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Regularity for non-autonomous functionals with almost
linear growth
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Abstract. We consider non-autonomous functionals F (u; €2) fQ x, Du) dz, where the
density f : Q x R™ — R has almost linear growth, i.e.,

[, 8) ~ [¢[log(1 + [¢])-

We prove partial C'+7-regularity for minimizers v : R™ D Q — R under the assumption that
D¢ f(x, &) is Holder continuous with respect to the z-variable. If the z-dependence is C' we
can improve this to full regularity provided additional structure conditions are satisfied.
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1 Introduction

This paper is concerned with variational functionals of the form
F(u; Q) := / f(z,Du) dx (L.1)
Q

for a mapping u : Q C R* — RN, n > 2, N > 1 and Q a bounded open set in R".
Here the integrand f : (z,£) € Q x R™N — [0, 4-00) is strictly convex with respect
to the variable £ € R™*" and therefore the existence of minimizers is established by
the direct methods of the calculus of variations.

The study of C''"7-partial regularity for minimizers of the functional (1.1) has been
achieved when the integrand grows as a power function |£|P for some p > 1 (see [21]
for an exhaustive treatment) or in case it satisfies the so called non standard growth
conditions, i.e.

gl < f(x,8) < C(1+[¢]%)

for some 1 < p < ¢ < 400 and positive constants ¢, C'( see [2, 4, 6, 15, 24, 28] and
[25] for a nice survey).

In this paper we will not be concerned with such cases in any essential way. In fact,
we will focus our attention on integrands which are not too far from being linear in ||,
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It is worth mentioning that many regularity results have been established for integrals
with nearly linear growth in case they do not depend on the x variable.

The earliest paper on this subject is due to Greco, Iwaniec and Sbordone (see [22]),
in which the higher integrability of the minimizers has been proved in the scale of
Orlicz spaces for a large class of autonomous functionals satisfying (1.2).

After that, Fuchs and Seregin in [20] proved the C''" partial regularity for minimiz-
ers of

J(u) = /ﬂ |Dullog(1 + |Dul) dx

under the assumption n < 4. Such result has been extended to any dimension n by
Esposito and Mingione in [17] and later on the full C'"7-regularity has been established
in [18, 27]. All the quoted papers concern the autonomous case.

Actually, variational functionals whose integrand depend on z arise in problems of
mathematical physics and engineering and they attracted great interest.

Regularity results for minimizers of non-autonomous functionals satisfying non
standard growth conditions have been established in [6, 7, 12, 13, 16].

Note that functionals with nearly linear growth have features in common with ones
satisfying non standard growth since, by virtue of (1.2), we have that

clé] < f(z,&) < C(1+ [€7), Vp > 1.

The aim of this paper is to establish C'!7-partial regularity of minimizers of (1.1) with
an integrand f satisfying the assumption

coA([E]) = e1 < f(2,8) < 2 A([]) + e (F1)
where ¢; are positive constants, ¢ € R™Y and
A(t) = tlog(1 + t),

with ¢ > 0.

Here we shall assume that there exist constants c4,cs, > 0 and an exponent
a € (0,1) such that f is a function fulfilling (F1) and whose derivatives satisfy the
following assumptions:

|Def(,8)] < ea(1 + log(1 + [€])); (F2)

|De f(21,8) — Def(2,8)| < es|lzy — xa|“log(1 + |€]); (F3)



Regularity for non-autonomous functionals
with almost linear growth 3

v(1+ &+ &) 76 — &P < (Def(x,61) — Def(2,8),6 — &); (FA)

for any &, &1, & € R™ and for any x, 21,7, € Q. Moreover to perform the blow up
procedure we shall need Dg¢ f € C°(Q2 x R™) and satisfying the following assump-
tion
_ log(1 + |
1+ )6 < (Deef(0.8)6,) < e B i, e
with a positive constant cg. Note that (F1) and the convexity assumption (F4) imply
(F2).

The first result of this paper is the following higher integrability property of mini-
mizers of the functional . This result will be useful to prove regularity and it is also
of interest by itself. It will be proved under weaker assumptions than the ones needed
to prove C'1'7 regularity.

Theorem 1.1. Let u € I/Vl1 ’f(Q, RY) be a local minimizer of the functional F, with

O

an integrand function f satisfying (F1) — (F4). Then we have

Due Li,(Q), Vs<——01)
n—«o

and

| D0 < [ 1DulIog(1+ Du o+ [ (D da,
2R

—2b -
n=2b(B)) R

for every pair of concentric balls B, C Bor € 2 and for every b € (0, §). Here « is
the exponent appearing in (F3) and we denoted by V;(£) = (1 + |£|2)*%§ .

Corollary 1.2. Under the same assumptions of Theorem 1.1, if u € VVZIOCA(Q, RYN) is
a local minimizer of the functional F, then we have

Du € WEP(Q,R™N), (1.3)

n
—a-
n—3

for every k£ € (0, §) and for every 1 < p <

The higher integrability of Theorem 1.1 allows us to prove a C'!"7-partial regularity
result which is formulated in the following

Theorem 1.3. Let f be a C?(Q, R™V)-integrand satisfying the assumptions (F1) and
(F3) — (F5). If u € VVZIOCA(Q, R™) is a local minimizer of the functional F, then there
exists an open subset 2y of 2 such that

meas(Q2\ Q) =0
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and o
ue C7(Q,RY) for every <3

loc

where « is the exponent appearing in (F3).

Our proof is based on a blow up argument aimed to establish a decay estimate for the
excess function of the minimizer. The proof has features in common with [17], since
we use the higher integrability Theorem 1.1 in order to define the excess function as

E(z.r) =7[ V(D) — V(D)) + 7
B, ()

with -
V(&) =1+ 7)€

The main difference with [17] is that, in order to perform the blow up procedure,
we use a Caccioppoli type inequality for minimizers of a suitable perturbation of the
rescaled functional, as done in [12].

The main difficulty in order to prove the Caccioppoli type inequality is the proof
of a uniform higher integrability result for the minimizers of the rescaled functionals.
We have to combine the difference quotient method with properties of Orlicz-Sobolev
classes generated by an Orlicz function which grows almost linearly. We also use
the properties of the function V,,(£) which is an useful tool to deal with subquadratic
setting.

In order to improve this to everywhere regularity, additional assumptions are neces-
sary. The first is the modulus dependence, i.e.,

-~

f@,8) = flz,[8) (F6)

for a function f : © x [0,00) — R which is strictly increasing in the real variable.
According to counterexamples of De Giorgi (see [10]), when dealing with vectorial
minimizers, i.e. N > 1, it is well-known that without this assumption there is no hope
for full regularity. On the other hand we need a Caccioppoli-type inequality in order
to apply De Giorgi arguments, hence we assume for every s € {1,...,n}

OsDef € COUQ x R™ R™) and  |95D¢f(,€)| < c(1 + €)™ (F7)

for an exponent 1 < p < Z_é Finally we suppose that

|DZe(,61) — Die(x, &) < c(1+ 1&1| + &P 6 — &I (F8)

forall z € Q, £1,& € R™ and for an exponent p € (0,1). Of course (F7) and (F8)
are true in the autonomous case for f(x, ) = |€|log? (1+£[), @ > 0, for every choice
of p > 1. The full regularity result of this paper is the following
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Theorem 1.4. Let u € VVIIOCA(Q, R™) be a local minimizer of the functional F, with
an integrand function f satisfying (F1) and (F3) — (F8). Then we have
u € Cll”y(Q,RN), forall v < 1.

oc

Thanks to Theorem 1.3 we have a nonempty set of regular points for every mini-
mizer of the functional F with a general integrand function f. Therefore Corollary 1.2
allows us to apply Lemma 2.16 (stated in the next section) to give an estimate of the
Hausdorff dimension of the singular set of minimizers of F.

Corollary 1.5. If f is a C? function satisfying the assumptions (F'1) and (F3) — (F5)
and the function u € WHA4(Q;RYN) is a local minimizer of F in €2, then for the

Hausdorff dimension of the singular set 3 of the function u the following estimate
hold

dimy(X) <n-—

| Q

where ¢ = .

See also [11].

2 Notations and preliminaries

In this section we recall some standard definitions and collect several Lemmas that we
shall need to establish our main results.

We shall indicate with Br(xg) the ball centered at the point 2y € R™ and having
radius R > 0. We shall omit the center of the ball when no confusion arises. All the
balls considered will be concentric unless differently specified.

As usual {es}1<s<p is the standard basis in R™ and if u, v € R¥ the tensor product
u®v € R¥ of uand v is defined by (u® )i = viwj.

In the estimates c will denote a constant, depending on the data of the problem, that
may change from line to line.

Now we recall the definition of the Orlicz-Sobolev space (for more details on this
topic we refer to [3])

Definition 2.1.  a) A function ¢ : [0,00) — [0, 00) is called a Young function, if ¢
is strictly increasing, convex and satisfies

tim 20— o,
t—0 t t—o00 (p(t)

b) If o satisfies in addition a global (A;)-condition, i.e.,

©(2t) < cp(t) forallt >0,
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then we define
L(QRY) = {u € Li(Q,RY) / o([u)) dz < oo} ,
Q

which is a Banach space endowed with the Luxemburg norm

|u||w::inf{kzo: /4'“') dacgl}.
Q k

c) A function u : @ — R" belongs to the space W?(Q,RY) if u € L,(Q2,RY)
and its distributional gradient Du € Ly (2, R™Y). W% (Q,R") is a Banach-
space together with the norm

[ulle = llully + [ Dull,.

d) We define Wo] 2 (0, RY) as the closure of C$° (2, RY) with respect to the W1 (Q, RY)-
norm.

Now we can give the definition of a local minimizer, that in our case takes place:

1,4
oc

Definition 2.2. A function u € W7 (Q,R") is a local minimizer of F if

/ f(z, Du)dx < / f(z, Du+ Dy)dz,
supp

supp ¢

for any ¢ € WI’A(Q,RN) with supp ¢ C €.

loc

As usual, in order to prove the higher integrability of the local minimizers, we shall
need the machinery of fractional order Sobolev spaces. These spaces are defined as
follows.

Definition 2.3. If A is a smooth, bounded open subset of R and # € (0,1),1 <p <
400 a function u belongs to the fractional order Sobolev space W?(A; R™) if and
only if

lullwes = ( | |u<x>|l’dx)’l’ +(/ Awdxdy)’l’ 3

This quantity is a norm making W (A;R™) a Banach space.

In the context of fractional order Sobolev spaces we have to use fractional difference
quotients. Therefore we recall the finite difference operator.
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Definition 2.4. For every vector valued function F' : R® — R the finite difference
operator is defined by

Ts nF'(x) = F(x + hes) — F(x)

where h € R, e, is the unit vector in the x4 direction and s € {1,...,n}.
The difference quotient is defined for h € R \ {0} as

Ton F(x)

A&hF(.’L‘) = h

The following proposition describes some elementary properties of the finite differ-
ence operator and can be found, for example, in [21].

Proposition 2.5. Let F' and G be two functions such that F, G € W'P(Q), withp > 1,
and let us consider the set

Q) = {z € Q: dist(x,0Q) > |h[}.

Then
(dl) Ts7hF S Wl,p(th‘) and

Di(TS’hF) = T57h(DiF).

(d2) If at least one of the functions /" or G has support contained in £, then

/ FropGdx = / G1s_pFdz.
Q Q

(d3) We have
Ts,h(FG)(x) = F(m + hes)Ts,hG($) + G(x)Ts,hF(w)'
Next Lemma was proved in [1] (See Lemma 2.2).

Lemma 2.6. For every v € (—1/2,0) and 1 > 0 we have

|(? +1€2)€ = (2 + )™l __c(k)

2v +1 —n < <
@y + D= W2+ P+ P 211

1€ — 7

for every £, € R”.

The next result about finite difference operator is a kind of integral version of La-
grange Theorem.
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Lemma 2.7.1f0 < p < R, |h| < B2, 1 < p < 400, s € {1,...,n} and F, D;F €
LP(Bg) then

|To 0 F(x) P do < |h|”/ |DsF ()P dz.

14 Br

Moreover

/ |F(x + heg)|P dx < c(n,p)/ |F(x)|P d.

B, Br
Now we recall the fundamental embedding properties for fractional order Sobolev

spaces. (For the proof we refer to [3]).

Lemma 2.8.1f F : R” — RN, FF ¢ L*(Bg) and for some p € (0, R), 3 € (0,1],
M >0,

S [ InaF@F dr < AR
s=1 By

for every h with |h| < 2, then F € W*(B,;RV) N Lﬁ(BP;RN) for every
k € (0,/) and

I, e < e (M4 1Pl )
with ¢ = ¢(n, N, R, p, 3, k).

Previous Lemma can be reformulated as follows
Lemma 29.If F : R® — RN, F € LP(Bg) with 1 < p < +oo and for some
p€(0,R),3€ (0,1, M >0,

S [ InaF@p o< 2ol
s=1 By

for every h with |h| < ?, then F € WkP(B,;RN) N L%(BP;RN) for every
k € (0,3) and
1P, ot ) < €O+ lLo)

with ¢ = ¢(n, N, R, p, 3, k).

Next Lemma finds an important application in the so called hole-filling method. Its
proof can be found in [21] (See Lemma 6.1).

Lemma 2.10. Let i : [p, Ro] — R be a non-negative bounded function and 0 < 6 < 1,
0< A,0< Band0 < . Assume that

h(r) < (d_AT)ﬁ + B + 6h(d)
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for p <r < d < Ry. Then

cA
5 t+5

o)< @ =)

where ¢ = ¢(6,3) > 0.

We shall need the following Poincaré-Sobolev inequality, whose proof can be found
in [14] (for other versions of this inequality we refer to [8, 9]).

Lemma 2.11. Assume 1 < p < 2 and let u € W!'P(Q,RY). Then there exists a
positive constant ¢ = ¢(n, N, p) such that

2n o !
7[ v, <“_(“)P> “dr)  <e 7[ V(Du)? dz | .
Bp(z0) p By (z0)

Next result is a simple consequence of the a priori estimates for solutions to linear
elliptic systems with constant coefficients.

Proposition 2.12. Let u € W'?(Q; RY), p > 1 be such that
/Q AZ;Dou' Dgep? dz = 0
for every ¢ € C(‘)’O(Q;]RN ), where AZB is a constant matrix satisfying the strong
Legendre Hadamard condition
AT NN popg > v AP YA ERYN, peR™
Then u € C'* and for any ball Br(x) € 2 we have
c
sup |Du| < T |Du| dx
B (ag) Br

For the proof see [8].
We shall use the following auxiliary function defined for ¢ € R¥

B=2
V(&) = (1+[¢P) 7 ¢,
for any exponent 3 > 1. Recall that for g > 1
|V;3(§)| is a non-decreasing function of |£|; 2.1

V(€ +m)| < e(B)([Va(E)] + [Va(n)]); 2.2)
min{t*, ¢*}V5()? < [V5(t6) > < max{t?, 17} V5()[; (2.3)
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V() = V()| < cB)V(E—n)| <c@Bn)V(E) —V(n)]if 1 <p<2;
(P + D)7 <1+ AP+ D) T (L +mP) 8 <2
c(B)(1EP+ 1€1°) < IV < CB)(EP +1€1°) it B>2

\ZIGIE is convex if 1< pg<2.

2.4)
(2.5)
(2.6)
2.7

Many of the previous properties of the function V3 can be easily checked and they
have been successfully employed in the study of the regularity of minimizers of convex
and quasiconvex integrals under subquadratic growth conditions ([1, 8, 9, 29]). In our

context, the following elementary inequality will also be useful.

Lemma 2.13. Set -
Vo(€) = (1+ €))7 ¢

Then for every p > 0 and function v with the suitable integrability degree, we have

/ V(Do) de < c(p) / Vi (Dv)P dee + e(p) / Vi (Do) de,

B,J Bp BP

for a constant ¢ depending only on p.
Proof. We start by noting that

(1+16P)2 < 201+ (1 + [€) 2.
Indeed if || < 1 we have

(1+ Py < V2,
while, if |{] > 1 we have
LHEP 2P

(L+1ER)? ~ (14 16P)2

Hence, recalling that p > 1, we can conclude that

(1+1¢P)7 =

/ Vp(Du)Fda::/ \Du(1 + |Dv?)*T da
B, B,
_ / IDU2(1 + Do)~ 2 (1 + Do) = da

P

< 2/ |DvlX(1 + | Dv|?) 2 [1 + | Dv)(1 + |Du|2)*%}p_ da

By

(2.8)

<clp) [ |DeP(1+ Do) st elp) [ (IDoP(1+ DoP) ) e,

p B,

where we also used (2.8).
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We shall also need the following elementary inequality.

Lemma 2.14. For every x > 0 and 1 < p < 2 we have

p—2

log(1 +z) < cx(l +22) 7 .
for a constant ¢ = ¢(p).

Proof. The function
~ log(1+ )

1+22)7
. (14277

o()

is nonnegative for every x > 0 and

lim p(x) =1.
Jim_o(z)
Moreover, since p < 2, we have

AP =0

Since ¢ is continuous, there exists ¢ = c(p) > 0 such that p(x) < c¢ for every
x € [0, +00]. Hence the conclusion follows. o

In the linearization procedure we shall use the rescaled functional of F on the unit
ball B = B;(0)

I(v) := /Bg(y, Do) dy
defined by setting
g(y7 5) = Aiz[f(xo + roy, A + )‘5) - f(l'() + oY, A) - Dgf(.’L’() + ToY, A))\f], (29)

where A is a matrix such that | A| is uniformly bounded by a positive constant M. Next
Lemma contains the growth conditions on g.

Lemma 2.15. Let f € C?(Q x R™) be a function satisfying the assumptions (F1)
and (F3)-(F5) and let g(y, £) be the function defined by (2.9). Then we have

- leP log(1+ |ASD) 2.
Degly, )| < 22X, ©)

A )
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[Deg(y1,€) — Degly, )| < SElyr — 2l (log(e + [¢]): 13)
< (Deatv01¢.0) (14)
T [ag) = VRIS

where the constant ¢ depends on M in all statements.

Proof. (12), (I3) and (I4) can be proven as in [12] (Lemma 2.9) using the growth
conditions of f. The lower bound in (I1) is a consequence of the representation

1t
9.6 = [ [ Dechan+ . A+ (€€ dsat
since we have by (F4)

€I
14+ |A+ sX{|

<5
1+ A

Dee f(wo + roy, A+ sAE)(£,€) = p

>

The upper bound is an immediate consequence of (F5). O

Now let us recall that the singular set > of a local minimizer u of the functional
JF is included in the set of non-Lebesgue points of Du. Therefore the estimate for
the Hausdorff dimension of X is an immediate corollary of the regularity Theorem 1.1
through the application of the following proposition that can be found, for example, in
[23] (see also Section 4 in [26] for a simple proof).

Lemma 2.16. Let v € W9P(Q, RN) where § € (0,1), p > 1 and set

A= {m eN: limsup][ [v(y) — (V)| dy > O} )
B(z,p)

p—0F

B:=qxz e Q:limsup|(v)s,| =+oo ;.
p—0F

Then

dimy(A) <n—0p and dimy(B)<n—0p.
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3 Higher integrability

This section is devoted to the proof of the higher integrability result stated in Theorem
1.1.

Proof of Theorem 1.1. Let u € Wll’A(Q, RY) be a local minimizer of the functional

oc

F, with an integrand function f satisfying (F1) — (F4). Then w satysfies the Euler
system related to the functional F:

/ D¢ f(x, Du)Dpdz =0 3.1
Q

for every ¢ € VVO1 A(Q) with compact support. Fix a ball B, € €2 and let ) be a
cut-off function in Cj(Bsg/,) with0 <7 < 1,7 =1 on Bg and |D1| < ¢/R. Let us
consider the function ¢ = 75 _p,(n*()7s pu) with s fixed in {1,...,n} (which from
now on we shall omit for the sake of simplicity) and |h| < R/10. Substituting in (3.1)
the function ¢ and using (d2) of Proposition 2.5 we get

/ (D¢ f (2, Du)) D(n*mhu) dx = 0.
Byr
This equality can be written as

I =/B n* [De f(x + hes, Du(z + hes)) — De f(z + hes, Du(z))] 7, Du dx
= [ FDef(e + hes, Dut)) — DS, Dule)] mDuda
Byr

— 2/ n [De f(z + heg, Du(z + hey)) — D¢ f(x, Du)|Dn ® hudx
Brr

=—1I-1II (3.2)

where we used (d1) of Proposition 2.5. Assumption (F4) yields that
u/ P (1+ |Du(z + hes)| + |Du(@))) " |mDulPdz <I.  (33)
Bor
Using assumption (F'3) we obtain:

11| §c|h|0‘/ log(1 + | Du|) | Dul dr
3R/2

and hence, by Young’s Inequality for Young functions and properties of 7, it follows
that

|11 <c|h|* </ | Dullog(1 + | Dul) dz +/ |7, Du| log(1 + |, Dul) d:c)

Bsr)2 Bir)2
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§c|h|o‘/ |Du|log(1 + |Du|) dz. (3.4)
Byr
To estimate 177 we use assumption (F2) and Young’s Inequality as follows

[I11] <c|h| n|Dn|(1 +log(1 + |Du(x + hes)|))|Apul dx
Byr

+ el / 7 Dnl(1 + log(1 + | Du(z)[))| Anu| dz
Brr

<cl|h| log(1 + |Du(x + hes)|)|Du(x + hes)| dx
Bir/2
+ clh| log(1 + |Apu|)|Apu| dz + c|h|/ log(1 + | Dul)|Dul| dz
Bir/2 Brr
+ c|h| (1 + |Dul) dx
Byr
§c|h|a/ log(1+|Du|)Dudx+c|h|o‘/ (1 + | Dul) dz. 35)
Bor Byr

In order to estimate the Ay u integral in the last step, we used the following inequality
which is valid for each convex function ¢ according to Jensen’s Inequality:

d
/ ¢(|Ahu|)dx:/ <p</ u(m—i—thes)dtD dx
Birsa Bir/2 o ds

/)4
< @ —u(x + thes)| | dtdx
d
B3gya /0 §

< / o (|Du)) da. (3.6)
2R

Inserting estimates (3.3), (3.4) and (3.5) into (3.2) we get

V/ 7 (1 + |Du(z + hey)| + |Du()])”" [rnDul? dz
Bor

< c|h|a/ log(1 + |Du|)|Du| dx + C|h|a/ (1 4+ |Dul) dx. 3.7
Byr

Brr
The left hand side of (3.7) can be controlled from below as follows

|7 Dul|? |7 Du|?

2 2
v n dx > c/ n
~/BZR 1+ |[Du(z + hes)| + |Du(z))| Bn (14 |Du(z + hes)? + |Du(z)?)

_ c/ 772 ( |Du(x + hes) — Du(x)] )2 di.
Be - \(1+|Du(x + he,)]? + |Du(z)]?)*

1
2

dx
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Lemma 2.6 applied for v = —% implies that

|Du(z + hes) — Du(z)|
(14 |Du(w + hey)2 + |Du(z) )3
> ¢|(1 + | Dul(z + hes)[?) i Du(z + hey) — (1 + | Du(z)?) "3 Du(z)|
= c|s ,Vi(Du(x))].

Hence

1// P |7 Dul? dz > c/ 0?75 0 (Vi(Du))|? da.
B 1 + |Du(x + heg)| + |Du(z)] Byr ,

Plugging this estimate in (3.7) we get
/ 0?7 n (Vi (D)) da < c|h|a/ (1 + |Dullog(1 + |Dul)) dz. (3.8)
Byr Byr
Lemma 2.8 implies that
b2 _2n «
Vi(Du) e W2 N Lam Wb e (o, 5) :

and

1

<c (/ (14 |Dullog(1 + |Du|))dx) 2—f—c (/ [Vi(Du)[? da:) ’ ;
Zb(B) Byr Bygr

for every p < 2R. Hence we get the claim and the final estimate:

Vi(Du)ll,

[l (Vl(Du)) || w25 (p,) = c/ (1+|Du|log(l+|Du|))dx+c/ |V1(Du)|2 dx,
Byr B

2R

for every p < 2R. mi

The proof of Corollary 1.3 can be immediately obtained by applying Young’s in-
equality with exponents 2/p and 2/(2 — p) to the right hand side of the following
equality

/ 0P|, s Du|P dx
Q

- / [P (1 + | Du(a + hes)| + | Du(z)|)~ |3, s Dul?
Q

hX(1 4 |Du(x + hes)| + | Du(x)]) %] dz,
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where 7 is a suitable cut-off function and

x=< 2 +2>1a:])(2—[))a

2—p p 4
It follows
/np|7'h7sDu|p dx
Q

_ |h|_X127/772(1—|—|Du(a:+hes)|—|—|Du(:r)|)_lTh7SDu|2dx
Q

+ |h|Xﬁ / n%(l + |Du(z + heg)| + |Du(x)|)ﬁ dzx
Q

< b5 + | BXTE = clhf?3,

by (3.8), the choice of x and Theorem 1.1 provided ﬁ < ;- which is equivalent to

p < n’fg . Hence we obtain the claim by Lemma 2.9.
2

4 Decay estimate

Define the excess function in accordance to [17] as
Ele) _7[ oy VD) = VoD 417 @.1)
Br(x

with 8 < o and p < "—. We remark that the higher integrability stated in Theorem
1.1 together with Lemma 2.13 allows us to give sense to E(z,r) when p < —"— and
therefore we may use a blow-up technique similar to the one used for functionals with
p-growth, when p < 2.

The blow-up argument needed to prove Theorem 1.3 is contained in the following

Proposition 4.1. Fix M > 0. There exists a constant C'(M) > 0 such that, for every
0 < 7 < 1, there exists € = €(r, M) such that, if

[(Du)gyr| < M and E(xg,r) <,

then
E(xg,r) < C(M) B E(xo,1),

where [ is the exponent appearing in (4.1).
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Proof. Step 1. Blow up

Fix M > 0. Assume by contradiction that there exists a sequence of balls B, (z;) €
Q such that
|(Du)e,r,| <M and X = E(zj,r;) =0 (4.2)
but
> C(M)7r? (4.3)

where C' (M) will be determined later. Setting Aj = (Du)g ;> a5 = (U)g;r; and

u(zj + 1Y) —aj —rjAjy

4.4
)\jTj ( )

v;i(y) =

for all y € B;(0), one can easily check that (Dv;)o; = 0 and (vj)p,;1 = 0. By the
definition of \; it follows that

[Vo(AjDuy) 2 T
WA T g 15— 4.5)
][Bl(o) )‘5 ¥

Therefore passing possibly to not relabeled sequences (note that we obtain by (4.5)
uniform LP-bounds on Du)

vj — v weakly in WP(B;(0); RY)
Ajvj =0 strongly in W'?(B;(0); R™)
vj — v strongly in LP(B;(0); R™)
Aj — A
0
r; — 0 )\7]2%07 0> 0. (4.6)

J

Step 2. Minimality of v;

We normalize f around A; as follows

fi(y,&) = flaj +rjy, Aj + X&) = [l + 15y, Aj) = Def(x) + rjy, Aj)Ai€
i\Y, )\3

4.7)
and we consider the corresponding rescaled functionals

Zj(w) = / [fi(y, Dw)]dy. (4.8)
B (0)
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The minimality of « and a simple change of variable yield that

/ F(j+ 9, Du(; +r39)) dy < / F(aj+r59, Dula;+759)+ De(y)) dy
B (0) B (0)

for every ¢ € Wol’h(Bl (0); RY), that is

/B(O) f(xﬁrjyaAjHJva(y))dyS/B(O) f(zj+rjy, Aj+X;Dvj(y)+Do(x;+r;y)) dy,
1 1

forevery ¢ € VVO1 ’h(BT]. (z7); RY). Thus, by the definition of the rescaled functionals,
we have

Zj(vj) < Ii(vj + ) + / Deltei t 1w )¢, 4.9)

B(0) Aj
Using (F3) we conclude that

[De f(x; + 15y, Aj) — Def (x4, Aj)| D

Zj(v;) < Ij(”j+<ﬂ)+/ : dy
By(0) Aj
ro
< Ij(vj+¢)+c(M);/jB(O) | Dol dy. (4.10)
] 1

Step 3. v solves a linear system

Using that v; satisfies inequality (4.10), we have that
(03

,
0<Ty(0y +59) = Ti(w) + DL [ fsDeldy, @
J J B(0)

for every ¢ € C’é (B) and for every s € (0, 1). Now, using again the definition of the
rescaled functionals, we observe that

Zi(vj + sp) — Ij(vs) = /Bl(o) /Ol[Dgfj(xj + 1y, Aj + Xj(Dv;j + tsDy))]sDe dt dy
Lol Defay + 1y, Ay + Ay(Dv, +15D9) — Def e + vy, Ay Dis e dy.
(4.12)
Inserting (4.12) in (4.11), dividing by s and taking the limit as s — 0, we conclude
that
1

0 < )\7 51(0) [Dgf(l'j + 75y, Aj + )\jD’l)j) — Dgf(:L'j + 75y, Aj)]D(p dy
J 1
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c(M)rs
|De| dy. (4.13)
A B

Let us split
B (0) = E;— UEj_ = {y € By : )\j|DUj| > 1} U {y € B : )\leUj| < 1}.

Using (4.5) we get

|Ef| < /E+ X D[P dy < A% /E+ |Dvj|P dy < e, (4.14)

J J

Using (F2), the elementary inequality log(1 + ¢) < ct? and (4.5), we obtain

1
X /E+ [Def(zj + 15y, Aj + AjDvj) — De f (x5 + 15y, A;)| D dy (4.15)
J j
1
< A/+ (I +log(1 + [A; + A;j Dvj|) + log(1 + |4;])) dy (4.16)
i JB?
Efl 1 )
<e(M)="—+— [ [\DuvlPdy @.17)
Aj Aj Ef

Hence, we infer that

. C
Jim = [m [Def(wj + 1y, Aj + AjDvj) — Def(x + rjy, A;)]| De dy| = 0.
00 Aj 1
’ 4.19)
On EJ_ we have
1
b . [De f(xj + 1y, Aj + AjDvj) — De f (x5 + 15y, Aj)| Do dy
I IEy
1
= / / Dggf(.%‘j +rjy, Aj + tA;jDv;) dtDv; Do dy. (4.20)
E; 0

Note that (4.14) yields that X,- = Xg, in L", for every r < oco. Moreover by (4.6)

J
we have, at least for subsequences, that
AjDv; — 0 a.e. in B

Tj—>0
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and
T; — 2.

Hence the uniform continuity of D¢, f on bounded sets implies

1
lim = /E [De f(xj + 15y, Aj + AjDvj) — De f (2 + 15y, Aj)| Do dy
J

= /Dggf(xo,A)Dchpdy. 4.21)
B

Since ,8 < o, by (46) we deduce that
lim - =0. 4.22
lj )\? ( )

By estimates (4.19), (4.21) and (4.22), passing to the limit as j — oo in (4.13) yields
0< /B Dee f(xo, A)DvDyp dy
i
Changing ¢ in — we finally get
/B| Dee f (w0, A)DvDypdy =0

that is v solves a linear system which is uniformly elliptic thanks to the uniform con-
vexity of f. The regularity result stated in Proposition 2.12 implies that v € C'*°(B))
and forany 0 < 7 < 1

7[ |Dv — (Dv),|*dy < cr*4  |Dv — (Dv)[*dy < er?, (4.23)
B B
for a constant ¢ depending on M.

Step 4. Higher integrability of v;

In this step we will prove a higher integrability result for Dv; which is uniform with
respect to the rescaling procedure. We will drop the index j for simplicity.

Lemma 4.2. Let g be a function satisfying (I1)-(I4) and v € W'A(B; R") a solution
of

T
20) = Hwte)+ e [ Def (ot roy, Do dy
1

for every ¢ € WOI’A(BI (0); RY). Then we have

n—2k
2n 1
2n 2
/ A" Vi(ADw)| " dy < /M(ADU)de
Bg Bp

>0



Regularity for non-autonomous functionals
with almost linear growth 21

1 1

te f (/ {1+ |ADv| + log(1 + |ADv|)| ADv|} dy>2_|_ (/BPP\IVI()\Dv)P dy)

2

for every k < 5 and for every ball B, € B. Here c does not depend on 7, A and v.

Proof. Let us fix two radu <r<s< p and a cut-off function n € C3°(Bs) such
that 0 <np < 1,n=1on B and |Vn| < 5. Asin [12], using ¢ = 7, _ h(PTsnv),
we obtain

1
/ / n*Deeg(y, Do + tr3,Dv) (1, D, 7, Dv) dt dy
B, Jo

< / 1 [Deg(y + hes, Dv(y + hes)) — Deg(y, Dv(y + hes))|m, Do dy

By

7,01
=2 [ {Degty D)y Dy mvdy+ Ll [ DOPm)ldy. @24
B

P

By the definition of g, we can write the second integral in previous inequality as fol-
lows

-2 / N {Deg(y, Dv)} Dn @ thv dy =

P

2
= -3 / n7i { De f (o + 1oy, A + ADv(y)) — Def (o + 1oy, A)} Dn @ mho dy
P
2

Y / M De f(xo + 10(y + hes), A+ ADv(y + hes)) — De f(wo + ro(y + hes), A)

—D¢ f(zo + 10y, A+ ADv(y)) + D¢ f (20 + 10y, A) } Dn @ Th0 dy

A
—D¢ f(xog + roy, A+ ADv(y + hey))

2
—= / n{Dgf(:ro + ro(y + hes), A+ ADv(y + hes))—
By

+D¢ f(xo + 10y, A+ ADv(y + hes)) — D¢ f(xo + 1oy, A+ ADv(y))
—De¢ f(xo +10(y + hes), A) + D¢ f(xo + 1oy, A) }Dn ® TR dy. (4.25)

By (I4) and the argumentation at the end of the previous section the L.h.s. in (4.24)
is bounded from below by

c/ n? (1 + |[ADv| + |ADv(y + hey)|) "7, Dv|* dy > c/ 7]2|Th{/\_1V1()\Dv)}]2 dy.
p Bp

(4.26)
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Whereas on the r.h.s. of (4.24), taking into account (4.25), using (I3) and (F3) we are
led to

T = c|h|0‘/ 172(1 +log(1 + |ADv(y + hes)|))|mnDv| dy;
B

P

(07
7, = e e / 7Dl log(1 + |A] + [ADu(y + he) o] dy
By

1

c

+ )\/ n|Dn| ‘/ Dee f(zo + moy, A + sAtp(Dv)))ds| | A1 (Dv)||Thv| dy;
B, 0

=T1+T,

7,,(1
z=c S [ 1D0Pn)|dy

B,

Using Young’s inequality for A(t) = tlog(1 + t) and choosing h < 1 we get
T < |h|0‘/ {1+ |\Do| +log(1 + [ADu|)]ADv|} dy:
Ty < c—5 |h|°‘/ {1+ |ADv| 4 log(1 + |[ADwv|)|ADv|} dy;
T5 < c|h|a/ [ADv| dy,
p
In order to estimate the integral 1> > we use (F5) and Young’s Inequality as follows

ds

C/l log(1 + |A + sAt,(Dv)|)
0

1
<
‘/0 Dee f (o + roy, A + sAp(Dv)))ds| < |A+ sAm,(Dv)]

1 —
< c/ (1+]A+ s/\Th(Dv)|2)pTz ds
0

c(1 + |\ (Do) 27,

where we used Lemma 2.14 and Lemma 2.1 of [1]. Hence

I -2
T2 <5 [ (14 Do) E (D)l

s

clh p—2
= % (14 [Ama(Dv) )2 AT (Do) [[AARv].
Bs

We observe that for the Young function o(t) := (1 + 2)"7 *12 we have

)~ (1487t 0" () ~ plt). (4.27)
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Here ¢* denotes the conjugate Young function. The second statement in (4.27) is a
consequence of

() t t
o (1) = /O T s ds = /0 s(s) ds ~ /0 o/ () ds = g(t).

Hence we obtain with the help of Young’s Inequality for Young functions, (3.6) and
Lemma 2.14

T (o) P o) o+ [ eiaa du
< S [ ety di+ [ canml)dy}
<A |/ V,(ADv) dy.

Inserting the estimates for 7; in (4.24) and using (4.26), we finally get

T, <

/ 172 |Th {)flVl()\Dv)}}z dy

p

< c’;g|h|a/ {1 +[ADv| + log(1 + [\Dv[)|ADvl} dy
By

clh
- |—2| [Vp(ADv)|? dy (4.28)
A JB,
The conclusion follows applying Lemma 2.8. O

Step 5. A Caccioppoli type inequality

The higher integrability of the previous step allows us to prove a Caccioppoli type
inequality for minimizers of the rescaled functional, which is contained in the follow-
ing

Proposition 4.3. Let g be a function satisfying (I1)-(I4) and v € Wl’h(B;RN ) a
solution of

(03

I(w) < T(v+¢)+ (M) /B o Dyl dy (4.29)

A

for every ¢ € Wol’h(Bl(O); R™). Then we have
ViADv) > ¢ / v — v\ [*
Mt P L
/T ~ A g, A T

2

) dy
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2 P 2 p
A2 (/ |Vp(>\lz7ﬂ)| dy> 4 a2 (/ |V1(>\12)U)| dy>
BZT )\ BZT )\

ro? P
—I—cv (/BZT 1 + |[ADv| dy)

e

+c;;°2 )\|Dv| dy. (4.30)

Proof. Letus fix tworadii § <r <s <7 and a cut-off function n € C§°(Bs) such
that 0 <n <1,np=1on B and |Vn| < ;5. Using ¢ = n(v, — v) as a test function
in (4.29), by virtue of the left inequality at (Il) we get

J,

2
M = /Blg(y,Dv)dy
ﬁ
< /B] 9(y, Dv+ D) + ¢(M) S /BI(O)|D¢|
_ / g(y,DHD(n(vT—v)))H(M)?}/ D(n(or —v))|
Bs\Br B,
= — v vy — U c "o v
= /BS\BTg(y,(l n)Dv + Dn(v; —v)) + (M))\ /BS|D|
L vV —0
+ MY /le |- 431)

The first integral in the right hand side of (4.31) can be estimated by the right inequality
at (I1) and the properties of 7 as follows

/ a(y, (1 = 1) Dv + Dp(v, — v))
Bs\Br

C
/B\B log(1 4+ AlDv[ 4+ AlDnf[v — vr[)(|Dv] + [Dnf|[v = )

IN

A

C/ log <1+)\Dv|+>\| ”T) (|D |+|”T|). (4.32)
A JBA\B, r r

IN

By (I1), Lemma 2.14 and Lemma 2.13 we obtain

/ 9(y, (1 —=n)Dv + Dn(v; —v))
B:\B

c | — V]
= Al Dv| + \—F—
>\2 /;s\Br < | | + -r )

c

- AlDol) |*d
vLMJ<“”y+v

IN

dy

IN

dy

v )\M :
P s—r

Bs\Br



Regularity for non-autonomous functionals

with almost linear growth 25
c c
< 3 Vi (A[Do]) P dy + <5 Vi (A Do) ¥ dy
A A
BS\B'I‘ BS\B’I‘
2
c v — v,
= Vo | A—— dy. 4.33
TR Bo\B, p( 8—7"> Y @39
Inserting (4.33) in (4.31), we get
Vi(ADv) |? c/ 5
— ] < —= AD d
/ - < 3, VDD P dy
c
b5 [ o)y
+ £ V. )\M 2d
/\2 Bs\Br P S—7rT y
)
- D
+ c>\ /Bs V|
roT
SV D 4.34
+ C)‘(S_T)/BT| vl, (4.34)

where we also used Poincaré’s Inequality. Now we fill the hole by adding to both sides
of (4.34) the quantity

and use the iteration Lemma 2.10 to obtain

Vi(ADv)|?

A

2

Vi(ADv) c/ )
— | < = Vi (A D Pd
LS < [ o Py
2
c lv— v\ * 7“8‘/
— AM—"| dy+c2 [ |Dul. 435
- AZ/BTVP< - ) y+e BT| vl (4.35)

Now we apply to the first integral in the right hand side of (4.35) the estimate of
Lemma 4.2 with p = ﬁ, thus having

[ oD iy <. (/ 2 |vp<ADv>|2dy)p

T

D p

+erg? (/B {1 + [ADv| + log(1 + |[ADv|)|ADv|} dy) +</B IVi(ADv)|? dy>
2T 2T

(4.36)

Inserting (4.36) in (4.35) and using again Lemma 2.14, we have

c |v—vT|>
<= Vol A
J v ), 0

2 2

Vi(ADv) dy

A

T
2
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p
+ % (/ V,(ADv)|? dy> +c (/ {1+ |ADv| 4 log(1 + [ADv|)|ADv|} dy)
BZT

+ ‘;(/ Vi(ADw)[? dy +c—02 [ A

2\ s, A

2 2 \P

¢ lv—vr] 2p—2 [Vo(ADv)|

S F p < + CA " (/BZT T dy

B,
D 2 0417 P
+ NP2 (/ |V1()\ o)l d ) +c— (/ (1+ |>\DU|)dy>
BzT BZT

re
AOZ )\\Dv|dy

_I_

which is the conclusion. O

Step 6. Conclusion
Fix 7 € (0, %), set b; = (vj)B,,, Bj = (Dvj;)p, and define

w;(y) = vj(y) — bj — Bjy.

After rescaling, we note that \jw; satisfies the following integral inequality
Of
/ 9i(y, AjDwj) dy < / 9i(y, AjDw; + D) dy + 0/\ / Dol dy,
Bi(0) B (0) B1(0)

for every ¢ € Wol’h(Bl (0)) where (z; := z; + 1;Y)

[z, Aj + NjBj + &) — f(z5, Aj + \jBj) = De f (25, Aj + A\ Bj)§

J

It is easy to check that Lemma 2.15 applies to each g;, for some constants that could
depend on 7 through |\; B;|. But, given 7, we may always choose j large enough to

have |\;B;| < c)‘—é < 1 (remember (4.6)). Hence we can apply Proposition 4.3 to
p

each \jw; obtainiTng for (compare Lemma 2.13 and (2.4))

E(:Ej,TTj) c 7—574]/,6

. . 2 .
h;rn /\3 < h]m )\—3 e [Vo(Du — (Du)7r; )|~ dy + h;rn )\3

<tim S f V00w Py + 77

<lim 5 Vo Dwy)P dy + 77
J ' Br

(4.37)
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ghmcz][ |m<Aijj>|2dy+hm27[ Vi(Aj Duw;) P dy + 77

the estimation (note that the second term on the r.h.s. can also be estimated by the
r.h.s. of Proposition 4.3, see the calculations after (4.36))

joley ) 1 (wi — (wi)ar 2
(33]’27'7"]) < clim = v, Aj(wj — (wj)ar) dy
/\j 7 J By, >‘j T

P
, _ V(A Dw;)|?
+clim AP 7[ M d
i By, A2 Y

_ viouDw)? \"
+cli§nA§p 2 (7[ Vi( J)\zwj)| dy)
B2T ]

ri? p T
+clim -2 <7[ Aijj|dy) + clim % (7[ (1+>\j|ij|)dy> + 7P
/\j B, J )\j B,

lim
J

< clim

i JB,, )\? T

v, (/\j(wj—(wj)zf)>‘2 dy +7°,

o ap
since lim; /\ip 2=, lim; % =0, lim; T)\’—? = 0 and the integrals appearing as their
factors are bounded as j — oo. Now, since v; — v strongly in LP(B;(0)), using the
Sobolev-Poincaré inequality stated in Lemma 2.11, one can easily check that

(s — )2
V(N (7))\2 v))| dy = 0. (4.38)
J

lim
J—-+oo By
2

In fact, for every ¥ € (0, 5) we can use Holder’s inequality of exponents 5% and ﬁ

as follows

Vo (Aj(v; —v))? =
/ [V ](sz V)l dy:/ o — o2 (1+ Aoy — o) T dy
B J By
2
29

p(p—2)

<{ [ty ol R = o)y
B

1
2
p—29
p
2p(1—9) 5 5\ R—2)(1—0)
X [vj — v 2727 (14 Ajlvy —v|7) =2 dy
B,
2
—29
p(1—9)

20
P (. 2\ P !
S / |UJ _ U|p dy / |‘/P()‘](UJ 'U))| dy
B B )‘2
2 2
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29 1-9

p
(Dv: — D 2
< / lv; — v|P dy / V(A UJ2 v))| dy
B B )‘j

2 2
Last inequality is obtained applying Lemma 2.11 to the second integral, choosing 9 €
(0, %) such that p}gl__zz) = ni_p. Hence (4.38) follows noticing that the first integral
vanishes as j goes to infinity and second one stays bounded thanks to (4.5), since
v € C™(B;(0)).
Since bj — (v)2, and Bj — (Dw), using (4.38) and the definition of w; we get

. E(xzj,7r)) v+v) 3
hle < chmj[ /\2 - dy—i—T
A —b; - Biy)\ |’
= clim - |Vp < s — vt ﬂ/))‘ dy +7°
i JB,. )\j T
_ _ 2
< of Il ot
B2T T
- T D T 2 D TY — D T 2
¢ of OOl (D= (DOE
BZT T BZT T
< c][ |Dv — (Dv)a-[* dy + c|(Dv)r — (Do), > + 77
BZT
< e’ +er? <oyl
The contradiction follows by choosing ¢, > C/(M). o

5 Full regularity

In this section we will prove that the minimizer u belongs to the space C1"7(Q, RY)
for every v < 1 if we assume (F1) and (F3)-(F8). We follow the lines of [7] (section
4) and use the fact that the range of anisotropy in the almost linear growth situation is
arbitrary small. Note that in [7] Breit studies (p,q)-elliptic integrands. We just clarify
the main differences. The first step is to regularize the problem. Here we consider the
standard regularization (compare, for example, [5] and the references therein): ug is
defined as the unique minimizer of

Fs(u, B) :=/B{f(x,Du)+5(1+|Du|2)‘z’} dx

n (u)e + Wy (B)
(u)c is the mollification of » with parameter € and

1
_ 2
L+e '+ [ D(u)ell o s

d=0(e) :=
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For us we obtain:

Lemma5.1. « Asc — 0we have: us — uin WH!(B,RV),
q
5/ (1 + |Du5|2> *dr — 0; / F(Dus)dz — / F(Vu)dz;
B B B

e Dus € W2 0 Leo (Q, R™N).

loc loc

For the last statement we can refer to [6] (Lemma 2.7), since u; is the minimizer of a
isotropic problem and the second derivatives D¢, f5 fulfills a Holder-condition by (F8)
(f5(z,€) = f(z,&)+0(1+|¢|*)?). The rest can be quoted from [6], Lemma 2.1. Only
the week convergence needs a comment: Following the ideas of [6] one easily sees that
Dug in bounded in Ly, (B). According to the Poincaré-inequality in Orlicz spaces (see
[19]) and the uniform boundedness of u, in VVZL’C}L(Q) (remember u € Wl’h(Q)) we
obtain supjg HU5||W1,h( p) < 0. By the De La Valée Poussin Lemma we can select a
subsequence such that

us —:v € WH(B), v=u ondB

and v minimizes F (-, B) with respect to boundary data « which means v = u.

Next we prove higher integrability with respect to the parameter 4, i.e.,

Dus € Lj,.(B) uniformly in § for all ¢ < (5.1)

Here we proceed exactly as in section 3, observing that our bounds are now indepen-
dent of §. We only have to calculate the additional integral (F( Z) := (1 + |Z |2)%)

6/ DgFo(Du(s)DT,h(TﬁThu(;) d.’E: —5/ ThDgFo(Du(;)D(?fThu(;) dCE
B B

1
= _5/ 772/ D¢ Fo(Dus + tr, Dug) (mn, Dus, 7 Dus) dx
B Jo
- 25/ N7 De Fo(Dus)Dn @ thus do
B

on the r.h.s. Here the first integral on the last calculation is nonnegative, so we can
drop it. The last one can be estimated by (using Lemma 5.1)

c(n)h/B (1 + \Du(;\z) : dz < c(n)h.

Hence we obtain (5.1) if we apply the arguments of section 3 (remember the uniform
WHR(B)-bounds on us).
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In order to prove Lipschitz-regularity of the solution v we have to show a growth
condition for the function

T(k,7) = /A(k )ngi(w(;—k)zdx

where we abbreviated I's := 1 + |Dus|?, ws := log I's and A(k,7) := B, N [|Dus| >
k). We want to show

Cc

7 —r)s(h— k)®

7(h,7) < 7(k,7)* (5.2)

forO0 < h < k,0<r <7 < Ry with exponents x,© > 0 and ¢ > 1. From (5.2) we
arrive at uniform L5 -bounds on Dug using Stampacchia’s Lemma ([30], Lemma 5.1,

p- 219), details are given in [4]. Note that uniform bounds for 7 (which are necessary)
follows from (5.1) and

n_a
q< =

n—a
Hence we have ugs € VVZL’;O(B ) uniformly in § (remember Lemma 5.1). It follows

with the help of Arzela -Ascoli’s Theorem that u € I/VZIO;’O(B) and since B is arbitrary
€ W*°(Q). This means that

loc
/f(x, Du) dz — min

is a problem with quadratic growth (at least locally, compare (F5)) and the claim fol-
lows from [6], Lemma 2.7.

In order to prove (5.2) we have to notice that the integrand satisfies the growth condi-
tions

v(1+ €)™ |Z|2<Dg§f(17 (2, 7) <A1+ [¢P) T | 2],
10, De f(z,€)] <AL+ [€2) T

Since the exponent from above (p = 1) and below are close enough, we can exactly
argue as in [7] (section 4) and obtain (5.2). Note that in this part of [7] the condition
p > 11s not used.
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