square E = [0,1]?> C R?, OF is the union of four orthogonal segments and

I TxmlBaey — 1B+ 2P(E) g
tl—r)r(l) t T r

being o;; = 5, ¢ = 1,..,4. Hence,

2% 8
ITixplis@) =1 -4/ = = —t+o(t") Yh>1.

6.2 Three-dimensional region

Example 6.3 Let E = B,.(0) C R?, then 9F is C!- regular and being Ky = r~! fori=1,2
and for every z € JF, as immediate consequence of Theorem 5.1 we get that

4 16 f
HTtXBT(o)”sz(RS) = §7T?"3 - 4\/%7‘2 — ?W—’_ 0(t3/2)

Example 6.4 We consider now the set £ = B} (0) = B.(0) N {(z,y,2) : z > 0}; we divide
OF = %1 Uy, where $1 = {(7,9,2) : 22 + 92 < r?,2 =0} and Sp = {(2,9,2) : 22 + y> + 2% =
72,z > 0}; both X1 and 33 can be parametrized by uniformly Lipschitz functions. The presence
of the 1-singular set S = {22 +y? = r?, 2 = 0} gives a nontrivial coefficient of ¢ in the asymptotic
expansion of the heat content of E. We have that

2

—(4m)*260 f(t) = L(OE) = Z I(3 %)

i,j=1
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By Theorem 3.3, it holds that

L(Z) = L(Z; %) = —167rt6/ ((Hgf + %c%i(x))>d7-[2(x) +o(t% i=1,2.
p

i

Since kg, ;, =0 for i =1,2, z € ¥ and &%, ; = 1 fori=1,2, x € ¥y then [;(X1) = 0 and

lim 711‘/(22)
=0 (47r)3/2¢6

=-8/7
Whereas for 4,7 = 1,2 and i # j we have that

L(Z5%)) = L(25%) = (47r)3/2t5/ 01 (x)dH (x) + o(t?)
S

and I
1 . 71 . T t 27
Io(31;%2) = Ip (X0 %) = lim =7 (am) 3/2t5 / O1(z)dH(
being fy = 5 and O (zg) = —2 for every zy € S. In addition, since K30 [es] = ¢ for any 20 € S,
we also deduce that Th(xzg) = —% for any xg € S. Since S? = (), we can conclude that

2 16 ;
|\TtXBj(o)H%2(R3) = gmﬂ?’ —3V2rtr? — drt — E\/med + o(t3/?).

Example 6.5 The example of the square in R? can be easily extended to the case E = [0, 1]

R3; in this case
6
OE =) "%,
1=1

where the X;’s are 1 side-squares and |A;| = [{j # i : Si; = 8, N%; # 0} = 4 for every
i=1,...,6. Moreover, there holds that

1N %) / O1(z)dH (z) = i=1,...,6, j € A;.

Since k5, = 0 for every x € ¥; and S} ; = = 0 the coefficient of v/#3 in the asymptotic expansion
of the heat content of E reduces to Zi:l D jea, 6115(24;%;). In order to describe a generic

term of the form 6} (X;; $;) we consider an orthogonal coordinate system, we fix ¥ = ¥; and
I'=3%; with S = £NT # 0 and, without loss of generality, we assume that ¥ = {0} x [0, 1]?
and T' = [0,1]? x {0}, then the origin of the axis belongs to dS. Using the notation introduced
in Section 4 we have that

vs(0) = eq, vr(0) = es, 0’%(0) = ez, 'y%(O) =eq, s%(O) = e,

where {e;}i—1,2,3 denote the canonical basis in R?. It is obvious that, being x§ = 0, K%, ,=0
respectively for every z € ¥; and = € S;; and ¥2° = {), there holds that ¢; I} (%;T) reduces to

jf 1(%;T') which depends on the defect of tangentiality of T in 0; in this case we have to consider
2% in such a way that TUT20 is Ct1-regular at 0, then Tan(I'2°, 0) is generated by —e and e;.
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We have to consider 7 : 3, — (I'U f‘%’o) N %, and Ef:g
is generated by es and e3. In this case we get that

771(0) = X,; in this case Tan(Z,%g, 0)

WE = Tan(I'?°,0) — Tan(322,0) = (0, +00) x (—00,0)?

and R .
Q(Q) Ri_)WOZa (a7ﬁ>'_)(ﬁla_a2_ﬁ2a_a1);
then DgQO = %
Ao [ 20,0} or(0) e FHU@R) 0o =~
87?\/% w2 =( 0 =

Hence, we get

|T; 1-6 —t——tf 2w t"y VYh>3/2
tXE||L2(R3 = 3 +o(t") > 3/2.

Example 6.6 Let E be an oriented regular tetrahedron, that is a polyhedron whose four faces
are triangles equilateral T; (with side equal to a) three of which meet at each vertex. In this case
|E| = 12a P(E) = v/3a%; moreover 9E = Y1 Ty and |A;| = |{j #i:Ti; = T, NTj 75(0}\—3

for every i = 1,..,4. We notice that ¥y = § and for every z¢ € T} ;, ©1(zo) = —(£ + \/g) hence

1y 1 2 . )
Iy(T3:; 1)) a(ﬂ—l—\/g), 1=1,...,4,j € A,
It is easy to see that in the expansion of the heat content of E all the terms which depend on the
curvatures of T; and T; j will be zero. However, in order to go further in the expansion we first
observe that, since (7;)? = () then I3(T};T;) = 0 for every i = 1,..,4 and j € A;; moreover, fixed
T;, Ty (with i = 1,...,4, j € A;), 6,13 (Ty; T;) reduces to IO(T,,T]) + (T T;) = 204(x0) with
xo € 0T; ;. Without loss of generality, we fix an orthogonal coordinate system, we assume that
xo coincides with the origin of the axis and that I' and ¥ are two faces of the tetrahedron whose
common side coincides with the segment of endpoints the origin O and A(a,0,0). Assume that T’
belongs to z = 0 whereas ¥ is contained in the plane z — /3y = 0. In order to compute ég(O) we

have to complete ©10 which has a defect of orthogonality around 0 using the set $1.0 and also

r )

I', which has a defect of tangentiality around 0 using the set T, both introduced in Remark 4.13.

In this case vp = (0,0,1), v = (0,1,0), ¥ = (3, ‘ég,()) vy = (0, ‘g,f%) = (0, 3, %), o=
(é, V3 %) By (32), we get that
~ o~ 2D, Q% w2 P
o= Do) = 2208 [t o), )5 @) o
(47‘[—) V02
where
~ ~ 1 1 3 3 3
Qf REXxR—VE, (a,3) — (—2a2 + By, — 301 = %042 + B2, — \2[041 - 4Oé2> ,

and V2 = {v3 < 0} N {vs — v/3vy < 0}. Analogously, by (33), we get

~ = 2D, (2 _Iv|?
L =L(ET) = (47T)3/g /W2<VE,U><VF7U>€ 4
0

HH(Q3) ™ (v)dv,
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where

1 V3 V3 3
2 2 2 4 ’

~ — 1
Qs RY - W, (a,8) — <041 — cag — B+ o, — o + =02, ——an

and WOQ = {vy > max{0,v1v3},3v; —v2v3 < vz <0} U {v1§ < e < 0,30 — V3 < w3 <
V/3v;}. Finally, summing all the terms obtained, we get

1
||TtXE||%2(R3) = 7&3 — a2 — —12a (71' +

V2 6t 2

\/g) t+4V23(Io + L) + o(t") Vh>3/2.
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