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RIGIDITY OF EQUALITY CASES
IN STEINER’S PERIMETER INEQUALITY

F. CAGNETTI, M. COLOMBO, G. DE PHILIPPIS, AND F. MAGGI

Dedicated to Nicola Fusco, for his mentorship

ABSTRACT. Characterizations results for equality cases and for rigidity of equality cases
in Steiner’s perimeter inequality are presented. (By rigidity, we mean the situation when
all equality cases are vertical translations of the Steiner’s symmetral under considera-
tion.) We achieve this through the introduction of a suitable measure-theoretic notion
of connectedness and a fine analysis of barycenter functions for sets of finite perimeter
having segments as orthogonal sections with respect to an hyperplane.
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1. INTRODUCTION

1.1. Overview. Steiner’s symmetrization is a classical and powerful tool in the analy-
sis of geometric variational problems. Indeed, while volume is preserved under Steiner’s
symmetrization, other relevant geometric quantities, like diameter or perimeter, behave
monotonically. In particular, Steiner’s perimeter inequality asserts the crucial fact that
perimeter is decreased by Steiner’s symmetrization, a property that, in turn, lies at the
heart of a well-known proof of the Euclidean isoperimetric theorem; see [DG58]. In the
seminal paper [CCF05], that we briefly review in section 1.2, Chlebik, Cianchi and Fusco
discuss Steiner’s inequality in the natural framework of sets of finite perimeter, and pro-
vide a sufficient condition for the rigidity of equality cases. By rigidity of equality cases
we mean that situation when equality cases in Steiner’s inequality are solely obtained in
correspondence of translations of the Steiner’s symmetral. Roughly speaking, the sufficient
condition for rigidity found in [CCFO05] amounts in asking that the Steiner’s symmetral
has “no vertical boundary” and “no vanishing sections”. While simple examples show
that rigidity may indeed fail if one of these two assumptions is dropped, it is likewise
easy to construct polyhedral Steiner’s symmetrals such that rigidity holds true and both
these conditions are violated. In particular, the problem of a geometric characterization
of rigidity of equality cases in Steiner’s inequality was left open in [CCF05], even in the
fundamental case of polyhedra.

In the recent paper [CCDPM13|, we have fully addressed the rigidity problem in the
case of Ehrhard’s inequality for Gaussian perimeter. Indeed, we obtain a characteriza-
tion of rigidity, rather than a mere sufficient condition for it. A crucial step in proving
(and, actually, formulating) this sharp result consists in the introduction of a measure-
theoretic notion of connectedness, and, more precisely, of what it means for a Borel set to
“disconnect” another Borel set; see section 1.3 for more details.

In this paper, we aim to exploit these ideas in the study of Steiner’s perimeter inequality.
In order to achieve this goal we shall need a sharp description of the properties of the
barycenter function of a set of finite perimeter having segments as orthogonal sections
with respect to an hyperplane (Theorem 1.1). With these ideas and tools at hand, we
completely characterize equality cases in Steiner’s inequality in terms of properties of their
barycenter functions (Theorem 1.2). Starting from this result, we obtain a general sufficient
condition for rigidity (Theorem 1.3), and we show that, if the slice length function is of
special bounded variation with locally finite jump set, then equality cases are necessarily
obtained by at most countably many vertical translations of “chunks” of the Steiner’s
symmetral (Theorem 1.4); see section 1.4.

In section 1.5, we introduce several characterizations of rigidity. In Theorem 1.6 we
provide two geometric characterizations of rigidity under the “no vertical boundary” as-
sumption considered in [CCFO05]. In Theorem 1.7 we characterize rigidity in the case when
the Steiner’s symmetral is a generalized polyhedron. (Here, the generalization of the usual
notion of polyhedron consists in replacing affine functions over bounded polygons with
Wbl functions over sets of finite perimeter and volume.) We then characterize rigidity
when the slice length function is of special bounded variation with locally finite jump set,
by introducing a condition we call mismatched stairway property (Theorem 1.9). Finally,
in Theorem 1.10, we prove two characterizations of rigidity in the planar setting.

By building on the results and methods introduced in this paper, it is of course possible
to analyze the rigidity problem for Steiner’s perimeter inequalities in higher codimension.
Although it would have been natural to discuss these issues in here, the already consid-
erable length and technical complexity of the present paper suggested us to do this in a
separate forthcoming paper.



1.2. Steiner’s inequality and the rigidity problem. We begin by recalling the def-
inition of Steiner’s symmetrization and the main result from [CCFO05]. In doing so, we
shall refer to some concepts from the theory of sets of finite perimeter and functions of
bounded variation (that are summarized in section 2.2), and we shall fix a minimal set of
notation used through the rest of the paper. We decompose R", n > 2, as the Cartesian
product R”~! xR, denoting by p : R® — R®~! and q : R® — R the horizontal and vertical
projections, so that z = (pz,qx), pz = (z1,...,%n—1), QT = z, for every z € R". Given
a function v : R*~! — [0, 00) we say that a set E C R" is v-distributed if, denoting by E,
its vertical section with respect to z € R"~!, that is

EZ:{te]R:(z,t)eE}, ze RV,

we have that
v(z) = Hl(EZ) , for H* l-ae. z e R 1.

(Here, H*(S) stands for the k-dimensional Hausdorff measure on the Euclidean space
containing the set S under consideration.) Among all v-distributed sets, we denote by
F[v] the (only) one that is symmetric by reflection with respect to {gqx = 0}, and whose
vertical sections are segments, that is, we set

v(pz)

F[v] :{xER”:\qx| < T}

If E is a v-distributed set, then the set F'[v] is the Steiner’s symmetral of E, and is usually
denoted as E*. (Our notation reflects the fact that, in addressing the structure of equality
cases, we are more concerned with properties of v, rather than with the properties of a
particular v-distributed set.) The set F[v] has finite volume if and only if v € L*(R"~1),
and it is of finite perimeter if and only if v € BV(R"!) with H" 1({v > 0}) < oo;
see Proposition 3.2. Denoting by P(F;A) the relative perimeter of E with respect to
the Borel set A C R™ (so that, for example, P(E; A) = H" Y(ANOFE) if E is an open
set with Lipschitz boundary in R™), Steiner’s perimeter inequality implies that, if E is a
v-distributed set of finite perimeter, then

P(E;G xR) > P(F[v]; G x R) for every Borel set G C R"~ 1. (1.1)

Inequality (1.1) was first proved in this generality by De Giorgi [DG58], in the course of
his proof of the Euclidean isoperimetric theorem for sets of finite perimeter. Indeed, an
important step in his argument consists in showing that if a set E satisfies (1.1) with
equality, then, for H" !-a.e. z € G, the vertical section E, is H'-equivalent to a segment;
see [Magl2, Chapter 14]. The study of equality cases in Steiner’s inequality was then
resumed by Chlebik, Cianchi and Fusco in [CCF05]. We now recall two important results
from their paper. The first theorem, that is easily deduced by means of [CCF05, Theorem
1.1, Proposition 4.2], completes De Giorgi’s analysis of necessary conditions for equality,
and, in turn, provides a characterization of equality cases whenever 0* E has no vertical
parts. Given a Borel set G C R"™!, we set

Me(v) = {E C R™ : E v-distributed and P(E;G x R) = P(F[v]; G x R)} . (L2
to denote the family of sets achieving equality in (1.1), and simply set M (v) = Mpgn-1(v).

Theorem A ([CCFO05]). Let v € BV(R" 1) and let E be a v-distributed set of finite
perimeter. If E € Mg(v), then, for H" '-a.e. z € G, E, is H'-equivalent to a seg-
ment (t~,tT), with (2,t7), (2,t7) € O*E, pvg(z,tT) = pvg(z,t7), and que(z,tT) =
—qug(z,t7). The converse implication is true provided O*E has no vertical parts above
G, that is,

H ({2 €0 BN (G xR): aup(x) = 0}) =0, (1.3)
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FIGURE 1.1. In case (a), 0* F[v] has vertical parts over = (0,1) and (1.6) does
not hold true; in case (b), 0*F[v] has no vertical parts over Q = (0, 1), but (1.5)
fails (indeed, 0 = vV (1/2) = v"(1/2)), and, again, (1.6) does not hold true.

where, O*E denotes the reduced boundary to E, while vy is the measure-theoretic outer
unit normal of E; see section 2.2.

The second main result from [CCF05, Theorem 1.3] provides a sufficient condition for
the rigidity of equality cases in Steiner’s inequality over an open connected set. Notice
indeed that some assumptions are needed in order to expect rigidity; see Figure 1.1.

Theorem B ([CCF05)). If v € BV(R™ 1), Q c R*"! is an open connected set with
HHQ) < o0, and

Dv Q) =0, (1.4)
v >0, H" 2-a.e. on Q, (1.5)

then for every E € Mgq(v) we have
H"((EA(ten—i—F[v])) N (22 XR)) =0, for some t € R. (1.6)

Remark 1.1. Here, D®v stands for the singular part of the distributional derivative Dv of
v, while v and v¥ denote the approximate lower and upper limits of v (so that if v; = vo

a.e. on R"! then vy = vy and v{ = v) everywhere on R"71). We call [v] = vV — v
the jump of v, and define the approximate discontinuity set of v as S, = {vV > v"\} =

{[v] > 0}, so that S, is countably H"~2-rectifiable, and there exists a Borel vector field
Vy : Sy — S™ 71 such that D%v = v, [v] H"2LS, + D, where D stands for the Cantorian
part of Dv. These concepts are reviewed in sections 2.1 and 2.2.

Remark 1.2. Assumption (1.4) is clearly equivalent to asking that v € WH1(Q) (so that
v =Y H" 2%-a.e. on ), and, in turn, it is also equivalent to asking that 0* F'[v] has no
vertical parts above €, that is, compare with (1.3),

T ({az € 0" Flu] N (2 x R) : qupyy(z) = o}) —0; (1.7)
see [CCF05, Proposition 1.2] for a proof.

Remark 1.3. Although assuming the “no vertical parts” (1.4) and “no vanishing sections”
(1.5) conditions appears natural in light of the examples sketched in Figure 1.1, it should
be noted that these assumptions are far from being necessary for having rigidity. For
example, Figure 1.2 shows the case of a polyhedron in R? such that (1.6) holds true, but
the “no vertical parts” condition fails. Similarly, in Figure 1.3, we have a polyhedron in
R? such that (1.6) and (1.4) hold true, but such that (1.5) fails.



FIGURE 1.2. A polyhedron in R? such that the rigidity condition (1.6) holds
true (with Q = (0,1)?) but the “no vertical parts” condition fails.

FIGURE 1.3. A polyhedron in R? such that the rigidity condition (1.6) and the
“no vertical parts” condition hold true (with Q = (0,1)?), but such that the “no
vanishing sections” condition fails.

1.3. Essential connectedness. The examples discussed in Figure 1.1 and Remark 1.3
suggest that, in order to characterize rigidity of equality cases in Steiner’s inequality,
one should first make precise, for example, in which sense a (n — 2)-dimensional set like
S, = {v" < v"} (contained into the projection of vertical boundaries) may disconnect the
(n—1)-dimensional set {v > 0} (that is, the projection of F[v]). In the study of rigidity of
equality cases for Ehrhard’s perimeter inequality, see [CCDPM13], we have satisfactorily
addressed this kind of question by introducing the following definition.

Definition 1.1. Let K and G be Borel sets in R™. One says that K essentially disconnects
G if there exists a non-trivial Borel partition {G;,G_} of G modulo H™ such that

! ((G<1> No°G, N aeG_) \K) —0; (1.8)

conversely, one says that K does not essentially disconnect GG if, for every non-trivial Borel
partition {G4+,G_} of G modulo H™,

! ((G<1> NoG, N aeG_) \K) >0. (1.9)
Finally, G is essentially connected if () does not essentially disconnect G.
Remark 1.4. By a non-trivial Borel partition {G;,G_} of G modulo H™ we mean that
H™"(GLNG-) =0, H"(GA(GLUG-)) =0, H™(G4)H™(G-) > 0.
Moreover, 0°G denotes the essential boundary of G, that is defined as
9°G =R™\ (GO ucWy,
where GO and G denote the sets of points of density 0 and 1 of G; see section 2.1.

Remark 1.5. If H"(GAG') = 0 and H™ }(KAK’) = 0, then K essentially disconnects
G if and only if K’ essentially disconnects G’; see Figure 1.4.
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FIGURE 1.4. In the picture on the left, G is a disk and K is a smooth curve that
divides G in two open regions G4 and G_, in such a way that (1.8) holds true:
thus, K essentially disconnects G. Let now K’ be obtained by removing some
points from K. If we remove a set of length zero, that is, if #!(K \ K’) = 0, then
K’ still essentially disconnects G (although G \ K’ may be easily topologically
connected!); if, instead, H!(K \ K') > 0, then K’ does not essentially disconnect
G, since (1.9) holds true (with K in place of K).

Remark 1.6. We refer to [CCDPM13, Section 1.5] for more comments on the relation
between this definition and the notions of indecomposable currents [Fed69, 4.2.25] and
indecomposable sets of finite perimeter [DM95, Definition 2.11] or [ACMMO1, Section 4]
used in Geometric Measure Theory. We just recall here that a set of finite perimeter F
is said indecomposable if P(E) < P(E4) + P(E_) whenever {E,,E_} is a non-trivial
partition modulo H" of E by sets of finite perimeter, and that, in turn, inequality P(F) <
P(Ey) + P(E_) is equivalent to H* 1 (EM) N9°E, N9°E_) > 0. This measure-theoretic
notion of connectedness is compatible with essential connectedness: indeed, as proved in
[CCDPM13, Remark 2.3], a set of finite perimeter is indecomposable if and only if it is
essentially connected.

1.4. Equality cases and barycenter functions. With the notion of essential connect-
edness at hand we can easily conjecture several possible improvements of Theorem B. As
it turns out, a fine analysis of the barycenter function for sets of finite perimeter with seg-
ments as sections is crucial in order to actually prove these results. Given a v-distributed
set E, we define the barycenter function of E, bgp : R" ! — R, by setting, for every
z € R,

1
bp(z) = ()/ tdH (1), if v(z) > 0 and / tdH'(t) e R, (1.10)

v(z
and bp(z) = 0 else. In general, by may only be a Lebesgue measurable function. When E
has segments as sections and finite perimeter, the following theorem provides a degree of
regularity for bg that turns out to be sharp; see Remark 3.1. Notice that the set where v

vanishes is critical for the regularity of the barycenter, as implicitly expressed by (1.11).
Theorem 1.1. If v € BV(R" 1) and E is a v-distributed set of finite perimeter such that
E. is H'-equivalent to a segment for H* '-a.e. z € R*™1, then

bs = l{y>s) b € GBV(R™), (1.11)
for every & > 0 such that {v > 0} is a set of finite perimeter. Moreover, bg is approximately

differentiable H" 1-a.e. on R" and for every Borel set G C {v" > 0} the following
coarea formula holds,

/H”_Q(Gﬁae{bE >t})dt:/ |VbE]d”H"_1+/ [bp]dH" 2 +|D%g | (G), (1.12)
R G G

meE

z

where |Dbg|T is the Borel measure on R~ defined by
|Dbg|T(G) = lim |Ds|(G) = sup |D°s|(G), VG c R, (1.13)
d—0+ 5>0



FIGURE 1.5. If E € M(v), then the jump [bg] of the barycenter of E can be
arbitrarily large on {v” = 0}, but is necessarily bounded by half the jump of v on
{v" > 0}; see (1.17). Moreover, the same rule applies to the Cantorian “jumps”,
see (1.18) and (1.19).

Remark 1.7. Let us recall that u € GBV(R"!) if and only if 7p/(u) € BVj.(R" 1)
for every M > 0 (where 7p/(s) = max{—M, min{M, s}} for s € R), and that for every
u € GBV(R" 1), we can define a Borel measure |Du| on R"~! by setting

Dul(@) = lim [D(marm)|(©) = sup [D(marn)|(G), (1.14)

for every Borel set G C R"~!. (If u € BV(R"™!), then the total variation of the Cantorian
part of Du agrees with the measure defined in (1.14) on every Borel set.) The measures
|D¢bs| appearing in (1.13) are thus defined by means of (1.14), and this makes sense by
(1.11). Concerning |D°bg|™, we just notice that in case that by € GBV(R"!), and thus
|D°bg| is well-defined, then we have

|Dbp|T = |Dbg|{v" >0}, on Borel sets of R" 1.

Starting from Theorem 1.1, we can prove a formula for the perimeter of E in terms of v
and by (see Corollary 3.3), that in turn leads to the following characterization of equality
cases in Steiner’s inequality in terms of barycenter functions. (We recall that, here and
in the following results, the assumption v € BV (R"7!;[0,00)) with H" 1({v > 0}) is
equivalent to asking that F'[v] is of finite perimeter, and is thus necessary to make sense
of the rigidity problem.)

Theorem 1.2. Let v € BV(R"1;[0,00)) with H* 1({v > 0}) < oo, and let E be a
v-distributed set of finite perimeter. Then, E € M(v) if and only if

E. is H'-equivalent to a segment, for H t-a.e. z € R* 1, (1.15)
Vbge(z) =0, for H" t-a.e. z € R*°L, (1.16)
2[bg] < [v], H" 2-a.e. on {v" >0}, (1.17)

bounded Borel set G C R"~!
D(1a1bs)(G) = d (D), Jor every 1.18
(Ta105)(G) /Gﬂ{v>6}(1)ﬁ{|bE(<M}()1) and for H'-a.e. 6 >0 and M >0, ( )

where f: R"™1 — [=1/2,1/2] is a Borel function; see Figure 1.5. In both cases,

2|D%g|T(Q) < |DY|(G), for every Borel set G C R"™1 (1.19)

and, if K is a concentration set for Dv and G is a Borel subset of {v" > 0}, then
/ H (G NO{bg > t})dt = / [bp]dH" 2 + |D%g| T (GNK).  (1.20)

R GNSy NSy

Remark 1.8. By Theorem 1.1, (1.15) allows us to make sense of Vbg, |D%g|T, and
D¢(Tarbs) (for a.e. 0 > 0), and thus to formulate (1.16), (1.18), (1.19), and (1.20). In
particular, (1.20) is an immediate consequence of (1.12), (1.16), (1.17), and (1.19).



Theorem 1.2 is a powerful tool in the study of rigidity of equality cases. Indeed, rigidity
amounts in asking that bg is constant on {v > 0}, a condition that, in turn, is equivalent
to saying that there exists no subset I C R with H!(I) > 0 such that {{bg > t}, {bg < t}}
is a non-trivial Borel partition of {v > 0} modulo H"~! for every t € I. By combin-
ing this information with the coarea formula (1.20) and with the definition of essential
connectedness, we quite easily deduce the following sufficient condition for rigidity.

Theorem 1.3. Ifv € BV(R"%;[0,00)), H" ' ({v > 0}) < oo, and the Cantor part D
of Dv is concentrated on a Borel set K such that

{vN =0} U S, UK does not essentially disconnect {v > 0}, (1.21)
then for every E € M(v) there ezists t € R such that H"(EA(te, + F[v])) = 0.

Remark 1.9. The strength of Theorem 1.3 is that it provides a sufficient condition for
rigidity without a priori structural assumption on F[v]. In particular, the theorem admits
for non-trivial vertical boundaries and vanishing sections, that are excluded in Theorem
B by (1.4) and (1.5). (In fact, as shown in Appendix A, Theorem B can be deduced from
Theorem 1.3.) We also notice that condition (1.21) is clearly not necessary for rigidity as
soon as vertical boundaries are present; see Figure 1.2.

A natural question about equality cases of Steiner’s inequality that is left open by Theo-
rem 1.2 is describing the situation when every E' € M(v) is obtained by at most countably
many vertical translations of parts of F[v]. In other words, we want to understand when
to expect every E € M(v) to satisfy

E=w | (ch en + (Flv] N (Gp % R))) (1.22)
hel
where [ is at most countable, {c;}rer C R, and

{G1}ner is a Borel partition modulo H" ! of {v > 0} .

The following theorem shows that this happens when v is of special bounded variation
with locally finite jump set. The notion of v-admissible partition of {v > 0} used in the
theorem is introduced in Definition 1.4, see section 1.5.

Theorem 1.4. Let v € SBV(R"1;[0,00)) with H"1({v > 0}) < oo, and
Sy N {v" > 0} is locally H"~2-finite, (1.23)

and let E be a v-distributed set of finite perimeter. Then, E € M(v) if and only if E
satisfies (1.22) for a v-admissible partition {Gp}ner of {v > 0}, and 2[bg] < [v] H" 2-a.e.
on {v" > 0}. Moreover, in both cases, |Dbg|t = 0.

Remark 1.10. Let us recall that, by definition, v € SBV(R""!) if v € BV(R""!) and
D¢ = 0. The approximate discontinuity set S, of a generic v € SBV(R"™!) is always
countably H" 2-rectifiable, but it may fail to be locally H" 2-finite. if v € SBV(R"™1)
but (1.23) fails, then it may happen that (1.22) does not hold true for some E € M(v);
see Remark 1.12 below.

Remark 1.11. Condition (1.22) can be reformulated in terms of a property of the barycen-
ter function. Indeed, (1.22) is equivalent to asking that

bp = Z cnla, , H" lae on R*1, (1.24)

hel
for I, {cp}her and {Gp}rer as in (1.22). It should be noted that, if no additional conditions
are assumed on the partition {Gp}ner, then (1.24) is not equivalent to saying that bg
has “countable range”. An example is obtained as follows. Let K be the middle-third
Cantor set in [0, 1], let {G},}ren be the disjoint family of open intervals such that K =



[0, \Upen G, and let {cp}ren C R be such that the Cantor function ug satisfies ux = ¢,
on Gy. In this way, ug = Y ,encnla, on [0,1]\ K, thus, H'-a.e. on [0,1]. Of course,
since u is a non-constant, continuous, and increasing function, it does not have “countable
range” in any reasonable sense. At the same time, if we set v(z) = 1jg1j(2) dist(z, K) for
z € R, then v is a Lipschitz function on R (thus it satisfies all the assumptions in Theorem
1.4) and the set

v(pz)

E = {x € R?: ug(pz) — — <ar< ug (pz) + U(I;B) } ;

is such that £ € M(v), as one can check by Corollary 3.3 and Corollary 3.4 in section 3.2.
We also notice that, in this example, |Dbg| {v" = 0} # 0, while |[Dg|" = 0.

Remark 1.12. We now provide the example introduced in Remark 1.10. Given {gp }ren =
Qn[0,1] and {ap }hen € (0, 00) such that ), - ap < 0o, we can define v € SBV(R) such
that H'({v > 0}) = 1 and Dv = D%v = DJv, by setting

’U(t) = Z ap = Z ayp, l(qh,l](t) , teR.

{heN:q), <t<1} heN

If we plug v1 = 0, v = v, and, say, A = 0, in Proposition 1.5 below, then we obtain a set
E € M(v). At the same time, (1.24), thus (1.22), cannot hold true, as b = v/2 H!-a.e.
on R and v is strictly increasing on [0,1]. (The requirement that the sets G}, in (1.24)
are mutually disjoint modulo H™ ! plays of course a crucial role in here.) Notice that, as
expected, S, N {v" >0} = QNJ0,1] is not locally H’-finite.

We close our analysis of equality cases with the following proposition, that shows a
general way of producing equality cases in Steiner’s inequality that (potentially) do not
satisfy the basic structure condition (1.22).

Proposition 1.5. If v = v; + vy where vi,ve € BV (R 1[0, 00)), Dv; = D%y, vq is not
constant (modulo H" ') on {v > 0}, Dvy = D%vy, and 0 < H"'({v > 0}) < oo, then
rigidity fails for v. Indeed, if we set

E = {:c € R": —Ava(px) — 1)1(2px) <qx < 1)1(21)1:) +(1-N) vg(pa:)} , (1.25)
for X €[0,1]\ {1/2}, then E € M(v) but H"(EA(te, + F[v])) > 0 for every t € R.

1.5. Characterizations of rigidity. We now start to discuss the problem of character-
izing rigidity of equality cases. We shall analyze this question under different geometric
assumptions on the considered Steiner’s symmetral, and see how different structural as-
sumptions lead to formulate different characterizations.

We begin our analysis by working under the assumption that no vertical boundaries are
present where the slice length function v is essentially positive, that is, on {v" > 0}. It
turns out that, in this case, the sufficient condition (1.21) can be weakened to

{v"* = 0} does not essentially disconnect {v > 0}, (1.26)

and that, in turn, this same condition is also necessary to rigidity. Moreover, an alternative
characterization can obtained by merely requiring that F'[v] is indecomposable.
Theorem 1.6. If v € BV (R" 1[0, 00)) with H* *({v > 0}) < oo, and
Dév {v" >0} =0, (1.27)
then the following three statements are equivalent:
(i) if B € M(v) then H"(EA(te, + F[v])) =0 for some t € R;

(ii) {v" =0} does not essentially disconnect {v > 0};
(iii) F[v] is indecomposable.



Remark 1.13. Notice that condition (1.27) does not prevent 0*F'[v] to contain vertical
parts, provided they are concentrated where the lower approximate limit of v vanishes.
Indeed, it implies that D = 0 (see step one in the proof of Theorem 1.6 in section 4.5),
and that S, is contained into {v" = 0} modulo H" 2.

Remark 1.14. We notice that the equivalence between conditions (ii) and (iii) is actually
true whenever v € BV (R"1;[0,00)) with H"}({v > 0}) < oo; in other words, (1.27)
plays no role in proving this equivalence. This is proved in Theorem 4.2, section 4.4.

The situation becomes much more complex when we consider the possibility for 0* F[v]
to have vertical parts above {v* > 0}. As already noticed, simple polyhedral examples, like
the one depicted in Figure 1.2, show that condition (1.21) is not even a viable candidate
as a characterization of rigidity in this case. We shall begin our discussion of this problem
by completely solving it in the case of polyhedra and, in fact, in the much broader class
of sets introduced in the next definition.

Definition 1.2. Let v : R"™! — [0,00). We say that F[v] is a generalized polyhedron if
there exists a finite disjoint family of indecomposable sets of finite perimeter and volume
{A;}jes in R"1 and a family of functions {v;};e; C WHL(R"™1), such that

v="> wvjlay, (1.28)
jeJ
({UA =0}\ {v= 0}<1>> U Sy Cona | 0°4;. (1.29)

jeJ
(Here and in the following, A C,x B stands for H*(A\ B) = 0.)

Remark 1.15. Condition (1.29) amounts in asking that v can jump or essentially vanish
on {v > 0} only inside the essential boundaries of the sets A;. For example, if {4;};cs is
a finite disjoint family of bounded open sets with Lipschitz boundary in R?~!, {vj}jes C
CHR"1), and v; > 0 on A, for every j € J, then v = >_jesVjla; defines a generalized
polyhedron F'[v]. Notice that (1.29) holds true since v can jump only over the boundaries
of the Aj;, so that S, C U;c; 04;, while {v; = 0} NA; C 0A; for every j € J.

Remark 1.16. Clearly, if F[v] is a generalized polyhedron, then v € SBV (R""!) with
H" 1 ({v > 0}) < o0, so that F[v] has necessarily finite perimeter and volume.

Theorem 1.7. If v : R"~! — [0,00) is such that F[v] is a generalized polyhedron, then
the following two statements are equivalent:

(i) if E € M(v) then H"(EA(te, + F[v])) =0 for some t € R;
(ii) for everye > 0 the set {v" = 0}U{[v] > e} does not essentially disconnect {v > 0}.

Remark 1.17. In the example depicted in Figure 1.2 the set {v" = 0} N {v > 0}() is
empty, the set {[v] > 0} essentially disconnects {v > 0}, but there is no € > 0 such that
{[v] > e} essentially disconnects {v > 0}. Indeed, in this case, rigidity holds true.

As noticed in Remark 1.16, if F[v] is a generalized polyhedron, then v € SBV (R*1!)
with S, locally H" 2-rectifiable, so that v satisfies the assumptions of Theorem 1.4. We
now discuss the rigidity problem in this more general situation.

We start by noticing that, as shown by Example 1.8 below, condition (ii) in Theorem
1.7 is not even a sufficient condition to rigidity under the assumptions on v considered
in Theorem 1.4. A key remark here is that, in the situations considered in Theorem 1.6
and Theorem 1.7, when rigidity fails we can make this happen by performing a vertical
translation of F[v] above a single part of {v > 0}. For example, when condition (ii) in
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FIGURE 1.6. The functions us and u4 in the construction of Example 1.8.

Theorem 1.7 fails, there exist ¢ > 0 and a non-trivial Borel partition {G, G_} of {v > 0}
modulo H" ! such that

{v>0 N3G NG Cynz " =0}U{[v] >¢}.
Correspondingly, as we shall prove later on, the v-distributed set E(t) defined as

E(t) = ((ten + F[u]) N (Gy % R)) U (F[v] N (G x R)) . teR,

and obtained by a single vertical translation of F'[v] above G, satisfies P(E(t)) = P(F[v])
whenever ¢ € (0,e/2). (Moreover, when condition (1.26) fails, we have E(t) € M(v) for
every t € R.) However, there may be situations in which violating rigidity by a single
vertical translation of F[v] is impossible, but where this task can be accomplished by
simultaneously performing countably many independent vertical translations of F[v]. An
example is obtained as follows.

Example 1.8. We construct a function v : R? — [0, 00) in such a way that v € SBV (R?),
S, is locally H!-rectifiable, the set {v" = 0} U {[v] > €} does not essentially disconnect
{v > 0} for any £ > 0, but, nevertheless, rigidity fails. Given ¢t € R and ¢ > 0, denote
by Q(t,¢) the open square in R? with center at (¢,0), sides parallel to the direction (1, 1)
and (1,—1), and diagonal of length 2¢. Then we set u; = 1¢(g,1), and define a sequence
{u;}jen of piecewise constant functions,
vy = oy — 2QEAY | Loy
2 2
v = 1g(-15/16,1/16) n Llo-9/16,1/16)  lq(o/16,1/16) n 1g(15/16,1/16) ’
4 4 4 4

etc.; see Figure 1.6. This sequence has pointwise limit v € SBV(R?;[0,00)) such that
{v >0} = Q(0,1) and Dv = D%v. In particular, if we define F as in (1.25) with A = 0,
v; = 0, and vy = v, then, by Proposition 1.5, E € M(v). Since bg = v/2, we easily
see that (1.24), thus (1.22), holds true: in other words, E' is obtained by countably many
vertical translations of F'[v] over suitable disjoint Borel sets Gj, h € N. At the same time,
any set Ey obtained by a vertical translation of F[v] over one (or over finitely many) of
the G,’s is bound to violate the necessary condition for equality 2[bg,] < [v] H"2-a.e. on
Sy N {v" > 0}, as the infimum of [v] on 9°G; N S, N {v" > 0} is zero for every h € N.
We also notice that, as a simple computation shows, S, N {v" > 0} is not only countably
H1-rectifiable in R?, but actually H!-finite (thus, it is locally H!-rectifiable).
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All the above considerations finally suggest to introduce the following condition, that,
in turn, characterizes rigidity under the assumptions on v considered in Theorem 1.4. We
begin by recalling the definition of Caccioppoli partition.

Definition 1.3. Let G C R""! be a set of finite perimeter, and let {G},}xer be an at
most countable Borel partition of G modulo H"~!. (That is, I is a finite or countable set
with #1 > 2, G =gn-1 Upe; Gn, H"H(Gp) > 0 for every h € I and H" (G N Gy) =0
for every h,k € I, h # k.) We say that {Gp}res is a Caccioppoli partition of G, if
>_her P(Gh) < oo

Remark 1.18. When G is an open set and {G}, }rer is an at most countable Borel partition
of G modulo H" ™1, then, according to [AFP00, Definition 4.16], {G}, }nes is a Caccioppoli
partition of G if ), ; P(Gy;G) < oo. Of course, if we assume in addition that G is
of finite perimeter, then », ; P(Gy;G) < oo is equivalent to ), ; P(Gy) < oo. Thus
Definition 1.3 and [AFP00, Definition 4.16] agree in their common domain of applicability
(that is, on open sets of finite perimeter).

Definition 1.4. Let v € BV(R""1;[0,00)), and let {Gh}ner be an at most countable
Borel partition of {v > 0}. We say that {G}, }ner is a v-admissible partition of {v > 0}, if
{GLNBrN{v > d}}ner is a Caccioppoli partition of {v > §} N By, for every § > 0 such
that {v > d} is of finite perimeter and for every R > 0.

Definition 1.5. One says that v € BV(R""1;[0,00)) satisfies the mismatched stairway
property if the following holds: If {Gp}rer is a v-admissible partition of {v > 0} and if
{cn}ner C R is a sequence with ¢j, # ¢ whenever h # k, then there exist hg, ko € I with
ho # ko, and a Borel set ¥ with

¥ C G, NO°Gr, N {0 >0},  H"3(X) >0, (1.30)

such that
[v](2) < 2|chy — Chyl Vz e X. (1.31)

Remark 1.19. The terminology adopted here would like to suggest the following idea.
One considers a v-admissible partition {G}, }ner of {v > 0} such that {v > 0}V, c; °Gy,
is contained into {v"* = 0}US,. Next, one modifies F'[v] by performing vertical translations
cp, above each Gy, thus constructing a new set E having a “stairway-like” barycenter. This
new set will have the same perimeter of F[v], and thus will violate rigidity if # 1 > 2,
provided all the steps of the stairway match the jumps of v, in the sense that 2[bg| =
2len, — ck] < [v] on each 9°Gy N 3°Gy N {v" > 0}. Thus, when all equality cases are
stairway-like, we expect rigidity to be equivalent to asking that every such stairway has
at least one step that is mismatched with respect to [v].

Remark 1.20. If v € BV(R"1;[0,00)) has the mismatched stairway property, then, for
every € > 0, {v" = 0} U {[v] > €} does not essentially disconnect {v > 0}. In particular,
{v" = 0} does not essentially disconnect {v > 0}, {v > 0} is essentially connected, and
although it may still happen that {v" = 0} U S, essentially disconnects {v > 0}, in this
case one has
H" 2essinf [v] = 0.
S,N{vA >0}

We prove the claim arguing by contradiction. If {v" = 0}U{[v] > €} essentially disconnects
{v > 0}, then there exist ¢ > 0 and a non-trivial Borel partition {G4,G_} of {v > 0}
modulo H"~! such that {v > 0}() N9°G, NI°G_ Cyn—2 {v" =0} U{[v] > }. Since (2.9)
below implies {v" > 0} C {v > 0}(}), then we have

{0 >0} NO°G4 NI°G_ Cyn—2 {[v] > €}, (1.32)
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so that, for every § > 0,
{fv>61 NG, ={v>0tMNGL NG Cyn2 {[v] > ¢} (1.33)

If we set G5 = G+ N {v > &}, then 8°Gys C 0°{v > 6} U ({v > 5}V N 9°GL), and,
by (1.33), 0°Gis Cyn—2 0°{v > 6} U {[v] > €}. Since [v] € LY (H"2.S,), we find
H"2({[v] > t}) < oo for every t > 0, and, in particular

P(Gys)+ P(G_s) <2P({v > 0}) + 2H" 2({[v] > £}) < o0,

whenever {v > ¢} is of finite perimeter. This shows that {G4,G_} is a v-admissible
partition. If we now set I = {4, —}, c; =¢/2, and c_ =0, then I, {Gp}rer, and {cp}ner
are admissible in the mismatched stairway property. By the mismatched stairway property,
there exists a Borel set ¥ C {v" > 0} N 9°G4 NI°G_ such that [v] < 2|c; —c_|=con X
and H""2(X) > 0, a contradiction to (1.32).

It turns out that if v is a SBV-function with locally finite jump set, then rigidity is
characterized by the mismatched stairway property.

Theorem 1.9. If v € SBV(R"}[0,00)), H* 1({v > 0}) < oo, and S, N {v" > 0} is
locally H™2-finite, then the following two statements are equivalent:
(i) if B € M(v), then H"(EA(ten, + F[v])) =0 for some t € R;

(ii) v has the mismatched stairway property.

Remark 1.21. Is it important to observe that, in order to characterize rigidity, only v-
admissible partitions of {v > 0} have to be considered in the definition of mismatched
stairway property. Indeed, let n = 2 and set v = 1 1) € SBV(R;[0,00)), so that rigidity
holds true for v. Let now {Gp}ren be the family of open intervals used to define the
middle-third Cantor set K, so that K = [0,1] \ U,y Gr- Notice that {Gplren is a
non-trivial countable Borel partition of {v > 0} = (0,1) modulo H!'. However, since
9°Gp, N 0°Gy, = 0 whenever h # k, it is not possible to find a set 3 satisfying (1.30)
whatever the choice of {¢j}reny we make. In particular, if we would not restrict the
partitions in Definition 1.5 to v-admissible partitions, then this particular v (satisfying
rigidity) would not have the mismatched stairway property. Notice of course that, in this
example, >, . P(G, N {v > §} N Br) = oo for every §, R > 0.

The question for a geometric characterization of rigidity when v € BV is thus left
open. The considerable complexity of the mismatched stairway property may be seen as
a negative indication about the tractability of this problem. In the planar case, due to
the trivial topology of the real line, these difficulties can be overcome, and we obtain the
following complete result.

Theorem 1.10. If v € BV (R;[0,00)) and H'({v > 0}) < oo, then, equivalently,
(i) if E € M(v), then H*(EA(tes + F[v])) = 0 for some t € R;
(ii) {v > 0} is H'-equivalent to a bounded open interval (a,b), v € Whti(a,b), and
v >0 on (a,b);
(iii) F[v] is an indecomposable set that has no vertical boundary above {v" > 0}, i.e.

! ({x € 0"F[] : qupg(z) = 0,v" (pz) > o}) ~0. (1.34)

We close this introduction by mentioning that the extension of our results to the case
of the localized Steiner’s inequality is discussed in appendix A. In particular, we shall
explain how to derive Theorem B from Theorem 1.3 via an approximation argument.
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2. NOTIONS FROM GEOMETRIC MEASURE THEORY

We gather here some notions from Geometric Measure Theory needed in the sequel,
referring to [AFP00, Mag12] for further details. We start by reviewing our general notation
in R™. We denote by B(z,r) the open Euclidean ball of radius » > 0 and center x € R™.
Given z € R" and v € S"~! we denote by H;, and H,, the complementary half-spaces

Hf, = {yER”:(yfx)-yzO}, (2.1)

H,, = {yER”:(y—x)-VgO}.

Finally, we decompose R™ as the product R*~! x R, and denote by p : R® — R"~! and
q : R® — R the corresponding horizontal and vertical projections, so that

r = (pr,qz) = (2, 2,), v =(x1,...,00_1), Vz € R",

and define the vertical cylinder of center x € R™ and radius » > 0, and the (n — 1)-
dimensional ball in R?~! of center 2 € R"~! and radius r > 0, by setting, respectively,

Cor = {yGR":!px—py|<r,!qx—qy|<r},
D,, = {weR”_lzlw—z]<r}.

In this way, Cz, = Dpgr X (qz — r,qz + 7). We shall use the following two notions
of convergence for Lebesgue measurable subsets of R”. Given Lebesgue measurable sets
{En}ren and E in R", we shall say that E}, locally converge to F, and write

1
E, S E, as h — oo,

provided H"((ERbAE)NK) — 0 as h — oo for every compact set K C R™; we say that Ej,
converge to F as h — oo, and write E, — E, provided H"(ER,AFE) — 0 as h — oc.

2.1. Density points and approximate limits. If F is a Lebesgue measurable set in
R™ and z € R”, then we define the upper and lower n-dimensional densities of E at x as
"ENB "ENB
0*(E,z) = limsup " (z,7)) , 0.(E,z) = liminf " (z,7))

r—0+ Wy T r—0+ Wy, ™

i

respectively. In this way we define two Borel functions on R"”, that agree a.e. on R™. In
particular, the n-dimensional density of £ at x

0(E,z) = lim H"(E N B(x,r))

r—0+ wp Tt

)

is defined for a.e. = € R"™, and O(E,-) is a Borel function on R™ (up to extending it
by a constant value on the H"-negligible set {6*(E,-) > 0.(E,-)}). Correspondingly, for
t € [0,1], we define

E® = {x cR": (B, 1) = t} . (2.2)

By the Lebesgue differentiation theorem, {E(O),E(l)} is a partition of R™ up to a H"-
negligible set. It is useful to keep in mind that

loc

rec EW if and only if E,, = R" asr—0",
0

)

loc

ze B if and only if E,,—

)

asr — 01,
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where E, . denotes the blow-up of E at = at scale r, defined as

E—=x —x
Ea:,r: :{y
T r

The set 9°E = R"\ (E® U EW) is called the essential boundary of E. Thus, in general,
we only have H"(0°F) = 0, but we do not know 9°E to be “(n — 1)-dimensional” in any
sense. Strictly related to the notion of density is that of approximate upper and lower
limits of a measurable function. Given a Lebesgue measurable function f : R® — R we
define the (weak) approximate upper and lower limits of f at € R™ as

) = inf{teR:G({f>t},x):0}:inf{teR:G({f<t},:c):1},
) = Sup{tGR:H({f<t},x):0}:sup{tER:H({f>t},x):1}.

As it turns out, fV and f are Borel functions with values on R U {400} defined at every
point x of R™ and they do not depend on the Lebesgue representative chosen for the
function f. Moreover, for H"-a.e. z € R™, we have that fV(x) = f"(z) € RU {£oc}, so
that the approzimate discontinuity set of f, Sy = {f" < fV}, satisfies H"(Sf) = 0. On
noticing that, even if f* and f" may take infinite values on Sy, the difference fY(z)— f"(z)
is always well defined in R U {fo0} for # € Sy, we define the approzimate jump of f as
the Borel function [f] : R™ — [0, oo] defined by

_ ] @)= @), ifae Sy,
[f](x){m if z € R"\ Sy
so that Sy = {[f] > 0}. Finally, the approzimate average of f is the Borel function
f:R" - RU{+oo} defined as
f(.’L‘) _ 710\/(:0);]”\(:6) s if T € R™ \ {f/\ = =00, f\/ = +OO} y
0, if v e {f"=—o0,fY=+oc0}.

The motivation behind definition (2.3) is that (in step two of the proof of Theorem 3.1)
we want the limit relation

:yeE}, reR",r>0.

(2.3)

Flo) = Jim mar(f)(a) = tim 22U Fl)

, Vo e R", (2.4)

to hold true for every Lebesgue measurable function f : R™ — R, where here and in the
rest of the paper we set

T:m(s) = max{—M,min{M, s}}, s € RU{£o0}. (2.5)
The validity of (2.4) is easily checked by noticing that

(P =), (DY =), ) = 2D g )

With these definitions at hand, we notice the validity of the following properties, which
follow easily from the above definitions, and hold true for every Lebesgue measurable
f:R" — R and for every t € R:

{IfIY <t} ={-t< fyn{f <t}, (2.7)
{fY<tyc{f<tyW c{f <}, (2.8)
{(fr>ttc{f>t3W c{f*>1t. (2.9)

(Note that all the inclusions may be strict, that we also have {f < t}(V) = {fV < ¢}, and
that all the other analogous relations hold true.) Moreover, if f,g: R™ — R are Lebesgue
measurable functions and f = g H™-a.e. on a Borel set E, then

fa)=g"(@), f2)=¢"@), [fl2)=[gl), VeeBD. (2.10)
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If f:R™ — Rand A C R” are Lebesgue measurable, and x € R is such that 8*(A, z) > 0,
then we say that ¢ € RU {£oo} is the approzimate limit of f at x with respect to A, and
write t = aplim(f, A, x), if

9({]f—t\>5}ﬂA;x>:O, Ve > 0, (teR),
9({f<M}mA;a:):0, VM >0, (t=-+00),
9({f>—M}mA;x):o, VM >0, (t=-00).

We say that x € Sy is a jump point of f if there exists v € S™~1 such that

f\/(gj) :aphm(fv H;:yaqj)v f/\(SC) :aphm(f7Hx_,y7x)
If this is the case we set v = v¢(x), the approximate jump direction of f at x. We denote
by Jy the set of approximate jump points of f, so that J; C Sy; moreover, vy : J; — g1

is a Borel function. It will be particularly useful to keep in mind the following proposition;
see [CCDPM13, Proposition 2.2] for a proof.

Proposition 2.1. We have that x € Jy if and only if for every T € (f"(x), f¥(x)),

loc

{f>1}er —

Finally, if f: R®™ — R is Lebesgue measurable, then we say f is approximately differen-
tiable at « € S§ provided f"(z) = f¥(z) € R and there exists £ € R" such that

loc

Hi,, {f<tler = Hy,, asr—0". (2.11)

aplim(g,R",z) =0,

where g(y) = (f(y)— f(z) —€-(y—x))/|ly — 2| for y € R™\ {x}. If this is the case, then £ is
uniquely determined, we set £ = V f(x), and call V f(x) the approzimate differential of f at
x. The localization property (2.10) holds true also for approximate differentials: precisely,
if f,g : R®™ — R are Lebesgue measurable functions, f = g H™-a.e. on a Borel set F,
and f is approximately differentiable H"-a.e. on F, then g is approximately differentiable
H™-a.e. on E too, with

Vf(x)=Vg(z), for H"-a.e. v € E. (2.12)

2.2. Rectifiable sets and functions of bounded variation. Let 1 < k <n, ke N. A
Borel set M C R™ is countably H*-rectifiable if there exist Lipschitz functions f;, : R¥ — R”
(h € N) such that M Cyr Upey fo(RF). We further say that M is locally H"-rectifiable
if H¥(M N K) < oo for every compact set K C R™, or, equivalently, if #*_M is a Radon
measure on R™. Hence, for a locally H*-rectifiable set M in R™ the following definition
is well-posed: we say that M has a k-dimensional subspace L of R" as its approzimate
tangent plane at x* € R", L = T, M, if H* (M — z)/r — H*_L as r — 0% weakly-star
in the sense of Radon measures. It turns out that T, M exists and is uniquely defined at
HFE-a.e. x € M. Moreover, given two locally H*-rectifiable sets M; and M, in R™, we have
T, My = T, M, for H*-a.e. z € My N M.

A Lebesgue measurable set £ C R" is said of locally finite perimeterin R™ if there exists
a R™-valued Radon measure ug, called the Gauss—Green measure of E, such that

/ Vo(x)dx = / o(z)dug(z), Vo € CHR™).
E Rn

The relative perimeter of £ in A C R” is then defined by setting P(E;A) = |ugr|(A),

while P(E) = P(E;R") is the perimeter of E. The reduced boundary of E is the set 0*FE
of those z € R" such that

. be(B(r,r)) : 4

vp(r) = lim ————=~ exists and belongs to S~ .

2= I8 Tupl(B,m)) :

16



The Borel function vg : 0*E — S™ 1 is called the measure-theoretic outer unit normal to
E. Tt turns out that *F is a locally H" l-rectifiable set in R™ [Mag12, Corollary 16.1],
that pp = v H" 'LO*E, and that

/ Vo(z)de = / o(x)ve(z) dH" (), Yo € CHR™).

In particular, P(E; A) = H" (AN J*E) for every Borel set A C R". We say that 2 € R"
is a jump point of E, 1f there exists v € S"~! such that

E., S Hf,, asr—0tf, (2.13)
and we denote by 07 F the set of jump points of E. Notice that we always have 07 F C
E(/2) ¢ 9°E. In fact, if E is a set of locally finite perimeter and z € 9*F, then (2.13)
holds true with v = —vg(z), so that 0*E C 87 E. Summarizing, if E is a set of locally
finite perimeter, we have

OEcCd'Ec EYV?CHE, (2.14)
and, moreover, by Federer’s theorem [AFP00, Theorem 3.61], [Magl2, Theorem 16.2],
HLOE\O*E) =0

so that 9°F is locally H" !-rectifiable in R™. We shall need at several occasions to use
the following very fine criterion for finite perimeter, known as Federer’s criterion [Fed69,
4.5.11] (see also [EG92, Theorem 1, section 5.11]): if E is a Lebesgue measurable set in
R” such that 9°F is locally H" !-finite, then E is a set of locally finite perimeter.

Given a Lebesgue measurable function f : R” — R and an open set {2 C R™ we define
the total variation of f in € as

|Df|(Q):sup{/Q Fx)div T(z)dz : T € CLQRY), |T| < 1}.

We say that f € BV(Q) if [Df|(Q) < co and f € LY(Q), and that f € BV,.(Q) if
f € BV () for every open set ' compactly contained in Q. If f € BV,.(R™) then the
distributional derivative Df of f is an R™-valued Radon measure. Notice in particular
that E is a set of locally finite perimeter if and only if 15 € BVj,.(R™), and that in this
case up = —D1pg. Sets of finite perimeter and functions of bounded variation are related
by the fact that, if f € BVj,.(R"™), then, for a.e. t € R, {f > t} is a set of finite perimeter,
and the coarea formula,

/ P({f > t}:G)dt = |Df|(G), (2.15)

holds true (as an identity in [0,00]) for every Borel set G C R™. If f € BVj,(R"),
then the Radon—Nykodim decomposition of D f with respect to H"™ is denoted by Df =
Def+ D?f, where D® f and H" are mutually singular, and where D®f < H"™. The density
of D%f with respect to H" is by convention denoted as V f, so that V f € L'(Q; R") with
Def = VfdH". Moreover, for a.e. x € R", Vf(x) is the approximate differential of f
at x. If f € BVj,(R"), then Sy is countably H" ™ !-rectifiable, with H"~1(Sy \ J;) = 0,
[f] € L, (H" ' J;), and the R"-valued Radon measure D’ f defined as
Dif=[flugdH" 'y,

is called the jump part of Df. Since D*f and DJf are mutually singular, by setting
D¢f = DSf — DI f we come to the canonical decomposition of Df into the sum D®f +
Dif 4+ D¢f. The R™valued Radon measure D¢f is called the Cantorian part of Df. It
has the distinctive property that |D°f|(M) = 0 if M is o-finite with respect to H" 1. We

shall often need to use (in combination with (2.10) and (2.12)) the following localization
property of Cantorian derivatives.
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Lemma 2.2. Ifv € BV(R"), then |D|({v" = 0}) = 0. In particular, if f,g € BV (R")
and f = g H"-a.e. on a Borel set E, then D¢ f_E®) = Deg. EM),

Proof. Step one: Let v € BV(R™), and let K C S§ be a concentration set for D that is
‘H"-negligible. By the coarea formula,

|D|({v" =0}) = [D%|(K N {v" =0}) = |Dv|[(KN{v" =0}
- / WK N {0 =0} N9 v > t))dt
R

(by v =v" on S5) = /H”_2(Kﬁ{5=0}ﬂa*{v>t})dt=0.
R

where in the last identity we have noticed that {v =0} Nd*{v >t} NSS=0if ¢t # 0.

Step two: Let f,g € BV(R™) with f = g H"-a.e. on a Borel set E. Let v = f — g so that
v € BV(R"). Since v = 0 on E we easily see that E()) ¢ {t = 0}. Thus |D|(EM) =0

by step one. O
Lemma 2.3. If f,g € BV(R"), E is a set of finite perimeter, and f = 1g g, then

Vf=1gVyg, H"-a.e. on R™, (2.16)

D¢f = D°q . EW | (2.17)

S;nEY =8,nEW. (2.18)

Proof. Since f = g on E by (2.12) we find that Vf = Vg H"-a.e. on F; since f = 0
on R™\ E, again by (2.12) we find that Vf = 0 H"-a.e. on R" \ Ej; this proves (2.16).
For the same reasons, but this time exploiting Lemma 2.2 in place of (2.12), we see that
DefLEM = Deégi EM and that DCfL(R™\ E)Y = D¢fLEO) = 0; since 9°F is locally
H" 2rectifiable, and thus | D f|-negligible, we come to prove (2.17). Finally, (2.18) is an
immediate consequence of (2.10). O

Given a Lebesgue measurable function f : R” — R we say that f is a function of
generalized bounded variation on R™, f € GBV(R"), if ¢ o f € BVj,(R") for every
Y € CYR) with ¢/ € CY(R), or, equivalently, if 7/(f) € BVjoe(R") for every M > 0,
where )y was defined in (2.5). Notice that, if f € GBV(R"), then we do not even ask
that f € L%OC(R"), so that the distributional derivative Df of f may even fail to be
defined. Nevertheless, the structure theory of BV -functions holds true for G BV -functions
too. Indeed, if f € GBV(R™), then, see [AFP00, Theorem 4.34], {f > t} is a set of finite
perimeter for a.e. t € R, f is approximately differentiable H"-a.e. on R", Sy is countably
H" Lrectifiable and H"-equivalent to J, and the coarea formula (2.15) takes the form

/P({f>t};G)dt:/ |Vf|dH"+/ FlaH" L + | DfI(G) | (2.19)
R G GnS;

for every Borel set G C R™, where | D¢ f| denotes the Borel measure on R™ defined as the
least upper bound of the Radon measures |D°(7/(f))]; and, in fact,

[DFI(G) = lim [ D(rar(£))I(G) = sup [D(1ar (f)IG) (2.20)
o0 M>0
whenever G is a Borel set in R"; see [AFP00, Definition 4.33].

3. CHARACTERIZATION OF EQUALITY CASES AND BARYCENTER FUNCTIONS

We now prove the results presented in section 1.4. In section 3.1, Theorem 3.1, we
obtain a formula for the perimeter of a set whose sections are segments, which is then
applied in section 3.2 to study barycenter functions of such sets, and prove Theorem 1.1.
Sections 3.3 and 3.4 contain the proof of Theorem 1.2 concerning the characterization of
equality cases in terms of barycenter functions, while Theorem 1.4 is proved in section 3.5.
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3.1. Sets with segments as sections. Given u : R"™! — R U {+o0}, let us denote by
Yu={z €R":qr>u(px)} and X% = {z € R" : qz < u(pz)}, respectively, the epigraph
and the subgraph of u. As proved in [CCDPM13, Proposition 3.1], ¥, is a set of locally
finite perimeter if and only if 75/ (u) € BVjo(R" 1) for every M > 0. (Note that this does
not mean that u € GBV (R"™1), as here u takes values in RU{#00}.) Moreover, it is well
known that if u € BVj,.(R"!), then, for every Borel set G C R"~!, the identity

P(EU;GxR):/G\/l—|—|Vu|2dH”_1~|—/G ] dHY2 4 [ D)(G), (3.1)

NSy

holds true in [0, col; see [GMS98b, Chapter 4, Section 1.5 and 2.4]. In the study of equality
cases for Steiner’s inequality, thanks to Theorem A, we are concerned with sets E of the
form E = ¥, N X"2 corresponding to Lebesgue measurable functions u; and wug such that
u1 < up on R 1. A characterization of those pairs of functions w;, us corresponding to
sets F of finite perimeter and volume is presented in Proposition 3.2. In Theorem 3.1, we
provide instead a formula for the perimeter of F in terms of u; and ue in the case that
u1,uz € GBV(R"1), that is analogous to (3.1).

Theorem 3.1. If uj,uy € GBV(R" 1) with uy < ug, and E = ¥, N X% has finite
volume, then E is a set of locally finite perimeter and, for every Borel set G C R,

P(E;G xR) = / V14 |[Vu [2dH ™ + / V14 |Vug2dH™
Gﬂ{ul<UQ}

Gﬂ{u1<UQ}
+|Dcu1|(G N {a < zzg}) + |Dcu2|<Gﬂ (o < aQ})
n / min {2@“2 — ), ] + [uQ}} a2, (3.2)
GN(SuyUSuy)
where this identity holds true in [0,00], and with the convention that us — w3 = 0 when
Uy = Ul = +00.

If B = 3,,NX"? is of locally finite perimeter, then it is not necessarily true that u; ,us €
GBV(R"1). The regularity of u; and us is, in fact, quite minimal, and completely
degenerates as we approach the set where u; and us coincide.

Proposition 3.2. Let u,up : R» 1 = R be Lebesgue measurable functions with u; < us
on R"™L. Then E = %, N X% is of finite perimeter with 0 < |E| < oo if and only if
v=wuz—u; € BV(R" 1), v#£0, H" 1({v > 0}) < oo, {ua >t > w1} is of finite perimeter
for a.e. t € R, and f € LY(R) for f(t) = P({uz >t > u1}), t € R. In both cases,

!/waw>mDﬁSP@%
R

|Do|(R"™) < P(F[v]),

/Hn—l({v > 0}) S P(FZ[UD
Moreover, see Figure 3.1,
(0°E): C [uf(2),u] ()] U [ug (2),u3(2)],  VzeR"H, (3.3)

and
(S U S ) \ ({3 = '} 0 {3 =i }) (3.4)
is countably H"~2-rectifiable, with {v¥ =0} C {uy = uY} N {ud = u)}.

Proof. We first notice that, if we set E(t) = {z € R"! : (2,t) € E}, then we have
E(t) = {u1 <t < ug} for every ¢t € R, and that, by Fubini’s theorem, E has finite volume
if and only if v € L'(R™1); in both cases |E| = [gn_1 v.
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FIGURE 3.1. Inclusion (3.3).

Step one: Let us assume that E has finite perimeter with 0 < |E| < co. As noticed,
we have v € LY(R"1). By Steiner’s inequality, F[v] has finite perimeter. By [Magl2,
Proposition 19.22], since |F[v] N {z, > 0}| = [pn_1v/2 = |E|/2 > 0, we have that

P(F[v])
2

> P(F[v]; {z, > 0}) > H" Y(F]Y n{z, =0}) =H" ' ({v > 0}).
If T € CHR" ;R 1) with supgn-1 [T| < 1, and we set S € C}H(R™;R") as S(z) =
(T'(px),0), then by Fubini’s theorem and Steiner’s inequality we find that

/ v(z)div' T(2)dz = / div S < P(F[v]) < P(E).
]Rn—l

F[v]

Hence, v € BV (R"™1), with |Dv|(R*™1) < P(F[v]). If w, € CLR") with w, — 1g in
LY(R™) and |Dwy|(R") — P(E) as h — oo, then wy(-,t) = 1) in LY(R"!) for a.e.
t € R, and, correspondingly

h—oo Jrn-1 h—oo Jrn-1 Rn—1

/ div'T = lim wpdiv'T = — lim T -Vwy, < hm |Vwp(z,t)]| dz.
E()

Hence, by Fatou’s lemma,

/ Sup{‘/ div'T‘ T e CHR™ LR | sup |T) < 1}dt < liminf/ |Vwp|
R E(t) R7

Rn—1 h—o0
= P(E),
so that E(t) is of finite perimeter for a.e. t € R, and [, P(E(t))dt < P(E), as required.
Step two: We have already noticed that |E| = [p._, v € (0,00). If ¢ € CL(R™), then

/ Onp = / o(z,u2(2)) — p(z,u1(2)) dz < 2 sup || H* 1 ({v > 0}).
E Rn—1 Rn

/ Ve = /dt/ V'p(z,t) dz—/dt/ (z,t) vE@) (2 2) dH"2(2)
E *
Sup le/

(spt )

If we set f(t) = P(E(t)), then we have just proved

| [ 94| < suplel (217 (0> 0 + 1)

so that F has finite perimeter.

IN

Step three: For every x € R™ and r > 0 we have
qz—+r

H'(ENCy,) = / H"_I(me« N{ur < s} N{ug > s})ds

qr—r
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If gz > uy (px), then given ¢ € (uy (pz),qz) and r < qz — ¢ we find that
H"(ENCyy) <2rH" H(Dpa,y N{ug >t}) =o(r™),
so that z € F(©). By a similar argument, we show that
{ZE eR":qr > ugv(px)} U {ZE eER":qr < uf(pa:)} c EO,
{x ER":uf(pz) < qr < ué\(paj)} c EW,
We thus conclude that, if z € 9°F, then u}(pz) < qr < uy (pz) and either qz < uY (pz)
or qr > ub (px).
Step four: Let I be a countable dense subset of R such that {u; < ¢ < wg} is of finite
perimeter for every ¢t € I. We claim that
{uh > ui}n Sy, | J0{ug >t > w1} (3.5)
tel
Indeed, if min{uf (z),uy(2)} >t > u(2), then
O({ug > t},2) =1, 0" ({ur <t},z) >0, 0.({uy <t},2) <1,

which implies 60*({u; < t < wug},z) > 0 and that 6,({u; < t < ug},z) < 1, and thus
(3.5). In particular, {uy) > u{} N S,, is countably H" 2rectifiable. By entirely similar
arguments, one checks that the sets {uy > uy}NSy,, S5 NSy, and Sy, NS, are included
in the set on the right-hand side of (3.5), and thus complete the proof of (3.4).

Step five: We prove that {v¥ =0} C {uy = u{} N {u2 = u7'}. Indeed from the general
fact that (f +¢)Y < fV+g", we obtain that 0 < uy —uy < (ug —u1)Y =vY. At the same
time, 0 < u) —up = (—u1)" — (—u2)¥ < (—ug +ug)¥ =v". O

Proof of Theorem 3.1. Step one: We first consider the case that uy,us € BVj,.(R"™!). By
[GMS98a, Section 4.1.5], ¥,,, and "2 are of locally finite perimeter, with

0"y, N (Szl X ]R) =qn-1 {9: e R" :uy(px) = qaz}, (3.6)

0" %, N (Sul X R) =qn—1 {ZE eER":uf(pr) < qr < u\{(px)} , (3.7)

and, by similar arguments, with

M A (se % ) —pr {z € R (po) <qx} (3.8)
=M (Su ) = {x e R": ) (pz) < qx} (3.9)
(zu2)D A (S ) i {x € R : Us(pa) > qx} (3.10)
(zu2)D) A (SW X R) - {x e R" : ul)(pz) > qx} : (3.11)

Let us now recall that, by [Magl2, Theorem 16.3], if F}, F» are sets of locally finite
perimeter, then

0% (Fy N ) =ppn1 (Fl(l) ma*F2> U (FQ(” ma*F1> U (a*m N Fyn {vp, = uFQ}) . (3.12)

moreover, if Fy C Fy, then vy, = vp, H" Lae. on O*Fy N O*Fy. Since u; < us implies
Yu; C Byy and X2 =R"\ Xy, so that uyx,, = —pzue, we thus find

vs,, = —Vsu, H Lae. on 0*%,, NO*LU2. (3.13)
By (3.12) and (3.13), since E = ¥,,, N "2 we find

O*E =3n-1 (a*zul N (zw)ﬂ)) U (a*zuz N (Eul)(”) .
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We now apply (3.6) to u; and (3.10) to ug to find
(a*zul N (zw)@) N ((s;l 8e.) % R)
- {(z, W (2) 2z € (8¢, NSC,), T (z) < aQ(z)} . (3.14)
We combine (3.7) applied to u; and (3.10) applied to ug to find
(a*zul N (zww)) N ((sul nSe.) x R)
i {(z,t) L2 € (Suy NSE) uf(z) <t < min{uy(z),az(z)}} . (3.15)
We combine (3.7) applied to u; and (3.11) applied to us to find
(a*zul N (zww) N ((sul N Su,) X R)
- {(z,t) L2 € (Suy N Suy),ul(z) < t < min{uy(z),ug(z)}} . (3.16)
We finally apply (3.6) to u; and (3.11) to uz to find
(6*Eul N (2“2)(1>> N <(S§1 N Sy,) X R)
- {(z, U(2)) 1 2 € (55,0 Suy) i (2) < ug(z)} . (3.17)
This gives, by (3.1),

T (a*zul N (=)D (G x ]R))

by (3.14) = / V14 |Vu [2dH" ™ + | Dy | (G N{u; < ﬁg})
Gﬂ{u1<u2}
by (3.15) and (3.16) +/ (min{u\{,ug\} - uf) dH" 2,
GNSu, +

where we have also taken into account that, as a consequence of (3.17), we simply have
-l ((a*zul N (zuz)m) N ((551 N Su,) X R)) ~0,
by [Fed69, 3.2.23]. Also, by symmetry,
T (a*zw N (Ze)V N (G % R))

_ / VIH Vsl di = + D (G 0 (T < 2}
Gﬂ{u1<u2}

+/ <u§/ - max{ué\,u\{}) dH" 2.
GNSu, +

In conclusion we have proved

P(E;G xR) = / (\/1 + | Vur |2 + /1 + |w2|2) dH" !
GN{ui1<uz}
4| DCuy| (G n{a < az}) + | DCus| (G N{a < az}) (3.18)

—l—/ (min{u\f,ué\} - uf) + (ug - max{ué\,u\{}) dH" 2.
GN(Suy USuy) + +
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We thus deduce (3.2) by means of (3.18) and thanks to the identity,

min {2(&2 — ), [ui] + [uQ]} = min {u\Q/ +ub — (u) +up),uy —ul +uy — ué\}
= ug—u{\—kmin{ué\—u}/,u\{—ué\}
= uy —uf +min{u), )} — max{ud,uy}
(min{u}/, uy} — u{\>+ + (ug — max{u@,uY})

This completes the proof of the theorem in the case that ui,us € BVj,.(R"1).

N .

Step two: We now address the general case. If uy,us € GBV (R" 1), then ¥,,, and X%2 are
sets of locally finite perimeter by [CCDPM13, Proposition 3.1], and thus E is of locally
finite perimeter. We now prove (3.2). To this end, since (3.2) is an identity between Borel
measures on R"~!, it suffices to consider the case that G is bounded. Given M > 0, let
Ev = %0 ) N »m(u2) - Since Tpu; € BVjoe(R™™ 1) for every M > 0, i = 1,2, by step
one we find that F)y/ is a set of locally finite perimeter, and that (3.2) holds true on Ej;
with 7p7(u1) and Tar(u2) in place of u; and ug. We are thus going to complete the proof
of the theorem by showing that,

P(E;GxR) = lim P(Ey;G xR), (3.19)

M—oo

/ V14 |Vy2dH"™t = lim L4 [V (ug)2dH Y, (3.20)
GN{ui<uz} M=00 JGn{rys (ur)<mar(uz)}

P

| D (G n{a < 172}) = lim D7 ()] (G A {rar(ur) < TM(UQ)}) (3.21)

and that
/ min {z(az — ), Jur] + [’LLQ]} dH" 2 (3.22)
GN(Suy USuy)
—  lim min {2({{@2) — (@), rar(un)] + [raa (2] a2

M=o GH(STM(M)USTM(UQ))

Let us set far(a,b) = mar(b) — 7ar(a) for a,b € RU {*£oo}. By (2.6), we can write the
right-hand side of (3.22) as [, ha dH" 2, where

hM = 1STM(u1)USTM(u2) ’Y(fM(u\l/’ug/)afM(ui\aué\)vfM(ui\vuY)’fM(ué\?u\Z/)> )

for a function v : Rx R xR xR — [0, 00) that is increasing in each of its arguments. Since,
for every a,b € RU {£o00} with a < b, the quantity fas(a,b) is increasing in M, with

0, ifa=b=+occora=5b=—c0,

A}grloofM(a,b) - { b—a, ifelse,

we see that {5 (4,)}m>0 is a monotone increasing family of sets whose union is Sy,
{har}ar>o is an increasing family of functions on R"~!, and that

]\/}iinoo hy = 1Su1USu2 min {Q(ﬁg —uy), [uﬂ + [UQ]} ,

where the convention that us — uy = 0 if us = u1 = +o0o was also taken into account; we
have thus completed the proof of (3.22). Similarly, on noticing that

e~ e~

{ar(ur) < mar(uz)} = {fur(uy,ug) + far(uf', up) > 0}
= {fu(uf,ug) >0} U{fu(ur,up) > 0},
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we see that {{7as(u1) < Tar(u2)}}ar=0 is a monotone increasing family of sets whose union
is {uy > uy} U {ud > uy}. Therefore, by definition of |Du;|, we find, for i = 1,2,

—_~—

Jim_ [Deryu (G N () < TM%)}) = D%y <G N ({ug > ui} U {ug > uﬁ))
- yDCuz-](Gﬁ (< ﬂ2}) ,

where in the last identity we have taken into account that S,, U S, is countably H" 2-
rectifiable, and thus |Du;|-negligible for ¢ = 1,2. This proves (3.21). Next, we notice
that

IV Tar (ui)| = 1w <ary [V, Hr1lae. on R* 1,
so that (3.20) follows again by monotone convergence. By (3.2) applied to Ej; this shows
in particular that the limit as M — oo of P(Ejs; G x R) exists in [0, oo]. Thus, in order to

prove (3.19) it suffices to show that P(E; G x R) is the limit of P(E)p,; G x R) as h — oo,
where { M}, }hen has been chosen in such a way that

lim ’H”_l(E(l) N {|zn| = Mh}> ~0, H”—l(aeE N {|zn| = Mh}) —0, VheN.
h—o0

(3.23)
(Notice that the choice of { M}, }ren is made possible by the fact that |E| < oo, and since
H"1L0°FE is a Radon measure.) Indeed, by Ey = E N {|x,| < M}, by (3.23), and by
[Mag12, Theorem 16.3], we have that

OBy, = ({\xn\ < My} 0 aEE) U ({\xny = My} N E<1>) . VheN,

so that, by the first identity in (3.23) we find P(E;G x R) = limy_,oc P(En,; G X R), as
required. This completes the proof of the theorem. O

In practice, we shall always apply Theorem 3.1 in situations where the sets under con-
sideration are described in terms of their barycenter and slice length functions.

Corollary 3.3. Ifv € (BV N L*®)(R"1;[0,00)), b € GBV(R™ 1Y), and

W = Wlv,b] = {x €R": |qz — b(pz)| < ”(12”) } , (3.24)

then up = b — (v/2) € GBV(R"™1), ug = b+ (v/2) € GBV(R™1), W is a set of locally
finite perimeter with finite volume, and for every Borel set G C R"™! we have

P(W;G x R) /GO{M}\/H‘V b+ ‘ \/1+‘V(b—;})‘2d’i-t”1 (3.25)

/Gm(s ) mln{v + " max{[] [b]}}d?'—[”f2
+‘Dc(b+%>‘<(}ﬂ{5>0})+’Dc(b—%)‘<(}ﬂ{5>0}),

where this identity holds true in [0, 0o].

Proof. 1t is easily seen that (BV NL*)+GBV C GBV. By Theorem 3.1, W = ¥, NX"2
is of locally finite perimeter, and P(W;G x R) can be computed by means of (3.2) for
every Borel set G C R"™1. We are thus left to prove that, H" 2-a.e. on S, U Sy,,

min {2(62 —uy), [ui] + [ug]} = min {vv +v”, max {[v], 2 [b]}} . (3.26)
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On Jy, N Jy, N {vy, = v, } we have that

% %
U] +u
b = 12 2 vvzmax{ug—u\{,ug—u{\},
A A
uy +u
=212 v = minJu uy, uh —up
9 ) 2 152 1(>
while on J,, N Jy, N {vy, = —vy, } we find
v A A v
Uy +ui uy +u
bv:max{ 22 L 22 1}, vV =uy —ul,
v A A v
. uy +uy ush +u
bA:mln{ 22 L 22 1}, v = —uy

so that (3.26) is proved through an elementary case by case argument on J,, N Jy,, and
thus, H" ?-a.e. on Sy, N Sy,. At the same time, on S,, N SS, we have

~ v
U2 + u ~
v 1 % A
b = 5 , v’ =ug —u,
~ A
U2 +u ~
A 1 A v
b = g v =ug —uy,

from which we easily deduce (3.26) on Sy, N SS ; by symmetry, we notice the validity of

u’

(3.26) on S5, N Sy,, and thus conclude the proof of the corollary. O

Corollary 3.4. Let v : R*! — [0,00) be Lebesgue measurable. Then, F[v] is of finite
perimeter and volume if and only if v € BV (R"71:[0,00)) and H" 1({v > 0}) < cc. In
this case, if F = F[v], then for every z € R"™' we have

(— ”A(z),“A(z)) c(FO), ¢ [_ vhz) ”A(Z)} , (3.27)

2 72 2 72
{t cR: ”Aéz) <t < Uvéz)} C (6°F), C {t cR: UA2(Z) <t < UVZ(Z) } (3.28)

while, for every Borel set G C R" 1,

2
P(F;G x R) :2/ 1+ )@ dH"—1+/ [o] dH™2 + | D%|(G).  (3.29)
GN{v>0} 2 G,

Proof. By Proposition 3.2 and the coarea formula (2.15), we see that F[v] is of finite
perimeter if and only if v € BV (R"71;[0,00)) and H" ! ({v > 0}) < co. By arguing as in
step three of the proof of Proposition 3.2, we easily prove (3.27) and (3.28). Finally, by
applying Theorem 3.1 to us = v/2 and u; = —v/2, we prove (3.29) with |D|(GN{v > 0})
in place of |D|(G). We conclude the proof of the corollary by Lemma 2.2. O

We close this section with the proof of Proposition 1.5.

Proof of Proposition 1.5. We want to prove that, if A € [0,1] \ {1/2} and

E = {x € R": —Ava(px) — v1(2px) <qx < vl(;)m) +(1-X) vz(px)} , (3.30)

then E € M(v) and H"(EA(te, + F[v])) > 0 for every t € R. By Corollary 3.4,

P(F[v]) = 2 / 1+ ‘V(%) ‘2 + | Do (R™). (3.31)

Rn—1
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At the same time, E' = W{v,b], where b = ((1/2) — A) va. Since D*v; = 0, D%y = 0, and
v + 0N > [v] = [ve] > 2[b] H" 2-a.e. on R™7L we easily find

V(b * g) = iV(%) ; H" lae. on R* 1,

min {vv + ", max {[v], 2 [b]}} = [vg], H"2a.e. on R*1
c B _ _ c c _ E — c
D<b+2)_(1 ) D%, D(b 2) AD%s .
Since Sy U .S, =yn-2 Sy,, we find P(E) = P(F[v]) by (3.31) and (3.25). At the same time,

H'(EA(ten + F[v])) :2/ (t— (1 —A)vg‘dH"_l, Vi ER,
{v>0} 2
so that H"(EA(te, + F[v])) > 0 as XA # 1/2 and vy is non-constant on {v > 0}. O

3.2. A fine analysis of the barycenter function. We now prove Theorem 1.1, stating
in particular that bg 11,~5 € GBV (R™ 1) whenever E is a v-distributed set of finite
perimeter and {v > ¢} is of finite perimeter. We first discuss some examples showing that
this is the optimal degree of regularity we can expect for the barycenter. (Let us also
recall that the regularity of barycenter functions in arbitrary codimension, but under “no
vertical boundaries” and “no vanishing sections” assumptions, was addressed in [BCF13,
Theorem 4.3].)

Remark 3.1. In the case n = 2, as it will be clear from the proof of Theorem 1.1,
conclusion (1.11) can be strengthened to 1f,55 bg € (BV N L>)(R"!). The localization
on {v > ¢} is necessary. Indeed, let us define E C R? as

=Y foess gy <oee b ] < ).

so that F has finite perimeter and volume, and has segments as sections. However,

bp(z) =Y (1" Ygyry-10-1y(2),  z€R,
heN
so that by € L*>(R)\ BV (R). We also notice that, in the case n > 3, the use of generalized
functions of bounded variation is necessary. For example, let E, C R? be such that

1 1
— 3.
Ea—|l{xGR.(h+1)2<|px|<h2,

1
qx—ha‘<§}, a>0.
heN

In this way, E, has always finite perimeter and volume, with v(z) = 1 if |2| < 1 and
Lo} (2) o (2) = b, (2) = > L2 -2y (|20 R, VzeR?,0<8 <1,
heN

In particular, 1;,55 bg, € L'(R?) \ BV(R?) and 1g,~q bg, € L},.(R?). Hence, with-
out truncation, 1,5} bp may either fail to be of bounded variation (even if it is locally
summable), or it may just fail to be locally summable.

Before entering into the proof of Theorem 1.1, we shall need to prove that the momentum
function mpg of a vertically bounded set F is of bounded variation; see Lemma 3.5 below.
Given F C R", we say that FE is vertically bounded (by M > 0) if

E Cyn {xeR":\qu<M}.
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Lemma 3.5. Ifv € BV(R"1;]0,00)) and E is a vertically bounded, v-distributed set of
finite perimeter, then mg € (BV N L*)(R"™1), where

mp(z) = / tdH'(t), Vz e R"L,

Proof. If E is vertically bounded by M > 0, then v € L*®(R"!), |mg| < Mw, and
mp € L®°(R""1). Moreover, mg € BV (R""!) as, for every ¢ € C}(R"™1),

[ meveant = [ Vpmnan @) = [ oor) qrprpls) i a)
R7— E o*E
< M sup |p| P(E). O
Rn—1

Proof of Theorem 1.1. Step one: Let us decompose z € R" ! as z = (21,2') € R x R* 2.
For every fixed 2/ € R* 72, f:R* ! - R, G C R*!, and E C R", we define

FR=R, f(a) = a2,
G ={z €R: (21,2) € G},
B ={(21,t) eR?: (21,2 ,t) € E}.
We now consider v and E as in the statement, and identify a set I C (0,1) such that
H1((0,1)\I) =0 and if § € I, then {v > &} is a set of finite perimeter. We now fix § € I,
and consider a set J C R"? (depending on §, and whose existence is a consequence of
Theorem C in section 4.4) such that H" 2(R"2\ J) = 0 and, for every 2’ € J, E¥ is a
set of finite perimeter in R? (hence, v* € BV (R)) and
{v>6} ={v* > 68}

is a set of finite perimeter in R. As we shall see in step three, for every 2’ € J,

‘D (TM(1{UZ,>5} ) ‘(R) < C(M, 5){13({@2’ >o0}) + P(E¥)}.

If we thus take into account that

<TM (1{v>6} bE)) =™ (1{vz’>a} bEz'> )

we thus conclude that

D{ (7a(Lgossy bE ) (R) dH" (<)
foea ()"

C(M, 5) /

Rn—2

IN

{P({vz/ > o)) + P(EZ’)} dH"2(2)

IN

C(M, ) {P({v > 0 + P(E)} :

where in the last step we have used [Magl2, Proposition 14.5]. We can repeat this argument
along each coordinate direction in R"~! and combine it with [AFP00, Remark 3.104] to
conclude that 77 (1g,55) be) € (BV N L®)(R"1), with

‘D(TM(1{U>5} bE)) ‘(R”_l) < O(M,9) {P({U > 6)) + p(E)} .

The proof of (1.11) will then be completed in the following two steps.

Step two: Let n = 2. We claim that P(E®) < oo implies v € L®(R), while P(E) < oo
implies by € L>®({v > o}) for every ¢ > 0. The first claim follows by Corollary 3.4:
indeed, P(E®) < oo implies v € BV (R), and thus, trivially, v € L>*(R). To prove the
second claim, let us recall from step two in the proof of [Magl2, Theorem 19.15] that if
a,b € R are such that a # b and

HED) +H(EM) <00, HY(EDNEY)=0, H'(0*EM)=n""EY)=0,
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then one has

H(EWD) + HYEM) < P(B; {a < 1 < b}). (3.32)
Should b, fail to be essentially bounded on {v > ¢} for some o > 0, then we may construct
a strictly increasing sequence {ap}rheny C R with o < ’Hl(E&)) < 00, Hl(O*E&)) =0, and
”Hl(E&) N EC(L}C)) = 0 if h # k. Correspondingly, by (3.32), we would get

20 < P(E;{an < x1 < apt1}), Vh e N,
and thus conclude that P(E) = 4o0.

Step three: Let v € BV (R), E be a v-distributed set of finite perimeter in R? such that
E, is a segment for H'-a.e. 2 € R, and let § > 0 be such that {v > §} is a set of finite
perimeter in R. According to step one, in order to complete the proof of (1.11) we are left
to show that, if M > 0, then

‘D (TM(L{M} bE)) ‘(]R{) < oM, 5){P({v > 6)) + P(E)} . (3.33)

By step two, v € L*°(R) and bg € L*°({v > ¢}). In particular, E is vertically bounded
above {v > ¢}, that is, there exists L(J) > 0 such that

E() = BN ({v> 8} xR) Cy {o ¢ R2 1 v(pz) > 6, [az| < L(6) } (3.34)
Let us now set vs = lg,4) v. Since {v > §} is of finite perimeter, we have
vs € (BV N L*®)(R), {vs >0} = {v > d}.

Concerning F(¢), we notice that, since {v > §} xR is of locally finite perimeter, then E(0)
is, at least, a vs-distributed set of locally finite perimeter such that F(d), is a segment for
H'-a.e. z € R. But in fact, (3.34) implies {|z,| > L(8)} € E(5)(, while at the same time
we have the inclusion

ES) C [aeE N ({v > 510 x R)} U [(ae{v > 6} x R) N (E<1> U aeE)] :
in particular, E(J) is of finite perimeter by Federer’s criterion, as
H'YO°E(6)) < P(E; {v > 6}M) x R) + 2 L(6) P({v > 6}).

We now notice that bps) = liyss br € L®(R), with P(E(6); {v > 6}(V) x R) < P(E);
hence, (3.33) follows by showing

D (7ar (b)) [(R) < COM, )] P({us > 0) + P(B(); {u5 > 0}V x R) },

for every M > 0. It is now convenient to reset notation.

Step four: As shown in step three, the proof of (1.11) is completed by showing that if
v € (BV N L*)(R) is such that, for some § > 0, {v > 0} = {v > 40} is a set of finite
perimeter in R, and E is a vertically bounded, v-distributed set of finite perimeter in R?
with bp € L>®(R), then, for every M > 0,

1D (rar (b)) [(R) < C(M,8){ P({v > 0}) + P(B; {v > 0}V x R) }. (3.35)

We start by noticing that, since E is vertically bounded, then by Lemma 3.5 we have
mg € (BV N L*®)(R). Moreover, if we set

w— Livsoy _ Livssy ’
v v
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then we have w € (BV N L*)(R), and thus by = wmpg € (BV N L*°)(R). We now notice
that, since {v = 0} C {ma(bg) = 0}, we have {v = 0}(V) C {rp;(bg) = 0}(V); at the same
time, a simple application of the co-area formula shows that

0 = D)l ({rae(b) = 0}V) = [D(rar (b))l ({0 = 0}V)
— ID(ru(be))] ({0 > 0}). (3.36)

Moreover, since {v > 0} is a set of finite perimeter, we know that 9°{v > 0} is a finite set,
so that

D e (90 > 0}) = [ (e (b)) dH° < 2M P({v > 0}),  (3.37)

STM(bE)ﬂae{U>O}

where we have noticed that [ry/(bg)] < 2M since |7 (bg)| < M on R*1. By (3.36) and
(3.37), in order to achieve (3.35), we are left to prove that

1D (rar (b)) (v > 0}) < C(a,6) (B3 {v > 0}V x R). (3.38)
y (2.9) and by {v > 0} = {v > 0} we have
{v" >0} c {v>0}1 = {v> 60 c {o">6} c {v >0},
that is {v > 0}(}) = {v/\ > 0} By applying Corollary 3.3 to G = {v > 0}(!) = {v" > 0},
P(E; {v> 0} x R) (3.39)

/{U>0}\/1—|— bE+ /2—|—\/1—|—‘<bE—;)/2

/ min {v —|—UA,maX{[v],2[bE}}}de0
{v>03MN(S,US ;)

+)Dc(bE+ >‘({v > 04N {7 > 0}) + DC(bE——>’({v > 04N {7 > 0}).

Since {v" =0} = {v = 0} U {v¥ > 0 = v} where {v¥ > 0 = v"} Cyo Jy, we find that
{v" =0} is | D¢ f|-equivalent to {v = 0} for every f € BVjo.(R""1): hence,

(DC(b + >‘({v >0}ﬂ{v>0}) ‘Dc<b + )‘({v >0}) (3.40)
By (3.39), (3.40), the triangular inequality, and as v > & on {v > 0}(V) = {v > §}(V),

PE:fv>01D xR) > 2/ Vgl dH +2 / min{s, [bs]} dH°
{v>0} {v>0}1NS,

dH?

+2|D%g|({v" > 0}). (3.41)
At the same time, by [AFP00, Theorem 3.99], for every M > 0 we have
[D(rar (b))l ({v > 0}) (3.42)

/ gl d#t" + Dbl ({15 < M} o> 0} )
{|bg|<M}N{v>0}

—|—/ min{ M, b};} — max{—M,bp}dH°.
Sy b <M IN{bY,>—M}N{v>0}D)

As it is easily seen by arguing on a case by case basis,
2M
min{M, by} — max{—M, b} < max {1 T} min{d, [bg]}, on S, - (3.43)
By combining (3.41), (3.42), and (3.43) we conclude the proof of (3.38), thus of step four.
The proof of (1.11) is now complete.
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Step five: Since {v > d} is of finite perimeter for a.e. § > 0, we find that, correspond-
ingly, bs = ly>5ybE € GBV(R™ 1) for a.e. § > 0. In particular, bs is approximately
differentiable at H" !-a.e. z € R"~!. Since bs = bg on {v > §}, by (2.12) it follows that

Vbg(r) = Vbs(x), H  Lae v € {v>d}. (3.44)

By considering 6, — 0 as h — oo with {v > &} of finite perimeter for every h € N, we
find that bg is approximately differentiable at H" !-a.e. 2 € {v > 0}. Since, trivially, bg
is approximately differentiable at every z € {v = 0}(1) with Vbg(z) = 0, we conclude that
bg is approximately differentiable at H" !-a.e. x € R"~!. By [AFP00, Theorem 4.34], for
every Borel G C R"! we have

/ H" (G N O {bs > t})dt = / |Vbs| dH™ ! —l—/ [bs] dH™ 2 + | Ds|(G). (3.45)
R G GNS,

Let us notice that, by (2.10), [bs] = [bg] on {v > 6}, and thus Sy, N {v > 5}V =
Sy, N {v > 6}V, By (3.44) and by applying (3.45) to G N {v > 6}V where G C R* ! is
a Borel set, we find

/ HH G N {v > 6}V No{bs > t})dt (3.46)

R

= / \Vbg|dH"™ + / [bg] dH" 2 + | D%s|(G N {v > 6}1).
GN{v>d} GnSbEm{u>6}(1)

Since Tarbs = 1gy>5y Tmbs, by applying Lemma 2.3 we find that, for every G' C R L

|D%;|(GN{v > 6}1) = lim | Drybs|(GN{v > Y1) = lim | Drasbs|(G) = | D°s|(G)..
M—o0 M—o00

(3.47)
At the same time, since {v > 6} N{bs >t} = {v > d} N{bp > t} for every t € R, we have

{v>61 N bs >t} = {v>6YNo{bg >t}, VteR,
and thus

/ H2(G N {v > 6} No{bs > t}) dt = / H'2(G N {v> 6V No{bg > t})dt.
R R

If we now set § = ¢y, into (3.46) and then let h — oo, then by
{v" >0} = | J{v >0}V, (3.48)
heN

(which follows by (2.9)), by (3.47), and thanks to the definition (1.13) of |D%g|T, we
find that (1.12) holds true for every Borel set G C {v" > 0}, as required. We have thus
completed the proof of Theorem 1.1. O

3.3. Characterization of equality cases, part one. In this section we prove the nec-
essary conditions for equality cases in Steiner’s inequality stated in Theorem 1.2. We
premise the following simple lemma to the proof.

Lemma 3.6. If u and v are R" '-valued Radon measures on R"~t, then
2[ul(G) < v+ pl(G) + v — pl(G), (3.49)

for every Borel set G C R"~Y. Moreover, equality holds in (3.49) for every bounded Borel
set G C R™"1 if and only if there exists a Borel function f : R"™1 — [—1,1] with

v(G) = / fdu, for every bounded Borel set G C R*1.
G
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Proof. The validity of (3.49) follows immediately from the fact that if G is a Borel set in
R™!, then |u|(G) is the supremum of the sums >°, . |#(Gh)| along partitions {G}, }ren of
G into bounded Borel sets. From the same fact, we immediately deduce that |v+ p|(G) =
lv — u|(G) = |v|(G) whenever |u|(G) = 0: therefore, if G is such that |u|(G) = 0 and
(3.49) holds as an equality, then |v|(G) = 0. In particular, if equality holds in (3.49) for
every bounded Borel set G C R"™! then |v| is absolutely continuous with respect to |u|.
By the Radon-Nykodim theorem we have that v = gd|u| for a |u|-measurable function
g: R — R as well as u = hd|ul, for a |u]-measurable function h : R*~1 — §n=2,
In particular v + p = (g & h) d|u|, and thus, since equality holds in (3.49),

2!ul(G)=|V+MI(G)+\V—M(G)=/G!g+h\dlu|+/0\g—h|d!u|,

for every Borel set G € R"™!, which gives
lg+h|+|h—g| =2=2h|, |pl-a.e. on R*71.
Thus, there exists A : R"~! — [0, 00) such that (h —g) = A (g + h) |p|-a.e. on R*! ie.
1—-A
— "%
L+

This proves that v = fdu where f = (1 —X)/(1+ A). By Borel regularity of |u|, we can
assume without loss of generality that f is Borel measurable. The proof is complete. [

g |pl-a.e. on RP7L.

Proof of Theorem 1.2, necessary conditions. Let E € M(v). By Theorem A, we have
that E, is H'-equivalent to a segment for H" l-a.e. z € R""! that is (1.15). As a
consequence, by Theorem 1.1, we have bs = 1¢,~4 bg € GBV (R"!) whenever {v > 6} is
of finite perimeter. Let us set

I = {(5 >0:{v >4} and {v < 0} are sets of finite perimeter} , (3.50)
Js = {M >0:{bs < M} and {bs > —M} are sets of finite perimeter} , (3.51)

and notice that H!((0,00) \ I) = 0 since v € BV(R"™!), and that H'((0,00) \ Js) = 0
for every § € I, as bs € GBV(R" 1) whenever § € I. By taking total variations in
(1.18), we find 2|D¢(Tarbs)|(G) < |D|(G) for every bounded Borel set G € R*~1. By
letting first M — oo (in Js) and then § — 0 (in I) we prove (1.19). Let us also notice
that (1.20) is an immediate corollary of (1.12) and (1.19), once (1.16), (1.17) have been
proved. Summarizing, these remarks show that we only need to prove the validity of
(1.16), (1.17), and (1.18) (for 6 € I and M € Js) in order to complete the proof of the
necessary conditions for equality cases. This is accomplished in various steps.

Step one: Let us fix 0, L € I and M € Js, and set
YSsom=1{0<v<L}n{jbp| <M} ={|bs] < M}Nn{6 <v <L},

so that X 7, s is a set of finite perimeter. Since Tprbs € (BV N L>)(R™™!) (see the end of
step one in the proof of Theorem 1.1), 1g;,, ,, € (BV N L>®)(R*™ '), and 7psbs = b5 = bp
on Xs 1, M, we have

bs.p.r = Ls;, . b € (BVNL®) (R,
We now claim that there exists a Borel function f5 1, : R"™1 — [=1/2,1/2] such that

Vbsm(z) =0, for H" L-ae. 2 € S5, (3.52)

Ds 1, v (G) = /G fs.o.md (D), for every bounded Borel set G C E((S,ll),,M (3.53)
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Indeed, let us set vsrn = s, ,, v. Since vsz ;b5 € (BV N L>®)(R" 1), we can
apply Corollary 3.3 to W = W vs 1. m, bs,1,m). Since Wivs rar, bs,o.m] = EN(Z50,m X R),
and thus

OCEN (S5 v X R) = "W vs Lar, bs.a) 0 (557 4, x R),

we find that, for every Borel set G C Z5LM \ (Svs.par YU Sbs poar)s

P(E;GxR) = Wvs s bs,0.m); G x R)
/ \/1 + ’V bs,L.m + UMM)‘ + \/1 + ‘V<b6,L,M - vé’%)‘%mn_l
et "4 - Y00 030
By Lemma 2.3 applied with vs  pr = 1x;, ,,v, we find that
Vospom = s, Vv, H* lae. on R* 1,
Dy = Dwsy) .
Sva,L,M N Zfs,lz,M = SuN Zfs,lz,M :

By (3.54), we thus find that

P(E;G xR) = /G\/1+‘V<bé,L,M+;})‘2+\/1+‘V(b5,L,M—;)‘2dH"1

v

+‘Dc<b57L,M + g) ‘(G) + ‘DC(bMM _ 2) ‘(G) , (3.55)

for every Borel set G C Z((;l%M \ (Sy U Sb(s’L,M). By Corollary 3.4, for every Borel set
G c R 1

2
P(F[u];G x R) = 2 / 1+ ‘@ a7+ [0] dH"% + [D%|(G).  (3.56)
a 2 GNS,

Taking into account that P(E;G x R) = P(F[v]; G x R) for every Borel set G C R""1,
we combine (3.55) and (3.56), together with the convexity of ¢ € R"™! s /1 + |¢|? and

(3.49), to find that, if G C ) 1, \ (S, U Sy, ), then

o= [ s e[ s = ) -2y [ e w50

0= ‘DC (bJ,L,M n g) (@) + )DC (deM - g) ‘(G) —1D%|(G). (3.58)

Since Egle \ (Sy U Spsp ) is H" T-equivalent to ¥z ar, by (3.57) and by the strict
convexity of & € R*~1 s /1 + [£]2, we come to prove (3.52). By applying Lemma 3.6 to
D¢y

9 v =D%;sr,mL (Zg,lz,M \ (S U Sbé,L,M)> = ch&LM'—Eg,l%,M )
we prove (3.53). This completes the proof of (3.52) and (3.53).

Step two: We prove (1.18). Let §,L € I and M € J5. Since b5 m = Iss 2 TMbs, by
Lemma 2.3 we have

'LL:

Ds 1n = DC(TMbJ)'—Efs,Iz,M :

We combine this fact with (3.53) to find a Borel function f5 s : R" ! — [-1/2,1/2] with

Derpbs(G) = / fs.m d (D), for every bounded Borel set G C Eglg M
G b bl
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As a consequence, the Radon measures D°7psbs and fs s Dv coincide on every bounded
Borel set contained into

U=Hy = Ulo>a®n{bel < M} n{v < 2}®
Lel Lel

= ({u > 63D A {[bg| < M}(1)> N v < 2}

Lel
= {v>8WYn{ppl < M}V N {vY < o},

where in the last identity we have used (2.8). Since H" 2({vY = oo}) = 0 by [Fed69,
4.5.9(3)], the set {v¥ = oo} is negligible with respect to both |D®rbs| and |D|. We
have thus proved that, for every bounded Borel set G C {v > 6} N {|bg| < M}V

D (rarbi)( / Fsr d(D%0) (3.59)

Since for every M’ > M and &' < § we have that 7arbs = Tapbs on {v > §} N{|bg| < M},
by Lemma 2.2 we obtain that

D(rarbs){v > 6}V N {|bg| < MYV = D(rppbs){v > 6}V N {|bg| < M},

and therefore (3.59) can be rewritten with a function f independent of M and d; thus,
D (arbs)( / fd (D) (3.60)

for every bounded Borel set G C {v > 6}V N{|bg| < M}Y. We next notice that, if § € I
and M € Jg, then

T bs = M Liponry — M Loy + Lpgl<anyngossyTaebs,  on R,

is an identity between BV functions. By [AFP00, Example 3.97] we thus find

Drabs = D (Lpgieanoqossy™ids) = Lgssicanngusapm DS (Tarbs)
= D°(rprbs) ({\55\ <MYV Ao > a0 ) (3.61)

Since by (3.61) the measure D¢()sbs) is concentrated on {v > 6} N {|bg| < M} we
deduce from (3.60) that for every bounded Borel set G ¢ R"~!

D*(rasbs)(G) = D*(rarbs) (G 1 {o > 83D 1 {Jbg] < M}D) = / fd (D),
Gn{v>6}N{|bg|<M}D)

which proves (1.18).

Step three: We prove (1.16). Let 6,L € I and M € Js. Since b5z v = bg on X5 1, a1, by
(3.52) and by (2.12) we find that Vbg = 0 H" '-a.e. on Ys,r,Mm- By taking a union first
on M € Js, and then on 6, L € I, we find that Vbg = 0 H" !-a.e. on {v > 0}. At the
same time by = 0 on {v = 0} by definition, and thus, again by (2.12), we have Vbg = 0
H" a.e. on {v = 0}. This completes the proof of (1.16).

Step four: We prove (1.17). We fix 6, L € I and define 35, = {d < v < L}, b5 =
Iy, be, and v = 1y, , v. Since X5 is a set of finite perimeter, it turns out that

bs € GBV(R™1), while, by construction, vs; € (BV N L*®)(R"!). We are in the
position to apply Corollary 3.3 to obtain a formula for the perimeter of Wvs 1, bs 1] relative

to cylinders G x R for Borel sets G ¢ R*™!. In particular, if G C Zglg N (Svs., U Shs 1)
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then
P(E;G xR) = P(Wlvsr,b5); G x R)

= /Gmin{v({L+v£L,maX{[v57L],2[b(;,L]}}dH"_Q.

Since, by (2.10), Eg}g N Sus.1

2557127 we have

P(E;GXR):/

G
whenever G C 255,11% N (Sy U Sy, ). Since P(E;G x R) = P(F[v]; G x R), by (3.56),

Eg% NS, with U(\{L =Y, U(/s\,L = v, and [vs] = [v] on

min {vv + 0", max { [v],2 [bs,] }} dH"™ 2,

min {vv +v”, max {[v], 2 [b(;’L]}} = [v], H" 2a.e. on (Sbs.p USy) N Eg}% .

Since v > ¢ on Eglz, we deduce that vV +v”" > [v] on Egl}j and thus the above condition
immediately implies that

2[bs,z] < [v], H" 2-a.e. on (S, US,) N Eglz.
In particular, Sy, , N Z((;lg Cyn-2 Sy, and we have proved
2[bs,z) < [v], H"%a.e. on Zglz.
By (2.10), [bs ] = [bg] on Egll)l. By taking the union of ZE;I}J on 6,L € I, and by taking
(2.8) and (2.9) into account, we thus find that
2[bg] < [v], H" 2a.e. on {v" >0} U{vY < oo}.

Since, as noticed above, {v¥ = oo} is H" 2-negligible, we have proved (1.17). O
3.4. Characterization of equality cases, part two. We now complete the proof of
Theorem 1.2, by showing that if a v-distributed set of finite perimeter E satisfies (1.15),

(1.16), (1.17), and (1.18), then E € M(v). The following proposition will play a crucial
role.

Proposition 3.7. Ifv € BV(R"1;[0,00)), K" *({v > 0}) < o0, and E is a v-distributed
set of finite perimeter with section as segments, then

P(E; {v" =0} x R) = P(F[v]; {v" =0} x R) = /{ - vV dH" 2. (3.62)

Remark 3.2. With Proposition 3.7 at hand, one can actually go back to Corollary 3.3 and
obtain a formula for P(E;G x R) in terms of v and bg whenever E is a v-distributed set
of finite perimeter with section as segments. Since such a formula may be of independent
interest, we have included its proof in Appendix B.

Proof of Proposition 3.7. Let I = {t > 0 : {v >t} and {v < t} is of finite perimeter}, so
that we have as usual H!((0,00) \ I) = 0. Since

/OO P({v>t})dt = /OO P({v < t})dt = |Dv|(R"!) < o0,
0 0

we can find two sequences {0p }ren, {Ln}then C I such that

lim 05, =0, lim 6, P({v > d,}) =0, (3.63)
h—o0 h—o0
lim Lj = oo, lim L, P({v< Lp})=0. (3.64)
h—o0 h—o0
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Let us set X, = {L;, > v > §,} and E, = EN(X, xR). Notice that Ej, is, trivially, a set of
locally finite perimeter. Since Ej, locally converges to E as h — oo, since P(Ep; EELO) xR) =
0, and since 0°Ej N (ES) x R) = 0°E N (221) x R) we have

P(E) < liminf P(E}) = liminf P(E; SV X R) + P(E,;0°%, x R). (3.65)
—00 —00
By (2.8) and (2.9),
: _ n—1
Jim 1221>(Z) = 1pprsopnfov<ca} (), V2 ER",

so that by dominated convergence and thanks to the fact that E has finite perimeter,
lim P(ExY xR) = P<E; ({vA >0)n v < oo}> x ]R) = P(E; {v" >0} xR).
—00

(In the last identity we have first used [Fed69, 4.5.9(3)] to infer that H"2({v" = o}) = 0,
and then [Fed69, 2.10.45] to conclude that H" *({vY = oo} x R) = 0.) Hence, by (3.65),

P(E;{v" =0} xR) < li,fnian(Eh; 0°% x R). (3.66)
—00

Since &y, Ly, € I, we have vy, = 1x, v € (BV N L®)(R" 1) and a;, = 1y, bp € GBV (R 1)
(indeed, ap = 1gy<r,1 bs, Where bs, = 1y, bE € GBV(R" 1) thanks to Theorem 1.1).
Since Ej, = W vy, ap] according to (3.24), we can apply (3.25) in Corollary 3.3 to G = 0°%),
to find that

P(Eh; (99211 X R) = /

min {v,\{ + o, max{[va], 2[ah]}} dH"2.  (3.67)
9°5,M(Sw, USa,)

(Notice that, since 9°%, is countably H" 2-rectifiable, we are only interested in the “jump”
contribution in (3.25).) Let us now set

K} =0, no%{v>8,}, K:=0,\0%v>d0,) Co{v<Ly}.
The key remark to exploit (3.67) is that, as one can check with standard arguments,
vy = vV > 6, > 0", vp =0, H"2-a.e. on K}, (3.68)
v > Ly >0 =), vy =0, H" 2.a.e. on Kﬁ . (3.69)
(For example, in order to prove (3.69), we argue as follows. First, we notice that we always
have v¥ > Lj, > v and v} = 0 on 9°{v < Ly,}. In particular, v = Lj, on S;N9°{v < Ly},
and this immediately implies vy = L, on S5 N d°{v < Lp}. Finally, by taking into
account that v, = 1y,v with £, C {v < L}, one checks that v = vy H" %a.e. on
Jy N 0*{v < Ly}.) By (3.68) and (3.69) we have
min{vy + v}, max{[vy], 2[an]}} = v", H" 2-a.e. on K}, (3.70)
min{v) + vj,, max{[vs], 2[an]}} = 0", H"2-a.e. on K7, (3.71)
so that, by (3.67), and since, again by (3.68), K} Cyn—2 S, , we find

P(Eh;anh X R) < /

oV dH" %+ / N dH T2 (3.72)
K

1 2
h Kh

By (3.69) and (3.64), we have

lim sup/ v dH™ 2 < limsup L, H" 2(K?) < limsup L, P({v < Ly}) = 0.  (3.73)
h—oo JK? h—o0 h—00
We are now going to prove that

lim vV dH" T = / vV dH" 2. (3.74)
ae{v>dn} {v"=0}

h—o0
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(This will be useful in the estimate of the right-hand side of (3.67) as K} C 8°{v > d05}.)
Since {v"* =0} N9°*{v > &} = {v" =0} NS, NI{v > 0} = {v" =0} N {[v] > o}, we
have that, monotonically as h — oo,

v v S -1
v’ Lpn—oynoefv>6,1 = UV Liwr=oins, ; pointwise on R" ™.

Hence,

lim oV dH" T = / v dH" T = / oV dH™ 2. (3.75)
h—=00 J{yA=0}nde{v>5,} {vA=0}NS, {vA=0}

We now claim that

lim vV dH"? = 0. (3.76)
h=o0 J{pr>0}nae{v>6,}

Indeed, since v¥ = v = &, on S;NO°{v > §,}, we find that
/ o AHPE < S H O 0 > 65)) = 6n P({o > 0n)),
Sen{vr>0}Noe{v>dy}
so that, by (3.63),

lim sup vV dH" 2

h—o0 /{U/\ >0}Noe{v>6dp }
oY dH"

= limsup/
h—oco JS,N{v">0}N8e{v>dp}

= limsup [v] 4+ v" dH" 2

h—o0 /Suﬂ{v/\>0}ﬂae{v>5h}

(by (3.68)) < limsup [v] dH" ™2 + 6, H"2(0%v > 61 })

h—o0 /Suﬂ{v/\>0}ﬁae{v>5h}

(by (3.63)) = limsup [v] dH™ 2. (3.77)

h—o0 /Suﬂ{v/\>0}ﬂae{v>5h}
Now, if z € {v" > 0}, then z € {v > §}() for every § < v"(z), so that,
Ls,n{vr>01noefv>s,) — 0, pointwise on R?~!

as h — oo. Since [v] € L'(H"2_S,), by dominated convergence we find

lim [v] dH"? =0. (3.78)
h—o0 J5,n{vr >0} {v>5,}

By combining (3.77) and (3.78), we prove (3.76). By (3.75) and (3.76), we deduce (3.74).
By K} c 0°{v > 6}, (3.72), (3.73), and (3.74), we deduce that

limsup P(Ep; 0°%, x R) < / vV dH 2.
{vr=0}

h—o0

By combining this last inequality with (3.66) we find
P(E; (" =0} xR) < / o a2
{vr=0}

= P(F[];{v" =0} xR) < P(E; {v" = 0} x R),

where the identity follows by (3.29), and the final inequality is, of course, (1.1). This
completes the proof of (3.62). O
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Remark 3.3. Let v € BV(R"1;]0,00)) with " 1({v > 0}) < oo, and let E be a v-
distributed set with segments as section. Then, FE is of finite perimeter if and only if
suppen P(Ep) < 0o, where

Eh:Eﬁ(EhXR), Zh:{Lh>U>(5h},
and {0p tren, {Ln then C (0,00) are such that
lim 6, =0, lim 6, P({v > d,}) =0,
h—o0 h—o0
lim Ly = o, lim Ly, P({v < Lp})=0.
h—o0 h—o0

The fact that P(E) < oo implies supj,cy P(ER) < oo is implicit in the proof of Proposition
3.7. Conversely, if {Ep}ren is defined as above, then Ej;, — E as h — oo, and thus
suppen P(Ep) < oo implies P(E) < oo by lower semicontinuity of perimeter.

Lemma 3.8. Ifv € (BVNL®)(R" 1), b: R"! — R is such that Ty € (BVNL®)(R"* 1)
for a.e. M >0, and p is a R"~'-valued Radon measure such that

N}im |p — Drprb|(G) =0, for every bounded Borel set G C R"~ 1, (3.79)
—00

then,

|D(b+v)|(G) < |pu+ D|(G), for every Borel set G C R L. (3.80)
Proof. Let us assume that [v| < L H" !-a.e. on R*"L. If f € BV(R"!), then

™ f= Ml{f>M} — Ml{f<,M} + 1{|f|<M}TMf € (BV N Loo)(Rnil) ,
for every M such that {f > M} and {f < —M} are of finite perimeter, and thus, by
[AFPO00, Example 3.97],
Dty f = DC<1{|f\<M}TMf) = 1 51ean D (ru f) = D(raa f)c{| | < MY ;
in particular,
[Drarf| = [DfIc{If| < MY < |Def|. (3.81)

From the equality 7a7 (7741 (b)+v) = Tas(b+v) and from (3.81) applied with f = 7p;41,(b)+
v it follows that, for every Borel set G C R~ !,

[D(7a1 (b + 0))(G) = [D(7aa (Tar+L(0) + 0))[(G) < [D(TarvL(b) +0)[(G) . (3.82)
By (3.79),
Tim [D(men(8) + 0)/(G) = [+ D(C).
We let M — oo in (3.82), and by definition of |D¢(b + v)| we obtain (3.80). O

Proof of Theorem 1.2, sufficient conditions. Let E be a v-distributed set of finite perime-
ter satisfying (1.15), (1.16), (1.17), and (1.18). Let I and J5 be defined as in (3.50) and
(3.51). If 6,5 € I and we set bs s = 1{5c0<s5y bE = 1{5<0v<s) bs, then, for every M € Js, we
have Tprbs € (BV N L®)(R™"!) (see the end of step one in the proof of Theorem 1.1), and
so we obtain that Tasbss € (BV N L) (R"!). Let us consider the R"~!-valued Radon
measure 55 on R"~! defined as

pss(G) = [ fan*y,
GN{s<v<STIN{|bg|Y <o}

for every bounded Borel set G C R"™!. Since Tmbs,s = 1{U<S}7Mb5, by Lemma 2.3 we
have D¢[Tarbs,s| = 11,5100 D€[Tarbs], and thus, for every Borel set G C R*L,

lim |ps.s — D[rarbss)[(G) = lim |pss — D°[rabs]| (G N {v < S}D)
M—o0 M—o0

< lim |f|d|Dv| =0,
M—=00 Jan{s<v<SIMN[{|bg|¥ <co}\{|bg|<M}(1)]
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where the inequality follows by (1.18), and the last equality follows from the fact that
{{Ibe|] < M}M}yes is an increasing family of sets whose union is {|bg|¥ < oo}. By
applying Lemma 3.8 to bss and +vss/2 (with vss = l{s<y<s3v), and Lemma 3.6 to
pss and D5 g /2 and having (1.18) in mind, we find that, for every bounded Borel set
G c R L

D¢vs g

(s 52) @+ (s 5@ < o+ 2550+ s - 23]
= |Dss|(G). (3.83)

Since b5, € GBV (R"1) and vs 5 € (BV N L®)(R" 1), if W = Wvs g, bs 5], then we can
compute P(W;G x R) for every Borel set G C R"~! by Corollary 3.3. In particular, if
Gc{d<v< S} thenby EN({d <v<S}xR)=Wn({s<wv<S}xR), we find
that

P(E;GxR) = P(W;GxR)

/\/ 1+ |V (b + “)( +\/1+’v(b&5_v<;s>‘2d%n_1 (3.8

/ min {vs + vfs, max v 5], 2 [0 5]} } a#" =2 (3.85)
G(Sus sUShs o)

+\DC(555+”‘;5)\(G)+\DC( , ”ZS)](G). (3.86)

We can also compute P(F'[vss]; G x R) thorough Corollary 3.4. Taking also into account
that Flo]Nn({d <v < S} X R) = Flvss| N ({0 <v < S} xR), we thus conclude that

P(F;GXR) = U&S GXR

Vv,
/\/1+‘ o8| a1 4 G . [vs,s] A" 4+ | D vs,5/(G) .
NSvs g

From (1.16) and (1.17) we deduce that (applying (2.10) and (2.12) to bg and v)

Vbss(2) = Vbg =0, for H lae 2z € {§ <v< S}, (3.87)
2[bs,s] =2[bg] < [v] = [vs5], H" 2-a.e. on {0 <v < S}, (3.88)
Substituting (3.87) into (3.84), (3.88) into (3.85), and (3.83) into (3.86), we find that
PE: {6 <v< S}V xR) < P(F; {6 <v< S} xR), (3.89)
where, in fact, equality holds thanks to (1.1). By (2.9) it follows that
U {v< M}V = {v¥ < o0} =pu2 R™ 1, (3.90)
Mel

as H"2({vY = o}) = 0 by [Fed69, 4.5.9(3)]. By taking a union over &, € I and Sy, € T
such that 6, — 0 and S, — 0o as h — oo, we deduce from (3.89), (3.48) and (3.90) that

P(E; {v" > 0} x R) = P(F;{v" > 0} xR).
By Proposition 3.7, P(E; {v" = 0} x R) = P(F;{v" = 0} x R), and thus P(E) = P(F),

as required. O

3.5. Equality cases by countably many vertical translations. We finally address
the problem of characterizing the situation when equality cases are necessarily obtained
by countably many vertical translations of parts of F'[v], see (1.22). In particular, we want
to show this situation is characterized by the assumptions that v € SBV (R"1;[0,0))
with H"1({v > 0}) < oo and S, locally H" 2rectifiable. We shall need the following
theorem:
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Theorem 3.9. Let u: R"™ ! — R be Lebesgue measurable. Equivalently,
(i) v € GBV(R™ 1Y) with |D| = 0, Vu = 0 H" t-a.e. on R*"! and S, locally
H"2-finite;
(i) there exist an at most countable set I, {cp}ner C R, and a partition {Gp}ner of
R™~! into Borel sets, such that

u= Z cnla, H" a.e. on R, (3.91)
hel
and ), P(G, N Br) < oo for every R > 0.
Moreover, if we assume that cp, # ¢ for h # k € I, then in both cases

Sy Cyn—2 U 0°G N O°Gy,, (3.92)
htkel

with [u] = |cp, — cx| H 2-a.e. on 0°Gy N O°Gy. In particular,

> P(Gn;Bg) =2H"*(S.NBg), VR>0.
hel
Proof of Theorem 3.9. Step one: We recall that, by [AFP00, Definitions 4.16 and 4.21,

Theorem 4.23], for every open set Q and u € L*>(Q2), the following two conditions are
equivalent:

(j) there exist an at most countable set I, {c,}rer C R, a partition {Gp, }rer of Q such
that >, .; P(Gh; Q) < 00, and

U= Z chla, Hr 1 ae. on 0. (3.93)
hel
(jj) u € BVie(Q), Du = DuLS,, and H"2(S, N Q) < oo

In both cases, we have 2H"~2(S, N Q) =3, .; P(Gh; Q).
Step two: Let us prove that (i) implies (ii). Let u € GBV (R"!) with |[D| =0, Vu =0
H" ae. on R ! and S, locally H" 2-finite. For every R, M > 0, we have, by the
definition of GBV, that mpyu € BV(Bg). Moreover, |Drpu| = 0, Vryu = 0, and
Sryu N Br C Br NS, is H"2finite. By step one, there exist an at most countable
set Ir ., {CrRMp}hern, C R, and a partition {Gprarnthery, of Br into sets of finite
perimeter such that ZheIR " P(GRr,m,n; Br) < 00, and

™Y = Z CR7M7h ]'GR,J\/I,h 3 Hn_l—a.e. on BR .
hEIRJ\/[
By a simple monotonicity argument we find (3.91). By (3.91), if we set Jyy = {h € N :
lcp| < M}, then, H" '-a.e. on R"™1,

T™u =M 1{u>M}ﬁBR - M 1{u<—M}ﬂBR + Z ch, lGhﬁBR R H" la.e. on Bgr. (3.94)

hedy
By step one,
P{u> M}; Br)+ P({u < —M}; Bg) + Z P(Gy; Br) = 27—[”_2(STMU N Bg).
hedy
Thus,

> P(Gn; Br) < 2" ?(Sryu N Br) < 2H" *(Su N Bg).
heJy

Since Jysso /v = 1, letting M go to oo, we find that ), ; P(Gp; Br) < oo, which clearly
implies » ,; P(G, N Br) < oo.
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Step three: We prove that (ii) implies (i). We easily see that, for every R, M > 0, 7pru
satisfies the assumptions (jj) in step one in Bg. Thus, myyu € BV(Bgr) with Dryu =
Dtyruc Sy, in Br, and

2H" (SryuNBr) = Y P(Gp;Br) <Y P(GyNBg) <,
heJy hel
where, as before, Jyy = {h € N : |c;| < M}. This shows that v € GBV(R"!) with
|Du| = 0 and Vu = 0 H" ! a.e. on R*7L. Since Up/~0Sr,,u = Sy, this immediately
implies that S, is locally " 2-finite.

Step four: We now complete the proof of the theorem. Since {Gp}ner is an at most
countable Borel partition of R~ with Y, .y P(Gr N Bg) < oo, we have that

R =y | JGP U | 0GR Gy,
hel h#kel

compare with [AFP00, Theorem 4.17]. Since S, N Gl(ll) = () for every h € I, this proves
(3.92). If we now exploit the fact that, for every h # k € I, ¢j, # ¢k, Gp, and Gy, are disjoint
sets of locally finite perimeter, then, by a blow-up argument we easily see that [u] = |c,—ck|
H"2-a.e. on 0°Gj, N 0°G), as required. This completes the proof of theorem. O

Proof of Theorem 1.4. Step one: We prove that if E € M(v), then there exist a finite
or countable set I, {c,}trer C R, and {Gp}rer a v-admissible partition of {v > 0}, such
that bp = >, c;cnle, H" '-ae. on R"! (so that E satisfies (1.22), see Remark 1.11),
|Dg|t = 0, and 2[bg| < [v] H" 2-a.e. on {v" > 0}. The last two properties of bg
follow immediately by Theorem 1.2 since D = 0. We now prove that bp =) ,.;cn 1g,
H" l-ae. on R*7L. Let § > 0 be such that {v > &} is a set of finite perimeter, and let
bs = l{y>sybe. By Theorem 1.1 and by (1.16), (1.17), and (1.19), taking into account
(2.10), (2.12) and the definition of |D°g|" we have that bs € GBV (R"~1) with

Vbs(z) =0, for H" l-ae. 2z € {v >4}, (3.95)
2[bs] < [v], H* 2-a.e. on {v > 6} (3.96)
2|D%s|(G) < |Dv|(G), for every Borel set G C R"~1. (3.97)

Since Dv = 0 we have that |Ds| = 0 on Borel sets by (3.97). Since, trivially, Vbs = 0
H"-a.e. on {v < 6}, by (3.95) we have that Vbs = 0 H" '-a.e. on R"!. Finally, by
(3.96) we have that

Sy Copgn—s (sv N{v> 5}<1>) Uo{v > 6} C (SU n{o" > 0}) Uo{o > 6},  (3.98)

so that S, is locally H"~2-finite. We can thus apply Theorem 3.9 to bs, to find a finite or
countable set I5, {c}rer, C R, and a Borel partition {G }rer, of {v > §} with

bs = Z & lgs H" Lae. on {v > 6}.
hels

By a diagonal argument over a sequence d;, — 0 as h — oo with {v > &3} of finite perimeter
for every h € N, we prove the existence of I, {c,}ner and {Gp}rer as in (1.22) such that
be =Y percnla, H" t-a.e. on {v >0} (and thus, H" '-a.e. on R""1). This means that

-1 -1
b5 = Z Cp, 1Ghﬂ{v>5} s H* *-a.e. on R” y
hels

and thus, again by Theorem 3.9, >, ; P(Gy N {v > 6} N Br) < oo. This shows that
{Gh}hen is v-admissible and completes the proof.

Step two: We now assume that E is a v-distributed set of finite perimeter such that (1.22)
holds true, with {G},}nesr v-admissible, and 2[bg] < [v] H" 2-a.e. on {v" > 0}, and aim
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to prove that E € M(v). Since E is v-distributed with segments as sections and {G}, }ner
is v-admissible, we see that bs satisfies the assumption (ii) of Theorem 3.9 for a.e. § > 0.
By applying that theorem, and then by letting § — 07, we deduce that Vbg = 0 H"1-
a.e. on R" ! and that |[D%g|t = 0. Hence, by applying Theorem 1.2, we deduce that
E e M(v). O

4. RIGIDITY IN STEINER’S INEQUALITY

In this section we discuss the rigidity problem for Steiner’s inequality. We begin in sec-
tion 4.1 by proving the general sufficient condition for rigidity stated in Theorem 1.3. We
then present our characterizations of rigidity: in section 4.2 we prove Theorem 1.9 (charac-
terization of rigidity for v € SBV (R"~1; [0, 00)) with S, locally H"~2-finite), while section
4.3 and 4.5 deal with the cases of generalized polyhedra and with the “no vertical bound-
aries” case. (Note that the equivalence between the indecomposability of F[v] and the
condition that {v" > 0} does not essentially disconnect {v > 0} is proved in section 4.4).
Finally, in section 4.6 we address the proof of Theorem 1.10 about the characterization of
equality cases for planar sets.

4.1. A general sufficient condition for rigidity. The general sufficient condition of
Theorem 1.3 follows quite easily from Theorem 1.2.

Proof of Theorem 1.3. Let E € M(v), so that, by Theorem 1.2, we know that

/ H (G N O {bg > t})dt = / [bp] dH" ™2 + |D%g| T (G N K), (4.1)
R GNSy NS,y

whenever G is a Borel subset of {v* > 0} and K is a Borel set of concentration for
|Dg|*. If by is not constant on {v > 0}, then there exists a Lebesgue measurable set
I C R such that H'(I) > 0 and for every ¢ € I the Borel sets G4 = {bg > t} N {v > 0}
and G_ = {bg < t} N {v > 0} define a non-trivial Borel partition {G4+,G_} of {v > 0}.
Since

{fv>01MNocG, NoG = {v> 0t Nno{bg >t}

by (1.21), we deduce that
HH(({U > 01 N ooy > t}) \ ({UA —0}US, U K)) >0, Viel. (42)

At the same time, by plugging G = {v > 0}V \ ({v" = 0} U S, UK) C {v" > 0} into
(4.1), we find

/ Hn72(<{v > O}(l) N 8’3{()}3 > t}> \ <{,U/\ _ O} US, UK)) P
R
This is of course in contradiction with (4.2) and H'(I) > 0. 0

Remark 4.1. By the same argument used in the proof of Theorem 1.3 one easily sees that
if a Borel set G C R™ is essentially connected and f € BV (R™) is such that | D f|(G™M) = 0,
then there exists ¢ € R such that f = ¢ H™-a.e. on G. In the case G is an indecomposable
set, this property was proved in [DM95, Proposition 2.12].

4.2. Characterization of rigidity for v in SBV with locally finite jump. This
section contains the proof of Theorem 1.9.

Proof of Theorem 1.9. Step one: We first prove that the mismatched stairway property is
sufficient to rigidity. We argue by contradiction, and assume the existence of £ € M(v)
such that H"(EA(te, + F[v])) > 0 for every t € R. By Theorem 1.4, there exists a finite
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or countable set I, {cp}ner C R, {Gh}rer a v-admissible partition of {v > 0} such that
be =Y nercnla, H" lae. on R E =4n Wlv, bg], and

2[bp] < [v], H"2-a.e. on {v" > 0}. (4.3)
Of course, we may assume without loss of generality that H"~1(G},) > 0 for every h € I and
that ¢j, # ¢ for every h,k € I, h # k (if any). In fact, # I > 2, because if # I = 1, then
we would have H"(EA(ce, + F[v])) = 0 for some ¢ € R. We can apply the mismatched

stairway property to I, {Gp}ner and {cp}rer, to find hg, ko € I, hg # ko, and a Borel set
¥ with H"2(%) > 0, such that

¥ C 9°Gp, NO°Gy, N {v" > 0}, [v](2) < 2|chy — Chyl Vz e X. (4.4)
Since by, > max{cp,, ¢k, } and by < min{ep,, ¢k} on 9°Gp, N °Gy,, (4.3) implies
2 |ehy — kol < V], H 2a.e. on 0°Gy, N I°Gy, N {v" > 0}.
a contradiction to (4.4) and H"2(X) > 0.

Step two: We show that the failure of the mismatched stairway property implies the
failure of rigidity. Indeed, let us assume the existence of a v-admissible partition {Gp}rer
of {v > 0} and of {c},}ner C R with ¢, # ¢ for every h,k € I, h # k, such that

2|ep — el < [v], H" 2-a.e. on 0°G N O°Gy N {v" > 0}, (4.5)

whenever h, k € I with h # k. We now claim that £ € M(v), where

E = U (chen + (Fv] N (Gh, x R)))
hel
To this end, let § > 0 be such that {v > 0} is a set of finite perimeter. By Theorem 3.9,
bs = belgss € GBV(R"1) with Vbs = 0 H" '-a.e. on R"™1, [Ds| = 0, Sy, is locally
H"2-finite, and

{v>0}N8y, Cynz | 0°GhsNd°Gug, (4.6)
h#kel
[bs] = |en — ckl, H"2-a.e. on 0°Gp s NGy s N {v > 5}(1), h#kel, (4.7)
where Gj, 5 = G, N {v > ¢} for every h € I. By (4.5), (4.6), and (4.7), we find
2[bs] < [v], H" 2-a.e. on Sy, N{v > 6}, (4.8)

Let now {0p}heny and {Lp}ren be two sequences satisfying (3.63) and (3.64), and set
E, =FEnN ({(Sh <v < Lh} X R), Xy = {5h < v < Lh}, b, = 1x,bg = 1{v<Lh}b5h and
vy, = lyx, v. Since vy, € (BV N L*®)(R"!) and by, € GBV(R"!), we can apply Corollary
3.3 to compute P(Ep; ES) x R), to get (by taking into account that Vbs = 0 H" !-a.e. on
R"! |Ds| = 0, and (4.8)), that

P(Ey 2V xR) = P(F[o]; SV xR),  VheN;

in particular,
lim P(E; st x R) = P(F[v]; {v" > 0} x R).
—00
Moreover, by repeating the argument used in the proof of Proposition 3.7 we have
hlim P(Ep;0°%, x R) = P(F[v]; {v" =0} x R).
—00

We thus conclude that
P(FE) < liminf P(E}y) = P(F[v]),
h—o0

that is, E is of finite perimeter with £ € M(v). O
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4.3. Characterization of rigidity on generalized polyhedra. We now prove Theo-
rem 1.7. We premise the following lemma to the proof of the theorem.

Lemma 4.1. If v € BV(R"1;[0,00)) with H" 1 ({v > 0}) < oo is such that
{v > 0} is of finite perimeter, (4.9)
{vV' =0} n{v>0}Y and S, are H" 2-finite, (4.10)
and if there exists € > 0 such that {v" = 0} U{[v] > e} essentially disconnects {v > 0},
then there exists E € M(v) such that H"(EA(tey, + Flv])) > 0 for every t € R.

Proof. If € > 0 is such that {v" = 0} U {[v] > €} essentially disconnects {v > 0}, then
there exist a non-trivial Borel partition {Gy,G_} of {v > 0} modulo H"~! such that

{v >0} NG NG Cyn—z {0 =0} U{[v] > ¢}. (4.11)

We are now going to show that the set F defined by
€
E= ((§ en -+ F[v]) N (G, x ]R)) U (F[v] N(G_ x ]R)) ,

satisfies £ € M(v): this will prove the lemma. To this end we first prove that G is a set
of finite perimeter. Indeed, by G4 C {v > 0}, we have

Gy C (0°GL N {v > 0¥WYus{v > 0}, (4.12)
where 9°G 4 N {v > 0}() = 9°G N9°G_ N {v > 0}V and thus, by (4.11),
Gy N{v>0D Cpue 8GN {v>010N ({UA =0} U {[v] > a})
c (89G+ N{wY =0}Nn{v> 0}<1>) US,. (4.13)

By combining (4.9), (4.10) (4.12), and (4.13) we conclude that H" 2(9°G,) < oo, and
thus, by Federer’s criterion, that G is a set of finite perimeter. Since bp = (¢/2) 1a,,
we thus have by € BV (R"™1), and thus E = W|v, bg] is of finite perimeter with segments
as sections. Since Vb = 0 H" -a.e. on R"~! and D°p = 0, we are only left to check
that 2[bg] < [v] H" 2-a.e. on {v" > 0} in order to conclude that E € M(v) by means
of Theorem 1.2. Indeed, since by = (¢/2)1g,, we have S, = 0°Gy with [bg] = /2
H" %-a.e. on 9°G 4. By (2.9) and by (4.11),

Spp N {v" >0} = 0°G4 N {v" >0}
= 9°GLNG_N{v >0} N {w" >0} Cynz {[v] > e}.
This concludes the proof of the lemma. O

Proof of Theorem 1.7. Step one: We prove that, if F[v] is a generalized polyhedron, then
v € SBV(R"1), S, and {v¥ = 0} \ {v = 0}()) are H" 2-finite, and {v > 0} is of finite
perimeter. Indeed, by assumption, there exist a finite disjoint family of indecomposable
sets of finite perimeter and volume {A;};c; in R"™! and a family of functions {v;};e; C
WHLR" 1) such that

v=> vjla,, ({vA —0}\ {v = o}<1>) US, Cona | J 0745, (4.14)
jeJ jedJ
By [AFP00, Example 4.5], v; 14, € SBV (R"1) for every j € J, so that v € SBV (R 1)
as J is finite. Similarly, (4.14) gives that {v" = 0}\ {v = 0}(!) and S, are both H"~2-finite.
Since {v¥ = 0} \ {v = 0}(V) and 9°{v > 0} are both subsets of {v" = 0} \ {v = 0},
we deduce that {vV = 0} \ {v = 0} and 9°{v > 0} are H" 2-finite. In particular, by
Federer’s criterion, {v > 0} is a set of finite perimeter.
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Step two: By step one, if F[v] is a generalized polyhedron, then v satisfies the assumptions
of Lemma 4.1. In particular, if {v"* = 0} U {[v] > £} essentially disconnects {v > 0}, then
rigidity fails. This shows the implication (i) = (é¢) in the theorem.

Step three: We show that if rigidity fails, then {v" = 0} U {[v] > €} essentially disconnects
{v > 0}. By step one, if F[v] is a generalized polyhedron, then v satisfies the assumptions
of Theorem 1.4. In particular, if E € M(v), then Vbg = 0, Sy, N {v" > 0} C S,
2 [bg] < [v] H* 2-a.e. on {v" > 0}, and |D%pg|T = 0, so that, by (1.29) and (1.20) we find

Sy Cun—z | ) 0°4;, (4.15)
je€J
/ HHG N o bp > t})dt = / [bp] dH" 2, (4.16)
R GmeE

for every Borel set G C {v" > 0}. We now combine (4.15) and (4.16) to deduce that
/RH”‘2(A§1) No{by >t} dt=0, VjeJ.

Since each A; indecomposable, by arguing as in the proof of Theorem 1.3, we see that
there exists {c;};jes C R such that bp =}, ;¢;1a; H" l-a.e. on R*"L. In particular, we
have by = ZjeJo aj 15, H"lae. on R"L, where # Jo < # J, {a;}jes, C R with aj # a;
if i,5 € Jo, i # j, and {Bj};ey, is a partition modulo H"~! of R""! into sets of finite
perimeter. (Notice that each B; may fail to be indecomposable.) Let us now assume, in
addition to £ € M(v), that H"(EA(te, + F[v])) > 0 for every ¢t € R. In this case the
formula for by we have just proved implies that # Jy > 2. We now set,

5:min{|ai—aj| (i,j € Jo,i#j},
so that € > 0, and, for some jy € Jy, we set G, = Bj, and G_ = UjeJo o Bj. In this
way {G4,G_} defines a non-trivial Borel partition {Gy,G_} of {v > 0} modulo H" !,
with the property that

[v] > 2[bg] > 2¢, H"2a.e. on {v" >0} NI°G4 NIG-_.

Thus, {v" = 0} U {[v] > €} essentially disconnects {v > 0}, and the proof of Theorem 1.7
is complete. O

4.4. Characterization of indecomposability on Steiner’s symmetrals. We show
here that asking {v” = 0} does not essentially disconnect {v > 0} is in fact equivalent to
saying that F'[v] is an indecomposable set of finite perimeter. This result shall be used to
provide a second type of characterization of rigidity when F[v] has no vertical parts, as
well as in the planar case; see Theorem 1.6 and Theorem 1.10.

Theorem 4.2. If v € BV(R" 1[0, 00)) with H* *({v > 0}) < oo, then F[v] is indecom-
posable if and only if {v" = 0} does not essentially disconnect {v > 0}.

We start by recalling a version of Vol’pert’s theorem, see [BCF13, Theorem 2.4].

Theorem C. If E is a set of finite perimeter in R™, then there exists a Borel set Gg C
{v > 0} with H* 1 ({v > 0} \ Gg) = 0 such that E, is a set of finite perimeter in R with
0*(E,) = (0*E), for every z € Gg. Moreover, if z € Gg and s € 0*E,, then

aue(z,8) 0,  vp(s) = |qu(2,3) (4.17)

qve(z,s)|
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Proof of Theorem 4.2. The fact that, if F' = F[v] is indecomposable, then {v" = 0} does
not essentially disconnect {v > 0}, is proved in Lemma 4.3 below. We prove here the re-
verse implication. Precisely, let us assume the existence of a non-trivial partition { F, F_}
of I into sets of finite perimeter such that

0=H" Y (FYNoF NOF)=H""YFDNoF,). (4.18)
We aim to prove that if we set
Gy={zeR":HY((F)).) >0}, G_={zeR"L:HY((F.).) >0},
then {G,,G_} defines a non-trivial Borel partition modulo H"~! of {v > 0} such that
{v >0 NG, NE°G_ Cynz {v" =0}. (4.19)

Step one: We prove that {G.,G_} is a non-trivial Borel partition (modulo H"!) of
{v > 0}. The only non-trivial fact to obtain is that H" (G NG_) = 0. By Theorem C
there exists G% C G4 with H" (G4 \ G%) = 0 such that, if z € G%, then

(F4). is a set of finite perimeter in R with (0*F), = 0*((F4).),
(F_), is a set of finite perimeter in R,
{(F}).,(F_).} is a partition modulo H' of (F(1), |
where the last property follows by Fubini’s theorem and H"(FAF®)) = 0. Let now
G = {2 € G HN(FW).\ (Fu).) > 0} = GL NG
If z € G**, then {(F})., (F-),} is a non-trivial partition modulo H' of (F(), into sets

of finite perimeter. Since (F(Y), is an interval for every z € R (see [Magl2, Lemma
14.6]), we thus have

HO((FD)LD N0 (F)) N0 ((F2).)) 21, VzeGY

In particular, since (9*Fy), = 0*((Fy).), [(FM), ] c (FM),, and (ANB), = A, N B,
for every A, B C R"™, we have

’HO((F(I) N a*m)z) >1,  VzeGY.
Hence, G** C p(F) N 0*F} ), and by (4.18) and [Magl2, Proposition 3.5] we conclude
0=H"YFO N F) >H" Y p(FY No*FL)) > H"HG) = H Y G NG),
that is, H" }(GL NG_) = 0.
Step two: We now show that
FU A ((aea+ N aeG_) x ]R) C OF, N°F_ . (4.20)

Indeed, let (z,s) belong to the set on the left-hand side of this inclusion. If, by contra-
diction, (z,s) & 0°Fy N O°F_, then either (z,s) € FY or (z,5) € FS). In the former
case,

/Hn(c(z,s),r) = Hn(F— n C(z,s),'r) + O(Tn) <?2r /Hn_l(G— N DZ,T) + O(Tn) )

that is z € G(_l), against z € 0°G_; the latter case is treated analogously.
Step three: We conclude the proof. Arguing by contradiction, we can assume that
0 < H"2({v>0}YNnocGL NG\ {v" =0})
= H"30°GL NO°G_N{v" >0})
= lim H"3(0°GL No°G_n{v" >¢e}),

e—0t
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where it should be noticed that all these measures could be equal to +o0o. However, by
[Mat95, Theorem 8.13], if ¢ is sufficiently small, then there exists a compact set K with
0 <H" 2(K) < oo and K C 0°G1 NI°G_ N {v" > e}. Therefore, by (4.20),

- (F“) No°F, N aeF,) > ol (F(l) N (<8QG+ N aec;,) X R))

> W H(FYN (K xR))
A
by (3.27) > H’H({x €ER":pze K, |qz| < 7)(2]5””)})
A > n—1 n. E
by K C {v" > ¢} > H ({HZGR .prK,|qx|<2})
by [Fed69, 2.10.45] > c(n)H"*(K)e >0,

a contradiction to (4.18). O

Lemma 4.3. Letv € BV(R" %[0, 00)) with H" *({v > 0}) < co. If{G4,G_} is a Borel
partition of {v > 0} such that

{v>0}Y NG, NG Cyn-2 {v" =0}, (4.21)
then F'y = Flv]N (G4 x R) and F— = Fv] N (G- x R) are sets of finite perimeter, with
P(Fy)+ P(F-) = P(F[v]).

Proof. Step one: We prove that F; is a set of finite perimeter (the same argument works
of course in the case of F_). Indeed, let G419 = G4 U {v = 0}. Since Fv] N (G419 X R) =
F. N (G4 x R), we find that

110 F N (GU) x R)) = H* 1 (0°F, n (G} x R)), (4.22)
where we have set F' = F[v]. Since 0°F N (GS% x R) =0, we find
H N0 F N (GY) x R)) = 0. (4.23)
We now notice that
R\ (G uGY) = 0G0 = 0°G .

Since {v > 0}(0 N g°G_ = 0, °{v > 0} C {v" = 0}, and {v > 0}V NG, NI°G_ =
{v >0y NG, by (4.21) we find that

0°G_ Cyn— {v" =0}. (4.24)

Thus, by (4.22), (4.23), (4.24), and by Federer’s criterion, in order to prove that F} is a
set of finite perimeter, we are left to show that

T (aeF+ N ({o" =0} x R)) < 0. (4.25)
Since (9°Fy ), = () whenever z € {v = 0}(!), we find that
T (86F+ N ({v =01 x ]R)) ~0. (4.26)

Since F C F, then 9°F, c F) U d°F. At the same time, if z € {v¥ = 0}, then
(0°F), U (FM), c {0} by (3.27) and (3.28), so that, if G C {v" = 0}, then

HH(0°F 0 (G x R)) < H'THG x {0}) = H'7H(G).

By Lebesgue’s points theorem, #" 1({vV = 0} \ {v = 0}())) = 0, thus, if we plug in the
above identity G = {v¥ = 0} \ {v = 0}(1), then (4.26) gives

T (86F+ N ({v" = 0} x R)) ~0. (4.27)
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Finally, if z € {v" = 0 < vV}, then (FM), c {0} and (9°F), C [—v¥(2)/2,v"(2)/2] by
Corollary 3.4. Since {v" = 0 < v} is countably H" 2-rectifiable, by [Fed69, 3.2.23] and
(3.29) we find
H”*l(aeFm(GxR)) = / HY((0°F,),) dH % (2) < / vV dH" 2
G
— P(F;G xR), (4.28)

for every Borel set G C {v" = 0 < v"}. By combining (4.28) (with G = {v" =0 < v"})
and (4.27), we prove (4.25) for F'y. The proof for F_ is of course entirely analogous.

Step two: We now prove that P(F}) + P(F_) = P(F). Since F is H"-equivalent to
F, UF_, by [Magl2, Lemma 12.22] it suffices to prove that P(Fy)+ P(F_) < P(F'). By
(4.22), (4.27), and the analogous relations for F_, we are actually left to show that

P(F.;G xR)+ P(F_;G xR) < P(F;G x R), (4.29)

for every Borel set G C {v" = 0 < v¥}. Since F} = F[lg,v| is of finite perimeter, by
Corollary 3.4 we have v, = 1g, v € BV(R"~ D), with

(F+,G><R)—2 ,/1+)W+ +/ dH" 2 4+ |Dv, |(G), (4.30)
GN{v4+>0} Gmsv+

for every Borel set G C R"~!. Since {v"" =0 < vV} is countably H"~2-rectifiable, we find

P<F+;G><R>:/GS [y dH™2 = P(Fy;GN S, ),
N

for every Borel set G C {v"* = 0 < v"}; moreover, an analogous formula holds true for F_.
Thus, (4.29) takes the form

P(F,;GNS,,)+P(F_;GNS, ) < P(F;G xR), (4.31)

for every Borel set G C {v =0 <vV}. If G C {v" =0 < vV} \S,_, then (4.31) reduces
to P(F1;GNS,,) < P(F;G x R), which follows immediately by (4.28). Similarly, if we
choose G C {v" =0 < v} \ S,,. We may thus conclude the proof of the lemma, by
showing that

2 ({UA =0<v'}NS,, N sv,) ~0. (4.32)
To prove (4.32), let us notice that for H"2-a.e. z € {v) =0<v'}NS,, NS,_, we have
{v>t}.e S Hy, vVt € (0,0(2)), (4.33)
{vg >t} S Hy, vt € (v)(2),vY(2)), (4.34)
{v_>t}., S Hy, vVt e (V1 (2),0Y(2)),

as r — 07. Now, vY(z) < v"(z), therefore (v} (z),vY(z)) C (0,v"(2)). We may thus pick
t > 0 such that (4.33) and (4.34) hold true, and correspondingly,

loc loc

{’U>t}zt—>H0, G+ﬁ{v>t})zr—{v+>t}zt—>H1,

as r — 07. Since G4 N {v >t} C {v > t}, it must be H; C Hy, and thus H; = Hy. This
implies that

H" YD, N ((z+ Ho) \ G4)) = o(r"™1), asr — 0" .
The same argument applies to v_, and gives
H" YD, N ((z+ Ho) \G_)) = o(r"1), asr — 0T,
Hence, 6*(G4 NG _,z) > 0(z + Hy, z) = 1/2, a contradiction to H* H(Gy NG_) =0. O
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4.5. Characterizations of rigidity without vertical boundaries. We now prove The-
orem 1.6, by combining Theorem 1.3 and the results from section 4.4.

Proof of Theorem 1.6. We start noticing that the equivalence between (ii) and (iii) was
proved in Theorem 4.2. We are thus left to prove the equivalence between (i) and (ii).

Step one: We prove that (ii) implies (i). By Lemma 2.2, we have that Dv{v" = 0} = 0;
since we are now assuming that DSv.{v" > 0} = 0, we conclude that D = 0. We now
show that {v" =0} U S, does not essentially disconnect {v > 0}. Otherwise, there exists
a non-trivial Borel partition {G4,G_} modulo H"~! of {v > 0} such that

{v" >0} NG N°G_ C {v >0} NG, NG Cyn2 {0 =0}US,, (4.35)

where the first inclusion follows from (2.9). Since {v"* = 0} does not essentially disconnect
{v > 0} and since D3v_{v" > 0} = 0 implies H"~2(S, N {v" > 0}) = 0, we conclude

0 < H”_Q(({v > 0YM nocGy N aeG,) \ {o" = 0})
H 2 ({0 > 019Gy NG ) = H 2 ({0 > 0} N 9°GL NG ) \ 8,),

a contradiction to (4.35). This proves that {v" = 0} U S, does not essentially disconnect
{v > 0}. Since, as said, D = 0, we can thus apply Theorem 1.3 to deduce (i).

Step two: We prove that (i) implies (ii). Indeed, if (ii) fails, then there exists a non-
trivial Borel partition {G1,G_} of {v > 0} modulo %"~ !, such that {v > 0}(Y) N9°G, N
O°G_ Cyn—2 {v" = 0}. By Lemma 4.3, we find that . = FN (G4 x R) and F_ =
F N (G- xR) are sets of finite perimeter with P(F) + P(F_) = P(F). Let us now set
E = (e, + Fy) U F_. By [Magl2, Lemma 12.22], we have that F is a v-distributed set of
finite perimeter, with

P(F) < P(E) < P(en + Fy) + P(F_) = P(F}) + P(F_) = P(F),

that is E € M(v). However, H"(EA(te, + F)) > 0 for every t € R since {G4+,G_} was a
non-trivial Borel partition of {v > 0}. O

4.6. Characterizations of rigidity on planar sets. We finally prove Theorem 1.10,
that fully addresses the rigidity problem for planar sets.

Proof of Theorem 1.10. Step one: Let us assume that (ii) holds true. We first notice that,
in this case, D = 0, so that, thanks to Theorem 1.3, we are left to prove that

{v" =0} U S, does not essentially disconnect {v > 0}, (4.36)

in order to show the validity of (i). Since (ii) implies that {v" = 0} U S, C R\ (a,b)
where {v > 0} is H!-equivalent to (a,b), (4.36) follows from the fact that R\ (a,b) does
not essentially disconnect (a,b).

Step two: We now assume the validity of (i). Let [a,b] be the least closed interval which
contains {v > 0} modulo H!. (Note that [a,b] could a priori be unbounded.) Let us
assume without loss of generality that H!({v > 0}) > 0, so that (a,b) is non-empty. We
now show that v"(¢) > 0 for every ¢ € (a,b). Indeed, let F' = F[v], Fy = FN[[¢c,0) X R],
and FL = F N [(-o0,c) x R]. Since Fy = F[l|.oyv] and F_ = F[l(_ )v], we can apply
(3.29) to find that

/12
P(Fy) = 2/ \/1—1-7“—1-/ [v]dH° + v(cT) (4.37)
{v>0}M(e,00) 2 SuN(e,00)

+yDcv\({5> 0} N (e, oo)) ,
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and

12
P(F.) = 2/ V14 |2 +/ WldH® +v(c™)  (4.38)
{v>0}N(—00,¢) 2 Sun(—o0yc)

+|Dcv|({5> 0} N (—oo,c)),

where we have set v(c) = aplim(v, (¢, ), c), v(c™) = aplim(v, (=00, ¢), ¢), and we have
used the fact that D(1.)v) is the restriction of D to (¢, 00), that

|(z), ifz>c¢,
[L(co0)](2) = v(et), if z=c,
0, if z < ¢,

as well as the analogous facts for 1(_ ¢ v. Notice that, if v"(c) = 0, then either v(ct) =0
or v(c”) =0, and, correspondingly, P(Fy)+ P(F_) = P(F) by (3.29), (4.37), and (4.38).
As a consequence, if we set F = F U (ea + F_), then by, arguing as in step two of the
proof of Theorem 1.6, we find that

P(F) < P(E) < P(F.) + Ples + F.) = P(F,) + P(F.) = P(F),

that is F € M(v), in contradiction to (i). This proves that v"\(¢) > 0 for every ¢ € (a,b).
In particular, since {v > 0} is H!'-equivalent to {v" > 0}, we find that {v > 0} is H!-
equivalent to (a,b). We now prove (a,b) to be bounded. Let us now decompose v as
v = v1 + vy where v; € WHL(R) and vy € BV (R) with D%5 = 0 (see [AFP00, Corollary
3.33]. If vy is non-constant (modulo H!) in (a,b), then we find a contradiction with (i)
by Proposition 1.5. Thus, there exists ¢t € R such that vo =t on (a,b), and, in particular,
v=uv1 +t € Whl(a,b). In particular, since {v > 0} =41 (a,b) and H'({v > 0}) < oo, we
find that (a,b) is bounded.

Step three: We prove that (ii) implies (iii). Indeed, since {v > 0} is H!-equivalent to (a, b)
and v > 0 on (a,b), then, by Remark 1.5, we have that {v" = 0} does not essentially
disconnect {v > 0}. In particular, by Theorem 4.2, we have that F[v] is indecomposable.
Since v € Whl(a,b), by [CCF05, Proposition 1.2], we find that

H! ({x € 0"F[v] : qupp) = 0,pz € (a, b)}) =0. (4.39)
Since {v" > 0} = (a, b), we deduce (1.34).

Step four: We prove that (iii) implies (ii). Since F'[v] is now indecomposable, by Theorem
4.2 we have that {v"* = 0} does not essentially disconnect {v > 0}. In particular, {v > 0}
is an essentially connected subset of R, and thus, by [CCDPM13, Proof of Theorem 1.6,
step one], {v > 0} is H!-equivalent to an interval. Since H'({v > 0}) < oo, we thus
have that {v > 0} =41 (a,b), with (a,b) bounded. Since {v" = 0} does not essentially
disconnect {v > 0}, it must be v > 0 on (a,b). Finally, by (1.34) and the fact that
v > 0 on (a,b), we find (4.39). Again by [CCF05, Proposition 1.2], we conclude that
v e Whi(a,b). O

APPENDIX A. EQUALITY CASES IN THE LOCALIZED STEINER’S INEQUALITY

The rigidity results described in this paper for the equality cases in Steiner’s inequality
P(E) > P(F[v]) can be suitably formulated and proved for the localized Steiner’s inequal-
ity P(E;Q x R) > P(F[v];Q x R) under the assumption that  is an open connected
set. This generalization does not require the introduction of new ideas, but, of course,
requires a clumsier notation. Another possible approach is that of obtaining the localized
rigidity results through an approximation process. For the sake of clarity, we exemplify
this by showing a proof of Theorem B based on Theorem 1.3. The required approximation
technique is described in the following lemma.
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Lemma A.1. If Q is a connected open set in R"™1, v € BV(;]0,00)) with H" 1 ({v >
0}) < oo, E is a v-distributed set with P(E;Q x R) < oo and segments as vertical sec-
tions, then there exists an increasing sequence {Q }ren of bounded open connected sets of
finite perimeter such that Q = Jycn Q. Qi s compactly contained in Q, v, = 1o, v €
BV (R"%[0,00)) with H* 1 ({vy, > 0}) < 00, Ex = EN(Q x R) is a vg-distributed set of
finite perimeter, and
P(Ek) = P(E; QO X R) + P(F[’l}k}; 0* Q. X R) , (Al)
P(Flog]) = P(F[u]; % x R) + P(Flog); 9" x R). (A:2)
Finally, if E € Mgq(v), see (1.2), then Ey € M(vy).

Proof. By intersecting (2 with increasingly larger balls, and by a diagonal argument, we
may assume that € is bounded. Let u be the distance function from R"~1\ Q. By [Magl2,
Remark 18.2], {u > ¢} is an open bounded set of finite perimeter with 0*{u > e} =yn—2
{u = ¢} for a.e. € > 0. Moreover, if we set f(z) = u(px), x € R", then f : R” — R is
a Lipschitz function with |[Vf| =1 a.e. on @ x R, and {f = ¢} = {u = ¢} x R for every
e > 0, so that, by the coarea formula for Lipschitz functions [Magl2, Theorem 18.1],

/ H”‘1<E(1) N({u=c¢} x R)) de = / IVfIdH™ = ||v]| 1) < oo
0 EMN(QxXR)
We may thus claim that for a.e. € > 0,
H ! (E(l) N (0" {u > e} x R)) < 00. (A.3)

We now fix a sequence {ej}ren such that e — 07 as k — oo, {u > &} is an open set
of finite perimeter and € = ¢, satisfies (A.3) for every k € N. Let now {Aj;}icr, be
the family of connected components of {u > e}. Since 0A;; C {u = ¢} and {u =
ek} =pn-2 0*{u > e} is H" 2Afinite, we conclude by Federer’s criterion that A, is of
finite perimeter for every £ € N and ¢ € I. Let us now fix z € 2, and let ky € N be such
that z € {u > g} for every k > ko. In this way, for every k > ko, there exists ix(z) € I
such that z € Ay, (»). We shall set

Q= Apin(2) -
By construction, each €1 is a bounded open connected set of finite perimeter, and € C
Qg1 for every k > ko. Let us now prove Q = J,cn Q. Indeed, let y € Q, let v €
C(]0,1]; ) such that v(0) = z, v(1) = y, and consider K = ([0, 1]). Since K is compact,
there exists k; € N such that K C {u > e} for every k > ky. Since K is connected and
{z} € KNQy for every k > ki, we find that K C Q, thus y € Q, for every k > k.
We now prove that Fj is a set of finite perimeter. Indeed, since Ey = E N (Q x R),
0°Ey, C [86Eﬂ (e x R)} U [E(l) N (0°Q, x R)] Since € is compactly contained in €, we
find H"L(0°E N (Q x R)) < P(E;Q x R) < oo; thus, by taking (A.3) into account, we
find H" 1(0°E},) < oo, and thus, that E} is a set of finite perimeter thanks to Federer’s
criterion. By Proposition 3.2, v, € BV(R"™1) with H" "1 ({vy > 0}) < 0o, and F[v;] is a
set of finite perimeter too. Since Ej is a vi-distributed set of finite perimeter and 9°€);, is
a countably H"2-rectifiable set contained in {vp = 0}, by Proposition 3.7
P(Ek; 6e§2k X R) = P(F[Uk]; 8er X R) .
Moreover, by E = E N (Q x R) and Flux] = Fv] N (Q x R),
P(E; 0V xR) = P(E; QN xR),  P(Fu]; 2 x R) = P(F[o]; Y x R).

Since Qéo) xR C E,(CO) N Flvg]©, we have proved (A.1) and (A.2). Finally, if E € Mq(v),
then by (1.1) we have P(E;Q, x R) = P(F[v]; Q) x R), and thus, by (A.1) and (A.2), that
P(Ey) = P(Fluy)). 0

50



Proof of Theorem B. Let v € BV (Q;[0,00)) with " 1({v > 0}) < oo, D3vL{v" > 0} =0
and v\ > 0 H" 2a.e. on Q (so that D5v Q) = 0). Let E € Mgq(v), and assume by
contradiction that H"(EA(te, + F[v])) > 0 for every ¢ € R. Let € be defined as in
Lemma A.1, and let vy = 1, v, B, = EN (4 x R), so that Ej, € M(vy) for every k € N.
However, as it is easily seen, H"(EpA(t e, + Flvg])) > 0 for every t € R and for every k
large enough. Thus, rigidity fails for vy if k is large enough. By Theorem 1.3,

{vp =0} U Sy, UM essentially disconnects {vj, > 0}, (A.4)

where M}, is a concentration set for Dy, Since v, = IQ(I)UA in Q, v\ >0 H" 2-a.e. on
k

Q, and 2 is compactly contained in §2, we find that
n— 1 1 n— 1
{op =0} = R\ o) U (" =0} Ny = R\ QW

By DfuLQ) = 0, by Lemma 2.3, and again by taking into account that € is compactly
contained in €2, we find

Sy nol =s,nol =2 8,n@"\ Q) =9,

Moreover, by Lemma 2.3, Dy, = DC’UI_Q](CI) = DCUI_(Q]E:I) \ Q) = 0, so that we may take
My, = . Finally, {vy > 0} is H" '-equivalent to , and thus, by Remark 1.5, (A.4) can
be equivalently rephrased as

(R-1 \Q,(Cl)) U (Su, \Q,gl)) essentially disconnects 2 . (A.5)

In turn, this is equivalent to saying that {2 is not essentially connected. Since €2 is of
finite perimeter, by Remark 1.6, € is not indecomposable. By [ACMMO1, Proposition 2],
Q. is not connected. We have thus reached a contradiction. [l

APPENDIX B. A PERIMETER FORMULA FOR VERTICALLY CONVEX SETS

We summarize here a perimeter formula for sets with segments as vertical sections that
can be obtained as a consequence of Corollary 3.3 and Proposition 3.7, and that may be
of independent interest.

Theorem B.1. If E = {z € R" : uy(2’) < z,, < u2(2’)} is a set of finite perimeter
and volume defined by ui,us : R"™ 1 — R with up < uy on R, then uy and ug are
approzimately differentiable H" '-a.e. on {us > ui}, and

P(E) = { o}\/1+|VU1|2+\/1+|VU2|2d3'vl”_1
v>

+ / min {o* + 0, max{[] 2]} } dH" 2
SyUSy
+[Dur [T ({0 > 0}) + [Dus|* ({v" > 0}),
where v = up — u1, b= (u1 + uz)/2 and, for every Borel set G C R"~! we set

D[ *(G) = lim |D°(ly, w)|(G),  i=1,2, (B.1)

h—o0
where X = {0, < v < Ly} for sequences 6, — 0 and Lp — oo as h — oo such that
{v> 8} and {v < Ly} are sets of finite perimeter. (Notice that s, u; € GBV (R"™1) for

i =1,2, so that |D(1x, w;)| are well-defined as Borel measures, and the right-hand side
of (B.1) makes sense by monotonicity.)
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Proof. By construction and by Theorem 1.1, if we set vj, = 1y, v and b, = 1y, b, then
vp, € (BV N L®)(R"!) and b, € GBV(R"™1) for every h € N, so that 1s, u1 = b, —
(vn/2) € GBV(R"™1), 1y, us = by, + (v,/2) € GBV(R™"1), and, by Corollary 3.3, we find

2 2
P(En;G xR) = / \/1+’Vbh+vvh‘ +\/1+‘Vbh—vvh Vi
GN{vn>0} 2 2

+’Dc(bh + %) (@ {op > 03) + D (b1 - —)‘(Gﬂ {vp > 0})

+ / min {0} + v max{fon], 20en]} } aH" 2,
GA(Suy,USh,)

for every Borel set G C R"! provided we set Ej, = Wvp,by]. By taking into account
that P(FE; E(l) x R) = P(E}; E(l) x R), the above formula gives

P(E; sV x R) / \/1+‘Vb+ 2v‘2+\/ )Vb_@ o
Xh

+ / min {vv + ", max{[v], 2[b]}} dH" 2
s, qu)

#fpe (o ) (1 > 0n) e (b= )| (0 > ).

where we have also taken into account that, for every h € N,

Db+ (vn/2))[(E5) = [D° (b & (vn/2)|(R™1) = |D(bp =+ (vn/2))| ({v" > 0})

By monotonicity, and since (J; oy Eg) = {v" > 0} N {v"Y = 00} =yn-2 {v" > 0} (thanks
to [Fed69, 4.5.9(3)] and since v € BV (R"!) by Proposition 3.2), we find that

P(E; {v" >0} x R) — / V1T VP + V11 Vg dH
{v>0}

+ / min {UV + o, max{[u], z[b]}} dH"2
{vA>0}N(S,USp)

+|Dup |t ({v" > 0}) + |Dus| " ({v" > 0}).
At the same time, by Proposition 3.7, we have P(F;{v" = 0} xR) = me{M:O} vV dH 2
Adding up the last two identities we complete the proof of the formula for P(FE). O
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