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THE APPROXIMATION OF HIGHER-ORDER INTEGRALS OF
THE CALCULUS OF VARIATIONS
AND THE LAVRENTIEV PHENOMENON*

ALESSANDRO FERRIEROT

Abstract. We prove the following approximation theorem: given a function z : [a,b] — RY in
the Sobolev space W**1:1 1 > 1, and € > 0, there exists a function z. in W¥11:° such that
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ze(a) = (a), ze(b) = z(b),
z(a) = 2'(a), z(b) = 2/ (b),

2 (a) =2 (a), = (b) =2 (b),

provided that, for every 4 in {1,...,m}, L;3; is continuous in a neighborhood of z, L; is convex in
its second variable, and 1); evaluated along x has positive sign. We discuss the optimality of our
assumptions comparing them with an example of Sarychev [J. Dynam. Control Systems, 3 (1997),
pp. 565-588].

As a consequence, we obtain the nonoccurrence of the Lavrentiev phenomenon. In particular,
the integral functional f(f L(x(”), z(”""l)) does not exhibit the Lavrentiev phenomenon for any given
boundary values z(a) = A, z(b) = B, z'(a) = A, 2’ (b) = B’, ..., ) (a) = AW, z®)(b) = B®),

Furthermore, we prove the following necessary condition: an action functional with Lagrangian
of the form > 7", Li(x(”),:r:(”+1))wi(t, z,x’,.. .,x<”>), with v > 0, exhibiting the Lavrentiev phe-
nomenon takes the value +oco in any neighborhood of a minimizer.
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1. Introduction. In 1926, Lavrentiev [11] proposed an example of a first-order
integral functional of the calculus of variations, Z(x) = fab L(t,z,2"), whose infimum
taken over the space of the absolutely continuous functions W1!(a, b) is strictly less
than the infimum taken over the space of Lipschitz continuous functions W1 (a, b),
with z(a) = A and z(b) = B. Later, Mania [13] published a simpler example of the
same phenomenon where the Lagrangian is

Ly (@) (t,2) = [o'°(a® - 1)*.

Several papers have been devoted to the problem of finding conditions under
which the Lavrentiev phenomenon does not occur: Angell [2], Clarke, Vinter [§],
Ball, Mizel [3], Lowen [12], Alberti, Serra Cassano [1]. In a recent paper by Cellina,
Ferriero, and Marchini [5] a large class of Lagrangians of the form Lj(x,z")y1 (¢, z)
has been treated, including the autonomous and some nonautonomous cases, under
no additional conditions besides the convexity of L; in 2’ and the positivity of ;.
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Besides the first-order case, the Lavrentiev phenomenon occurs as well in the case
with (v + 1)-order derivatives, Z(z) = fab L(t,z,2',...,2@+D). For v = 1, in 1994
Cheng and Mizel [7] described a restricted Lavrentiev phenomenon in which the gap
occurs for a dense subset of the absolutely continuous nonnegative functions, and they
proved that even autonomous Lagrangian L(x, 2, ") can exhibit it. Some years later
Sarychev [15] proved that a class of Lagrangians of the form

Ll(l'/l)?/)l (IE, 1’/) -+ L2 (IL’//)

exhibits the Lavrentiev phenomenon provided that vy (z,2') = ¢(kx — k|’ — 1|F~1 —
(k — 1)]z" — 1|¥) for appropriate constants k, that Li, Lo, ¢ satisfy certain growth
conditions, and that ¢(0) = 0. For example, Li(z") = |z"|7, Lo(z") = alz”|?/?,
#1() = ()%, k = 3, and a > 0 sufficiently small yield a Lagrangian whose inte-
gral exhibits the Lavrentiev phenomenon when the boundary values are x(0) = 0,
z(1) = 5/3,2'(0) =1, /(1) = 2.

The Lagrangians proposed by Mania and Sarychev have the property that L; eval-
uated along the minimizer x is not integrable (this is possible because there exists
at least one point t in [a, b] such that 1; evaluated along z in ¢ is 0). A condition
avoiding the occurrence of this fact will turn out, in this paper, to be essential for the
nonoccurrence of the Lavrentiev phenomenon.

We prove the following general approximation theorem: let z : [a,b] — R¥ be a
function in W¥*11 (independently on whether is a minimizer or not), then the inte-
grability of L; evaluated along x (or the assumption that ¢; > 0), for every ¢, implies
that, given € > 0, there exists a function z. in W*+1>° with the same boundary
values of z in @ and in b, i.e., z.(a) = z(a), z.(b) = 2(b), z.(a) = z'(a), xL(b) = 2/ (D),

, 2 (a) = 2 (a), 3 (b) = 20 (b), such that

b m
|3 Bl st al)
a =1

b m
</ ZLi(x(u)7x(y+1))¢i(t7x’w/7.“73:(”)) +e
@ i=1

We underline that an application of this result is the nonoccurrence of the Lavrentiev
phenomenon for a class of functionals of the calculus of variations with (v 4 1)-order
derivatives, v > 1. (The case v = 0, m = 1 has already been treated in [5]. The case
v =0, m > 1 can be obtained modifying slightly the proof of the main result of [5];
see [10].) Moreover, we infer a necessary condition for the Lavrentiev phenomenon.

In section 2 we state our results, we discuss the optimality of the assumptions,
and we infer the nonoccurrence of the Lavrentiev phenomenon. In section 3 we prove
the main result. In section 4 we deal with a necessary condition for the Lavrentiev
phenomenon: a functional

b m

I(I) :/ ZLi(x(V)ax(l/+l))¢i(tax7$/a"'a‘r(U))a
@ =1

with v > 0, exhibiting the Lavrentiev phenomenon takes the value 400 in any neigh-
borhood of a minimizer z.

2. The main result and the Lavrentiev phenomenon. For § > 0, Ble, ¢]
denotes the closed ball in RY centered in ¢ with radius §. For a function x in C¥[a, b)],
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with values in R, the closed é-tube along (z,...,z®*))

T¢z] = {(t, 20, ..., 2,) € [a,b] x RZFDN .
(205, 20) € Blz(t),8] x --- x Blz")(t),6], t € [a,b]}

and the closed é-neighborhood of the image Im(z®*)) of z*)
Is[z)] = {z € RN : dist(z, Im(z™"))) < 6}

are compact sets.
We recall that the space W +1:P(a,b) can be seen as the space of functions x in
C"la, b] such that 2(*) is absolutely continuous with derivative in L?(a,b), p > 1.
The following approximation theorem is our main result.
THEOREM 2.1. Let z be a function in W**Tb1(a,b), v > 1, and let the real-valued

functions Ly, ..., Ly and 91, ... ¢, be continuous on ls[z™)] x RN and on T [x],
respectively, for some 6 > 0.
Assume that, for every i in {1,...,m},

o L;(&,°) is convex, for every & in ls[x™)],
e ; is nonnegative, and V;(t, z(t),z'(t),..., 2" (t)) > 0, for every t in [a,b].
Then

b m

() Z(@) = [ 3" Lia®(0.2 D 0)slt,2(0) (1) 2 ()it > —o0;
@ =1

(ii) given any € > 0, there exists a function x. in W* 1 (a,b) such that

Z(z.) < I(x) +e,

and

2(a) = a(@), o(B) = o).

As a corollary we obtain the nonoccurrence of the Lavrentiev phenomenon.
THEOREM 2.2. Let Qq,...,Q, be open sets in RN, v > 1, such that the set

E={x € Wt (a,b) : z(t) € Qo, ..., M) (t) € Q, Vt € [a,b]} is nonempty.
Let Ly, ..., Ly : QxRN — R and by, ..., % : [a,b] x Qo x--- %€, — (0,400) be
continuous and such that L;(&,-) is convex, for any & in Q,, and any i in {1,...,m}.

Then, for all boundary values A, B € Qy, AV, BM e, ..., A® BW ¢q,,
the infimum of

b m
I(z) = / D L@ (@), 2D ()t (t), 2/ (1), ..., W) (1)) dt
a =1

over the space E,p, = {x € E : x(a) = A, 2(b) = B, 2'(a) = AW, 2/(b) = BW), .. |
2 (a) = AW 2W)(b) = BW} is equal to the infimum of the same functional T over
the space E,j, N WYTL(q b).

Proof. Let {z,}, C FE,p be a minimizing sequence for Z: by the fact that
1; > 0, for every i, the theorem follows from Theorem 2.1 applied to any x,,, with
e=1/n. O
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Setting m = 1, ¥ = 1, and Ly = L, we obtain that a Lagrangian depending
only on z®) and z(*11) satisfies the assumptions of Theorem 2.2. Hence, the integral
functional

b
[ 26 @200
does not exhibit the Lavrentiev phenomenon, for any boundary values
x(a) = A, x(b) = B,
@(a) =AW, 2'(b) = BY,

(@) = AW, 2 (p) = BW.

This extends some previous results ([1], [4]), where functionals without boundary
conditions, or with boundary conditions only in a, have been considered.

We point out that the assumption t;(t, (), 2/ (t),...,z®)(t)) # 0 Vt € [a,b] in
Theorem 2.1 will be used only to infer that f; Ll-(x(”), x(”“)) is finite, provided that
Z(x) is finite (point (a) in the proof). The theorem holds under the weaker assumption
f; |Li(z®), 2"TD)| < 400, for every i.

To verify how sharp our assumptions are, consider the following example of A. V.
Sarychev [15]: for v =1, m = 1, minimize the functional

1
/0 2" ()] [3a() — 3Ja"(t) = 1[* — 2la’ (1) — 1]°]*dt,

with boundary conditions z(0) = 0, z(1) = 5/3, 2/(0) = 1, 2/(1) = 2. He proved
that the infimum taken over the space W21(0,1), assumed in Z(t) = (2/3) V13 +t, is
strictly lower than the infimum taken over the space W2°°(0, 1).

The assumption fab |Li(2’,2")| < 400 along Z is not verified. Indeed, setting
1 (t,, &) = [3x — 3]€ — 1) = 2|¢ — 1|%]? and L1 (€, w) = |w|", we see that 1, > 0 (but,
for example, 11 (0,2(0),2'(0)) = 0) and that

/|"’ t)|7dt = /0(2\2)7&:4—00.

3. Proof of the main theorem. In what follows, x denotes the matrix (z,...,
=) and x = "=V so that X' = (), X" = 2+ (similarly, z = (2,...,2~1),
and z = 2(*=Y). The Lagrangian we consider takes the form

ZL ()it x(t), X (£)).

(In case v = 1, x, X', X" coincide with z, 2/, 2"/, respectively.)

(i) For every ¢ € [a,b], L;(X'(t),x"(t)) > L;(X'(t),0) + (po(t),x"(t)), where po(t) is
any selection from the subdifferential d,,L;(x(t),0) of L; with respect to its second
variable. Set E; = {t € [a,b] : [L;(X'(t),x"(¢))]” # 0}, so that

b
/ L4 (5 (£), " ()b, (), % (£))] it
<- /E [L4((£),0) + (po(£), X" ()]s (£, (), < (),

i
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for any 4. Since v; is bounded and, by Proposition 2 in [5], po(t) is bounded, the
claim follows by Hoélder’s inequality.

(ii) Fix € > 0; set € = ¢/m. Without loss of generality, we shall assume € < 1,
and also § < 1.

In case f: L; (X (t),x" (£))i(t, x(t),x'(t))dt = +o00, for some i, any Lipschitz func-
tion z. satisfying the boundary conditions is acceptable. Hence we can assume, for
every 1,

b
/ Li(X' (&), X" (£)); (£, x(t), X' (t))dt < +o0.

The proof is in three steps. In Step (1) of the proof we introduce the new functions
L— such that f/i = L;+const and such that their polar functions Ej‘ (with respect to the
second variable) are nonnegative. In Step (3) we define a variation z,, in W°!(a,b),
with the same boundary values of = in @ and in b, such that Z(z,) < Z(z) + €. In
order to define z,, in Step (2) we define a sequence of reparameterizations s,, of [a, b].

Step (1). We claim that there exists functions L; and a constant 7 such that
1:42- =L; +n and Ii;" > 0, for any i.

In fact, consider the set

Vi ={(&p) : € € l5[z™M], p € By Li(€&,w), [w| < 1}.

By Proposition 2 in [5], arguing by contradiction, we obtain that V; is compact. Let
L (&, p) = sup,epn (p, w) — Li(&,w) be the polar function of L; with respect to its
second variable. Then, miny, L} is attained and is finite. Applying Proposition 3 in [5],
we obtain that L} (¢,p) > miny, L}, for every & € ls[2()], for every p € 0, Li (€, w)
and for every w € RY. Set = min{miny, L,..., miny, L* }.

Consider L;(¢,w) = L;(&,w) 4+ 7. Since 8, L (€, w) = Dy L;i(&,w), we have that
f/f (&,p) >0, for any i. (We denote Z; the functional f: Lwl)

(a) We set some preliminary constants, depending on € fixed, that we shall use in
the following steps.

By the condition on 1;, there exists ¢ > 0 such that 1; (¢, x(t),x'(t)) > ¢, for every
t in [a,b], and we obtain

b
boo> [ IO OO KO [ X0 @)
/ L4 (< (1), X" () 6s(, x(8), % (£)) [ > o / |E< (8), X" (1) .

Set ¢; = f; |Li (X (s),X"(s))|ds, ¢ = max{ly,..., 0y}, and ¥ and L the maximum

value of [11],.. ., [tm| over T%[z] and of L. .., |Ln| over Is[z)] x B[0, X" ()| 4 &],
respectively. Denote o = max{1, (b — a)"}.
From the uniform continuity of 1, ...,%,, on T%[z], we infer that we can fix
h €N, 1/2" < §, such that whenever (t1,x1,£1), (t2,X2,&2) € T¥[z] and
b—a 1
|ty X1 — %2l = on = Vi€{0,..., v =1}, [& =& < on
we have
st 30, 60) — it e, )] < min {5 |
i\l1, &1,61 i\l2, &2,Q2 8(f+f4+1),2(|7’]|+1)(b_a) )
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for any .
Let 0 : R — [0,1] be a C* increasing function with value 0 on (—oc0,0] and 1 on
[1,+00). Observe that 1 < [[0U)||o < ||0YHV)||s, for any j > 0. Set © = [|0“ V)| .
There exists a point 7 in (a,b) that is a Lebesgue point for the functions
B ()X (D) (X)X D)y s Lo (K1) X () (- x(), K1) and <7, /() in

RY. By definition of Lebesgue point, there exists a positive number p less than

. 1 E
nin { 2ht4(y 4+ 2) (v + 1)vOa?’ 39L W }

such that, for any A=, A" in (0, p),

THAT
/ |La(x (1), X" ()it x(8), X' () — L (' (1), x" (7))o (m, x(7), X' (7)) |t

—A\—
< (AT +AT)E

for any 4, and

T+t
1
1" _ 1 < + — I —
/T_k (1) =Xt < (N + A7) g

Fixty = (b—a)v™ /27, t§ = (b—a)vT /27, where y € N, v~ 0T € {0,1,...,27},
v~ < vt are such that 7 € (t7,7%) C (1 — p, 7 + p).

We define the absolutely continuous function 2’ : [a,b] — RN by 2/(t) = ") (a) +
f; 7", where

1 T
(v+1) "o -+
iy = 2O o= [ WXL el

(1), otherwise.

By definition, z”(t) = x"(t), Z/(t) = X' (¢), for any ¢ in [a,7~] U [rF,b]. For any ¢ in
[77,77], we have that z”(t) € B[O, |x"(7)| + 6/2] and

T+t

[2/(t) =X (t)] < 2 / X'(r) = x"| < (rF = 77) 1

— 23 (v + 1)vOa’

Step (2). Our purpose is to show that there exists a sequence of reparameteriza-
tions s, of [a, b] into itself such that z’ o s, is Lipschitz continuous on [a, b].

From the uniform continuity of z, ...,z on [a, 7~ |U[r T, b], we infer that we can
fix k € N, such that whenever |s; — s2| < (b — a)/2*, we have |2\ (s1) — 20)(s9)| <
(rF —77)¥*2 for any j in {1,...,v}.

Forv=0,...,28 —1,set I, = [(b—a)v/2¥, (b—a)(v+1)/2%], H, = Jr, 12" (s)ds,
p=max{2*"H,/(b—a):v=0,...,28 — 1}, and

2k+1HU
Ty, = {s el,:|Z'(s) < 3 };
—a

we have that |Tg,| > (b—a)/2" L.
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k
Since {(Z/(s),2"(s)) : s € Ui:61 Ty, } belongs to a compact set and Lq,..., Ly,
are continuous, there exists a constant M, such that

1

L@+ 209 + 0y - L2 () + 629+ 5 )| < .

2

k
for any s € Uz:?)l Ty, any [€] <6, any |w| < 6, and any i.
For every n € N, set SY = {s € I, : |Z”(s)| > n}. From the integrability of z’/ it
follows that [y, (|2”(s)|/n — 1)ds converges to 0, as n goes to co. Hence, we can fix a
subset X of T, such that |X7| = 2f53(|z”(s)|/n —1)ds.

We define the absolutely continuous functions t,, by t,(s) = a + f; t!, where

L+ (2 ()l/m—1). seS=Ugtse,
! _ k_
th(s) =14 1-1/2, sex,=UiL o,

1, otherwise.

One verifies that ¢, admits inverse function s,, on the interval [a,b]. Furthermore,
for any v in {0,...,2¥ — 1}, the restriction of ¢, to I, maps I, onto itself. Hence,
[tn(s) —s| < (b—a)/2%, for any s in [a,b]. If n is greater than |x”(7)| + §/2, the
restriction of ¢, to [77,77] is the identity.

The function z’ o s,, is Lipschitz continuous on [a,b]. In fact, fix ¢ where s/, (¢)
exists: we obtain

=n, tE€S,,

<t>\=|z“<sn<t>>s;<t>| <u tex,

‘d(z’ 0 5p)
<n, otherwise.

dt

Step (3). We construct a function z, : [a,b] — RY, with the same boundary
values of z in a and b, such that z, belongs to W*T1:°(a,b) and Z;(z,) < Z;(z) +&/2.

Set f'(t) = 0((t — 77)/(r+t —77)), for any t in [a,b] (the function € as defined
in point (a)): then f’ is identically 0 on [a,77], it is identically 1 on [r1,d], and
1F9 D o = 169 |oc/(r+ —77)7, for any j > 0.

We define v absolutely continuous functions zy, ,—1,. .., 2n0 : [a,b] — RY by

¢
Znwo1(t) =2V (a) + / Zosy,+ f/(t)Dy_1,

a
t

Zn,l/—?(t) = x(V_Q) (a) + / Zn,v—1 + fl(t)DV—27

a

t
to(t) = (a) + / 2w + £(H) Do,

where, for any j in {0, .- ,v — 2},

b b
Dj = x(i)(g,) — x(i)m) — / Znjt1s D, ;= x(u—l)(b) _ x(”—l)(a) _ / 7 os,.
a

a
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Set z, = zn,0. The derivatives of z, up to the order v + 1 are

2 (t) = 20, (t) + 7 (t) Do,

2 (t) = zn2(t) + f"(t) Do + f(t) D1,

Zr(LV_l)(t) - Zn,ufl(t) + Z;’;g f(V_j) (t)Dja

20(t) =2 (sn(t) + X729 f@ V(1) Dy,
A1) = 2/ (su()sh(0) + XI5 (0D,

We denote by H' the function Z;’;l f(”_j+1)D By the properties of f0) and s,
we have that z, belongs to W*1:(q,b), with ||z ™ ||cc < n+||H”||c (where ||-||o

is the essential supremum on (a,b)), and it has the same boundary values of z in
a and b.

(b) We claim that ||z§Lj) — 2| < 1/2" and ||z£Lj) ot, — x| < 1/2" for any
j in {0,...,v}, eventually in n.

In fact, for any n greater than |x”(7)| + 6/2, we have

+ b

T T
|Dy—1] S/ |x/—x'osn|+/ |x’—z’|—|—/ X' —x' o s,
a T Tt

1
<(rt 1) {3a(7+ —r)Y + 2’“r?’(z/—&—1)w()oj

1
<(rt_-2_____ -
s =) 2h2(y 4+ 1)vOa’

t
/z 08y, — f'(t)Dpy—1

/ Z O Sp — f/(t)]Dn,Vfl

//|x—z o 8yldt + (17 —77)| Dy 1|—|—/ /|x—z 0 Sp|dt

<(rt—-77)° [405(T+—7'_)”_1+ ] + (7 =717)|Dy |

2
22(y + 1)vBa’

dt

dt

2h+3(y + 1)vBa

<@t -y

1
2h2(v +1)0
Vie{0,...,v—1},

D;| <(rt - —V—J'+1V;j< I I |
|Dj] (rF=17) 2h+2(y + 1)vOa — (rF=17)

s that [|H||se < 32770 [[/¢ 77D oo (rF—r ) /22 (u41)0] < (rF—r7) /272,
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[[H"]|oo < 1/27+2 and

1
2h+3 (v + 1)vO«

IN

|2/ (sn (1)) =X (1)

(rF —77) [30[(7’Jr - Tf)”Jrl +
1
< —?
~ 2M2(y 4+ 1O«
b
[2nw-1(t) — 27D (1)) < / 2 05y = X[+ (b—a)|Dy—1| < (1 +b—a)|D,

< 2c
= 2 2(y 4+ 1)vOa’

(v—j+1a P

ni(t) — @) (¢
|Z ,J( ) x ( )‘ = 2h+2(1/—|—1)1/®a = 9h+2

Vje{0,...,v—1}

Hence, we can fix n such that M|, | < &/8, ||z,(1j) — 2| <1/201 and
||Z7(lj) oty — x(j)Hoo < sz(lj) ot, —x\¥) 0 tnloo + ||33(j) oty — ﬂf(j)Hoo < 1/2M,

for any j in {0,...,v}. The graph of the function (z,,z}) is included in T§[z], and
Z/(t) € B0, X" (7)| + ¢], for any t in [7~,71]. (From what follows, it turns out that
2z, is the sought variation z.)

(c) We show that Z;(z,) < Z;(z) + €/2, for any i.

Using the change of variable formula [16], we compute fz(zn) - i(x) as the sum
of the following three appropriate terms:

b
/Ei(Z’n(tn(S)),ZZ(tn(S)))d)i(tn(S),zn(tn(S))’Z;(tn(S)))té(S)dS

X [Yi(tn(5): 20 (tn(s)), 25, (tn(s))) — ¥i(s, x(s), % (s))]ds
b
+/ [L (Z,(tn(5)), 2" (s) + £, (s)H" (ta(s))) —ii(X’(S),X"(S))} Vi(s,x(s),X (s))ds
=1} +I2+ 1.

To estimate I}, it is enough to estimate its integrand over the sets S,, and %,

(because it is identically 0 elsewhere). Since ¥,, C T and ||H"”||oc < 6, we obtain that

Li (Z'(s) + H'(tn(s)), 22" (s) + H" (tn(s)))

N |

- Lo (#0204 ) <
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for every s in X,,. By Propositions 3 and 4 in [5], for every s in S,

£ (# el n 2 );”( = ))> =

— Li(Z,(tn(s5)), 2" (s) + t.,(s)H" (¢t )< — |Z” ) Li(Z,(tn(s)),p) <0,

where p € 0, L;(2),(tn(5)),n(z"(s) + t,,(s)H" (t..(s))) /2" (s)|). Using the fact that t;
is positive and bounded by ¥, we have I} < M¥[%,| < €/8.

To estimate I2, we observe that
Li(z,(s),2"(s) + H"(s)), se[r, "],

Li(Z), (t(5)), 2" (s) + t (s)H" (tn(s))) = {E(x'(s) % (s)) otherwise

By the fact that [1s(tn(s), Za(tn(5)), 24 (ta(s))) — 15, x(s), X (5))] < &/[8(¢ + L+ 1],
for any s in [a,b], and that 2’ + H” € B[0, [x"(7)| + 8] on [r~, 7], we have I? < &/8.
To estimate I3, it is enough to estimate the integrals over [r—,77]
cause it is 1dentlca11y 0 elsewhere). Recalling that 7 is a Lebesgue point for

(be
Li(X'(-), X" ()i (-, x(-), X' (), we have

I} < /i [fli(zfn(S),ZN(S) + H"(8))1;(s,%(s),x ()
— Li(X (), X" (1)) i (r, x(7), X (7))]ds + g

~ € €
<4pLV¥ + — < —.
SAbEr ey

Hence, I} + I? + I} < €/2, for any i.
Conclusion. We have obtained

b b
/ LaZ, (), Y. ()it 2 (), 2L (1))t — / Lo (8), % (1)) (8 ()., X' ()t
b
< / (a2 (£), 2 (8)) + bt 2 (£), 2 (£))
b
= [ I @0 0) + i axle). X )+ 5

DNO| N

b b
- / Eo(Zl (8), 20(6)0r (1 2 (), 20 (1))t — / Eo((5), X" (3))tbs(s, x(5), X (5))ds +
< €.

Hence, Z(z,) — Z(z) < > i €=€.
So, setting z. = z,, we have proved the theorem.

4. A necessary condition for the Lavrentiev phenomenon. The content
of this section is provided to show the following necessary condition: a functional

b m
/ 20Vt z, 2,
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with v > 0, exhibiting the Lavrentiev phenomenon takes the value 4+oco in any neigh-
borhood of a minimizer Z; or equivalently if Z assumes only finite values on a neigh-
borhood of Z, then Z does not exhibit the Lavrentiev phenomenon.

This is proved in the following corollary to Theorem 2.1 and Theorem 1 in [5].

COROLLARY 4.1. Let Qq,...,Q be open sets in RN, v > 0, such that the set
E = {z € W"TH(a,b) : z(t) € Qo, ..., M (t) € Q, Vt € [a,b]} is nonempty. Let
A, BeQy, AV B ey, ..., AV BW e, be given boundary values.

Let Ly, ..., Ly : Q0 xRN = R and 91, ..., : [a,b] x Qo x -+ x Q, — [0, +00)
be continuous and such that L;(€,-) is convex, for any & in Q,, any i in {1,...,m}.

Let

b m
I(z) = / > L@ (), D @)t x(t), 2 (1), .., x) (2))dt

@ =1
be a functional exhibiting the Lavrentiev phenomenon, and let T be a minimum of
T over E,p = {z € E : 2(a) = A, z(b) = B, 2'(a) = AW, 2/(b) = BY, ...,
W (a) = AW ) (b) = B(”)}.

Assume that for any 6 > 0 there exists os > 0 such that os — 0, for 6 — 0, and
that 1; restricted to T§[z] may vanish only on the graph of (Z,%’,... , 20 or on a
os-neighborhood of (a, A, ..., A®) or on a cs-neighborhood of (b,B,...,B™), for
any i in {1,...,m}.

Then, for any € > 0, there exists x. in E, such that the graph of (ze,z., ... ,.Z‘EV))
is included in TY[Z] and I(x.) = +00.

Proof. Fix ¢ > 0. From Theorem 2.1 and Theorem 1 in [5], it follows that
fab |Li(z"), 2v+1)| = 400, for at least one 4 in {1,...,m}.

Without loss of generality, we suppose that f;a+b)/2 |Li(z®), 21| = +o0.

Let g : (—o0,+00) — [0,1] be a C* increasing function with value 1 on [b, +00)
and 0 on (—oo0, (a + b)3/4]. We define the integrable function x5, 11 : [a,b] — RN by
0, t € [a,a+ o),
u+1)(

Tsv 1(t) =
() {f( t—o0s), otherwise,

and v absolutely continuous functions s ;(t) = AU + fat x5 j4+1 + g(t)Ds j, for any
t in [a, b], where Ds; = BU) — AU) — f; xsj+1, for any j in {0,...,v}.
Set x5 = x5,0. The derivatives of x5 up to the order v + 1 are
z5(t) = 251(t) + g'(t) Ds.o,
g (t) = z62(t) + 9" (t)Ds,o + g'(t) De,1.

v+1 v v—7j
2y () = 250 (1) + 5o 9TV () Ds.

By definition, s belongs to W**11(a,b), it has the same boundary values of #
in @ and in b, and, for j in {v,v + 1}, for any ¢ in [a + o5, (a + b)3/4], we have
x((sj)(t) = zU)(t — 05). Furthermore, there exist constants c;,d;, independent on 6,

b4 j b4
such that |Ds;| < ¢; [,_ . 12| and ||zs,; — ac((sj)||Oo <dj [y s |z(*+1)|. Hence, for
any j in {0,...,v},

) v b
159 =l < [+ 9 Dl o | [ 1o+,
=0 —os



110 ALESSANDRO FERRIERO

By hypothesis, we can choose 6 > 0 such that (c; + ||g"*|e >/, d;) fbl:q |z(v+1)|
<eand oz < (b—a)/4.

Set U; = min{v;(t, z5(t),. .. ,x(({’)(t)) it € [a+ 05, (a + b)3/4]}: by hypothesis,

U; is positive. We have obtained that the graph of (zg, %, ... ,xf{')) belongs to T?[Z]
and

b
/ L (20, 20 () (1 5 (1), . 2 (1)t

(a+b)3/4
> / L3 (t — 05), 2V (t — 05)) |Wi(t, 25(t), ..., 2 (t))dt
a+og

(a+b)/2
> U, / |L; (") (8), 2TV (1)) |dt = 4-00.

From (i) in the proof of Theorem 2.1 and Theorem 1 in [5], we infer that Z(z5) = +oo.
So, setting x. = x5, we have proved the corollary. 0
The corollary above applies to the functionals of Mania and Sarychev, for instance,
and to the examples of functionals exhibiting the Lavrentiev phenomenon proposed
in [3], [4], [11], [12], [13], [14], and [15].

Acknowledgment. We thank the anonymous referees for many interesting com-
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