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Abstract

This paper is devoted to the analysis of multiphase shape optimization problems, which can
formally be written as

min {g((F1(Q1)7...,Fh(Qh)) —|—m} U QZ| :CD, NQ; = 0}7

i=1

where D C R? is a given bounded open set, || is the Lebesgue measure of €; and m is a
positive constant. For a large class of such functionals, we analyse qualitative properties of the
cells and the interaction between them. Each cell is itself subsolution for a (single-phase) shape
optimization problem, from which we deduce properties like finite perimeter, inner density,
separation by open sets, absence of triple junction points, etc. As main examples we consider
functionals involving the eigenvalues of the Dirichlet Laplacian of each cell, i.e. F; = A,.
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1 Introduction

Let D C R? be a bounded open set and m > 0. We study multiphase shape optimization problems
of the form

h
min {g(Fl(Ql), e Ba(@) +m| ] e D, 2ng, = (z)}, (1.1)
=1

where Q] is the Lebesgue measure of Q. To each cell €;, we associate a shape functional F;, the
interaction between cells being described by the function g : R® — R. If one fixes h — 1 cells
of an optimal configuration, and let formally free only one, this cell is a shape subsolution. In a
neighborhood of the junction points, it can be compared only with its inner perturbations. One of
the main questions raised by such a shape optimization problem concerns precisely the interaction
between the cells. The functionals F; we consider here, involve quantities related to the Dirichlet
Laplacian operator on each cell as for example the eigevalues (A (£2;))ren of the Laplace operator
with Dirichlet boundary conditions on a quasi-open set €;.

For a very particular choice of g and Fj, this topic was intensively studied in the last years,
essentially for functionals involving the first eigenvalue

g(Fl(Ql)7...,Fh(Qh)) = Z)\l(ﬂl) and g(Fl(Ql)7...,Fh(Qh)) = max )\1(92) (12)

i=1,...,

For m = 0, we refer the reader to the papers [I8| [19] 20, 25 [15] and the references therein, while
for m > 0, only the case h = 1 was studied in [4] [5].

Many interesting qualitative results were obtained for , among which regularity properties
of the boundaries and information on the junction points.

In this paper we intend to discuss general functionals Fj, precisely functionals which have a
variation controlled by the Dirichlet energy (see Deﬁnition below) e.g. the k-th eigenvalue of the
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Dirichlet Laplacian, in a context where the measure constraint is relevant (m > 0). For example,
problems of the form

min { Z)\k )+ m|Q|: Q; C D, Q; quasi-open, Q;NQ; = @}. (1.3)

fit in our framework. If m > 0, the sets (2; will not in general cover D and a void region will appear,
so the solution will be a sort of lacunary partition of D. As we consider general functionals F;, the
same tools used for the regularity of the free boundaries in [I8], [I5] can not be adapted. Even if F; is
simply the k-th eigenvalue of the Dirichlet Laplacian, obtaining a regularity result is a complicated
task, since the k-th eigenvalue is itself a critical point and not a minimizer as the first eigenvalue is.

We refer the reader to the survey papers [I1} 26] and the books [7, 27, 28] for a detailed intro-
duction to the topic of shape optimization problems. Existence of a solution for in the class of
quasi-open sets was proved in [§] and is a consequence of a general result due to Buttazzo and Dal
Maso (see [12, 13]).

We focus in this paper on the analysis of the geometric interaction between cells. Our main tool
involves the analysis of the shape subsolutions for the torsional energy, i.e. quasi-open sets  C R
which satisfy for some m > 0

E(Q) +m|Q| < E(Q)+m|Q], VQ c Q, (1.4)

where the torsional energy F() is defined as

E(Q) ::min{%/ﬂ\vmzd:ﬂf/ﬂudx:uGH&(Q)}.

Under mild assumptions on g and for a quite large class of functionals F;, every cell of the optimal
solution of (1.1)) is a shape subsolution of the torsional energy.
Analyzing the properties of the subsolutions we prove that (Sections [4] and

e each cell satisfies inner density estimates and has finite perimeter;
e there are no triple junction points, i.e. 9§; N 9Q; NIy, = 0, for different 4, j, k;

e each (quasi-open) cell Q; can be isolated by an open set D; from the other cells, and solves
the problem

min {FZ(Q) : Q C Dy, Q quasi-open,

Qf = | };

e if F; depends in (L.1) only on the first and the second eigenvalues, there exists a solution
consisting of open cells;

e in R?, for m = 0, every solution of (1.3) is equivalent to a solution consisting of open sets.

We emphasize that a subsolution is not, in general, an open set, as Remark shows. Even for
the solutions of some simple one-phase shape optimization problems, as

min{)\k(Q) : QC D, Q quasi-open, |Q] = m}, (1.5)

with £ > 3, the optimal set € is, a priori, no more than a quasi-open set. Until recently, the only
functionals which were known to have (smooth) open sets as solutions were the first eigenvalue (see
[5]) and the Dirichlet Energy (see [4]).

The study of triple junction points goes through a multiphase monotonicity formula (Lemma
in the spirit of [14] and [I8, Lemmas 4.2 and 4.3], which is proved in the Appendix. Precisely,
if u; € HY(By), i = 1,2,3, are three non-negative functions with disjoint supports and such that
Au; > —1, for each i = 1,2, 3, then there are dimensional constants € > 0 and Cy > 0 such that for

each r € (0, 3)
3 3
1l (7 [, e ) < <”Z/ i) (10

The main gain of this multiphase monotonicity formula is that for junction points of three cells (or
more), at least one gradient decays faster than r€/2 which contradicts the super linear decay which
is expected for subsolutions, cf. Lemma [3.8



2 Preliminaries
In this section we recall some of the notions and results that we need in this paper.

2.1 Measure theoretic tools

We shall use throughout the paper the notions of a measure theoretic closure 0" and a measure
theoretic boundary 9™ Q of a Lebesgue measurable set Q C R?, which are defined as:

2l

M:{xERd: |B.(z)N Q| >0, Vr>0},

oM = {gc eR?: [B,(z)NQ >0, |B.(x)N Q| >0, Vr > 0}.
Moreover, for every 0 < a < 1, we define the set of points of density a as

_ 4. i Br@ O !
Q(a)—{xER lliré B,] =ay.
If © has finite perimeter in sense of De Giorgi, i.e. the distributional gradient V1, is a measure of
finite total variation |V1g|(R?) < 400, the generalized perimeter of (2 is given by

P(Q) = [V1g|(RY) = HI™H(9"Q),

where 0*QQ is the reduced boundary of €.

The s-dimensional Hausdorff measure is denoted by H®. To simplify notations and when no
ambiguity occurs, we shall use the notation |0B,(z)| for the (d — 1) Hausdorff measure of the
boundary of the ball centered in x of radius r.

2.2 Capacity and quasi-open sets

As we mentioned in the introduction, for our purposes it is convenient to extend the notion of a
Sobolev space and Laplace operator to measurable sets. One has to use the notion of capacity of a
set £ C R, which is defined as

cap(E) = inf{||u||§11 : uw€ HY(RY), u > 1 in a neighbourhood of E}, (2.1)
where |lul|%;; = ||ul|2. + ||[Vul]3. (see, for example, [28] for more details).

e We say that a property P holds quasi-everywhere (shortly q.e.) in R%, if the set of points F,
where P does not hold, is of zero capacity (cap(E) = 0).

e We say that a set  C R? is quasi-open, if for each ¢ > 0 there is an open set w, of capacity
cap(we) < € such that Q U w, is an open set.

e A function u : R? — R is quasi-continuous, if for each £ > 0 there is an open set w, of capacity
cap(w.) < € such that the restriction of u on the closed set R? \ w, is a continuous function.

We note that any function u € H'(R?) has a quasi-continuous representative u : R? — R, which
is unique up to sets of zero capacity (see [28]). Moreover, if the sequence u,, € H*(R?) converges
strongly in H'(RY) to the function u € H!(RY), then there is a subsequence converging quasi-
everywhere.

In R? the canonical quasi-continuous representative u of u € H'(R?) has a pointwise definition,
i.e. for quasi-every x € R? the following limit exists

u(x) = lim u(y) dy. (2.2)
r—0 B-,((E)

We define the Sobolev space Hg (), for every measurable set ) C R9,

HH Q) = {u e H'(RY): =0 qe. on Q} (2.3)
In the case when € is an open set, Hg(£2) coincides with the classical Sobolev space defined as the
closure of the smooth functions with compact support C2°(2), with respect to the norm || - || g1 (see
25)).



2.3 The torsion function of a set of finite measure

Let Q C R? be a measurable set of finite Lebesgue measure || < +o00 and let f € L?(Q) be a given
function. We say that u € H}(Q) is a solution of the equation

—Au = f, u € Hy(Q), (2.4)

if w minimizes the functional J; : H}(2) — R, where for every v € H{(Q)

1
Jr(v) = i/Rd \Vu\zdx—/w uf dx.

We note that, for every f € L?(€), a solution u of ([2.4)) exists and is unique. Moreover, for every

v € H}(Q) we have
/ Vu~Vvdx:/ vf dx,
R4 R4

WGIII;III(IQ) Ji(v) = Jf(u) = —% /Rd uf dr =: E¢(Q). (2.5)

and, taking v = u, we get

Above, Ef(Q) is called Dirichlet energy of Q. In the case when f = 1, we denote with wq the
solution of (2.4) and with E(Q) the quantity F1(Q2). Then E(2) is the torsional energy and wg the
torsion function of €. In the Proposition below, we list a few properties of wgq.

Proposition 2.1. Suppose that Q C R? is a set of finite measure and that wg € HE(Q) is the
energy function of Q). Then we have

(a) wq is bounded and

- |Q|2 /d
where By is the unit ball in RY.

(b) Awg + Liy>0p = 0 in sense of distributions on RY.

(c) Bvery point of R? is a Lebesque point for wq.

(d) For every xo € R? and every r > 0, we have the inequalities

2 2
wa(zg) < — —1—][ we dH! and  wq(re) < — —1—][ wq dz. (2.6)
2d - Jon, (a0 2d /B, (w0)

(e) wq is upper semi-continuous on R?.

(f) Ho(Q) = H ({wa > 0}).

Proof. We set for simplicity w := wgq. Point (a) follows by the classical result of Talenti (see
[31]) or by a direct argument, as in [I0]. For ¢ > 0 and ¢ > 0, we consider the test function
we = (wAt)+ (w—t—e)T € HY(Q). Thus the inequality J;(w) < Ji(w.) provides us with the
estimate

1 1 t+e
el{w > t}| > /(w —we)dx > f/ |Vw|? do = f/ / \Vw|dH | ds, (2.7)
Q 2 {t<w<t+4e} 2 t {w=s}

where in the last equality we used the co-area formula. Passing to the limit as ¢ — 0 and applying
the Cauchy-Scwatz inequality, we get

O R T e v

-1
d2 B 2/d
| 1| |{ > t}| (/ |V’LU|71 d%d1> ,
{w=t}

(2.8)



where the last estimate is due to the isoperimetric inequality in R?. Setting ¢(t) := |{w > t}|,
again by the co-area formula we note that ¢'(t) = — f{w:t} |Vw|~tdHI!. By ¢ satisfies the
differential inequality

(0] < —dIB*, ¢(0) <19, (2.9)

and so, the claim.
Claim (b) can be found in [28, Lemma 7.2.5] and we report it here for sake of completeness.
Consider a non-negative function ¢ € C°(R?). For each n > 1, define the function p, : R — R as

pu(t) =0, ift<0; pa(t) =nt, iftec0,1/n]; pa(t) =1, ift>1/n. (2.10)

Since p,, is Lipschitz and vanishes in zero, we have that p,(w) € H(Q) and p,(w)p € H (). Now
we compute

/ opn(w)de = Vw - V(@pn(w)) dx :/ gppil(w)|Vw|2dx—|—/ pr(w)Vw - Vo dx
Q Rd Rd Rd

> / pn(wW)Vw - Ve dz.
Q
(2.11)
Since pp(w) T Liw>o}, a8 n — 00, we obtain (b).
In order to prove (c) we consider zo € R? and the ball By (xg). By (b) we have that the function
|z — 202

u(z) == w(z) + 57

is sub-harmonic and positive on By (zp). Then the function r — ][ wdz is decreasing and so
B,,.(wo)

the limit lim udr exists. Since u — w is smooth, the limit lim wdx also exists.
70 B, (w0) "20JB, (o)
Defining u(xg) and w(zg) as the above limits, we have

][ |w(z) —w(xg)| dx < ][ |u(zx) —u(x0)|dx+][ |x—x0|2dm
B.(x0) Br.(z0)

BT(IO)

:][ udm—u(sco)—i—][ |z — 2o|? dz — 0,
Br(20) Br(z0)

which proves (c).

For claim (d) consider the auxiliary function ¢,.(x) : r? — |z — z0|*). By (b) we have that

1
2 N ﬁ(
A(w — ¢,) > 0 on R% Moreover, 0 < ¢, < % on B(zg) and so,

2

5 = (e0) = (o) < f

B,

w(zo) —

(w—¢,) da < ][ wdz,
B,
which gives the second inequality in (2.6]), the other one being analogous.
In order to prove (e), we consider a sequence x,, — T, in R%. By (2.6), we have that

n—oo d n—oo

r? ][
— 4+ wdzx,
2d B (o)

and the claim follows by sending r — 0.

We now sketch the proof of (f) (for the detailed proof we refer, for example, to [33, Chapter 3]).
Since {w > 0} C Q, it is sufficient to prove that every function u € HZ(f2) is also in Hg ({w > 0}),
i.e. that cap({u > 0} \ {w > 0}) = 0. For this we may suppose that 0 < u < 1. Let u. be the
minimizer of the functional G : H}(Q) — R

1
G('U):/ |Vv\2d1:+f/ v — ul? da.
Q € Ja

2
lim sup w(z,,) < L limsup][ wdx
2 Br(zn)



Then u, is the solution of

1 1
—Au, + Jue = U, u. € HY ().

Since u < 1, by the comparison principle, we have that u. < 1w and so cap({us > 0}\{w > 0}) = 0.
On the other hand, since G(u.) < G(u), we have that u. — v in L? and weakly in H}(Q). By using
the equation for u., we get that

1
/|V(u—u5)|2dx:/Vu-V(u—uE)dx—f/|u—u5|2dx§/Vu~V(u—u8)dac—>0,
Q Q € Ja Q

which shows that the u. — u strongly in H'(R?) and so quasi-everywhere on R?, which concludes
the proof that cap({u > 0} \ {w > 0}) = 0. O

Remark 2.2. Claim (d) of Propositionin particular shows that the quasi-open sets are the natural
domains for the Sobolev spaces. Indeed, for any measurable set €2, the set {wq > 0} C Q is quasi-
open and such that Hg(Q) = H} ({wq > 0}). On the other hand, if € is quasi-open, then there is a
function u € H}(Q) such that Q = {u > 0} up to a set of zero capacity. Since u € H ({wq > 0}), we
have that cap({u > 0} \ {wq > 0}) = 0 and so the sets © and {wq > 0} coincide quasi-everywhere.

Remark 2.3. From now on we identify wq with its representative defined through the equality

wQ(LEQ) = rhi% o0 )wQ dx, Vg € R
r(Zo

Thus, we identify every quasi-open set 2 C R? with its representative {wq > 0}. With this
identification, we have the following simple observations:

e Let €2 be a quasi-open set, Then the measure theoretical and the topological closure of Q)

coincide @ = Q. Indeed, we have oV C Q. On the other hand, if zy € R¢ \QM, then
there is a ball B,(xg) such that wg = 0 on B,(zg) and so, o € R?\ Q. Thus we have also

R4 \ﬁM C R%\ Q, which proves the claim.

e Let Q; and 5 be two quasi-open sets. If |Q; NQs| = 0, then 21 NQs = . Indeed, we note that
QNN = {a: e RY: wq, (v)wa,(z) > O}. Since |23 N Q3| = 0, we have that fRd wyiws dr = 0.
Note that every point of 2 € R? is a Lebesgue point for the product wiws, we have that
wywe = 0 everywhere on R4,

e Let 27 and Q9 be two disjoint quasi-open sets. Then the measure theoretical and the topo-
logical common boundaries coincide

AN NI =0 N0 =0 N =M, NaMQ,.

2.4 The v and weak y-convergence

The identification of the quasi-open sets {2 and their torsional function wq leads naturally to the
following (more functional than geometrical) distance. We define the so called y-distance between
two quasi-open sets of finite measure €2y and Qs by

dy(21,92) = /d |w91 — wgz‘ dx.
R

Notice that if Ql Q QQ then d,y(Ql, Qg) = %[E(Ql) — E(Qg)] .

Definition 2.4. In the family of quasi-open sets of finite measure, it is said that the sequence ),
~-converges to Q if dy(Qy,,Q) — 0, as n — co.

Remark 2.5. Sometimes, the y-distance is defined using the L?-norm of wg, — wq,. In a family
of sets with uniformly bounded measure, the two distances provide us with the same convergence.
Indeed, we have

1/2

e e < (001190 ([ s, = Pas)
R4 R4



o | g /
— dr < — dzx.
/]R'i [wa, —wa,[ do < d| By [#/4 R [wa, = wa,| dz

For the purposes of our paper, it is more convenient to use the L'-norm.

Definition 2.6. In the family of quasi-open sets of finite measure, it is said that the sequence §2,
weak y-converges to ) if the sequence of the corresponding torsional functions wq, converges in
LY (R%) to some function w € H*(RY) and Q = {w > 0}.

Remark 2.7. The ~ and the weak-y-convergences are not equivalent. An example of weak-v-
convergent sequence which is not y-convergent, is given by the classical example of Cioranescu-
Murat [I7]. Moreover, from the density result in [2], for every Q C R? of bounded measure and
every potential V : Q — [0, +-00] there is a sequence (2,, such that wq, converges in L!(R?) to the
weak solution of the equation

—Aw+Vw=1, w € Hy ().

Remark 2.8. For every (quasi-) open set D of finite Lebesgue measure the set
Acap(D) = {Q : Q quasi-open, Q C D},

is sequentially compact for the weak vy-convergence. Indeed, let ,, € Acqp(D) be a sequence of
quasi-open sets and let w,, be the sequence of corresponding torsional functions. Using the equation
for w,, and the Gagliardo-Nirenberg-Sobolev inequality, we have

Vwn2de = | wpde < Q] 5T |Jwp| 24 < Cy|D|57
n = n > n nil 24 X d‘ ‘2‘1 van||L2a
D D Ld

—2

and so, wy, is bounded in H{ (D). The compactness of Aeqp(D) now follows by the compactness of
the inclusion Hg (D) C L?(D).

Remark 2.9. As a consequence of the Fatou Lemma, the Lebesgue measure is lower semi-continuous
with respect to the weak y-convergence in Acq, (D). Moreover, if the sequence €2, € Acap (D) weak
~v-converges to 2, then, for a suitable subsequence, there is a sequence of quasi-open sets wy such
that wg D O, and wy, y-converges to Q (see for example [7]).

The weak ~y-convergences is used to establish existence results for shape optimization problems
where the shape functional is y-continuous and decreasing for inclusions. We recall here a general
existence result, proved in [8], which is a multiphase version of the classical Butazzo-Dal Maso
Theorem (see [13]).

Theorem 2.10. Let D C RY be a quasi-open set of finite Lebesque measure and let F : [Acap(D)]" —
R satisfy

(i) F is decreasing with respect to the inclusion, i.e. if w; C Qy, for alli=1,... h, then
F(Ql,...7Qh) § .7:(w1,...7wh);
(ii) F is lower semi-continuous with respect to the y-convergence, i.e. if QY y-converges to §;, for
everyi=1,...,h, then

F(Qu,..., Q) < liminf F(QF, ..., QD).

n— oo

Then the multiphase shape optimization problem

h
min{]—'(Qh...,Qh)—i—mZ|Qi|: Qi € Aeap(D), Vis QNQ =10, w;éj} (2.12)

i=1
has a solution for every m > 0.

The proof is a consequence of Remarks and the essential point being the fact that a
decreasing shape functional which is y-lower semicontinuous, is also weak y-lower semicontinuous.



Remark 2.11. There is a large class of functionals which are known to be decreasing and lower
semi-continuous with respect to the vy-convergence (see [7) [I1], for more details). Typical examples
are

e the Dirichlet Energy E;(Q), with respect to a function f € L*(D), defined in (2.5));

e the eigenvalues of the Dirichlet Laplacian, i.e.

A:(2) = min max{/ |Vul?dz : u € Sk, / u? de = 1}, (2.13)
(@) Q Q

SkCHé

where the minimum is over all k-dimensional subspaces S, C H}(Q).

2.5 Monotonicity theorems
We recall the following two-phase monotonicity formula due to Caffarelli, Jerison and Kenig [14].

Theorem 2.12. (Caffarelli, Jerison, Kenig) Let uj,us € H*(By) be two non-negative functions
such that Au; > —1, fori = 1,2, and fRd usujdx = 0. Then there is a dimensional constant Cy
such that for each r € (0,1) we have

[ Fe) o (B Fde). o

=1

In paper [14], Theorem [2.12| was stated with the additional assumption that the functions u; and
uo are continuous. An inspection of the original proof shows that this assumption is not necessary,
as it will be seen in the proof of Lemma in the Appendix.

The following monotonicity lemma is due to Conti, Terracini and Verzini and holds in two
dimensions.

Theorem 2.13. (Conti, Terracini, Verzini) In R?, let uy, us,us € H'(By) be three non-negative
subharmonic functions such that fR2 uiujde = 0. Then the function

3
1
r= ] <r3/B |V |2 d:c) (2.15)
i=1 T

is nondecreasing on [0, 1].

As in our problem the functions are not subharmonic, the argument we search is closer to
Theorem [2.12] than to Theorem We give a multiphase monotonicity formula in the spirit of
Theorem We are not able to obtain optimal decreasing rates as in Theorem but the
estimate below will be sufficient for our purposes and holds in any dimension of the space.

Lemma 2.14 (Three-phase monotonicity lemma). Let u; € H'(By), i = 1,2,3, be three non-
negative Sobolev functions such that Au; > —1, for each i = 1,2,3, and fRd uiujde = 0, for each
i # j. Then there are dimensional constants € > 0 and Cy > 0 such that, for every r € (0, %), we

have
3

3
H <r2+a/B |42 > < Cu <1+Z/ |x|d 2 . (2.16)
=1 T

The proof of this result follows the main arguments and steps of Theorem For the conve-
nience of the reader, we report it in the Appendix, with an emphasis on the technical differences
brought by the lack of continuity and the presence of the third phase.

3 Shape subsolutions for the torsional energy

In this section we study the quasi-open sets of finite measure which are minimal for the functional
E(-) + m| - |, with respect to internal variations of the domain. Sets satisfying this property will be
called energy subsolutions. More precisely, we give the following:



Definition 3.1. Let F be a functional on the family of quasi-open sets Acap(R?).
o We say that Q € Acap(R?) is a shape subsolution for F, if

F(Q) < F(w), Vquasi-open w C . (3.1)

o We say that Q € Acap(R?) is a local shape subsolution for F, if there is € > 0 such that

F(Q) < F(w), Vquasi-open w C ) such that d,(Q,w) <e. (3.2)

o We say that Q € Acap(RY) is an energy subsolution (with constant m) if Q is a local
subsolution for the functional F(2) = E(Q) +m|Q|, where m > 0 is a given constant.

Remark 3.2. We note that by the maximum principle we have wg > w,, whenever w C () are
quasi-open sets of finite measure. Thus, we have that

dy(w, Q) = /R (wq — w,,) dz = 2(E(w) — B(Q)).

In particular, a set Q € Acap(R?) is an energy subsolution, if and only if,
2m|Q\w| < d(w,Q), V quasi-open w CQ such that d,(w,) <e. (3.3)

Remark 3.3. If  is an energy subsolution with constant m and m’ < m, then  is also an energy
subsolution with constant m'.

Remark 3.4. We recall that if Q € R? is a quasi-open set of finite measure and ¢ > 0 is a given real
number, then we have

wio(z) = tPwa(z/t) and BE(tQ) = t4T2E(Q).

Thus, if Q is an energy subsolution with constants m and e, then Q' = ¢ is an energy subsolution
with constants m’ = 1 and &’ = et%2, where t = m~1/2.

Remark 3.5. If the energy subsolution 2 C R? is smooth, then writing the optimality condition for
local perturbations of the domain 2 with smooth vector fields (see, for example, [28, Chapter 5] for
the shape derivative tool) we obtain

|[Vwg|?> >2m on €.

The energy subsolutions play an important role in the study of the optimal domains even for
very general spectral optimization problems. In fact, in [6] the following Theorem was proved:

Theorem 3.6. Suppose that the quasi-open set of finite measure € is a local shape subsolution for
the functional F = A\, +m| - |, where k € N and m > 0. Then Q is an energy subsolution (with
possibly different constant m').

In particular, using this result, in [6] and [9], was proved boundedness of the optimal sets of some
spectral optimization problems. In this section, we exploit the notion of a subsolution differently,
obtaining an inner density estimate, which we use later in Section [5]|to study the solutions of general
multiphase problems.

Lemmas and below are implicitly contained in the paper of Alt and Caffarelli [I, Lemma
3.4]. We adapt them in the context of shape subsolutions of the torsional energy and rephrase them
in two separate statements. For the sake of completeness we report here the proofs.

Lemma 3.7. Let Q C R? be an energy subsolution with constant m and let w = wq. Then there
exist constants Cyq, depending only on the dimension d, and 1o, depending on €, such that for each
zo € R? and each 0 < r < ro we have the following estimate:

1
f/ Vol dz + m| By (z0) 0 {w > 0}
BT(IQ)

2

(3.4)
< / wdx + Cy (7’ + ”w”Lx(BZT(xO))> / wd%dil,
B, (z0) 2r OB, (o)



Proof. Without loss of generality, we can suppose that o = 0. We denote with B,. the ball of radius
r centered in 0 and with A, the annulus By, \ B;.
Let ¢ : Ay — RT be the solution of the equation:

A’l/)ZO on Al, 1/):0 on th wil on 632

We can also give the explicit form of ¢, but for our purposes, it is enough to know that 1 is bounded
and positive. With ¢ : A; — Rt we denote the solution of the equation:

—A¢p=1 on A, ¢=0 on 0B, ¢ =0 on O0Bs.
For an arbitrary » > 0, @ > 0 and k > 0, we have that the solution v of the equation
—Av=1 on A, v=0 on 0B, v=a on 0B,

is given by
v(z) = r*p(x/r) + app(a/r), (3-5)

and its gradient is of the form
Vo(@) = r(Vo)(@/r) + = Vib(a/r). (3.6)

Let v be as in [3.5| with a > ||w|| e (B,,). Consider the function w, =wlps + (wAv)1lp,, and
note that, by the choice of a, we have that w, € H}(Q) and denote with (2, the quasi-open set
Q. = {w, >0} = Q\ B,. Since Q is an energy subsolution, choosing r small enough, we have the
inequality

1 1
,/ |Vw|2dx—/wdx+m}{w>0}’ Sf/ |Vwr|2dac—/wrdx+m|{wr>0}|.
2 Ja Q 2 Ja Q

Since w, = 0 in B, and w, = w in (Bs,)¢, we have that
1 2 1 2 2

= [Vw*dz +m|B, N {w >0} <= [Vw,|* — |[Vw|* dz + (w —wy,)dx

2 /s, 2 Ja, B

2r

S/ Vw, - V(w, fw)der/ (w— w,)dx
Ay Bar

:_/ v.vv((w—v)+)da;+/ (w—v)tdx (3.7)
Ay

B,

/ w@de71+/ w dx
OB, on B

T

a —
< (90l + 2190l [ want=t [ was,

where the last inequality is due to (3.6). Taking o = ||w||z(p,,), We have the claim. O

Lemma 3.8. Let Q C R? be an energy subsolution with constant 1 and let w = wq. Then there
exist constants Cq > 0 (depending only on the dimension) and ro > 0 (depending on the dimension
d and on the constant € from Deﬁm’tion such that for every xo € R and every 0 < r < rq the
following implication holds:

(Il 5, o)) < Car) = (w =0 0n Bja(ao)). (3.8)
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Proof. Without loss of generality, we can assume that g = 0. By the trace theorem for W!
functions (see [2, Theorems 3.87 and 3.88]), we have that

2
/ wdH™h < C’d(f/ wdm+/ |Vw|dx)
837\/2 r Br/z BT/Q

2 1 1
<Oy = d+—/ Vw|?dz + = [{w > 0} N B, ,
d(T’ /BT/?, e 2 B, /2 ‘ w‘ “ 2Hw } /2‘) (3 9)
2 Iy /1 2
chd(;”wHLw(BTm)Jri) (5/3 [Vuwl? dz + [{u > 0} N Bypo),

r/2
where the constant Cy > 0 depends only on the dimension d.
We define the Dirichlet energy of w on the ball B, as

E(w,B,) = %/B Vw|? dz + | B, 0 {w > 0}]. (3.10)

Combining (3.9) with the estimate from Lemma we have

E(w, B, 2) S/

2
wdm—i—Cd(r—&—waHLoc(Br))/ wdH !
B,./2 r

6BT/2
(3.11)
2 1 1
< (Il e, 0+ Ca(S N0l s, + 5) (7 + Sl e, ) Blw, Byje),

where the constants Cy depend only on the dimension d. The claim follows by observing that if
[wllzees,) < er,
for some small ¢ and 7, then by (3.11) we obtain E(w, B, 3) = 0. O
In other words, Lemma says that in a point of  (the measure theoretic closure of the

energy subsolution ) the function wq has at least linear growth. In particular, the maximum of
wq on By(z) and the average on 0B, (x) are comparable for > 0 small enough.

Corollary 3.9. Suppose that Q C R? is an energy subsolution with m = 1 and let w = wgq. Then
there exists ro > 0, depending on the dimension and the constant € from Definition [3.1], such that

for every o € Q° and every 0 < r < 1o, we have

2 oy € wdH S o (312)
OBa,(z0)
: , (2r)? — |=|? s
Proof. Suppose that ¢ = 0 and consider the function ¢, (z) := Y R By Proposition 2.1

we have that A(w — p2,) > 0 on R? and 0 < @9, < 272/d on By,. Comparing w — o, with the
harmonic function on Bs, with boundary values w, we obtain that for every x € B,., we have

4r? — |9L’|2 / w(y) d—1 d d—1
w(z) — por(z) < dH y) <2 ]l wdH . 3.13
(z) — p2r () dozr Jop, Ty —af? (y) -~ (3.13)

dC,
For 0 < r < min {ro, Td’ 1}7 where 1o and Cy are the constants from Lemma we choose

x, € B, such that
(zr) > 1H | o~ > rCa
w(x, —||w —
5 L (B,) 5

Then we have

2r? |wl| Lo (B,)

w|| 1,00
ol w(z,) < 2¢ f wdH 4+ T < 2 ][ wdH 4 . (3.14)
2 8Bs, 8Ba, 4
which proves the claim. O
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Remark 3.10. In particular, for every energy subsolution 2 C R?, there are constants ¢ and 7 such
. M
that if zg € Q , then for every 0 < r < rg, we have that

cr < ][ wo dH.
aB,,w(wo)

,
Moreover, since / wq dr = / / wo dH! ds, we have cr < ][ waq dx.
B, 0o JoB, B;-(w0)

As a consequence of Corollary we can simplify (3.4]). Precisely, we have the following result.

Corollary 3.11. Suppose that Q C R? is an energy subsolution with m = 1 and let w := wq. Then
there are constants Cy > 0, depending only on the dimension d, and rqy, depending on d and € from

—M
Definition such that for every xg € Q and every 0 < r < rg, we have

1 o T
5/ IVw[? de + |{w > 0} N B, (z)| < Cd”w”L;BM“”/ wdH . (3.15)
By(z0) r 9B, (z0)

Proof. By Lemma [3.8) and Corollary for r > 0 small enough, we have

S|

1 _ —d—
;”U)”Loo(Br(ajon > Cy, ]([9B ( )wd’H‘i 1> d SCd. (3.16)
(o

Thus, for r small enough, we have

d2-1-3Cy 1 de1
w(z)dz < [Br|————||wllLo(B,(20)) £ =Wl (B, (20)) wdH*, (3.17)
B, (z0) r r OB, (z0)
and so, it remains to apply the above estimate to (3.4). O

Relying on inequality (3.15) and Lemma we get the following inner density estimate, which
is much weaker than the density estimates from [I]. The main reason is that we work only with
subsolutions and not with minimizers of a free boundary problem.

Proposition 3.12. Suppose that Q C R? is an energy subsolution and let w = wq. Then there
exists a constant ¢ > 0, depending only on the dimension, such that for every xg € QM, we have
|{w > 0} N By (z0)]

lim su > c. 3.18
m Sup B,] z (3.18)

Proof. Without loss of generality, we can suppose that o = 0 and by rescaling we can assume that
m = 1. Let ro and Cy be as in Lemma and let 0 < 7 < 7. By the Trace Theorem in W11(B,),

we have
1
|Vw|dac+f/ wdm)
r

/ wdH! gcd(/
OB, r r

< Ca ((/ IVw|2d$)1/2\{w > 0yn B, + M
B,

{w > O}ﬂBT|>

IN

1/2
c, <||w|L (Bar) / wd’Hdl) ‘{w > O} A Br|1/2
2r 9B,

w oo
+Cd7| HLT B | fw > 0} N B, |,

(3.19)
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where the last inequality is due to Corollary [3.11] and C denotes a constant which depends only on

the dimension d. Let
1/2
X = (/ wd’;’-ld_l) :
OB,

1/2
s
o — Cd (” ||L2 (B2r)> |{U} S 0} N B ’1/2 (320)
r
w oo
s = oM, gyns,)
Then, we can rewrite (3.19) as
X% <aX + 8.
But then, since o, 3 > 0, we have the estimate X < « + +/B. Taking the square of both sides, we
obtain | H
w| 1,00 w| 1,00
/ wdH™' < Cyl{w > 0} N B,| ( o) | Il (B”>
OB, 2r r
(3.21)
w|| 1,00
< 3Cy|{w > 0} N B, \M.
By Corollary we have that

/2 - | B, | 2r ’

for some dimensional constant Cy > 0. We choose the constant ¢ from (3.18) as ¢ = (2C4)~! and
we argue by contradiction. Suppose, by absurd, that we have

, {fw>01nB| 1
limsup C |— < —. 3.23
7‘~>Op ¢ |Br| 2 ( )
Setting, for r > 0 small enough,
w2 (s,
J(r) = =P,
T
and using (3.22]), we have that for each n € N the following inequality holds
C >0}NB n
sraror < Gl 200 Bariccoon] ooy (320
|Bara-m+]|
and so
C >0}NB
Py < 1 I alfw > O} N Boractern], (3.25)

P |Bara-cesn]|

By equation ([3.23)), we have that f(r4=") — 0, which is a contradiction with Lemma O

Theorem 3.13. Suppose that the quasi-open set Q C R is an energy subsolution with constant
m > 0. Then, we have that:

(i) Q is a bounded set. Moreover, there is a constant C > 0 such that, for every r > 0 small
enough, Q0 can be covered with less than Cr~=' balls of radius r;

\/fﬁ“w*m <10 (3.26)

(iii) Q is equivalent a.e. to a closed set. More precisely, Q) = oV a.e., oY = Rrd \ Qo) and Qg
is an open set. Moreover, if Q is given through its canonical representative from Remark [2.3]
= =M
then 2 = Q

(i1) Q) is of finite perimeter and

13



Proof. Suppose that (i) does not hold. Then we construct the sequence x1,xs,...,2zxN, for some
N > Cyr=%71 as follows:

r1 € Q, Tj+1 € Q\ (L]J Br(l‘j)> .

i=1

Then the balls B, /o(x;) are disjoint and z; € Q. By Remark there is a constant ¢ > 0 such

that
N
/ dexZZ/ degcchrd“7
R4 j=1 B7'/2(xj)

which is a contradiction for C' > 0 large enough.
The bound on the perimeter of 2 was implicitly proved in [6, Theorem 2.2].
For (iii), it is sufficient to prove that Q) satisfies

Q«»::Rd\(f4::{xe;Rd:exmm1~>()mmhtmn|BrugrmH::0}, (3.27)

where the second equality is just the definition of QM. We note that ) C R? \QM trivially

holds for every measurable 2. On the other hand, if z € QM, then, by Proposition there is a
sequence 1, — 0 such that

B, neQ
i B @A
n— o0 |Bf‘n |
and so x ¢ §g), which proves the opposite inclusion and the equality in (3.27). O

Remark 3.14. The second statement of Theorem [3.13]implies, in particular, that the energy subso-
lutions cannot be too small. Indeed, by the isoperimetric inequality, we have

cay/ 11T < \[FHN0°Q) < 1] < Gl (0 )],

cam® < |9, cam T < HITL(0*Q),

and so

for some dimensional constant cg.

The results of this section can be adapted to the local subsolutions for the functional F(2) =
A1 (Q) +m| - |, where \{(€) is the first Dirichlet eigenvalue of @ C R%. We note that by Theorem
we have that the local subsolutions for A\; + m| - | are also energy subsolutions. Moreover, we
have the following new, or more precise, statements.

Theorem 3.15. Suppose that the quasi-open set Q C R? is a subsolution for the first eigenvalue of
the Dirichlet Laplacian. Then, we have that:

(i)
VmHTH (07 Q) < A (Q)|Q)Y; (3.28)

(ii) Q is quasi-connected, i.e. if A,B C Q are two quasi-open sets such that AU B = Q and
cap(AN B) =0, then cap(A) = 0 or cap(B) = 0;

(iii) Q= {u > 0}, up to a set of zero capacity, where u is the first Dirichlet eigenfunction on €.

Proof. In order to prove the bound , we follow the idea from [6]. Let u be the first, normalized
in L?(Q), eigenfunction on Q. Since A;({u > 0}) = A\1(Q), we have that |{u > 0}AQ| = 0. Consider
the set Q. = {u > ¢}. In order to use 2. to test the (local) subminimality of 2, we first note that .
~y-converges to 2. Indeed, the family of torsion functions w, of €. is decreasing in € and converges
in L? to the torsion function w of {u > 0}, as € — 0, since

Al(Q)/(w—wE)udx:/Vw-Vudx—/ VwE~V(u—5)+dac:/u—(u—€)+dx—>0.
Q Q Q. Q
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Now, using (u —¢)™ € H}(Q.) as a test function for A;(£2.), we have
AL(Q) +m[Q < A () +m€X|

Jo IV(u—e)tPda

Qe
ey pde T

2 (u— €)+|2) dx
< [ 19— o) P+ (@2l Q
< [ IV ey Pae s n @R oS S e
2 [ udz
&) P dr + M (Q) —=L—— Q
/|v )Tz + M )1—25f9ud:v+m| g
Q 1/2
/|v &)t |2 dx +A+mmg|.
2 [qu
Thus, we obtain
/ [Vul? dz +m|{0 < u < e} §25)\1(Q)\Q|1/2(1—25/ udm)_ . (3.30)
{0<u<e} Q
The mean quadratic-mean geometric and the Holder inequalities give
1/2
m1/2/ \Vu|de < 2m!/? (/ |Vu2d:1:> {0 <u< 5}|1/2
{0<u<e} {0<u<e} (331)
-1
< 26A1(9)|Q\1/2(1 — 25/ uda:) .
Q
Using the co-area formula, we obtain
1 [* -1
7/ (07 {u > 1)) dt gmfl/%(ﬂ)\ml/?(ng/ ud:z:) , (3.32)
€Jo Q

and so, passing to the limit as € — 0, we obtain .

Let us now prove (i¢). Suppose, by absurd that cap(A4) > 0 and cap(B) > 0 and, in particular,
|A] > 0 and |B| > 0. Since cap(A N B) = 0, we have that Hi(Q) = H(A) ® H(B) and so,
A1(2) = min{A;(A), A1 (B)}. Without loss of generality, we may suppose that A;(2) = A (4).
Then, we have

M (A) + mlA] < At(A) + m(|A] + Bl) = 2 (@) + miQ),

which is a contradiction with the subminimality of €.

In order to see (7i7), it is sufficient to prove that for every quasi-connected 2, we have Q = {u >
0}. Indeed, let w = {u > 0} and consider the torsion functions w,, and wg. We note that, by the
weak maximum principle, we have w,, < wq. Setting A = A\ (2), we have

/)\uwwdx:/Vu~wadx:/ud:c,
Q Q Q
/)\uwgzdx:/Vu~Vde:E:/udx.
Q Q Q

/ u(wg — wy) dx =0, (3.33)
Q

and so, wg = w, on w. Consider the sets A = QN {wq = w,} and B = QN {wqg > w,}. By
construction, we have that AU B = Q and AN B = (). Moreover, we observe that A = w # 0.
Indeed, one inclusion w C A, follows by (3.33), while the other inclusion follows, since by strong
maximum principle for w, and wg we have the equality

Subtracting, we have

QN {wg = wy,} = {wq > 0} N{wg = w,} C{w, >0} =w.
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By the quasi-connectedness of 2, we have that cap(B) = 0, which gives that w = Q up to a set of
zero capacity. O

Remark 3.16. If Q is a subsolution for the first Dirichlet eigenvalue, then we have the following
bound on A; (2):

A (Q) > cqm, (3.34)
where ¢4 is a dimensional constant. In fact, by (3.28]) and the isoperimetric inequality, we have

M(Q)QY2 > VmP(Q) > coy/m|Q T

and so s
A (Q) > cqv/m|Q| 27 .

By the Faber-Krahn inequality A;(€Q)|Q[*/¢ > A\i(B)|B|*/?, we obtain

da—2 d—2

M(Q) = cav'm (IQI%)T > cgv/m (/\1(9)‘1A1(B)|B|2/“)T > cav/mA ()T

Remark 3.17. Even if the subsolutions have some nice qualitative properties, their local geometry
might be very irregular. In fact, one may construct subsolutions for the first Dirichlet eigenvalue
(and thus, energy subsolutions) with empty interior in sense of the Lebesgue measure, i.e. the set
(1) of points of density 1 has empty interior. Consider a bounded quasi-open set D with empty
interior as, for example,

D =(0,1) x (0,1)\ (fj B,, (a:,-)) C R?,

where {x;};,en = Q and r; is such that

_ 1
> B, (zi > wrl <.
' cap(By,(x;)) < 400 and 2 <3
i€N €N

Let Q C D be the solution of the problem
min {)\1((2) +1Q:QCD, Q quasi-open}.

Since, 2 is a global minimizer among all sets in D, it is also a subsolution. On the other hand, D
has empty interior and so does 2.

4 Interaction between energy subsolutions

In this section we consider configurations of disjoint quasi-open sets Qi,...,Q;, in R%, each one
being an energy subsolution. In particular, we will study the behaviour of the energy functions wq;,
1 =1,...,h, around the points belonging to more than one of the measure theoretical boundaries
oMQ;.

We start our discussion with a result which is useful in multiphase shape optimization problems,
since it allows to separate by an open set each quasi-open cell from the others.

Lemma 4.1. Suppose that the disjoint quasi-open sets )y and Qo are energy subsolutions. Then
the corresponding energy function wy and wy vanish on the common boundary OMQy NOMQ,.

Proof. Recall that, by Remark we may suppose that ; = {w; > 0} and that, by Proposition
every point R? is a Lebesgue point for both w; and ws.

Let zo € OMQ; NOMQ,. Then, for each r > 0 we have ’{wl >0} N Br(xo)’ > 0 and so, by
Proposition [3.12] there is a sequence r, — 0 such that

lim |{w1 > 0} n Brn (.730)|

n—00 |BT"

>c> 0. (4.1)
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Since |{w1 > 0} N {ws > 0}| = 0, we have that

. ‘{’wg > O} N B,, (:1?0)‘
lim sup

n— oo |B’I’n |

<l—-c<l1. (4.2)
Since x( is a Lebesgue point for wy, we have

wa(xg) = nhﬁrrolO b )wg dzx
7 (L0

‘{’LUQ > O} N B,-n (Io)‘
|Br,,

< limsup ||wz|| (B
n—oo

Tn

(z0)) lim sup
n—oo

< (1= ¢)limsup [|wal|L=(B,, (z0) < (1 = cJwa(zo),

n—o0

where the last inequality is due to the upper semi-continuity of ws (see Proposition [2.1)). Thus, we
conclude that ws(xo) = 0 and, analogously w1 (zg) = 0. O

Proposition 4.2. Suppose that the disjoint quasi-open sets Q1 and Qs are energy subsolutions.
Then there are open sets D1, Dy C R? such that Q1 C Dy, Qo C Dy and Q1 N Dy = Qo N Dy = 0,
up to sets of zero capacity.

Proof. Define D; = R? \ﬁé\/l and Dy = R? \ﬁi‘{ which by the definition of a measure theoretic
closure are open sets. As in Lemma we recall that Q; = {w; > 0} and that every point of Q; is

. - . =M
a Lebesgue point for the energy function w; € Hg (£2;). Since Q; C €, , we have to show only that
Q) C Dy and Qo C Dy or, equivalently, that Q, Ny = Q, N = . Indeed, if this is not the
M
case there is a point z¢ € €2, such that w;(xg) > 0, which is a contradiction with Lemma O

The rest of this section is dedicated to the proof of the fact that no three energy subsolutions
can meet in a single point. Our main tool will be the three-phase monotonicity formula from
Lemma We note that the monotonicity formula involves terms, which are basically of the form
JCBT |Vw|? dr, while the condition that the subsolution property provides concerns the mean of the

function, i.e. fa B W dH?1 > cr. These two terms express in different ways the non-degeneracy of
w on the boundary, but the connection between them raises some technical issues, which esentially
concern the regularity of the free boundary.

Remark 4.3 (Application of the monotonicity formula). Let ©;, Qs and Q3 be three disjoint quasi-
open sets of finite measure in R?. Let w; € Hg(£;), for i = 1,2,3, be the corresponding energy
function and suppose that there is a constant ¢ > 0 such that

][ \Vw;|*de > ¢,  Vre(0,1), Voo € RY, Vi=1,2,3. (4.3)
Br(mo)

Then, by Theorem Lemma in the Appendix, we have that for every zo € 9MQ; N M Qy,

we have

2
][ Vwi|2d:cgcd<1+/ w%dz+/ wgdz> ,  Vre(0,1) and i=1,2. (4.4)
By (z0) ¢ Rd R4

As a consequence, using the three-phase monotonicity formula, the set of triple points " Q; N
MOy NOM Q3 is empty. Indeed, if 2o € 0MQ; NOMQyNOMQ3, by Lemma and the assumption
(4.3), we would have

3 3 2
1 /
-3¢ 3 2 2
r—o%c¢’ < — Vw;[*de | <Cy |1+ / widr |
H(?“d*s ) > ( ; Re )

i=1

which is false for » > 0 small enough.
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Remark 4.4 (The two dimensional case). In dimension two, the energy subsolutions satisfy condition
[@.3). Indeed, let €, C R? be two disjoint energy subsolution with m = 1 and let xy €
oM N OMQy. Setting o = 0, by Corollary we get that for each 0 < r < rg the following
estimates hold:

cr S][ wy dH* and cr S][ wy dH. (4.5)
B oB

In particular, we get that 9B, N {w; = 0} # 0 and 9B, N {wy = 0} # (). We now notice that for
almost every r € (0,79) the restriction of w; and wy to 9B, are Sobolev functions. Thus, we have

1 2 r?
wid”;'-[l) g/ w? dH' < 7/ Vw;[* dH*,
~ 0B, (/ aB, us 8BT| |

where A\ < +00 a constant. Dividing by 72 and integrating for r € [0, R], where R < r(, we obtain
that for some constant ¢ > 0.

In particular, we obtain that if Q1, s, Q3 C R? are three disjoint energy subsolutions then there
are no triple points, i.e. the set 0MQ; N OMQy N OM Q3 is empty.

o r

In higher dimension the inequality (4.3]) on the common boundary points will be deduced by the
following Lemma, which is implicitly contained in the proof of [I, Lemma 3.2].

Lemma 4.5. For every r > 0 and every function u € H'(B,) we have the following estimate:

1 2

72|{u =0} N B,| <]£B ud?-ld_l) < Cd/B |Vul|? dz, (4.6)
where Cy is a constant that depends only on the dimension d.

Proof. We note that it is sufficient to prove the result in the case u > 0. Let v € H'(B,) be the
solution of the obstacle problem

min{/ |Vol?de: u—v € H}(B,), vzu}.
B,

Then v is super-harmonic on B, and harmonic on the quasi-open set {v > u}. Reasoning as in [Il
Lemma 2.3], we have

%Hu =0} NB,| <]é ud?-[d1>2 < Cy /B IV (u—v)|? da. (4.7)

r

Now the claim follows by the harmonicity of v on {v > u} and the calculation

/ |V(u—v)|2da::/ |vu|2—|vu\2dx+2/ Vv~V(v—u)da:§/ IVl da.

r r T r

O

Theorem 4.6. Suppose that Q1,Qs, Q3 C R are three mutually disjoint energy subsolutions. Then
the set OMQy N OMQy N OM Q3 is empty.

Proof. Suppose for contradiction that there is a point 2o € 9MQ; NOMQy N OM Q3. Without loss of
generality xg = 0. Using the inequality (3.22)), we have

l[will L= (s, ,2) [{w; > 0} N B, | 2 Nwill L (Ba,)
H /2 = Ca H | B, | H 2r ’

i=1 i=1

and reasoning as in Proposition we obtain that there is a constant ¢ > 0 and a decreasing
sequence of positive real numbers r,, — 0 such that

3

, Vn € N,
|BTn|
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Since |{w; > 0} N B, | < [B,,|, for each i = 1,2,3, we have

’{’U)i > 0} n Brn|
—_ |Brﬂ| )

Vn € N,

and since {w; > 0}, {w2 > 0} and {ws > 0} are disjoint, we get
i =0} N B,
i =0ynB.|
|Br.|

Thus, we may apply Lemma [£.5] and then Lemma [3.8] and Corollary [3.9], to obtain that there is a
constant ¢ > 0 such that for every n € N

2

i =0} N B, _

¢ < [{wi =0} By, | i][ udH! gcd][ |Vw;|? dz, (4.8)
|B, "n JoB,,

2c vneN, Vi=1,2,3.

Tn

which proves that (4.3)) holds for a sequence r,, — 0. The conclusion follows as in Remark O

5 Multiphase shape optimization problems

Let D C R? be a bounded open set. In this section we consider shape optimization problems of the
form

h
min {g(Fl(Ql),...,Fh(Qh)) +m Y |l Q€ Awp(D), Vis N0y =0, Vz‘;éj}, (5.1)
=1

where g : R" — R is increasing in each variable and Ls.c., F1,..., Fj, : Acap(D) — R are decreasing
with respect to inclusions and continous for the ~-convergence, and m > 0 is a given constant.
Problem ([5.1)) admits a solution following Theorem [2.10}

Definition 5.1. We say that F : Acap(D) — R is locally y-Lipschitz for sub domains (or simply
~v-Lip), if for each Q € Acap(D), there are constants C > 0 and € > 0 such that

|F(w) — F(Q)| < Cdy(w,Q),
for every quasi-open set w C €2, such that d(w,Q) < e.

Remark 5.2. Following Theorem we have that the functional associated to the k-th eigenvalue
of the Dirichlet Laplacian Q — A () is 4-Lip, for every k € N.

Theorem 5.3. Assume that g is locally Lipschitz continuous, each of the functionals F;,i=1,... h
is v-Lip and m > 0 and (Qq,...,Qp) is a solution of (5.1). Then every quasi-open set ;, i =
1,...,h, is an energy subsolution.

Proof. Let w; C € be a quasi-open set such that d,(wi,§1) < €. By the Lipschitz character of g
and F, ..., Fy, and the minimality of (1,...,Qp), we have

m(|Ql| — |w1|) S g(Fl(wl),FQ(QQ), .. .,Fh(Qh)) — g(Fl(Ql),FQ(QQ)7 e ,Fh(Qh))

< L(Fl(wl) - Fl(Ql)) < CLd'y(thl)v

where L is the Lipschitz constant of g and C' the constant from Definition [5.1} Repeating the
argument for {);, we obtain that it is an energy subsolution with Lagrange multiplier (CL)~tm. O

Remark 5.4. As a consequence, Theorem [3.13] Proposition and Theorem apply so we have
all information about the perimeter of the cells and their interaction. In particular, there exists a
family of open sets {D1, ..., Dy} C D such that

Q, C D, Vie{l,...,h} and cap(%;ND;) =0, Vi#£je{l,...,h}l.
Moreover, §2; is a solution of the problem

min {F,»(Q) . QC Dy, Q quasi-open, | = |Qi|}. (5.2)

19



Remark 5.5. We note that Theorem also holds in the case of subsolutions of (5.1)).

In the next two subsections we will consider various examples of multiphase shape optimization
problems. We aim to apply Theorem [5.3] and the results from Section [3.1] to deduce some qualitative
properties of the optimal partitions.

5.1 Multiphase optimization problems for energy functionals

In this subsection we consider shape optimization problems of the form (5.1) involving the energy
functionals Ey,, defined in (2.5)), for a function f; € L>(R?). We recall that for a quasi-open set
of finite measure and f; € L°°(2), we have

1
By (Q) = *i/gfiwﬂ,fq, dz,

where wq f, € H}(Q2) is the solution of the equation
—Away = fi,  wa € Hy(Q),

and the minimizer in H} () of the functional

1
in(“’):§/9|vu|2d$—/9fiud$.

We concentrate our attention on the model problem
h
min{ZEfi(Qi) ] Qi € Acap(D), Vi NQ; =0, Vi # j}, (5.3)
i=1
where D C R? is a bounded open set. We note that (5.3) can be written in the form

h
1
min{Z/D <2|Vu,;|2 — fiu; + ]].{uﬁ,go}) dr : u; € Hy(D), wiuj =0 for i 7&]} (5.4)
i=1

Remark 5.6 (The energy is v-Lipschitz). We note that the functionals Ey, : Acap(D) — R are 4-Lip
in the sense of Deﬁnition Indeed, if w C Q and M; := || fi||L>~, then by the maximum principle,
we have

Q(Efl(w) - Efi(Q)) = / fi(wQ1fi - wuhfi)dx < Ml/(wQﬂ - wu%fz‘)dx
Q Q
< M; / (wa,m; — We,n,) dr = Mi2 / (wq — wy,) dz,
Q Q

which gives the y-Lip condition
|Efi (Q) - Efi (w)’ < MzgdW(W’Q)'

Remark 5.7 (Gradient estimate). Suppose that w; € H*(B,.) is such that —Aw; = f; in the ball B,
for some function f; € L>°(B,.). Then we have the gradient estimate

will = (5,)
19l < C (Ul + 1), 5.5
where Cy > 0 is a dimensional constant.

In order to obtain the Lipschitz regularity of the state functions w; := wgq, s, of the optimal sets
Q;, we will need some regularity assumption on the box D.
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Remark 5.8 (The external ball condition). We recall that a bounded open set D C R? is said to
satisfy an external ball condition, if there is some R > 0 such that for every = € D, there is a ball
Br(y) € R? such that Br(y) N D = § and € dBgr(y). We note that if D satisfies the external
ball condition, then the energy function wp is Lipschitz and |[Vwpl|r~ < Cg adiam(p), Where
Cr.d.diam(p) depends on R, d and the diameter of D. Indeed, let 29 € D and let r = dist(xo,dD).
Applying the gradient estimate for wp, we get

IVwp|| Lo (B, )2 (x0)) < C (1 + HwD”Lo;(BT(IO)))

w oo x
< Cy (1 + ”A||L7W) < Cq (1+ Cradiam(D)) 5

where we used the weak maximum principle wp < wx for the annulus A = Br_ giam(p)(¥) \ Br(Y),
where y € D¢ is the center of the external ball that touches dD in the same point as B;.(zg)

Theorem 5.9. Let D C R be a bounded open set and let fi,..., fn € L°(D,R*) be given. Then
every solution of (5.3) consists of open sets, which are also energy subsolutions. If, moreover the
box D satisfies an external ball condition, then the state functions wq, s, are Lipschitz continuous
on R?,

Proof. The existence of a quasi-open solution (€, ...,8;) follows by Theorem By Theorem
[5.3] we have that each of the optimal cells §; is an energy subsolution. Thus, by Remark there
is an open set D; C D such that ; is a solution of the problem

min {EfZ(Q) : Q C D;, Q quasi-open, | = \QZ|} (5.6)

Thus, by [4, Theorem 1.1] we have that ; is open for every i = 1,... h.

Suppose that f; > 0, for all 4 = 1,...,h, and that D satisfies the external ball condition. We
will prove that the functions w; := wgq, s, are Lipschitz using the gradient estimate . In order
to do that we will study the growth of the function w; close to the boundary 0%;.

Step 1 (Boundary points on D). We first prove that there are no two-phase points on the
boundary of the box dD. Indeed, suppose by contradiction that there is a point xg € 9Q;N9Q;NOD.
Since D has the external ball condition, there is a ball B ¢ R? such that BN§; = 0, BNQ; =0 and
g € 0B. On the other hand, every ball is an energy subsolution for some constant m > 0 depending
on the radius. Thus, by Theorem we have a contradiction. Thus, for every ¢ = 1,...,h, such
that 9Q; N 0D # (), there is an open set U; C R¢ such that:

0Q; NoD C U; and 2 dist(9U;, 0Q2; N D) < dist(OU;, 0Q), Yk # i.
Moreover, for d; > 0 small enough, we can choose U; of the form
U = {a: eR?: dist(x, 8% NID) < d} (5.7)

Step 2 (Growth of w; around the two-phase boundary points). Let ;,Q; be two sets from the
optimal configuration. Without loss of generality, we set ¢ = 1, j = 2. Consider the common
boundary 0€2; N0y C D. Since the optimal cells are energy subsolutions, we have that there is an
open set U C D such that

0NN, CU and UNnQ, =0, for k+#1,2.

Moreover, we can suppose that the OU is smooth. We note that the state functions w; := wq, f
and wy := wq, s, solve the following multiphase problem in U:

1
min{ Z / (2|Vui|2 — fiu; + ]l{ui>0}) de: u; —w; € HY(U), u; >0, uyup = 0}. (5.8)
i=1,27U
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We now set f := f1ly, >0} — fal{w,>0}. Then for any u € H*(U) such that u —wy +ws € Hg(U),
we have that u = ut —u™, ut —w; € HY(U) and u~ — wy € HY(U).

1
/ (2|VU|2—fU+1{u¢o}> dx
U
LG 12 ot L vu 2+ fu-
= §|Vu | = fu” 4+ Tpusoy | do+ §|Vu I+ fu™ + Ly<oy ) da
U U

> Ligutp? | d Livup2 T4 1 d
=/, §| u|* = fiu” 4+ Tgysoy ) do+ g §| u” |7 = fouT + lyucoy | do

1 1
> / (2|Vw1|2 — firwy + ]]-{w1>0}> dx +/ (2|V’u}2|2 — fowg + ]]-{w2>0}> dx
U U

1
:/ (2|Vw|2 —fw—i—]l{w#)}) dx,
U

where we set w := wy; — wo. Thus, w is a solution of the problem

min {/ <;|Vu|2 — fu—+ ]l{u#)}) dr: u—w € H&(U)} (5.9)
U

Applying again [4, Theorem 1.1], we get that w is locally Lipschitz in U and so w; and wy are also
locally Lipschitz in U. We deduce that for every i # j, there is an open set U;; such that

082 NOQY; C Dyj, U NQ =0, for k+#1,2,
and constants C;; > 0 and r;; > 0 such that
|lwill Loe (B,.(2)) < Ciyr,y Vo € 08 N Uy, Vr <y . (5.10)
Moreover, by choosing 7;; small enough, we can suppose that U;; is of the form
Uyj = {x € D : dist(x,0Q; N0Q;) < rij}. (5.11)

Step 3 (Growth of w; around the one-phase boundary points). Suppose that z; € 9€2; is such that
there is a ball B, (z;), which does not intersect the cells ; for j # i. Then w; solves the problem

1
min{/ —|Vu|? = fiug + Liy,>0) | dov: uj —w; € H&(Bm(:ri)), u; > O}. (5.12)
B, (z:) \2

For any ¥ € B, /2(w;) N 08 and any r < 7;/2, we consider the function u = w;1ge + vlp, where
B = B,(%) and v € H'(B) is the solution of the problem

min{/ |Vo|?de: v € HY(B), v—w; € H}(B), vzwi}.
B

We note that v is super-harmonic on B and harmonic on {v > w;}. Thus v > 0 on B and by the
optimality of w;, we have

{w; = 0}y N B| = [{v >0} N B| — |{w; >0} N B

21/ |le-|2—\Vv|2dx—|—/f(v—wi)dx

2 /B B

21/ |Vwi|2—\Vv|2dx=1/ |V (w; —v)|? da
2B 2/B

2
1
> Cy4|[{w; =0} N B] (r ]{)B (N)wide*) ,
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where the last inequality is due to Lemma @ By the non-degeneracy of w; (Lemma and the
estimate from Corollary we get that for every single-phase point z; € 0f); there are constants
r; > 0 and C; > 0 (we note that r; depends on z;, but C; depends only on M; and the dimension)

such that
lwillLo= (B, (=) < Cir, Vo € 0, N By, (x;), Vr < ry. (5.13)

Figure 1: The three types of boundary points of an optimal cell €;.

Step 4 (Lipschitz continuity of w; ). We denote with V; the closed set

Vi =00 \ (UiU (UUij>)’

i#£]
where U; and U;; are as in Step 1 and Step 2. Then there is some R; > 0 such that

dist(V;,0Q) > R;, Vk # 1.
1 .
Let ¢ := 10 min {di,rij,Ri} and
OF = {m e dist(z, 90) < a}.
For every x € Q5, let y,, € 09; be such that r, := dist(z, y,) = dist(x, 0;).
o If 2 € QO is such that y, € 9Q; NU;j, then by the gradient estimate (5.5)) and (5.10)), we have

|will e (B,, (a:)))

VwillLe(s,, (2)) < Ca (Mi + .

Wi || oo
SCd <M1+ || Z||L (B27‘z(y1))) Scd (M1+2C'U)

Tz
o If z € Q) is such that dist(z,dD) < 3r,, then we have

|will L= (s,, <x>))

Tx

[VwillLe (B, 2(2)) < Ca (Mi +

w oo

Tz

where z, € 9D is such that |z — z,| < 3r,.
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o If x € )5 is such that dist(z, D) > 3r, and y, ¢ U;;, then we have that
Bs,, (yz) C D and Boyr, (y:) N Qg =0, Yk # 1.
Thus, by Step 3, we have

W; (B, (x
190, oy < Ca (M1 + Lo )
xT

Ww; o0 1
< Cy (Mz + lroille (BQTI(JT))> < Cd(Mi + 201‘)7

Tx

which concludes the proof.

5.2 Multiphase optimization problems for eigenvalues

In this subsection, we consider multiphase shape optimization problems involving the eigenvalues of
the Dirichlet Laplacian F; = Ay,, defined in (2.13)). In particular, we prove that the problem

h
min { Z Ak, () +m|Q;| : Q; C D open, Vi; Q,NQ; =0,Yi # j}, (5.14)
i=1
admits a solution in the case k; € {1,2}. Or main result is the following:

Theorem 5.10. Let D C R? be a bounded open set and m > 0. Let k; € N, i = 1,...,h and
(Q,...,Qn) be a solution of

h
min { Z Ak, () +m|Q;| :© Q; C D quasi-open, Yi; Q;NQ; =0,Vi # j}. (5.15)
i=1
Then, for everyi = 1,..., h the quasi-open set §; is an energy subsolution. If, moreover, k; € {1,2},

then there exist open sets w; C Q; such that (w1,...,wp) s also a solution of (5.15)). In particular,
(5.14) has a solution.

Proof. The fact that each §2; is a subsolution relies on the v-Lip property of the k-th eigenvalue. If
k; € {1,2}, we use the existence of an open set D; such that ; is solution of

min {)\ki Q) +m|Q: QC D;, Q quasi—open}. (5.16)

If k; = 1, following [5], the set §; is open. If k; = 2, we note that the functional A2 can be
alternatively defined as

Ao(Q) = min { max {1 (), A ()} : Qu, Qp C Q quasi-open, Q, N = @}.

Thus, if (Qa, ) € [Acap(D;)]? is a solution of with g(x1, z2) = max{z1, 22} and F, = F,, = Ay,
then the set Q = Q, U, is a solution of . Now, the quasi-open sets 2, and €2, can be isolated
by open sets D, and Dy. Thus, Q, and {2, minimize the first Dirichlet eigenvalue with a fixed
measure constraint in D, and Dy, respectively. Relying again on the regularity result from [5], we
obtain that €, and €2 are open sets. O

In particular the following holds.

Corollary 5.11. Let D C R be a bounded open set and m > 0. For every solution Q of the problem
min{)\g(Q) +m|Q| . Q quasi-open, Q C D}, (5.17)

there exists an open set w C Q which is also solution and has the same measure as §).
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{u,>0} {u,<0} {u,>0}

Y
. p, N

Figure 2: The optimal disconnected set for Ay (on the left) and a non-open optimal set (on the
right).

{u,<0}

We expect that in some cases, problem may have solutions which are quasi-open but not
open.

In fact, for some suitably chosen box D and constant m > 0 small enough we expect that the
nodal domains, {uz > 0} and {uz < 0} of the eigenfunction uy € H}(Q) on the optimal set Q C D
solving (5.17)), are touching in a (sufficiently smooth) nodal set of dimension d — 1 (see Figure 2] ).
If this is the case then both the set {us # 0} and the set {uz # 0} UN are solutions of (5.17), where
N is a subset of the nodal set d{us > 0} N O{us < 0} of measure zero. Choosing N appropriately,
one may construct an optimal set, which is not open (but is equivalent to an open set in sense of
the Lebesgue measure).

A somehow similar result for functionals involving higher eigenvalues holds for m = 0 in dimen-
sion 2. In this case, the existence of an optimal open partition was already proved in [3]; below we
prove that every optimal partition is equivalent to an open one.

Theorem 5.12. Let D C R? be a bounded, open and smooth set, letm=0andk; eN,i=1,...,h.
Let (21,...,Qp) be a solution of (5.15)). There exists a solution (1, ...,Q) consisting of open sets
such that, for everyi=1,...,h,

A (920) = A (4) = A, (N Q).

Moreover, every eigenfunction ug,(€2;) is Hélder continuous on D.

Proof. By [3, Theorem 2.1], we have that for each ¢ > 0 there are open sets (Aj, ..., A7) such that
A; N A5 =0, for every i # j € {1,...,h} and A y-converges to €;, for every i = 1,...,h. By
choosing appropriate subsets of each A, we may suppose that the connected components of the
open sets Af,...Af are polygons. For each A let Ef C A be a union of at most k; connected
components of A and such that \g, (EF) = Ag, (AS). By the compactness of the weak y-convergence,
we may suppose that Ef weak y-converges to some quasi-open set w; C 2;. Moreover, we have that
w,;ﬂflj =), for i # j, and
e—0 e—=0

and, by the optimality of 1,...,Q, we have Ay, (w;) = A, ().

We now enlarge each E in order to obtain a partition which covers D. We claim that for
each ¢ there are disjoint open sets Fy,..., Fy such that Ef C Fy, I has at most k; connected
components, D N JFF is piecewise linear and D = U?:l F?. One can obtain the family Ff,..., Ff
from E%,..., E}, considering all the connected components of D\ (U?:1 EizE) and adding them, one
by one, to one of the sets EY,..., Ey, with which they have common boundary. We note that for
every i = 1,..., h, the number of connected components of R?\ F¥ is bounded uniformly in €. Thus,
by Sverak’s Theorem (see, for example, [7, Theorem 4.7.1]), there are disjoint open sets Q.
such that F ~-converges to S~2l Moreover, we have w; C ﬁi and since,

;) < liminf Ay, (FF) < liminf Mg, (E5) = Mg, (4
Ak, (92;) < hrgn_g(r)lf Ak, (FF) < llgn_g(r)lf Ak, (ES) = A, (94),

i

by the optimality of Qy,...,€,, we have that Ag, () = A, () = A, (w;)-
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Each cigenfunction belongs to C%%(D) as a consequence of the fact that the sets R2 \ €; have
a finite number of connected components, hence they satisfy a uniform capacity density condition
(see for instance [7, Theorem 4.6.7]). O

6 Appendix: Proof of the Monotonicity Lemma

The proof of Lemma follows the main steps and arguments of Theorem for which we refer
the reader to [I4]. Nevertheless, the proof of Lemma is simplified by the use of the conclusion of
Theorem For the convenience of the reader, we use similar notations as in [I4]. We report here
only the technical difficulties brought by the absence of continuity of the functions u; and presence
of the third phase.

We start with recalling some preliminary results from [I4]. The first lemma was proved in [I4]
Remark 1.5].

Lemma 6.1. Suppose that u € H'(By) is a non-negative Sobolev function such that Au+1 >0 on
By C R®. Then, there is a dimensional constant Cy such that

2
/ ||xv|:—|2 dx < Cy (1 +/ u? dx) . (6.1)
B, B2\ B

Proof. Let u. = ¢.*u, where ¢. € C2°(B.) is a standard molifier. Then u. — u strongly in H!(Bs),
ue € C*(By) and Auz +1 >0 on By_.. By [14, Remark 1.5] the estimate (6.1]) holds for u.. The
claim follows by passing to the limit as € — 0. O

The next Lemma is implicitly contained in [14, Lemma 2.8] and is precisely the estimate in which
the continuity of u; was used.

Lemma 6.2. Let u € HY(B3) be a non-negative function such that Au+1 > 0 on By. Then for
Lebesgue almost every r € (0,1) we have the estimate

1 |Vul? r2 ][ o o 1\? dwdr_?’][ 2 nde1

— ————dz < Cy |1+ ——— Vul|*dH + — - Vul|*dH*", (6.2
i, s de < ( (a2 e (62)
where

Vol?2 dHI1
A(u,7) := min { ff’f" U2|de1 cve HY(9B,), H ' ({v # 0} n{u=0}) = 0} . (6.3)
OB,

and a(u,r) € RT is the characteristic constant of {u > 0} N OB, i.e. the non-negative solution of
the equation

a(u, ) <a(u,r) + ) = Au, 7). (6.4)

Proof. We start by determining the subset of the interval (0,1) for which we will prove that (6.2)
holds. Let ue := u * ¢, where ¢, is a standard molifier. Then we have that:

r

(i) for almost every r € (0,1) the restriction of u to dB, is Sobolev. i.e. ujgp, € H'(0B,);

(ii) for almost every r € (0,1) the sequence of restrictions (Vu.)|sp, converges strongly in L?(0B,; R?)
to (Vu)jag, -

We now consider r € (0, 1) such that both (i) and (4) hold. By using the scaling u,(x) := r~2u(rz),
we can suppose that » = 1. Reasoning as in [I4] Lemma 23], we have that
2 3
de1>

|Vu.|? 1/2 1
2/ d€—2 dr < Cy+Cy </ ug d']—[dl) +2 (/ Ug d'Hdl) /
B1 ‘Jfl 0B; 9B, o8B,

+(d—2)/ u? dH,
831

Ou,
on
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and passing to the limit as € — 0 we get

\VU\Q 2 d—1 vz 2 d—1 2
2 ) de < Cyq+Cy u’ dH +2 u’ dH
B |z| 8B, 8B 0B,

+(d—2)/ u? dH
8B1

1

2 2
del)

(6.5)

ou

on

Now we have two cases:

Case 1. If H4"'({u = 0} N dB;) = 0, then A = 0. Now if faBl |Vul?dH4=! > 0, then the
inequality (6.2)) is trivial. If on the other hand, faBl |Vu|? dH4~1 = 0, then u is a constant on OB,

and so, we may suppose that « = 0 on R%\ By, which again gives (6.2)), by choosing Cy large enough.
Case 2. Suppose now that H~! ({u = 0} N9B;) > 0, the constant A defined in (6.3)) is strictly
positive. Then, by (6.5) we have

2

[Vaul|® Ca (/ 2 d1)1/2 d—2 Ou d-1
2/ ——dr < Cij+—= Vu|*dH + — —| dH
B, |z|4? T 0B, [Vl A Jop, |07
2 ou? 2 ou|? v
+—= | drit / | dH!
VA (/031 or ) ( oB, | On
Ca (/ 2 d—1)1/2
<Cyg+ — Vul|*dH
VA \Uss, | ‘2 )
+1/ Oul a1 4 7‘””*2)/ Oul” jpga-1
« JoB, on A 9B, or )
which concludes the proof since by the definition of o, we have ! = W. O
For uq, us and ug as in Theorem [2.14] we use the notation
2
Ay, (r) = /B |Z|Zl|2 de,  for i=1,2,3. (6.6)

Remark 6.3. The function A, (r) is bounded and increasing for r € (0,1). Moreover, A,(r) is
invariant with respect to the rescaling u,(x) := u(rx).

Below, A,,, will be simply denoted A;

Lemma 6.4. Let uq, ug and uz be as in Lemmal2.14. Then there are dimensional constants Cq > 0
and € > 0 such that if A;(1/4) > Cy4, for every i =1,2,3, then

A AN L o (L | L) A A A
} > —Cy (\/Al(r) + VAs(r) + \/Ag(r)> 76+3¢ )

dr 76+3e (6.7)

for Lebesgue almost every r € [1/4,1].
Proof. We set, for i =1,2,3 and r > 0,

Bi(r):/ |V |? dHE T
OB,

T

Since A;, for i = 1,2,3, are increasing functions they are differentiable almost everywhere on R.
Thus for almost every r € (0,1), we can compute the derivative in the Lh.s. of (6.7).

d [Ai(r)Asx(r)As(r 6+3 r2=4B; (r r2=dBy(r 274 Ba (1) A1 (r)As(r)As(r
o ( )Tsfss) ol )] = <‘ t -+ Al(r)( ) Ag(r)( : A3(:)( )> ( )7«64535) o)

Thus, it is sufficient to prove that for almost every r € [1/4, 1] we have
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_6+3¢ y2—d Bi(r)  Ba(r) Bs(r) B 1 1 1
Pt (Al(r)+A2(T)+A3(r))2 Cd(\/Al(T)+\/Ag(r)+\/A3(r)>' (6.8)

Using the rescaling u; .(z) = r~2u;(rz) we have

1 ir|? 1 il
/ |V > dHI = ) / |V |? dH! and / [Veti, | de = — Ve dx,
OB, OB B,

‘x|d72 r4 B, |x‘d72

and so, in we may assume that » = 1. We consider two cases.
Case 1. Suppose that there is some i = 1,2, 3, say ¢ = 1, such that (6+3¢)A;(1) < B;i(1). Then
we have

Bi(1)  By(1)  Bs(1) Bi(1)
+ > —(6+3¢) +
A T A0 T A = O
which proves and the lemma.
Case 2. Suppose that for each i = 1,2,3 we have (6 + 3¢2)A4;(1) > B;(1). Since, for every
i =1,2,3 we have A;(1) > Cy, we can apply Lemmawith the additional notation «; := a(u;,1)
and \; := A(u;, 1) and, by choosing Cy large enough, we get

(2- ) < Ca/Bi(1)/Ni + Bi(1)/a; < Cy/A;(1)/Ni + Bi(1)/o; < Cy/Ai(1)/a; + Bi(1)/ ;.

Multiplying both sides by «;/A4;(1) and summing for ¢ = 1,2, 3, we obtain

—(6+3¢) + >0,

3 3 1

(2—¢e)(lag +as+a3) < D’

and so, in order to prove , it is sufficient to prove that

6 + 3¢

e (6.9)

o) +az+az >

Let QF,Q35,Q% C 0By be the optimal partition of the sphere 0B, for the characteristic constant «,
i.e. the triple {27, Q35,Q%} is a solution of the problem

min {a(Ql) () + a(Qs) 0 Qi C OBy Vi HENQNQ,) = 0,Vi # j}. (6.10)

We recall that for a set 2 C 0Bj, the characteristic constant «(£2) is the unique positive real number
such that A(2) = a(Q)(a(R?) + d — 2), where

faBl ‘V’U|2Hd_1 .
f831 ,UQfHd—l

We note that, by [24], a(Q}) + «(€2}) > 2, for i # j and so summing on i and j, we have

A(Q) :min{ HY(0B1), H* ' ({u#0}\ Q) :O}.

6 < a(])+a(Q3) + a(3) < a + as + as.

Moreover, the first inequality is strict. Indeed, if this is not the case, then a(Q7) +«(25) = 2, which
in turn gives that Q7 and Qf are two opposite hemispheres (see for example [16]). Thus 5 = 0,
which is impossibl Choosing € to be such that 6;_3; is smaller than the minimum in (6.10), the
proof is concluded. O

Lemma 6.5. Let u1, up and ug be as in Lemma2.14] Then, there are dimensional constants Cq > 0
and € > 0 such that the following implication holds: if for some r > 0

1 2
r4/ EZ |2d >Cy  forall i=1,2,3,

LFor example, it is in contradiction with the equality a(Q7)+a(Q23) = 2, which is also implied by the contradiction
assumption.
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then we have the estimate

4(6+39) 4, (g) Ay (g) A (g) < (14 b123(r)) As (r) Az (r) As(r), (6.11)
where
d123(r) = Cdi_il (:4 /BT ||Z|ZZ|§ daz) / . (6.12)

Proof. We first note that the (6.11)) is invariant under the rescaling u,(x) = r~2u(xr). Thus, we
may suppose that r = 1. We first note that if for some i = 1,2, 3, say i = 1, we have 4573 4;(1/4) <
A;(1), then holds for any positive §123.

Suppose now that for every i = 1,2, 3, we have 45+3¢4;(1/4) > A;(1) > C4. Then, we can apply
Lemma obtaining that

A1 (1) A5 (1) A5(1) — 4575 4 (1/4) Ag(1/4) A5 (1/4)

1 3
> ¢y /1 ) (Zl ﬁ) Ar () As(r) As(r) dr
> —30,42+3° (ZS: 1) A1 (1)Az(1)As(1)
- i=1 VA1) ,
which gives the claim. O
Proof of Lemma [2.14l For i = 1,2, 3, we adopt the notation
AF = A;(47F), b =4 A(47F) and 0p = 01a3(47F), (6.13)

where A; was defined in and 123 in (6.12)).
Let M > 0 and let

S(M) = {k €N AGHR AR AR AR < NT(1 4 AD 4 AY+ AQ)"’}.

We will prove that there is M large enough such that k € S(M), for every k € N. We first note that
if k ¢ S(M), then we have

M(1+ A9+ A9+ A9)® < 4(6+390k gk gk Ak
< 4—(2—3a)kblf44kA12cAI§
< 4-CSRPEC, (1 + A + AY + A9)7,

and so b > C; ' M4R=39)% where Cj is the constant from Theorem Thus, choosing € < 2/3
and M > 0 large enough, we can suppose that, for every ¢ = 1,2,3, b > C4, where Cy is the
constant from Lemma [6.5]

Suppose now that L € N is such that L ¢ S(M) and let

%

l:max{keN: keS(M)m[o,L]} <L,

where we note that the set S(M) N[0, L] is non-empty for large M, since for k = 0,1, we can apply
Theorem [2.12] Applying Lemma fork=1+1,...,L — 1 we obtain
AO+3ILAL AL AL < (Hé;ll-i—l(l + 5k)> 4(6+32)(1+1) AL+ ALHL 4Lt

< (T2 (0 6 ) 4OF390D 4t b A (6.14)

= (Hé;ll-‘rl(l + 5k)> 465301 (14 A9 4+ A9 + A9)%,
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where 0% is the variable from Lemma [6.5]

Now it is sufficient to notice that for k = [+ 1,...,L — 1, the sequence J; is bounded by a
geometric progression. Indeed, setting o = 4=1+3¢/2 < 1, we have that, for k ¢ S(M), 6, < Co*,
which gives

sy <TIECh.(+oob)
L—1 k
= exp (Zk:l.H log(1+ Co )) (6.15)

L+1 ,
< exp (C Zkilq O'k) <exp (&) ,

which concludes the proof. O
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