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Abstract

We prove sharp upper bounds for invariant measures of Markov processes in RY
associated with second-order elliptic differential operators with unbounded coefficients.
Mathematics subject classification (2000): 35J70, 35B65, 47D07.

1 Introduction

Given a second order elliptic differential operator of the following form

N N
A = Z Di(aiij) + ZFzDzv
i=1

4,j=1

we say that a Borel probability measure px on RY is an invariant measure for A if
/ Apdu =0 (1.1)
RN

for every ¢ € C°(RY) (the local integrability of A¢ with respect to u will soon be clear).
Our assumptions (HO) and (H1) below imply that A, endowed with a suitable domain D(A),
generates a semigroup (7°(t)) in L'(u) and that (1.1) holds for every ¢ € D(A) or, in an

equivalent way,
| r@sdn= [ sau (1.2)
RN RN

for every f € L*(u) and ¢ > 0. This means that y is a stationary distribution of the Markov
process described by (A, D(A)). For this reason, the issues of existence, uniqueness and
regularity of invariant measures are investigated both by analytical and probabilistic tools.
Here, we are mainly interested in the global regularity of ;1 and upper bounds for its density
with respect to the Lebesgue measure.

Throughout the paper, we assume the following
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(HO) aij = aji, F; : RN — R, N > 2, with a;; € WLI(RN), F; € LL _(RYN), for some ¢ > N,

loc
and
N

D aij(@)6& = ML,

ig=1
for every z,¢& € R and some A > 0.

Observe that neither a;; nor F' are assumed to be bounded. Since for N = 1 invariant
measures can always be explicitly computed, we assume N > 2. Under this assumption,
it is known that p is absolutely continuous with respect to the Lebesgue measure and its
density p belongs to Wli)’cq (R™); in particular, p is a continuous function. Moreover, it can

be proved that p is strictly positive everywhere. We refer to [1, Corollaries 2.10, 2.11] for
these results. Besides (H0), we assume that

(H1) there exists a function V € C?(RY) such that

lim V(x)= +o0, lim AV(z) = —o0, lim ANV +F-VV)(z) = —c0.

|| =00 2| —+o0 || =00

A function satisfying the first two conditions in (H1) is called a Lyapunov function for
the operator A. Thus, requiring (H1) is equivalent to requiring that there is V' which is a
Lyapunov function both for A and AA + F'- V. Without loss of generality one can suppose
that V' > 1. It is worth observing that, under our regularity assumption (HO), if there
exists a Lyapunov function V for A, then there are a unique invariant measure p for A and
a semigroup (T'(t)) in L*(u) for which (1.2) holds, see [6, Proposition 2.9, Theorem 3.1].
Moreover AV € L'(u), see [3]. Actually, we need (H1) both for ensuring existence and
uniqueness of p and for performing our method, as we explain later.

The main results of the present paper are the following. We first prove that p € L>(RY),
basically by adapting the De Giorgi regularity method to our equation (1.1), which, using
that du = pdzr and the local regularity of p, can be written in a weak form as follows:

N
/ 3" ai;DipD;é da =/ F-Vépde, ¥¢eCZRN).
RN | RN

4,j=1

Since the coefficients are not bounded, the solution p does not belong globally to any Sobolev
space, hence the idea is to proceed by approximation. We introduce new diffusion coefficients
af; belonging to Cy) (R™) and keep the same drift F', in such a way that the function V given
in (H1) is a Lyapunov function for the approximating operators, uniformly in n (see Lemma
2.1). This is possible in view of condition (H1). It follows that each approximating operator
admits a unique invariant measure du,, = p,dx, whose densities converge pointwise to p, as
n — +o00. Then, assuming that |F| € LP(uy,), for some p > N, we prove that the L>-norm
of p,, can be estimated by [[F'||zs(,,). Finally, we assume that the function V' in (H1) is
of the form V = exp{|z|®} and that |F|P can be controlled by V and deduce, in view of a
result in [8], that ||V 1(,,) < C for every n, and thus conclude that p € L°°(R"). This is
the content of Section 2.

An analogous approach allows, in Section 3, to derive upper pointwise estimates for p in
terms of exp{—~|z|?}. Testing the result obtained on the model operator A = A —|z|?~! I
V, we find out that the constants involved are very precise (see Example 3.5). We stress
the fact that our results allow for an exponential growth of a;;, |Da;;| and |F'| (see Theorem

3.1 for the precise statement).



Concerning the existent literature on the subject, in [8], under weak assumptions on
the coefficients of A, comparable to ours, the authors first prove that p € L=(R"). Then,
by strengthening the hypotheses on a;;, F; and, in particular, asking that a;; € C} (RM),
they study Sobolev regularity of p. Finally, under still more restrictive assumptions, they
investigate the asymptotic behaviour of p, obtaining upper and lower pointwise estimates.

In the paper [2], by refining the techniques of [8] and introducing new tools, Sobolev
regularity and upper bounds on the density p are proved under slightly more general condi-
tions on the coefficients than in [8]. On the other hand, in [5], lower bounds for densities of
stationary distributions are obtained under considerably weaker restrictions on the a;; and
F than in [8]. In all these papers, however, the coefficients a;; are bounded and the upper
bounds are not as sharp as ours.

Finally, let us notice that, in the same vein, analogous estimates for parabolic problems
are shown in [4], [9], [10], [11].

Notation We denote by a the N x N matrix with entries (a;;(x)) and we set a(&,n) =
> @ij&iny, for any £, € RYN. We denote by A(x) the maximum eigenvalue of the matrix
(a;j(z)). For any u : RN — R, uy is the positive part of u, i.e. uy(x) = max{u(x),0}.
We denote by LP(u) the space of all functions u : RN — R which are measurable and p-
summable in RY with respect to the measure p. When we write LP(R”) we mean that the
underlying measure is the Lebesgue one. If E is measurable, we denote by |F| its Lebesgue
measure and by xg its characteristic function which takes value 1 in E and 0 in RV \ E.

2 Global boundedness

Let 7 be a function in C'(R) satisfying n(t) = 1if [t| < 1, n(t) = 0if [t| >2,0<n <1
everywhere and 7/(t) <0, if t > 0. Set

() =1 <V7(f)> , zeRY,

where V is given in (H1), and define
a?j = NnG;; + )\(1 — Un)%‘, (2.1)

for every 4,5 = 1,..., N and n € N, with the agreement that §;; = 1if ¢ = j and d;; =0
otherwise. We introduce the approximating operators

N N
A" = Z D,-(a?ij) + ZFZD’L (22)
i,j=1 i=1

and we remark that the new coeflicients a;; verify the ellipticity condition with the same
constant A as in (HO). Let us show that V' is a Lyapunov function for every A™, uniformly
with respect to n.

Lemma 2.1 One has
lim sup A"V (z) = —oc0.

|z]| —=+00 n

In particular, V is a Lyapunov function for each A™.



PROOF. By explicit computations we find that

A"V = n, AV+ (1 —n,)AAV + F-VV)
N
1 / V(.Z‘) 2
- E D:VD:V — .
+7Ln< n )(ijzla” a ]V )\lv‘/'

As n'(V(z)/n) <0 and >, s a;;D;VD;V > A|[VV |2, from the previous equation it follows
that
A"V <0, AV + (1 = n,)(AAV + F - VV) (2.3)

which yields the statement, thanks to (H1). O]

In the next corollary, we collect some known facts concerning invariant measures by
referring them to the operators A™.

Corollary 2.2 FEach operator A™ has a unique invariant measure fi,, which is given by a
positive density p, € Wl’q(]RN). Moreover, A"V belongs to L'(u,), and there is C > 0

loc

such that ||A™V |1,y < C for every n € N.

PROOF. The uniqueness part follows from [6, Proposition 2.9, Theorem 3.1]. For existence
and regularity of (4,,) we refer to [3, Theorem 1.2]. Finally, the estimate

sup ||AnV||L1(#n) < C
n

is equation (1.12) in the proof of [3, Lemma 1.1]. O

The crucial point in the construction above is that the sequence (p,) approximates the
function p. More precisely, [3, Corollary 1.1] and the uniqueness of p (which again follows
from [6, Proposition 2.9, Theorem 3.1]) yield the following result.

Proposition 2.3 The densities p,, converge to p in L*(RY).

The proposition above clarifies the strategy of our approach to show that p is bounded:
it suffices to prove that each p, is bounded uniformly with respect to n. By a similar
argument, we shall derive pointwise estimates for p in the next section.

We start by proving a global regularity property for p,,.

Proposition 2.4 If |F| € L?*(u,) then \/p, € WH2(RYN). Moreover

2
/ Neal 4 < iQ |F2pda (2.4)
{Pn>k} Pn )\ {pn>k}

for every k >0, n € IN.

PROOF. We basically proceed as in [8, Theorem 3.1]. The local regularity of p,, and the
invariance of the measure p,dzr for the operator A™ lead to

/ a"(Vpn,qu)da::/ F -V¢ppdz, (2.5)
RN RN

for every ¢ € C°(RY) and hence, by density, for every ¢ € WH2(RYN) with compact
support. Note that, as p, is continuous, the function |F|p, belongs to L2 _(RM). Let us



take 0 € C=°(RY) such that §(x) = 1 for |z| < 1, 0(z) = 0if |z| > 2 and set 0,,(z) = 0(z/m).
Fix k > 0 and consider the functions 62, (log(p, Ah) —log k)., for every n,m € IN and h > k.
Note that

0 < (108 A h) ~log k). < log

and (log(pn, A h) —logk)+ > 0 if and only if p, > k. Moreover
Vpn
V(log(pn AR) —log k)t = ==X (k<pn <hy-

Plugging ¢ = 62, (log(p, A h) —log k) into (2.5) and arguing as in [8, Theorem 3.1], we can
let m — 400 and h — 400 getting

JE OV T
{pn>k} Pn A Spu>y

We observe that (14|z|?)~af}, (14]z]) ' D;af; belong to L' (i, ), as required by [8, Theorem
3.1], since the ap () are constant for z large and u, is a probability measure. Using the
ellipticity condition for the matrix a”, we have (2.4). Of course if k — 0, (2.4) yields

J/Pn € WE2(RY). O

Remark 2.5 We point out that a slightly different form of estimate (2.4) can be proved,
ie.,

[ T gy [ )t prpan (26)
{ea>k}  Pn ton>1}

There are only minor changes to do in the proof of Proposition 2.4 in order to get (2.6). We
discuss them in the case k = 0 by using a formal argument. Taking ¢ = log p,, in (2.5), we

have e -
/ wdz:/ FRL
RN Pn RN Pn

By Holder inequality we find

RN Pn RN RN Pn

which implies (2.6), with & = 0.

Proposition 2.6 If |F| € LP(u,), with p > N then p, € L>®(RY). In particular, there
exists a constant C' > 0, depending only on N,p such that

lpnllso < CANMIENT 0,

PROOF. From Proposition 2.4 it follows that \/p, € WH2(RY). Hence, for every k > 0,

the function (/p, — Vk) 4 still belongs to WH2(RN). If N > 2, by the Sobolev embedding
theorem the inequality

N-—2

2N N 2
([ m-vifa) " <o oLy (27)
{pn>k} {pn>k}

Pn




holds for a suitable Cs > 0. Hence, by Holder inequality and (2.7) we get

N—2

/{pn>k}(m_ \/E)idx - (/{pn>k}(m_ \/E)szdx>N{p” > kH%

\V4 2
< os( [ FREaig, > it (2.9
{pn>k} Pn
If N =2, we apply the inequality
[oll Lavs v - vy < CslI V] L1 gy, (2.9)

which holds true for every v € WH1(RY), to the function (,/p,, —Vk)+ and Hélder inequality
getting

IN

o IV pn| 2
(Vpn — Vk)2dz S (/ d:c)
/{pn>k} " 4 \Jip,sky VPn

Von 2
Cs</ [Vou| dx)|{pn>k}|,
{pn>k} Pn

IN

which is the analogue of (2.8) in the case N = 2. At this point, by (2.4) we obtain

IN

C 2
/{ , (Vor = Vi) do T Hon > R}# / |F[*puda
pn>k

Pn>k}

2 1—2
< St iF ([ i) ([ puar)
A RN {pn>k}

where we have used again Holder inequality with respect to the measure p,dx. Fix now
h > k. Since \/E\f/E < \/E\/—E\/E if ¢ > h we have
h
pndr < 7/ (Vpn — VE)2 dzx

/{Pn>h} (\/E - \/E)z {pn>h} "

h / 9
e (VP — V) d
(Vh=VE)? Jip>ny i

< ff(ﬁ_hmzupn K ([ 1)

As [{pn >k} < k7! f{p">k} pn dz, we get

<

P 1-
(/ Pn dm) .
{pn>k}

ST

L h 1-3+%
pndr < (/ Pn da:) , (2.10)
/{pn>h} KN (Vi = VE?2 \ J(po =k

where L = CS)\_2||F||%,J(#"). Now, take

km:E+<1—%>E, m=0,1,2,...



with k& > 0 to be determined. Replacing h with k,,11 and k with k,, in (2.10), we obtain,
after simple computations,

m

L
Ymt+1 < m22my1+a7 m=20,1,2,...
k

where
2 2
Ym = pn dz, a=—=+4+—=>0.
{pn>km} p N

From [7, Lemma 7.1] it follows that if

640\ "%
Yo < EQW 477,

then lin+1 Ym = 0, which means that p, < 2k. It is clear that we can choose k large
m—-+0Q0

enough in order to fulfil the estimate for yo. In order to make a quantitative choice of k,
we note that yo < 1 because p,, dz is a probability measure. Hence, we choose k such that

—2/N i 1
1= (’%T) “ 4737 which gives
kE=CAXMIFIT 0
with a suitable constant C' > 0 depending only on p, N. O

The following lemma follows from a careful inspection of the proof of [8, Proposition
2.4]. We present a complete proof for reader’s convenience.

Lemma 2.7 Assume that there exist ¢ > 0, 8 > 0 with the properties

x
J]
where G = (Gy,...,Gy) and G; = F; + Zj Dja;j. Then, for § < (B\)"'c the function

V(z) = exp{8|z|°} satisfies (H1). Moreover V € L'(u,) for alln and the norms |V |11,
are uniformly bounded.

A
lim sup |z|' =P F(x) - L < —c, lim sup <c(x) + |2 7P G () -
|z|—+o00 |(E| |z|—+o00 A

) <0, (211)

PROOF. Assume first that the second limit in (2.11) is less than 0. By a direct computation,
we deduce

N

_ z|P Zi aii(x) ﬂ —2
AV($) - 5ﬂ|x|ﬁ 165‘ | ‘JJ| + ‘IIJ|3 ijzlaij(m)xixj
N X
#0813 ey @iz + G 1
ij=1

Since the quadratic form |3~ ; a;;j(z)x;z;| can be estimated by A(x)|z|?, AV(x) — —o0
as |z| — oo follows by elementary arguments. Analogously, using the first condition in
(2.11) we verify the same property for AAV + F - VV and (H1) holds. Next, observe that if
B > 1 then |AV| is bigger than V', while if 0 < § < 1 then apply the previous argument to
Vi = exp{(d+¢)|x|?}, with § +¢& < (BX) !¢, and check that V; is a Lyapunov function such
that |V] < |AV4] for large |z|. The same is true with A replaced by AA 4+ F - V. The thesis
then follows from (2.3) and Corollary 2.2. Finally, if the second limit in (2.11) is 0, we can
fix £ > 0 such that ¢ — e > 68\ and apply the same argument with ¢ — ¢ in place of ¢. [



Theorem 2.8 Assume that there exist ¢ > 0, § > 0 such that (2.11) holds; moreover,
suppose that for |x| > 1,
|F(x)[" < k exp{d|z|"},

with k>0, § < (BA\)"'c and p > N. Then p € L>=(RY).

PROOF. From Lemma 2.7 we know that the function V(z) = exp{d|z|’} (for |z| > 1)
satisfies (H1) and the norms ||V||z1(,,) are bounded in n. Then HFHZD(M) S EIVIztg <

C, for every n and so, by Proposition 2.6, the sequence (p,,) is uniformly bounded. Finally,
Proposition 2.3 yields the statement. ]

3 Pointwise estimates

In the present section we provide pointwise upper estimates for the density p. The main
interest consists in the unboundedness of the diffusion coefficients and in the sharpness of
the constants 3,y below. Let us state the main result.

Theorem 3.1 Assume that there exist ¢ > 0, 8 > 0 satisfying (2.11) and that there are
0<vy<(BNte, a>0,p> N such that ap+~ < (BX\)"tc and

|F(z)] < Crexp{alz|},

N , N 241 N (3.1)
217 [Z ( Da-%m) } + 2P0 7 afi(2) < Crexp{2alz]),
i=1 N j=1 ,5=1

for |z| large and for some C1,Cy > 0, possibly depending on ~,3. Then, there exists a
positive constant C' such that

p(x) < Cexp{—v|z|’}, for all x € RN, (3.2)

The proof of the theorem above follows as a particular case of a more general situation
that we are going to describe. Assume that

(H2) there exists a function w € C?(RY) satisfying
(i) co Sw <V,
(i) [VV] < cw » Vs
(iil) w|FP <V,
(iv) |aD*w| < cw TV,
)

(v) |aVw| < cw' "3V,

N
(Vl) Z DjaijDiw’ S cwl_%V%,

,j=1

where ¢g, ¢ > 0 are constants, p > N and V is the function given in (H1).



Remark 3.2 Theorem 3.1 will be proved by taking w(z) = exp{y|z|?}. We prefer to list
the relevant properties in a general form because other choices could be useful. Notice also
that if (3.1) holds for every a > 0, then clearly (3.2) holds for every v < (8\)~lc. We
point out that particular cases where the hypotheses of Theorem 3.1 are easily checked are
presented in Examples 3.5, 3.6.

We start by showing that conditions (iv)-(vi) are preserved by the approximating coef-
ficients aj}.
Lemma 3.3 The coefficients a}}; defined in (2.1) fulfil hypotheses (H2)(iv)-(vi) uniformly
mn.
PROOF. We first observe that, since a is invertible, we have

|D?w| = |a~taD?w| < A7 aD?w|, |Vw| < A7 HaVwl.

Therefore, (H2)(iv) implies that |a" D?w| < n,|aD?w|+ A(1 —n,)|D?w| < cw'"PV7. Using
a similar argument, from (H2)(v) it follows that |a"Vw| < cw'"»Vs. In order to check
(H2)(vi) for the af;, we first compute

N N
Z Djais Diw = a(Vw,Vn,) + nn Z Djai; Diw — AV, - Vw.
i,5=1 1,j=1

From now on, we denote by ¢ a constant which may change from line to line but remains
independent of n. Since Vn,(z) = 19/ (@) VV(z) and 7'(t) # 0 only if 1 < [¢| < 2 we
can estimate

|VV] [VV]| 11

[a(Veo, V)| < et 2V i [lso = < el floo ! PVE < !
n

k1Y)

2
Ve,

k1N

taking (H2)(ii) into account. In a similar way, one can see that |V, - Vw| < cw'TEVE.
Hence

N
_2_ 2
E Dja?jDiw‘Scwl PV,

ij=1

and the proof is complete. ]

We now consider equation (2.5) for the operator A™ defined in (2.2). By a density
argument, it is readily seen that we can take ¢ € C?(R”) as a test function. Let ¢ €
C?(RY). Plugging ¢ = 1w in (2.5), w being given by (H2), and integrating by parts we

obtain
N
RN ST RN RN
where
Up = PrWw (3.3)
and
N N
fn = pn (F -Vw + igz:l Dja?jDiw + igz:l a%Dijw) (34)

hn = pn (wF + 2a”Vw).

The next lemma provides an explicit estimate for the L>-norm of wu,,.



Lemma 3.4 Assume (H2) with V. € L'(u,). Then, the function u,, given by (3.8), is
bounded and there is C' > 0, independent of n, such that ||unllcc < C||V|11(4,)-

PROOF. First Step. We assume in addition that w is bounded. Since |F'|P < ¢V, Proposition
2.6 applies, and p,, € L>°(R"). Then, u,, is bounded too, but we want to provide an estimate
of the L>-norm independent of ||w| s and with the explicit dependence on n. Let us prove
that f,, € LP/?>(RN) and h, € LP(R"), where f,, and h,, are defined in (3.4). To this aim,
recalling that w verifies (H2), by Lemma 3.3 we get

N
§ : n
aijDijW

i,j=1

P

2 p no 2 B p_q
ok < clan D2l pf < cllunll & puV;

N % p p_1q
Z DjaiiDiw| pi < cllunl%  pnV-

i,j=1

and
|F - Vw\%p§ < CV%w_%wpz;lV%pé < c||unH§o_1an.

By the previous estimates we obtain

1—2 2
||fn||LP/2(]RN) < clluplloo ” HPnV”zl(RN)- (3.5)
We proceed in a similar way for h,. So

WFPe, < cw? Vil < cllunllZ oV

and
@MVl ph < P VR < e flun2 Y,
which yield
1—1 1
”hn”LP(]RN) < cllunlloo ||an||£1(]RN)- (3.6)

In order to apply Theorem 4.1, we need to show that u,, € W12(RY). Clearly

1 1 1 1
HPnW”LZ(]RN) < ||in||30||;0nw”z1(1RN) < C”Un”gO”PnVHzl(RN)' (3.7)

Furthermore, since V(p,w) = wVp, + p,Vw, we have

(p—1) 2(p—1)

2 2\P—")
Vw22 <ew™ 7 Vip2 <clwlloo” llpnllocpnV € LHRY),

and v |2
Pn
? < IIanoonllioT e L'(RM),

n

lwVpn,

by Proposition 2.4. Then, from Theorem 4.1 and estimates (3.5), (3.6) and (3.7) it follows
that (now the constant C' may change from line to line, but is independent of n)

1 1 1—2 2 1—1 1
lunlloo < C(llunll&llanllil(RN) +lJunlloo Han”zl(]RN) + lunlloo ”PnV”Zl(RN))a

10



and therefore
lunlZe < € (lun & lpnV 1l sy + Nl 210V I3 ey + o2 oV L2 oy ).
Setting [[unlloc = @ ||pnV||L1(®N), With @ > 0, we obtain
af < C(a% +aP 24+ ap_l).
Then, « is bounded from above, which means that there exists a possibly different constant
C, such that o« < C. Hence
[unlloo = allonViLr@yy < C VI L1gu,)-

Second Step. If w is not bounded, then we consider w. = w/(1 + ew). A straightforward
computation shows that w. satisfies hypothesis (H2) with a constant ¢ independent of e.
Therefore, from the first step we obtain

”inenoo <C ||V||L1(un)

for a possibly different constant C' independent of €. Letting e — 0, the statement follows.

O

PrROOF OF THEOREM 3.1. Set § = ap+ and introduce w, V smooth positive functions
such that, for |z| large,

w=exp{y[a|’}, V= exp{ofa|}. (3.8)

As § < (BA)"!c and (2.11) holds, V fulfils assumption (H1). Hence, by Lemma 2.7, V
is integrable with respect to p, uniformly in n: [|[V||11(,,) < C. Moreover, Theorem 2.8
applies and we have that ||p,|lcc < C for every n € IN.

Furthermore, as a consequence of the assumptions on the coefficients of the operator
A given in the statement, the functions w and V defined by (3.8) verify (H2). Therefore
Lemma 3.4 applies and shows that the functions w,, = p,w are uniformly bounded. By
Proposition 2.3 the proof is complete. ]

In order to test the sharpness of Theorem 3.1, we consider some special cases.
Example 3.5 Let us consider the following class of operators
A=A+F-V,

with limsup |z|* P F(z) - |x—| = —c, for some 3,¢ > 0. Fix 0 < v < !¢ and choose a > 0

o] —-+o00 x
and p > N such that ap ++v < 87 'c and |F(z)| < C; exp{alz|?}, for some C; > 0. Then
Theorem 3.1 yields a constant C' > 0 such that

p(x) < Cexp {—|z|"} . (3.9)
If .
F(x) = _MHH’ (3.10)

with 7 > 0, then we choose 8 =r, ¢ =1, and (3.9) becomes

plw) < Cexp{—lol}, (3.11)

11



with 0 < v < 1/r. On the other hand, since (3.10) holds, one can compute explicitly the
_ ="

density p which is given by p(x) = cexp{
Thus, Theorem 3.1 provides the correct constant 1/r up to an arbitrary small ¢ > 0.
However, this € > 0 is needed, in general. For, consider the differential operator A; defined

by
A=A (wlx - |x|k1x> -V,
|| ||

where k < r. Then we still have § = r and ¢ = 1, so that we get estimate (3.11) again. But
ks k
now p(z) = cexp {—% + %} and v < 1/r is necessary.

Example 3.6 Consider the following operator with unbounded diffusion coefficients
x

A=(1+|z)A - |w|”_1m -V,

with r, s > 0 and such that 7 > s. Fix 0 < v < (r — s)~!. Then there exists ¢ € (0,1) such
that v < ¢(r—s)~!. With such a choice of ¢ and 3 = r — s, it is readily seen that assumption
(2.11) is satisfied. Then, by Theorem 3.1 we get that there is a suitable constant C' > 0
such that

p(x) < Cexp{—|z["""}.

4 Appendix: An auxiliary result

In this section we show an auxiliary estimate that is classical in spirit, but we could not find
in the literature in the exact form we need. For this reason, we present a complete proof,
even though we do not claim that it is original.

Let us consider the following differential operator in divergence form

N
Ao =" Di(ayDy),
ij=1
whose coefficients a;; = aj; belong to L>°(RY) and satisfy the uniform ellipticity condition

N

D aii(@)&g = NP,

ij=1

for every x,& € RN and some A > 0. Take f € L"/?(RN) and h; € L"(RN), i = 1,..., N,
with » > N. Set h = (h1,...,hy).

Theorem 4.1 Let u € WH2(RY) be a weak solution of the equation Aqu = divh — f, i.e.
N
[ Y aspuno=[ for [ w-ve, (4.1)
RN =1 RN RN

for every ¢ € C°(RN). Then u is bounded and there exists a constant C > 0, depending
only on X\, N,r, such that

[ulloo < C(l[ullp2@ny + 1 fllLr2@yy + 1l Lr@y))-
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PROOF. Let us first assume that |[ul|p2r~), [ fllLr2@y), |AllLr@yy < 1. By a standard
density argument, it is readily seen that equation (4.1) is also satisfied by any ¢ € W2(RY)

with compact support.
Fix & > 0 and consider the function (u — k)4 which is in W12(R"™). Plugging ¢ =
02 (u — k) in (4.1), where 6, is a standard sequence of cutoff functions, we get

/ o(V(u— E)s, V(u— k), )02z + / 20,0(V (1 — k)1, VO,)(u — k) do
RN RN

= | f02(u—k)idz+ / 02h - V(u— k) do + / 20,,(u— k)4 h - Vo,dx
RN RN RN

Now, by the Cauchy-Schwartz inequality we have

‘ / 20,0(V(u— k)4, Vo) (u— k) sdz| < %/ o(V(u— k) s, Viu— k), )02 de
RN RN
Cllallso
+7”nz,” / (u - k)2
RN

Set Ax = {u > k}. Applying Holder inequality and the Sobolev embedding theorem to the
function (u — k)4, when N > 2, we get a constant Cs > 0 such that

2

_2_ 1
/RN 107w = k) dz < [ fllprrz@m)ll(u = k)4 ]| 2 oy | Axl 7772
< Osl|V(u =Rl agmm Al 7 (42)
If N =2, it suffices to apply estimate (2.9) and Hélder inequality to get

1

_2_
£z r2rey | (w = B) 4 [l L2 2y | Ak 72

IN

[ 1162~ k) da
R2
CsllV (1 = k)l ey | Ak

IN

which is (4.2) for N = 2.
By Fatou lemma, the previous estimates imply that [p~ |f[(u — k)4 dx is finite. The
same conclusion holds for [~ |h||V(u — k)| dz, as we can estimate

/]RN 93|h|\V(u —k)ilde < ”h”L’“(RN)”V(U - k)+||L2(1RN)\Ak|%7%
< V(- k)+||L2(1RN)\Ak|%’%.
Finally
C 1_1
‘/}RN 20, (u — k)4 h - VO,dx| < E”h| ey (= k) | ey | Ak 27

Collecting all the estimates so far and letting n — +o0o we get

IN

2 [ 1= Rysdo+2 [ IV B)lda

IV (u— k)+‘|L2(]RN)(2CS|Ak|%7%+% + 2|Ak|%7%)'

/ a(V(u—k)y,V(u—k);)d
RN

IA
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Using the ellipticity condition we derive

NIV (= k)4 || 2@y < 2Cs| A2 7% 42|42+,

If k > 1 then |A;| < 1 and, consequently, |Ag|2 =7+~ < |Ag|2 7, since i-241>1-1
by the assumption on r. It follows that
NIV (= k)| 2oy < (205 +2)|Ap] 277
Now, it turns out that for every h > k we can write
(h = k)?|An] < /Ah(u — k)i de < /Ak (u— k)3 do < [[(u— k)4 [[Far gy [ ARl 2
< Csl|V(u = k)¢ [Fagum) | Al ¥ < LA, (4.3)

where L = CgA\™2 (205 + 2)2. At this point, we take

_ 1o
kn:k:—i-(l—Z—n)k:, n=01,2,...

with k& > 1 to be determined. Replacing h with k, 1 and k with &, in (4.3), we obtain, for
every n € IN,

Yn+1 < g 2% yite,
k
where 5 5
= |Ag, |, =—4—=>0.
y'fl | kn| o r + N

From [7, Lemma 7.1] it follows that if

1
4L\ =
Yo S (2) 4_ﬁa
k

then lirf yn = 0, which means that v < 2k, a.e. in RY. As yo < 1, it suffices to choose
n— o0
k = max{1,2'*</L}. By linearity, interchanging u by —u we get
ul|oe < 2max{1,2T5VL} = C

Finally, in the general case, we consider f = f/M and h = h/M, where M = |ju| .2 ®N) +
| fllLr/2@n~y + |7l r&~y. Then, by linearity, the solution corresponding to the new data is
= u/M From the first part of the proof it follows that ||4]le < C, ie., [Julloc < CM,
which is the thesis. D
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